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Abstract. In this paper, we derive a randomized version of the mirror-prox method for solv-
ing some structured matrix saddle-point problems, such as the maximal eigenvalue minimization
problem. Deterministic first-order schemes, such as Nesterov’s smoothing techniques or standard
mirror-prox methods, require the exact computation of a matrix exponential at every iteration, lim-
iting the size of the problems they can solve. Our method allows us to use stochastic approximations
of matrix exponentials. We prove that our randomized scheme decreases significantly the complexity
of its deterministic counterpart for large-scale matrix saddle-point problems. Numerical experiments
illustrate and confirm our theoretical results.
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1. Introduction. Large-scale semidefinite programming attracts substantial re-
search efforts today. A vast set of applications can be modeled as such optimization
problems, and many strategies have been studied theoretically and implemented in
excellent software.

Arguably, general purpose semidefinite methods suffer from an intrinsic drawback.
They forbid themselves, for the sake of generality, to exploit explicitly some structural
features of the particular instance they are given to solve, hampering the resolution
of very large-scale problems.

As a result, we are witnessing the development of special-purpose algorithms,
designed for particular subclasses of semidefinite optimization problems, where the
utilization of their specific structure is instrumental for aiming at large size problems.
In this paper, we are addressing the problem of minimizing the maximal eigenvalue
of an affine combination of given symmetric matrices, plus a linear function of the
coefficients of this affine combination. Different strategies have been devised to deal
specifically with the maximal eigenvalue minimization problem. Among the first in-
vestigated techniques, bundle methods were introduced in [6, 13] and subsequently
refined in a number of further papers. Theoretical results on bundle methods concern
mainly asymptotic convergence properties; to the best of our knowledge, no complex-
ity guarantees have been obtained so far in this direction.

Another strategy has been discovered in [12] when Nesterov showed how his
smoothing techniques can be specialized to the maximal eigenvalue minimization
problem. As a result, he obtained worst-case complexity guarantees for his method:
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if € > 0 is the desired absolute accuracy on the objective value, Ay, ..., A,, are real
symmetric n X n-matrices, A,,, € R™ is the (m —1)-dimensional simplex, and Apax(A)
denotes the maximal eigenvalue of any real symmetric matrix A, his algorithm solves
the problem

(1) min { A\pax ZAja:j cx e,
j=1

in O((n®+mn?) max; Amax(|4;|)/In(n) In(m)/e€) elementary operations, where |A| =
VA2 for any real symmetric matrix A. Almost simultaneously, the paper [10] develops
a mirror-prox method, which can be particularized as well for our problem, and obtains
equivalent complexity results. Two papers, by Tsuda, Rétsch, and Warmuth [15]
and Warmuth and Kuzmin [16], present a scheme—called the matrix exponentiated
gradient update method—that can basically be applied to problem (1). A form of this
algorithm was independently discovered by Arora and Kale [1]. The methods of Arora,
Warmuth, and their respective coauthors essentially reduce to a subgradient scheme.
These methods can be adapted to solve some semidefinite feasibility problems, from
which we can construct a binary search method to solve eigenvalue minimization
problems. As in a standard mirror-descent method, the method of Arora and others
computes at every iteration k a matrix My containing some dual information and
updates a matrix S that sums up all these matrices M;. Then, the main bottleneck
of the method, it computes exp{S}/Tr(exp{S}) for an appropriate number « >
0 as a candidate for feasible solution. In order to find a solution to problem (1)
with absolute accuracy €, these methods need O(A? In(n) In(\/€)/€?) iterations, where
A== max; A2, (]4;]). Each of these iterations requires the computation of a matrix
exponential and further operations with a cost not exceeding O(mn?).

In a nutshell, the methods introduced in [1, 15, 16] present the same computational
bottleneck as smoothing techniques and the mirror-prox method when applied to
our problem: at every iteration, all these schemes require the determination of a
symmetric matrix’s exponential. Several efforts have been carried out to reduce the
iteration computation cost. In [3], d’Aspremont analyzes the possibility of using
approximate gradients, and thereby approximate matrix exponentials in Nesterov’s
smoothing techniques. In [8], mirror-prox methods for variational problems were
extended to situations where only some stochastic information is available from the
instance to solve.

This extension opened the possibility of introducing some artificial randomiza-
tion in a purely deterministic problem. In particular, for the maximal eigenvalue
minimization problem (1), this randomization concerned the monotone operator x
Z;-nzl Ajz; and its dual, while, in contrast with the method we propose in this paper,
the matrix exponentials had to be computed deterministically. This artificial ran-
domization reduced the iteration cost while retaining some probabilistic guarantees
on the output of the algorithm.

Finally, Arora and Kale [1] obtain, by approximating the rows of exp{X/2},
a substitute for the exact Gram matrix exp{X}, where X is some real symmetric
n X n-matrix. The rows of exp{X/2} are approximated by projecting an appropri-
ate truncation of the exponential Taylor series approximation on, roughly speaking,
O(1/€?) random directions.

In this paper, we apply the general results of [8] to analyze another random-
ization strategy for computing matrix exponentials, which is also based on a vector
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sampling and on an appropriate truncation of the exponential Taylor series. Whereas
we consider the same number of terms in the Taylor series approximation of the ma-
trix exponential as Arora and Kale [1] do, we can significantly reduce the number of
required random vectors: roughly speaking, we project the truncated Taylor series on
O(1/e) random directions.

The approximation strategy developed in this paper proves to be theoretically effi-
cient for large-scale problems. In theory, it outperforms all its competitors on a reason-
ably large set of instances, described by the size of the input matrices, their number,
their sparsity, and the desired accuracy including interior-point methods. Our theo-
retical conclusions are demonstrated by numerical evidence: for solving problems (up
to a relative accuracy of 0.2%) that involve a hundred matrices of size 800 x 800, the
mirror-prox method equipped with our randomization procedure requires on average
about, roughly speaking, half of the CPU time needed by the mirror-prox method
with exact computations. Interior-point methods do not appear in our numerical ex-
periments, as we found that they take more than 4 hours to solve problems of these
large sizes.

The paper is organized as follows. Section 2 contains the necessary notation
conventions and a brief recall on existing results on mirror-prox methods for general
convex problems with approximate oracle. We particularize these considerations in
section 3 to slightly structured matrix saddle-point problems, and we analyze the
stochastic exponential approximation strategy briefly described above for computing
an approximate oracle. In section 4, we derive the complexity of solving the maximal
eigenvalue minimization problem. In section 5, we test our method for solving large-
scale eigenvalue optimization problems, comparing its efficiency with the provably
best purely deterministic method in terms of worst-case complexity. All the proofs
are relegated to the appendix.

2. Mirror-prox methods with approximate first-order information: A
review. Let E be a Euclidean space with inner product (-,-). We endow E with a

norm || - ||, which may differ from the one that is induced by this inner product. The
conjugate norm || - ||« to || - || is defined as
= : =1].
ol = ma [(w,2) + lla]) = 1]

2.1. Variational inequalities and saddle-point problems.

Variational inequalities. Let @ be a nonempty convex compact subset of F/, and
let F': Q — E be a Lipschitz continuous monotone mapping with Lipschitz constant
L>0:

I1F(z) = F()Il, <Llz=2l  Vz2€Qq,
3pt| (F(2) — F(2'),2—2"y >0  Vz2 €Q.

The variational inequality associated with the set @@ and the operator F' reads as
follows:

(2) find z* € @ such that (F(2),2* —2) <0V z€Q.

The tight connections between variational inequalities and optimization problems are
discussed in Chapter 1 of [5]. In what follows, in order to measure the inaccuracy of
a point zZ € @ as a candidate solution to (2), we use the dual gap function

€(z) := max (F(2),z—2z).

For z € Q, we clearly have ¢(z) > 0, and €(z) = 0 if and only if z solves (2).
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Saddle-point problems. Assume that E := E, x Es for Euclidean spaces F; and
E5, and that @ := @1 X @2 is nonempty with two convex compact sets @1 C F; and
Q2 C E5. Let ¢ : Q1 X Q2 — R be a convex-concave function. We restrict ourselves to
functions ¢ that are differentiable with Lipschitz continuous gradient. The function
o(-,-) is associated with the saddle-point problem
3 min max ¢(x,y).
( ) TEQ1 YEQ2 d)( y)
Due to the standard minimax theorem in convex analysis (see Corollary 37.3.2 in
[14]), we have the following pair of primal-dual convex optimization problems:

min |¢(z) := max ¢(z, = max ‘= min ¢(z, .
i [3(0) = e o0 = e 800) = i o(0.1)
It is well known that the solutions to the saddle-point problem (3) are exactly the
pairs (z4,y.) composed of optimal solutions to the above two optimization problems,
and that these pairs are exactly the solutions to the variational inequality given by
@ = @1 X Q2 and the monotone operator

F(z,y) = (3(;55;;34)’_8925223;)) 1 Q — Ey X Es.

We quantify the accuracy of a candidate solution z = (z,y) € @ to the saddle-point
problem (3) by the value of the corresponding duality gap
e9(z) .= ¢(z) — ¢(j) = max ¢(Z,v) — min d(u, 7).
(2) = B(2) — 6(9) = max 6(z,v) — min (u.7)
Due to the convex-concave structure of ¢, any point z = (z,y) € Q1 X Q2 consti-
tutes an €24(2)-approximate solution to the variational inequality that is associated
with Q = @1 X Q2 and the above F:

e (z,5) = o BB [6(z,y) — d(z,y) + d(z,y) — ¢z, 7)]

8¢(xay) _ a¢($,y) _
- (%y)nelg)fxczz KT’Q: - x> * <_Ty’y - y>]

= max (F(z),z— z) = e(z,y).

2.2. Mirror-prox algorithm: Preliminaries. In its basic form, the mirror
prox algorithm is aimed at solving variational inequalities on a convex compact subset
Q of a Euclidean space E equipped with a norm || - ||. The setup for the algorithm
is given by a distance-generating function (d.-g.f.) w: @ — R which possesses the
following properties:

e w is continuous and convex on Q. In particular, the domain Q° = {z € @ :
Ow(z) # 0} of the subdifferential of w is nonempty.

e wis regular on Q°, i.e., the subdifferential Ow(-) admits a continuous selection
w'(+) on Q°. That is, there exists a continuous function w’ : Q° — E for which
w'(z) € Ow(z) for every z € Q°.

e The function w is strongly convex modulus 1 with respect to || - ||:

(W(z)—u'(Z),z2—2) > |lz— 2> VzzeQ’

In what follows, we refer to the latter property as the compatibility of the
d.-g.f. w(-) and the norm || - .
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Furthermore, we suppose that we choose w such that we can easily solve problems of
the form

(4) IZI}C_IS [w(z) — (e, 2)], eec k.

Remark 2.1. The optimal solution z. to (4) clearly exists, is unique by continuity
and strong convexity of w, and belongs to Q°. (Indeed, by evident reasons e € dw(z.).)
From regularity of w(-), it immediately follows that

(5) (Wze) —€,2—2) >0  VzeQ.

A d.-g.f. w(-) gives rise to several entities:
e The w-center z* := argmin.cq w(z) of Q.
e The Bregman distance Vz(w) = w(z) — w(z) — (W' (Z),z — Z), where zZ € Q°
and z € ). By strong convexity, we have

(6) Vi(z) > %||z—2||2 V(zeQ’ ze€Q).

e The w-diameter Q0 of @, which is defined as

0= 2max Vel(z \/ maxw minw(z)),
zeQ Z€Q

where the concluding inequality follows from the fact that V.. (2) < w(z) —
w(z¥) due to (W'(2¥),z — 2¥) > 0 for every z € Q; see (5). Further, by (6),
we have

(7) |z — 2% < Qfor any z € Q, whence D := max Iz — 2| <26
z,Z€

e For parameter z € Q°, we define the proz-mapping as
Prox; (&) = argml(r;)l[ 2(2)+ (& 2)] E—Q°.

(The argmin in question indeed belongs to Q°; see Remark 2.1.)

3. Mirror-prox algorithm with noisy first-order information. The pro-
totype mirror-prox algorithm [10] is aimed at solving variational inequality (2) when
exact values of F' are available. In this paper, we use a modification of the original
MP scheme, the stochastic mirror-prox (SMP) algorithm proposed and investigated
in [8], which operates with noisy estimates of F'. Specifically, the algorithm has access
to a stochastic oracle: at the tth call of the oracle, z; € Q° being the query point,
the oracle returns an estimate Fg,(z;) of F(z;). Here, & is the tth realization of the
“oracle’s noise,” which is modeled as a random vector £, and Fg(z) is a Borel func-
tion of £ and z. We assume that the realizations (&), of the random vector & are
independent. From now on, we set £ = (1,82, ..., &). The algorithm is as follows.

ALGORITHM 1. MIRROR-PROX METHOD WITH NOISY FIRST-ORDER INFORMA-
TION.
1: Choose the number of iterations T'. Set zg = 2 € Q°.
2: for 1 <t<T do
3: Given z;_1 € Q°, choose (a deterministic) «; > 0 such that

(8) Ve S ——.
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4: Call stochastic oracle with query point z;,_; and receive 7; := Fe,, , (2t_1).

5: Set wy = Prox,, ,(vem) € Q°.

6: Call stochastic oracle with query point w; and receive ¢; == F,, (w).

7: Set z; = Prox,, , (1:{) € Q°.

8: end for

9: Return 27 = (Z;‘;l )71 23:1 ~vtwe. Note that z; is a deterministic function
of &2y, while w; is a deterministic function of ;1. In order to show expected
convergence of Algorithm 1, we need to define the following quantities:

Pz o= Egy, {ngt_l(zt—lﬂ 5[21572]} — F(z-1),
fw, = Bey, {Fégt (wt)|€[2t71]} — F(wy),

sy = Fepy_, (20-1) — Be,,_, {F&t-l(zt—lﬂ 5[21&72]},
Ow, = Fy, () — By, {F&t (wt)|€[2t71]} ,

where 1 < t < T. Note that we define E¢, { F¢, (20)] oy} = E¢, {F¢, (20)}. Note also
that o,, , and o,, are martingale differences. The following result is proved in the

appendix.
THEOREM 2.1. Let
(10)
E L+ vowlls + S0 {eD e s + 297 (lowe = 00y 12+ e — =0, [12) } .
Zthl Ve
We have

Ef[QT] {G(ZT)} < Ef[QT] {ET} .

Moreover, for an operator F that is associated with saddle-point problem (3), the
following inequality holds:

d/,T T
Eé[zT] {65a (2 )} < Eé[zT] {6 }
3. Mirror-prox algorithm for matrix saddle-point problems.

3.1. Matrix saddle-point problems. The problem of primary interest in this
paper is the eigenvalue minimization problem

(11) Opt = ;relgll [Amax(A(z) + B) + (¢, x)],

where
e ()1 is a convex compact subset of the space ;1 = R™ equipped with the
standard inner product (z,y) = z"y;
o A(z) = Y7, x;A; is a linear mapping from R™ into the space Ey = 8™ of

symmetric n X n matrices (so that A;,..., A, € §"), and B € §™;
® \pax(A) stands for the maximal eigenvalue of a symmetric matrix A;
e cc R™.

We equip Fy = 8™ with the Frobenius inner product (X,Y)r = Tr(XY'). Denoting
by AM the spectahedron {Y € 8" : Y = 0, Tr(Y) = 1} and observing that Ayax(4) =
maxycam Tr(Y A), we can reformulate (11) as the following bilinear saddle-point
problem:

(12) Opt := fenin Yneliél o(x,Y), H(x,Y)=(B,Y)p+ (A(x),Y)p + (c,z) .
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The associated operator F' is
(13)

F(x,Y) = Fm(Y) = M

ox

=AY)+c Fy(z) = _9¢@.Y) =—A(z) - B|,
oY

where the linear mapping A*(Y) = [Tr(A1Y); Tr(A2Y); ... ; Tr(A,Y)] : 8™ — R™ is

conjugate to the mapping = — A(z).

We are about to solve the eigenvalue minimization problem by applying to (12)
the mirror-prox algorithm. While the problem is fully deterministic, we intend to
use an appropriately constructed stochastic oracle, which is computationally cheaper
than the exact deterministic oracle; our ultimate goal is to demonstrate that the
resulting SMP algorithm significantly outperforms its deterministic counterpart in a
meaningful range of problem sizes.

We start with presenting the algorithm’s setup.

3.2. Algorithm’s setup. We assume that the space Fy = R™ is equipped with
a norm || - ||, the conjugate norm being || - ||;,«. The subscript , in || - || should not
be interpreted as a pointer to a parameter running through E; on which the norm
depends; it merely indicates that this norm is defined on the space where the variable
x lives. We assume that @ is equipped with a d.-g.f. w,(-) that is compatible with
|| - [z~ We denote by z“= and 2, the w,-center of @ and the w,-diameter of @1,
respectively; see section 2.2.

We equip the space Fy = 8™ with the trace-norm ||[W||y := >"" | [X;(W)|, where
the vector A(W) = [\ (W); Aa(W);... ; A\ (W)] consists of the eigenvalues A\ (W) >
2> A (W) of W e 8™ As is well known, the conjugate norm is the usual spectral
norm ||W ||y .. = maxj<i<, |X;(W)|. Further, we equip the spectahedron Qs := AM
with the matrix entropy d.g.-f.:

n

(14) wy (V) = Ent(Y) 1= \(Y) In(A(Y).

i=1

As shown in [12], see also [2], this d.-g.f. is compatible with [|-]|y, and as is immediately
seen, the corresponding center and diameter of Q2 are as follows:

(15) Yoy = lIn; Qy = /21In(n).
n

Finally, we equip the embedding space E = E; X Fy of the domain Q = Q7 X Q2 of
(12) with the norm

1 1
(16) 1@Vl =4[ oz 12112 + o= VI3
02 ozl

implying that the conjugate norm is

(17) I V)l = /92022, + 9NV},

The domain @ = Q1 X Q2 of (12) is equipped with the d.-g.f.

(18) w(z,Y) = %wm(x) + %wy(Y);
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it is immediately seen that this indeed is a d.-g.f. for @ compatible with || - ||, and
that the corresponding diameter of @ is Q = /2, while the w-center of Q is 2% =
(z¥=,Y9r).

Finally, let £ be (an upper bound on) the norm of the linear mapping = — A(x) :
Ey — E» induced by the norms || - ||, and || - ||y,« on the argument and the image
spaces:
(19) Vo € By || A(z) |y < Lz

It is immediately seen that the affine monotone operator F associated with (12) (see
(13)) satisfies

(20) V(2,2 € E=E1 X E) : |F(2) = F(2)|« < L||z— 7|, where L := Q,Qy L.

3.3. Randomized mirror-prox method for (12).

3.3.1. Randomization: Motivation and strategy. With the outlined setup,
when applying the deterministic MP algorithm (i.e., Algorithm 1 with precise in-
formation: 13'& = F) to the variational inequality associated with the saddle-point
problem (12), the computational effort at iteration ¢ is dominated by the necessity

(A) to compute the value of F' at two points, namely, at the points z = z;_; =

(z,Y) € Q° and w = w; € Q%
and
(B) to compute the value of the prox-mapping Proxz(¢) = argmin,eqlw(w) +
(¢ —w'(2),w — Z)] at two different points ¢ € E.
With our d.-g.f. w that is “separable” with respect to the z- and to the Y-component
of z, task (B) reduces (“at no cost”) to solving the two optimization problems:

o (@ argmineg, loa(w) + (1 G — @), ]
(b) Py(Cy) :=argminyeq, [Ent(V) + Tr (V [¢y — Ent'(Y)])]

with (, € R™ = FE; and (y € S, = F, readily given by (, specifically, ( =
(Q52¢:, 2%¢y). In what follows, we assume that (a) is easy to solve. The solu-
tion of (b) can be written explicitly (see, e.g., [2]). Specifically, since z € Q°, we have
Yes={YeS" :Y = 0,Tr(Y) = 1}, and the latter set clearly is the set of all
matrices of the form

(22) nv) = <2V} Vesn

~ Tr(exp{V})’

Assuming that we have at our disposal a representation Y = H(V) with V € S,,,
the solution to (b) is just H(—Cy + V). In other words, when parameterizing points
Y € Q9 according to Y = H(V), prox-mapping (21) becomes trivial—it reduces to
a matrix addition. The Y-components of the points w; = (u¢, W) and z; = (x4, Y:)
generated by the deterministic mirror-prox are of the form W; = Py,_, (Q%,[nt]y) and
Y; = Py, ,(Q%[G]y), where n;,(; € R™ x 8™ are given (see Algorithm 1). When
using parametric representations W; = H(U;) and Y; = H(V}), the matrices Uy and
V; are easy to update: Uy = Vs—1 — Q% [n:]y and V; = Vi1 — Q3 [G]y, respectively,
with 7, (; as defined in Algorithm 1. Thus, when representing W; and Y; by their
“matrix logarithms” U; and V;, it looks as if the computational effort per step of
mirror-prox as applied to (12) were dominated by the necessity to resolve task (A),
and in task (B) to solve the problem (21.a) alone. This impression, however, is
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not fully true. Indeed, looking at (13), we observe that—while computing the Y-
component Fy(z) = —A(x) — B of F at a point z = (z,Y) needs the knowledge
of x only and is independent of how Y is represented—computing the Y-component
F.(Y) = [Tr(A1Y);... ; Tr(A,,Y)] + ¢ of F(2) seemingly requires the explicit repre-
sentation of Y. This latter observation makes it necessary to solve explicitly problems
(21.), or, which is the same, requires computation of the value of H at a given point
V. The related computational effort is O(n?®) (the arithmetic cost of an eigenvalue
decomposition of V'), which, depending on the problem’s structure and sizes, can by
far dominate all other computational expenses at an iteration. The goal of this paper
is to demonstrate that one can avoid the explicit solution of “troublemaking” prob-
lems (21.b) and use instead the easy-to-update “logarithmic” representations at the
cost of a randomized computation of F,(-). The idea of randomization is as follows:
assume that we are given a “matrix logarithm” V of Y € @9, so that Y = H(V). We
need to compute a randomized estimate of the vector F,(Y) = A*(Y) + ¢, that is, of

A*(Y) = [Tr(A1Y);... ; Tr(A,Y))

1
= W[Tr(z‘h exp{V}); ... ;Tr(Am eXp{V})]'

Imagine for a moment that we can multiply vectors by the matrix exp{V/2}. Then,
generating a sample & of N independent vectors &5 ~ AN(0,1,), 1 < s < N, and
setting x* = exp{V/2}¢%, s =1,2,..., N, we have
| X
E {N S I Arxts [XS]TAmXS]} = [Tr(Ar exp{V});. .. ; Tr(Ap exp{V})]

s=1

and

N
1 S S
" { ¥ 2 X } = Tr(exp{V}),
s=1
so that we can use the random vector
e T A5 T Amx
N
Zs:l [XS]TXS
as a random (biased!) estimate of F,(H(V)). The last strategic question to be ad-

dressed is how indeed to compute, given V' and a vector &, the vector x = exp{V/2}¢.
We propose to build a high accuracy approximation Y to x by setting

(24) =25

J
j=0""

(23) ge(V) = + ¢, x° = exp{V/2}£°,

| =

(V/2)’¢

<

with J large enough to guarantee a desired accuracy, and to compute the terms v; =
%(V/ 2)7¢ by successive matrix-vector multiplications: vy = &, vjq41 = ﬁij. We
then merely replace in (23) the vectors x® with their approximations x*, thus getting

an estimate

SN AR )T A
Yo xR

(25) ge(V) == +c
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of ge(V). We also set

(26) He(V) =

Z[xS]TxS] > KT

s=1 s=1

note that #¢(V) € Q2 = AM can be considered as a random estimate of H (V) (see
(22)) and that ge(V) = Fy(He(V)).

3.3.2. Randomized algorithm. Implementing the outlined randomization strat-
egy with the setup presented in section 3.2, Algorithm 1 becomes as follows.
ALGORITHM 2. RANDOMIZED MIRROR-PROX METHOD APPLIED TO MATRIX
SADDLE-POINT PROBLEM (12)
1: Choose the number of iterations 7', the sample size N, and a sequence of positive
integers Jy, 1 <t <T. Generate 27" independent samples &1, &a, . . ., &, each of them
composed of N independent realizations & ~ N(0,1,), 1 < s < N.
2: Set zg = 2¥= and let Vj € S,, be the all zero matrix.
3: for1<t<Tdo
4: Given (x¢_1, V4—1), choose (deterministic) v; > 0 such that (cf. (20), (19)):

1

1
27 < — _
27) =AL T V2000 L

5: Compute the approximation
F§2t—1 (xt—lv Vt—l) = [g§2t—1 (‘/t—l); -B - -A(xt—l)]
of Fzi—1,H(Viz1)) = [A*(H(Vi=1)) + ¢, —B — A(z¢—1)], where gg,, () is as ex-

plained in (25), with .J; in the role of J.
6: Set

Ty = argxnelgl {<7thg§2t—1(Vt—1) - w;c(xt—l)a $> + wi(f)} s
(28) ‘Z& =Vio1 + 'YtQ%/ (B + A(ﬁtfl)) .

7: Compute the approximation H, = 7:[5% (V;) of H(V;) and the approximation
Feo, (20, Vi) = [gea, (Vi) =B — A()]

of F(&,H(V:)), where He,, (V;) and §e,, (-) are as explained in (26) and (25), respec-
tively, and with J; in the role of J.

8: Set

0 = arg muin { (0920, (V) = (1), ) + (o)}
(29) Vi = Vic1 + 795 (B + A(Zy)) .
9: end for

10: Return 27 := (Z;‘;l )t 23:1 VTt
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3.3.3. Convergence and complexity analysis.

Regularity assumption and preliminaries. In order for Algorithm 2 to be well
behaved, we need certain additional assumptions on (E1, || - ||«,«), specifically, the one
of regularity with certain parameter x = kg,. Instead of stating this notion here in
full generality (this is done in section A of the appendix), let us just hint that the
property has to do with “good behavior” of sums of martingale differences taking
values in E; and list the regularity parameters for the most important, in regard to
applications, pairs (E1,|| - ||z,+). Specifically, denoting by | - |, the spectral ¢,-norm
on the space M™ of m x m matrices, that is, |A|, = |lo(A4)]|p, where o(A) is the
vector of singular values of A, the following holds true (from now on, all O(1)’s are
appropriate absolute constants):

() If1 <p <2 and either (B, || [lo) = R™, || - [|p), or (Ev, |- [l2) =
(M™,|-1p), then the regularity parameter of (Ev, | - ||z,«) is equal to
1 when p = 2, is bounded from above by ﬁ when p > 1, and s
bounded from above by O(1)In(m + 1) when p = 1.
From now on, if the opposite is not explicitly stated, it is assumed that (Eq, || - ||z,«) is
k-regular. An instrumental role in the convergence analysis of Algorithm 2 is played
by the following fact (proved in appendix).

PROPOSITION 3.1. Let (Ev,|| - ||lo«) be k-regular for some k. With F given by

(13) and g¢(-) given by (23), one has for every V € S™

(@) |Ee{ge(V)} — Fe(H(V))||ax < O(1)Ly/ENL,

(30) _
o) Ee {exp { \/NHgs(V(; (1)%‘%5(V)}| }} < exp(Ll.

Another component of our analysis is the following simple statement (recall that
I - |ly,« is the usual spectral norm on S™).
PROPOSITION 3.2. Let W € S,, and J > exp{2}|W||y,«. Then,

J Wi
(31) exp{W} =3 —-|  <exp{-J}.
i=0 Y, *

This result can be proved by applying the same arguments as in the proof of
Lemma 6 in [1].

Convergence analysis. Proposition 3.2 shows that in order to approximate the
matrix exponent exp{W} by its Taylor polynomial within accuracy € < 1, it suffices
to take for the degree of the polynomial the number J = O(1)In(1/¢)||W ||y, so
that J is “nearly independent” of . Now, when ¢ is really small—like 1076 or even
107199 —any e-approximation of the matrix exponent is, for all practical purposes,
the same as the matrix exponent itself. Assuming that the choice of J indeed ensures
“really small” inaccuracies in the approximation of the matrix exponent, we have
all reasons to undertake a simplified convergence analysis of Algorithm 2, where we
neglect the difference between the quantities g¢(-) as given by (23) and their estimates
Ge(+) (defined in (25)). Or, alternatively formulated, we analyze the idealized version
of the algorithm with ge(-) in place of ge(-).

The convergence analysis of the idealized algorithm is as follows. Let 1 <t < T,
and let ; satisfy (27). Note that in the notation of Algorithms 1 and 2 and of
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definitions (9) we have
zio1 = (@1, H(Viz1)),  we = (&, H(V;)),
fz oy = [Beayy {9ea (Vic1)|€2t—2) } — Fe(ze-1);0] =: [uZ,_ ;0]
tw, = [Bes, {960 (Vo) |€p20—1} — Fa(wy); 0] =: [, 5 0],
0z = [9earo1 (Vem1) = Eeary {9601 (Vie1) €2} 3 0] =2 [0, 5 0],
Ow, = [gfzt(vt) _E{gézt V;t |§2t—1 },0] = [Uﬁ;,ﬁo]'
By (30.a) combined with (17), we obtain
(32)
Efzt—l {”/‘th”*‘g[Qt—Q]} = QwEézt—l {Hugzct_l ||w,*|§[2t—2]} < O(l)Qw‘C\/ENila

Eeo, {Il1tw, 1] €2e—1)} = QaBey, {15, lla,x [2t—11 } < O(1) Q0 LyENE,

whence also

T T
E§[2T] {Z'yt”/‘wt'*} = QIE§[2T] {Z’yt”ﬂ‘fut' %*}
t=1

T
OM)QLVENTSY "y,
t=1

T T
Ef[QT] {Z ’ytZHth Mz |z} = QiEng] {Z’YEHMUH T Mz ||i*}
t=1

t=1
T
<OMQLL BN 7.
t=1

Further, inequality (30.b) implies
(34)

Eeas {10, 12,6202 } < OML/N,  Ee {llok |12

Moreover, by the definition of o7, | and oy

|€2e—1)} < O(1)L?K/N.

w,» We have

(35) E§2t—1 {O.;Ut_l ‘f[?th]} =0, Eth{Uijt ‘6[21571]} = 0.

Since (E1, ||+ ||z.«) is x-regular, relations (34) and (35) imply by Proposition 3 of [11]
that

2
. <O LN~ Z 7,
T,
which results in
T T
E§[2T] { Z'Yto'wt } = QIEE[QT] Z'YtUi,t
t=1 N t=1 -
2
(36) <Qp |Eeu,
X%

<O LeNT?
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Besides this, (34) implies that

T T
Ef[QT] {Z ’YtZHth — 0z, ||z} = QiES[QT] {Z ’7152”0111& - th_l ”z*}
t=1

t=1

T
(37) <SOMQLL N 47,

t=1

Combining (33), (36), (37) and taking into account that with our setup Q = v/2 and
D < 2Q), we conclude from Theorem 2.1 that

E{$(z7) — mingeq, #(x)}

1+Qx,c\/E[N*1 ST A VENTY2 /ST 210, L RN ST »yf]
(1) 2211 Tt ’

where ¢(z,Y") is the cost function of the saddle-point problem (12), ¢(z) = maxy cam

¢(z,Y) is the objective in the problem of interest (11), and Opt = min,ecq, ¢(z) is
the saddle-point value in (12), or, equivalently, the optimal value in (11).

Optimizing the resulting efficiency estimate in the stepsizes 7, satisfying (27), it
is immediately seen that with

Tk Tk
N =1 —— | =1 —
oor () = 0r iy )

1 1
38 - - L1<t<T,
(38) TR0 L 2 I
the above inequality implies
_ o Q.L [n(n)
T

— < .

(39) B{36) - mip 3} < 0 %2F |22 4 /TG

4. An application: Minimizing the maximal eigenvalue of a convex
combination of symmetric matrices. Consider the special case of problem (11),
where @) is the standard simplex in R™:

[m > 2] QL=A4,, = xeRm:xzo,ijzl
j=1

and B =0, ¢ =0, so that the problem is

TEA,

(40) Opt = min Amax(A(2),  Alz) = Z;xjAj.

In other words, we want to minimize the largest eigenvalue of a convex combination
> j x;A; of given symmetric m x m matrices. Note that the problem of minimizing
the maximal eigenvalue of B+ A(x) over @)1 reduces to (40) by replacing the matrices
A; with A; + B. The operator (13) associated with the problem is

() F@Y) = [F(V):F @) = [TH(A V). .. s T(A, V)] —A)].
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We equip Ey = R™ with the norm || - ||, = || - ||1; the conjugate norm is || - ||4,. =
|| [loo- Tt is well known that (R™, | - ||~) is s-regular with k = O(1)In(m) (see, e.g.,
Example 2.1 in [11]). Note that this choice of || - ||; results in

(42) L= max [4;ly.

(see (20)), where ||Ally,« is the spectral norm of a matrix A.
We equip @1 with the d.-g.f. function

wy () = Ent(x) := Z:r] In(x;),

which, as is well known (and immediately seen), is compatible with || - [|;. The

associated entities are

(43)

QT = xERm:x>0,ix»:1 , v = l,7i , Q, = /2In(m),
et ’ m m

and the prox-mapping is given by an explicit formula:

. exp{ln(z;) — &} :
arg min {w,(w) + (€ — wl(2),w = — , 1<j<mg
(s iy )+ 6~} ) = o S j
see section 3.3.1.
Let us solve (40) by T-step Algorithm 2 associated with the outlined setup and
the parameters N and 7 chosen according to (38), that is, as

(44) N =0(1)

The efficiency estimate (39) now reads

(45) E {Amax(A(zT)) — Opt} < O(1) (ln(n) n 1n(m)\/ln(n)) L/T.

Choosing truncation levels Jy. Let us specify the truncation levels J; for 1 <t <
T. In view of (28), (29), (42) and taking into account that Vo = 0, Qy = /21n(n),
and Q, = 1/21n(m), we conclude that

[Villy.s < OQ)y/In(n)/In(m)t,  [[Villy. < O(1)y/In(n)/In(m)t.

From Proposition 3.2, we deduce that the matrix exponentials we need to use can
be approximated with accuracy § < 1 by a truncated Taylor series with J; =

O(1)y/In(n)/In(m)In(1/5)t terms. Specifying § as, say, machine accuracy, we see

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/16/13 to 130.207.50.37. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

948 M. BAES, M. BURGISSER, AND A. NEMIROVSKI

that for all practical purposes it suffices to take
(46) Jir = O(1)y/In(n)/In(m)t, t>1,

with a moderate absolute constant O(1).

Overall complexity. Assume that we want to solve (40) within accuracy € in terms
of the objective. This task is typically unreachable with a randomized algorithm.
Instead, we need to content ourselves with a procedure returning an e-solution with
a prescribed probability of at least 1 — 3, where 0 < 8 <« 1. To build such a
procedure, we can specify T'= T'(¢) in such a way that the right-hand side in (45) is
at most €/4. We run the above T'(¢)-step algorithm k& times, each time computing an
accurate, within the margin ¢/2, estimate of the value Ayax(A(z7*%)) of the objective
at the corresponding output 7%, 1 < ¢ < k, and then select among the k outputs
2Tt . 2TF the one with the smallest estimate of the objective value. Since with
our choice of T'(¢€) we have Prob{Amax(z?") — Opt > €/2} < 3 and 271, . 2T*
are independent, this procedure yields an e-solution to the problem of interest with a
probability of at least 1 — § for a “small” k = O(1) In(1//).

Now, let us evaluate the computational complexity of a single T'(¢)-step run of
Algorithm 2. Assume that every matrix A; has at most S nonzero entries. We assume
that mS > n?, meaning that the matrices A(z) can be fully dense. In order to avoid
intricate expressions, we omit in what follows all factors that are logarithmic in m, n,
and 1/4 (in particular, all absolute constant factors) and write down the statement
“P is, within logarithmic factors, bounded from above by @7 as P < Q). We also
write P ~ @ when both P < @ and @ < P. Finally, we set v = ¢/L; this quantity
can be naturally interpreted as the relative accuracy of an e-solution. To establish
the complexity of our procedure, note the following.

(A) By (45), the required number of steps T' = T'(¢) admits the bound T' < 1/v,

whence, by (44), N < 1/v.
(B) As is immediately seen, when mS > n? the computational effort at step
t < T of the algorithm is, within factor O(1), dominated by the necessity
1. to compute A(zx) at a given point 2 (< m.S arithmetic operations (a.o0.));
2. to generate N samples & ~ N(0,1,) with 1 < s < N (totally < nN
a.0.);
3. to compute for every s < N the vectors x§ = Zj‘zo(V/2)j£f/j!, where
V € 8" is a given matrix (totally < Ntn? a.o.; see (46));

4. to build the matrix H = [Ziv Tt Ziv LG (S Nn?ao.);

5. to compute the vector [Tr(HAy); Tr(HAz) i Tr(HAR)] (S mS ao.).

We see that the complexity of step ¢ is < Ntn? + mS a.o. lmplylng that the overall
complexity of a single run of the algonthm is < NT?n? —I— TmS < n?/v3 + mS/v
a.0. We then should compute the value of the objective at the resulting approximate
solution, that is, the maximal eigenvalue of a symmetric matrix with the spectral norm
not exceeding £. For our purposes, it suffices to approximate this value (1 — 8/k)-
reliably within accuracy O(e), which can be done by the power method at the cost of
< n?/v a.o. Finally, we should repeat this procedure O(1)In(1/3) times. Omitting
constants and factors logarithmic in m, n, and 1/8, our randomized algorithm yields

n (1 — B)-reliable e-solution to (40) at the cost of

n?  mS
CSMP:ﬁ—f—T a.o. [VZG/E]
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Discussion. Let us compare the complexity of our algorithm with those of its
existing competitors. To the best of our knowledge, the best existing complexity
bounds for large-scale problems (40) are as follows (we again skip logarithmic factors):

e The complexity for interior point methods without any assumptions on A;
aside from their sparsity is

Crpm = v/max[n, m][n® + m? + m*n?]In(1/v) a.o.

e Advanced deterministic first-order algorithms, like Nesterov’s smoothing [12]
or deterministic mirror-prox, require

n3 +msS
Croq = ——— a.o.

e We can also consider minimizing the original objective function & — Amax(_;
xjA;) over the standard simplex using a “slightly randomized” mirror descent

method [4]. This method requires

c n? n mS
MD — —+=75 —5 a.o.
5/2 2

The iteration count in this method is ~ 1/v2. The computational effort
per iteration reduces to assembling A(z) at a given point (~ mS a.o.) and
computing an e-subgradient of the objective and an e-approximation of the
value of the objective at = by applying the power method to the matrix A(x)
in order to approximate its maximal singular value and leading eigenvec-
tor. With a straightforward implementation of the power method this task
requires ~ n?/v a.o. with an advanced implementation ~ n?/\/v a.o. only.
It turns out that there exists a meaningful range of values of m, n, S, and v where our
stochastic algorithm significantly outperforms the outlined competitors. For example,
consider the case when n is large, and assume that we have for some 0 < k < 1/4

mS ~ nP with 2 4 2k < 8 <3 -2k, pmax2—8,—1/2+x <rv< ni=8/2,

(Note that the outlined range of values of v is nonempty, e.g., this range is n~l/2ts <
v <n % with g = 2.5.) It is immediately seen that in the case in question we have
Csmp ~ n?/v3 and

Ciem o 3. Crom o 2x CwD

>n"

9y

Csmp ™~ 7 Csmp ™ Cswp
that is, our algorithm progressively outperforms its competitors as the sizes grow.

5. Numerical experiments. We consider randomly generated instances of the
problem

TEAm,

(47) Opt = min Amax(A(2),  Al) = mA;, Ay =570,
j=1

where C is a sparse symmetric random n X n-matrix and j = 1,...,m, i.e., we are
confronted with instances of problem (40) that we studied in the last section. We
solve these problem instances up to a (relative) accuracy of ¢ := e£, where 0 < e < 1
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TABLE 1
CPU time (mean, standard deviation, and 95% confidence interval), number of iterations
(mean, standard deviation, and 95% confidence interval), and average CPU time per iteration
required by the stochastic mirror-prox method for solving random instances of problem (47) with
parameter values n = 100, m = 100, € = 0.002, and for different samples sizes N. The matrices A;
have a joint sparsity pattern and, in expectation, 10% of the entries are nonzero.

CPU time (sec) Number of iterations CPU time per iteration
N Mean std 95% conf | Mean  std 95% conf (sec/iteration)
1 66 9 (60, 72] 2948 327  [2746,3151 0.0224
3 90 14 (81, 98] 2970 343  [2757,3183 0.0302
5 86 11 [79,93] 2900 271 [2732,3068 0.0298
10 87 12 (80, 94] 2860 207  [2732,2988 0.0305

[ ]
[ ]
4
50 92 7 [87,96] 2840 232 [2696,2984] 0.0323
[ ]
[ ]
[ ]
[ ]

100 98 9 (93, 104] 2850 207  [2722,2978 0.0344
500 141 15 [131,150] 2860 222 2722,2998 0.0491
1000 178 18 [167,189] 2860 222 2722,2998 0.0622
5000 533 47 [504, 562] 2877 204  [2750,3003 0.1851

is the target accuracy and L is defined as in (42). In all the numerical experiments
that we perform, the target accuracy e is set to 2 - 1073,

We implement Algorithm 2 with constant step-sizes v = v, t > 1, and v has
the form described in (44). Given a matrix W € S,,, we choose the truncation level
Jw of the matrix exponential Taylor series approximation according to the following
formula (compare with Proposition 3.2):

J = {max {log(l/p),exp{l} HWH(OO)}J , p:=1075

Note that this setting slightly deviates from the truncation level derived in Proposi-
tion 3.2. The oco-norm of W is computed approximately using the power method. In
accordance with (44) and (45), we need to choose the sample size N as

(48) N =

In Table 1, we give the CPU time (mean, standard deviation, and corresponding 95%
confidence interval), the number of iterations needed to find a solution with relative
accuracy e£ (mean, standard deviation, and corresponding 95% confidence interval),
and the average CPU time per iteration for different samples sizes N. The matrices
Aj are all of size 100 x 100 and they follow the same sparsity pattern, and, on average,
10% of the entries are different from zero. In total, we have a hundred matrices A;. All
the numerical results that we present in this paper are averaged over ten runs and are
obtained on a computer with 24 processors, each of them with 2.67 GHz and with 96
GB of RAM. We observe that the smaller the sample size the lower the CPU time that
is required to approximately solve the problem instances. Surprisingly, we can choose
a very small sample size without sacrificing too many iterations. Let us illustrate this
observation with an example. According to (48) and with an absolute constant of 1,
we are supposed to choose N as about 5000. With this parameter choice, we need an
average CPU time of 533 seconds. Using only one sample for each matrix exponential
approximation, we observe that we can reduce the average CPU time by 87.6% (with
a slight increase of 2.5% in the average number of iterations). For the subsequent
tests, we will thus choose a sample size that deviates from its theoretical value and
use only one sample for every matrix exponential approximation.
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Given a pair (Z,Y) of a primal and a dual feasible solution, we can compute the
corresponding duality gap

(49) Amax(A(Z)) — min (A(z),Y)

TEA, F

which we use as stopping criterion for our algorithm and which we check at every 100th
iteration of the method. The first term is approximated by an adapted version of the
Power method and the second term is simply min{(A;,Y)r : 1 < j < m}. As the
Power method typically returns a lower bound on the eigenvalue of largest absolute
value, we recompute the duality gap using the MATLAB built-in functions maz()
and eig() when the first approximation obtained by our version of the Power method
yields to a value that is smaller than e£. We denote by 7:l(V) the approximation of
exp{V}/Tr(exp{V'}) by the truncated Taylor development. The pair (Z,Y") considered
at iteration t is the average

_ 1 .
Z'YT T H V ) = ; Z(iraH(Vr))a
‘r 177 =1 T=1

where Z, and V, are defined in Algorithm 2, equations (28). In principle, the criterion
(49) gives theoretically a desirable solution only if we use exact scaled exponentials
instead of 7—[( +). Nevertheless, 7—[( ) is in the matrix simplex by construction, and
the number of terms we use in the Taylor exponential is large enough to justify a very
accurate approximation, so that Y can be considered as an adequate approximate
solution to our problem.

In Table 2, we compare the performance of our randomized version of the mirror-
prox method with the efficiency of its deterministic counterpart and of the mirror-
descent scheme for random problem instances (47).

As before, we have a hundred matrices A;, but this time their size is varying. They
are sparse with a joint sparsity pattern and with S non-zero values; the values for S
can be found in Table 2. In this table, we show the CPU time (mean and standard
deviation), the number of iterations required to find a solution with accuracy e£
(mean and standard deviation), and the average CPU time per iteration. Moreover,
we express the average (total) CPU time and the average CPU time per iteration of
the mirror-descent method (deterministic mirror-prox) in percentage of the stochastic
and the deterministic mirror-prox method (stochastic mirror-prox). We observe that
the stochastic mirror-prox method has an average CPU time that corresponds to 23
to 31% of the running of the mirror-descent scheme and to 55 to 77% of the CPU
time required by the deterministic mirror-prox method for problem instances involving
matrices of size 100 x 100 up to size 800 x 800. For the stochastic mirror-prox method,
we also give the truncation levels J, which are nine or ten on average for these problem
instances.

Appendix A. Large deviations of random sums. Let E be a Euclidean
space with inner product (-,-) and let x > 1. We endow E with a norm denoted by
[IIl, which might differ from the one associated with this inner product.

We say that the space (E, ||-||) is k-smooth if the function p(-) := ||-||? is continu-
ously differentiable on E and

p(z+y) <plz)+ P'(@),y) +rply) Va,ye k.
IWe have also tested smoothing techniques on our examples. It turned out that their performance

characteristics are with 10% margin of those of the deterministic mirror-prox method, which allows
us to omit displaying the related data.
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CPU time (mean and standard deviation), number of iterations (mean and standard deviation), and average CPU time per iteration needed by the mirror-
descent (MD), the deterministic mirror-prox (det MP), and the stochastic mirror-prox (stoch MP) method for solving random instances of problem (47) with
parameter values m = 100 and ¢ = 0.002, with S non-zero entries, and for different values of the matriz size n.
time (CPU time per iteration) required by “method A” as percentage of the corresponding quantity used by “method B.” The stochastic mirror-proz method is

TABLE 2

implemented with N = 1, and the used truncation levels J are shown in the table at the bottom.

CPU time (mean (sec), standard deviation (sec))

The performance ratios express the CPU

Mirror-descent | Det mirror-prox | Stoch mirror-prox Ratios CPU time
(n,S) Mean std Mean std Mean std aomg_?u\:u meow\woiw mmwonrizww
(100, 955) 307 47 128 16 71 6 0.42 0.23 0.55
(200, 3813) 766 79 307 15 237 17 0.40 0.31 0.77
(400, 15255) 2522 120 1101 42 744 39 0.44 0.30 0.68
(800,60971) | 10262 746 4983 126 2814 74 0.49 0.27 0.56

Number of iterations (mean, standard deviation) and average CPU time per iteration (sec/iteration)

Mirror-descent

Det mirror-prox

Stoch mirror-prox

Ratios CPU time/iteration

(19 | Men s S | Mew wd SEame | Mew o SRl | P g oy
(100, 955) 21504 3287 0.0143 3120 349 0.0411 3000 313 0.0235 2.88 1.65 0.57
(200, 3813) 21388 1858 0.0358 2700 141 0.1137 2740 171 0.0866 3.17 2.42 0.76
(400, 15255) | 22293 924 0.1131 2680 103 0.4109 2620 103 0.2841 3.63 2.51 0.69
(800,60971) | 22327 445 0.4596 2740 52 1.8187 2600 47 1.0822 3.96 2.35 0.60

dyd-esfosfeuinol/Bio wes mmmy/:dny ses yB11Adoo Jo 8susdl| VIS 01 1981gNns uonnquISIpeY */£°05° 202 0ET 01 ET/9T/80 Pepeojumoq

Truncation level J of Taylor series approximation (only stochastic mirror-prox)

(n,S) Mean std
(100, 955) 9 <1
(200, 3813) 9 <05

(400,15255) | 10 < 0.5
(800,60971) | 10  <0.5
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Both the space (E, ||-]|) and the norm ||-|| are called x-regular if there exist k4 €
[1,x] and a norm ||-]|+ on E with the following two characteristics:
e The space (E, ||-||+) is k4-smooth.
e The norm ||-||+ is k/k-compatible with ||-||, that is,

K
|z < |22 < —|lz|> VazeckE.
K+

The regularity constant kg of the space (E, ||-||) is defined as
kg :=inf{k >1: (E,|-||) is k-regular}.

From now on, assume that (F, ||-||) has regularity constant s p.

We define an n-dimensional martingale difference sequence &1, ..., &, that is, a
sequence of n-dimensional random vectors such that &_1 is o(&)-measurable and
Ee, {&|6—1} = 0 for every t. In our context, the following result on regular Euclidean
spaces is of particular interest.

THEOREM A.1 (see [11]). Choose x € (0,2] and reals o1,...,00 > 0 such that

E { {||€t|"} } B
€ | €Xp | &1 p < exp{l} vVit=1,...,T.

X
Ot

(a) For all ¢ >0, we have

P >

T
> &
t=1

where Cy > 2 is a properly chosen constant that solely depends on x and that
s continuous in x.

(b) With a properly chosen constant ¢, > 0 that solely depends on x and that is
continuous in x, we have

T
S Y B 1
/ T
Cx “EthlatQ

For a proof of the first part of the above theorem, we refer to [11]. Statement (b)
follows from (a) by integration.

These inequalities have been slightly improved in [7] and were revisited in [9] using
a range of different approaches, sometimes yielding better values for the constants c,
and Cy than in the original paper [11].

<exp{l}. O

Appendix B. Proofs.

B.1. Proof of Theorem 2.1. The proof of Theorem 2.1 requires a result from
[8], which we reproduce below.
LEMMA B.1 (see [8]). Let z € Q°, v > 0, and n,( € E. Consider the points

T = argg&ig{(’yn —W'(2),y) +wy)},

z4 = argmin {(7( — w'(z),y) +wy)}.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/16/13 to 130.207.50.37. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

954 M. BAES, M. BURGISSER, AND A. NEMIROVSKI

Then,

2
1
GGz —y) SVa) =V )+ Tl =2 =5 lle =217 VyeQ O

Let us show Theorem 2.1.
Proof. We can represent the random elements F(z;—1) and F(w;) as follows:

F(thl) = F€2t—1 (thl) T Ozq T Mz, and F(wt) = F§2t (wt) = Ow, = Hawys

respectively. Let u € Q. As I’ is a monotone operator, we have

T T

S (Fu), 27— u) = 3 (F (), we — )

t=1 t=1

T
(50) = Z’W <F§2t (wt) — Owy — Mw,, Wt — U> .

By Lemma B.1, we obtain

T
S (Fea,(we), wi — ) < Ve (u)
t=1
T 2 2
AR : 1 )
+ 3 (% et~ Feas et = g e = zl?).
t=1

Furthermore,

2

<2 (IF(wn) = Fom1)I2 + [|own = 0y + =tz )
< 2 <L2 Hwt - Zt—1||2 + Hawt — 0z + Mwy = Hzyy Hi) )

~ ~ 2
Feoy(w0) = By, (zom)|| = (1P (00) + 0+t = Flztm1) = 02y = iz, |

where the concluding inequality is due to the Lipschitz continuity of F'. Observe that
v?L? < 1 because of the step-size choice (8). Thus,

T T
Z'}/t <F§2t (wt)awt - u> < VZ“ (u) =+ Z’Yt? Ho.wt 0z + Hwe = Hzp_y ||z
t=1 t=1

0 &
(51) < 7 + 22’71&2 (”th 0z ”z + H/’Lwt + lj’Zt—1||z) .

t=1
Additionally, the following inequality holds:

T T
Z’Yt <th + flapy, U — wt> = Z’Yt (<thau - Zw> + <tha zY — U)t> =+ <:uwt7u - U)t>)
t=1

t=1
T
E YtOw,
t=1

T
<0 + 3 % (s 2 = w) + D 1|,
t=1

*
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We combine the above inequality with (50) and (51):

T 02 T
Z’yt <F(u)7 ZT - u> < 7 +2 71&2 (”th 0z ”z + H/’Lwt + Hozy_y ||z)
t=1 t=1

T
E VtOw,
t=1

Maximizing the left-hand side of the above inequality with respect to u € @ and
taking expectations on both sides, we obtain

(52) +9Q

T
+ 37 (0w 2 = we) + D | -
t=1

*

T

02 &
Z'YtEé[zT] {6(ZT)} < 7 +2 Z’V?Eé[z’r] {”th — 0z ||3 + H:uwt + fzy Hz}
t=1 t=1

T
+QE5[2T] Z’yto'wt
=1 N
T
(53) +Z’ytE§[2T] {<0wt72w —’LUt> +D||/1’th*}
t=1

It remains to observe that B¢, {(0w,,2* —wi)} = 0, as 0, is a martingale differ-
ence.
Assume that F' is associated with the saddle-point problem (3), that is,

0(z,y)  0¢(x,y)
Fla,y) = - .
(z,9) ( or T oy
Recall that ¢ € {1,...,T}. Let wy = (x4, y) € Q 1= Q1 X Q2, u = (Ug, uy) € Q1 X Q2,
and \; 1= v/ Z?:l ;. As the function ¢ is convex in the first and concave in the

second argument, we have

[M]=

T
S X AF(we),we —u) =Y N (@, pr) — Sua,ye) + b4, 1y) — G4, 71))

~
Il

1

At (e, uy) — (U, yt))

[
[M]=

~~
Il

; T T
¢ (Z )\tl‘tauy> —¢ (Uz, ZM%) .
t=1 t=1

We recognize in the left-hand side of the above inequality the right-hand side of (50).
Therefore, it remains to apply the same arguments as those used to determine the
right-hand side of (52) and of (53) in order to complete the proof. O

B.2. Proof of Proposition 3.1. For V € S,,, we define

exp{V'} )
Tr(exp{V}) /"

Y

(54) g(V) =h(V)+e, where h(V) := A" (

Recall that ¢,..., &N are independent A(0, I,)-distributed random vectors and & =
(€h, ... &N). Let g¢(V) be defined as in (23), that is,

(55) ge(V) :=he(V)+¢,  where he(V) := A* (C;;((X)))
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with
Ge(V) = T (eXP{V/2}fVi) (e {v/2ye)
(56) 05(‘/) = Z?Ll[gi]'r exp{V} é‘z

N

We start with the following observation.

Assumption B.1. As the standard multivariate normal distribution N(0, I,,) is
orthogonal invariant, and as both h(V') and he (V') are invariant under positive scaling,
we can assume without loss of generality that exp{V'} is diagonal (with positive diag-
onal entries) and of trace 1. This assumption shall hold for the rest of this section.

Fori=1,..., N, we set

N
Dy = (exp{V/2}¢") (eXp{V/Z}fi)T —exp{V}, dei:=A"Dgi, de:= %Zd@,
i=1
and
. . 1
foo =€ exp{V}e —1,  fe:= ~ > fer
i=1

LEMMA B.2. For an appropriately chosen constant ¢ > 0, we have for any
i=1,...,N.
(a) ]qu‘ ng' = ]qu‘ dgq' = Egd& = Egi fgi = ng& = O,

(b) Egi {exp {@}} <exp{l},
(c) Egei {exp { Ild&;gz’* }} < exp{l1},
(d) Ee fexp { el b < expn},
(€) Ee {exp {Z1}} < exp(1},

(f) Ee {exp {%}} < exp{l}.

Proof. Assume that diag(exp{V}) = (v1,...,v,)", where v; > 0 for any i =
L,...,nand > v, =1

(a) Let i € {1,...,n}. We have

E¢i Dei = exp{V/2}E¢ {€'[¢'] T } exp{V/2} — exp{V} =0,

where the concluding equality holds as & ~ N(0, I,,). Moreover,

Eei {[¢'] exp{V}¢'} = v =1,
k=1

which proves Egi fei = 0. The remaining equalities follow immediately.
(b) Assume that the n-dimensional random vector ¢ is N'(0, I,,)-distributed. Then,

7 |(exptv/216) expv/21) |, = S owict
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For any 0 < ¢1 < %(< 1), it holds that

Ecexp{clH(exp{V/2}C)(exp{V/2}C H } HECexp{clvlg}

H (1 —2c1v) —1/2

=1

(58) <exp{—éln(1—2cl)}
(59) < exp{l},

where the first inequality holds as the maximum of — """ | In (1 — 2¢;v;) when
v runs on the probability simplex is attained at an extreme point of this
probability simplex. (Note that the function v — — > In(1 — 2civ;) is
separable and each of its components is convex.) We obtain

exp{1} > e |(exp{V/2)0) (explV/2)0)T |

Using Jensen’s inequality, it follows that
E —_— —-E < 1 = V/2}C.
¢ exp { 5 p{1} Ixx" — Ecxx HY} exp{l},  x:=exp{V/2}¢

We conclude by observing that (exp{V/2}()(exp{V/2}¢) " Ec(exp{V/2}§)
(exp{V/2}¢)" has the same distribution as any of the matrices Dg:, i =
1,....N.

(c) Leti=1,...,N and 0 < ¢ < 5nr.

e ||dgi [, c2 || A" Dei,,,
D¢
< Egi exp {@H#} < exp{l}.

(d) According to Theorem A.1 (note that we apply Theorem A.1 with y = 1 and
o, =L/cy for any i =1,..., N), there exists ¢g > 0 such that

coV/N ||d

Due to (a), we obtain

C3£\/E

(e) Here, the n-dimensional random vector ¢ is N(0, I,,)-distributed. Due to (57)
and (59), we obtain

1/2
E. exp{_ |<T exp{V1}( — 1‘} < exp{2} <E< exp {61 Zmy})

=1
< exp{l},

where 0 < ¢ < %. It remains to note that ¢ exp{V}( — 1 has the
same distribution as any of the random variables fei, i =1,..., N.
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(f) We observe that the space (R, || - ||1) has a regularity constant of 1. Due
to Theorem A.1 (we apply Theorem A.1 with x = 1 and o; = 2/¢; for any

t=1,...,N), there exists a constant ¢, > 0 such that
E Cl\/ﬁ|f5| E Cl ‘Zf\il fgb‘ < {1}
expq ———— » =Ecexp{ ——— ex .
T 2 Y To N (T
It remains to choose ¢ > max {2 exp{1}/c1, c3/ca,2cs/c1}. O

We are ready to prove Proposition 3.1.
Proof. Let V € S,, and recall definitions (54)—(56). Consider the random element

Be = d¢ — feh(V).

Lemma B.2 implies E¢ /3¢ = 0. Moreover, by the same lemma, there exists a constant
c1 > 0 such that

. VN ||Bell, ., -k VN ||de]l,,., VN (| feh(V)l,,..
¢ xp 2615\/E = B Oxp 201£\/E xp 2015\/%

o VNl v VN feh LT
¢ eXp W E¢ exp W

1/2
< exp{%} lEgexp{CNi\yg}]

< exp{l},

<

where we use Holder’s inequality and the facts [[h(V)][, ., < £ and £ > 1. Let
Ye = hg(V) - ﬁg - h(V)
As 0 (V) = fe +1 and A* (G¢(V)) = d¢ + h(V), it holds that

_ A (Ge(V)) _ de +h(V)
0¢(V) fe+1 -

he(V)

We obtain

_de +h(V)

PZR(V) — defe

—h(V) —de + feh(V
( ) 3 f& ( ) 1 pg
Consider the sets

IM:={¢: |fe| <1/2}  and  I1:=R™N\IL

When ¢ € II, we have

| £2n(V) = defe

— T,* 2 —

(61) <2 (Ifel £+ el el ) < 1fel £+ Iidell...
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More generally, it holds that

el g < MMAe(V)l o A 1Bell o + IRV
< el o + el . + 1 feh (V) .
= [1he(V)ll, . + dell,, . + [fel [I(V)
(62) <2+ [fel) £+ [lde

+ IhW)l.
+ [1h(V)

Ha?7* ||m’*

x,% )

which is due to ||h(V)||. . < £ and to the following inequality:

€Z,*

[N, (exptv/ase) egvie) |
<L
Zx = S €T exp{ Vel

Furthermore, denoting by P the probability measure of the random matrix &,

ol -p> = oo )[4

261
< exp{—g}Egexp{%}

(63) <eXp{—2—\/§}exp{1},

[[he(V)

where the inequalities follow from Markov’s inequality and from statement (e) of
Lemma B.2, respectively. Choose ¢2 > 4¢; and observe

VN el VN [l VN [l

y (61), Cauchy—Schwarz inequality, and Lemma B.2, we obtain

¥ VN (1fel £+ el
/Hexp{f“%'”**}dms/Hexp{ (% ‘ ’)}dP@)

302£\/E 302£\/E

Ee exp{\/c:Ni\)?Hl/g [}Esexp{%ﬂlm
colgon] o)

Additionally, by (62), we have

VN VN (2L 4 [fe| £+ ||dell,,.,
/ﬁexp{%i/'g’*}d]}”(f) < /erXp{ ( 3022\/E ¢llz, )}dP(ﬁ)-

Let

<1

302£\/E

L /H - { VN (1fel £+ lel.,..) } e

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/16/13 to 130.207.50.37. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

960 M. BAES, M. BURGISSER, AND A. NEMIROVSKI

Cauchy—Schwarz inequality, bound (63), and Lemma B.2 imply

1/3 1/3 I Ild 1/3
A< /ﬁldP(f)] Vep{gjfg'} (5)1 [/ﬁexp{%ncij%’*}dw)}

) /3 JNd 1/3
2] el 225

e [a]]
1/3 1/3
ool 20 {22

IN

<)

<on{ - Lo (2}

As ¢9 > 4c¢q, we obtain

T 2] 28 ) [ )
(64) §exp{§}+exp{2g_6_\/§}exp{§}§2€Xp{§}.

Thus,

602£\/E
{\/Nllﬂg +ws||$7*}
= E¢ exp

. {\/Nlhg(V) - h(V)Iw}
¢ €XP

GCQL\/E

1/2 1/2
E. ox VN || Bell,,.. B ox VN ¥l
¢ P 3Cg£\/E ¢ P 302£\/E

Moo IV [N el T
- ¢ xp Cc1 ﬁ\/E ¢ xp 302£\/E

(65) <\/§exp{%}a

where the inequalities are due to Holder’s inequality, the fact that co > ¢, bound
(60), and inequality (64), respectively.

It remains to find an appropriate bound on the norm of h(V) —E¢he(V). Recall
that E¢ 3¢ = 0. Therefore,

[Eche(V) — (V). = IEeell, . < Eellvell,.,

= [ el @+ [ el e

<2 /H el £+ el el . dP(€) + /H Irell, . dP(e

<

where the concluding inequality follows from (61). As 2exp{z} > 22 for any = > 0,
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we obtain by Lemma B.2

Act N 4 1162
o2 [ 11l d(e) < 28 |1 < XA meexp VNI _ deslt)de
1 N c1 N

Furthermore, the same arguments imply

2 /H [fel ldell, . dP(€)

Ide]l2..
< [ ReigeP e + [ s
d 2
< {vrc i)+
o8 o 2
dexp{1}ciLy/k
SN

Finally,
[ el 2@ < [ )] [k ez,
5= Z—N} [Belel2,] "

1/2
1 VN (1862, VN [l
2 de N 9P T3aLvk

- N

2

where the inequalities hold due to Hélder’s inequality, the fact that ||ve[|; , is non-

negative for any ¢ € R™¥ bound (63), the fact that 2exp{x} > 22 for any x > 0,
inequality (64), and the assumption ¢y > 4cy, respectively. We obtain

- dexp{1}ciL N dexp{1}ciL/k N 6 exp{1}c2L\/k

[Eche(V) = (V]|

2= TN N N
Sexp{l1}ciL\/k  6exp{l}c3L\/k
< +
- N N
- exp{1}ciL\/k N 6 exp{1}ciLy/k
- 2N N
_ 13exp{1}c3Ly/k
B 2N ’
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which proves statement (a). The above inequality ensures together with bound (65)

VN [|he(V) —Eche(V)Il, . 5 13exp{l}e
st <ven{g o {S5U57)

5 13 1
< ﬁexp{g—k%}cz}.

E¢ exp

Let

5 In(2)  13exp{l}cy
C3 1= 6 + D) + 12 .

By Jensen’s inequality, we conclude that

VN [[he(V) = Eche(V)||
6cocs Lr/K

T, %

E¢ ex < exp{1}. O
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