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Abstract

We discuss new methods for the recovery of signals with block-sparse structure, based on
{1-minimization. Our emphasis is on verifiable conditions on the problem parameters (sensing
matrix and the block structure) for accurate recovery and efficiently computable bounds for the
recovery error. These bounds are then optimized with respect to the method parameters to
construct the estimators with improved statistical properties. To justify the proposed approach
we provide an oracle inequality, which links the properties of the recovery algorithms and the
best estimation performance. We also propose a new matching pursuit algorithm for block-
sparse recovery.

1 Introduction

The problem we consider in this paper is to estimate a linear transform Bz € RY of a vector
x € R" from the observations

y=Ar+u+¢§. (1.1)

Here A is a given m X n sensing matrix, B is a given N X n matrix, and u+ ¢ is the observation error;
in this error, u is an unknown nuisance known to belong to a given compact convex set U C R™
symmetric w.r.t. the origin, and ¢ is random noise with known distribution P.

We assume that the space RY where Bz lives is represented as RY = R™ x ... x R"%, so that
a vector w € RY is a block vector: w = [w[l];...;w[K]] with blocks w[k] € R™, 1 < k < K. In
particular, Bx = [B[l]z;...; B[K]z] with nj x n matrices B[k], 1 < k < K. While we do not assume
that the vector z is sparse in the usual sense, we do assume that the linear transform Bz to be
estimated is s-block sparse, meaning that at most a given number, s of the blocks Blk|z, 1 < k < K,
are Nonzero.

The recovery routines we intend to consider are based on block-¢1 minimization, i.e., the estimate
@(y) of w = Bz is BZ(y), where 2(y) is obtained by minimizing the norm Y i | Blk]z||x) over
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signals z € R™ with Az “fitting,” in certain precise sense, the observations y. Above, ||-||x) are given
in advance norms on the spaces R™ where the blocks of Bx take their values.

In the sequel we refer to the given in advance collection & = (B, nq,...,ng, || - 1) - || - ll(x))
as the representation structure (r.s.). Given such a representation structure S and a sensing matrix
A, our ultimate goal is to understand how well one can recover the s-block-sparse transform Bz by
appropriately implementing block ¢; minimization.

Related Compressed Sensing research. Our situation and goal form a straightforward exten-
sion of the usual sparsity/block sparsity framework of Compressed Sensing. Indeed, the standard

representation structure with B = I,, np = 1, and || - ||y = |- |, 1 < k < K = n, leads to the
standard Compressed Sensing setting — recovering a sparse signal x € R"™ from its noisy observations
(1.1) via ¢, minimization. The case of nontrivial block structure {ng, || - ||}z, and B = I, is

generally referred to as block-sparse, and has been considered in numerous recent papers. Specifi-
cally, there seem to be a number of applications where block-sparsity (with B = I,,) arises naturally
(see, e.g., [16] and references therein), such as multi-band signals, measurements of gene expression
levels, or estimation of multiple measurement vectors sharing a joint sparsity pattern, among many
others. Several methods of estimation and selection extending the “plain” ¢;-minimization to block
sparsity were proposed and investigated recently. Most of the related research focused so far on block
reqularization schemes — group Lasso recovery of the form

K
Z(y) € Argmin {llAz—y||§+AZ||z[k]H2}
k=1

z=[z1;.. ;2 K]eRP=R"1 x...xR"K

(here || - ||z is the Euclidean norm of the block). In particular, the literature on “plain Lasso”
(the case of ny = 1, 1 < k < K = n) has an important counterpart on group Lasso, see, e.g.,
[2, [, 2] 14, 15, 16, 18, 19, 24, 27, 28, 29, 30, 31, B3], and references therein. Another celebrated
technique of sparse recovery, Dantzig selector, originating from [9], has also received its counterpart
for recovery of block-sparse signals, which is dealt with in [20] 25]. Most of the cited papers focus
on bounding recovery errors in terms of magnitude of the observation noise and “s-concentration” of
the true signal = (the distance from the space of signals with at most s nonzero blocks — the sum of
magnitudes ||z[k]||2 of all but the s largest in magnitude blocks in z.). Typically, these results rely on
natural block analogy (“Block RIP,” see, e.g., [16]) of the celebrated Restricted Isometry Property
introduced by Candés and Tao [II], 10], or on block analogies [26] of the Restricted Eigenvalue
Property introduced in [6]. Note that our framework also allows us to handle results on overlapping
group Lasso by defining the corresponding B matrix accordingly.

Contributions of this paper. The first (by itself, minor) novelty in our problem setting is the
presence of the linear mapping B. We are not aware of any preceding work handling the case of a
“nontrivial” (i.e., different from the identity) B. We qualify this novelty as minor, since in fact the
case of a nontrivial B can be reduced to the one of B = I, E] However, “can be reduced” is not
the same as “should be reduced,” since nontrivial B’s arise naturally in many applications. This is
the case, e.g., when x is the solution of a linear finite-difference equation with sparse right hand side
(“evolution of a linear plant corrected from time to time by impulse control”), where B is the matrix

! Assuming, e.g., that  — Bz is an “onto” mapping, we can treat Bx as our signal, the observations being Py,
where P is the projector onto the orthogonal complement to the linear subspace A-KerB in R™; with y = Az +u+¢,
we have Py = GBz + P(u + &) with an explicitly given matrix G.



of the corresponding finite-difference operator. We believe that introducing B adds some useful
flexibility (and as a matter of fact costs nothing, as far as the theoretical analysis is concerned).

We believe, however, that the major novelty in what follows is the emphasis on verifiable con-
ditions on matrix A and the r.s. § which guarantee good recovery of the transform Bz from noisy
observations of Az, provided that the transform in question is nearly s-block sparse, and the ob-
servation noise is low. Note that such efficiently verifiable guarantees cannot be obtained from the
“classical” conditions used when studying theoretical properties of block-sparse recovery (with a
notable exception of the Mutual Block-Incoherence condition of [15]). The latter means that given
the matrix A, one cannot answer in any reasonable time if the (Block-) Restricted Isometry or Re-
stricted Eigenvalue property hold with given parameters. While the efficient verifiability is by no
means necessary for a condition to be meaningful and useful, we believe also that verifiability has its
value and is worthy of being investigated. In particular, the verifiability property allows us to design
new recovery routines with explicit confidence bounds for the recovery error and then optimize these
bounds with respect to the method parameters. In this respect, the current work extends the results
of [23, 21], 22], where ¢1-recovery of the “usual” sparse vectors was considered (in the first two papers
— in the case of uncertain-but-bounded observation errors, and in the third — in the case of Gaussian
observation noise). Precisely, we propose here new routines of block-sparse recovery which explicitly
utilize the verifiability certificate — the contrast matriz, and show how these routines may be tuned
to attain the best performance bounds.

To give an impression of what will follow, we present here a short summary of our major results.
To streamline this summary, we restrict ourselves for the time being with the case where (a) the
random noise ¢ in ([1.1)) is Gaussian: & ~ AN(0,0? I,,) with known ¢ > 0, and (b) all the norms
| - llx) are just || - ||,-norms, with the value of 7 common for all 1 <k < K. Let s be a given positive
integer — an a priori upper bound on the number of nonzero blocks Blk|z in the transforms we
intend to recover well, and € < 1 be the a given tolerance. We fix an m x n sensing matrix A and
anr.s. S = (B,ny,....nge, || |lryeees || - lIr)-

Condition Q;,. Given s and ¢ € [1,00], we introduce a condition Q,, on an m x N contrast
matrix H, specifically, the condition

V(z € R") : L, (Bz) < 51 Loo(H" Az) + 151 'Ly(Bx)

where for w = [w[1];...; w[K]] € RY and p € [1,00], L,(w) = ||[||w[1]|l+; --; |w[K]|+]||, is the norm of
w; Lg,(w) is the norm of w obtained as follows: we zero out all but the s largest in “magnitude”
||lw[k]|| blocks in w, and take the L,-norm of the resulting s-block-sparse vector. For example,
L (w) is, independently of s, the maximum of magnitudes ||w[k]||, of blocks in w.

Recovery routines. Given an ¢ > 0 and an m x N contrast matriz H = [h', ..., h'¥], we introduce

two recovery routines:
e regular Ly recovery (cf. (block-) Dantzig selector)
Treg(y) € Arggﬁn {Li(Bz): |H (y— Az)||lo <v(H)},
z€R™
_ Tpj NN
where v(H) Dax | maxy h +aErﬁnv(2N)||h 21 , (1.2)

and Erfinv(-) is the inverse error functionf?, and

. 0o 42
%i.e., u = Erfinv(§) means that \/% [ et /2dt = 6.



e penalized Ly recovery (cf. (block-) Lasso)

Tpen(y) € Argmin [Ll(Bz) + QSHHT(y — Az)HOO} )

z€R™

Note that the regular L; recovery can be undefined; this happens when the corresponding optimiza-
tion problem is infeasible. The penalized recovery is always well defined.

Error bounds for regular and penalized recoveries. Our main related result is as follows (see
Theorems , : Let a contrast matrix H satisfy the condition Q,. Then there exists a set = of
realizations of € such that Prob{{ € =} > 1—cand forall{ € =, x € R" and u € U, Tyeg(Ax +u+¢E)
is well defined, and for both T = Zyeg(Ax +u +§) and T = Zpen(Ax + u + ) one has

Vp € [1,q] : Ly(BZ — Bx) < 4(2s)7 [v(H) + s v.(Bx)] (1.3)

where vg(w) is the “s-concentration of w,” that is, the sum of magnitudes ||w[k]||, of all but the
s largest in magnitude blocks in w. Note that for the case of the standard r.s., the corresponding
constructions and results were developed in [22].

Verifiable sufficient condition for Q;, and contrast optimization. Similar to the plain
Restricted Isometry/Eigenvalue Properties and their corresponding block versions, condition Qg is
computationally intractable. In other words, given a candidate contrast matrix H, it is difficult to
verify whether it satisfies or does not satisfy Q,,. We, however, can point out a verifiable sufficient
condition for H to satisfy Qs ,. Specifically, we show (Proposition that H is guaranteed to satisfy
Q.. if there exists an N x N matrix V (which we treat as a K x K block matrix with ny, x ny blocks
V*) such that

(a): B=VB+ HTA? and (b) : H[Hvu”r,r; HVMHM«; ) HVKZHT,T]HS#] < isé_lv (1.4)
where [|[V¥||,, = maxyerne {|VF]], : |lull. <1}, and ||ul|s, is the norm on R¥ defined as follows:
we zero out all but the s largest in magnitude entries in vector u, and take the || - ||,-norm of the
resulting vector.

This sufficient condition can be used to build a “quasi-optimal” contrast matrix, specifically, by
minimizing v(H), defined in (1.2)), over pairs (V, H) satisfying the system of convex constraints
(1.4) (provided, of course, that this system of constraints is feasible). The resulting problem is
computationally tractable, provided that the matrix norms || - ||, are efficiently computable, which
indeed is the case when r =1, or r = 2, or r = o0.

Verifiable sufficient condition in the case ¢ = co. In general, the proposed verifiable (at least
for r € {1,2,00}) sufficient condition for H to satisfy Qs, is not necessary, and the condition Qj,
itself seems to be intractable. There exists, however, a notable exception — this is the case of ¢ = 0o
and r = 0o. We show (Proposition that here the verifiable sufficient condition is necessary and
sufficient for H to satisfy Qs . Moreover, the latter condition is “fully computationally tractable,”
meaning that one can optimize efficiently the quantity v(H) over the contrast matrices H satisfying
Qs o, thus ending up with an optimal, as far as the error bound (|1.3]) is concerned, recovery routines.
Note that when ¢ = oo, the bound holds true in the largest possible range 1 < p < oo of values
of p.



In the case of the standard r.s., the sufficient condition reduces to the verifiable sufficient
condition for the validity of ¢; recovery established in [23]. As we have mentioned above, the only
known so far verifiable sufficient condition for the validity of block ¢ recovery of block-sparse signals
is the Mutual Block-Incoherence condition (cf. [15] and [I7]) dealing with the case of B = I,, and
r = 2. This condition is a block analogy of the usual mutual incoherence condition originating from
[13]. We show in Section that when B = I,, and r = 2, the Mutual Block-Incoherence condition
is “covered” by the verifiable condition ([1.4)).

Oracle inequality in the case ¢ = oo, r = co. As the majority of good error bounds in Com-
pressed Sensing, the error bound expresses the following quite intuitive fact. Imagine that
instead of indirect observation of a transform w = Bz, we were observing this transform di-
rectly with noise: y = w—+(. Here the observation error ( is such that with probability > 1—e¢ one has
Lo (¢) < wv. It is easily seen that in the latter case, in the range vs(w) < sv(H) of s-concentrations
of w, the best (1 — €)-reliable bound on the L,(-)-norm of the recovery error of w coincides, within
an absolute constant factor, with the right hand side of . Thus, a natural interpretation of the
error bound is that as far as recovery of transforms Bx with s-concentration vs(Bx) < sv(H)
is concerned, everything is as if we were given a direct observation of Bx contaminated with a noise
of typical L.,-magnitude < v(H). One of the main results of this paper is that, to some extent, the
opposite also is true, provided that » = oo and thus the error bound (1.3]) holds true in the entire
range 1 < p < oo of values of p. Specifically, we prove (see Proposition the following. Let all the
block norms be the || - ||oo-norms, and let the observation error be present (that is, either o > 0, or
U contains a neighborhood of the origin). Let, further, for some integer S and positive v there exist
a routine (an oracle) w(y) = Bx(y) for recovering Bx from observations such that

V(u €U,z € R": vg(Bx) < Sv) : Probeun(o.n{Loo(Blx—Z(Az+u+0f)]) < v+S5'vg(Bz)} > 1—e.

(cf. 1) with p = 00). Then for every integer s, 1 < s < %, there exists a contrast matrix H € R™N
and a “certificate” V = [V¥]F,_, € RN such that

1 rinv( 5%
B=VB+H"A, ||[V"|so0 < 1o LSk (<K, and v(H) <v* = 21/E—(2).
S

Erfinv %)

In other words, when € is small, the condition is satisfied by an appropriate H for all s in the
range [1, s*], such that s* and v(H) coincide, within some absolute constant factors, with S and v,
respectively.

All proofs are placed in the Appendix.

2 Problem statement

Notation. In the sequel, we deal with
e signals — vectors x = [x1;...;2,] € R", and an m X n sensing matrix A;

e representations of signals — block vectors w = [w[l];..;w[K]] € W =R}, x ... x R, and

the representation matrix B = [B[1];...; B[K]|, B[k] € R™*"; the representation of a signal
x € R" is the block vector w = Bx with the blocks B[1]z,...,B[K]x.



From now on, the dimension of W is denoted by N:
N=n;+..+ng.

The factors R™ of the representation space W are equipped with norms || - |(x); the conjugate norms
are denoted by || - || (k). A vector w = [w[1];...; w[K]] from W is called s-block-sparse, if the number
of nonzero blocks w[k] € R™ in w is at most s. A vector x € R" will be called s-block-sparse, if
its representation Bx is so. We refer to the collection & = (B, n1, ..., ngk, || - |1y, - || - (k) as the
representation structure (r.s. for short).

For w € W, we call the number ||w[k]||x) as the magnitude of the k-th block in w, and denote
by w?® the representation vector obtained from w by zeroing out all but the s largest in magnitude
blocks in w (with the ties resolved arbitrarily). For I C {1,..., K'} and a representation vector w,
wy denotes the vector obtained from w by keeping intact the blocks w[k| with k € I and zeroing
out all remaining blocks. For w € W and 1 < p < oo, we denote by L,(w) the || - ||,-norm of the

vector [||w[1]]|(1);...; [|[w[K]||(x)], so that Ly(-) is a norm on W with the conjugate norm L*( ) =
w13 s lw[E][ e ]llp. s e = B Given positive integer s < K, we set Lgy(w) = Ly(w®).
Note that L ,(-) is a norm on W. We define the s-block concentration of a vector w as vs(w) =

Li(w — w?).

Problem of interest is as follows: given an observation
y=Ar+u+¢, (2.5)

of unknown signal x € R", we want to recover the representation Bx of x, knowing in advance that
this representation is “nearly s-block-sparse,” that is, the representation can be approximated by an
s-block-sparse one; the Li-error of this approximation will enter our error bounds.

In , the term u 4+ & is the observation error; in this error, u is an unknown nuisance known
to belong to a given compact convex set I/ C R™ symmetric w.r.t. the origin, and £ is random noise
with known distribution P.

Condition Q; (k) We start with introducing the condition which will be instrumental in all sub-

sequent constructions and results. Let a sensing matrix A and anr.s. S = (B, ny,...,nk, || |1y, - || -
ll(x)) be given, and let s < K be a positive integer, ¢ € [1,00] and £ > 0. We say that a pair
(H,|| - |I); where H € R™M and || - || is a norm on R satisfies the condition Qg (k) associated

with the matrices A, B and the r.s. S, if
Vo € R": L, (Bx) < si|H" Ax|| + rsa 'L (Bz). (2.6)

The following observation is evident:
Observation 2.1 Given A and an r.s. S = (B,ny,....;nk, || - [[a) - || - lx)), let (H,||-]) satisfy
Qsy(k). Then (H, || - |I) satisfies Qs (k') for all ¢ € (1,q) and k' > k. Besides this, if ' < s is
a positive integer, ((s/s')iH, | - 1) satisfies QS/’q((s’/s)l_%m) Further, zf (H 1) satzsﬁes Qs 4(K),
q > q, and K and a positive integer s’ are such that £'(s' )7_1 > ksio , then (sé( N ’H - 1)

satisfies Qg o (K'). In particular, when s < 817%7 the fact that (H, || -||) satzsﬁes Q; (k) implies that
1
(saH, | -||) satisfies Qg oo(K).



Relation to known conditions for the validity of sparse /; recovery. Note that whenever

S= (Banla < NK, H : H(1)7 cey H : H(K)>
is the standard r.s., meaning that B is the identity matrix, ny = ... = ng = 1l and || - ||@) = | - |
for all k, i.e., Sy = (I, 1,...,1,|-|,...,|-|), the condition Qg (k) reduces to the condition H; ,(k)

introduced in [22]. On the other hand, condition Qs ,(r) is closely related to known conditions,
introduced to study the properties of recovery routines in the context of block-sparsity. Specifically,
consider an r.s. with B = [,,, and let us make the following observation:

Let (H,| - ||oo) satisfy Qs4(k) and let X be the maximum of the Euclidean norms of columns in

H. Then
Vz € R": L, (z) < Asa||Azs + kst "Ly(z). (2.7)
Let us fix the r.s. S = (L, n1, ..,k || ]l2, - || - ]2). Condition ([2.7)) with x < 1/2 plays crucial role

in the performance analysis of group-Lasso and Dantzig Selector. For example, the error bounds for
Lasso recovery obtained in [26] rely upon the Restricted Eigenvalue assumption RE(s, ») as follows:
there is s > 0 such that

Ly(2°) < —||Azx||2 whenever 3Ly (z*) > Ly(z — x°).

1
»
In this case Lg1(x) < \/sLga(x) < \/7§”Ax‘|2 whenever 4L 1(z) > Ly(x), so that

51/2

what is (2.7) with ¢ =1, k = 1/4 and N = (54/5)~" (observe that (2.8) is nothing but the “block
version” of the Compatibility condition from [7]).

Recall that a sensing matrix A € R™*" satisfies the Block Restricted Isometry Property BRIP (4, k)
(see, e.g. [16]) with § > 0 and a positive k if for every x € R” with at most k non-vanishing blocks
one has

(1= 0)ll=]l3 < 2" AT Az < (14 0)|3- (2.9)

Proposition 2.1 Let A € R™*" satisfy BRIP(6,2s) for some § < 1 and positive integer s. Then
(i) The pair (H = %Im, Il - H2> satisfies the condition Qs (7%5) associated with A and the r.s.
Ss.
< (ii) The pair (H = 55 A, Loo(+)) satisfies the condition Q2 (1%5) associated with A and the r.s.
5.

Our last observation here is as follows: let (H, ||-||) satisfy Qs ,(x) for ther.s. given by (B,n, ..., nk, |-
l2, ., || - ll2), and let d = maxgn,. Then (H,| - ||) satisfies Qqq4(Vdr) for the r.s. given by
(B, 1,y 1, ||+ lloos -oos [ - [loo)-

3 Accuracy bounds for /; block recovery routines

Throughout this section we fix an r.s. & = (B, n1,...,nk, || - [y, - || - [[(x)) and a sensing matrix A.

7



3.1 Regular /; recovery

We define the regular ¢; recovery as

Treg(y) € Argmin {L,(Bu) : |H' (Au —y)ll < p}, (3.10)

where the contrast matrix H € R™M the norm || - || and p > 0 are parameters of the construction.

Theorem 3.1 Let s be a positive integer, q € [1,00], k € (0,1/2), and € € (0,1). Assume that the
pair (H, || - ||) satisfies the condition Qs 4(k) associated with A and r.s. S and that there exists a set
= satisfying Prob(§ € Z) > 1 — € and

[H (u+ Il <p Y(uelU,E€E) (3.11)

Then for all z € R", w € U and & € = one has

1
4(2s)» 1
G | L Be— (Ba))] 1 <p < (3.12)
S

Ly (Bl Az +u+€) —a]) < T2 | p+ 2

The above result can be slightly strengthened by replacing the assumption that (H, || - ||) satisfies
Q. (k), & < 1/2, with a weaker, by Observation [2.1] assumption that (H, | - ||) satisfies Qs 1(3¢) with
2 < 1/2 and satisfies Q, ,(x) with some (perhaps large) x:

Theorem 3.2 Given A, r.s. S, integer s > 0, ¢ € [1,00] and € € (0,1), assume that (H,| - ||)
satisfies the condition Qs1(2) with » < 1/2 and the condition Qs (k) with some k > 3, and let p
be such that there exists a set = satisfying Prob(§ € Z) > 1 — € and

IH (u+ & <p Y(uel,geE).

Then for allz e R*", u e U, £ € = and p, 1 < p < q, it holds:

1 a(p—1)
~ 4(2s8)p[1 + Kk — 3¢|?l@D 1
L, (B[Zreg(Ax +u+ &) — z]) < (2)7] | p+ —L(Bzx — [Bz]®)| . (3.13)
1—2s¢ 2s
3.2 Penalized /; recovery
Penalized ¢, recovery is
Tpen(y) € Argmin {Ll(Bu) + AM|HT (Az — y)||} , (3.14)
where H € R™M || . || and a positive real \ are parameters of the construction.

Theorem 3.3 Given A, r.s. S, integer s, q € [1,00] and € € (0,1), assume that (H, || -||) satisfies
the conditions Qs (k) and Qs1(2) with s < 1/2 and k > .
(i) Let A > 2s. Then for all x € R™, y € R™ it holds for 1 <p < q:

a(p—1)

Ly(BlZpen(y) — z]) <

1
4)\p P\ p(g—1) 1
1+ — — HY (Az — — L{(Bx — [Bx]*)| . 1
1_2%[+25 ] {n (Az =)l + 5 La(Be — [Ba) | (3.15)



In particular, with A = 2s we have

4(2s)»
1— 2

a(p—
p(a—

1) 1
0 |IH" (Ax = y)l| + 5 Li(Bx — [Bx]s)} 1<p<q

(3.16)
(ii) Let p > 0 be such that the set = = {& : ||HT (E+u)|| < pVu € U} satisfies Prob{¢ € Z} > 1—e.
Then for all x € R", w € U and all £ € = one has for 1 <p <q:

Lyp(B[Zpen(y) — z]) < [1+ K — 5]

1 a(p—1)
A>2s= Ly(BTpen(Az +u+&) —a]) < B [1+ 2 — »|r@ D [p+ LLi(Bx — [Ba])],

1
A=25= L(B@pen(Av+u+€) —a]) < % [1 4 5 — 556D [p+ LLy(Bx — [Ba])].
(3.17)

Discussion. Let us compare the error bounds of the regular and the penalized ¢, recoveries asso-
ciated with the same pair (H, || - ||) satisfying the condition Qs (k) with k = 1/2. Let

p[H, |||l =min{p: Prob{¢:|[H (u+&)| <p VuelU}>1—¢}; (3.18)

this is nothing but the smallest p meeting the condition (3.11)) with = satisfying Prob{¢ € £} > 1—¢
and thus — the smallest p for which the error bound for the regular ¢; recovery holds true with
probability 1 — € (or at least the smallest p for which the latter claim is supported by Theorem (3.1)).
With p = p[H,| - |||, the regular ¢; recovery guarantees (and that is the best guarantee one can

extract from Theorem that

) For some set =, Prob c = Z 1—6, of “good” realizations of the random component
g
g of the observation error, one has

Ly(Bl#(Az+u+§) —2]) < peld -]+ 2—1SL1(Bx —[Ba])|, 1<p<q (3.19)

—_
[\
&

whenever x € R",u e U, € E.

The error bound (3.16) (where we can safely set s = &, since Q;4(r) implies Q,1(x)) says that
(!) holds true for the penalized ¢, recovery with A\ = 2s. The latter observation suggests that the

penalized ¢, recovery associated with (H, | - ||) and A = 2s is better than its regular counterpart, the
reason being twofold. First, in order to ensure (!) with the regular recovery, the “built in” parameter
p of this recovery should be set to p[H, || - ||], and the latter quantity not always is easy to identify.

In contrast to this, the construction of penalized ¢; recovery is completely independent of a priori
assumptions on the structure of observation errors, while automatically ensuring (!) for the error
model we use. Second, and more importantly, for the penalized recovery the bound is no more
than the “worst, with confidence 1 — €, case,” while the typical values of the quantity ||H” (u + &)]|
which indeed participates in the error bound are essentially smaller than p.[H,| - ||]. Our
numerical experience fully supports the above suggestion: the difference in observed performance of
the two routines in question, although not dramatic, is definitely in favor of the penalized recovery.
The only potential disadvantage of the latter routine is that the penalty parameter A\ should be tuned
to the level s of sparsity we aim at, while the regular recovery is free of any guess of this type. Of
course, the “tuning” is rather loose — all we need (and experiments show that we indeed need this) is
the relation A > 2s, so that a rough upper bound on s will do; note, however, that the bound
deteriorates as \ grows.



4 Tractability of condition Q;(x), {~-norm of the blocks

We have seen in section[3|that given a sensing matrix A and anr.s. S = (B, n1, ..., ng, |- 1), -, |-l x))
such that the associated conditions Q;,(x) are satisfiable, we can validate ¢;-recovery of nearly s-
block-sparse signals, specifically, can point out ¢1-type recoveries with controlled (and small, provided
so are the observation error and the deviation of the signal from an s-block-sparse one). The bad news
here is that, in general, condition Q;,(k), as well as other conditions for the validity of ¢; recovery,
like Block RE or RIP, cannot be verified efficiently. The latter means that given a sensing matrix A
and S, it is difficult to verify that a given candidate pair (H, || - ||) satisfies the associated with A and
S condition Q4(k). Fortunately, one can construct “tractable approximations” of condition Qg ,(k),
i.e., verifiable sufficient conditions for the validity of Qs ,(x). The first good news is that when all
| - |l (k) are the uniform norms || - || and, in addition, ¢ = oo (which, by Observation [2.1], corresponds
to the strongest among the conditions Q, 4(x) and ensures the validity of (3.12), (3.15)) in the largest
possible range 1 < p < oo of values of p), the condition Q;,(x) becomes “fully computationally
tractable.” We intend to demonstrate also that this condition Q. (%) is in fact necessary for the

risk bounds of the form (3.12) — (3.17)) to be valid when p = oo.

4.1 Condition Q; (x): tractability and the optimal choice of the con-
trast matrix H

Notation. In the sequel, given r,6 € [1,00] and a matrix M, we denote by ||[M||,o the norm of
the linear operator u — Mu induced by the norms || - ||, and || - ||¢ on the origin and the destination
spaces:
[M]lrp = max || Mullg.
wiffull-<1

We denote by || M ||k the norm of the linear mapping u — Mwu : R™ — R™ induced by the norms
|l - lleeys | - |(%) on the argument and on the image spaces. Further, Row;[M] stands for the transpose
of the k-th row of M and Col,[M] stands for k-th column of M. Finally, ||u||s, is the {;-norm of the
vector obtained from a vector u € R* by zeroing all but the s largest in magnitude entries in w.

Main result. Consider r.8. Soo = (B, 11, ey i, || * |loos -5 || * [|oo). We claim that in this case the
condition Qs (k) becomes fully tractable. Specifically, we have the following

Proposition 4.1 Let a matrizx A € R™*", the .s. Sy, a positive integer s and reals k > 0, € € (0, 1)
be given.

(i) Assume that a triple (H, |- |, p), where H € R™M ||| is a norm on RM and p > 0, is such
that

() (H,| -|) satisfies Qs00(k), and the set = = {& : ||H [u + &]|| < p Vu € U} satisfies
Prob(6 € E) > 1 —e.

Given H, |||, p, one can find efficiently N = ny + ... +nx vectors ht,...,h" in R™ and N x N block
matriz V = [VM]E,_, (the blocks V™ of V' are ny x ny matrices) such that

(@) B=VB+I[h!,.. hN]|TA,
0) [[V*|loooo <57k Vk (<K,

(4.20)
(¢) Probg (E+ = {¢: maglcuThi + TR <p,1<i < N}) >1—¢
ue
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note that the matriz norm ||Al|s.co = max; ||Row;|Al|l1 is simply the maximum (1-norm of the rows
; j j
of A).
ii) Whenever vectors h',...,hN € R™ and a matriz V = [V*|E,_ with ny, x ng blocks V** satisfy
k=1
(4.20), the m x N matrizc H = [B', ..., hN], the norm || - ||eo on RY and p form a triple satisfying (1).

Discussion. Let a sensing matrix A € R™*" and a r.s. S, be given, along with a positive integer
s, an uncertainty set U, a distribution P of £ and € € (0,1). Theorems and say that if a triple
(H, || - ||, p) is such that (H,|| - ||) satisfies Qs 00(k) With x < 1/2 and H, p are such that for the set

—_
—
—

{€: [H Tu+¢ll < pVue}

it holds Prob(§ € =) > 1 — ¢, then for the regular ¢; recovery associated with (H, || - ||, p) and for the
penalized ¢; recovery associated with (H, || -||) and A = 2s, the following holds:

Vize R ueld,€=):
L,(Blz(Ax +u+¢) —z]) < 4(2s)

— 1-2k

(4.21)

B

[p+ 5=Li(Bz — [Bz]")], 1 < p < o0

Proposition states that when applying this result, we loose nothing by restricting ourselves with

triples H = [hY, ..., AN e R™*N N =n; + ...+ ng, || - || = Loo(*), p > 0 which can be augmented by
an appropriately chosen N x N matrix V' to satisfy relations (4.20)). In the rest of this discussion, it
is assumed that we are speaking about triples (H, || - ||, p) satisfying the just defined restrictions.

The bound is completely determined by two parameters —  (which should be < 1/2) and
p; the smaller are these parameters, the better are the bounds. In what follows we address the issue
of efficient synthesis of matrices H with “as good as possible” values of x and p.

Observe first that H = [h!, ..., h"] and & should admit an extension by a matrix V to a solution
of the system of convex constraints (4.20]a), (4.20[b). In the case of £ = 0 the best choice of p, given
H, is

p = max py(h"), where py(h) = max u’h.
1 ue

Consequently, in this case the “achievable pairs” p, k form a computationally tractable convex set
Gs = {(li,p) : 3H = [h', . W] e RNV = [V e R,
B=VB+H"A, [|[V¥|q0 <%, pu(h’) <p,1<i< N}.
When ¢ does not vanish, the situation is complicated by the necessity to maintain the validity of the

restriction

Prob(¢ € 2F) :=Prob {¢&: (') + |€"h | <p, 1<i< N} >1—F, (4.22)
which is a chance constraint in variables h',....h",p and as such can be “computationally in-
tractable.” Let us consider the “standard” case of Gaussian zero mean noise &, that is, assume
that £ = Dn with n ~ N(0, I,,,) and known D € R™* ™. Then (4.22) implies that

p > max [uu(hi) + Erfinv (%) HDTh"HQ} .
On the other hand, (4.22) is clearly implied by
p > max [uu(hi) + Erfinv (ﬁ) ||DThi|]2} .

11



Ignoring the “gap” between Erfinv (g) and Erfinv (ﬁ), we can safely model the restriction (4.22))
by the system of convex constraints

uuUﬁ)+Jﬁﬁnv< )n[ﬂ%qh<<p, 1<i<N. (4.23)

Thus, the set G4 of admissible k, p can be safely approximated by the computationally tractable
convex set

* He (b WV RN | [ B=BV + HTA, [VHam < & 1<k (<K
Gy =4 (k,p):3 [ V = [Vk e Ruoxne) K, ] : mazj(uThZ + Erfinv (5%) HDTthQ <p,1<i<N
- €
(4.24)
4.2 Condition Q;(k): necessity
In this section, as above, we assume that all norms || - ||(x) in the r.s. Sy are {o-norms; we assume,

in addition, that £ is a zero mean Gaussian noise: £ = Dn with n ~ N(0, I,,,) and known D € R™*™,
From the above discussion we know that if, for some x < 1/2 and p > 0, there exist H = [h',...,hY] €
R™N and V = [V* ¢ R”’*X”f]ﬁzzl satisfying , then regular and penalized ¢; recoveries with
appropriate choice of parameters ensure that

VizeR" uel):

4.25
Probe (| Blz — #(Az + u+ &)]lloo < <2 [p+ LLi(Bz — [Ba])]) > 1 — . (4.25)

We are about to demonstrate that this implication can be “nearly inverted:”
Proposition 4.2 Let a sensing matriz A, an r.s. Se with || - ||y = || - |, 1 < k < K, an

é@©

uncertainty set U, and reals k > 0, € € (0,1/2) be given. Suppose that the observation error “is
present,” specifically, that for every r > 0, the set {u+De :u € U, |le||a < 1} contains a neighborhood
of the origin.

Given a positive integer S, assume that there exists a recovering routine T satisfying an error
bound of the form , specifically, the bound

V(z € R",u € U) : Probe (|Blz — T(Az + u+&)][loo < @+ S™'Li(Bx — [Bz]°)) > 1 —e€. (4.26)
for some o > 0. Then there exist H = [h',...,hN] € R™N and V = [V e R ™K satisfying

(a) B=VB+ HTA,
®) [[V*¥loo0 <287 VE, € < K,

(4.27)
(¢) with p = max {ma}j(uTh’ + Erfinv (55) ||DTh’H2] :

1<i<N

Erﬁnv

one has p < 2a when D =0, p < 2« W

when D # 0, and for & = Dn, n ~ N(0,1,,) one has
Prob, (E+ ={¢: meajcuThi + €T <p, 1 <i < N}) >1—e

In other words, (see Proposition [4.1)), (H,Lu(-)) satisfies Qsoo(r) for s “nearly as large as S,”

namely, s < £S5, and H = [k, ..., k"], p satisfy conditions (4.23) with p being “nearly o, namely,
p < 2« in the case of D = 0 and p < 2% when D # 0. In particular, under the premise of
Proposition [£.2] the contrast optimization procedure of section [4.1] supplies the matrix H such that

the corresponding regular or penalized recovery z(-) for all s § 2 satisﬁes:

+ s 'Ly (Bx — [Bx]S)] } >1—e

Prob {IIB[x Al < 4 4Efﬁ“(_f§>

2
Erfinv (
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5 Tractable approximations of Q; (k)

Aside from the important case ¢ = 00, || - [|x) = || - || considered in sections {4.1j and 4.2} condition
Q; (k) “as it is” seems to be computationally intractable: unless s = O(1), it is unknown how to
check efficiently that a given pair (H, || - ||) satisfies this condition, not speaking about synthesis of a
pair satisfying this condition and resulting in the best possible error bound , for regular
and penalized /;-recoveries. We are about to present verifiable sufficient conditions for the validity
of Qs,4(x) which may become an interesting substitution for condition Qs ,(x) for that purposes.

5.1 Sufficient condition for Q;,(x)

Proposition 5.1 Suppose that a sensing matriz A, an r.s. S = (B,n1,....nk, || - @), || - ),
and k > 0 are given.
Let N = ny+...4+ng, and let N x N matriz V = [V*]E,_ (V¥ are ng x ng) and m x N matriz
H satisfy the relation
B=VB+ H"A (5.28)

Let us denote

V:q(v) = max max L
, L<USK wleR™:||w]| <1

(VY. VE W)

d

Then for all s < K and all q € [1, 0], we have:
Lyg(Bx) < 57 Loo(HT Ax) + v (V) Li(Bx) Va. (5.29)

The result of Proposition [5.1] is a step towards developing a verifiable sufficient condition for the
validity of Qs,. To get such a condition we need an efficiently computable upper bound of the
quantity v} . In particular, if for a given positive integer s < K and a real ¢ € [1, 00| there exist an
upper bounding function v ,(V') such that

Vs,q(+) is convex and v, (V') > V:’q<V) vV (5.30)

and a matrix V such that X
Veg(V) < 597"k, (5.31)

then the pair (H, Lo(-)) satisfies Q,4(x). An important example of the upper bound for v (V')
which satisfies ([5.31)) is provided in the following statement.

Proposition 5.2 Let Q be a K x K matriz with entries [Qie = ||V ex), 1 < k, € < K. Then

Us (V) := max [|Coli[Q]]s,q > 1/;‘711(\/) vV (5.32)

1<k<K

(note that the inequality in becomes equality when either ¢ = oo, or s = 1), so that the
condition X
Deg(V) < s, (5.33)

is sufficient for (H, Loo(+)) to satisfy Qsq(k).

When all || - || are the {x-norms and ¢ = oo, the results of Propositions and recover
Proposition 4.1l In the general case, they suggest a way to synthesize matrices H € R™ ¥ which,
taken along with the norm || - || = Ls(:), provably satisfy the condition Qs,(x), along with a
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certificate V' for this fact. Namely, H and V' should satisfy the system of linear equations and,
in addition, should hold for V with v, 4(-) satisfying (5.30)). Further, for such a v, 4(-), (5.31)
is a system of convex constraints on V. Whenever these constraints are efficiently computable, we
get a computationally tractable sufficient condition on H to satisfy Q,(x) — a condition which is
expressed by an explicit system of efficiently computable convex constraints , on H and
additional matrix variable V.

5.2 Tractable sufficient conditions and contrast optimization

The quantity U ,(-) is the simplest choice of v, ,(-) satisfying . In this case, efficient com-
putability of the constraints is the same as efficient computability of norms || - ||x,). Assuming
that || - [ = || - ||, for every k in the r.s. S, the computability issue becomes the one of efficient
computation of the norms | - ||, .. The norm | - ||,.o is known to be generically efficiently computable
in only three cases:

1. § = oo, where | M|}, = | M7,

. = miaxHRowiT(M)“ﬁ?

2. r =1, where || M1,y = max||Col;[M]|s;
j

3. r =0 =2, where ||M||22 = Omax(M) is the spectral norm of M.

Assuming for the sake of simplicity that in our r.s. || - ||x) are r-norms with common value of r,
let us look at three “tractable cases” as specified by the above discussion — those of r = oo, r =1
and r = 2. In these cases, candidate contrast matrices H are m x N, the associated norm | - || is

L (+), and our sufficient condition for H to be good (i.e., for (H, Loo(+)) to satisty Qs ,(x) with given
k < 1/2 and ¢) becomes a system S = S, , of explicit efficiently computable convex constraints on
H and additional matrix variable V' € R¥*¥ implying that the set H of good H is convex and
computationally tractable, so that we can minimize efficiently over H any convex and efficiently
computable function. In our context, a natural way to use S is to optimize over H € H the error
bound (3.19)), or, which is the same, to minimize over H the function p(H) = p[H, Loo(")], see
, where € < 1 is a given tolerance. Taken literally, this problem still can be difficult, since
the function p(H) is not necessarily convex, and can be difficult to compute even when convex. To
overcome this difficulty, we again can use a verifiable sufficient condition for the relation p(H) < p,
that is, a system T = T, of explicit efficiently computable convex constraints on variables H and p
(and, perhaps some slack variables () such that p(H) < p for the (H, p)-component of every feasible
solution of T. With this approach, design of the best, as allowed by S and T, contrast matrix H
reduces to solving a convex optimization problem with efficiently computable constraints in variables
H,V, p, specifically, the problem

Igi‘r/lC {p: H,V satisty S; H, p, ( satisfy T}. (5.34)
p7 k) 7

In the rest of this section, we present explicitly the systems S and T for the three tractable cases we
are interested in, assuming the following model of observation errors:
U={u=Ev:|vls <1} &= Dn, n~N(0,ILy),

where E, D € R™ ™ are given.

We use the following notation: the m x N matrix H is partitioned into m x ny blocks H[k],
1 < k < K, according to the block structure of the representation vectors; t-th column in H[k] is
denoted h** € R™, 1 < t < ny.

For derivations of the results to follow, see section [A.7]
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The case of » = co. The case of ¢ = 0o was considered in full details in section f.1] When ¢ < oo,
one has:

S ] B=VB + HTA ng = HVMHOOOO maxj<¢<ny HROWt[VkZ]Hl, 1 S /{3,[ S K,
ol |COLe[Qlsq < 57 'k, 1< <K (5.35)
T.: Erfinv(5s)|| DR ||, + ||ETh"“t||2 <p, 1<t<m, 1<k<K.

The case of r = 2. Here

[ B=VB+HTA, Q= |[V¥]ss = 0max(V¥), 1<k (<K
o { [|Col,[$2 ]qu<8‘11 K, 1<U<K
T, : H{Wk esm Oék,ﬁk, Vi € R}kK:I :
amaX(ETH[k:]) +ap <p

W,  DTH[K
L n e |20 A < gk Wl < L1 h < i

Tr(Wy) + 2 [5& +/020% + 267,3} < ag

0 :=In(K/e),

(5.36)

where S™ is the space of m X m symmetric matrices, A(W) is the vector of eigenvalues of W € S™.

The case of r = 1. Here

) B=VB + HTA ng —- ”ng”lyl = INaXj<¢<n, HCOlt[VkZ]Hl, 1 é k,£ S K,
o | Col,[©2 ]||8q<sq 'k, 1<I<K
T.: N eRPuF >0,

5.37
Bitiny () S0 DB+ 5508 + 3y < 5 (537
Diag{\'} H'[K|E | V(k < Kt < ny).
ETH[K]  p*L,, |~
5.3 Tractable sufficient conditions: limits of performance
Consider the situation where all the norms || - || are | - ||, with » € {1,2,00}. A natural question

about verifiable sufficient conditions for a pair (H, L (-)) to satisfy Qs,(k) is, what are the “limits
of performance” of these sufficient conditions. Specifically, how large could be the range of s for
which the condition can be satisfied by at least one contrast matrix. Here is a partial answer to this
question:

Proposition 5.3 Let A be an m x n sensing matrixz which is “essentially non-square,” specifically,
such that 2m < n, let B = I, and let ny = d, || - [y = || - |Ir, 1 £ k < K, with r € {1,2,00}.
Whenever an m X n matric H and n x n matrix V' satisfy the conditions

1=V B Aand s [Vt [V oot [V g < 357 (5.38)

(¢f. (B-2), (:32), and (531)) with q > 1, one has

< 3vm
<o (5.39)
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Discussion. Let the r.s. in question be the same as in Proposition 5.3 and let m X n sensing
matrix A have 2m < n. Proposition [5.3| says that in this case, verifiable sufficient condition, stated
by Proposition , for satisfiability of Qs ,(x) with x < 1/2 has rather restricted scope — it cannot
certify the satisfiability of Q,,(k), £ < 1/2, when s > 32%/? Yet, the condition Q,,(k) may be
satisfiable in a much larger range of values of s. For instance, when the r.s. in question is the
standard one, and A is a random Gaussian m X n matrix, the matrix A satisfies, with overwhelming
probability as m,n grow, the RIP(},s) condition for s as large as O(1)m/+/In(n/m) (cf. [§]). By
Proposition this implies that (24, || - ||e) satisfies the condition Q,2(3) in essentially the same
large range of s. There is, however, an important case where the “limits of performance” of our
verifiable sufficient condition for the satisfiability of Qs (k) implies severe restrictions on the range
of values of s in which the “true” condition Q,,(x) is satisfiable — this is the case when ¢ = oo and
r = oo. Combining Propositions and [5.3] we conclude that in the case of r.s. from Proposition
with r = oo and “sufficiently non-square” (2m < m) m X n sensing matrix A, the associated

condition Qs () cannot be satisfied when s > %.

5.4 Tractable sufficient conditions and Mutual Block-Incoherence

We have mentioned in Introduction that, to the best of our knowledge, the only previously proposed
verifiable sufficient condition for the validity of block-¢; recovery is the “mutual block incoherence
condition” [I5]. Our immediate goal is to show that this condition is covered by Proposition [5.1]

Consider an r.s. with B = I,, and with /,-norms in the role of || - ||, 1 < k < K, and let the
sensing matrix A in question be partitioned as A = [A[1], ..., A[K]]|, where A[k]| has n; columns. Let
us define the mutual block-incoherence p of A w.r.t. the r.s. in question as follows:

= MAX O (CAT[K)A[€),  [where Cy := AT[k]A[]] (5.40)
kAL

provided that all matrices C, 1 < k < K, are nonsingular, otherwise y = co. Note that in the case
of the standard r.s., the just defined quantity is nothing but the standard mutual incoherence known
from the Compressed Sensing literature (see, e.g., [13]).

In [I5], the authors consider the same r.s. and assume that ny = d, 1 < k < K, and that the

columns of A are of unit || - ||-norm. They introduce the quantities
1
= T .y = — T
v = max  max |Col; [A[K]]Coly [A[K]]|,  ps . 1%%5([(‘ Omax (A" [k]A[]) (5.41)

and prove that an appropriate version of block-¢; recovery allows to recover exactly every s-block-
sparse signal x from the noiseless observations y = Az, provided that

1—(d—1)V+d,uB

l—(d—1)y>0ands < x:= 20 (5.42)
The following observation is almost immediate:
Proposition 5.4 Given m x n sensing matriv A and an r.s. S with B = I, || - [y = || - ||2,
1<k <K,let A=[A[l],..., A[K]] be the corresponding partition of A.
(i) Let p be the mutual block-incoherence of A w.r.t. S. Assuming p < oo, we set
1
H= ?[A[l]C’l—l,A[Q]CQ_l, L A[K|CRY,  where Oy, = AT[K]A[K]. (5.43)
i
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Then the contrast matriz H along with the matriz I,,— H* A satisfies condition (5.28)) (where B = 1,,)

and condition (5.33)) with ¢ = oo and
_ _HS

R = .
1+ p

As a result, applying Proposition [5.1, we conclude that whenever

1+p
2

the pair (H, Lo(+)) satisfies Qs oo(k) with k= {7 < 1/2.
(i) Suppose that ni, = d, k = 1,..., K, and let the quantities v and ug defined in  (5.41)) satisfy the

relations . Then the mutual block-incoherence of A w.r.t. the r.s. in question does not exceed
= 1_?5—_31)1/. Further, we have l;—ﬁ“ =X, and (5.44)) holds, and thus ensures that the contrast H, as

defined in , and Log(+) satisfy Qsoo(k) with some k < 3.

5 < (5.44)

’

Let A = [A;;] € R™™ be random matrix with i.i.d. entries A;; ~ N(0,m™!). We have the
following simple result.

Proposition 5.5 Assume that B = I,, ny, = d and || - ||xy = || - ||z for all k. There are absolute
constants Cp, Cy < oo (the corresponding bounds are provided in the appendix such that if
m > Ci(d +In(n)), then the mutual block-incoherence pu of A satisfies

d+ In(n)

m

with probability at least 1 — %

The bound , along with Proposition .(i), implies that when A is a Gaussian matrix, all
block-norms are the fy-norms and all ny = d with d “large enough” (such that d~'Inn = O(1)), the
verifiable sufficient condition for Qs oo(3) holds with overwhelming probability for s = O(,/%). In
other words, in this case the (verifiable!) condition Qs (k) attains (up to an absolute factor) the
limit of performance stated in Proposition [5.3|

6 Matching pursuit algorithm for block recovery

The Matching Pursuit algorithm for block-sparse recovery is motivated by the desire to provide a
reduced complexity alternative to the algorithms using ¢;-minimization. Several implementations of
Matching Pursuit for block-sparse recovery have been proposed in the Compressed Sensing literature
[3, 4, 15, 16]. In this section we aim to show that a pair H,V satisfying and where
k < 1/2 (and thus, by Proposition [5.1] such that (H, L(-)) satisfies Qs o ()) can be used to design a
specific version of the Matching Pursuit algorithm which we refer to as Non-FEuclidean Block Matching
Pursuit (NEBMP) algorithm for block-sparse recovery.

We fix an rs. S = (B,ny,...,nx, || - |y, - || - [[(x)) and assume that the block norms || - ||,
k =1,..,K, are either || - |- or || - ||o-norms. Furthermore, we suppose that the matrix B is of
full row rank, so that given z € R™ one can compute x such that z = Bx (e.g., # = Btz where
BT = BT(BBT)™! is the pseudo-inverse of B). Let the noise ¢ in the observation y = Az + u + &
be Gaussian, £ ~ N (0, D), D € R™™ is known. Finally, we assume that we are in the situation of
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section [5.2] that is, we have at our disposal an m x N, N = n; + ... + nx, matrix H, an N x N block
matrix V = [V* € R”kxnf]ﬁezl, a7y > 0 and p > 0 such that

(a) B=VB+ HTA,
O V¥ ey = Qe <7 VR LS K (6.46)
(¢) Probe{=Z" :={¢: Lo(H ' [u+¢&) <p YuelU}}>1—c

Given observation y, a positive integer s and a real v > 0 (v is our guess for an upper bound on
Li(Bx — [Bx]*)), consider Algorithm 1 below. Its convergence analysis is based upon the following:

Algorithm 1 Non-Euclidean Block Matching Pursuit

L1 (HTy)+sp+v

1. Initialization: Set v =0, ay = o=

2. Step k, k=1,2,...: Given v*~Y € R" and a;_; > 0, compute

(a) g = H"(y — Av*=Y) and vector A = [A[1], ..., A[K]] € RN by setting for j = 1,..., K:

Al = 28-llglilll = Few-1 = ol i1 Dy = 11+ Nl (6.47)
Aji = sign(g;i)llgsl — o1 —ple, 1 <o <y, i |- lgy = ||+ [l

where wj; is i-th entry in j-th block of a representation vector w and [a]+ = max{a,0}.
(b) Choose v*) such that B(v®) —p*=D) = A set

ay = 28Yag_1 + 2sp + v. (6.48)
and loop to step k£ + 1.

3. Output: the approximate solution found after k iterations is v(¥).

Lemma 6.1 In the situation of , let sy < 1. Then whenever £ € ZF, for every x € R™ with
Li(Bzx — [Bzx]*) < v and every u € U, the following holds true.

When applying Algorithm 1 to y = Ax 4+ u+ &, the resulting approzimations Bv®) to Bx and the
quantities oy, for all k satisfy the relations

(ax) for all1 < j < K [(Bv® = Bx)[j]l < [|(B2)lj]ll ),
(by) Li(Bz — BvW™) < ay and Lo(Bx — Buv* ) < 2504 + 2p.

Note that if 2s7 < 1, then also s < 1, so that Lemma [6.1| is applicable. Furthermore, in this

case, by (6.48]), the sequence oy converges exponentially fast to the limit g, := fi"—;;fyf:

Li(Bv® — Bx) < ay, = (259) g — Qo] + oo
Along with the second inequality of (b) this implies the bounds:

Loo(Bo® — Br) < 2904, +2p < 2%,
S

18



-

and since L,(w) < Ll(w)ELOO(w)%l for 1 < p < oo, we have
L,(Bv®) — Bz) < s [(25%)" [ — o] + o] -

The bottom line here is as follows.

Proposition 6.1 Suppose that a collection (H, Loo(+), p, 7, €) satisfies (6.46)), and let the parameter s
of Algorithm 1 satisfy 2k := 257 < 1. Then for all§ € =T, u € U, v € R™ such that L,(Bx—[Bx]*) <
v, Algorithm 1 as applied to y = Az + v+ £ ensures that for everyt =1,2,... one has

1[2 -1
Ly(Bv® — Bz) < s» % + (2r)"
— 2K

s ' (Lsp(H y) +v) +p  2p+s5"v
11—k 1 -2k

H, I<p<oo

(ef. (21)).

Note that Proposition combined with Proposition [5.4] essentially covers the results of [I5] on the
properties of the Matching Pursuit algorithm for block-sparse recovery proposed in this reference.

7 Numerical Illustration

In the theoretical part of this paper we were looking at the situation where the sensing matrix A and
the r.s. (B, ny,...,nk, |-y, || - ||&) were given, and we were interested to understand

[A] whether ¢; recovery allows to recover the representations Bz of all s-block-sparse signals with
a given s in the absence of observation noise, and

[B] how to choose the best (resulting in the smallest possible error bounds) pair (H, || - ||) ]

Note that different components of our setup have in fact different status. While in typical applications
A, B and the block structure nq, ..., ng of the representation vectors may be thought as conditioned
by the “problem’s physics”, it is not the case for the block norms || - ||(x). Their choice (which does
affect the ¢; recovery routines) appears to be unrelated to the model of the data.

The first goal of our experiments is to understand how to choose the block norms in order to
validate ¢, recovery for the largest possible value of the sparsity parameter s. The meaning we put
into the word “validate” is providing guarantees of small error of recovery of all s-block-sparse signals
when the observation error is small (which implies, of course, the exactness of the recovery in the case
of noiseless observation). Here we restrict ourselves to the case when all block norms are ¢, norms
with common value of r taken from the range {1,2,00}. By reasons explained in the discussion in
section |3 we consider here only the case of the penalized ¢;-recovery with m x N contrast matrix H
(where, as always, N = n; + ... +ng), || - | = Leo(-) [] and with A = 2s (see (3.14)). Beside this, we

assume, mainly for the sake of notational convenience, that B = I.

3Needless to say, the results presented so far do not pretend to provide full answers to these questions. Our verifiable
sufficient conditions for the “validity” of block-¢; recovery supply only some lower bounds on the largest s = s, for
which the answer to [A] is positive. Similarly, aside of the case ¢ = 0o, || - [|(x) = || - [|oo, 1 <k < K, our conditions for
the validity of block-¢; recovery are only sufficient, meaning that optimizing the error bound over (H, || - ||) allowed by
these conditions may only yield suboptimal recovery routines.

4these are exactly the pairs (H, ||-||) covered by the sufficient conditions for the validity of ¢;-recovery, see Proposition
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Let us fix A€ R™*" B =1, K,ny,...,ng (n1+...+ng =n=: N). By Proposition for every
matrix H € R™*" setting

V=[VHeRwE  =1—H'A Q(H)= [V ]
K (H) = max ||Col[Q (H)|||sa, K55(H) =s max [QF(H)] (7.49)
1 <K 74 s,1 k05

1<¢ ° 1<k (<K

the pair (H, L(+)) satisfies the conditions Q,4(xy*(H)), ¢ = 1 and g = oo, provided that the block
norms are the ¢.-ones. In particular, when «7°(H) < 1/2, the penalized ¢, /¢, recovery (i.e. the
recovery with all block norms being the /,-ones) “is valid” on s-block-sparse signals, meaning
exactly that this recovery ensures the validity of the error bounds with ¢ = o0, 2 = K,°,
k = kL® (and, in particular, recovers exactly all s-block-sparse signals when there is no observation

noise).

Our strategy is as follows. For each value of r € {1,2, 00}, we consider the convex optimization
problem

HeRm Xn

min {KJ;’S(H) = Imax ||001£[QT(H>]||871} )

find the largest s = s(r) for which the optimal value in this problem is < 1/2, and denote by
H™ € {1,2,00} the corresponding optimal solution. To these “marked” contrast matrices we
add two more contrasts, HMD and HMBD  bhased on the mutual block-incoherence condition and
given by the calculation for the cases of the “standard” (1-element blocks in x = Bz) and
the actual block structures, respectively.

Now, given the set H = {HMD gMBD () [ ()1 of m x n candidate contrast matrices,
we can choose the “most powerful” penalized ¢, /¢, recovery suggested by H as follows: for every
H € H and for every p € {1,2,00}, we find the largest s = s(H,p) for which x77(H) < 1/2,
and then define the quantity s, = s.(H) = max{s(H,p) : H € H,p € {1,2,00}} along with
H, € H and p. € {1,2,00} such that s, = s(H,,p.). The penalized ¢;/¢,, recovery utilizing the
contrast matrix H, and the norm L..(-) associated with block norms || - ||,,, of the blocks is definitely
valid for s = s,(#), and this is the largest sparsity range, as certified by our sufficient conditions
for the validity of ¢;/¢, recovery, which we can get with contrast matrices from #. Note that
s. > max[s(1), s(2), s(0c0)], that is, the resulting range of values of s is also the largest we can certify
using our sufficient conditions, with no restriction on the contrast matrices.

Implementation. We have implemented the outlined strategy with the setup as follows.

e the sizes of the sensing matrices A were (m = 96) x (n = 128), with B = [ and K = 32
four-element blocks in Bx = z;

e the 96 x 128 sensing matrices A were built as follows: we first draw a matrix at random from
one of the following distributions:

— type H: randomly selected 96x 128 submatrix of the 128 x 128 Hadamard matrixEL
— type G: 96 x 128 matrix with independent N (0, 1) entries,
— typeR: 96 x 128 matrix with independent entries taking values +1 with equal probabilities,

5The Hadamard matrices Hj of order 2% x 2 k = 0,1,..., are given by the recurrence Hy = 1, Hj,, =
[Hy, Hy; H,, —Hy]. They are symmetric matrices with 1 entries and rows orthogonal to each other.
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Figure 1: ”Bad” (5(r)+ 1)-block-sparse signals (blue) and their ¢, /¢, recoveries (red) from noiseless
observations, H-matrix A.

— type T: random 96 x 128 matrix of the structure arising in Multi-Task Learning (see, e.g., [1]
and references therein): the consecutive 4-column parts of the matrix are block-diagonal
with four 24 x 1 diagonal blocks with independent N (0, 1) entries,

and then scale the columns of the selected matrix to have their || - ||2-norms equal to 1;

The results we report describe 4 experiments differing from each other by the type of the (ran-
domly selected) matrix A. [

In Table , we display the certified sparsity levels of penalized ¢, /¢, recoveries for the candidate
contrast matrices. In addition, we present valid upper bounds 5(r) on the “r-goodness” s*(A,r) of
A, defined as the largest s such that the ¢;/¢,-recovery in the noiseless case recovers exactly the
representations of all s-block-sparse vectors, that is,

K
s*(A,r) = max {s o = argmin {Z |[z]kllr = Az = A:L‘} for all s-block-sparse x}

zeR™ 1

We present on Figure [If examples of “bad” signals (i.e., (5(r) + 1)-block-sparse signals which are not
recovered correctly by the latter procedure).ﬂ
On the basis of this experiment we can make two tentative conclusions:

e the (/05 recovery with the contrast matrix H 2 and the ¢ [l recovery with the contrast

matrix H(*) were able to certify the best levels of allowed sparsity (when compared to other
candidate matrices from H);

e in our experiments, the upper bounds 5(r) on the r-goodness s*(A,r) of A are close to the
corresponding certified lower bounds s, (H, ) = maxyey s(H,r).

Numerical evaluation of recovery errors. The objective of the next experiment is to evaluate
the accuracy of penalized ¢;/{, recoveries in the noisy setting. We consider the contrast matrices

6As far as our experience shows, the results remain nearly the same across instances of A drawn from the same
distribution, so that only one experiment for each type of distributions in question appears to be representative enough.

It is immediately seen that whenever B is of full row rank, the nullspace property “Lg1(Bz) < %Ll(Bgc) for all
x € KerA with Bz # 07 is necessary for s to be < s*(A4,-). As a result, for B’s of full row rank, s*(A4,r) can be
upper-bounded in a manner completely similar to the case of the standard r.s., see [23, section 4.1]
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LAl r| HMD [ HO [ H® | H™ | 5() |
1 2 10.4727 | 0.509 || 2 | 0.444 | 0.460 || 3 | 0.429 | 0.429 || 2 | 0.487 | 0.519 || 3 | 0.429 | 0.429 4
H| 2 2| 0436 | 0.436 || 2 | 0.429 | 0.429 || 3 | 0.429 | 0.429 || 3 | 0.429 | 0.429 || 3 | 0.429 | 0.429 3
oo || 2| 0473 | 0509 || 2| 0444 | 0.460 || 3 | 0429 | 0.429 || 2 | 0.487 | 0.519 || 3 | 0.429 | 0.429 3
1 0 | 0.000 | 0.000 || O | 0.000 | 0.000 || 3 | 0.467 | 0.900 || 1 | 0.301 | 0.301 || 1 | 0.489 | 0.489 5
G| 2 0| 0.000 | 0.000 || 1] 0.368 | 0.368 || 1 | 0.300 | 0.300 || 3 | 0.447 | 0.458 || 2 | 0.479 | 0.549 5
oo || 0| 0.000 | 0.000 || 0] 0.000 | 0.000 || O | 0.000 | 0.000 || 1| 0.305 | 0.305 || 3 | 0.483 | 0.823 4
1 0 | 0.0000 | 0.000 || O | 0.000 | 0.000 || 3 | 0477 | 0.853 || 1| 0.291 | 0.291 || 1 | 0.498 | 0.498 5
R | 2 0| 0.000 | 0.000 || 1| 0.354 | 0.354 | 1]0.284 | 0.284 || 3| 0.438 | 0.440 || 1 | 0.264 | 0.264 5
oo || 0| 0.000 | 0.000 || 0] 0.000 | 0.000 || 1 | 0.482 | 0.482 | 1| 0.286 | 0.286 || 3 | 0.489 | 0.739 5
1 1| 0384 | 0384 || 1]0.399 | 0.399 || 2] 0.383 | 0.383 || 2 | 0.383 | 0.383 || 2 | 0.383 | 0.383 3
T | 2 1| 0384 | 0384 || 1]0.399 |0.399 || 2] 0.383 | 0.383 | 2| 0.383 | 0.383 || 2 | 0.383 | 0.383 3
co || 1| 0384 |0.384 || 11]0.399|0.399 || 2 |0.383 | 0.383 | 2| 0.383 | 0.383 || 2 | 0.383 | 0.383 3
Table 1: Certified sparsity levels for penalized f¢;/¢,-recoveries for candidate contrast matri-

ces. For each candidate and each value of r we present in the corresponding cells the triple
s(H,r) /{Z’S(H’T)(H) /igf(H’T)(H). 5(r): a computed upper bound on r-goodness s*(A,r) of A. Under-
lined in red: the best sparsity s.(H) certified by our sufficient conditions for the validity of penalized
recovery.

from H = {HMD, gMBD () ) [ as above. Note that it is possible to improve the error
bound by optimizing it over H as it was done in section [5.2] In the experiments to be reported this
additional optimization, however, did not yield a significant improvement (which perhaps reflects
the “nice conditioning” of the sensing matrices we dealt with), and we do not present the simulation
results for optimized contrasts here.

e We ran four series of simulations corresponding to the four instances of the sensing matrix A
we used. The series associated with a particular A was as follows:

e Given A, we associate with it the five aforementioned candidate contrast matrices from H.
Combining these matrices with 3 values of r (r = 1,2,00), we get 15 recovery routines. We
augmented these 15 routines by the block Lasso recovery as described in [26]. In our notation,
this recovery is (cf. [26, (2.2)])

K
~ _ 1
Tasso(y) € Argmin {EHAZ —yll5 + 22)‘k||z[k]“2}
* k=1

(z[k], 1 <k < K, are the blocks in z = Bz), with the penalty coefficients A, chosen according
to the equality version of the relations in [26], Theorem 3.1] used with ¢ = 2.

Each of the 16 resulting recovery routines was run on two samples, each of size 100, of randomly
generated recovery problems as follows. In each problem the true signal was randomly generated
with s nonzero blocks, and the observations were affected by pure Gaussian white noise: y = Ax+0¢,
& ~N(0,I). In the first sample, s was set to the best value s.(H) of block sparsity we were able to
certify; in the second, s = 2s,(H) was used. The parameter A in the penalized recoveries was set to
2s (and thus was tuned to the actual sparsity of test signals). In both samples, we used o = 0.001.
We compare the recovery routines on the basis of their ratings computed as follows: given a
recovery problem from the sample, we applied to it every one of our 16 recovery routines and measured
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[ [HOD [ HOB0 [ HO | O [ B | Lasso |
1 0.30 0.20 0.53 | 0.60 | 0.54 | N/A
2 0.76 0.51 0.75 1079 | 0.75 | 0.19
(0. @]

0.25 0.18 | 044 | 048 | 0.44 | N/A

Table 2: Ratings of recovery routines.

the 16 resulting || - ||o-errors. Dividing the smallest of these errors by the error of a given routine we
obtain “the rating” of the routine in this particular simulation. Thus, all ratings are < 1; the routine
which attains the best || - ||-recovery error for the current data is rated “1.0”. For the remaining

routines, the closer to 1 is the rating of the routine, the closer is the routine to the “winner” of
the current simulation. The final rating of a given recovery routine is its average rating over all
800 = 4 x 2 x 100 recovery problems processed in the experiment.

The resulting ratings are presented in Table[2 The “winner” is the routine associated with r = 2
and H = H®. Surprisingly, the second best routine is associated with the same 7 = 2 and the
simplest contrast HMY an outsider in terms of the data presented in Table . This inconsistency
may be explain by the fact that the data in Table [1| describe the guaranteed worst-case behavior of
our recovery routines, which may be quite different from their “average behavior”, reflected by Table
. Our tentative conclusion on the basis of the data from Tables [1| and [2]is that the penalized ¢;/¢5
recovery associated with the contrast matrix H® may be favored when recovery guarantees are to
be associated with good numerical performance.

The above comparison was carried out for o set to 0.001. The conducted experiments show that
for the routines in question and our purely Gaussian model of observation errors, the recovery errors
are, typically, proportional to o. This is illustrated by the plots on Figure [2 on which we traced
the average (over 40 experiments for every grid value of o) signal-to-noise ratio (the ratio of the
|| - |lec-error of the recovery to o) of our favorable recovery (r =2, H = H®)) and the corresponding
performance figure for block Lasso.
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A Proofs

A.1 Proof of Proposition [2.1

Let x € R", and let 2!, ..., 27 be obtained from x by the following construction: z! is obtained from
x by zeroing all but the s largest in magnitude blocks; 22 is obtained by the same procedure applied
to x — 2!, 2® — by the same procedure applied to z — 2! — 22, and so on; the process is terminated at
the first step ¢ when it happens that z = ' +... + 9. Note for j > 2 we have Lo (27) < s71L;(2771)
and L (27) < Ly(2771), whence also ||27||s = La(27) < \/Loo(29) Ly (29) < s7/2L;(2771). Recall that
if A is BRIP(d,2s), then for every two s-block-sparse vectors u, v with non-overlapping supports we
have

[u” AT Au| < dlulla[v]l-. (%)
(i): We have

| Aalo)| Ale > ()7 AT Az = || Azt |3 — Y0, [a)T AT Ax)

> |43 = 650, lla* a2z by (+)]

> (| Az |3 — 652 lat |y Sy Lu(a9 ™) > || Azt |3 — 65722 o La(2)
= [|AzY|3 < (| Ax'|lo]| Azl + 05| oL () 2
= 2l = il Azt < el Az, + 0572 (5l ) L)
-1

= Loa(x) = ||2'[|> < A5/l Aw]la + %575 L1 (2) [by BRIP(S, 25)]

s—1/2

Sl || - ||2> satisfies Q2(125), as claimed in (i).

and we see that the pair (H =

(ii): We have
Li(2") Loo(AT Az) > [2']"AT Az = |[Azt(|5 — 320_,[a']" AT Axd
> ||Az||3 — 6571/2|at||sLy () [exactly as above]
= [[Az!]3 < Li(a') Lo(AT Ax) + 0572 ||2" |2 La (2)
= (1= 0)[l2"]|3 < Li(2") Loo (AT Az) + 65712 |[0||2 Ly (x) [by BRIP(4,2s)]
< 12|22 Loo (AT Az) + 05712 || [l Lo ()

1/2

= L) = [Jat]|s < S5 Leo(ATAz) + 1%5—1/%1(3:),

and we see that the pair (H = I—L;A LOO(-)) satisfies the condition Q2 (1‘%5), as required in (ii). m

A.2 Proof of Theorems [3.1] and 3.2l

All we need is to prove Theorem , since Theorem is the particular case » = k < 1/2 of
Theorem [3.2]

Let us fix 2 € R", w € U and € € =, and let us set n = u+ o0&, T = Tyee(Ax + ). Let also
I €{1,..., K} be the set of indexes of the s largest in magnitude blocks in Bz, J be the complement
of I'in {1,..., K}, and let for w € W, w; and w; be the vectors obtained from w by zeroing blocks
wlk] with indices k € I and k ¢ J, respectively, and keeping the remaining blocks intact. Finally, let
2=T—ux.
1°. By the definition of Z and due to £ € =, u € U, we have

1" ([Az +n] — Az)|| < p, (A.50)
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so that z is a feasible solution to the optimization problem specifying z, whence L;(B7) < L,(Bx).
We therefore have

Li([Bz];) = Li(BZ) — Li([B7]r) < Li(Bx) — Li([B]r)
= Li([Bz]r) + Li([Bz];) — Li([B7];) < Li([Bz]1) + Li([Bx],),
and therefore
Li([Bz];) < Li([B7]s) + Li([Bz];) < Li([B2]r) + 2L:([Bx] ).

It follows that

Further, by definition of Z we have |H? ([Az + u + &] — AZ)|| < p, which combines with (A.50) to
imply that
|HTAG — 2)]| < 2 (A52)

29, Since (H, || - ||) satisfies Qs 1(5¢), we have
Le1(B2) < s||[H" Az|| + 5L, (Bz).

By (A.52)), it follows that L, ;(Bz) < 2sp + »L;(Bz), which combines with the evident inequality
L([Bz]r) < Ls1(Bz) and with (A.51)) to imply that

L\([Bz]1) < 2sp+ »xLy(Bz) < 2sp+ 2Ly ([Bz|;) + 2L, ([Bz],),

whence 5 2L ((Bx],)
Sp + 2 x
Ly([B2);) < =",
Invoking (A.51f), we conclude that
Li(B2) < — |+ LBl (A53)
e I P L e '

3Y. Since (H, || - ||) satisfies Qs (%), we have
Loy(B2) < st|H  Az|| + rsa 'L (Bz),
which combines with (A.53)) and (A.52) to imply that

1
Lyg(B2) < s2p + st 2 alBels) < dotlibnsd [, LT ([Ba],)] (A54)

(we have taken into account that » < 1/2 and k > ). Let 6 be the (s + 1)-st largest magnitude of
the blocks of Bz, and let w = Bz — [Bz]*. Now ({A.54]) implies that

1Al + k= 1
0 < L;,(Bz)s 1 < 9. {p—f— 2—8L1([Bm]J)] .
Hence we have
1 1

Low) < Lo(w)5 Liw)s <05 LBt <05 2 |0 21 iBay|”
AW = Seolll) BT = BRI =T T g [P s Y

48(1[1—1-%—%]%

< Bl s sl



Taking into account (A.54)) and the fact that the supports of [Bz]® and w do not intersect, we get

Ly(Bz) < 20 max[Ly([B2]"), Ly(w)] = 27 max(Ly o(Bz), Ly(w)]

4(25)1[1 + K — 5 [
- 1—2x

1
—L(|B .
p+ o La(lB])]
This bound combines with (A.53]), the Holder inequality and the relation L ([Bx];) = Li(Bx—|Bzx|*)

to imply (3.13)). |

A.3 Proof of Theorem 3.3

Let us prove (i). Let us fix x € R", u € Y and £, and let us set n = u+¢&, T = Tpen(Azx +1). Let also
I C {1,..., K} be the set of indices of the s largest in magnitude blocks in Bz, J be the complement
of I'in {1,..., K}, and for w € W let w;, w; be the vectors obtained from w by zeroing out all blocks
with indexes not in I, respectively, not in J. Finally, let z =7 — z and v = ||[H n]].

1°. Assuming that the objective in Penalized recovery is minimized within accuracy y, We have

Ly(BZ) + M|HT (AT — Az — n)|| < Ly(Bz) + M| H n+x

and
|HT (AT — Az —n)|| = [[HT(Az = n)|| > [[HT Az|| — | H 7],
whence
Li(BZ) + M|H" Az|| < Ly(Bx) + 2X\|H n||+x = L1(Bx) + 2 v+, (A.55)
We have

L(BZ) = Ly(Bx+ Bz) = Li([Bx]; + [Bz|;) + Li([Bz]; + [Bz];)
> Li([Bxl;) — Li([B2]1) + Li([B2];) — L1 ([Bx]),

which combines with to imply that
Ly([Bz]1) = La([Bz]1) + Li([Bz]y) — Li([Bxly) + A[H" Az|| < Li(Bz) + 2\v+x,
or, which is the same,
Li([Bz]y) — Li([B2]1) + M| HT Az|| < 2L4([Bx]y) + 2\v-+y. (A.56)
Since (H, || - ||) satisfies Qs1(5¢), we have
Ly([Bz]r) < L1 (Bz) < s|H" Az|| + 5Ly (Bz),

so that
(1 — »)L1([Bz];) — »L1([Bz],) — s||HTAzH <0. (A.57)

Taking weighted sum of ({A.56) and (A.57)), the weights being 1, 2, respectively, we get
(1 — 23¢) [Ly([B2]r) + L1([Bz])] + (A = 28)||[HT Az|| < 2Ly ([Bx];) + 2 v+,

that is (since A > 2s),

2 \v+x + 2L, ([Bz],) 2\ X 1
< < —~ 4+ —L,([B ) A.
L(Bz) < 1— 25 ST oy T (Bl (4.58)
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Further, by (A.55)) we have
MHT Az|| < Ly(Bx) — Li(B%) + 2\v+x < Li(B2) + 2 v+,
which combines with (A.58) to imply that

2 \v+x + 2L, ([Bx] ) [2Av+x](2 — 2) + 2L1([B.CE]J)'

MNHATz| < 2\ = A.59
ATz < PEZIUBT) gy 4 2 (A5
From Q;,(x) it follows that

Loy(B2) < st|H  Az|| + rs1 'L (Bz),
which combines with (A.59) and (A.58) to imply that

Log(Bz) < si ' [s|HTAz|| + Ly (B2)]

< e 4s[u+%](1flﬂi);jysL1([Bw]J) n n[2x\u+x1+_22L%1([Bw]J)] .

. S% A+ 551 (A=) 425 Ak[v+ 55 4+2A " +s7 k] L1 ([Bz] 5) ( : )

- 1-2s¢

1
<Ay (L5 — o] ok + 5. L((Baly)]

(recall that A > 2s, K > 3, and » < 1/2). It remains to repeat the reasoning following (A.54) in
item 3° of the proof of Theorem . Specifically, denoting by 6 the (s 4 1)-st largest magnitude of
blocks of Bz, (A.60) implies that

4 A X

4w =l S+ o La(Bal) (A61)

0 < s_l/qu,q(Bz) <

so that for the vector w = Bz — [Bz]® one has

1

_1 1 3 g-1
Ly(w) < 0" aL(w)s <2201 4 wd 5] 0 [pr X + LL([Ba]))]

(we have used (A.61)), (A.58) and the fact that A > 2s). Hence, taking into account that [Bz]* and

w have non-intersecting supports,

L,Bz) < % max[L,([Bz]%), L,(w)] = 2 max|L; ,(Bz), Ly(w)]

4Ns {1 e %] [wx + iLl([Bl“]J)

<

- 1—-2x 2s 2\ 2s
(we have used (A.60)). This combines with (A.58) and Hoélder inequality to imply (3.16). All
remaining claims of Theorem [3.3| are immediate corollaries of (3.16]). N

A.4 Proof of Proposition 4.1

(i): Let H € R™M || .||, p satisfy (!). Then for every k < K and every 1 <i < n;, denoting by wy;
i-th entry in w[k], w € W, we have

[Bz]wi| < ||[HT Az|| + s 'k L1 (Bx),
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or, which is the same by homogeneity,
min {||[H" Az| — [Ba]y : Li(Bz) < 1} > —s 'k,
In other words, the optimal value Opt,,; of the conic optimization problem

Opty; = min {t = [")"Bx : ||[H" Az|| <t,L(Bz) < 1},

where e* € W is the vector with the only nonzero entry, equal to 1, placed at i-th position of the
k-th block, is > —s 'k. Since the problem clearly is strictly feasible, this is the same as to say that
the dual problem
max {—p: ATHn+ BYg = B"e" |gll)]h < p,1 <L <K, [|nll. <1},
HER, geW neRM
where || - ||, is the norm conjugate to || - ||, has a feasible solution with the value of the objective
> —s k. It follows that there exists n = n* and g = ¢** such that

(a) : BTeF = AThF - BT g™ (b) : B* .= Hn* |n"|. <1, (¢): [|¢"[€)]1 < s7'k, 1 <L < K.
(A.62)
Denoting by A’ the i-th column in the m x N-matrix [hUY, ... hbm a2 p2n2 O pEL - pfnx]
defining V** as the ny, x n, matrix with the rows (¢"[¢])", i = 1, ..., ng, and setting V' = [V _ .
(A-62la,c) ensure the validity of (4.20f,b) (recall that || M ||s 0 is the maximum of || - ||;-norms of the
rows in M). Besides, by (A.62b) and the definition of = (see (1)) we have

E€Z=||H u+E|| < pVu el =4 [P u+€| < pVucld = TgfuThki + [ETRF | < p

where the implication =, is due to the fact that |[W*]|7¢| = |[p*]|T HT¢] < ||HT(|| for all ¢ because
of ||[n*¥]|. < 1, and the implication =, is due to the fact that U is symmetric w.r.t. the origin. We
conclude that = C E* and thus P(Z%) > P(Z) > 1 — ¢, as required in (4.20{¢). (i) is proved.

(ii): Let H = [h',....hN], V = [V, p satisfy (4.20). Then for every z € R" we have

w:=Br=VBx+ H Az = Vw + f[TAx,
—

whence w[k] = ST, V*w([l] + v[k], so that

K
lolkllgy = llwlklloe < DIV lsecllwllloc + 0kllee < s KLy (w) + | HT Az
(=1

We conclude that R
Lsoo(Bx) = max |[wlk][l@) < [[H" Azlloc + ™" 5L (Bx)

for all x, meaning that (PAI, || - ||oo) satisfies Qs o0(k). Further, we have
= = e M ut e < pVucUf = {€: W) u+ €| < pYueld, Vi <N}
— {f : mEaZj(uThi + |[R]7E) < p Vi < N} = =T,

whence P(Z) = P(Z+) > 1 —¢. Thus, H, |- ||, p satisfy (1). n
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A.5 Proof of Proposition [4.2

Notation. Let 1 <k < K and 1 < < ny. For a vector w € W, we set [w];; to be i-th coordinate
in wlk]. For a vector u € R"™, we set ||ul|’,, = max;,; |u;|, with the convention that the latter
maximum is 0 when ny, = 1. Further, let e¥ be the vector from W such that [e*],; = 1 when ¢ = k
and j = i and [e*];; = 0 for all remaining pairs ¢, j. Finally, let B = [B';...; BX] with nj x n matrices
B*.

1% Letusfixk, i, 1<k<K,1<i<nyglet M =aS,andlet a >a+ S 'M = 2a. We set

X' ={z eR": [B'a]; = a,||B*|l5 + 20,4 [ B2llo < M}, XM =XV,
YR = AXH, YR — AXH — _yhi

We denote V = 2U +2{Dn : ||n|2 < Erfinv(e)}.
It may happen that X} = (). This is exactly the same as to say that the optimal value in the
strictly feasible conic optimization problem

max {[e’“"]TBx IBralli + 3 1Bl < M}
04k

is < a, meaning that the optimal value in the dual problem
K
min {Mt o]k = O,Z[BK]TU[E] = BT max [[v[f]|; < t}
/=

vEW,t - 1<<K

is < a, whence there exists v € W such that [v*]; = 0, BTv" = BTe* and Mmgxx 0¥ []]]: < a,
that is, m?vaki[E]Hl < a/M. Thus, when X% is empty, setting h* = 0 € R™, we get vectors
h* € R™ and v* € W such that

(aki) BT’l}ki—l—Ahki _ BTeki,

) kil . — ki -1
(ki) [V*]ks —0’, llgngég(ﬂv )14 SAaM : (A.63)
(cxs) maxu” M + Erfiny(e) [ DThY]l; < a.
ue

20, Assume now that X% # (). Then Y} are nonempty convex sets. We claim that whenever
0 < @ < 1, the convex compact set 8V does not intersect the convex set QYfi. Indeed, if the opposite
is true, there exists v € U and e, ||e||» < Erfinv(e), such that (v + De) = Az with z € X¥. Now
consider two hypotheses on the mean p € R™ of the distribution of a Gaussian vector ¢ ~ A (u, DDT):

H,: p=0De, and H_: p= —60De.

Let us consider the following procedure for distinguishing between these two hypotheses: given (,
we compute Z(¢) and accept H, when [BZ(()|x; > 0, otherwise we accept H_. We claim that this
procedure rejects the true hypothesis with probability < e. Indeed, applying (4.26)) to u = —fv and
T =z, we get

Prob,xio,0 {[Blz — F(Az — 60 + D)l < o+ S Li(Bz — [B2)®)} > 1~

31



Since Az = Ov + 0De and Ly(Bz — [B2]°) < 37, [ B*2]lo < M, we get
a+ST'L(Bz - [Bz]°) <a+ S7'M = 2a,
while [Bz]; = a > 2. It follows that if 7 is such that
B[z — Z(Az — v+ Dn)]||oe < @+ S7'L1(Bz — [Bz]%),

then a — [BZ(0De + Dn)|x; < 2, whence [BZ(60De + Dn)]i; > 0. We see that

Prob, a0,1,.){[BZ(0De + Dn)]i; > 0} > 1 — ¢,
that is, our rule for distinguishing between H, and H_ rejects H, when this hypothesis is true with
probability < e. Similarly, applying tou =0v and r = —z, we get

Prob, w01, |Bl—2 — T(=Az + 0v + Dn)|||ec < a+ S 'Li(Bz — [Bz]®)} > 1 —e.
Since —Az = —fv — ODe, we, same as above, observe that
|B[—2z — Z(=Az 4 6v + Dn)]|lsc < a+ S 'Ly (Bz — [Bz]®)

implies that [BZ(—60De + Dn)]y; < 0, and thus

Prob, ao,1,){[BZ(—0De + Dn)|p <0} > 1 —€

that is, the probability to reject H_ when the hypothesis is true is < e. On the other hand, to
distinguish between the hypotheses H. via observation ( is exactly the same as to distinguish be-
tween the distributions N (—fe, I,,,) and N (fe, I,,,); to do it with probabilities < e to reject the true
distribution is possible only when ||fe|y > Erfinv(e), which is not the case due to ||e||s < Erfinv(e)
and 0 < 6 < 1. The resulting contradiction demonstrates that #) does not intersect 2Y .

3%, Since 8V does not intersect 2Y when 6 < 1, the sets V and 2Y " can be separated by a linear
form, which can be normalized to be > 2 on 2Y}* and < 2 on V (recall that 0 € intV). In other

words, there exists ¢ = ¢ € R™ such that max gtv <2 and inf g'y > 2. Recalling the origin of
ve eyt

V), the first relation amounts to

max u’g + Erfinv(e)|[|[ DT g|l, < 1, (A.64)
uUE

ki where

while the relation gy > 2 for all y € 2Y¥ = 2AX* amounts to fTz > 1 for all z € XM

f = A"g. Recalling the definition of X%, it follows that

min {fo (") Bz = a, |B*z|L + ) || B[l < M} > 1.
1k

Passing to the dual problem, the latter inequality results in

JteRyeW): f=Bly, ayp — Mt > 1, Z lyrs| < t, r?;?]:(Hy[E]Hl <t. (A.65)
J#i
For the above ¢,y we have 0 <t < (ayx; — 1)/M, so that y; > 0; setting

{0, =k, j=1

ki _ -1 kil
W =y g, [07] —[ylej/yki, otherwise

(A.65) combines with f = ATg to imply that BTe* = BTov* + AhF. Recall that, by construction,
we have [v*];; = 0. Further, by (A.65) we have ||[v*[{]|y < t/yr < a/M, so that v™ h* satisfy
A.63l(aki),(bx;)). Finally, by (A.65) we have 0 < 1/yx; < a, which combines with (A.64]) to imply
203 ().
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4%, The bottom line here is that for every a > 2a, k,1 < k < K, and every i, 1 < i < ng, there
exist vectors h* € R™ and v* € V satisfying (A.63). It immediately follows that (A.63) can be
satisfied when a = 2a as well. Assembling the corresponding A** and v** into the matrices

H = [BM, . hben p21 p2ne KL pKon],
Vo= (i) s ()T (0BT (02T ()T ()T,

we get ([4.27]) as an immediate consequence of (A.63]) with a set to 2a. ]

A.6 Proofs for section [5.1]

Proof of Proposition Let V! = [V ., VEY] 1 < ¢ < K, be the “stripes” of V. Given
x € R", setting w = Bz, and using the relation ([5.28]), we have

w=Br=[VB+H Alz =Vw+ H" Az,
whence,

Lig(w) = Lg,(Vw+ HT Az) < L ,(Vw) + Ls7q(HTAZL‘)

K
= Ly, (Z véww]) + 51 Loo(HT Az)
/=1

1
IV wl€ll s s 1V w €l 0l + 57 Loo(HT Az)

]~

(=1

Ve V)l + 57 Loo(HT Az) = 72 (V) Ly (w) + 57 Loo(HT Ax)

M)~

~
Il

1

proving ([5.29)). |

Proof of Proposition To verify (5.32), note that for every k and every ¢, we have

0 < [[VFw[Allgy < llwldllle  max (Vg = @@V Ier = 1wl Q.

wER”l:HwH(@Sl
Since for any two nonnegative vectors, a, b satisfying a; < b; Vi, we have ||a||s, < ||b|ls,q, We get
IV wllllays - IV wlllo]lllsg < lwl@llollCold@sq.

By taking the maximum of both sides first with respect to w[f] subject to the constraint that
|lw[f]|ly <1, and then over 1 < ¢ < K, we arrive at (5.32)) implying that v (V) < v, 4(V). [

A.7 Derivations for section [5.2]

Derivation of S, , in all three cases (i.e., r = oo, r = 2, r = 1) is quite straightforward — we just
plug into (5.33]) the description of s ,(+). Let us focus on the derivation of R..
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The case of 7 = oco. In this case, Loo(H" (u+¢)) = [|[H" (u+ Dn)||s, so that the requirement

Loo(H"(u+Dn)) < pVYucli (A.66)
amounts to
max {||ETHM||; + [T DTR|} < p. (A.67)
1 Shet

The condition (5.35R.) is a natural sufficient condition for (A.67) to be satisfied with probability
> 1— € when n ~ N(0, 1) (cf. the derivations insection [4.1)).

The case of r = 2. Here a slightly conservative (tight within factor 2) sufficient condition for
(A.66)) reads
T T
<
max (| ETHE]o + | H [ Dnll2} < p. (A.68)
A simple sufficient condition for (A.68) to be satisfied with probability > 1 — e when n ~ N(0, I,,,)
is for the probability of the event

{n: |E k)2 + /" DTHIFHTTDn < p} (A.69)

to be > 1 — ¢/K for every k < K. For a given k, invoking the Schur Complement Lemma, this
condition is the same as the existence of a symmetric matrix W and a real «a; such that

W, DTH[k
HT[IS]D ak[[ | } = 0& |ETHIK]|]2 + ar, < p & Probyonona{n: " Win < ai} > 1 —¢/K.
n

(A.70)
By [5, Proposition 4.5.10], for every symmetric m x m matrix W, setting A = A(W), one has

2| A2
Ve >0 : Probyunor{n Wn > Tr(W) + || A2} < exp {— } .
B AT + [\]le)

The smallest ¢ > 0 for which the right hand side of this inequality is < e/ K satisfies

K
selMl = 28 Al + AINZ, + SIAI3S, 8 =1n =,

and we conclude that the condition

Te(Wi) + 20| AWe) oo + /AN 2, + SSIAWI < o

is sufficient for the validity of the third condition in (A.70]). This observation implies straightforwardly
that the condition (5.36\R.) indeed is sufficient for the validity of (A.68|) with probability > 1 — e,
which is all we need to prove.

The case of r = 1. Here a slightly conservative (tight within factor 2) sufficient condition for
(A.66) reads

max { max |H”[k]Ev||; + HHT[k’]DnHl} < p. (A.71)

1<kE<K | ||v|]2<1
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A natural way to enforce the validity of this condition with probability > 1 — € when n ~ N (0, I,,,)
is to ensure that for every k < K we have

Proby oz, {0 1H [k Ell20 + | H' [K]Dnlly < p} > 1= ¢/K. (A.72)

A natural upper bound on the 1 — ¢/ K-quantile of |H” [k]Dn||; is Erfinv (ﬁ) Sk DT RF, so
that the relation

HHT[k]EHz,l + Erfinv (2[; ) < p. (A73)

N
The latter constraint, while convex in variables H, p, is intractable, since the norm ||HT [k]E||2; is
difficult to compute. This norm, however, admits a tight within the factor /7 /2 ~ 1.29 efficiently
computable upper bound on | - [[2,1, due to Yu. Nesterov (see [32, Theorem 13.2.4]) f| namely, for
every G € RP*Y one has

1 1 -
|Gll2q < min {§Zki+§u: [DlaéiA} “ } EO} (A.74)

— AeRP,ueR ply

Replacing in (A.73)) the quantity ||H?[K]FE||2; with its upper bound, we arrive at ((5.37)).

A.8 Proof of Proposition [5.3

Let H,V satisfy with B = I, thatis, V =1, — HTA, V is n x n, and H is m x n. Observe,
first, that sd < m; indeed, otherwise, by dimension argument, we could find s-block-sparse signal
x # 0 such that Ax = 0, meaning that there is no way to recover x even from the exact observation
of Ax and thus our sufficient condition for the validity of ¢;-recovery cannot hold true. Now let us set
K = Ceil(2m/d) and i = Kd. Note that K < K due to n = Kd > 2m, whence 7 < n and of course
i < 2m +d due to (K — 1)d < 2m. Now let V = [V¥]K_, be the n x 7 “North-Western” block of
V, A be m x n matrix comprised of the first i columns of A, and H be m x f matrix comprised of
the first 7 columns of H. Since V = I,, — H' A, we have V = I, — HT A. Moreover, implies
that

1<I<K. (A.75)

Q=

EUV s 1V s o IV ] g < 1= 3

~ J/
-

JMGRK

Now, V = I, — HT A, and since the rank of H'A is < m, at least 7 — m singular values of V are
> 1, and therefore the squared Frobenius norm ||V'||% of V is at least 7 — m. On the other hand, we
can upper-bound this squared norm as follows. It is immediately seen that with the values of r in
question, for every d x d block V¥ in V we have ||[V*|z < v/d||V*||,,. Since for every K-dimensional

8To see why the right-hand side of (A.74)) is indeed an upper bound for ||G||2,1, take v,||v|l2 < 1, set g = Gv
and note that by the Schur Complement Lemma for A,y feasible for the right hand side problem in (A.74) we have
Y92/ < wTv < p; noting that [Y, lg:l]? < > A [0, 92/XA] whenever \; > 0, we conclude that [g]l; <

VI A < %u + % > Ai- Recalling the origin of g, we conclude that the right hand side in |) indeed is an upper
bound on ||G||2,1-
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vector f one has || f]|3 < max qu, } | f1IZ 4, we now get

K K K K
Ai-m < =S N IVEE <d >SS T IvEE, —lelf%
(=1 k=1

k —

K 2 1. 2

dz { 2/q’ } ||f£|| < max [—7 1} AR a? = Zﬁ Hax [d‘lﬁs—Q’ 3572] |
/=1

IN

We conclude that either

g2y dnom) ()
n
or 72
5 n
< — b
* = 4d(m—m) (®)
Since . > 2m, the right hand side in (a) is > 2; thus, (a) is impossible. Taking into account that, as
we have seen, n —m > m and n < 2m + d < 3m, (b) implies ([5.39)). ]

A.9 Proof of Proposition
1%, The proof of (i) is immediate. Indeed, let us look at the blocks V¢ in the matrix V = I — HT A.

When k = /, we have V* = (1 — m)] = 145 In, by definition of Cj, whence [VEF|lg2 = e
When k # ¢, we have V* = — 1 O AT[K)A[(), that is, [[V*||50 < T4 by the definition of ,u The
bottom line is that ||VF|9 < %, and thus, in the notation of Proposition , Vsoo(V) < 747 We

see that (| indeed implies the validity of (|5 - which is all we need.

29, Let us justify the bound on the mutual block-incoherence stated in (ii) Specifically, let ny = d,

1 <k < K, let A be amatrix with unit columns, let v, ug be given by (5.41)), and let the first relation
in ([5.42)) be satisfied; we want to prove that the mutual block—lncoherence of A is<pu= 1?% This
is immediate: since the columns of A have unit /5-norms, the diagonal entries in the d X d symmetric
matrix Cj, = AT[k]A[k] are equal to 1, while the moduli of the off-diagonal entries in C}, do not exceed
v by the definition of v. It immediately follows that the minimal eigenvalue of Cy is > 1 — (d — 1)v,
and thus Cy is positive definite (by the first relation in ) and opax(Cp 1) < [1 = (d — 1))~}

Therefore, whenever k # ¢, we have 0 (C; P AT[K]A[0]) < Omax(Cr ) omax (AT[K]A[]) < (1 — (d —
D)) tomax (AT K] A[€]) < 1_‘(15—_31)1/, where the concluding inequality is a consequence of the definition
of ug, see . Recalling the definition of the mutual block-incoherence, we arrive at the desired
conclusion. [

A.10 Proof of Proposition
1% Let &€ ~N(0,m 'I,) and n ~ N(0,m™'1,,) be two independent normal vectors. Then for any

0 < A < \ 1 We have
" \/E ’ \/E . ’
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Indeed, by the standard argument, we have for 0 < ¢ < y/m: In (E [etﬁfT"D = —Zn(l- £2) We
conclude that when > < 2 In (E [et\/ﬁfT”D < %tz, and for \? < ng

= 2Prob{¢"n > —} <2 min i M = 97,

Prob{|¢Tn| >
rob{|¢" 7| NG W

—1=
\/_
Further, we have for t < \/T%:

m 2t
——In(l — =) — tvm < 282
2 n( \/E) m— Y

In (E’ [et\/ﬁ(l_ET@D - In(1+ j—%) +tym < 2

In (E [et\/m(éTéfl)D

Consequently, when \ < y/m,

2
Prob 1> -2V <2 min M= =% %
(€7 -11> 2y <2 min

Y

and we arrive at (A.76)).

2° Now, let S = {u € R?: |lul|; = 1}, and let D, be a minimal e-net, w.r.t. || - |2, in S, and let N,
be the cardinality of D.. Further, let 1 < ¢,k < K and let A[(] and A[k] be the submatrices of A
comprised of columns of A with indices in the /-th and the k-th blocks. Finally, let G* = AT[¢]A[¢],
Ct = A[)TA[f] — I, and let 2,y € S be deterministic. When invoking for ¢ = A[f]x and
n = Alk]y we conclude that

A A A2
TAl* > 1 <23 TCr| > =1 <2 5. :
Prob {|3: All]" Alkly| > \/m} 2¢7 3, k#/{; Prob {|x C'z| > \/m} <28 (A.77)

We claim that
{‘UTCZU‘ < AWVve DC} = {amax(CZ) <(1- 26)’1A} (A.78)

where opax(+) is the spectral norm. Indeed, let the premise in (A.78)) hold true. Recall that C*
is symmetric, so let 4 € S be such that |a7C%%| = 0pax(CY). There exists v € D, such that
|l — v|l2 < €, whence Tpmax(CF) = |07 C%| < 20max (CH) || — v||o + [vTC| < 20max (CF)e + A (since
the quadratic form 27 C*z is Lipschitz continuous, with constant 20, (C?) w.r.t. ||-||2, on S), whence
Omax(C?) < (1 — 2¢)7LA. By similar reasons when k # ¢ we have

{oT AT Al < AVo,0" € D} = {omax(A[TAR]) < (1—2¢)7'A} (A.79)

Indeed, let u, v’ € S be such that uT A[(|TA[k|u' = onax(A[{]TAlk]), and if v, ' € D, satisfy
lu—v]l2 <e ||/ =2 <e€, then

ul AT Ak < vT AT ARV + omax (AT ALK (Ju — vllo + [t/ — 0'[|2) < A + 20 max (A[T A[K])e.

3" We can straightforwardly build an e-net D’ in S in such a way that the ||-||o-distance between every
two distinct points of the net is > €, so that the balls B, = {z € R® : ||z — v||s < ¢/2} with v € D’
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are mutually disjoint. Since the union of these balls belongs to B = {z € R* : ||z]|s < 1+ ¢/2}, we
get Card(D')(€/2)? < (1 + ¢/2)4, that is, N; < Card(D’) < (1 +2/e€)4.

Let us set € = 1. When using the second inequality of 7 we conclude that the probability of
violating the premise in (A.78) with A = 2Am~'/2 and A < y/m does not exceed 2 exp{—% +dIn[l1+
2¢71]} = 2exp{—% + dIn[9]}. Setting A\ = \/m/4, we conclude that when m > 1281n(4n?/d) +
256d1n(3), one has

y 1
Prob{ max. Omax(C° — 1) > 5} < o

1<e<

that is, with probability at least 1 — 5= all the matrices C* + I, = AT[(]A[(] =: G* are invertible with
maxj<¢<k O'max([Gz]_l) S 2.
In the same way, using (A.79) and the first inequality of (A.77) we obtain

A= /3In(4n3/d?) + 6d1n(3) < v/m = Prob {amax([AT[k]A[ﬁ]) < j—A_ Vk # e} >1- L

m on’

We conclude that for properly chosen absolute constants C, Cy under the condition m > C; max[d, In(n)]
we have

Prob {amaX(AT[k]A[e]) < Oo/[d + In(n)]JmVk # €, o (AT[JA[0)Y) < zw} >1- -,

so that by the definition of the mutual block-incoherence

Prob{A : u(A) < Cor/[d+ In(n)]/m} > 1 — % .

A.11 Proof of Lemma [6.1]

The proof below follows the lines of the proof of Proposition 10 of [22]. Let =% be given by .c).
Let us fix £ € EF, u € U and = € R" such that L;(Bx — [Bz|*) < v, and let n = u + &, so that
Loo(H™n) < p due to € € ZF. We will proceed by induction. First, let us show that (ap_i,bx_1)
implies (ay, by). Thus, assume that (aj_1,bx_1) holds true. Let z*~1 = 2 —v*~Y With g and A as
defined at k-th step of the algorithm, we have
Bz*Y —g = Bz — Bo* Y - g (y — Av* V) = (B - H ' A)(z — v V) — HTy
VB — gy,

by (6.46la). Now, due to (6.46/b) and the fact that L..(H*n) < p by (6.46/c), we have
Loo(B2*%Y — ¢) < Loo(VB2% V) 4 Loo(H ) < L1 (B2% V) + p < Fap_1 + p:=rv, (A.80)

where the last inequality is due to (by—1). Let us fix j € {1, ..., K'}; let us consider the case |||y = ||-
|l2. Observe that A[j] is the closest to 0 point of the Euclidean ball S; = {w € R™ : ||lw—g[j]|l2 < v}.
By the properties of the Euclidean projection, for any w € S;, [[w — A[j]|]2 < ||w]|2, and, since by
(A.80) (Bz*=V)[j] € S;, we have

1Bz D[]l = 1(B2*7Y = M)l < [(B2*") [l < |(B2)[j]]l2, (A.81)

since by (ax_1), |(Bz*")[j][l2 < [[(Bz)[j]||2- In the case where || - [jy = || - [l We note that Aj; is
the closest to 0 point of the interval S;; = [g;; — v, g;; +v], i = 1,...,n;, and by (A.80)), the segments
Sji cover (BzF~1);;. We conclude that Aj; € Conv {0, (Bz*~Y);;}, so that

1Bzl = 1(B2EY = A)jllloo < (B [j]llee < 1(B2)lj]lloc
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where the last inequality is by (ax_1). Together with (A.81)) this implies (ax). Further, we have by

(A.80):
Loo(Bz%)) = Lo(Bz*Y — A) < 20 = 2304,_1 + 2p.

Let now I C {1,..., K} be the set of indexes of the s largest in magnitude blocks in Bz, and
J={1,...,K}\ I. Now by (ay),

L(BAY) = Ly((B®)) + L([B=9],) < S IB) g + 3 1Bl
jeI Jjé¢1
< 5Loo(Bz*Y — A) 40 <250+ v = oy

we conclude that (bg) holds, what completes the induction step.
It remains to show that (ag, by) holds true. Since (ag) is evident, all we need is to justify (by). Let

Oy — Ll (B$),
and let g = H'y. Same as above (cf. (A.80)), we have for all i:

Lo(Bz — g) < Ha, + p.

Then
a, = Ly(Bz)= Li([Bzx];) + Li(Bx — [Bx]*)
< > lllglilllgy + Few + ol + v < Laa(g) + s + sp + v,
jel
Hence ,
< ag = L) Fspt o
1—s%
what implies (b). |
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