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In the past decade, problems related to {; /nuclear norm minimization have
attracted much attention in the signal processing, machine learning and opti-
mization communities. In this paper, devoted to ¢; /nuclear norm minimiza-
tion as ‘optimization beasts’, we give a detailed description of two attractive
first-order optimization techniques for solving problems of this type. The first
one, aimed primarily at lasso-type problems, comprises fast gradient meth-
ods applied to composite minimization formulations. The second approach,
aimed at Dantzig-selector-type problems, utilizes saddle-point first-order algo-
rithms and reformulation of the problem of interest as a generalized bilinear
saddle-point problem. For both approaches, we give complete and detailed
complexity analyses and discuss the application domains.
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1. Introduction
1.1. Motivation

The goal of this paper is to review recent progress in applications of first-
order optimization methods to problems of ¢; /nuclear norm minimization.
For us, the problems of primary interest are the lasso-type problems,

Opt = min{A|z] + | 4z - b]3}, (L1a)

and the Dantzig-selector-type problems,
= mi : — <9d¢. .
Opt = min{ ] : | Az — b}, < 5} (L1b)

Here E is a Euclidean space, || - || is a given norm on E (often different from
the Euclidean norm), = — Az is a linear mapping from E to some R, and
b € R™ is a given vector. In (1.1a), A > 0 is a given penalty parameter. In
(1.1b), 6 > 0, and p is either 2 (‘/-fit’), or oo (‘uniform fit’).! We will be
mainly (but not exclusively) interested in the following cases:

o (1 minimization, where E =R" and || - || = || - |1,

e nuclear norm minimization, where E = R** is the space of u x v
matrices and |- || = ||+ |lauc is the nuclear norm, the sum of the singular
values of a matrix.

The main source of ¢; minimization problems of the form (1.l1a,b) is
sparsity-oriented signal processing, where the goal is to recover an unknown
‘signal’ x € R™ from its noisy observations y = Bx + £, where & is the
observation error. The signal is known to be sparse, i.e., it has at most s < n
non-zero entries. The most interesting case here is compressive sensing,
where the observations are ‘deficient’ (m = dimy < n = dimz). Hence
the observations themselves, even noiseless ones, do not allow recovery of x
unless some additional information on z is utilized, e.g., sparsity.

The conceptually simplest way to recover a sparse x from noiseless ob-
servations is offered by £y minimization, where we minimize the ¢y ‘norm’
of z € R™ (i.e., the number of non-zero entries in x) under the restriction
Bx = y. It is immediately seen that if y = Bz, for some x, with at most s
non-zero entries, and if every 2s columns of B are linearly independent, then
the o minimization does indeed recover x,. The independence condition is
true, for example, for any m X n matrix B in ‘general position’ provided
that m > 2s.

! The restriction p € {2,000} is met in all applications of Dantzig selector models known
to us. However, the following results can be straightforwardly extended to the case of
p € [2,00] (but not to the case of 1 < p < 2).
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This procedure, however, is heavily computationally intractable. To make
it tractable, we can replace the £y norm by its ‘closest’ convex approximation
| < |l1. Thus we come to the recovery problem z € arg min,{||z||1 : Bx = y},
i.e., problem (1.1b) with A = B, b=y and 6 = 0.

A natural way to account for the observation noise ¢ having || - |2 mag-
nitude not exceeding a given ¢ is by passing from minimization of || - ||y
on the subspace Bx = y to minimization of this norm over the set {z :
| Bz — y||2 < d} of all signals compatible with our observations. Thus, we
come to problem (1.1b) with p = 2. Note that the lasso problem (1.1a) with
|-l =1l - |l1 can be viewed as a re-parametrization of (1.1b) with p = 2.
Indeed, geometrically, the curve of solutions to (1.1b) parametrized by ¢ is
the same as the curve of solutions to (1.1a) parametrized by A. In some
situations (e.g., when the magnitude of the observation error is not known),
the latter parametrization is better than the former one.

For random observation error ¢ (e.g., white noise & ~ N(0,021,,)), it
would be too conservative to measure the noise in terms of its || - |2 mag-
nitude, since this approach results in growth of & with m as oy/m, and
essentially ignores the random nature of the noise. From the statistical
viewpoint, in this case it is much better to pass to ‘artificial’ observations
b = H"y, where H is a properly selected ‘contrast matrix’ with columns
h',... h € R™. Then b= (H' B)x + ¢ with the uniform norm of the new
observation error £ = HT¢ of order o max; ||h/||2. We can now apply the
above recovery routine to the artificial observations, to obtain the estimator

Te arg1r;in{\|x||1 : HHTBx—b}loog 0=14(e) := 0 max ||hi||2ErfInv<;()},
A

where ErfInv(-) is the inverse error function, and 1 — € is the desired confi-
dence. Note that our d(¢), with probability at least 1 — e, is an upper bound
on the uniform norm ||H7¢||o of the new observation error. This bound is
‘nearly independent’ of € and the dimensions of the problem. The resulting
recovery routine is exactly (1.1b) with p = co.?

Nuclear norm minimization can be viewed as the ‘matrix analogue’ of
sparsity-oriented signal processing, with the u X v matrix x playing the role
of the n-dimensional signal vector, and the rank of the matrix (i.e., the £
norm of the vector of its singular values) replacing the number of non-zero
entries in a vector. As in the case for the usual sparsity, the nuclear norm
approach can be viewed as the ‘best convex approximation’ of the rank,
which gives rise to problems (1.1a,b) with || - || = || - ||nuc-

2 The actual Dantzig selector as defined by Candes and Tao (2007) corresponds to the
situation when all columns in B are normalized to have unit || - ||z norm, and H = B.
For other choices of the contrast matrix, see Juditsky and Nemirovski (2011¢) and
Juditsky, Kiling Karzan, Nemirovski and Polyak (20135).
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1.2. Justification of {1 /nuclear norm recovery

We have already mentioned that ¢; /nuclear norm minimizations are just
‘convex approximations’ of fp/rank minimization. This gives rise to the
crucial question of whether and when these approximations can be ‘justi-
fied’, that is, whether and when they admit meaningful error bounds in the
case of noisy observations and nearly sparse/low-rank signals. Here, ‘mean-
ingful’ means that the recovery error should tend to zero as the magnitude
of noise and the deviation of the signal from sparse/low rank tend to zero.
While the ‘justification issues’ go beyond the scope of this paper, which is
devoted to (1.1a,b) as ‘optimization beasts’, we believe it makes sense to
comment on them very briefly. The numerous related results in the litera-
ture (see Candes 2006, Candes and Tao 2006 and Candes, Romberg and Tao
2006, and references therein) show that by imposing appropriate conditions
on the sensing matrix, the outlined procedures can indeed be justified. A
typical result is as follows.

Theorem (Juditsky et al. 2013b). Let s be a positive integer, and let
a sensing matrix B € R™*" satisfy the restricted isometry property with
parameters k and k, meaning that for every k-sparse signal x we have

(1= #)llz]l3 < 2" BYBx < (1 + #)|«3-

Let z, € R™ be the ‘true signal’, and let y = Bz, + £ be the observation.
Assume that k£ > 2s and « <0.1.

(i) Let the observation error ¢ satisfy ||€||2 < § with a given 6 > 0. Then
the optimal solution Z to the Dantzig selector problem

min{ |y : [ Bz — yll2 < 0}
satisfies
|12 — zullr < O()[s7 26 + 57 Yaw —afn], 1<r<2,

where xf is the best s-sparse approximation of z, obtained by replacing
all entries of z, with zeros except the s largest in magnitude.?

(ii) Let the observation error ¢ be Gaussian, & ~ N(0,0%1), and let € €
(0,1/2). Then the optimal solution Z to the Dantzig selector problem

mzln{||m||1 BT (Bz — ) |loo <0 := 20/2In(m/e)}
satisfies
17— 2.l <O)[s76 + 57z —ailh], 1<r<2,

with probability at least 1 — e.

3 Here and in what follows, O(1) stands for positive absolute constants.
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It is also known (see, e.g., Candes 2006, Candes and Tao 2006 and Candes,
Romberg and Tao 2006) that for a ‘good’ probability distribution P on R™*"™
(e.g., the entries are independent A/ (0, 1/m) random variables, or they take
the values +1/y/m independently with probability 1/2), if m and n grow,
then the matrix drawn from P satisfies, with probability approaching one,
the restricted isometry property with parameters x = 0.1, and k as large as
O(1)m/In(2n/m).

Similar results hold for nuclear norm recovery, but with rank in the role of
the sparsity parameter s, the Frobenius norm replacing ||-||2, and ||z, —z% || suc
replacing ||z, — x||1.

In problems (1.1a,b), the most frequently used norms are of course ¢; and
the nuclear norm. However, there are other important norms (the list below
is not exhaustive).

e Block ty/ty norm ||z = 377, |27 |2, where 27 € R¥i are non-over-
lapping blocks in the (k1 + - - - + kj,)-dimensional signal z. This norm
is used when there are reasons to believe that the true signal is block-
sparse, i.e., the number of non-zero blocks in an a priori known parti-
tion of the signal is relatively small.

o Total variation (the so-called TV norm) is defined on the space R**¥
of 1 X v images x, normalized to have 11 = 0. Then

p—1 v p v—1
TV(@) =D > |wivrg — @il + Y i — @il
=1 j=1 =1 j=1

This is a discrete analogue of the L; norm of the gradient field of a
function. It is very popular for de-noising and de-blurring images.

The literature on design, justification, and applications of problems (1.1a)
and (1.1b) with the outlined norms is really huge and rapidly growing. To
gain some impression of it, we refer the reader to the papers by Bach, Mairal
and Ponce (2008), Baraniuk, Cevher, Duarte and Hegde (2010), Bickel, Ri-
tov and Tsybakov (2008), Cai, Candes and Shen (2008), Candes (2006),
Candes and Recht (2008), Candes and Tao (2006, 2007, 2009), Candes,
Romberg and Tao (2006), Chandrasekaran, Recht, Parrilo and Willsky
(2012), Chandrasekaran, Sanghavi, Parrilo and Willsky (2011), Chesneau
and Hebiri (2008), Cohen, Dahmen and DeVore (2009), Donoho and Tanner
(2005), Donoho, Elad and Temlyakov (2006), Eldar, Kuppinger and Bolcskei
(2010), Elhamifar and Vidal (2012), Huang and Zhang (2010), Juditsky
and Nemirovski (2011a, 2011¢), Juditsky, Kiling Karzan and Nemirovski
(2011a), Juditsky et al. (2013b), Juditsky, Kiling Karzan, Nemirovski and
Polyak (2011b), Liu and Zhang (2009), Liu, Shang, Jiang and Liu (2010),
Lounici, Pontil, van de Geer and Tsybakov (2011), Meier, van de Geer and
Bithlmann (2008), Meinshausen and Yu (2009), Nardi and Rinaldo (2008),
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Recht, Fazel and Parrilo (2010), Recht, Xuy and Hassibi (20115), Rudin,
Osher and Fatemi (1992), Tibshirani (1996), Tropp (2006) and Yuan and
Lin (2006) for design and justification of recovery routines, and Herman and
Strohmer (2007), Lustig, Donoho and Pauly (2007), Men et al. (2011), Dali,
Sheikh, Milenkovic and Baraniuk (2009), Parvaresh, Vikalo, Misra and Has-
sibi (2008), Santosa and Symes (1986), Studer et al. (2012), Taylor, Banks
and McCoy (1979), Vasanawala et al. (2010) and Wagner, Schmieder, Stern
and Hoch (1993), and references therein, for applications in imaging, in-
cluding biological and hyperspectral imaging, radar control, magnetic reso-
nance, bioinformatics, design of photonic crystals, and inverse problems in
geophysics, to name just a few.

1.3. Algorithms

Problems (1.1a) and (1.1b) are well-structured convex optimization prob-
lems. Hence, they can be solved in a theoretically efficient fashion. For
example, all these problems are within the ‘theoretical grasp’ of polynomial-
time interior-point methods (IPMs) for linear programming (¢; /total varia-
tion minimization with uniform fit), conic quadratic programming (¢; /total
variation minimization with ¢y fit, and ¢;/f2 minimization) and semidefi-
nite programming (nuclear norm minimization). The ‘interior-point option’
should definitely be kept in mind when processing (1.1a,b) numerically. The
difficulty, however, is that numerous applications lead to extremely large-
scale problems, with sizes of A in the range of tens and hundreds of thou-
sands, or even millions. In addition, it is necessary to operate with highly
dense analytically given sensing matrices A. For example, those matrices
typically arising in compressive sensing are randomly selected submatrices
of discrete Fourier/Hadamard transform matrices, or matrices with indepen-
dent entries drawn from Gaussian or binomial distributions. As a result, in
most large-scale applications our problems of interest go beyond the ‘prac-
tical grasp’ of IPMs with their time-consuming iterations (in the dense case
their complexity has cubic dependence on design dimension).

There seems to exist a consensus that the only methods in the modern
‘convex optimization toolbox’ that are applicable to the large-scale prob-
lems of /1 /nuclear norm minimization are the first-order methods (FOMs).
As far as problems (1.1a,b) are concerned, one can define FOMs to be algo-
rithms based only on computing matrix—vector products involving matrices
A and AT and avoiding the matrix-matrix multiplications/Cholesky de-
compositions with ‘large-scale’ operands needed by IPMs. One can think
of an FOM as an algorithm which, instead of direct access to the data ma-
trix A, is allowed to call a ‘multiplication oracle’ which, given on input a

4 In addition to our (by far incomplete) list of references, we refer the reader to the
depository Compressive Sensing Resources at http://dsp.rice.edu/cs.
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vector of appropriate dimension, returns its products with A or AT. In the
large-scale case, iterations of typical FOMs are vastly cheaper than those of
IPMs.

This is the main argument in favour of FOMs in large-scale applications.
In the context of ¢;/nuclear norm minimization problems, an additional
argument is that the geometry of these problems is especially well suited to
first-order minimization. As applied to such a problem, properly designed
FOMs exhibit dimension-independent rates of convergence (or nearly so).
Unfortunately, this rate of convergence is only sublinear. In contrast to the
linear convergence of IPMs, the inaccuracy tends to zero with the number
of iterations t as O(1/t?) at best, or even O(1/t) (see below). However,
in the majority of applications of ¢; /nuclear norm minimization, we are
not interested in high-accuracy solutions, only in medium-accuracy ones.
Thus the relatively slow convergence of FOMs is more than compensated
for by their insensitivity to problem size. FOMs are especially attractive
in the case of /1 minimization, where the computational effort per iteration
reduces essentially to O(1) matrix—vector multiplication involving A and
AT, As a result, any acceleration of matrix—vector multiplications allowed
by sparsity or the special structure of A directly translates into overall
acceleration of the solution process.® In order to gain an impression of what
can be achieved in this way, look at the data in Table 1.1.

1.4. Scope and organization of the paper

In the literature we find an extremely wide spectrum of FOMs aimed at
our problems of interest. They range from adaptations of general-purpose
convex optimization techniques (e.g., a multitude of proximal-point algo-
rithms, numerous methods based on augmented Lagrangians and alternat-
ing directions, active set methods, etc.) capable of solving (1.1a,b) in-
dependently of any assumptions on sparsity of their optimal solutions, to
highly specialized algorithms based on thresholding and matching pursuit,
and aimed at recovery of sparse/low-rank near-optimal solutions. Some im-
pression of the related literature can be obtained from Beck and Teboulle
(2009a, 2009b), Becker, Candes and Grant (2010), Chambolle (2004), Gold-
farb and Ma (2011), Goldfarb, Scheinberg and Xi (2011), Goldfarb and Yin
(2009), Huang, Ma and Goldfarb (2013), Jaggi and Sulovsky (2010), Lee et
al. (2010), Liu, Sun and Toh (2012), Ma, Goldfarb and Chen (2011), Nes-
terov (2007b), Recht, Ré, Wright and Niu (2011a), Osher, Mao, Dong and
Yin (2010), Qin and Goldfarb (2012), Recht and Ré (2011), Scheinberg, Ma

® Recall that in many applications A is a submatrix of the DFT/Hadamard transform,
or represents a discrete convolution, and as such allows for fast matrix—vector multi-
plications.
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Table 1.1. IPM versus FOM on ¢; minimization problem (1.1b) with £
fit and 6 = 0.006. A is the m x n matrix comprising real and imaginary
parts of randomly selected m/2 rows in the unitary n x n DFT matrix;
Zres 18 the solution found by the method. Platform: Intel Core i7 CPU
M620 @ 2.66 GHz 2.66 GHz 8 GB RAM under Windows 7 64-bit.

PMmt FOM?
mxn | Zres|]li  CPU (sec) |zres]l1  CPU (sec)
256x512 0.971 1.2 0.977 2.0
512x1024 0.963 9.1 0.967 2.3
1024 %2048 0.951 71.3 0.954 10.7
20484096 0.946 644.9 0.957 20.1
4096 <8192 0.933 5768.5 0.937 53.0
8192x16384 out of memory 0.931 53.5

t Commercial IPM solver mosekopt.
' FOM (Mirror Prox: see Section 3) using FFT.

and Goldfarb (2010), Shi, Yin, Osher and Sajda (2010), Wen, Yin, Gold-
farb and Zhang (2012), Wen, Yin, Zhang and Goldfarb (2012), Yang and
Yuan (2013) and Yin, Osher, Goldfarb and Darbon (2008), and references
therein. Although our sample is far from complete, we hope it is sufficiently
representative. A more detailed overview of the extremely wide spectrum
of FOMs proposed for ¢;/nuclear norm minimization seems to be an im-
possible task, going far beyond the scope of this paper. Here we intend to
consider just two approaches in depth:

e composite minimization for lasso problems (1.1a),

e saddle-point O(1/t)-converging first-order algorithms for Dantzig selec-
tor problems (1.1b).

The rationale behind this selection is twofold. One consideration is that this
selection is the optimal fit to the professional expertise and research expe-
rience of the authors, presented in Lemarechal, Nemirovski and Nesterov
(1995), Nemirovski (2004), Nesterov (2005a, 2007a, 2007b, 2009), Judit-
sky and Nemirovski (2011b) and Juditsky, Kiling Karzan and Nemirovski
(2013a). Another consideration is that the selected methods are highly in-
structive examples of first-order algorithms with the currently best known
theoretical complexity guarantees in our context (large-scale ¢1 /nuclear norm
minimization). Specifically, assuming that the norm || - || in (1.1a,b) is one
of those mentioned in Section 1.1, the outlined algorithms exhibit O(1/t?)
(lasso) or O(1/t) (Dantzig selector) rate of convergence with ‘natural’ and
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nearly dimension-independent hidden factors in O(-). For example, we shall
see the following.

e Applied to the ¢ /nuclear norm lasso problem, composite minimization
ensures that inaccuracy in terms of the objective after ¢ = 1,2,...
iterations does not exceed O(1)In(dimz)L?||z*||?/t?, where z* is an
optimal solution to the problem and L = max{||Az||2 : ||z| < 1}.

e Applied to the ¢; /nuclear norm Dantzig selector problem, saddle-point
methods allow us to find a solution of accuracy € in at most

O(1)/In(dim z)[In(dim Az)]*/27YP(L - Opt/e) In(L - Opt/e)
iterations, where Opt is the optimal value of the problem and
L = max{||Az], : llz] < 1}.

To put these results into proper perspective, note that there are strong
reasons to believe that these convergence rates are the best achievable by
FOMs in the large-scale case. Specifically, it is known (Nemirovski 1992)
that when solving the least-squares problem

min {||Az —bl2 : [|z]|2 < R}

by a multiplication-oracle-based algorithm, with zero optimal value and
spectral norm of A not exceeding L, the number of oracle calls needed to
achieve accuracy € in terms of the objective in the large-scale case n > LR/e
cannot be smaller than O(1)LR/e. It immediately follows that the outlined
O(1/t?) and O(1/t) rates of convergence are indeed unimprovable when
solving large-scale lasso/Dantzig selector problems with || - ||2 in the role of
| - |. Rigorously speaking, this observation does not imply similar conse-
quences for ¢; /nuclear norm minimization. However, common sense, in full
accordance with what is known on the subject so far, strongly suggests that
the latter problems can hardly be much easier than ‘/s minimization’. Thus,
the algorithms we intend to focus on are indeed most probably optimal in
the large-scale case.

The rest of the paper is organized as follows. The constructions and re-
sults related to composite minimization in general, and its application to
lasso problems in particular, are presented in Section 2. This section also
contains a description of prorimal set-ups underlying all algorithms con-
sidered in the paper. Section 3 is devoted to saddle-point algorithms and
their applications to Dantzig selector problems. To make the paper self-
contained, we present all necessary proofs, independent of whether their
reference substitutions are available. All proofs are relegated to the Ap-
pendix.

Henceforth we shall operate with elements from direct products of Eu-
clidean spaces ' = Fy X ---X Ex. An element x of F will usually be denoted
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by o = [z!;...;2K], where 27 € Ej is the jth block of x. The inner product
of two vectors x,y from a Euclidean space E is denoted by (x,y). It is
always clear from the context which Euclidean space is meant. The inner
product on F = E; X --- X Ef is always inherited from the inner products
on the Ej, that is,

KLh ™D =) @),

J

<[m1;...;x

For any norm |- ||g on a Euclidean space E, its conjugate norm is denoted
by [ - [l 5,
|zll . = max{(z,y) : lyllz < 1}. (1.2)

For a linear map x — Ax : E — F, where E and F are Euclidean spaces,
the conjugate map y — A*y : FF — E is given by the identity

(y, Ax) = (A*y,x), xze€ E,y€F.

Given norms || - ||z, || - ||[r on Euclidean spaces E and F, the induced norm
of a linear map z +— Az : E — F' is defined by
1Al g1 = max{ | Az]|p : [l2]lp < 1} (1.3)

Note the identity

NAN -1z 012 = TAT

-7 -1l

2. Composite minimization and lasso problems
2.1. Preliminaries: proximal set-up

The algorithms we are about to consider are of proximal point type. It
makes sense to start by describing the proximal set-up underlying the meth-
ods of this family. Let Z be a closed convex domain in Euclidean space E.
A prozimal set-up for Z is given by a norm || - ||z on E (not necessarily the
Euclidean one), and a distance-generating function (DGF) w(z) : Z — R,
with the following properties.

e w(+) is a continuous convex function on Z.

e w(-) admits a selection of subgradients which is continuous on Z° =
{z € Z : 0w(z) # (}: there exists a continuous vector field w'(z2) :
Z° — E such that w'(z) € dw(z) for all z € Z°.

e w(-) is strongly convex with modulus 1, with respect to || - ||z, that is,
(W (2) = (), 2 =2 > ||z = 2||%, forallz,2 € Z°.

The proximal set-up gives rise to several concepts heavily exploited in the
associated proximal-point algorithms, as follows.
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e The w-centre z, = argmin,cz w(z) € Z°.

e The Bregman distance V,(w), defined for z € Z°, w € Z by the relation
1
Va(w) = w(w) = w(z) = (W'(2),w = 2) > Sllw = 2|, (2.1)

where the final inequality is due to the strong convexity of w(-).

e The proz-mapping Prox,(§) : E — Z°, parametrized by the prox-centre
z € Z° and defined by

Prox,(§) = arg glég[(ﬁ,w) + V.(w)] = arg 3161%“5 —w'(2),w) + w(w)].

Perhaps the most important property of this mapping is the inequality
(& 24 —w) S Va(w) = Vay (w) — Va(z4), (2.2)
for all w € Z, where z € Z°, £ € E and z; = Prox,(&).

e The w-radius. Let Z' be a bounded subset of Z containing z,. The
w-radius of Z’ is the quantity

Q7' = \/2 [maxw(z) — min w(z)] . (2.3)

zeZ'! z€Z

The name stems from the immediate observation that

|z — zulle < V2V2,(2) < Q[7], (2.4)

for all z € Z’. Indeed, we clearly have Prox,_ (w'(z,)) = 2, whence by
(2.2), (W'(2w), 2 — 2wy > 0 for all z € Z, and thus

1
Sz = 2l < Ve (2) S w(2) —w(z),

forall z € Z.

2.1.1. Some useful proximal set-ups

Our selection of proximal set-ups is primarily motivated by the desire to
obtain the currently best known complexity estimates in the applications
we are interested in (for more details on this subject, see Section A.6 in the
Appendix). Note that this goal can be achieved not only with the set-ups
we intend to present but with other set-ups too. For the sake of brevity we
do not discuss these alternatives, referring the interested reader to Juditsky
and Nemirovski (2011b) (where one should ignore a completely incorrect
version of the ¢1 /¢y set-up). The structure of our presentation is as follows.
We consider a Euclidean space E and a norm || - ||z on E. For every such
normed space we suggest a ‘good’” DGF for two ‘canonical’ sets Z, namely
Zp(l)={z€ E: ||z||p <1}, and Z = E (we will see that these are exactly
the cases we are primarily interested in).
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It turns out that all our needs in this paper can be covered just by three
proximal set-ups.
The £1/ly norm. Let E = RE1xxkn g5 that z € E is a block vector:

z = [z';...;2"] with blocks 2/ € R¥. Let us equip E with the ¢1/fs

norm ||z = [21;...;2"]||p = > i1 |27]|2. Note that this situation covers, as

extreme cases,
e the plain ¢, norm on R¥, which occurs when n =1,
e the plain ¢; norm on R", which occurs when k; =--- =k, = 1.
Theorem 2.1. Given F and || - ||g as specified, let
Z=Zg(l):={z€ E:|z|g <1}
Then the function w : F — R defined by

1 <
ZA;XNﬂ%, (2.5)
j=1

2 <2 L n=1

where p =< 7 "= ", andy=< 1/2, n=2
1

1+m, n >3, 1

eln(n)’ n>2,

is a DGF for Z compatible with || - ||z, and
Q[Z] < y/2eln(n+1). (2.6)

Corollary 2.2. Let E and ||-| g be as in Theorem 2.1. Then the function
w: E — R, given by

n@n@p

2
w(z) = b:WWd (2.7)
with p, v given by (2.5), is a DGF for Z = E compatible with || - ||z, and
Q{ze E:|z|le <R} <O(1)y/In(n+1)R, forall R > 0. (2.8)

The Fuclidean set-up. In the case of n = 1 the above construction yields
| “llg =" |l2, w(z) = 3272 for both Z = Zg(1) and Z = E. In fact, for
every Euclidean space F, the Euclidean norm ||z||g = ||z||2 := /{2, 2) and
DGF w(z) = 3(z,2) yield a proximal set-up for E. Restricting w(-) to a
closed convex domain Z C E, we get a proximal Euclidean set-up for Z.

The nuclear norm. Let E be the Euclidean space R**" of 1 x v matrices
equipped with the Frobenius inner product. We assume without loss of
generality that 4 < v. Let 0(2) = [01(2);...;0,(2)] be the vector of singular
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values of z € E, taken in non-ascending order. Let || - ||z be the nuclear

norm || - [lue(2) = [lo(2)[1 on E.

Theorem 2.3. With E and || - |g as specified, let
Z=Zg(l)={z€E:|z|g <1}

Then the function w : Z — R defined by

O.)(Z) — 4\/61I1(2,U,) ZO’H_Q(Z),

. h =
2001 + ) S where ¢

— 2In(2u)’ (29)

is a DGF for Z compatible with || - | g, and

Q7] < 2y/2veln(2u) < 44/In(2p). (2.10)

Corollary 2.4. Let E, u, v, ||-||g be as in Theorem 2.3. Then the function
w: F — R, given by

2

H 1+q
1
5(2) = 2eln(2 Il here ¢ = 2.11
w(z) = 2eln u[z:: ] » where g =5y oy (2.11)
is a DGF for Z = E compatible with || - ||, and
Q{ze E:|z|lg < R} <O0(1)y/In(2u)R, for all R > 0. (2.12)

Computational issues. For all the following algorithms, an iteration requires
O(1) computations of the prox-mappings. Therefore, except for the com-
plexity bounds of the associated algorithms (i.e., bounds expressing the
decay of the error of approximate solutions as a function of the number of
iterations), a particular proximal set-up affects the complexity of an iter-
ation. Let us now look at the computational cost of a single computation
of this type for the outlined set-ups and our ‘canonical’ Z. Observe that
computing the value of prox-mapping at a given input essentially reduces
to finding, for a given £ € F, the point z4 defined by

zy = arg Igél?{cd(,z) +(¢,2)}. (2.13)

(A) When |[z};...52"||g = > |27]]2 is the ¢1/f2 norm on E = RF x

- x R*» and the DGF is either (2.5), or (2.7), then solving (2.13) is easy.
Indeed, it is immediately seen that the blocks zi in z; are multiples, with
non-positive coefficients, of the blocks &7 in €. This reduces finding z, to
solving either a problem of the form

gﬁ%{pZtﬁ?—ajtj:tzo,thg* (2.14)
i=1 j=1
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(Z = Zg(1) and DGF (2.5)), or a problem of the form

1 n 2/p n
: p g
gﬁ%{Q(;%) ;ajt] .t20} (2.15)

(Z = E and DGF (2.7)). In both cases, p € (1,2] and «; > 0. Now, (2.14)
is a simple convex problem with a separable objective function and one
separable linear constraint. As such, it can be solved to machine accuracy
in just O(n) arithmetic operations.® Problem (2.15) is even easier. It admits
the closed-form solution t = ||a||§,p72)/(p71)7', where

T= [ai/(p_l); .. .;a,ll/(p_l)] and ¢q= P

p—1

As a result, in the cases under consideration the complexity of computing
the prox-mapping is linear in dim F.

(B) When [|-|| g is the nuclear norm on £ = R#*¥ and the DGF w(-) is given
by (2.9) or by (2.11), solving (2.13) essentially reduces to computing the
singular value decomposition (SVD) ¢ = UDVT of the matrix ¢&. The main
observation is that, with our DGFs, z, is of the form z, = UGV, where
G is a diagonal matrix with non-positive diagonal entries —t;, 1 < j < w.”
Computing the t; clearly reduces to solving a problem of the form (2.14)
when Z = Zg(1), or (2.15) when Z = E, with p in the role of n and o;(§)
in the role of a;. Thus, in the case of the nuclear norm, our set-up remains
practical in the range of sizes p, v allowing for reasonably fast SVD.®

With the Euclidean proximal set-up, prox-mapping reduces to the metric
projection onto Z. In situations (A) and (B), the computational cost of
the Euclidean prox-mapping is the same as for the set-ups we have just
considered.

5 Indeed, for >, a;/(pfl), the optimal solution to (2.14) is given by t; = a;/(pﬂ).
Otherwise it is t; = t;(A\*), where t;(\) = max[a; — A,0]"/®~Y and A, is the unique
positive root of the equation Zj t;(A) = 1. This root can be rapidly approximated to
high accuracy, e.g., by bisection.
Indeed, due to rotational invariance of w(-) (w(PzQT) = w(z) for orthogonal P,Q), it
suffices to verify that if £ is diagonal then so is z4. Assuming £ to be diagonal, both the
feasible set and the objective of (2.13) are invariant with respect to the transformations
z + Diag{ei, ..., e, }zDiag{e1, ..., e, } with ¢, = £1. Since problem (2.13) is convex
with unique optimal solution z4 (recall that w(-) is strongly convex), this solution
is invariant with respect to the outlined transformations, implying that z4 is indeed
diagonal.
8 With the existing hardware and software and p ~ v, u, v can be in the range of a few
thousand.

=
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Remark 2.5. It can be seen immediately that when a DGF w(-) for Z C E
is compatible with a given norm || - ||z on F, and Z' C Z is a closed convex
set intersecting the relative interior of Z, then the restriction of w(-) onto
Z' is a DGF for the latter set, still compatible with || - ||g. With this in
mind, the particular DGF's we have presented give rise to DGFs compatible
with || - || g, for all closed convex and non-empty sets Z' C Z, not only for
our ‘canonical’ unit || - ||g-ball and all of E. An immediate question here
is: When does this conversion not increase the computational complexity
of the prox-mapping too much? Here are some good examples of this type
associated with our ‘basic’ proximal set-ups.

(1) Let E = RF x - x REn lz]|p = Y25 (272 If Z = Zp(1) and the
DGF for Z is (2.5), the computational complexity of prox-mapping remains
basically intact when Z’ is obtained from Z by imposing upper bounds
|27]]2 < rj on some of the blocks 27 of z € Z/, and, further, imposing

restrictions on signs of some of the entries in z. This also holds when
Z = E and the DGF for Z is (2.7).

(2) Let E =R |||g = ||||uue, and let E be the subspace of E comprising
all block-diagonal matrices z € F with a prescribed number n of diagonal
blocks 2/ € R%*¥i 1 < j < n, with some prescribed s Vi Restrlctlng the
DGF (2.11) to E and specifying || - H ~ to be the nuclear norm on E, we

obtain a proximal set-up for Z’ = E and do not increase the complexity
of the prox-mapping,’ since both the SVD of z € E and computing this
SVD are decomposable along the blocks 2J. We can further restrict the
blocks 2/ of z € E by (a) imposing upper bounds on the spectral norms of
some of the blocks, or (b) requiring some of the blocks 2/ to be symmetric
(and perhaps also positive semidefinite).!? All of this can be done without
greatly complicating the prox-mapping. We can proceed in the same fashion
with the DGF (2.9), getting the proximal set-ups for the nuclear norm ball
in the space of block-diagonal matrices and for the sets obtained from this
ball by operations (a) and (b). Again, this does not greatly complicate
the prox-mapping. In particular, we can thereby obtain reasonably good
proximal set-ups for the space of symmetric matrices equipped with the
trace norm, and for the positive semidefinite (PSD) cone in this space, and
for spectrahedra, i.e., intersections of the PSD-cone with trace norm balls
centred at the origin.

Remark 2.5 is fully applicable to Euclidean set-ups as well.

9 In fact it decreases, and quite significantly so when pi; < por v; L v.
10°0Of course, (b) relates only to square blocks z7.
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Remark 2.6. A discussion of proximal set-ups cannot be complete with-
out mentioning the entropy DGF":

n
n(z) = zilnz, z>0i=1...n

i=1

Its absence from our discussion is explained by the unconstrained nature of
the main problems (1.1a,b). Indeed, the natural feasible set for this function
is the simplex

An:{zERZ‘r:izizl}.
i=1

On this set, n(-) is a DGF for the || - ||; norm with Q[A,] = v2Inn. All the
results of this paper can be easily adapted to the entropy DGF provided
that we have additional simplex constraints in problems (1.1a,b).

2.2. Composite minimization via gradient methods

2.2.1. Problem formulation
The general problem of composite minimization is as follows. We want to
solve the convex program

min[¢(x) < f(x) + ¥()], (2.16)

where Z is a closed convex set in a Fuclidean space E equipped with a norm
|l - |z (not necessarily the Euclidean one), U(z) : Z — RU{+o00} is a lower-
semicontinuous convex function which is finite on the relative interior of Z,
and f : Z — R is a convex function with Lipschitz-continuous gradient,
that is,

IVi(@) =ViWlles < Lillz —ylle, 2ye2 (2.17)

Recall that || - ||z« is the norm conjugate to || - |z (see (1.2)).
Condition (2.17) ensures that

FW) ~ @)~ (V@) —2) < Ly}, foralzyez,
whence by (2.1)
fy) = f(@) = (Vf(z),y —2) < LyVi(y), forallze Z° yeZ (2.18a)
fly) = flx) = (Vf(x),y —x) < LfVy(x), forallye Z° xe Z. (2.18b)

To avoid unnecessary complications, we assume the constant Ly > 0 is
known. At the end of Section 2 (see Algorithm 2.15) we discuss an efficient
strategy for using its updated approximations.
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From now on, we assume that Z is equipped with a proximal set-up
comprising our norm || - ||z on E and a DGF w(z) for Z compatible with
this norm. We associate with this function the composite prox-mapping

Proxu-(€) = argmin[(€,w) + LV (w) + ¥(w))

where z € Z° = {z € Z : Ow(z) # 0} and £ € E. Under our assumptions
this mapping is clearly well defined, since Z # () is closed and convex, w(-)
is continuous and strongly convex, with modulus 1, with respect to || - ||z,
on Z, while ¥ is convex lower-semicontinuous and finite on int Z. One can
easily check (see Lemma A.1) that it takes its values in Z°. To be useful in
practical methods, the composite prox-mapping should be easy to compute
(either by an explicit formula, or by a cheap computational procedure); we
assume this from now on. Finally, we assume that (2.16) is solvable.

2.2.2. Gradient algorithms for composite minimization

In this subsection we present several methods for minimizing composite
functions. For the Euclidean DGF these methods were suggested in Nesterov
(2007b). The fast gradient method with Bregman distances was proposed in
Nesterov (2007b). The most general form of these methods with stochastic
oracle was justified by Devolder (2011). In the Appendix we give simplified
versions of the corresponding proofs.

Preliminaries. Analysis of the subsequent composite minimization methods
is based on the following simple observation.

Lemma 2.7. Let f:Z — RU{+o0} be a convex function such that the
difference f — Lw for some L > 0 is convex lower-semicontinuous on Z and
finite on the relative interior of Z. Let w = argminy,ecz f(w). Then w € Z°,
and for all w € Z we have

f(w) = f(w) + LV (w). (2.19)

The primal gradient method. Inequality (2.19) justifies the following algo-
rithm.

Algorithm 2.8 (primal gradient method).
Choose zy € Z°
For t > 0 do
Ti41 = Proxw z, (V f(21)) o

Let x* denote an optimal solution to problem (2.16).
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Theorem 2.9. Let the sequence {z;}+>0 be constructed by Algorithm 2.8.
Then ¢(x411) < ¢(z), and for every T' > 1 we have

T

Y (d(ar) = $(a")) < LyViy(2¥). (2.20)

t=1
As a result, for every t > 1, setting 2! = %Zizl x;, we have

maX[¢($t)7 ¢(xt)} — o(x7) t

(2.21)

and x4, 2! € Z.

The dual gradient method. In contrast to the primal gradient method (Al-
gorithm 2.8), which ensures a sequence of monotonically decreasing function
values {¢(x¢)}+>0, our next method is not monotone.

Algorithm 2.10 (dual gradient method).
Set ss=0€ FE
For t > 0 do
xy = Proxyy », (st)
yr = Proxy (V[ (1))
St41 = St + Vf(xy) O

Theorem 2.11. Let {x:};>0 be constructed by Algorithm 2.10. Then
x¢ € Z°, so that the auxiliary points y, t > 0, are well defined and belong
to Z°. For every T > 1 we have

T—
(0(ye) = ¢(7)) < LV, (27). (2.22)
0

—

t=

As a result, letting 4* denote the best of the points yg, ..., ¥;_1, in terms of
the values of ¢, and letting y' = %Zi;%) ys be the average of these points,
we have for all ¢t > 1

L)

max[6(5"), 6(y")] — 6(z") t

(2.23)

and i, ¢yt € Z.

Remark 2.12. It can be easily verified that, when redefining the points
{yt}+>0 in Algorithm 2.10 according to the usual composite gradient map-
ping, specifically,

yo = axgmin{ f(z) + (Vf(20),w = 20) + 3 Lgllw — o} + D)}, (224)
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one preserves efficiency estimates (2.22) and (2.23).
It is interesting that for justification of both Algorithms 2.8 and 2.10 we
use only inequality (2.18), which is weaker than the condition (2.17).

Fast composite gradient minimization. The methods we have described so
far solve the composite minimization problem (2.16) with the O(1/t) effi-
ciency estimate. We are about to describe a ‘fast’ method for the same
problem, with the O(1/t?) efficiency estimate.

The algorithm is as follows.

Algorithm 2.13 (fast gradient method).

Initialization g(w) = LV, (w), yo = 2w

For ¢t > 0 do
2(t + 2
(a) Compute z; = arg glelg Ui(w). Set 7 = (t—i—(l)—é_t—i)—él)
(b) Choose x¢+1 = ¢zt + (1 — 7)yy.

2L
(c) Compute 2441 = argmin |(V f(zi41), w) + U(w) + JVzt (w)].
weZ t+2

(d) Update y¢11 = &1 + (1 — 7)ye,

VYip1(w) = Pe(w) + % [f(@er1) +(V f(zg1), w — zpg1) + T (w)].
&
Note that ¢y (w) = (&, w) + %V (w) + LV, (w) with 44 > 0, that is,

operations (a) and (c) reduce to computing the values of composite prox-
mappings with positive multiples of ¥ in the role of W.

Theorem 2.14. Let the sequence {y; }+>0 be generated by Algorithm 2.13.
Then, for all ¢ > 1 we have y; € Z and

ALfVe, (27)

Blu) — ola") <

(2.25)

2.3. Composite minimization and lasso-type problems

The algorithms presented in Section 2.2.2 are well suited to solving lasso-

type problems (1.1a) associated with the norms || - || of our primary interest.
Indeed, (1.1a) is simply problem (2.16) with
V)= Al flz) = Az = b3, (2.26)

and Z = E. It is assumed from now on that the starting point zg in the
primal gradient method is chosen as the w-centre z, of Z = E, which makes
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the efficiency estimates (2.21) and (2.23) of the primal and the dual gradient
methods identical to each other.

Lasso with the {1 /f5 norm. The first case we are interested in is that of
E =RF x ... x R¥» and the ¢1/f5 norm

n
=552 =D 17 e
j=1

Note that this covers the cases of plain ¢; and plain 5 norms (see what
happens when k; = 1 for all j, respectively, when n = 1).

(A) When using || - ||lg = || - || and the DGF w(-) given by (2.7), the three

gradient methods from Section 2.2.2 ensure the efficiency estimates!!
[l + | Az" = b2] — min[Afl]| + || Az — b]J3] (2.27)

In(n + 1)ll2* 2 AN}, .
< oy e

{ 1, primal and dual gradient methods,
where xk =

2, fast gradient method,
and [|A[[j. 1. = max [[Az]z,

wille[<1

where 2! is an approximate solution built after the first ¢ steps, and z* is

an optimal solution to problem (2.16).

(B) An alternative is to use the Euclidean proximal set-up,
1
lzlle = llll2 := V{z,2),  wlz) = {z,2),
which results in
* 12 2
=121 AT . -1
tr ’

= max |Az|2, (2.28)
ziflz]2<1

Nt + 1Az = bl] — mip Xz + | Az — bl3] < O(1)

where [|A[lj. . 5
with the same k as in (2.27).

Except for the efficiency estimates, the question of primary importance
is the computational effort per iteration. From the description of the algo-
rithms, in all three of them this effort is dominated by the need to compute
O(1) values of Vf(-), which requires O(1) matrix—vector multiplications
x +— Ax — A*(Ax —b), and computation of the values of O(1) composite
prox-mappings. For both set-ups we have considered so far, the latter task is

' See (2.21), (2.23) and (2.25) and take into account that we have Ly = 2| A[[F .,
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easy. Let us show that it requires O(dim F) arithmetic operations. Indeed,
in our present situation, and for both proximal set-ups in question, com-
puting composite prox-mapping reduces to solving the following analogue
of problem (2.13):

Z+:arggfgg{w(Z)+6§j:||zj||2+§j:<zj,fj>}, for 520, (229)

Now the two DGF's we are considering are of the form (3, 12715)%/P, where
v >0 and p € (1,2]. With this in mind, it is clear that, at the minimum,
23 should be of the form 27 = —t;£7/||&7||2, t; > 0. Thus (2.29) is reduced
to the following problem:

mln{ <th>2 +Z — 1€%|2] t>0} (2.30)

It can be seen immediately that, at the minimum, ¢; = 0 for every j such
that 8 > ||¢/||2. Eliminating these j, we end up with a problem of type
(2.15) which, as we have seen in Section 2.1.1, admits an easily computable
closed-form solution.

Lasso with the TV norm. The total variation on the space of y X v images
x (normalized to have z1; = 0) can be viewed as follows. The space of
discrete gradients of u x v images is a subspace E of the space

RN _ R(,ufl)xu > Rux(ufl)

of first-order finite differences of an image [z;;] taken along the index i < p
(R®=1D*¥) and along the index j < v (R**“=1). The space E is cut from
RY by a system of homogeneous linear equations expressing the potentiality
of the discrete gradient field of an image. Thus, the TV norm on F is a
restriction of the standard ¢; norm on RY onto E ¢ RY. This allows us
to equip Z = E with a DGF w(-) (namely, the restriction to E of the DGF
(2.7) associated with the || - ||; on RY), which leads to a reasonably good
iteration complexity bound. As an alternative, we could use the Euclidean
proximal set-up for F.

The difficulty, however, is that we now need to take into account the lin-
ear constraints cutting F from RY. Hence both the plain and the composite
prox-mappings associated with the outlined proximal set-ups are much more
computationally demanding than in the case of lasso with the ¢; /¢y norm.
As a result, the ‘straightforward’ TVversions of the methods we have pre-
sented are hardly advisable.

Lasso with the nuclear norm. In the second important case, we have F =
RV =1+ e, and Z = E.
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(A) Using our three basic methods and the proximal set-up with |||z = ||-|
and with w(-) given by (2.11), we come to the efficiency estimates

Al e + [|A* — blI3] — MIB[A[|2 e + [[ Az ~ bl13] (2.31)

(g + Dl Rl A e -
<0(1) [

tr ’
{ 1, primal and dual gradient methods,
where k =

2, fast gradient method,

and ||A||||HnL107H||2 = ;B:Hﬁii<1 HAJ"HQv

where 2! is the approximate solution obtained after the first ¢ iterations,
and z* is the optimal solution.

(B) An alternative is to use the Euclidean set-up,

1 1
2z = el = /Te(aTa), w(@) = 3{w2) = s Tr(aTa).
The corresponding efficiency estimate is
= (2N AN
<0(1) P ll-Ilewo, ||2’
where [|A[l| oo e = max [[Az]2.

willz]l o<1

The computational effort per iteration is now dominated by the need to
carry out O(1) matrix—vector multiplications z — Az — A*(Ax — b) along
with O(1) SVDs of p x v matrices. Arguments virtually identical to those
used in (B) at the end of Section 2.1.1 show that computing composite prox-
mapping, modulo a single SVD, for both our proximal set-ups reduces to
solving a problem of the form (2.30). Thus it is easy.

It should be pointed out that the efficiency estimates (2.27), (2.28) and
(2.31) are nearly independent of the sizes of corresponding lasso problems.

Finally, observe that Remark 2.5 is fully applicable to composite prox-
mappings associated with the DGFs and corresponding norms || - || . Thus
the methods we have developed can be applied to lasso problems on more
general domains than Z = FE, with the efficiency estimates and complexity
of iterations being preserved.

Updating the Lipschitz constant for the gradient. In this subsection we as-
sume that the Lipschitz constant L; is known. However, it is easy to in-
troduce into the methods a simple updating procedure, which allows us
to adjust an estimate to Ly in accordance with the local curvature of the
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objective function. We present below the corresponding modification of the
primal gradient method (Algorithm 2.8).

Algorithm 2.15 (modified primal gradient method).
Choose x¢ € Z°, Lo < Ly.

For t > 0 do
(a) Choose the smallest 7, > 0 such that, for L = 2% L, and
wy = axgmin [(V(z0), w) + LV, (1) + W(w)],

we have
d(wy) < flae) + (Vf (), we — 20) + LV, (wy) + ¥ (wy).
(b) Set Ti41 = Wy, Lt+1 =0.5- 2itLt. O

It is easy to show that such a strategy ensures the rate of convergence
(cf. (221))

() — o(a") < ZIVRlT)

At the same time, it allows flexible dynamics for estimates L;. It can be
shown that the average number of ‘trials’ i + 1 per iteration in such a
backtracking strategy with recourse is at most two (Nesterov and Polyak
2006). The dual gradient method (Algorithm 2.10) and the fast gradient
method (Algorithm 2.13) can be modified in a similar way.

t>1.

3. Saddle-point algorithms for Dantzig selector problems

The algorithmic scheme we intend to use for Dantzig-selector-type problems
(1.1b) originates from Juditsky et al. (2013a). To allow for non-trivial ex-
tensions, we now remove the restriction that the ‘model discrepancy’ Ax —b
be measured in the || - ||, norm with p = 2 or p = oo, and focus on a slightly
more general problem,

Opt = mi cm(Ax —b) <9 3.1
pt = minf|lz| : m(Az —b) < 5}, (3.1)
where E = E,, is a Euclidean space,'? || -|| is a given norm on E, x — Az —b

is a given affine mapping from F, into another Euclidean space E,, and 7(-)
is a given norm on E,. Aside from the structural discrepancy between (3.1)
and the associated lasso-type problem

rréin{)\H:cH + 7 (Az —b)} (3.2)

12 The reason for the notation F = E,, instead of the seemingly more natural F = E,,
will become clear in a while.
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(this discrepancy disappears when ¢ and \ are treated as parameters rather
than given constants), the major difference (from the optimization view-
point) between what we intend to do now and what was done in Sections 2.2
and 2.3 stems from the fact that we no longer impose any smoothness re-
strictions on the norm m(-), which makes it impossible to process (3.2) by
the composite minimization technique from Section 2. On the other hand,
allowing for non-smooth 7(+) is instrumental when solving Dantzig-selector-
type problems with uniform fit.
From now on we make the following assumption.

Standing Assumption. Optimization problem (3.1) is feasible (and there-
fore solvable) and Opt > 0 (equivalently 7(b) > ¢).

3.1. Strategy

Our strategy when solving (3.1) is motivated by the desire to minimize, to
the best of our abilities, the theoretical complexity of the resulting algo-
rithm, and is as follows. Substituting z = p~'u with p > 0 and u € E,,,
|lu|| <1 and taking into account that Opt > 0, it is immediately seen that
(3.1) can be equivalently rewritten as

=n(Au—pb)—pd
1
— = Py = > P = i v 7A - b - 5 S )
L= max{p > 0+ @(p) 1= min ey | (0, Au — pb) — o] o}
for U={uekE,:|ul| <1}, V={veE, :m(v) <1}, (3.3)

where 7, (-) is the norm on E, conjugate to 7(-).

Problem (3.3) (a specific generalized bilinear saddle-point problem in the
terminology of Juditsky et al. 2013a) is a univariate problem. As is easily
seen, under our Standing Assumption ®(p) is a Lipschitz-continuous (with
constant 27(b)) convex function of p > 0 with exactly two roots p = 0 and
p = p« > 0. Further, ®(p) — 0o as p — 00, and lim, o ®'(p) = 7(b) — 6.

Our goal is to find an e-solution to (3.3), defined as a pair pe, u, satisfying

Pe > Py e €U and  7w(Aue — peb) — ped < pee, (3.4)

where € > 0 is a given tolerance. As is seen immediately, such a solution
gives rise to the solution

-1
Te = Pe Ue

to the problem (3.1) such that
lze|| < Opt & w(Aze —b) < J +e. (3.5)

In other words, x. is a ‘super-optimal e-feasible’ solution to the problem
of interest; from now on, we refer to a solution z. satisfying (3.5) as an
e-solution to (3.1).
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Now, (3.3) is just a problem of finding the largest root of a univariate func-
tion ®(-); the only difficulty is that this function is given implicitly, as the
saddle-point value of a parametric bilinear saddle-point problem. Our strat-
egy for solving (3.3) originates from Lemarechal et al. (1995) and reduces to
applying to (3.3) a Newton-type root-finding procedure, the (approximate)
first-order information for the procedure being given by a first-order saddle-
point algorithm applied to the auxiliary bilinear saddle-point problems

— : Ps — _ —
®(ps) = minmax |67 (u, v) = (v, Au = psb) — ps], (3.6)

the corresponding monotone operators being F* : 7 .= U xV — FE =
FE, x E,, given by

Fé(u,v) = (3.7)
[F)(v) := Vo (u,v) = A*v; FJ(u) := —V¢P* (u,v) = p°b — Aul.

Specifically, we work in stages s = 1,2,.... At stage s, we have at our
disposal a current approximation ps > ps to ps, and apply to (3.6) a saddle-
point algorithm B, based only on the values of F*, and thus only on a
multiplication oracle computing matrix—vector products (u,v) — (A*v, Au).
For the time being, the only requirement on the algorithm is that in t =

1,2,... iterations, with O(1) calls to the multiplication oracle per iteration,
it produces approximate solutions 2! = [u’; v!] € Z to (3.6)' along with the
values I¥(z!), such that the duality gap converges to zero as t — oo, where
DualityGap®(z) := max ¢ (u', v) — min ¢** (u, v") (3.8)
veV uelU
= [1(F;(u) = psb] = [ FZ (v")[|x = ps(v’,b) — ps0]
®f o ()| _,.

= [m(Au’ — psb) — psd] — [~ [ A" ||« — ps(v’,b) — psd],

and | - ||« is the dual norm to || - ||.

Observe the following.

(I) Given 2! and F*(2!), it is easy to compute the quantity ®; and the
affine function ®, (-) (specifically, these computations reduce to single
evaluation of 7(-) and single evaluation of || - [|.).

(IT) The quantity ®;" = 7(Au’ — psb) — psd is an upper bound on ®(p;),
while the affine function
®; (p) = [[[A"" ][ — p(v’, b) — pd] = min ¢ (u, v")

uelU

13 Of course, z* depends on s and not only on ¢t. To simplify the notation we suppress the
explicit dependence on s, which does no harm when speaking about a particular stage.
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underestimates ®(p) for all p > 0. As a result, the quantities

T s 0= a0l

form upper bounds on ®(ps) which are non-increasing functions of ¢
(resp. lower bounds non-decreasing with ). Further, because ps > p.,
the affine function ®; (-) underestimates ®(-), and ®(p.) = 0, for every
t such that ®; (ps) > 0, the slope of the affine function ®; (-) is positive,
and the only root r; of this function belongs to [p«, ps). Finally, we
clearly have ®5F — %~ < & — @, (p,s) = DualityGap®(2?), so the gap
oLt — b~ goes to zero as t — oo.

From (II) it follows that eventually one of the following two possibilities will
be met.

(A) We arrive at >+ < eps. Recalling that @41 = m(Au” — psb) — ps6 with
some 7 < t and known 7 € U, in the case in question we terminate
the solution process and output p. = ps and u. = u”. The resulting
pair pe, u, clearly satisfies (3.4).

(B) We arrive at ®%~ > 0 and &b /®4~ < 4, where § € (1,2) is a pa-
rameter of our construction. Since ®»~ > 0, we have at our disposal
a non-empty collection R; of reals r; € [p, ps) coming from the itera-
tions 7 < t with ®7(ps) > 0. We define p,41 as the minimal element
of Ry, thus ensuring that p, < ps+1 < ps, terminate stage s and pass
to stage s + 1.

Validity and complexity. We use the following result of Lemarechal et al.
(1995).

Lemma 3.1. Let the root-finding routine described above, with param-
eter § € (1,2), be initialized by some upper bound p; on p.. Then the
routine terminates in at most

1 3m(b)p1
= In( 1 1 .
S n(2/0) n< + ” + (3.9)
stages. Further, suppose that the saddle-point method B used to solve
problems (3.6) ensures that at every stage, for every ¢t = 1,2,..., we have
DualityGap®(z') < & (3.10)

for some sequence ¢, (the same sequence for all stages) satisfying ¢, — 0 as
t — o0o. Then the number of iterations at every stage does not exceed

-1
t(e) = min{t tep < o 7 ep*}. (3.11)
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Initialization. Our root finding should start with some upper bound p; on
p«. To get such a bound, note that every feasible solution = to (3.1) clearly
satisfies m(Az) > w(b) — d > 0, implying that
_ L s O e Al = max{r(Az) : 2] < 1}
P*—Opt_pl = 7T(b)—5’ wher H.”Jr(.)—mIXﬂ' x) ||z < Ly
(3.12)

3.2. Workhorse: Mirror Proz algorithm

To implement the outlined strategy, we need an efficient first-order algo-
rithm for solving bilinear saddle-point problems. We intend to use to this
end the O(1/t)-converging Mirror Prox (MP) algorithm from Nemirovski
(2004). This algorithm is applicable to a convex—concave saddle-point prob-
lem

dVal = mi 1
SadVa gg{r}lr&a‘;{qb(u,v), (3.13)

where U C E,, V C E, are closed convex subsets of Euclidean spaces, and
¢: 7 :=UxV — Ris a function convex in v € U and concave in v € V
with Lipschitz-continuous gradient. We associate with (3.13) the vector field
F:7Z=XxY —=FE=FE,xE,, given by

F(z = (u,v)) = [Fu(z) = Vuo(u,v); Fy(2) = =Vyo(u,v)]. (3.14)
Recall that (3.13) gives rise to two convex optimization problems:
(P) Opt(P) = min [a(u) = sup é(u, v)}, (3.15a)
uel veV
(D) Opt(D) = max|é(v) = inf é(u,v)], (3.15b)

with Opt(P) > Opt(D). Further, ¢ possesses a saddle point on U x V if
and only if both (3.15a) and (3.15b) are solvable with equal optimal values,
for which we have Opt(P) = Opt(D) = SadVal. Moreover, saddle points of
¢, when they exist, are exactly the pairs [us;v,], where u,, v, are optimal
solutions to the respective problems (3.15a) and (3.15b). Finally, when
U and V are bounded and convex—concave ¢ is continuous (as is the case
with the problems (3.6)), ¢ definitely has a saddle point. Assuming that
the latter is the case, a natural inaccuracy measure of a candidate solution
[u;v] € Z to (3.13) is given by (cf. (3.8))

DualityGap(u, v) = 3(u) — ¢(v) = [B(u) — Opt(P)] + [Opt(D) — (v)].
The Mirror Prox algorithm. The Mirror Prox (MP) algorithm is associated
with a proximal set-up (||-|| g, w(+)) for the domain Z = UxV C E = E, xE,
(see Section 2.1), and is given by the following recurrence, where y; > 0 are
the step sizes.
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Algorithm 3.2 (MP algorithm).
Choose z; = z, = argming w(+)
For 0<7<t—-1do
wr = [ur;vr] = Prox, (v F(2;))
2741 = Prox,_(v:F(w;))
o= ] = [T ] S e o

The efficiency estimate. The efficiency estimate of an MP is given by the
following theorem.

Theorem 3.3. Let the Mirror Prox algorithm (Algorithm 3.2) be ap-
plied to a convex—concave saddle-point problem (3.13) associated with the
Lipschitz-continuous vector field F, i.e.,

|F(2) — F(z')||px« < L||z — 2'||g, forall 2,2’ € Z, (3.16)

where || - || g« is the norm conjugate to the norm || -||g. Further, let the step
size policy ensure that

Ve > L7 & 67 =y (F(wy), wy — 2r41) — Vi (2r41) <0 (3.17)

for all 7; this is definitely so when «, = L~! for all 7. Finally, let Z' =
U’ x V', where the sets U’ € U and V' C V are closed and bounded and
such that 2, € Z’. Then, for every ¢t we have z! = [ul;v!] € Z and

RIVA < O2[Z'|L
2 2

ez (2') := max p(u',v) — min d(u,v") < (3.18)

veV’ uelU
with Q[] defined by (2.3).
Discussion. Let the premises of Theorem 3.3 hold.

(A) Assume that U and V' are bounded, as is the case with problems (3.6).
Then we can set Z' = Z, which results in £ = DualityGap and provides
us with the bound

O2[Z|L

DualityGap(u®, v") < ST

fort=1,2,..., (3.19)
with L given by (3.16).

(B) Assume that V' is bounded, and ¢ admits a saddle point [u.;v]. Set-
ting V! =V, U’ = [uy, us], where u,, is the u-component of z,, we extract
from (3.18) that

ez/(2") = o(u') - min ¢(u, V') 2 (u') = ¢lur, ') = p(u') — P(us, vs),
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where the final inequality follows from the fact that ¢(u.,v) < @(uy,vy)
by the definition of a saddle point. As explained above, the existence of
a saddle point [us;vs] implies that ¢(u.,vs) = Opt(P) = Opt(D), and we
obtain

02[Z.]L

¢(u') = Opt(P) < ez,(2) < —

where Z, = [uy,us] x V. (3.20)

3.8. Assembling partial proximal set-ups

Our strategy for solving the Dantzig selector problem (3.1) reduces this task
to using the Mirror Prox algorithm (Algorithm 3.2) to solve a ‘small series’
of bilinear saddle-point problems (3.6) on a common domain Z = U x V
with bounded U,V , specifically the unit balls of the norms || - || and m.(-),
respectively. To implement this strategy, we need a good proximal set-up
for Z, and we intend to ‘assemble’ this set-up from the basic set-ups listed
in Section 2.1.1. The assembling to be implemented originates from Ne-
mirovski (2004) and is as follows. Consider a convex—concave saddle-point
problem (3.13) with smooth convex—concave cost function ¢ and bounded U,
V', and let U and V' be given as direct products of other closed and bounded
convex domains:

U=Z'x---x2P, V=2r"1x...x2K

where Z¥ C E}, are convex, closed and bounded subsets of Euclidean spaces.
We clearly have

Z2:=UxV=2Z"x---xZKEcE=E x-- - x Ek.

Now, let every pair Z*, E}, be equipped with proximal set-up || - ||, , wg(2").
Consider an assembling of those set-ups into a proximal set-up for Z, E.
Specifically, given positive ay, 1 < k < K (the parameters of the construc-
tion), we set

K
lz=[%...; 25| = Zoz];lHZkHQEk, (3.21a)
k=1
K
w(z=1[2"...;25]) = o) wn(2b). (3.21b)
k=1

It is immediately seen that this is indeed a proximal set-up for Z, E, and
that computation of the associate proximal mapping reduces to computing
proximal mappings associated with Z* and our ‘partial’ DGFs wy(-), 1 <
k < K. It is natural to choose the ‘assembling parameters’ in such a way
as to obtain the best efficiency estimate of the MP algorithm allowed by
our scheme as applied to (3.13). To this end, note that in view of the
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direct product structure of E, the vector field (3.14) associated with (3.13)
can be written as F(z) = [F1(z);...; Fx(2)] with Fy(z) € Ej. Since this
field is Lipschitz-continuous, we can find ‘partial Lipschitz constants’ Ly,
1 < k,f < K such that, for all z = [2%;...;25] € Z, w = [w';...;w"] € Z,
we have

K
1Fk(2) = Fr(w)|lgoe < Liell2 — w'||g,, for all k < K,
=1
where || - || g, « is the norm on Ej, conjugate to || - ||g,. Note that we can

always enforce Ly = Ly, which we assume from now on.

Ezample. When ¢ is bilinear, ¢(u,v) = (a,u) + (b,v) + (v, Au) + ¢, the
mapping F' is affine,

F([24 .. 5 25) = [a;—b] + A - [z}, 25,

with linear mapping A given by
K
[.A- [21; ...;zK]]k = ZAM/, 1<k<K,
(=1

where the A are linear mappings from F; to Ej. It is evident that a char-
acteristic property of A is that it is skew-symmetric: the mapping conjugate
to A% is — A% In addition, A should be zero when both Z¥ and Z¢ are
either factors in U or factors in V. In this case, a natural choice of Ly is

ke ke _¢ ¢
Lie = (A" 15, 1y 0 = gleagz{\\f\ g 12 m, < 1},

and we indeed have Ly = Lyy.

Now, it is immediately seen that with the assembling (3.21), the w-radius
Q[Z] of Z=7'x --- x ZK is given by

K
PZ] =) o' 0%2Y,
k=1

where Q[Z¥] = /2[max z wy(-) — ming, wi(-)] is the wy-radius of Z*. Fur-
ther, the (natural upper bound on the) (|| - ||, || - [|z,) Lipschitz constant
of the vector field F' is

L = omax ([Lrev/oray] 1§k,eg1<) ;

where opax(-) is the maximal singular value of a matrix. The efficiency
estimate of Mirror Prox associated with the resulting proximal set-up is
(Q2[Z]L)/2t (see (3.19)), and the optimal choice of oy should minimize
O?[Z]|L with the Q[Z], £ just defined. An optimal solution to the latter
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problem is given by

S >t LueQZ710[21]
>0 LeQ[ZRQ[ 27

1
which results in  Q2[Z] =2, L= 5 > LQ(ZM0(Z",
k,l

o = %QQ[ for1 <k<K, (3.22)

and the resulting Mirror Prox efficiency estimate is

Yok L Z*1Q1 2]

DualityGap(u®, v") < 5

(3.23)

3.4. Implementing the strategy

In summary of our developments we obtain the following algorithm for solv-
ing (3.1) to a given accuracy e.

Algorithm 3.4 (solving (3.1) to given accuracy €).

(1) The set-up for our algorithm is given by a proximal set-up || ||z, ,wu(+)
for U ={u € E, : ||u|]| <1}, B, and by a proximal set-up | - || g,,wv (*)
for V.={v € E, : m.(v) < 1}, E,,.

(2) Problem (3.1) is solved by the root-finding routine presented in Sec-
tion 3.1 with p; chosen according to (3.12), and the auxiliary bilinear
saddle-point problems (3.6) solved by the Mirror Prox algorithm (Al-
gorithm 3.2).

(3) The proximal set-up for MP is obtained from those indicated in (1) by
the construction presented in Section 3.3. In the notation from this
subsection, we have K = 2, Z! = U, Z? = V. Further, the affine
vector fields F' = F® associated with problems (3.6), s = 1,2,. .. differ
from each other by constant terms (see (3.7)), implying that the linear
mappings A associated with different stages are identical to each other:

A*
A= [_ | ] .
As a result, the assembled proximal set-up is the same for all stages
and is given by (cf. (3.22))

lull,

[vll%, (u, ) wy(u)  wy(v)
Q2[U] ’

+ 2V +

[[w; ]|l e = (3.24)

C ] e

where Q[U], Q[V] are the wy-radius and wy-radius of U, V, respectively.
For every t = 1,2,..., let z! denote the approximate solution obtained
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in ¢ iterations by the MP, Algorithm 3.2, as applied to (3.6). The
complexity bound (3.23) then implies that, for every s,
QUILVITAN - 5yl Ve
t )
given by (1.3). &

DualityGap®(z}) < ; :=

(3.25)

with [| Al z,,

-1l 2y,

The computational effort per iteration in the ‘stand-alone’ MP algorithm
(Algorithm 3.2) is dominated by the need to compute two values of the
vector field F' to which the algorithm is applied, together with two values
of the prox-mapping. With the strategy from Section 3.1, this should be
augmented by computing F*(2!) and the bounds ®;" and ®; (). These ad-
ditional computations keep the complexity of an iteration basically intact.
Since F'* is affine, F'¥(2!) is readily given by the vectors F*(w,), 1 < 1 <t,
which are computed in any case. Given F**(z!), computing the above bounds
reduces to maximizing two given linear forms, one depending on u and the
other on v, over U, V, respectively, which is certainly no more complicated
than computing a single prox-mapping. Combining these observations, re-
lation (3.25) and Lemma 3.1, we arrive at the following result.

Theorem 3.5. Under the Standing Assumption, given € > 0 and solving
(3.1) by the outlined algorithm, an e-solution to (3.1) is found in no more
than

1 3 (b) 1) €
In(2/0) m(b) -6 v opt -+ [[ Allj-,x(-
stages, with at most
N = Ceﬂ<%Q[U~]Q[V]>v = L, V= - (3.27)
v 0—1 vt~ A1, 111, 0

Mirror Prox iterations per stage. Here 6 € (1,2) is the parameter of the
root-finding procedure (see Section 3.1), and Q[U], Q[V] are the wy () radius
of U and wy (-) radius of V, respectively.

The computational effort per Mirror Prox iteration is dominated by the
need to carry out two matrix—vector multiplications (u,v) — (A*v, Au), and
to compute two values of the prox-mapping associated with the proximal
set-up from step (3) of Algorithm 3.4.

3.5. Discussion

Let us look at what we get in the case of the Dantzig selector problems (3.1)
of our primary interest. We shall assume that a suitable 7(-) in (3.1) is the
I'[lco/||-||]2 norm, that is, the image space E, of the linear mapping A is R x

- x R and for v = [vl;...;v™] € B, we have 7(v) = maxj<ij<m [[v']|2.
This choice allows us to treat in a unified fashion the cases of our primary
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interest, as specified in the Introduction, specifically those of the uniform
fit (where ¢; = -+ = {,,, = 1) and the /5 fit (where m = 1). Moreover, the
U/l fit is important in its own right: it arises in some Dantzig-selector-
type recoveries dealing with block-sparse signals (see Juditsky et al. 2013b).
In what follows, we treat the parameter 6 € (1,2) of the algorithm as fixed
and thus as an absolute constant.

(A) We start with the case when the proximal set-ups underlying the al-
gorithm use

-l =11 - 2, = () (3.28)

Note that in this case
HAHH'”EuvH‘”EU,* = ||A||||_H77r(A) = mBX{W(Au) : ||uH < 1}, v=uv. (3.29)
With our 7(+), the norm || - ||g, = 7«(+) is the ¢1 /¢ norm, and V' is the unit

ball of this norm. The latter allows us to specify wy (-) as in Theorem 2.1,
so that

o550 lle, = Z 1o*]l2, (3.30)

wy (v ... ZHU’HP, Q[V] < O(1)y/In(m + 1),

with v and p given by (2.5) (where one should replace n with m).
The case of the £y /ly norm || - |. Here E, = R x ... x R”, and

llts s u™l = Hu = s 5wl b, - ZWH%

with w/ € R¥i. Further, U is the unit ball of || - ||g,, and we can take as
wy(+) the DGF given by Theorem 2.1, thus arriving at

n
lluts. s ulle, = D Iz, (3.31)
j=1

wy(ut,. .. u") = 12 |w?]5, QU] < O(1)y/In(n + 1),

with v and p given by (2.5). With these choices, the quantity
1A -1z, 115, . = 1Al 7

is as follows. A is a linear mapping from E, = R¥ x ... x RF» to E, =
R x ... x R and as such can be naturally identified with a block matrix
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with m x n blocks AY € R%*F%i Tt is immediately seen that

Al () =  Max  omax(AY). (3.32)

i<m,j<n

Applying Theorem 3.5, finding an e-solution to (3.1) requires at most S
stages, where

S=o0(1) ln<1 + m - i) (3.33)
€ €
V= opt = [[A[l|11,x() - Opt * MAX; j Omax(AY)’
with at most
O(1)y/In(m + 1) In(n + 1)Ceil(1/v) (3.34)

iterations per stage. Note that v can be naturally interpreted as relative
accuracy.

The computational effort per iteration is dominated by the need to com-
pute O(1) matrix—vector products (u,v) — (A*v, Au), plus a ‘computational
overhead’ of O(1)(dimu + dim v) arithmetic operations.

In attempting to utilize the outlined approach for the Dantzig selector
with the TV norm in the role of ¢; /¢35, one runs into the same difficulties as
in the case of lasso problems: see Section 2.3.

The case of || - || = || - |lnue- Now consider the case when E, = R**” and
|| - || is the nuclear norm on E,. Without loss of generality we can assume
2 < p < v. Taking into account that U is the unit ball of || - ||z, = || - ||, we
can choose wy(+) according to Theorem 2.3, thus arriving at

n
lullz, = ltlle = D osluw), (3.35)
=1

I
wy(u) = aZain(u), QU] <O(1)y/In(p + 1),
i=1

with « and ¢ readily given by (2.9). The quantity

LAl = A e m()

is as follows: the linear mapping A : R**¥ — FE,, can be split into ‘blocks’
Al RV 5 RE | according to the direct product structure of E,, and
A fwe,m () = maX; [|AY]|)jpue,l-o- For example, in the plain matrix com-
pletion problem, where the mapping u — Aw is the restriction of u to a
given m-element pattern of cells and 7(+) is the o /¢2 norm, one can safely
bound [|A[l}./ e, x(-) from above by 1.
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The algorithm we obtain finds an e-solution to problem (3.1) in at most
S stages, where

3max; [|b'|l2 1
S =0(1) ln(l [, -5 V), (3.36)
L € o €
T o ANl e Ov 08 TAT e
with at most
O(1)y/In(m + 1) In(p + 1)Ceil(1/v) (3.37)

iterations per stage.

The computational effort per iteration is dominated by the need to com-
pute O(1) matrix—‘vector’ products (u,v) — (A*v, Au) and O(1) SVDs of
matrices from R*#*¥ | plus a computational overhead of O(1)(uv + dim E,,)
arithmetic operations.

Observe that Remark 2.5 is fully applicable to our present situation, im-
plying the possibility of extending the scope of the MP-based techniques
beyond the case of the | - [|-unit ball in the role of U, as discussed in Sec-
tion 2.3.

(B) Coming back to ‘plain’ Dantzig-selector-type problems (3.1) with ¢1 /o
or the nuclear norm in the role of ||-|| and the £, /¢ norm in the role of 7 (-),
note that so far we have been considering the case of (3.28) and proximal
set-ups for U, E,, and V, E,, developed in Section 2.1.1. An alternative, just
as in the composite minimization case, is to use the plain Euclidean set-ups
for U, V, that is, to use [|u|| g, = v/{u, u), wy(u) = 3(u, u), and similarly for
V, E,. With our U and V/, this results in Q[U] = Q[V] = 1. The assembled
set-up for Z = U x V, E = E, X F, is in this case again the plain Euclidean
set-up. When passing from our original set-ups to the Euclidean one, the
complexity per iteration remains basically intact. Inequality (3.25) becomes

A
DuslityGap* (=1) < & i= L0224l = max{| Auls ¢ > < 1)
(3.38)
(for ||| = IIlaues llze]|2 is the Frobenius norm of u), the upper bounds (3.33)

and (3.36) on the number of stages remain intact, and the upper bounds
(3.34) and (3.37) on the number of iterations per stage become
€

o(1)Ceil(1/7), D= —0"8 3.39
(Cl(1/5), 7= o (3.39
Note that [|Al|2,2 is never less than the norms || Al|j. |~ appearing in (3.33)
and (3.36), and can be significantly larger. For example, when || - || is the
plain || - || norm on R", the ratio [|All22/[[All}.|,~ can be as large as /n

when 7(+) is the plain ¢5 norm, and as large as \/mn when 7 is the plain £
norm on R™. When || -| is the nuclear norm on R**¥, the ratios in question
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can be as large as O(1)/i (7 is the £3 norm) and O(1),/mm (7 is the
norm). With this in mind, looking at (3.34), (3.37) and (3.39) we conclude
that in our context, from the worst-case perspective, the Euclidean set-up
is significantly outperformed by our original set-ups. Moreover, the original
set-ups result in the best efficiency estimates achievable in the framework of
our algorithmic scheme, up to logarithmic dependence on the problem size:
see Section A.6. This being said, note that the worst-case-oriented analysis
is not exactly the same as computational practice, where the Euclidean
set-up behaves surprisingly well in many cases.

3.6. Comments

Some comments on the results of this section are in order.

3.6.1. On-line adjustable step sizes

(See the concluding remarks in Section 2.) Theorem 3.3 states that when-
ever the step sizes v, ensure (3.17), the accuracy estimate (3.18) holds true;
looking at this estimate, we see that the larger the step sizes the better.
Theorem 3.3 also states that (3.17) is ensured by choosing v, = L~!. The
question is whether we could use step sizes which are larger than the ‘safe’
L~!. The simplest way to achieve this goal is as follows. At the begin-
ning of iteration 7 of the MP algorithm, we have at our disposal a certain
‘guessed step size’ 3, > L™t with 3 = L~!. We start iteration 7 with an
attempt to use 7, as 7. If this step size results in 6, < 0 (see (3.17)), we set
Yr+1 = U7, and pass to step 7 + 1; here ¢ > 1 is the method’s parameter.
If v, = 4, results in 0, > 0, we reset v, according to v, := min[uy,, 1/L],
where 1 € (0,1) is another method’s parameter, and repeat the step with
this reduced step size. If we get 4, > 0 with the reduced value of ~;, also,
we iterate, reducing the ‘trial step size’ once more, and perform a new trial
step, and so on until §, < 0 is obtained (this must eventually happen, since
vr = L~! ensures §; < 0). When §, < 0 is obtained, we pass to step 7 + 1,
using the latest value of v, as 7,11. Extensive numerical experimentation
(where we use ¥ = 1.2 and p = 0.8) demonstrates that, with this on-line
step size policy, the total number of values of F' (or equivalently the total
number of prox-mappings) we need to compute to arrive at a desired value
of the duality gap is never significantly larger than the similar quantity for
the off-line worst-case-oriented step sizes v, = L™, and is typically orders
of magnitude less. Note that this policy, with obvious modifications, can
be utilized in the case when we know that F' is Lipschitz-continuous but do
not know the corresponding Lipschitz constant.

3.6.2. Nearly dimension-independent rate of convergence
It should be stressed that in the situations we have considered, the resulting
efficiency estimates, 4.e., the total iteration count as a function of the desired
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relative accuracy v given by (3.33) or (3.36), up to a logarithmic factor in 1/v
and the problem size, is just 1/v. Logarithmic dependence of the efficiency
estimate on the problem size reflects the ‘nice geometry’ of the norms || - ||,
7«(+) in question. Along with these and several other ‘nice geometry’ norms,

there exist ‘bad geometry’ ones, e.g., the norm || - || on R™ and its matrix
analogue: the spectral norm oy« (+). For the two latter norms in the roles
of || - || or m(-), the approach we have developed does not yield ‘nearly

dimension-independent’ efficiency estimates, but this is equally true for any
other approach known to us.

3.6.3. More general norms || - ||
The scope of the approach we have developed is not restricted to the norms
| - |l, 7(-) considered so far; all we need are ‘good proximal set-ups’ for
the unit balls U, V of the norms || - ||, m«(+), i.e., moderate Q[U] and Q[V]
and computationally tractable prox-mappings. As an instructive example,
consider recovery of a matrix (‘image’) = from noisy observations of Pz. In
some cases it is natural to assume that the true image is the sum of sparse
and low-rank images.'* The Dantzig selector form of the problem is
Cmin |yt + pelly? e s TPy +y%) = b) < 68},

Yy ERMXV
where p11 > 0, gz > 0 are the penalty parameters and ||yt = Y ]y}]|
Equivalently, the recovery problem is

-1 1
r=(z! xQ)EE RuXux]RuxV{HxH m(Az = b= Pz + g Pz —b) <5}

lz == (&', &) = [l 1+ 122 -

All we need to process the resulting problem is a good proximal set-up for
the unit ball U of the norm || - ||, and such a set-up is readily given by the
results of Section 2.1.1:

Iz, =11, wolu!,u?®) = 2wi(Vec(u')) + 2wa (u?),

where Vec(u') is the ‘vectorization’ of u!, and the functions wy(-), wa(-) are
given by (2.5) (where n = pv) and (2. 9) respectively, note that the wy-
radius of U does not exceed O(1)y/In(ur). When 7(:) = || - ||2, we are also
interested in processing the lasso version of the problem,

min, (e + Az~ b]3).

14 As a toy example, imagine the facade of a building, a black rectangle (‘wall’) with a
regular grid of white rectangular holes (‘windows’); this image has rank 2. Adding
a few irregularities (‘architectural elements’) occupying a relatively small part of the
fagade, we get an image which is the sum of low-rank and sparse images.
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As above, the required proximal set-up is found to be
I-lle =11 weluh,u®) =201 (ul) + 202 (u?),

with @ (+), @2(-) given by (2.7) (where n = pv) and (2.11), respectively. This
set-up ensures that the quantity V, (z*) appearing in the bounds (2.21),
(2.23) and (2.25) does not exceed O(1) In(uv)||z*||?. Finally, the computa-
tional cost of the prox-mapping associated with || - || is basically the same
as the cost of computing the SVD of a matrix from R**.

3.6.4. Plain saddle-point forms of {1 /nuclear norm minimization

Along with lasso and Dantzig selector recovery routines, sparsity /low-rank
oriented signal processing considers other recovery routines, e.g., the penal-
ized recovery (Juditsky and Nemirovski 2011¢, Juditsky et al. 20135, Judit-
sky et al. 2011b)

T € arg mgl{”m” + Am(Az —b)}, for A >0, (3.40)
rELy

possessing attractive statistical properties. Assuming for the sake of defi-
niteness that || - || is either the ¢; /f» norm on E, = R¥1++*» or the nuclear
norm on E, = R¥*¥ and 7(-) is the {4, /f2 norm on B, = RaA+ o (this is
indeed the case in typical applications), and rewriting the problem equiva-
lently as

SadVal = u:I[Iml;lgl}leU max [(u = [;€],v) = £+ A{v, Az — )], (3.41)

U={lz:&: £ = zll} C Bu:=Ex xR, V={veE,:m(v) <1},

we see that in this case we need to solve just one bilinear saddle-point
problem rather than a ‘small series’ of them, so that a single application
of MP is enough. Equipping V, E, with the same /¢; /¢y proximal set-up
|- lg, = me(v), wy () as above, and U, E,, with the proximal set-up

lu = [z;€]llp, = ll2ll + €], wolu = [2;€]) = 2w(u) + €7,

where w(u) is given by (2.7) or (2.11), depending on whether || - || is the
¢1/¢y or the nuclear norm, we can assemble these ‘partial’ proximal set-ups
for U, E, and V, E, into a proximal set-up || - ||g, w(:) for Z = U x V,
F =F, x E, according to

Illz: &), 0llle = Va2(llzl] + [€)2 + 72 (v),
W([w;é],v) = a”?[2w(z) + €] + wy (v),

where a > 0 is a positive parameter. It is immediately seen that this
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assembling indeed results in a proximal set-up. Applying (2.6), (2.8), (2.12)
and (3.20), we obtain the efficiency estimate

-1 2
d(a') — ming(z) < o) (O"’”lR*+’Z2> Al AT

where é(z) = ||z|| + Ar(Az —b), R.= min =], (3.42)

Ty Eargminge g, (T

{ Vin(n +1), Ep =RAF4n g o= [l o] = 325 27]l2,
K1 =
Vin(p +1), Ex = RV (< w), [|2]] = [[#]|ne;,

ko2 = /In(m + 1).

Here 2! is the z-component of the approximate solution obtained by ¢ MP
iterations. Assuming R, > 0 and optimizing the efficiency estimate over the
‘assembling parameter’ «, we obtain o = o, = ka/(k1Rs) and the efficiency
estimate

t=1,2,...,

2 Al Al g ) B
. .

The outlined choice of « is usually unrealistic; a realistic choice is a =
ko/(k1R), where R is our guess for R,. The efficiency estimate associated
with this « is within the factor O(1) max[R/R., R./R)] of the ‘optimal’ ef-
ficiency. Finally, note that the computational price of the prox mapping
associated with our set-up is basically the same as in the case when U is
the || - ||-unit ball of E,: see Section 2.1.1.

3(a) — mind(x) < O(1)

3.6.5. Accelerating the MP algorithm

Under favourable structural assumptions on the cost function ¢ of (3.13),
the MP algorithm can be accelerated (Juditsky and Nemirovski 20115, Sec-
tion 6.4); in particular, in the case of the ¢;/¢y or nuclear norm || - ||, a
properly accelerated MP algorithm allows us to solve lasso-type problems
(1.1a) with the same O(1/t?) efficiency estimate as the fast gradient method
from Section 2.

3.6.6. Randomization

When solving ¢; /nuclear norm minimization problems (1.1a,b) to medium
relative accuracy, the ‘practical grasp’ of first-order algorithms is limited
by our abilities to carry out, in reasonable time, several hundred (or a few
thousand) matrix—vector multiplications involving A and A* and, in the case
of nuclear norm minimization and x € R**", u < v, the ability to compute
the same number of SVDs of u X v matrices. While these limitations are
essentially less restrictive than those for IPMs, where one needs to assemble
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and solve a few tens of linear systems with dim 2 unknowns,'® they cannot
be neglected. Let us discuss the related difficulties and options.

In ¢y or ¢1/¢y minimization, with their inexpensive prox-mappings, diffi-
culties arise when the required matrix—vector multiplications become pro-
hibitively time-consuming. There is, however, a way to overcome these
difficulties to some extent, by randomizing matrix—vector multiplications.

The simplest way to randomize the matrix—vector multiplication uw
Bu : RN — RM is as follows. Let us associate with u € RY a stochastic vec-
tor with the entries |u;|/||u||1. Treat this vector as a probability distribution
on the set {Bjy, ..., By} of columns of B, draw from this distribution a ran-
dom column B,, and return the vector £ = ||u||isign(u,)B,. It is immediately
seen that the resulting random estimate ¢ of Bu is unbiased: E{{} = Bu.
Generating this estimate costs O(M + N) arithmetic operations,'® which
compares favourably with the cost of O(1)M N arithmetic operations of the
deterministic computation of the precise value of Bu.!” Of course, the un-
biased estimate £ of Bu is noisy, with the magnitude of the noise, measured
in some norm || - ||, bounded by [[ull1[|B|l.j,,j1-| = [lwllx max; || B;]|.

It turns out that the strategy we have developed for (3.1), and its MP-
based implementation, ‘survive’ replacing precise matrix—vector products
(u,v) — (A*v, Au) by their unbiased random estimates, albeit at the price
of a certain growth in the iteration count and sensitivity of the approach to
the geometry of the domains U, V underlying (3.6).'® The potential of the
outlined randomization in the context of ¢; minimization problems (1.1b)
with the uniform or the ¢y fit was investigated by Juditsky et al. (2013a)
(see also Juditsky and Nemirovski 2011b), whose results can be summarized
as follows.

e For /1 minimization with the uniform and /5 fit, and with a dense
‘general’” m x n matrix A, building an e-solution to (3.1) with the
deterministic algorithm we have developed takes v~ iterations,' with

15 Indeed, assuming that the image and the argument dimensions of the mapping
xr — Az are of the order of n := dimx, a single matrix—vector multiplication costs
O(1)n? arithmetic operations (or less when A is ‘nicely structured’, e.g., sparse, or
discrete-convolution-like or discrete Fourier/wavelet transform), and a single SVD costs
O(1)pv < O(1)n*/?, while the cost of a single IPM iteration is of the order of n* in
at least some of the applications we are interested in.

16 Assuming, as is usually the case, an O(1)M-arithmetic-operation cost of extracting a
column from B given its index.

7 In this comparison, we assume that B has no ‘nice structure’ allowing for fast matrix—
vector multiplications

'8 This sensitivity primarily stems from the fact that the noisiness of the unbiased estimate
of Bu is in proportion to [ju||; and can thus be large when U or V contains vectors of
large || - ||1 norm.

19 Here and in the discussion to follow, we skip log-factors.



ON FIRST-ORDER ALGORITHMS FOR {1 /NUCLEAR NORM MINIMIZATION 549

mn arithmetic operations per iteration, where the A; are the columns
of A, v = e(Opt - maxi<j<n ||4;,) " is the relative accuracy, and p =
oo (uniform fit) or p = 2 (3 fit).?° The overall arithmetic complexity
is therefore mny~!, which, as far as we know, is the best possible
complexity bound achievable with existing deterministic algorithms
for the large-scale problems under consideration.

e For ¢; minimization with uniform fit, randomization allows us to re-
duce the cost of an iteration to m + n at the price of increasing
the iteration count to v~2. Thus the overall complexity becomes
(m +n)r=2. We see that, with v fixed and n = O(m) growing, the
randomized algorithm eventually progressively outperforms the deter-
ministic ones. Numerical experiments demonstrate that randomization
results in fairly significant acceleration (by a factor of around 5.4 in
terms of CPU time) for ‘not too large’ problems (specifically, those
with 8000 x 16 000 randomly generated matrices). It should be added
that when In(n) = O(In(m)) and m,n are large, the randomized al-
gorithm generates an e-solution with high confidence by inspecting a
negligible fraction (tending to zero as m,n — oo) of the data, thus
exhibiting sublinear time behaviour.?!

e For /1 minimization with #5 fit, the situation is the same as that of the
uniform fit, modulo two points: first, § in (1.1b) should be ‘small
enough’ (specifically, < O(1)||b]l2/v/m);?? second, we need |A;;| <
O(1) max; ||Ajll2y/In(m)/m (roughly speaking, the entries in A should
be of nearly the same magnitude). Juditsky et al. (2013a) showed that
the latter assumption can be ensured by an appropriate randomized
preprocessing which costs mnln(m) arithmetic operations; note that
when v < 1 is fixed and m,n are large, the cost of this preprocessing
is negligibly small compared to the cost of the deterministic algorithm.
Finally, for the /5 fit, the experimentally observed acceleration due to
randomization in Juditsky et al. (2013a), although smaller than for the
uniform fit, is still quite significant (by a factor of 2.4 on 8000 x 16 000
problems).

20 See (3.34) and (3.26), and take into account that we are in a situation where either
for every j the blocks A% are just entries in A (uniform fit), or for every j there exists
only one block A" specifically the entire column A; (£2 fit).

For /1 minimization with uniform fit, the saddle-point problems (3.6) can be reduced to
matrix games. The possibility of solving matrix games in sublinear time was discovered
in Grigoriadis and Khachiyan (1995). The ad hoc randomized matrix game algorithm
proposed in this reference is in hindsight pretty similar — though not identical — to the
‘uniform fit’ version of the algorithm from Juditsky et al. (2013a). In particular, both
algorithms share the same complexity bound.

22 This restriction can be lifted: see Juditsky and Nemirovski (2011b).

21
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Table 3.1. Randomization making a difference: 32000 x 64 000
matrix A, § = 0.005, termination on either achieving accuracy
€ = 0.0025 or reaching the CPU limit of 7200 sec. The
computational platform is the same as in Table 1.1.

Method Steps CPU (sec) |Az. — 0]l
p =00 DMPT 31 7363 0.1598
SMP# 7501 5352 0.0074
p=2 DMP 30 7536 0.0248
SMP 2602 2350 0.0072

"Deterministic MP with on-line adjustable step size policy.
tStochastic, or randomized, version of MP (Juditsky et al. 2013a).

For an impression of the potential of randomization, see Table 3.1. The
data are taken from Juditsky et al. (2013a).

Now, in the case of nuclear norm minimization, the difficulties can come
from the impossibility of carrying out in a reasonable time the required
number of either (a) SVDs, or (b) matrix—‘vector’ multiplications (u,v)
(A*v, Au). While the difficulties arising in case (a) can sometimes be circum-
vented (Arora, Hazan and Kale 2005, Arora and Kale 2007, d’Aspremont
2011, Baes, Biirgisser and Nemirovski 2013), we would say that typically
case (a) rules out proximal-point algorithms as we know them today. In con-
trast to this, in case (b) one can try to save the day by randomization. For
the sake of definiteness, assume that we are speaking about nuclear norm
minimization with uniform fit, so that v € R**” and Au € R™. Assume
also that for every i, the ¢th entry in Aw is given by

k;

(Au); = plougu,
(=1

where p;y € R* and ¢y € R”. Letting #(r) denote the number of non-zero
entries in the vector r, the straightforward computation of

m

<A*v = Z v; szng, Au>
i=1 (=

for given u, v costs

ks

m
Cq= Z Z #(pie)#(qie) arithmetic operations.
=1 /=1
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Similarly, an unbiased random estimate 1 of A*v can be constructed using
|v||1sign(v,) Z?’:l pieqly, where s € {1,...,m} is drawn at random according
to Prob{s =i} = |v;|/||v|l1. The cost of generating a realization of 7 is

ki
C,=0(1)|m+ maxz #(pie)#(qie) | arithmetic operations.
1
/=1

To randomize computing Au, one can use a ‘matrix analogue’ of the ran-
domization used earlier. Specifically, given the SVD u = Z§:1 oj(u)e; ij
of u,23 we draw 7 € {1,...,u} at random according to

Pl"Ob{j = J} = Jj(u)/Hanum 1<7<p,
and return £ € R™ defined by its components

ki

& = lulloe S 0he)(@hf), 1<i<m.
/=1

It is immediately seen that & is an unbiased random estimate of Au, and
generating a realization of £ given the SVD of u costs

m  k;
Ce=0(Q1)|p+ Z Z[#(pw) + #(qie)]| arithmetic operations.
i=1 ¢=1
To gain an impression of what can be saved here, assume that k; = k,
#(pie) = #(qi¢) = p for all i,£. Then, skipping O(1) factors, we obtain

6 Gt 11 1
' Cq kp2  m  kmp?  p

In a meaningful range of the sizes u, m, k and p, © tends to zero as the sizes
increase,?? meaning that randomization can indeed accelerate the solution
process.

Finally, we remark that the noise of our random estimates of matrix—
vector products can be reduced by taking the average of several realizations
of the estimate. For more details on this subject, see Juditsky et al. (2013a)
and Baes et al. (2013).

2 Looking at the description of the MP algorithm, we see that all the u for which Au
should be computed are the values (already computed when Aw is to be computed) of
the prox-mapping associated either with the DGF (2.9) or with the DGF (2.11). As
explained in Section 2.1.1, when computing such a value u we in fact get the SVD of w.
Thus, in our context, when computing Au, the SVD of u is indeed readily available.

Let, for example, 4 = v, m = O(u?), p = O(u) (square u, the number of observations
is of order of dim u, pi¢, qi¢ are dense). In this case, Cq = O(1)ku*, © < O(1)p~" tends
to zero as u grows. In addition, in the case under consideration, the cost per iteration
of computing prox-mappings is O(1)[u* + m] < O(1)u® < O(1)pu~'Cq, implying that
the randomization reduces arithmetic complexity of an iteration by a factor of O(u).

24
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Appendix: Proofs
A.1. Relation (2.2)
We need the following simple lemma.

Lemma A.1. Let Z be a closed convex domain in Euclidean space F, let
| - |lg,w(-) be a proximal set-up for Z,E, let ¥ : Z — R U {400} be a
lower-semicontinuous convex function which is finite on the relative interior
of Z, and let ¢(-) : Z — R be a convex continuously differentiable function.
Assume that zy is a minimizer of the function w(w) + ¢(w) + ¥(w) on Z.
Then z; € Z°, and there exists ¥’ € 0¥(z4) such that (W'(z4) + Vo(z4) +
U w—zy) >0 for all w e Z. If ¥(-) is differentiable at z,, one can take
U =VU(zy).

Proof. Let us set &(w) = w(w) + ¢(w). Since ¢ is continuously differen-
tiable on Z, {0 possesses the same smoothness properties as w: specifically,
@ is convex and continuous on Z,

{we Z:0w(w) #0} = Z2° = {w : dw(w) # 0},

and &' (w) := w'(w) + Vo(w) : Z° — FE is a continuous selection of subgra-
dients of @.

Without loss of generality we can assume that int Z # () and that 24 = 0.
Note that z; is a minimizer of @W(w) + ¥(w) over w € Z. Let w € int Z,
and let wy = tw, so that wy € int Z for 0 < ¢ < 1.

Let us prove first that z;. = 0 € Z°. To this end it suffices to verify
that the vectors &'(w¢) remain bounded as t — +0. Indeed, in this case
the set of limiting points of &'(w;) as ¢ — +0 is non-empty. Since @(-) is
continuous on Z, every one of these limiting points belongs to 0©(0), and
thus 9w(0) # (), meaning that 0 € Z°. To prove that &'(w;) is bounded
as t — +0, let r > 0 be such that with B = {h € E : |hllg < r} we
have BT = @ + B C int Z. All we need to prove is that the linear forms
(W' (wy), h) of h € E are upper-bounded on B uniformly in ¢ € (0,1/2). The
convexity of & says that these forms are uniformly upper-bounded on BT,
since with ||h||gz < r we have

(@ (wi), w4+ h) = (1 — )" 1@ (wy), [0 + (1 — t)h] — wy)
<(1-t)""1 [J}rel%)i W(w) — Orgtigl@(wt)]

< 00.

All we need to derive upper bounds on the linear forms fi(h) = (&'(wy), h)
on BT, uniform in 0 < ¢ < 1/2, is to verify lower bounds on (&'(w;),w)
which are uniform in 0 < ¢ < 1/2. Assume, to the contrary, that for some
sequence t; > 0 converging to 0 as i — oo, we have p; := (&' (wy,), w) — —o0,
and let ¢ = (V/(w),w) with ¥'(w) € 0¥ (w). Then, by convexity of ¥ and
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due to wy = tw, we have ¥(0) > ¥(w;)—qt, and by convexity of &W(-) we have
w(0) > @(wy) — (@' (wy), w), so that 0 > &(0) + V(0) — [@(we,) + ¥(wy,)] >
—ti(pi + q) (recall that z; = 0 is the minimizer of & + ¥ on Z) for all ¢,
which contradicts p; — —o0, i — 0.

Now, since 0 = z4 € Dom ¥ and Dom ¥ contains the interior of Z, from
lower-semicontinuity and convexity of ¥ on the segment [0, w], it follows
that ¥ is continuous on this segment. Setting ¢ (t) = U (wy), ¢(t) = W(wy),
observe that from the smoothness properties of &(-) it follows that ¢ is
continuously differentiable on [0, 1] with the derivative ¢'(t) = (&' (w;), ).
Since ¥ (t)+¢(t) attains its minimum on [0, 1] at ¢ = 0, it immediately follows
that the right derivative ¢/(0) of ¥ at t = 0 is > —¢/(0) = —(&'(0), w),
whence ¥(w) — ¥(0) = 9(1) —¢(0) > (—&'(0),w). The relation ¥(w) —
U(0) > —(&'(0),w) holds true for all w € int Z and therefore, by convexity
of ¥, for all w € Z, meaning that ¥’ := —&’(0) € 9¥(0), and of course
(U'40'(0),w) > 0 for all w. Finally, when W(-) is differentiable at z4 = 0, we
have ¢/(0) = (V¥(0), w). Since we have already seen that ¢’ (0)+¢'(0) > 0
we get (VU(0) + &' (0),w) > 0. This inequality holds true for all @ € int Z
and thus for all w € Z. Recalling that @'(0) = w'(0) + V¢(0), the proof is
complete. Ul

Proof of relation (2.2). Applying Lemma A.1 with ¥(-) = 0 and ¢(w) =
(€—uw'(2),w), so that z; := Prox,() is the minimizer of w(w)+¢(w)+¥(w)
over w € Z, we get z, € Z° and

(W(z4)+€—w'(2),w—24) >0, foralweZ. (A.1)

Plugging into (2.2) the definitions of Bregman distances, we immediately
see that this is exactly (A.1). O

A.2. Proximal set-ups

Proof of Theorem 2.1. For z € Z' = {z € 7 :2) #0Vj} we have

vDw(z anﬂup (1)
and
YD*w(z)[h, h] = —(2 — p) ZHZJH” REND) +ZH 2157213
7j=1
n
o T .
> 1IR3 - (2 —p) Z 127115127 13 11R7113

j=1 j=1

n
o
> (p—1) ) 121571713

j=1
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At the same time,

, 2 n . . p=2_ . 2-p 2
SO =D CUR 227157 12711,
J j=1

n
, R .
5127115 1271577 |
|||
j=1 j=1

IN

and hence

2 n
[Z rhﬂ‘uQ] < [Z uzﬂ‘nz‘p] Dl ]
j =1 P

Setting t; = [|27]]2 > 0, we have >t <1, whence dueto 0 <2—p <1 we
have > t?_p < nP~!. Thus

2
[ZWHz] < w12 D) (A.2)
; p
while
1
— mi < —. A.
I?Eazxw(z) Izrggw(z)_ o (A.3)

With p,v as stated in Theorem 2.1, when n > 3 we get p%lnp_l =1, and
similarly for n = 1,2. Consequently,

n 2
[Z Hh]‘”Q] < D*w(2)[h,h], forall ze Z' h. (A.4)
7=1

Since w(-) is continuously differentiable and the complement of Z' in Z is
the union of finitely many proper linear subspaces of F, (A.4) implies that
w is strongly convex on Z, with modulus 1, with respect to the ¢; /¢ norm
Il - ||z Moreover, we have

1

1 == 9 n=1
— =1, n=2 » <0(1)n(n+1),
i <eln(n), n>3
which combines with (A.3) to imply (2.6). O

Proof of Corollary 2.2. Let

1 &y s
w(z)=—> |5 : E:=R" x--. xRF 5 R, (A.5)
vp £
j=1
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with v, p given by (2.5); note that p € (1,2]. As we know from Theorem 2.1,
the restriction of w(-) onto the unit ball of the ¢; /2 norm ||-|| is continuously
differentiable and strongly convex, with modulus 1, with respect to || - |.
Further, w(+) is clearly non-negative and positively homogeneous of degree
p, i.e., w(Az) = |APw(z). Note that the outlined properties clearly imply
that w(+) is convex and continuously differentiable on all of E. We need the
following simple lemma.

Lemma A.2. Let H be a Euclidean space, let || - ||z be a norm (not
necessarily the Euclidean one) on H, and let Yy = {y € H : |ly[lg <
1}. Further, let ¢ : H — R be a non-negative continuously differentiable
function, absolutely homogeneous of a degree p € (1, 2], and strongly convex,
with modulus 1, with respect to || - ||, on Y. Then the function

((y) =¢¥P(y): H R

is continuously differentiable, homogeneous of degree 2 and strongly convex,
with modulus

B = ;[miny:||yH=1C2/”_l(y)L

with respect to || - ||z, on all of H.

~

Proof. Tt is evident that ((-) is continuously differentiable, convex, and
homogeneous of degree 2 on H. All we need is to verify that the function
is strongly convex, with modulus 3, with respect to || - || z:

) -y —y) > Bly— o4, forally,y. (A.6)

It is immediately seen that for a continuously differentiable function Z, the
target property is local: to establish (A.6) it suffices to verify that every
y € H\{0} admits a neighbourhood U such that the inequality in (A.6)
holds for all y,3/ € U. Because of homogeneity, establishing the latter
property for every y € H\{0} is the same as proving it when ||g||gz = 1 — €,
for a fixed € € (0,1). Thus, let us fix an ¢ € (0,2/3) and § € H with
|9l =1—¢€,and let U = {y : ||y — 9|l < €/2}, so that U is a compact set
contained in the interior of Y. Now let ¢(-) be a non-negative C* function
on H which vanishes away from Yz and has unit integral with respect to
the Lebesgue measure on H. For 0 < r <1, let us set

ér(y) = r_dimHﬁb(y/r), Gr(+) = (C* o) (), Er() = 3/]0(')7

where * stands for convolution. As r — +0, the non-negative C'* function
¢r(+) converges with the first-order derivative, uniformly on U, to ((+), and
¢, (+) converges with the first-order derivative, uniformly on U, to C (). Fur-
ther, when r < €/2, the function (,.(+) is, along with ((-), strongly convex,
with modulus 1, with respect to || - ||, on U (since ¢/.(-) is the convolution
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of ¢'(-) and ¢,(+)). Since ¢, is C*°, we conclude that when r < €/2 we have
D*:(y)h, h] > ||h7y,  forally € U, h € H,

whence also

DG, (y)[h, ] = i(i - 1)cf/p-2<y> DG WA + 262/ () D% n. 1]

2
> ng/p_l(y)HhH%{, forall h € H,y € U.

It follows that when r < ¢/2 we have

CW) —CW)y—y) =B Ully—yll3, forally,y €U,

2 . _
where 5,[U] = 5 min CHP=1(y).
As 1 — +0, C'(-) converges to ¢'(-) uniformly on U, and 3,[U] converges to
BlU] = %minueU ¢2/P=Y(u) > (1 — 3¢/2)?>PB (recall the origin of § and U
and note that ¢ is absolutely homogeneous of degree p), we arrive at the
relation

W)~ W)y —y) > 1 —3¢/2*PBlly — |}, forally,y €U.

As we have already explained, the recently established validity of the latter
relation for every U = {y : |ly — yllg < €/2} and every @, ||gllg = 1 — ¢
implies that Eis strongly convex, with modulus (1 —3¢/2)2773, on all of H.
Since € € (0,2/3) is arbitrary, Lemma A.2 is proved. O

Applying Lemma A.2 to F in the role of H, the ¢; /{5 norm ||-|| in the role
of || - ||z and the function w(-) given by (A.5) in the role of {, we conclude
that the function @(-) = w?/?(-) is strongly convex, with modulus

27 . 2/p—1

f= |min{w) v Byl =13
with respect to || - ||, on the entire space E, whence the function 81w (z)
is continuously differentiable and strongly convex, with modulus 1, with
respect to || -||, on all of E. This observation, in view of the evident relation
B = %(nl_p'y_lp_l)Q/p_l and the origin of v, p, immediately implies all the
claims in Corollary 2.2. J

Proof of Theorem 2.3. Let S™ be the space of n X n symmetric matrices
equipped with the Frobenius inner product. For y € S™, let A(y) be the
vector of eigenvalues of y (taken with their multiplicities in non-ascending
order), and let |y|1 = |[A(y)||1 be the trace norm.
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Lemma A.3. Let N > M > 2, and let F be a linear subspace in SV
such that every matrix y € F has at most M non-zero eigenvalues. Let
q=1/(2In(M)), so that 0 < ¢ < 1, and let @ : S — R be given by

afy) = WEROD §= s

The function &(-) is continuously differentiable, convex, and its restriction
on the set Yp = {y € F: |y|; < 1} is strongly convex, with modulus 1, with
respect to | - |1.

Proof. (1) Let 0 < g < 1. Consider the following function of y € SV:

1

T

1+qZ|A W1 =Te(f(y), f(s)=

(2) The function f(s) is continuously differentiable on the axis and twice
continuously differentiable away from the origin. Consequently, we can find
a sequence of polynomials fi(s) converging to f, as k — oo, along with
their first derivatives, uniformly on every compact subset of R and, further,
converging to f uniformly, along with the first and second derivatives, on
every compact subset of R\{0}. Now let y,h € SV, let y = uDiag{\}u”
be the eigenvalue decomposition of y, and let h = uhuT. For a polynomial
p(s) = Zszo prs®, setting P(w) = Tr(ZkKZO prwh), for w € SV, and letting
~ denote a closed contour in C enclosing the spectrum of y, we have

N
P(y) =Tr(p(y)) = Y p(Ai(v), (A.8a)
—1
K N R
DP(y)[h] = kprTe(y* 'h) = Te(p'(y)h) = > p'(Aj(y))hjj, (A.8b)
k=1 =1
D2P(y)[h, h] = (‘f |, DP(y+ th)[h] = j Ty +th)h)  (Asc)

) ?{ Te(h(2 — (y + th)) 1) (=) d

_ L_ f{ Te(h(=I — y) " h(=] — y) )P/ (2) d2

'(Z)
27r17{ (z=Xi()(z = A dZ—Zh e

1,j=1
A0 ( )) (A (W) , ‘
where T = { Xi)=Xy) Ai(y) # Aj(y),
P"(Aiw), Ai(y) = Aj(y).
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We conclude from (A.8a) and (A.8b) that as k — oo, the real-valued poly-
nomials F(-) = Tr(fx(-)) on S" converge, along with their first-order deriva-
tives, uniformly on every bounded subset of S, and the limit of the se-
quence, by (A.8a), is exactly x(-). Thus, x(+) is continuously differentiable,
and (A.8b) states that

Dx(y)[h] =Y f'(%i())hjj- (A.9)

Further, (A.8) states that if U is a closed convex set in S which does not
contain singular matrices, then Fj(-) converges, as k — oo, uniformly on
every compact subset of U, together with its first and second derivatives.
Thus x(-) is twice continuously differentiable on U, and at every point y € U
we have

N
D*x(y)[h,h] = > hiTy, (A.10)
ij=1
S Qi) —f" (A () , ‘
where I';; = { Ai(y)*kj(yj) s Aily) # Ai(),

and in particular x(-) is convex on U.

(3) We intend to prove that (i) x(-) is convex, and (ii) its restriction to the
set Y is strongly convex, with a certain modulus o > 0, with respect to
the trace norm |- |;. Since x is continuously differentiable, all we need to
prove (i) is to verify that

X'W) = X"y =y") >0 (A.11)

for a dense subset (y/,y”) in S¥ x SV, e.g., those with non-singular 3’ —3".
If 4 — y” is non-singular, then the polynomial ¢(¢) = Det(y’ + t(y" — v')),
t € R, is not identically zero, and thus has finitely many roots in [0, 1]. In
other words, we can find finitely many points tg =0 < t; < --- < t, =1
such that all ‘matrix intervals’ A; = (vi,yit1), v = ¥ + (v — '), 1 <
1 < n — 1, contain only non-singular matrices. Therefore y is convex on
every closed segment contained in one of the A;, and since Yy is continuously
differentiable, (A.11) follows.

(4) Now let us prove that with properly defined o > 0 we have
—y"y >aly =93, forally,y’ € Yr. (A.12)

/

W) =X "),y
Let € > 0, and let Y be a convex and open in Y = {y : |y|1 < 1} subset of

Y containing Yr and such that, for all y € Y¢, at most M eigenvalues of y
are of magnitude > €. We intend to prove that for some o, > 0 we have

X)Xy =) >aly —y'[], forally,y’ €Y  (A.13)
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As above, it suffices to verify this relation for a dense set of pairs 3/, y” € Y©
in Y€ x Y€ e.g., those pairs y/,3” € Y for which y' — ¢” is non-singular.
Defining matrix intervals A; as above and taking into account continuous
differentiability of x, it suffices to verify that, if y € A; and h = 3/ — ¢/,
then D?x(y)[h, h] > ac|h|?. To this end, observe that by (A.10) all we have
to prove is that

N
D*X()lh.h) = Y hijTij > aclh}. (A.14)
ij=1
(5) Setting A\j = Aj(y), observe that A; # 0 for all ¢ due to the origin of y.
We claim that if |)\ | > ||, then I';; > ¢|\;|97L. Indeed, the latter relation
definitely holds true when \; = A;. Now, if \; and A; are of the same sign,
then
il — A
DYDY
since the derivative of the concave function t¢ of ¢t > 0 is positive and non-
increasing (recall that 0 < ¢ <1). If A; and A; are of different signs, then

Al + A4
Al =+ A
due to |A\;[7 > |\;]|A;|771, and therefore I';; > ¢|\;|77!. Thus, our claim is

justified.
Without loss of generality we can assume that the positive reals p; = |\,
i=1,..., N, form a non-decreasing sequence, so that, by the above, I';; >

> gl

Ly = > A1

q,u?il when i < j. Further, at most M of p; are > ¢, since v/, y” € Y and
therefore y € Y¢ by convexity of Y¢. Hence

X(W)h.h) > 2q > hEud 1+qzhﬂu3 :
1<j<N

or equivalently, by symmetry of ﬁ, if

)

g1 hjp oo hy

and H;j = ||h?||p is the Frobenius norm of A/, then

N
Dx(y)[h.h] > q Y Hiud™". (A.15)
j=1
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Observe that the h? are of rank < 2, whence |h/|; < v/2[|h¥||50 = V2Hj, s0
that

2 N 2 9
h|T = (Z Wh) < 2(2 Hj) = 2<Z[Hju§ql)/2]u§1q)/2>
N N = !
A
Jj=1 j:]1V
< (2/9)D*x(y (Zu] > (by (A.15))
j=1

N
<(2/q)D2><(3~/)[h7h]((N—M)el‘”[M‘1 > uj]l_qM>

j=N—M+1
(dueto0<g<1land pj<e j<N-—M)

< (2/a)D*x(y)[h, B (N — M)e' ™1 + M)
(since Z]- pi <lduetoyeYeC{y:|yh <1}),

and we see that (A.14) holds with ae = ¢/(2[(N — M )e + MY]). As a result,
with the o, just defined, relation (A.13) holds true, whence (A.12) is satisfied
with a = lime 40 = %M ~49, that is, x is a continuously differentiable
convex function which is strongly convex, with modulus «, with respect to
| - |1, on Yr. Recalling the definition of ¢, we see that &(-) = a~1x(-), so
that & satisfies the conclusion of Lemma A.3.

We are now ready to prove Theorem 2.3. Under the premises and in the
notation of the theorem, let

1
N=upu+v, M=2p, AZZQ[zT Z}ESN, for z € R*V.  (A.16)

Observe that the image space I of A is a linear subspace of S, and that
the eigenvalues of y = Az are the 2u reals £0;(2)/2, 1 <i < u, and N — M
zeros, so that ||z||we = |Az|1 and M, F satisfy the premises of Lemma A.3.
Setting

o) = WEMEH S gy 1
w(z)— (A)_2q(1+q);zq()a q=

and invoking Lemma A.3, we see that w is a convex continuously differ-
entiable function on R**” which, due to the identity ||z|lmwe = |Az|1, is
strongly convex, with modulus 1, with respect to || - ||uuc, on the || - || pue-unit
ball Z. This function clearly satisfies (2.10). O
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Proof of Corollary 2.4. This corollary is obtained from Theorem 2.3 in
exactly the same way as Corollary 2.2 was derived from Theorem 2.1. [

A.3. Proofs for Section 2.2.2

Proof of Lemma 2.7. Let F(w) = f(w) — Lw(w). Lemma A.1 as applied to
¢ =0,V =L'F, implies that w € Z° and that there exists F' € OF(w)
such that (F' + LW (w),w —w) > 0 for all w € Z. Therefore,
Fw) = F(w) + Lw(w) > F(@) + (F,w — @) + Lw(w)
> F(w) — L{W'(0),w — ) + Lw(w) = F(w) + Lw(w) + L Vg(w)
= f(w) + L Vg(w). O

Proof of Theorem 2.9. Let

t(e) & fla) + (V)@ — 20) + LV, (2) + U(z) > 6(z).

Thus, 4,(-) satisfies the premises of Lemma 2.7 (note the definition of V,, (x)).
Since x¢y1 is the minimizer of this expression over x € Z, Lemma 2.7 states
that z441 € Z° (so that the algorithm is well defined), and for every w € Z
we have

Ce(weyr) + LpVa, o (w) < Le(w).
Substituting w = x;, we obtain
P(we) = () = Le(wepn) + LyViyyo (21) 2 O(@e41)-
Thus, ¢(xi11) < ¢(x4), as claimed. Substituting w = z*, we obtain
Ci(@e1) + LVa,, (27) < b(27) < ¢(a7) + LpVe, (27),
whence ¢(xi41) + LfVe,, () < ¢(a*) + LyVy, (2*). Summing up these

inequalities over t = 0,...,7T — 1, we find
T
D (@) = (x*)) < LVig (&%) = LViy (a%) < LyVigg (),
t=1

which proves (2.20). The remaining claims of Theorem 2.9 are immediate
corollaries of (2.20) due to the monotonicity of the algorithm, the inclusions
x¢ € Z and the convexity of ¢. O
Proof of Theorem 2.11. Define the functions

¢

Yo(x) =Y [f (i) + (Vf(@i),x = 2)] + (¢ + D)¥(x) + Ly Vz, ().

i=0
Let ¢f = minyez (w). Note that 1y = ¢y(x411) by construction of the
algorithm, and that x;,y; € Z° for all ¢ by Lemma A.1.
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Taking into account that t;(-) — Lyw(-) is convex, and that x;41 €
arg ming v, by Lemma 2.7 we have

Vf + LV () < (x) < (E+1D)o(x) + LV, (x), forxze Z. (A7)

Let us now prove that
Ui =) ). (A.18)

For ¢t = 0, we have zg = z,,. Therefore,
Yo = gleig[f(ﬂfo) +(Vf(2o), w — o) + V() + LV (w)]
= f(wo) + (Vf(w0),%0 — o) + ¥(yo) + LV, (¥0)

(2.18)

> é(yo)-

Assume now that (A.18) is true for some ¢ > 0. Then

Vi1 = gleig{wt(w) + f(w1) H(Vf(@141), w0 — 2441) + U(w)}

(A.17)

=" min{ U} + LyVas () + F(011) + (VF(0s0), 0 = 21) + ()}

(A.18)

> Z ¢ y’L + mln{Lfot+1( ) + f(l'tJrl)
=0

HVf(zi1), w — zeq1) + U(w)}
t
= Y 0(i) + f(@es1) + (VF(@er1), Y1 — Ter1)
i=0

+L Vi (ev1) + Y (Yes1)
+

Z

=0

Thus, we prove (A.18) for all £ > 0.

Combining (A.18) and (A.17) and setting = = z*, we arrive at (2.22).
The remaining claims of Theorem 2.11 are immediate corollaries of (2.22)
due to the inclusions y; € Z and the convexity of ¢. OJ

Proof of Theorem 2.14. Observe that by construction

Yi(-) = Lpw () + L) + ¥ (),

with non-negative a; and affine #;(-), whence the algorithm is well defined
and maintains the inclusions z; € Z°, x4,y € Z. Further, let us introduce
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a convenient notation for the coefficients of Algorithm 2.13. Namely, let

t+2
a1 = + 5 Zaz— , t20.

Then Ag =0 and 74 = at“ . It is important that

2A1 <1, t>0. (A.19)
Let 1 = 1(2¢). Let us prove by induction that
V> Ad(y), t>0. (A.20)

For t = 0 this inequality is valid. Suppose that it is true for some t > 0.
Let us prove that it is valid for index ¢ + 1.

Taking into account the structure of () just outlined, and applying
Lemma A.1, for all w € Z we have

uw) =+ LV (w) 2 Alu) + LV, ()
> Ay [f(éUtH) AV f(@er1), ye — Teg1) + ‘I’(yt)} + LV, (w).
Therefore, for all w € Z,
PYep1(w) > LV (w) 4+ Ag[f(xe01) + (Vi (@e41), 90 — Tep1) + P (ye)]
+ api1 [f(e1) + (VF(@e1), w = 241) + ¥ (w)].

. Alg. 2.13(b)
Since Ay(ys — Tyr1) — Qp1Ter1 = —agr12¢, we conclude that

Yrp1(w) > LpVa (w) + A1 f(2e41)
+ A (yr) + a1 [((Vf (241), w — 20) + ¥ (w)]

for all w € Z. Thus,
Viv1 = gleig{LfVZt (w) + Apr1 f(ze41) + AP (yr)

+ a1 [(VF(@eg1), w — 20) + ¥ (w)] }
LV (Ze41) + Avrr f(@e41) + AV (ye)
+ a1 [(Vf(@e41), Be1 — 26) + V(141

Alg. 2.13(c)

Alg.2.13(d) L
> 7th+1 — 2% + Aver f(@e41)

+ a1 1 (VF(@er1), Tepr — 2e) + A1V (Yer1)-
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It remains to note that Z;y1 — 2¢ Al 2220 (Yt+1 — @41) /7. Therefore,

L
Vi > ﬁllytﬂ — 21|l + A1 f (@41)
t

+ A1 (Vi (@e1)s Yer1 — 1) + A1V (Y1)

(A.19) L
> A 7f||yt+1 — x5+ f(2eg1)

+ (Vf(@es1), Ye+1 — Teg1) + ¥ (Y1)

(2.17)

> Att10(Yr41)-

Thus, we have proved inequality (A.20) for all t > 0. Since ¢} < Ayp(z*) +
LV, (z*), we obtain the estimate (2.25). O

A.4. Proof of Lemma 3.1

Verifying (3.9). Let 5 > 1 be such that termination does not occur at
stage 5. For 1 < s < &, let t5 be the last iteration of stage s, and let
P, = Ol ¢y = B!~ so that ¢s > ®4/0 > 0. By construction of ®H~,
we have ¢ = @~ (p;) for some 7 = 7(s) < t,. Taking into account that
@ (-) underestimates @(-), ®(ps) = 0, ps > psx and @ (ps) > 0 and setting
Ps = d%CI);(-), we get ps > 0, and the root 7 = ps— P (ps)/ps = ps — Ps/Ps
of ®2(-) is a point of R , whence psy; < rr. Further, assuming s > 1, we
have ¢s + ps(ps—1 — ps) = 7 (ps—1) < P(ps—1) < Ps_1. The bottom line is
that, for 1 < s < 5, we have

0< ¢ < B(p,) < B, (as)
¢S S S 07 bS
/¢ (bs) (A.21)
Ps = Pst+1 = Ps/Ps, (cs)
P > ¢s +ps(p571 - ps) when s > 1. (ds)
As a result, for 1 < s < § and using the notation of (A.21) henceforth,

Ps — Pst1 > Pst1(ps — ps+1) > Ps+10s/Ds > 9_1p5+1q)5/p5,
(ds+1) (cs) (bs)

which taken together with (as41) implies
o, — 9_1(I)s+1 > 9_1ps+1q)s/ps>

and hence

_ P, + p:d _
o, >0 1Pstl Sp PsZatl > 20 ! V ps+1q)sps¢’s+1/psa
S

and finally

D 1psy1 < [‘9/2]2(1)8173-
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Thus,
Dips < [0/2]2 D0 ypy. (A.22)

Now ®(+) is Lipschitz-continuous with constant 27 (b), ®1 < 0¢1 < 0P(p;1) <
207(b)(p1 — p«) (since ®(py) = 0), whence &1 < 207(b)p;. Further, by
construction p; > 0 is the slope of an affine function which underestimates
®(-) on the ray p > 0, whence p; < lim, o ®'(p) < w(b) — 0 < 7(b), and
thus ®1p; < 207%(b)py. Further, invoking (cs) and (bs) we have ps(ps —
psi1) > ¢s > 071 @5, so that ps > 07105 /(ps — psy1) > 0~ ®5/p1, and thus
Psps > 07102 /p;. We see that (A.22) implies the bound

@2 < 267[6/2° V7 (b) 1.

On the other hand, our root finding does not terminate at stage §, implying,
due to the termination rule, that ®3 > eps > ep,.. We arrive at the bound

2/6]° < 227 (D) p1/ (eps).-

Taking into account that 2/0 > 1 and § is the number of an arbitrary
non-terminal stage, the total number of stages admits the bound (3.9).

Verifying (3.11). If ¢ is the number of a non-terminal iteration of stage s,
then by construction ®4t > ep, and &4~ < §~1dLF, implying that

0—1 0—1

Pt — phT > 7 €ps > 7 €Px-

As we have seen when describing our root-finding routine, the left-hand side
of this inequality does not exceed DualityGap®(z?), and we see that for our
t we have

6—1
[e; >]DualityGap®(z') > —g P

which implies the bound (3.11). U

A.5. Proof of Theorem 3.3

We shall apply (2.2), first setting (a) z = z-, £ = 7-F(w;) (so that z4 =
2r+1), and then (b) z = z:,§ = 7. F(z;) (so that z; = w;). For (a), we
obtain, for all w € Z,

’YT<F(wT)7 Zr+1 — w> < VZT (w) - VZ’T+1 (w) - VzT (2’7—4_1),
and hence
’7T<F(w'r)7 Wr — ’LU>
< Ve (w) = Var o (W) + [y (F(wr), wr — 2741) — Va, (2741)],
=5,
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For (b), we find
Vr(F(2r), wr = 2r41) < Voo (2041) = Vi, (2r41) — Vz, (wr) (A.23)
and so

0r = v (F(wr) = F(2r), wr — 2r41) = Va, (2r41) + 90 (F(20), wr — 2741)
< v (F(wr) = F(zr), wr = 2041) = Vi, (2741) = Vz, (wr) - (by (A.23))

1 1
< || F(wr) — F(ZT)HE,*H“)T — zr11llE —§Hw7 - ZT+1||2E —§||w7- - ZTH%

73 2 1 2
< SIF@wr) = Fler)l =5 lher = 217

1
< S02L? — 1w = 2|F (by (3.16)).

We see that, first, 7 < 1/L indeed ensures that §; < 0, and, second,
whenever the latter relation holds for all 7 we have

Y (F(wr),wr —w) <V, (w) =V, ., (w), forall ,we Z.

Summing up the latter inequalities over 7 = 1, ...t and taking into account
that V., (w) = V. (w) < 3Q2[Z'] for w € Z', while V., , (w) > 0, we obtain

t LO21 77
°Z
max » A (F(w,),w; —w) < 25— 7] A= (A.24)
weZz’ T ZT 1 'Y‘r 2521 Vs
for all t. Denoting w, = [u,;v,], 2t = [u';v!], we have
)\t
o 2 Z —)

= max Z)\t Vaud(tr,vr), tur — u) + (Vyd(ur,vr), v — v7)]

[u;v]GZ’

t

> max )\ [[¢(UT;'UT) - ¢(u7v7’)] + [¢(UT7U) - ¢(u7—71}7—)]]

=1
(since ¢ is convex—concave)

= max AL [¢(ur,v)—¢(uavf)]
> {nax (00, ) — 601

(since ¢ is convex—concave and by definition of z?).

The resulting inequality combines with (A.24) to imply (3.18). O
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A.6. Good proximal set-ups

Our goal here is to understand to what extent the set-ups introduced in
Section 2.1.1 are the ‘best’ ones for the applications considered in this paper.
Let Z be a closed and bounded convex subset of a Fuclidean space £ which
affinely spans E, so that the set Z* = 1(Z — Z) is the unit ball of some
norm || - ||z on E uniquely defined by Z. Also, let || - ||z« be the norm
conjugate to || - ||z. We need the following simple observation.

Lemma A.4. With Z and E as above, let ||-||g, w(-) be a proximal set-up
for Z,E, let F(x) = Az+b: E — E be an affine vector field, and let Lg(F),
Lz(F) be the Lipschitz constants of F‘Z with respect to (|| ||, || [|£«) and

with respect to (|| - ||z, || - [| z,x), respectively:
F(z)-F .
o) = s L@ = POl
T, YyEZ,xFY ”33 - yHE
F(z)—-F
) - sy 1@ =Pz
T,yeZ xtYy ||£L‘ - yHZ
Then

Lp(F)Q2Z,w(-)] > Lz(F),
where Q[Z,w(-)] is the w(-)-radius of Z.

Proof. Since Z affinely spans E and F(x) = Ax + b is affine, we clearly
have for all z,y,u,v € Z:

(A(z —y),u —v) < Lp(F)llz — ylpllu — vl < 4Lp(F)Q*[Z,w(-)], (A.25)

where the concluding inequality is given by (2.4) with Z’ = Z. On the other
hand, as x,y, u,v run through Z, (z — y,u — v) can be made equal to any
desired pair (g, h) with g, h € 2Z*. Consequently, the maximum of the left-
hand side of (A.25) over @, y,u,v € Z is 4maxXyep.| g ,<1 A9l z« = 4Lz (F),
and we obtain 4Lz (F) < 4Lg(F)Q?[Z,w(-)], as claimed. O

Now assume that we are given a proximal set-up || - ||g,w(+) for Z, E such
that w'(z,) = 0,%° and

e cither we are using the set-up in question to solve a problem (2.16) with
the domain Z and a convex quadratic f(x) by one of the methods from
Section 2.2.2 (with the primal gradient method initialized by zp = z.,)

e or we are using the set-up to solve a bilinear saddle-point problem
(3.13) with the domain Z = U x V by the MP algorithm from Sec-
tion 3.2.

25 This is without loss of generality, since we lose nothing (in fact we even gain by reducing
the w-radius of Z) when passing from the original DGF w(-) to the DGF w(z) —
(W (20), 2 — 2w).
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In the first case, the guaranteed efficiency estimate of the algorithm is
e < O Z,w(-)|Lp(F)t™", (A.26)

where ¢, is the error after ¢ steps, in terms of the objective of (2.16). Here
F(z) =V f(2), k =1 for the primal and dual gradient methods, and x = 2
for the fast gradient method.?6 In the second case, invoking (3.19), the
efficiency estimate is again (A.26), now with ¢, = DualityGap(z!), k = 1
and the vector field (3.14) in the role of F. Note that this field is affine, due
to the assumed bilinearity of ¢.

Now assume that we have at our disposal an alternative proximal set-up
Il 1|,wz(:) for Z, E, with || - || #-compatible with || - || z:

074z < |lzllz < 0|z||, for all =.

Let us say that this alternative set-up is good if both 6 and the quantity
Qz = Q[Z,wz()] are ‘moderate’, i.e., absolute constants, as is the case
for the Euclidean set-up and the unit Euclidean ball Z (6 = Qz = 1),
or are universal functions of dim Z which grow with dim Z logarithmically,
as is the case for the set-ups from Section 2.1.1, where § = 1 and Q27 <
O(1)y/In(dim Z). What happens when we pass from the proximal set-up
| - ||z, w(-) to this alternative set-up? The answer is clear: since || - | is
within a factor 6 of || - ||z, the Lipschitz constant L of F' with respect to
Il 1l - ||+ does not exceed §2Lz(F), and the right-hand side O(1)QzLt™*
in the efficiency estimate associated with our alternative set-up will be <
O(1)(6Q2)?Lz(F)t=". That is, it will be at worst a factor O(1)6?Q% larger
than the right-hand side of (A.26): see Lemma A.4. Since 6€)7 is moderate,
passing from the original set-up to the alternative one cannot ‘spoil’ the
efficiency estimate by more than a factor of ‘nearly O(1)’. In other words,
as far as our algorithms are concerned, a good proximal set-up for the
domain of interest is nearly optimal in terms of the efficiency estimate, with
the given formal interpretation of the word ‘nearly’.

The analysis above justifies the proximal set-ups used to handle the ¢; /¢,
and nuclear norm Dantzig selector problems (1.1b). Indeed, using the ap-
proach of Section 3 we obtain bilinear saddle-point problems on bounded
domains Z; the set-ups we use are good for these domains (and in fact result
in the smallest values of #€Q2z known to us, up to a factor of O(1)), and are
thus nearly optimal within the framework of our algorithmic scheme.

The situation with the ¢;/¢2 and nuclear norm lasso problems (1.1a),
solved via composite minimization, is less clear. When posed in the form
(2.16), these problems ‘have trivial domain’ Z = F, which makes the above

26 To see that (A.26) is indeed the case, look at (2.21), (2.23) and (2.25), and note
that * can be an arbitrary point of Z, while max,cz Vi, (z*) = 1Q?[Z,w(")] due to
w'(zw) = 0.

1
2
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analysis inapplicable and indeed makes the choice of proximal set-up a diffi-
cult task. Basically all gradient methods for lasso-type problems proposed in
the literature, e.g., the very popular algorithm FISTA of Beck and Teboulle
(2009a), operate with the standard Euclidean set-up ||z|| = ||z]|2 := v/ (%, 2),
w(z) = 1(z,2). We intend to show, however, that the ‘non-Euclidean’ set-
ups used in Section 2, while not being ‘provably nearly optimal’, in some
cases have significant potential advantages compared to the Euclidean set-
up. For the sake of definiteness, let us focus on the ¢; lasso problem (1.1a)
with m x n matrix A (the situations with the ¢;/¢2 and nuclear norms are
similar). Assume that the true signal z, underlying observations b is sparse,
i.e., it has at most s < n = dim z, non-zero entries, which is the standard
motivation when using the ¢; lasso.2” For the s-sparse signal z, we have
|lz«]l1 < V$|lz«||2, and we can expect something similar from the optimal
solution x* to the lasso problem — at least in the low-noise regime, where
z* should be close to z,, for otherwise why bother using lasso in the first
place? Thus, it is natural to assume that ||z*|; < O(1)4/s||z*||2 with some
s < n. This assumption allows us to compare the efficiency estimates

ec < O(L) (v/In(m)|l* 1| Al i) "

(see (2.27)) of the gradient methods associated with the ‘/; proximal set-up’
(the one given by Corollary 2.2 in the case of one-dimensional blocks 27)
with the estimates

* 2,k
et < O) ([l |21l Al o g112) "t

(see (2.28)) associated with the Euclidean set-up. The ratio of the right-
hand sides of these efficiency estimates is

(x/ln(n)\lw*h max; IICOb'[AHI2>2
R =0(1) .
2|2 o1(4)
P Q
The factor P is always > 1 and thus is ‘against’ the ¢; set-up. However, we
are in the situation when P is not too large: P < O(1)4/In(n)s. In contrast,
the factor @ is ‘in favour of’ the ¢; set-up: it is always < 1 and can be as
small as 1/4/n (look what happens when A is the m x n all-ones matrix).
Thus, from the worst-case perspective, in the range /In(n)s < /n the
{1 set-up is significantly preferable to the Euclidean one. This being said,
note that in some applications, e.g., in compressive sensing, @) is typically
significantly larger than its worst-case sharp lower bound 1/4/n. For ex-
ample, matrices popular in compressive sensing are filled by independent

2T An alternative motivation is to get a ‘nearly sparse’ approximation to z. by penalizing
the approximant with a ‘sparsity-promoting’ £; norm; this motivation leads to the same
conclusions as the one where x.. itself is sparse.
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realizations of N'(0,1/m) random variables, or random variables taking val-
ues £1/4/m with probability 1/2. For an m x n matrix A of this type, a
typical value of max; [|Col;[A]||2 is O(1), while a typical value of o(A) is

O(1)y/n/m, which yields @ = O(1)\/m/n. When m/n = O(1), which is
often the case, Q = O(1)y/m/n certainly resolves the ‘competition’ between
the /1 and the Euclidean set-ups in favour of the latter.
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