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Supply Chain Models
10. Facilities Design
11. Computer Aided Layout
12. Layout Models
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Discrete Capacitated Location
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o Covering Problem
® Generalized Assignment Problem
© Warehouse Location Problem
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Discrete Point Location

o Set Covering and Set Partitioning
¢ Problem and Formulation
e Column Generation
¢ Master Problem Solution
® Generalized n-Mediam
® Warehouse Location Problem
i Erlenkotteris Dual Algorithm
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Set Partitioning Problem
Definition

# Every Column j = Feasible
Alternative Action

# Every Row i = Service Request

# Minimize Overall Cost while
Servicing All Requests
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Set Partitioning Notation

(Binary)

Request i
# ¢; = Cost of Alternative |

Request i
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# X, = 1 if Alternative j is Executed

# a; = 1 if Alternative j Satisfies

# p; = Cost Estimate for Servicing

Set Partitioning Formulation

N
min }.CjX;j
j=1
N -
S.t.zainj =1 i=1..M
j=1
Xj €{0,1}
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Set Covering Formulation

N
min ZCij
j=1
N
S.t.zainj >1 i=1L.M
=
Xj €{0,1}
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Set Partitioning Characteristics

# Alternative Selecting Algorithm

# Accurate Costs and Feasibility
Constraints

# Optimal Solution for iISmalli Problem
Sizes (IP Solver)

# Efficient Column Generation and
Pricing
# Models Complex Problems
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Set Definitions
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Set Partitioning Algorithm

o Start with a feasible partition J*

® Determine row prices by allocating
column prices iequitablel such that

., M
Cj = 2.&jjpj
i=1
o = demi-doi .+
Example: i 3" dem; - do; J
icl j
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Set Partitioning Algorithm (2)

© Generate and evaluate new column j,

if M

Cj —E“laij pi <0
add column j to the partitioning
problem

o If enough new columns are added,
solve the partitioning master problem
else go to step 3

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Copyright © 1997-2003, Marc Goetschalckx, All rights reserved.

Set Partitioning Algorithm (3)

e If all columns have been evaluated
and none added
or solution is within tolerance, stop
else solve partitioning master problem
and go to step 2
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Set Covering Reduction Rules

17-Mar-03

o Row Infeasibility

Jk=@ = infeasible
® Row Feasibility
Jr:{c} = Xczl, CEJ+

eliminate rows k:k € I
® Row Dominance

Jr c Jq = eliminate row q

Logistics Systems Design © Marc Goetschalckx

Set Covering, Reduction Data
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Set Covering Reduction Rules

(2)

o Column Dominance

Igol; and cg<¢t = % =0

e Cycle Through Rules
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Set Covering, Reduction 1

il /j—o 1 3 4 5 6 7 8
6 0 1 1 1 1 0 1

7 1 1 1 1 1 0 0|

8 1 0 1 0 0 0 0|

9 0 0 1 1 1 1 1

10 1 0 0 1 0 1 0|

11 0 0 0 1 1 1 1

12 0 0 0 1 1 1 1

c| 175 145 115] 105|165 135 195
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Logistics Systems Design: Discrete Point Location

Set Covering, Reduction 2

il/js) 1 3 4 5 6 7 g
6 0 1 1 1 1 0 1
8 1 0 1 0 0 0 0
10 1 0 0 1 0 1 0]
12 0 0 0 1 1 1 1
Cj 175 145 115 105 165 135 195
17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Set Covering, Reduction 3 & 4

il/j—o 1 4 5
6 0 1 1

8 1 1 0

10 1 0 1

12 0 0 1

Gl 1750 115 105

il/j—o 1 4

8 1 1
Cj 175 115
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Set Covering, Greedy Heuristic

1°=1,0" =0

while1° 2@ {
f(cv,kv)=mjin{f<c,-,k,-)jeJ*}
It dtuw
1”170\ (1° 1 1y )
} endwhile
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Set Covering Heuristic

17-Mar-03

# 1Reduced Costi function f(c, k)
* Many alternatives
¢ Inverse is iMost Bang for Bucki
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Logistics Systems Design: Discrete Point Location

Set Covering Linear Relaxation

# Larger Feasible Region
# Solvable with Linear Programming

N
min ) CjX;
j=1
N
s.t. Zainj >1 i=1L.M
j=1
0<xj=<1
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Cutting Plane
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% Additional Valid Constraint,
Violated by Current (Optimal)
Solution to Relaxation

# Sequence of Cutting Planes Drives
Optimal to Feasibility

© Marc Goetschalckx

Covering Problem Cutting
Plane

# Covering Problem All ¢; =1
(Unweighted or Counting Problem)

# Usually a Single Cut Suffices

N *
Z Xj 2 [ZLR-‘
j=1
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Branch-And-Bound
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# Most Widely Used Solution Method
for Discrete Problems
# Procedures
¢ Branching Variable Selection
e Lower Bound Computation
e Primal Heuristics (Incumbent Solution)

Logistics Systems Design © Marc Goetschalckx
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Logistics Systems Design: Discrete Point Location

Set Partitioning References

# Cullen F., Jarvis J. and Ratliff H., (1981). "Set
Partitioning Based Heuristics for Interactive
Routing." Networks, Vol. 11, No. 2, pp. 125-143.

# Balas E. and Padberg M., (1976). "Set
Partitioning: A Survey." SIAM Review, Vol. 18,
No. 4, pp. 710-760.
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Generalized n-Median Problem

. N M
min z= ) ijj + ZC”X”
i=1 i1

N
s.t. Zaijxij =1

j=1

—Xjjtyj2 0

N

2Yyjsn
j=1

© Marc Goetschalckx

Lagrangean Relaxation

# Relax Assignment Constraints

N
2 3jjxjj =1 [ui]
=1

# Penalty Objective Function

min ZLAR =
N M M N
Z ijj+ZCinij +_Zui I—Zaijxij
j=1 i=1 i=1 j=1
17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Lagrangean Relaxation (2)

min 7 pAg(U) =

N M M
Z[ijj +.Z(Cij —aijui)xijj+2ui
j=1 =1 =1
—Xij +Yj >0

N

Yyjsn

j=1

yj€{0.1},xjj =0
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Lagrangean Relaxation
Properties

% Lower Bound

*
ZLaArU) <z

% Siteis Relative Cost Factor

M
pj(U)= fj +Zmin{0,cij —aijui}
i=1
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Condensed Lagrangean

Relaxation
. M . N
min 7| pAr(U) = 2 +min X pj(U)y;j
i=1 j=1
N
st. 2yjsn
i=1
yj €{0,1}

Lagrangean Relaxation
Solution

© Compute and Sort p(U) in Increasing
Order

@ Discard All Nonnegative p,(U)

e If No p(U) Remaining, Pick Single
Smallest Positive p,(U)

o Else Pick, up to n, Most Negative
)
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n-Median Lagrangean
Relaxation Heuristic

Jt=2,k=0
Pr(1)=mjin{Pj(Ut)

if Pr(l) >0,
M

IT e {r(D}, ZLAR = 2 Ui+ Pr()s Stop
i1

17-Mar-03 Logistics Systems Design

Copyright © 1997-2003, Marc Goetschalckx, All rights reserved.

© Marc Goetschalckx

8%

17-Mar-03



Logistics Systems Design: Discrete Point Location

n-Median Lagrangean
Relaxation Heuristic (2)

else while ppy <0 and ‘J+‘<n {

Jt 3t urky
K<«k+1

Prky= min {pjU)}
" je\Jdt ]

+ endwhile

M
ZLAR=2Ui+ 2 Pj

17-Mar-03 i=1 J el +

© Marc Goetschalckx

Lagrangean Multipliers

% Heuristic Values

U= mjaX{Cij}

# Lagrangean Master Dual Problem

max 2| Ar(U)
y

* Subgradient Optimization
¢ Dual Adjustment Heuristic
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n-Median
Dual Adjustment Heuristic

JT=0 k=0
fori=1to M

Uit = maX{Cij}
]
Pr() = minip juh
if Pr(1) >0,
+ M
I {r()} 2= fry+ X Cirry. Stop
i=1
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n-Median
Dual Adjustment Heuristic

else while pr(ky <0 and ‘J+‘<n {

JT < I Uk

Uik+1 — min{uik,cir(k)}

k<«—k+1
Priy= min {pj(U)}
(k) jed\J* !

M
} endwhile, z= 3 fj+3 min {Cj;}
jeJ+ i=1]j€d
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Logistics Systems Design: Discrete Point Location

Warehouse Location Problem

# Determine the location of the
warehouses and their associated
customer zones

# Satisfying the given deterministic
customer demands

# Minimizing a sum of concave costs
(fixed site and constant marginal
transportation)
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Warehouse Location Problem

‘ N M
mmn Z= Z ijj+ZCinij
j=1 i=1

N

s.t. inj =1 [uil
j=1
—Xjj+yj=z0 [wij ]
yj € {01}, %; 20
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WLP Linear Relaxation

‘ N M
min 7 p= Z ijj+ZCinij
i=1

j=1
N
s.t. inj =1 [ui]
j=1
—Xjj+yj =0 [wij ]
yj =20, xj =0
17-Mar-03 Logistics Systems Design © Marc Goetschalckx

WLP Dual Formulation

M
max Zp = ) U;
i=1
M
s.t. _ZWij < fj [yjl
i=1

Ui —Wij <Gj  [Xjj]
Wij 2 0
uj unrestricted
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Variable Transformations

17-Mar-03

Wij = U — Gjj and Wij >0
Wij =maX{0,Ui —Cij}

M M
2 Wij = ZmaX{O,Ui —Cij}S f
i=1 i

1=
M
pjlU)="fj+ Zmin{o,cij —ui}ZO
i=l1

Logistics Systems Design © Marc Goetschalckx

Complementary Slackness

Pj
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wij(yj - %) =0 =

if yjzlthen pjU)=0
if pj(U)=0then y;=0

U=0 =

Xij(Cij—Ui+Wij)=0 = if xj=1then uj 2

if u < Gjj then Xjj =0
if u > Gjj then Xij = Yj
if Xij <VYj then y; < Gjj

Logistics Systems Design © Marc Goetschalckx
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Condensed Dual Formulation

M
max Zp = ) U;

i=1
st. pjU)=20

Uj unrestricted
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Primal Heuristic

7 ={ilpjw)=0}

{

{j‘Vi‘Elj‘(pj(U) =0) (y >cij)}

i

Giagiy = min{c o} (U) = 0} }f‘

Yi Xi+0{(i) =1

Cia(i) = mjin{Cij‘j € J+}

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Dual Ascent Maximum
Increase

#* Increase each dual variable in turn
until one or more dual constraints
become binding

A= mjin{pj(U)Ui > Cij}
Ay = mjin{Cij —ui‘ui < Cij}

A= min{Al,Az}
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Violations and Primal-Dual
Gap

# Violations of complementary
slackness « primal-dual gap

# Make set J* as small as possible by
dropping non-essential sites

M
Zp-2p=2 2 W
i=ljed*njza(i)

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Dual Ascent Algorithm

2=, Uj < min{cjj}
J

while 12 2@

foriel?

m_in{pj u )‘Ui 2 Gj },
A =min
mjin{Cij — U ‘ui < Cij}

if A>0 then uj < u; + A, update pjl)

17-Mar03 else 12 « 12\ {i}

© Marc Goetschalckx

Erlenkotter DUALOC
Algorithm

# Compact dual formulation

# Dual ascent, then dual adjustment
# Primal heuristic
#
#

Used as bound in branch-and-bound

Magnitude faster than contemporary
algorithms

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Case 1, Data

® wlo wle wio ~

120
180
100

60

180

210

150
240

55
210
110
165

180 210/ 170
190 190/ 150
110 150 110
195 180/ 150
50 65 70
e~ 120 195
e | 160 200
195 120| o

100

70

60 110 80

pi

® 9o b W~
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Case 1, Dual Ascent, Iteration 1

17-Mar-03

120 3 4 s wt oAy A, u?
1[ 120 210 180 210 170 120] 100 50 170
2| 180 ~ 190 190 150 150 80 30 180
3| 100 150 110 150 110 100/ 50 10 110
4 = 240 195 180 150| 150 50 30 180
5| 60 55 50 65 70| 50 60 5 55
6| = 210 e 120 195 120 110 75 195
7| 180 110 e~ 160 200| 110 70 50 160
8| o 165 195 120 | 120 35 45 (b)155
f, | 100 70| 60 110 80| 920 1205
pi | 100 70 60 110 80
1[50
2 50
3| 40
4 20
5 55
o 35
7 20
8 0
pii | 40 20 s 0 20

Logistics Systems Design
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Case 1, Dual Ascent, Iteration 2
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Logistics Systems Design

12 3 4 5| u' Ay A, u?
1] 120] 210 180 210 170| 170 20| 10| 180
2/ 180 ~ 190 190 150| 180 10 10 (b)190
3| 100| 150 110 150  110| 110 0 0/(b) 110
4] | 240|195 180  150| 180 0/ 15|(b) 180
5| 60| 55 50 65 70| 55 20 5 60
6| | 210 ~ 120 195 195 0/ 15|(b)195
7| 180| 110 ~ 160  200| 160 0/ 20(b)160
8| | 165 195 120 « |(b)155 (b) 155
f, | 100] 70 60 110] 80| 1205 1230
pi' | 40 20 55 0 20
1 30 10
2| 20 0
3
4
5 15 50
6
7
8
pii| 20 15 50 o o0

© Marc Goetschalckx
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Case 1, Dual Ascent,

Iteration 3

17-Mar-03

120 3 4 5| uitl Ay A, oy
1]120 210 180 210 170| 180 0 30 (b) 180
2[ 180 | 190 190 150](b) 190 (b) 190
3| 100 150 110 150 110|(b)110 (b) 110
4 | 240| 195 180 150](b) 180 (b) 180
5| 60 55 50 65 70| 60 15 5 65
6| ~ 210] ~ 120 195|(b)195 (b) 195
7| 180 110] <~ 160 200|(b)160 (b) 160
8| o~ 165 195 120 w |(b)155 (b) 155
f,_ | 100 70 60 110 80| 1230 1235
pi' | 20 15 50 0o o
1
2
3
4|
s| 15) 10 45
6
7
8
pi | 15 10 45 0o o

Logistics Systems Design
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Case 1, Dual Ascent, Iteration 4
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12 3 4 5| uit A, 4, u?
1] 120] 210 180 210] 170(b) 180 (b) 180
2[ 180 - 190 190 150|(b)190 (b) 190
3[ 100 150 110 150 110](b)110 (b) 110
4] = 240 195 180 150|(b) 180 (b) 180
5| 60 55 50 65 70| 65 0 5/(b) 65
6| = 210 o« 120| 195|(b)195 (b) 195
7[ 180 110« 160 200|(b) 160 (b) 160
8| o | 165 195 120 o |(b)155 (b) 155
f, | 100 70| 60 110 80| 1235 1235
pi' | 15 10 45 0 o0
1
2
3
4
5|
6
7
8
pii| 15 10 45 0o o0

Logistics Systems Design © Marc Goetschalckx

Dual Adjustment Sets and
Costs

17-Mar-03

Jic ={] S J+‘Ui ZCij}
‘]i+ ={j € J+‘Ui >Clj}
1 ={i9f =3t}
Cig(i) = min {Cjj}

jed
A0 = jeJIr,ljiI;a(i){Cij}

Logistics Systems Design © Marc Goetschalckx

Case 1, Solution

Fixed costs = 190
Allocations costs = 1045
Total cost = 1235

Lower bound = 1235

Optimal (primal feasible)
no complementary slackness
violations

L S I

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Dual Adjustment Algorithm

fori=1to M
if‘Ji‘*‘>1

if |2_{(i) U IZ(i) =0

A= Ui — mgiX{Cij ‘Ui > Cij}
J

for je J‘Ui > Gj

PiU)  pj(U)+A
U < Uj—A
17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Dual Adjustment Algorithm (2)

17-Mar-03

|ae|0+,(i)u|;(i)

execute dual ascent
| a

— 12U i

execute dual ascent
| a

«— |

execute dual ascent
endif , endif , endfor

Logistics Systems Design
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Case 2, Data
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2

3

4

® wlowls wio —

120
180
100

60

180

210

150
240

55
210
110
165

180
190
110
195

50

195

210
190
150
180

65
120
160
120

200

200

200

400

pi

%N b w

pi
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Case 2, Dual Ascent, Iteration 1
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12 3 4 5| ul Ay A,y
1] 120] 210 180 210 170| 120 200 50| 170
2/ 180 ~ 190 190| 150| 150 300 30 180
3| 100| 150 110 150 110| 100 150 10 110
4] ~ | 240 195 180 150| 150 270 30 180
5| 60| 55 50 65 70| 50 200 5 55
6| | 210 ~ 120 195 120 400 75 195
7| 180| 110~ 160 200 110 200 50 160
8| ~ 165 105 120 | 120 325 45 165
f, | 200 200 200 400] 300] 920 1215
pi' | 200 200 200 400 300
1] 150
2 270
3| 140
4 240
5 195
6 325
7 150
8 280
pi’ | 140| 150 195 280 240

Logistics Systems Design

© Marc Goetschalckx

Copyright © 1997-2003, Marc Goetschalckx, All rights reserved.

Case 2, Dual Ascent, Iteration 2

17-Mar-03

120 3 4 s uw? A, A, ud
1] 120 210 180 210 170| 170 140 _ 10 180
2( 180 ~ | 190 190 150 180 130 10 190
3| 100 150 110 150 110| 110 120 0 110
4 o~ 240 195 180 150| 180 220 15 195
5| 60 55 50 65 70| 55 150 5 60
6| ~ 210 ~ 120 195 195 205 15 210
7| 180 110] ~ 160 200| 160 145 20 180
8| o 165/ 195 120 | 165 125 30 195
f; 200 200 200 400 300] 1215 1320
pi’ | 140 150 195 280 240
1| 130 230
2| 120 220
3
4 265 205
5 145 190
6 250 190
7 125 230
8 95 200
pi’ | 120 95 190 200 190

Logistics Systems Design
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Case 2, Dual Ascent, Iteration 3

12 3 4 5| ul A, A, ut
120 210 180 210 170| 180 120 30 210
180 e~ 190 190 150| 190 0 190
100 150 110 150 110| 110 9 40 150
~ | 240 195 180 150| 195 120 45 240
55 50 65 70 60 50 5 65
| 210 | 120 195| 210 75 ~ (b) 285
180 110 | 160 200| 180 15 20 (b) 195

% wlo wle wio ~
o
3

e | 165 195 120 o 195 0 e (b) 195

fi 200 | 200 200 400 300| 1320 1530
pi’ | 120] 95 190 200 190

1] 90 160 160

2|

3| 50 120 120

4 75 155 75

5| 45 90 70

6 15 80 0

7] 30 0 65

8]

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Case

2,

Dual Ascent, Iteration 4

12 3 4 s ut 4 4, ui®
1| 120] 210 180 210 170 210 0 0 (b)210
2| 180 | 100 190 150| 190 0 « (b)190
3| 100] 150 110 150 110| 150 0 0 (b)150
4|~ 240 195 180 150 240 0 w (b)240
s| 60| 55 50| 65 70 65 0 5 (b) 65
6| e~ 210 e« 120 195| (b)285 (b) 285
7| 180] 110 e~ 160 200| (b)195 (b) 195
8 | 165 105 120 | (b)195 (b) 195
) 200 200 200 400] 300] 1530 1530
o)t 30, 0 70 65 0
1
2
3
4
5
6
7
8
i 3, o 70 6 0
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Case 2, Ascent Solution

# Fixed costs = 500

# Allocations costs = 1105

# Total cost = 1605

# Lower bound = 1530

# Duality gap =75
(complementary slackness violation
for customer 6)

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Case 2, Dual Adjust, Iteration 5

120 3 4 5| u® A, A, u®
1[ 120 210 180 210 170| 210 210
2[ 180 | 190 190 150| 190 30 e (b)220
3| 100 150 110 150 110| 150 150
4 240|195 180 150| 240 240
5| 60 55 50 65 70| 65 0 5 (b) 65
6| ~ 210 ~ 120 195| 210 210
7| 180 110| e~ 160 200| 195 0 5 (b) 195
8| o 165 195 120 | 105 40  w (b)235
f, | 200 200 200 400  300| 1455 1525
pi | 30 75 70 140 75
2 o 40 110 45
5
7
8 350 170
i’ 0 3 0 70 45

17-Mar-03
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Case 2, Dual Adjust, Iteration 6
12 3 4 5| ui® A4, 4, u
1f 120| 210 180 210 170 210 0 e (b) 210
2| 180 e 190 190 150|(b) 220 (b) 220
3] 100 150 110 150 110 150 0 (b) 150
4| | 240 195 180 150 240 0 < (b) 240
5| 60 55 50 65 70((b) 65 (b) 65
6] | 210 e 120 195 210 35 <o (b) 245
7] 180 110 e 160/ 200|(b) 195 (b) 195
8 o | 165 195 120 o |(b) 235 (b) 235
fi 200 200 200 400 300| 1525 1560
pi 0 3 0 70 45
1
2|
3
4
5|
6 0 35 10
7
8]
pi’| o o o 3 10
17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Case 2, Adjustment 1 Solution

17-Mar-03

# Fixed costs = 400

# Allocations costs = 1180

# Total cost = 1580

# Lower bound = 1560

# Duality gap = 20
(complementary slackness violations
for customer 5 and 7)

Logistics Systems Design © Marc Goetschalckx

Case 2, Dual Adjust, Iteration 7

12 3 4 5| ui” A, 4, uj
1] 7120 210 180 210] 170] 210 210
2[ 180 | 190 190 150| 220 5| « (b) 225
3| 100 150 110 150 110| 150 150
4| | 240 195 180 150| 240 0| o (b) 240
5| 60 55 50 65 70| 60 60
6| o 210 ~ 120 195| 245 5 <« (b) 250
7| 180 110] ~  160| 200| 195 195
8| o 165 195 120 | 235 0 (b) 235
f, | 200 200 200 400  300] 1555 1565
pi 5 5 5 35 10
2l o 0 30 5
4
6 0 25 0
8
i 0 0o 0 25 0
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Copyright © 1997-2003, Marc Goetschalckx, All rights reserved.

Case 2, Dual Adjust, Iteration 8

17-Mar-03

12 3 4 5 ul A, 4, u;®

1] 120] 210 180 210 170 210 0« (b)] 210

2[ 180 | 190 190  150|(b) 225 (b) 225

3| 100 150 110 150 110 150 0 (b) 150

4] ~ | 240 195 180 150|(b) 240 (b) 240

5| 60| 55 50 65 70 60 0 (b) 60
6| | 210 ~ 120 195|(b) 250 (b) 250
7| 180| 110 | 160 200 195 0 (b) 195

8| | 165 195 120 o |(b)| 235 (b) 235

f, | 200 200 200 400 300 1565 1565

pi*| o 0o o 25 o0

IS S Ty

pi’| o 0o o 25 o0

Logistics Systems Design © Marc Goetschalckx
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Case 2, Adjustment 2 Solution

# Fixed costs = 500

# Allocations costs = 1105
# Total cost = 1605

% Lower bound = 1565

# Duality gap = 40
(complementary slackness violation
for customer 6)

# Incumbent = 1580, smallest gap = 15

17-Mar-03 Logistics Systems Design
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WLP Alternative Formulation

17-Mar-03 Logistics Systems Design

‘ N M
min Z=Z ijj+ZCinij
j=1 i=1
N
s.t. inj =1 vi
j=1

M
2. Xij — My;j<0 vj
i=1

yj €{0,1},%; =0

© Marc Goetschalckx

WLP Alternative Relaxation

) N M
min z= ), ijj+ZCinij
i=1

N
st XX =1 Vi
j=1

M
inj - My;<0 Vj
i=1

yj20,xj =0

17-Mar-03 Logistics Systems Design
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Linear Relaxation Substitution

17-Mar-03

# Substitution at optimality

M % %
2. %jj = My;j
i=1

Logistics Systems Design

© Marc Goetschalckx
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Reduced Formulation

N M fj
min Z= —L+Cji [Xii
L
j=li=1
N
st 2Xj=1 Vi
j=1
Xjj >0

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Greedy Algorithm
fori=1to M

* f i

Xjik = I(I\I/I(+Cik)=mjln{'vjl+cij
for j=1to N

* 1 M
Vi = 2 Xij
MiZ

Logistics Systems Design

}

© Marc Goetschalckx

Constraint Disaggregation

% |P are identical, but linear relaxations
are not!

# Aggregated versus disaggregated
constraints

# 1Weaki and iStrongi formulation

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Case 1, Data
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210 170|

NIV NI

Blsl, 5, =, 588
it
8%, , 88588,
]
g

875 750 1375 1000

o s Wil

Logistics Systems Design
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Case 1, Weak Relaxation Costs

17-Mar-03

1 2] 3 4 S|
1]1132.50 | 218.75 187.50 223.75 180.00
2[192.50 *0197.50  203.75 160.00
3|112.50 158.75 117.50 163.75 120.00
4 0| 248.75 202.50 193.75 160.00
5| 7250 6375 57.50 78.75| 80.00
6]
7]
8]

| 218.75 20| 133.75 | 205.00

192,50 | 118.75 2| 173.75/210.00

0 173.75 202.50 133.75 ool

fi 100.00| 70.00 60.00 110.00 80.00

fi/M| 1250 875 750 1375 10.00
1

1
1
1

1

1

1

Yi 0.250 0.125 0.125 0.250| 0.250

Logistics Systems Design

© Marc Goetschalckx

Discrete Capacitated Location

Notation
yj  =binaryserver status
Xjj ~ =customerassignment
fj  =server fixed cost
Cjj ~ =assignmentcost
f =customer service requirement
Sj =server capacity
17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Case 1, Weak Relaxation
Solution

% Fixed costs = 88.75
% Allocation costs = 970
# Total cost = 1058.75 (lower bound)

# Round-up cost = 1390
(primal heuristic cost)

# Optimal cost = 1235

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Capacitated Covering
Formulation

N
min Y
j=1
N
s.t. 2 X5 =21 Vi
j=1
M -
21 Xij < SjYj vj
i=1

yj€ {0,1}, Xjj € {0,1}

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Covering Problem
Characteristics

% Determine Number and Location of
Equal Cost Servers

# Fixed Costs, No Assignment Costs

# Server Status Binary Variables and
Assignment Variables

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Capacitated Set Covering
Formulation

17-Mar-03

N
min z fj yj
j=1
N
s.t. ZXij =1 Vi
j=1
M
ZI’iXijSSj‘yj vj
i=1
yj € {0,1}, Xij € {0,1}

Logistics Systems Design © Marc Goetschalckx

Set Covering Problem
Characteristics

#» Determine Number and Location of
Unequal Cost Servers

# Fixed Costs, No Assignment Costs

# Server Status Binary Variables and
Assignment Variables

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Circle Covering Heuristic

17-Mar-03

o For Each Customer as Center
Determine Capacitated Circle Cover
of Smallest Diameter

® While Not All Customers are Covered

¢ Select Cover with Smallest Diameter

¢ Eliminate All Customers Inside this
Cover and Their Associated Covers

Logistics Systems Design © Marc Goetschalckx
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Cover Creation

Circle Covering Heuristic:

fori=1to M
radi =0, Ci = {i}, Rj =1
while G c |
k Fdik =mhin{dih\h el \Ci}

if Rj+rg<s;

Rj « Rj +1
else next i

17-Mar-03 Logistics Systems Design

then rad; < djx, Cj < Cj u {k},

© Marc Goetschalckx

Circle Covering Heuristic:
Cover Selection

C=0
while C # |
k « rady :mhin{radh\h el\C}

C« CuCy

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Generalized Assignment
Problem

j=li=l1

N

s.t. ZXij =1 Vi
j=1
M -
Z:ll’ixij < Sj vj
i=
Xij €{0,1}

17-Mar-03
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Generalized Assignment
Characteristics

% Determine Allocation of Customers to
Unequal Capacity Servers

# Assignment Costs, No Fixed Costs

# Binary Assignment Variables (Not
Automatically Integer)

17-Mar-03 Logistics Systems Design © Marc Goetschalckx
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Capacitated Warehouse
Location Problem

. N M
mm Z= Z ijj+ZCinijJ

j=1 i=1
N
s.t. inj =1 Vi
j=1
M
ZI’iXijSSjyj vj
i=1
—Xij + yJ >0 Vij

yJ e {01}, Xij e {0,1}

17-Mar-03
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Capacitated Warehouse
Location Characteristics

# Determine Number and Location of
Unequal Cost and Unequal Capacity
Servers

# Fixed Costs and Assignment Costs

# Server Status Binary Variables and
Assignment Variables (Not
Automatically Integer)

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Cross Decomposition

e GivenY

e Determines V

Location Problem

e GivenV

* Yields lower bound
e Determines Y

17-Mar-03 Logistics Systems Design

* Yields primal feasible solution

# Primal Transportation Subproblem

# Dual Uncapacitated Warehouse

© Marc Goetschalckx

Cross Decomposition Flow
Chart

Primal
—p»  Transportation |—
Subproblem

Primal Location Dual Variables
Variables Y \%

Dual
L Location €
Subproblem
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Primal Transportation
Problem
N M
min z= ) > GjjXjj + ijyJ
j=li=1
s.t. ZXij =1 [u;]
j=1
M
2 iXij <SjYj [vjl
i=1
—Xjjtyj=0 [wij ]
17-Mar-03 le > 0 © Marc Goetschalckx
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Dual Location Problem

min z=

N N M
X (Fj=sivilyj+ X (e +nv )
j=1 j=li=1
N

s.t. ZXij =1 [ui]
—Xjj+yj20 [wij ]

Yj€ {0,1}, Xjj 20

© Marc Goetschalckx
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Additional Feasibility
Constraint

o Sufficient capacity to serve all
demands

ZSJyJ>Zﬁ (4]
j=1

17-Mar-03 Logistics Systems Design
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Dual Location Problem

. N N M
min z= Z(fj—sjvj)yj+ > Z(Cu + 5V J)xij
=1 j=li=1
N
s.t. inj =1 [ui]
j=1
—Xij +yj20 [wij ]

ZS,YRZH [4]
j=1

17-Mar-03 y] I= {0’1}’ XI] 20

© Marc Goetschalckx
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Relaxed Dual Location

17-Mar-03 y] = {0,1}, le > 0

Problem
_ N
min z= Y (fj —SjVj —ﬂsj)yj
j=1
N M M
+> Z(Cij +rivj)xij + AN
j=li=1 i=1
N
s.t. inj =1 [ui]
j=1
—Xjj+yj=20 [wij]

© Marc Goetschalckx

Various Decomposition
Methods

% Branch-and-Bound with Linear
Relaxation

# Branch-and-Bound with Lagrangean
Relaxation

# Primal (Benderis) Decomposition
# Cross Decomposition

17-Mar-03 Logistics Systems Design © Marc Goetschalckx

Decomposition Methods
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