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SUMMARY

The call center industry is rapidly expanding. One of the most prominent features of
a modern call center is that it may employ hundreds if not thousands of agents. Recently,
many researchers have studied queueing models for such large scale call centers in a many-
server heavy traffic regime know as the Halfin-Whitt [15] regime. The Halfin-Whitt regime
is achieved by considering a sequence of M/M/N queues where the arrival rate and the
number of servers grows to infinity while the probability of delay is held fixed at a number
strictly between zero and one.

In the first half of this thesis, we extend the results of Halfin and Whitt to generally
distributed service times. This is accomplished by first writing the system equations for the
G/GI/N queue in a manner similar to the system equations for G/GI /oo queue. We next
identify a key relationship between these two queues. This relationship allows us to leverage
several existing results for the G/GI /oo queue in order to prove our main result. Our main
result in the first part of this thesis is to show that the diffusion scaled queue length process
for the G/GI/N queue in the Halfin-Whitt regime converges to a limiting stochastic process
which is driven by a Gaussian process and satisfies a stochastic convolution equation. We
also show that a similar result holds true for the fluid scaled queue length process under
general initial conditions.

Customer abandonment is also a common feature of many call centers. Some researchers
have even gone so far as to suggest that the level of customer abandonment is the single
most important metric with regards to a call center’s performance. In the second half of this
thesis, we improve upon a result of Ward and Glynn’s [52] concerning the GI/GI/1 + GI
queue in heavy traffic. Whereas Ward and Glynn obtain a diffusion limit result for the
GI/GI/1+GI queue in heavy traffic which incorporates only the density the abandonment
distribution at the origin, our result incorporate the entire abandonment distribution. This

is accomplished by a scaling the hazard rate function of the abandonment distribution as

X



the system moves into heavy traffic. Our main results are to obtain diffusion limits for
the properly scaled workload and queue length processes in the GI/GI/1 + GI queue.
The limiting diffusions we obtain are reflected at the origin with a negative drift which is
dependent upon the hazard rate of the abandonment distribution. Because these diffusions
have an analytically tractable steady-state distribution, they can be used to provide a closed-
form approximation for the steady-state distribution of the queue length and workload
processes in a GI/GI/1+GI queue. We demonstrate the accuracy of these approximations

through simulation.



CHAPTER I
INTRODUCTION

The call center industry has experienced phenomenal growth over the past decade. In the
United States alone, there are an estimated 70,000 call centers and year over year growth
has been steady at a rate of over 20% a year for the past several years. Annual expenditures
on call centers range from anywhere between $100 to $300 billion [48] and it is estimated
that somewhere between 50-75% of a call center’s costs are labor related. According the
U.S. Bureau of Labor Statistics [1], the call center industry accounts for more than 1.4%
of private sector employment, with the total number of agents in the U.S. residing at
approximately 1.55 million.

The most widely used model in the management of call centers is the M/M/N queue
which also known as Erlang C [13]. This model assumes Poisson arrivals and exponentially
distributed service times. Its popularity is due at least in part to the fact that it provides
closed form, tractable formulas for several steady state quantities of interest, such as the
long run average probability that a customer will have to wait and the long run average
queue length.

Consider an M /M /N queue with arrival rate A and service rate p and denote by Q(t) the
total number of customers in the system at time ¢. It is well known [33] that Q = {Q(¢),t >
0} is a continuous time Markov chain with state space N = {0,1,2,...}. It is also positive
recurrent if and only if p = A/(Npu) < 1. In this case, we may solve its balance equations
in order to determine its steady state distribution. In particular, the distribution of the
steady state number of customers in the system is given by P(Q(c0) = i) = pop;, @ > 0,

where

l(éy i O0<i<N-—1,
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and

NIy oAyt NN N )
po = <§ﬂ<u> +N!-1_p> . (2)
The steady state probability that a customer will have to wait before being served may also
be calculated and is given by

NN pN

ﬁ'm'p()a (3)

o = P(Q(o) = N) =
where py is given by (2). The quantity « in (3) is also commonly referred to as the Erlang
delay formula.

Unfortunately, the formulas in (1) and (3) may be hard to compute when either the
number of servers N is large or the traffic intensity of the system p = A/(Np) is close to one.
Moreover, (1) and (3) do not seem to yield any practical insights into how the performance
of the system becomes affected as its capacity is adjusted. This is an especially important
point for call center managers who would like to know exactly how many agents they should
hire in order to meet a predetermined level of service.

One approach which had yielded great success in providing analytical approximations to
formulas such as (1) and (3) is known as the heavy traffic approach. Originally developed
by Kingman [26, 27] for the single server queue, the approach yields close approximations
to (1) and (3) when the traffic intensity of the system of the close to one. It also gives
approximations to the quantities in (1) and (3) for generally distributed interarrival and
service times as well. Consider a sequence of GI/GI/1 queues indexed by r, where the
interarrival times to the r* queue are given by the mean 1, i.i.d. sequence {ui,i > 1} and
the service time sequence is given by {p"v;,i > 1} where {v;,s > 1} is an i.i.d. sequence
of mean 1 random variables. It is clear that in this case, the traffic intensity of the 7"
system is given by p” < 1. Furthermore, setting Q" (co0) = (1 — p")Q" (c0), one then has the
following result.

Theorem (Kingman ’61). If p" 1 1 as r — oo, then Q"(c0) = Q(o0) as r — oo where
Q(00) ~ exp(2/(var(uy) + var(vy))).
The seminal work of Kingman has come to form the basis of what is now known as con-

ventional heavy traffic theory. This theory has had spectacular success in solving problems



in such diverse fields as inventory control and manufacturing and logistics. However, con-
ventional heavy traffic theory is not well suited to the case in which the number of servers is
large. Furthermore, it does not incorporate customer abandonment. Both of these features
become important when modeling call centers.

A large scale call center may employ hundreds if not thousands of agents. In this case,
the conventional heavy traffic regime no longer applies. There is, fortunately, however, an
alternative “unconventional” heavy traffic which is very well suited for problems with large
numbers of servers. This regime was originally discovered by Halfin and Whitt in their
seminal work [18] and has now come to be known as the Halfin-Whitt regime.

Consider a sequence of M/M/N queues indexed by r where the r'* system has N"
servers. Let A" denote the arrival rate to the r*" system and assume that A" — oo as r — oo.
Assume further that the service rate is held fixed at 1 for all r and define p" = \"/(N"pn) < 1
to be the traffic intensity of the r** system. Let Q"(co) be the steady queue length of the
rth system and define Q" (00) = (N")~/2(Q"(c0) — N7). If we now let ® be the standard

normal cumulative distribution function and define
H(z) = (1+ \/27rx<I>(33)e$2/2)_1, x>0,

then, Theorem 1 of Haflin and Whitt [15] may be stated as follows.
Theorem (Halfin and Whitt ’81). If N"(1 —p") — (3 as r — oo where > 0, then
() = Q(o0) as 1 — o0, where P(G(o0) = 0) = H(B), P(Q(c0) > 2|Q(oc) > 0) =
e P 2 >0, and P(Q(c0) < x|Q(00) < 0) = &(8 + z)/®(B),z < 0.

Halfin and Whitt’s Theorem above provides approximations to (1) and (3) for the case
in which N is at least moderately large. It is for this reason that the Halfin-Whitt regime
is also commonly refereed to as the many-server regime. There is, however, one significant
difference between Halfin and Whitt’s result and that of Kingman’s. While Kingman’s result
holds for generally distributed interarrival and service times, Halfin and Whitt’s results have
historically required the assumption of exponentially distributed service times. This may be
viewed as a limitation from the perspective of call center applications as it is now commonly

accepted that service times at call centers are not in general exponentially distributed [7].



Recently, however, several authors have begun to obtain Halfin-Whitt type convergence
results for more general classes of service time distributions. Puhalskii and Reiman [40]
have demonstrated convergence of the G/PH/N queue length process in the Halfin-Whitt
regime, where PH stands for phase type service time distributions. Their approach is
to consider a multidimensional Markovian process where each dimension corresponds to a
different phase of the service time distribution. Jelenkovié¢, Mandelbaum, and Momc¢ilovié
[22] have shown convergence of the steady state distribution of the GI/D/N queue, where
D stands for deterministic service times. Their proof involves focusing on a single server
in the system and studying its queue length behavior as it evolves over time. Whitt in
[57] has shown process level convergence of the G/H3/N/M queue, where H; stands for a
mixture of an exponential random variable and a point mass at zero. In [37], Mandelbaum
and Momcilovié¢ study the virtual waiting time process of G/GI/N in the Halfin-Whitt
regime assuming that the service time distribution possess finite support. Their approach
relies on a combination of combinatorial and probabilistic arguments. Nevertheless, despite
their successes, it does not appear that any of the aforementioned approaches may easily
be extended to the case of general service time distributions and so to this date there has
remained no general methodology for analyzing the G/GI/N queue in the Halfin-Whitt
regime. This is the main contribution of the first half of this thesis.

The main insight to our approach is to write the system equations in a manner similar
to the system equations for the G/GI /oo queue. Proposition 2.1.1 in Section 2.1.2 then
provides a crucial link between our system and the G/GI /oo queue which allows the asymp-
totic analysis to proceed. In an effort to give a quick idea of what our main results, first
recall the heavy traffic results of Borvokov [6] and Krichagina and Puhalskii [28] for the
G/GI /oo queue. Recall that in [6] and [28], heavy traffic for the G/GI /oo queue is defined
by letting the arrival rate to the system grow large while holding the service time distribu-
tion fixed. In such a regime, it can be shown that the properly centered and scaled queue
length processes will converge to a Gaussian process. Let us therefore denote by Qr the
limiting Gaussian process obtained for a G/GI /oo queue with the same sequence of arrival

processes and an identical service time distribution as in our original sequence of G/GI/N



queues. Then, the limiting process of Theorem 2.4.4 of Section 2.4 for the properly centered
and scaled queue length process in our original sequence of G/GI/N queues is given by the

unique strong solution to

Q) = MQ(t)+Qz(t)+/0 Q1 (t — s)dF(s), for t>0, (4)

where QT = max(Q,O), F is the CDF of the service time distribution and MQ is an
additional process which is related to the initial conditions of the queue. Note that the
additional integral term on the righthand side of (4) is naturally positive as one would expect
more customers in a G/GI/N queue than in a corresponding G/GI /oo queue. Corollary

2.4.5 in Section 2.4 also shows that (4) may be equivalently expressed as

O) = )+ /0 C(t — s)dM(s) — /0 O~ (1 — s)dM(s), for t>0, (5)

where ( = MQ +Q7, Q~ = —min(0,Q) and M is the renewal function associated with the
pure renewal process with interarrival distribution F'. From (5), it is then a matter of a few
direct calculations to recover Halfin and Whitt’s original results. We should also point out
that along the way we develop fluid limit results which closely resemble (4) above.

In the second half of this thesis, we consider customer abandonment. Although many
standard queueing models assume that customers are infinitely patient while waiting for ser-
vice, it is often the case that such an assumption is not reasonable. In particular, impatient
customers faced with long waiting times often evidence their frustration by abandoning the
system before completing service. For example, call center callers placed on hold frequently
hang up while waiting for an agent to assist them, and web browser users often cancel their
viewing requests in the face of long download times.

To the best of our knowledge, the first person to remark on the importance of incor-
porating customer abandonment in a queueing model was Palm [39], who witnessed the
impatient behavior of telephone switchboard customers. More recent studies have estab-
lished that Markovian M/M/n+M abandonment models (where the final +M represents
the abandonment distribution) are well-approximated by diffusion processes in heavy traf-
fic, both when the number of servers grows large (see Garnett et al [14]), and when the

number of servers remains fixed (see Ward and Glynn [50]). However, in reality, it is often



the case that customer abandonment times are not exponentially distributed, as exhibited
by the study of Brown et al [7] of a bank call center data set. Although stability results for
models in very general frameworks exist (see, for example, Stanford [47], Baccelli, Boyer, and
Hebuterne [3], Lillo and Martin [35] and Bambos and Ward [49]), the problem of rigorously
establishing diffusion approximations for systems with general abandonment time distribu-
tions still remains an area of active research. Zeltyn and Mandelbaum [59] consider many
server systems with generally distributed abandonment times, and Ward and Glynn [52]
consider a single-server system with generally distributed abandonment times. Both works
develop a heavy traffic asymptotic regime in which the limiting diffusion depends on the
abandonment distribution only through the value of its density at 0.

The value of the density of a distribution at a single point is not a very robust statistic.
For example, the estimated hazard rate function associated with the abandonment times of
a U.S. bank’s call center customers displayed in Figure 12 in the Internet Supplement to
Zeltyn and Mandelbaum [59] is unstable near the origin. (Note that because abandonment
times are non-negative, the values of both the hazard rate function and density associated
with the abandonment distribution coincide at the point 0.) Therefore, identifying a limiting
regime that preserves more of the structure of the abandonment distribution is of interest.

The main contribution of the second half of this thesis is to rigorously establish a heavy
traffic regime for a single server queue operating under the FIFO service discipline with
renewal arrivals, general service times, and general abandonment times in which the entire
abandonment time distribution appears in the limiting diffusion approximation. We study
both unbounded and bounded abandonment distributions, and develop diffusion approxi-
mations for both the offered waiting time process (the process that tracks the amount of
time an infinitely patient arriving customer would wait for service) and the queue-length
process. In so doing, we also prove results on the existence, uniqueness, and continuity of
generalizations of the one-sided regulator mapping introduced in Skorokhod [46] and the
two-sided regulator mapping having an explicit formula given in Kruk et al [29] to allow
for a general, non-linear state dependence. Our key insight is to model customer abandon-

ment times using the hazard rate function associated with the assumed abandonment time



distribution, as suggested by Whitt [56].

To specify our proposed diffusion approximation for the offered waiting time and queue-
length processes (for simplicity we assume mean service times are one so that the proposed
approximations for these two processes are identical), consider a single-server, FIFO queue
having renewal arrival and service processes with identical rates n!, in which each customer
independently abandons the system if his service has not begun within an amount of time

having a distribution with hazard rate function h and cumulative hazard function H =
Jo h(y)dy. Let
H(z) = /I h <y> dy = /nH (”T) . (6)
o \vVn vn
Then, our suggested diffusion approximation for the scaled queue-length process n~=1/ 2Qm (1)
when n is large has infinitesimal drift —H}(x), where x is the state of the diffusion, constant
infinitesimal variance that depends on the variance of the inter-arrival and service times,
and is instantaneously reflected at the origin. When the distribution of abandonment times
is bounded, our suggested approximating diffusion also has an upper reflecting barrier.
Table 1 displays the results of using our approximation to estimate the mean queue-
length and abandonment probability in a queue with Poisson arrivals having rate n =
2500, deterministic service times having mean 1/2500, and abandonment times distributed
according to G(p), a mean 1 gamma distribution having both scale and shape parameters

equalling p. The cumulative hazard function associated with G(p) is

H(z) =—1In (1 _ Flgczz(f)))> |

where I(p) = [P~ e~ dt is the gamma function, and I';(p) = [ t*~'e 'dt is the incom-
plete gamma function (p > 0). From (6), the drift of our suggested approximating diffusion
is

T
—Hp(z) = valn (1 - Wr/(f)(p)) . (7)

Its variance is 1, which follows from Theorem 3.5.2, and its steady-state distribution is

given in part (i) of Proposition 3.5.3. We ran each simulation to 2,000 time units so that

1Our analysis does not use the assumption of perfect balance; however, having equal arrival and service
rates eases the exposition in the Introduction.



Table 1: A comparison of the simulated mean queue-length and abandonment probability
for a GI/GI/1-GI queue with Poisson arrivals at rate 2500 per unit, deterministic service
with mean 1/2500, and abandonment times distributed according to a gamma distribution
with scale and shape parameter p.

E[queue-length)] Plabandon)]
D Simulated Approximated % Error | Simulated Approximated % Error
0.5 | 9.0093 8.418 6.57% 0.041292  0.043202 4.63%
2 84.911 86.835 2.27% 0.003367  0.003273 2.80%

the queue saw approximately 5,000,000 arrivals, and recorded the time average queue-length
and abandonment fraction. Observe that all of our approximations in Table 1 differ from
their simulated values by no more than 7%. In Chapter 3, we will present more extensive
numerical results.

The remainder of this thesis will now be organized as follows. In the following subsection,
we present the notation which will be used for the remainder of this work. In Chapter 2 we
provide our results for the G/GI/N queue in the Halfin-Whitt regime. Next, in Chapter 3,
we present results for the GI/GI/1+ GI queue in a novel heavy traffic regime which will be
defined there as well. In Chapter 4, we provide some concluding remarks. Proofs of some

of the more technical results of Chapters 2 and 3 have been deferred to the appendices.
1.1 Notation

All random variables and processes are henceforth assumed to be defined on a common
probability space (€2, F,P). For each positive integer d, we let D([0,00), R?) be the space
of right continuous functions with left limits (RCLL) in R? having time domain [0, 00). For
convenience, we will use D[0,00) to denote D([0,00),R). We endow D([0, 00),R%) with
the usual Skorokhod .J; topology and let M? denote the Borel o-algebra associated with
the J; topology. Stochastic processes are assumed to be measurable maps from (2, F) to
(D([0,0),R%), M?) for some appropriate dimension d. A sequence of functions {z"} €
D([0,00),R%) is said to converge uniformly on compact sets to € D([0,00),R%), if for
each T > 0,

max  sup |z}'(t) —xi(t)] — 0 as n — oo.
i=1,...,d 0<¢t<T



The notation = will be used to denote convergence in distribution and the notation L
means equal in distribution. When writing Lesbegue-Stieltjes integrals, we denote by ff
the integral over the closed interval [a, b] and by fab  the integral over the half-open interval

(a, b].



CHAPTER II

THE G/GI/N QUEUE IN THE HALFIN-WHITT REGIME

We extend the pioneering results of Halfin and Whitt [15] on the GI/M/N queue to the
more general G/GI/N queue. This work is to a large extent motivated by the desire to
better understand the performance of call centers which operate on a large scale. In recent
years, the Halfin-Whitt regime, also known as the Q.E.D. regime, has been proposed as
a suitable setting in which call centers may be analyzed. This is mainly for two reasons.
First, in the Halfin-Whitt regime it is assumed that the arrival rate to the system is large
and second, it is also assumed that the traffic intensity is close to one. It is natural to
expect that in a large and efficiently run call center, both of these conditions will prevail.
Unfortunately, however, results of Halfin and Whitt’s type have mainly been limited to
the assumption of exponentially distributed service times while more recent studies such as
those by Brown et. al [7] seem to suggest that, at least in certain cases, service times at
call centers may be lognormally distributed. It is therefore necessary to provide a suitable
framework in which Halfin and Whitt’s results may be extended to general service time

distributions; this is the topic of the present chapter.

2.1 Model Formulation
2.1.1 System Equations

In this subsection, we will describe the system equation for the G/GI/N queue. One of the
key insights from Halfin and Whitt [15] was that for large N, the GI/M /N queue will, for
stretches of time when the number of customers is low, behave as if it were an GI/M /oo
queue. Our main result in Section 2.4 shows that the same holds true for the G/GI/N
queue as well. Our first step towards showing this is to write down the system equations
for the G/GI/N queue in a similar way to those for the G/GI /oo queue. For the reader’s
convenience, we will closely adhere to the notation used in [28] as many of the arguments

we use here cite results from that paper. All random variables and processes considered
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henceforth are assumed to be defined on a common probability space (2, F,P). Also, when
writing Lesbegue-Stieltjes integrals, we denote by fab the integral over the closed interval
[a, b] and by ff , the integral over the half-open interval (a,b].

Customers arrive to the system according to the arrival counting process A = {A(t),t >
0} and are served on a first come first served (FCFS) basis. The arrival time of the 7

customer is defined to be the quantity
7, = inf{t >0:A(t) >}, i>1
Setting 7p = 0, we also define
& = Ti—Ti-1, 121, (8)

to be the interarrival times between the (i — 1) and *" customers to arrive to the system.

The ** customer to enter service after time zero is assigned the service time 7;. We
assume that {n;,i > 1} is an i.i.d. sequence of mean 1, random variables with common
distribution F' whose tail distribution we denote by G = 1 — F. Note that there are
no assumptions imposed on the service time distribution, other than it have a finite first
moment. Initially, there will also be Q) customers in the system and min(Qg, N) customers
in service at time zero. We let 7; be the residual service time of the i*" such customer
and we assume that {7;,7 > 1} forms an i.i.d. sequence of random variables with common
distribution H.

For each i > 1, let w; denote the waiting time of the " customer to arrive to the system
and let w; be the waiting time of the (N + i)** initial customer in the N** system if such
a customer exists. We begin our indexing by N + 1 since the first IV initial customers in
the system will not have to wait. In this notation as well as the notation of the previous
subsection, the total number of customers in the system at time ¢ is given by

min(Qo,N) (Qo—N)*
QM) = > Mm>th+ > Wb+ >t} 9)

i=1 i=1
A(t)

+ Z Wi+ wi +10Qo—n)++i > t}-
i=1
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We henceforth refer to the process Q = {Q(t),t > 0} as the queue length process. It should
be noted that () does not only count those customers in the queue waiting to be served but
that indeed it counts the total number of customers in the system. The number of customers
waiting to be served may however be recovered from @ and is given by (Q — N)*. Also
note that Qo # Q(0) in general since it is possible for customers to arrive to the system at
time zero. One may think of Qo as being equal to Q(0—).

By centering each of the indicator functions in the last two summations on the righthand

side of (9) by their means conditional on their arrival times and waiting times, we obtain

(Qo—N)* A(t)
Q) = W)+ M)+ Y Glt—)+ Y Glt—m—uw) (10)
=1 i=1
where
min(Qo,NV)
W) = ) >t} (11)
=1
and
(Qo—N)*
My(t) = Y (i +n >t} — Gt — ) (12)
i=1
A(t)
+ Z(I{Ti + Wi +N(Qo—N)++i > ty — Gt — 1 —w;)).
=1

We also set W = {W (t),t > 0} and My = {M>(t),t > 0}.

Next, adding in and subtracting out the terms
Ag(t) = /Ot G(t — s)dA(s)
and (Qo — N)TG(t) both to and from the righthand side of (10), we obtain
Q(t) = W(t)+ Ma(t) + Ag(t) + (Qo — N)"G(t) (13)

(Qo—N)*
+ > (Gt —1w) - G(t)
i=1

A(t)
+D (Gt =7 —w) — Gt — 7).
=1

We set Ag = {Ag(t),t > 0}.

We now have the following key proposition.

12



Proposition 2.1.1. For each t > 0,

A(t)

(Gt —7i—wi) -Gt —m)) =

=1

Proof. We have
A(t)

_Z (t — 7 —w;) — Gt — 7))

A(t

2 ey

A(t)

_Z/ Wt —(m4+w) <s<t—m}dF(s)

A(t)

—Z/ i <t—s<m+w}dF(s)
:/ Zl{TiSt—S<Ti+wi}dF(8)
0 =1
(Qo—N)*

:/Ot Q=) =Ny — 3 1w >t —s} | dF(s)

i=1

_ [ —s)—N)*t w -5
- [ Q=5 - Nyars / Z i > 1 - shdF(s)

A reverse argument can now also be used to show that

+ (Qo—N)*T (Qo—N)*
/ Z Wi > t—s}dF(s)= 3 (G(t— i) — G(1).
=1
This completes the proof. O

Proposition 2.1.1 now allows us to rewrite equation (13) for the queue length at time ¢

Q) = W(t) + Malt) + Ac(t) + (Qo — N G(t) (14)
t — S) — + S).
+ /0 (Q(t — ) — N)Y*dF(s)

Equation (14) is the starting point for our analysis in Sections 2.3 and 2.4. In the next

section, we develop a regulator map result for the queue length process in (14).
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2.1.2 The Halfin-Whitt Heavy Traffic Asymptotic Regime

In this subsection, the details of our heavy traffic formulation are given. The underlying
assumption is that we are considering a sequence of G/GI/N queueing systems which are
indexed by the number of servers N. In what follows, stochastic processes are assumed to be
measurable maps from (2, F) to (D[0,00), D), where D stands for the o-algebra generated
by the Skorohod J; topology. We will use dy to denote the Skorohod metric. The notation
DF k > 1, will be used to denote the product space of D defined by D* = D x ... x D.
In general, when speaking of product spaces, we will assume that they are endowed with
the product topology which is induced by the maximum metric d. The interested reader is
referred to Section 11.4 of [54] for futher details. The notation = will be used to denote
convergence in distribution and the identity process e = {t,t > 0} will be denoted by e.
Let AN = {AN(t),t > 0} be the arrival process to our N** system. Defining the family

of fluid scaled arrival processes {le , N> 1}, where

v AN
Ny —
and AN = {AN(t),t > 0}, we assume that
AN = ¢ as N — oo. (15)

It will also be assumed that the fluctuations of our arrival processes around their means
obeys some form of a functional central limit theorem. That is, there exists a sequence of

constants pY, N > 1, such that
AN = ¢ as N — oo, (16)
where
AN () = VN(AN (1) - pV1) (17)

and AN = {AN(t),t > 0}. Furthermore, we will also assume that the limiting process £ in
(16) has almost surely continuous sample paths.
Note that assumption (16) is flexible from a modeling point of view. In heavy traffic

theory, one might often assumes that AV (e) = A(Ne), where A is a renewal process, in

14



which case, by Donsker’s Theorem, the process £ in (16) turns out to be a Brownian motion.
The interpretation under such an assumption is that customers are emanating from a single
source, albeit at a rapid rate. However, in many applications, with telephone call centers
being just one such example, it is perhaps more natural to assume that customers are
emanating from many sources. This then leads to the assumption that A% is a superposition
of many i.i.d. renewal arrival processes, that is, AV = ZZ]\L 1 4;. Under such an assumption,
the process & turns out to be a centered Gaussian process whose covariance structure is
inherited from that of each of the individual Als. The interested reader may consult Section
7.2 of Whitt [54] for more details on this remark.

The service time sequences do not change as we index through N. In other words, the
sequence {n;,7 > 1} will always be used to assign service times to customers entering service
after time zero and {7;,7 > 1} will also be used to denote the initial residual service time
sequence. We will let sz be the waiting time of the i*" customer to arrive to the N'"
system after time zero and denote by ﬁ)ZN the waiting time of the (N 4-4)** initial customer,
if any.

It now remains to define the Halfin-Whitt regime. First note that in the case that
AN(t) = A(NpNt),t > 0, where A = {A(t),t > 0} is a renewal process with mean 1
interarrival times, we have that Np" is the arrival rate to the N** system. In this case,
as noted previously, the limiting process £ in (16) is a Brownian motion and the traffic
intensity of the N system is pV since there are N servers in the system and each has
rate 1 processing capacity. For more general arrival processes, however, the quantity Np"™
may fail to be the arrival rate to the N** system. Nevertheless, the Halfin-Whitt regime
is achieved by assuming that p converges to one as N grows to infinity. Specifically, we

assume that
VNI -pN) =B as N — oo, (18)

where —oo < 3 < 0.
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2.2 A Regulator Map Result

In this section, a regulator map result is provided which will be relied upon in the proof
of our main result. In particular, it will provide a convenient representation for the queue
length process.

Let B be a cumulative distribution function on R. For each = € D[0, c0), we would like

to find and characterize solutions z € D[0, 00) to equations of the form
t
z(t) = x(t) + / 2T (t —s)dB(s), for t>0. (19)
0

We therefore define the mapping ¢p : DI[0,00) — DJ[0,00) to be such that pp(x) is a
solution to (19) for each x € DJ[0,00). The following proposition now shows that ¢p is
uniquely defined and provides some regularity results for ¢p as well. Its proof may be

found in the appendix.

Proposition 2.2.1. For each x € D|0,00), there exists a unique solution pp(x) to (19).
Moreover, the function ¢p : D[0,00) — D|0,00) is Lipschitz continuous in the topology of
uniform convergence over bounded intervals and measurable with respect to the Skorohod Jq

topology.

2.3 Fluid Limit Results

In this section, we study the fluid scaled queue length process. This will be done as follows.
We first represent the queue length process in term of the regulator mapping ¢r. We then
provide several propositions which will be helpful in establishing our main result of the
section, Theorem 2.3.4, which details the asymptotic behavior of the fluid scaled queue
length process. We conclude this section by showing in Theorem 2.3.6 that the fluid limit
for the queue length process converges to a unique equilibrium state as time increases to
infinity.

Let QY = {QN(t),t > 0} be the queue length process in the N** system. First note

that by setting

IN(t) = (N=(Q) —N))H®) +(Q) — N)TG(t)
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and

min(QéV,N)

W'y = ) (Um =t - H(),

=1

we have, after subtracting N from both the left and righthand sides of (14), that

QV() =N = IN(t)+Wg' (t) + M3 (t) + (AG(t) — N)

tN_S_ +dF (s
+/0(Q (t - 5) — N)"dF(s).

If we now define the fluid scaled quantities,

Qv - LN
)
N
W = 0
e - 20
and
e = 20N

it then follows from (20) that

QY0 = PO+ 0+ A0+ [ Q- 9ar(s),

Furthermore, since by Proposition 2.2.1, the mapping ¢ is uniquely defined, setting

QN = {QY(),t >0},
= {IN(@),t >0},

My = {M5(1),t > 0}

and

17
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we have from (24) that
QY = ep(IM+ W' + M3 + AT). (25)

The representation (25) above will turn out to be very useful when proving the main result
of this section.

For the remainder of this chapter, we assume that the initial fluid scaled number of
customers in the system converges in distribution as N tends to co. In other words, we

assume that

N
_ - N
QéV:QOT#QO as N — oo. (26)

We may now begin to state some preliminary results in preparation for the statement of
the main result of the section, Theorem 2.3.4. Our first result shows that W converges to

zero as N goes to oo.
Proposition 2.3.1. V_Vév =0 as N — o0.

Proof. First note that

N min(N~1Q¥ 1)

We'(t)=N"" Yoo ({m>tr - H@).
=1

Thus, for each T' > 0 and § > 0, we have

N min(N~1Q¥ 1)

P| sup |[N7! > ({7 >t} — H(t))| >0
0<t<T P

lzN]

< P| sup sup |[N7! Z(l{ﬁi >t} — H(t)| >0
0<z<10<t<T —

However, by Lemma 3.1 in [28],

lzN]
P | sup sup N_IZ(l{fh'>t}—f_I(t)) >0| -0 as N — oo,
0<z<10<t<T et

which completes the proof. O

We next show that MQN converges in distribution to zero. The proof of this result may

be found in the appendix.
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Proposition 2.3.2. M} =0 as N — cc.
Proof. See appendix. O
Now define
¢
F.(t) = / G(t—s)ds, t>0, (27)
0

to be the equilibrium distribution associated with the service time distribution F' and set

F, =1 — F, to be the tail distribution of F,. We then have the following result.
Proposition 2.3.3. flg = —F, as N — oo.

Proof. By the definition of AY in (23), assumption (15) and as in the proof of Theorem 3

of [28],
Ay = /0 G- — 5)dAN (s) — 1
= /OIG(-—s)ds—l as N — oo
- L.
which completes the proof. O

The following is now the main result of this section. It provides a deterministic first
order approximation to the queue length process. Later, in Section 2.4, we use this result

to center the queue length process and obtain a second order approximation.

Theorem 2.3.4. If Q(])V = Qg as N — oo, then QN = Q as N — oo, where Q is the

unique strong solution to
— — — — — t —
Q) = (1— Q;) () + QL C(t) — Fult) +/ QH(t— s)dF(s), for t>0.  (28)
0
Proof. Setting
MY =Wg + My + A%,
it follows by Propositions 2.3.1, 2.3.2 and 2.3.3 that

MY = —F, as N — oo.
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Since, by assumption, Q) = Qo as N — oo, it now follows by Theorem 11.4.5 in [54] that

(Méan(])V)?(—Fe,Qo) in DxR as N — co.

By Theorem 11.4.1 in [54], the space D x R is separable under the product topology and
thus, by the Skorohod representation theorem [54], there exists some alternate probability

space, (Q, F, 15), on which are defined a sequence of processes

{37, Q0), N > 1} (29)
such that
(1. Q) £ (1. QY) for N =1, (30)
and also processes
(—F.,Qo) < (—Fe, Qo) (31)
where
(MY, QYY) = (=F.,Qo) P as. as N — . (32)

Furthermore, as the process —F, on the righthand side of (32) is, by (27), continuous, it
follows that the convergence in (32) can also be strengthened to uniform convergence on
compact sets (u.0.c.).

Now set
N=a-Q)y"a+Q) G
and note that by (30), we have
(VN PN L (N 1Y) for N > 1. (33)
Furthermore, letting

I=01-Qy)H+Qfa,



we have for each 7' > 0, by (32),

sup [IV(0) —1(t)] = sup |(Qy — Qo IH®) +(Q)" — QGO
0<t<T 0<t<T
< Q0" — Qol sup (H(t)+G(1))
0<t<T
< 2Q) — Qo
— 0 Pas. as N — . (34)

Now let
QN = pp(IN + MyY)

and note that by the representation (25), (29), (33) and the measurability of pp from

Proposition 2.2.1, it follows that
QNiQN for N > 1.

Furthermore, it follows from (32), (34) and the continuity of ¢ with respect to the topology

of uniform convergence over compact sets from Proposition 2, that

A~

QN = op(IN + M) — op((1 +Q5)ﬁ + Q(J{G —F,) as N — oo,
w.o.c. P a.s. This completes the proof. 0

By Theorem 2.3.4, the following result is now trivial. It is revisited again in the Section

that follows.

Corollary 2.3.5. Suppose that Q(])V = 0 as N — oo and that the initial residual service

time distribution is given by F,. Then, QN = 0 as N — oc.

Proof. Substituting the initial conditions Qo = 0 and H = F, into equation (28) for the

limiting fluid scaled queue length process ), we obtain the equation
t
Q(t) =0+ / QT (t — s)dF(s), for t>0,
0
which has the unqiue solution @ = 0. This completes the proof. U

We next turn to analyzing the fluid limit in (28) in more detail. The following result
shows that regardless on the initial configuration of the system, it eventually reaches a

steady state on the fluid scale.
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Theorem 2.3.6. Suppose that both the initial service time distribution H and the equi-

librium distribution F. posses a finite mean and that the service time distribution F is

non-lattice. Let Q be the fluid limit obtained from Theorem 2.3.4 above. Then, there exists

a constant ¢ > 0, which in general depends on the initial conditions Qo and H of the

system, such that
lim Q(t) = c*.
t—o00

Proof. First note by (28), that for ¢t > 0,

t

Q) = (1-QyH)+QyG(t) —Fut)+ | QT (t—s)dF(s)

0
(1-Qp)H(t) +QjG(t) — Fe(t)

Y

— 0 as t—

and so it follows that

Q () =0 as t — oo.
It remains to find a limit for Q. Since Q = QT — Q~, first note by (35) that
— t —
Q') = X0+ [ Q- saFe)
0

where

X(t)=-Q () +(1—Qy)H(t) + QFG(t) — F.(1).

(36)

Thus, if we may show that X is directly Riemann integrable, then it will follow by the key

renewal theorem that
— m —
lim Q7 (t) :/ X(s)ds,
t—oo 0

which will complete the proof.

We will now show that X is directly Riemann integrable. Note that since by assumption

H and F both posses finite means, it follows that
1-Qy)H + QG
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is directly Riemann integrable, being the sum of two nonincreasing Riemann integrable
functions. Next, since F, is assumed to have a finite mean, it also follows that F, is directly

Reimann integrable from which follows the direct Riemann integrability of
(1-QyH+QfG - F..
Thus, in order to complete the proof, it is sufficient to show that Q~ a directly Riemann

integrable function. However, this follows since by (35),
0<Q <F

and F, is a directly Riemann integrable function. The proof is now complete. O

2.4 Diffusion Limit Results

In this section, we obtain limiting results for the diffusion scaled queue length process. This
is accomplished by first writing system equation (20) for the queue length process in terms
of the regulator map ¢ defined in Section 2.2. We then provide several useful propositions
and lemmas in preparation for the statement of our main result, Theorem 2.4.4, which
provides a limiting approximation to the diffusion scaled queue length process. Corollary
2.4.5 next provides an alternative representation of the limiting process in Theorem 2.4.4.
We conclude by showing how the alternative representation of Corollary 2.4.5 reduces to the
diffusion obtained by Halfin and Whitt [18] in the case of exponentially distributed service
times and renewal arrivals.

For the remainder of this section, we will make the simplifying assumption that the
residual service time distribution of those customers being served at time zero is equal to
F,, the equilibrium distribution associated with F' and that fluid scaled initial number of

customers in the system converges to zero, i.e.
QY =0 as N — oc.

We will also assume that on a diffusion scale, the initial number of customers converges.
That is,

V0 =D =N L 50) as N oo (37)
- .
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Recall now that equation (20) in Section 2.3 shows that the queue length at time ¢ may

be written as
QN(t) = IN(t)+Wg'(t) + M3 (1) + A& (t)
‘(N —s)—N)* s).
+ [(@¥=s) - wyrar(y

Centering the above equation by N + NQ(t) = N and performing some algebraic manipu-

lations, one then obtains that

QN(t) =N = MY )+ HN(t)+ W' (t) + My () + My (t)

+ /t(QN(t — ) = N)TdF(s), (38)
0
where
MY (t) = (Q) — N)*(G(t) - Fu(t)),
HN(t) = (Q) — N)E.(t)
and

MV = /0 G(t — s)d(AN(s) — Ns). (39)

Let MY = {MJ(t),t >0}, HN = {HN(t),t > 0} and M = {M¥(t),t > 0}.

If we now define the diffusion scaled quantities,

@ = LUK (40)

e - M%”,

o = L0

W = 10,

e = L0 ()
and

vy = M0,
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it then follows from (38), that

QN = WY@+ 0N + /O QN (t — 5)dF (s), (42)
where
QN (t) = BN (t) + W (t) + MY (1) + M (t)
Letting
QY = {QN(1).t>0},
My = {My @)t >0},
gy = {HN(t),t >0},
W = (W' ().t >0},
My = {M3'(t),t >0},
MY () = {M(t),t >0}
and

QYN = AN + WV + MY + MY,

we then have, since the mapping ¢ is by Proposition 2.2.1 uniquely defined, that (42) may

also be written as

QY = er(My + Q). (43)

The representation (43) will be useful in the proof our main result. However, before
stating this result, we first provide several preliminary propositions and lemmas which are
interesting in their own right.

Let AN (t) be the number of customers who have entered service by time ¢, excluding
those customers who were intially in service at time zero, and set AN = {AN(t),¢ > 0}. We

then have the following.

Lemma 2.4.1. N"1AN = ¢ as N — 0.
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Proof. First note the relationship
AN (1) = (@Y (0) = N)* + AN (1) — (QN (1) - N)™. (44)

It then follows by assumption (15), Corollary 2.3.5, assumption (37) and the continuous

mapping theorem that
NIAN = QNT(0)+ AN — QN = e as N — oo,

which completes the proof. [l

We next provide a result which will be crucial in the proof of our main result. Its proof

may be found in the appendix.

Proposition 2.4.2. Let

Nt
MY () = NTV2Y (Nl >t} - Gt — N7h)), >0,
=1

and set MY = {MN(t),t > 0}. Then,
(MY, MY) = (My, M) as N — oo,
where My is a centered Gaussian process with covariance structure

E[My(t) My(t + 0)] = /Ot Gt+6—u)F(t—u)du for t,6>0.

Proof. See appendix. O

We now prove a joint convergence result on the diffusion scaled processes defined at the

beginning of this section. Let

M (t) = /0 G(t — s)d(&(s) — Bs), t >0, (45)

and set M; = {M;(t),t > 0}. The process & appearing in the definition of M; above is the
limiting process appearing in (16) and [ arises from the QED condition (18). Note also

that the integral above may be interpreted as integration by parts.
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Next, let Wy = {Wy(t),t > 0} be a Brownian bridge. In other words, Wy is the unique

continuous, centered Gaussian process on [0, 1] with covariance function
EWu(s)Wo(t)] = (sAt)—st, 0<s<t<L1

Moreover, set Wo(F.) = {Wo(F.(t)),t > 0}, where F, is the equilibrium distribution associ-
ated with F as defined in (27). One may view Wy(F,) as a time changed Brownian bridge.

We then have the following result.

Proposition 2.4.3.

QN (0), W, MY, M) = (Q(0), Wo(F.), My, Ms) in R x D?

as N — oo, where each of the limiting processes appearing on the righthand side above are

independent of one another.

Proof. We first show convergence of the marginals. The convergence of QN (0) to Q(0) is
clear by assumption (37).
Let
N
W) = NTV2Y (1d > ) - Fe(t)
i=1

and set WN = {WWN(t),t > 0}. The convergence
WY, WY = (Wo(F.),Wo(F.)) as N — oo (46)

follows by the representation

N(min(N~1Q¥ 1)
WH(t) = N71/2 > (M >t} = Fe(t)),

i=1
the random time change theorem and Lemma 3.1 of [28], since, by the continuous mapping

theorem and assumption (37),
(min(N71Q),1) =1 as N — .

Finally, the convergence of MlN to M; follows by Theorem 3 of [28] and the convergence of

]\Zsz to My is immediate by Proposition 2.4.2.
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It remains to show the joint convergence as stated in the proposition. The convergence
QN (0), W, MmN, MY = (Q(0), Wo(F,), My, My) in Rx D?

as N — oo follows by Theorem 11.4.4 in [54] since each of the component processes ap-
pearing in the prelimit above are independent of one another and further, they converge to

their desired limits as shown in the previous paragraph. Next, note that
d((Q(0), Wo", My, M3Y), (@M (0), W5, M{¥, M3Y)) < do(Wg', Wg") + do(M3', M3')
and thus, if we can show that
do(WE WY + do (MY, MN) =0 as N — oo, (47)

then by Theorem 11.4.7 in [54] the proof will be complete. However, (47) follows by (46),

Proposition 2.4.2 and Theorem 11.4.8 in [54]. The proof is now complete. 0

We are now ready to state the main result of this section. Let

H=Q(0)F. and Mg = Q" (0)(G — F.). (48)
Furthermore, set
Q[:ﬁ—l-Wo(Fe)-i-Ml-f—Mz. (49)

Note that by Theorem 3 of [28], Qr is the limiting queue length process of a sequence of
G/GI /oo queues with identical arrival processes and service time sequence as our original
sequence of G/GI/N queues and with Qév customers in service at time zero with residual
service time distribution F.

The following is now our second main result.

Theorem 2.4.4. If the residual service time distribution H = F, and QN (0) = Q(0) as

N — oo, then QN = ch(MQ + QI) as N — oo.
Proof. By Proposition 2.4.3, we have that

QN (0), W, MY, M) = (Q(0), Wo(F.), My, Ms) in R x D?



as N — oo, where each of the limiting processes appearing on the righthand side above are
independent of one another. Since (R,R) and (D, D) are both separable spaces, it follows
by Theorem 11.4.1 in [54] that R x D3 is separable under the product topology. Thus, by
the Skorohod Representation Theorem [54], there exists some alternate probability space,

A, A, g , on which are defined a sequence of processes
OF P hich defined f
{(QY, W¥, M, M), N > 1}
where
ON W, M, My £ (ON(0), WY, MY, M) for N > 1, 50
0 0 0

and also processes

(Qo, Wo(F.), Ny, Ny) £ (Q(0), Wo(F.), My, My), (51)
such that
(Q(])V?WON?MlNaMZN) - (QOaWO(Fe)aM17M2) as N — 0, (52)

P a.s., where the convergence occurs in the Skorohod Ji-metric. Furthermore, since each
of the processes appearing on the righthand side of (52) is continuous, we may assume that
above convergence also occurs uniformly on compact sets (u.o.c.)

Now set

and

It is then clear that

sup |M§ (1) — Mq(t)| Q)" — Qol sup |F(t) — Fe(t)]
0<t<T 0<t<T

2|Q6V_Q0‘7

IN

IN
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and so it follows by (52) that
Mg — MQ as N — oo uwo.c. P as. (53)

Next, letting

a similar augment shows that

HYN - H as N — o0 uwoc. P as., (54)

where

Now letting
QY = HY + W' + MY + My,
we have by (52), (53) and (54) that
Mév +QY - Mg+Q; as N — oo woc. P as., (55)
where
Qr = H +W(F,) + M, + M.
Furthermore, it follows by (51) that
MY + QY L 8Y + QY for N> 1. (56)
Now set
QY = or(MY + Q7). (57)
Since by Proposition 2.2.1, the map ¢ is measurable, it follows by (43), (56) and (57) that

4

QN = QN for N> 1.
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Furthermore, by the continuity portion of Proposition 2.2.1 and (55),

A~

QN = @F(Mégv +QY) = wr(Mg+Qr) as N — oo woc. P as.,
which, by (56), completes the proof. ]

In words, one may view the result of Theorem 2.4.4 as saying that in the limit the queue
length process of the G/GI/N queue is equal to that of that of an infinite server queue
plus some positive adjustment. It is important to point out that the adjustment is positive
by necessity since the number of customers in the G/GI/N system will, because service
times are assigned to customers as they arrive, always be sample pathwise more than in the
G/GI /oo quene. Furthermore, the term QT appears in the limit since it is only when there
are more customers than servers in the system that the finite server approximation to the
infinite server queue will be off.

Nevertheless, it is still not immediately clear that the limiting process of Theorem 2.4.4
is equivalent to that of Theorem 2 of Halfin and Whitt [19] in the case of exponentially
distributed service times. The following corollary is helpful in showing that this is indeed
the case. The intuition behind the corollary is the following. Rather than approximating
the system as an infinite server queue, suppose it was simply assumed that all of the servers
were constantly running. Of course, this will be the case when there is a positive number
of customers waiting to be served. However, if there are no customers waiting to be served,
then there will be some servers idle and this approximation will provide too few customer
in the system. Thus, whenever Q" < N it will be necessary to add back some customers
to the approximation and the question then becomes how much. In a forthcoming paper
[41], the arguments behind this intuition will be be rigorously justified. However, for the
present time, we have the following.

Let M = {M(t),t > 0} be the renewal function associated with the pure renewal process

with interarrival distribution given by the service time distribution F'. Also, set

(= Mgy+Qr. (58)
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Corollary 2.4.5. QN = Q as N — 0o, where Q is the unique pathwise solution to
/gt—udM /Q (t — w)dM (u), (59)
fort >0, where Q~(t) = —min(Q(t),0).

Proof. Let F = {F(t),t > 0} be a distribution function and r = {r(t),t > 0} be an

unknown function satisfying the integral equation of renewal type,
t
r(t) = H(t) + / r(t)dF(t —u), for t>0, (60)
0

for some H = {H(t),t > 0}. If H is a locally bounded function, then (60) has a unique

locally bounded solution [24], which is given by
¢
r(t) = H(t) +/ H(t —u)dM(u), (61)
0
where M = {M (t),t > 0} is the solution to the renewal equation,
t
M(t) = F(t) +/ M(t —u)dF(u), for t>0.
0
By the definition of ¢ in (58), the limiting process of Theorem 2.4.4 may be written as
t ~
Q) = ((t) +/ QT (s)dF(t—s), fort>0.
0
Next, since Q = Qt — Q~, we have
~ t ~
Q') = O+Q0+ [ QT are—s)

Furthermore, it follows that ¢ + Q™ is almost surely a locally bounded function since it is

almost surely an element of D[0, c0). It therefore follows from (60) and (61) that

O (1) = ¢t /ct—udM /Q (t - w)dM (u),

or, equivalently,

/Ct—udM /Q (t —u)dM (u)

which completes the proof. O
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In the case of the GI/M /N queue, Corollary 2.4.5 may be used to obtain the original
diffusion limit result obtained by Halfin and Whitt [15]. This may be seen by first noting
that for exponentially distributed service times, the renewal function M in (59) will be the
renewal function for a rate 1 Poisson process, which is simply given by M (t) = ¢. Thus, the

limiting process of Corollary 2.4.5 may be written

~ t t~
cwﬁw@+4<@w+Amew (62)

Furthermore, using (58), (48) and (49), extensive covariance calculations show that

B(t) =<w+Aqwmtzm

is a Brownian motion with drift —3 and infinitesimal variance 1402, where ¢ is the variance
of the interarrival times. Therefore, the process (62) is a diffusion with infinitesimal drift
m(z) = —f for > 0 and m(z) = —x — 3 for x < 0 and infinitesimal variance 1 + o2, both

in agreement with Theorem 3 of Halfin and Whitt [15].
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CHAPTER III
CUSTOMER ABANDONMENT IN HEAVY TRAFFIC

We present a novel heavy traffic regime for the GI/GI/1 + GI queue. Our approach is to
scale the hazard rate function of the abandonment distribution of the customers arriving to
the queue. Our main result is then to provide a limiting diffusion approximation for both
the scaled queue length and virtual waiting time processes. The diffusion limits we obtain
are reflected at the origin into the positive portion of the real line and have a negative drift
which incorporates the entire hazard rate function. The proofs of the lemmas contained in

this Chapter may be found in Appendices A and C.
3.1 Model Formulation

Our study of the GI/GI/1 queue having FIFO service and customer abandonments begins

with the model introduced in Ward and Glynn [52]. The model primitives are three in-

dependent i.i.d. sequences of non-negative random variables {u;,i > 1}, {v;,7s > 1}, and

{a;,7 > 1}, which are all defined on a common probability space (2, F, P). We assume that

Eluy] = E[vi] =1 and var(u;) < oo, var(v;) < co. For a given arrival rate p, the ith system
arrival joins the queue at time '
i

R )

m_;;p,

has service time v;, and will abandon if processing does not begin within a; time units. (For

the interested reader, we note that more sophisticated models of customer impatience can

be found in Mandelbaum and Shimkin [38] and Zohar, Mandelbaum, and Shimkin [60].)

We let F' be the cumulative distribution function of a1, and

h(z) = %F(m)

— =t
1-Flz) '~

be the associated hazard rate function. We assume F' is proper; i.e., that lim,_,., F(x) = 1.
Then, Lemma 2 in Baccelli, Boyer, and Hebuterne [3] guarantees the offered waiting time

process given in (63) below possesses a non-degenerate limiting distribution.
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The length of time a customer arriving at time ¢ has to wait for service depends upon
the processing times of the customers in the queue at time ¢t who eventually receive service

(and do not abandon). In particular, for ¢ > 0, the offered waiting time process

A(t)
V) =) oml{V(t;) <an} - B() 20 (63)

n=1

tracks the waiting time an infinitely patient arriving customer would experience at time
t > 0. Here, the process
(2
A(t) = max izO:ZujSpt
j=1
counts the number of customers that have arrived to the system by time ¢ > 0 and the

process
¢
B(t) = / 1{V(s) > 0}ds
0
is the cumulative server busy time.

It is useful for our analysis to represent the offered waiting time process in terms of a

stochastic integral and three martingales as follows. Define the o-field
Fi = o((u1,v1,01), s (Wi, viy 47), uip1) C F

such that

P(V(t7) > a|Fic) =F (V(t])), i=1,2,...,

)

almost surely, because V' (¢;) is F;—1 measurable and a; is independent of F;_;. The mar-
tingale

Ma(i) =) HV(t;) > a5} = BI{V(t;) = a;}|Fja], Fi | i 20 (64)
j=1

is the sum of the random variables representing which customers abandon, centered by their

conditional means. Also let
i

> (v — E[n])

=1

S(i)
be the sum of the centered service times and

Sa(i) =) (v; = ) {V(t;) = a;}
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be the sum of the centered service times of those customers that will eventually abandon.

Define the centered process
X(t) = E[n]A(t) — pt + S(A@X)) +t(p — 1) — Sa(A(t)) — E[v1]Ma(A(t)),  (65)

and the “integral error” process

t Vi(s™) t
e(t) = /0 (/0 h(u)du> ds — E[vl]/o F(V(s™))dA(s). (66)

(Note that even though E[v1] = 1, we explicitly write E[v1] in (65) because its presence
will be important in our heavy traffic regime defined in Section 3.2, where service times are

scaled to become small.) Algebraic manipulations of (63) show that

V() = X(1) + e(t) — /0 t ( /0 e h(u)du) ds + I(1), (67)
where
() =t — B(t) /0 "LV (s) = 0}ds (68)
is the cumulative server idle time.

We first perform our asymptotic analysis under the assumption that the abandonment

distribution has support on the positive real line.
Assumption 1. The abandonment distribution F' may be expressed as
x
F(x)=1—exp <—/ h(u)du> , forz >0
0
where h is a non-negative and continuous function on [0, 00).

We then extend our analysis to include abandonment distributions having compact

support.
Assumption 2. The abandonment distribution F may be expressed as
zAC
F(x) = <1 — exp (—/ h(u)du)> +b1{zx > C}, z >0,
0
where h is a non-negative and continuous function on [0,C], and b = exp (— fOC h(u)du).

Assumption 2 allows distributions such as the deterministic distribution, for which
h(z) =0, x < C, and F(x) = 1{z > C}, but does not allow distributions such as the
uniform distribution on [0, 1], for which h(z) = (1 — 2)™! — oo as z T 1. For technical

reasons, we avoid distributions whose hazard rate tends to infinity on its support.
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3.2 Hazard Rate Scaling in Heavy Traffic

We first define our heavy traffic asymptotic regime in Subsection 3.2.1. Subsection 3.2.2
provides intuition for our assumed hazard rate scaling, and Subsection 3.2.3 discusses its

implications in terms of customer patience.
3.2.1 The Heavy Traffic Asymptotic Regime

We consider a sequence of systems indexed by n > 1 in which the arrival rates become large
and service times small. Our convention is to superscript any process or quantity associated
with the n*" system by n. Specifically, the nt" system has arrival rate np”. That is, the it

arrival to the n* system occurs at time
i
]
Z np" ’

J=1

£
and the cumulative number of customer arrivals in [0,¢] in the n® system is given by
A"(t) =max {i > 0,t; <t}, t>0.
The service time of the i** arrival is
vl = v /n, (69)

so that the sum of centered service times becomes

§"(i) = — > (v — E[v1]) . (70)

Jj=1

As n increases, the mean arrival and service rates become arbitrarily close; in particular,
Vn(pt —1) — 0, as n — oo, (71)

where 6 € R.
We scale the hazard rate function by /n so that the hazard rate function associated

with customer abandonment times in the n** system is

h(z) = h(v/nz). (72)
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To intuitively motivate the scaling in (72), first observe that in a conventional queueing
system having a; = oo for all ¢ > 0, Kingman’s approximation [26] shows the queue size is
proportional to (1 — p™)~!, which is of order y/n from assumption (71). Because the arrival
rate in the n" system is of order n, a sample path version of Little’s law known as the

snapshot principle (see Reiman [43]) suggests that

Vo)~ LW o rm=1/vm, (73)

np"

—1/2 as n grows large.

meaning the offered waiting time in the n'* system shrinks at rate n
Therefore, as in an observation made much earlier by Lehoczky [34] (and further developed
in [10], [31], [32], and [30] for a GI/GI/14+GI system operating under the earliest-deadline-
first service discipline, and under the assumption that customers do not abandon the system
when their deadline expires), in order that the limiting system capture the effects of cus-
tomer abandonments, customer abandonment times must be shrinking (at rate \/n) as n
grows large. Furthermore, in order that more than only the behavior of the abandonment
distribution close to the origin be used to determine whether or not a customer in the nt”
system abandons when n is large, the hazard rate scaling must inflate its argument by +/n.
Under Assumption 1, (72) implies the distribution of abandonment times in the n'*

system is
F'(xz)=1—exp <— /x h(ﬂu)du) , for z > 0. (74)

0

Under Assumption 2, (72) implies the upper bound on abandonment times in the n** system

is
<
\/ﬁ?

and the distribution of abandonment times in the n* system is

c" = (75)

1 [(ve)ac
F'"(z)=(1—exp 7 )y h(w)dw | | +b"1{y/nz > C}, (76)

where
C

b" = exp (— h(w)dw> . (77)

1
Vv Jo
We assume customer abandonment times in the n* system are an i.i.d. sequence of random

variables {a},j > 1} having distribution F" defined in either (74) or (76). Note that the
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sum of centered service times of those customers that will eventually abandon becomes

S2) = 3" (o = Bloa) LV (67) > a). (78)
j=1

It is useful for later analysis to define the fluid-scaled quantity
A™(t)

A = o (79)

and the diffusion-scaled quantities

) = Vv (50)
Vit (2470 - ) (51)
Vas™ (nt)) (52)

$o(t) = VSt (Int)) (83)
1
W
VnI™(t). (85)

o
3
—~
~
~—
Il

(@)}
3
—~
~
S—
Il

=
3
S
~—
I

Mg ([nt]) (84)

~
3
—~
~
=
Il

Recall from (73) that the scaling that leads to a non-degenerate limit process should inflate
the offered waiting time process by \/n.

We require the following technicalities. All random variables are defined on a common
probability space (Q,F, P). For each positive integer d, let D([0,00), R?) be the space of
right continuous functions with left limits (RCLL) in ®? having time domain [0, 00). We
endow D([0,00), R?) with the usual Skorokhod .J; topology, and let M¢ denote the Borel
o-algebra associated with the J; topology. All stochastic processes are measurable functions
from (2, F, P) into (D([0,00),R?%), M?) for some appropriate dimension d. We will often
use the notation " = {£"(t),t > 0} to denote the stochastic process associated with a
collection of random variables {£"(t),¢ > 0}. Suppose {{"}2° is a sequence of stochastic
processes. The notation £" = £ means that the probability measures induced by the £™’s
on (D([0, 00), R%), M?) converge weakly to the probability measure on (D([0, 00), R¢), M?)
induced by the stochastic process £. The notation 2 means equal in distribution.

The functional strong law of large numbers (see, for example, Theorem 5.10 in Chen
and Yao [8]) establishes

A" — e, (86)
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P-almost surely, uniformly on compact sets, as n — oo, where e(t) =t for all t > 0 is the
identity function. Let Wgs; and Wg2 be independent, standard Brownian motions. The
functional central limit theorem for renewal processes (see, for example Theorem 5.11 in
Chen and Yao [8]) establishes

A" = var(u1) W1,

as n — oo, and Donsker’s theorem (see, for example, Theorem 14.1 in Billingsley [4])
establishes

S = var(v1) W2,

as n — oo. The assumed independence of the inter-arrival and service time sequences

implies the joint convergence
<[1", 5’”) = (var(u1)Wg1, var(vi)Ws2), (87)

as n — 00. We often use the random time change theorem in our proofs, and a convenient
statement of this result can be found in Chapter 3, Section 14 of Billingsley [4]. In gen-
eral, addition is not a continuous map from D ([0, 00),R) x D ([0,00),R) — D ([0, 0), R);
however, addition is a continuous map on the subspace of continuous functions. All limit
processes in this Chapter are continuous, and so we often use the continuous mapping theo-
rem (see, for example, Theorem 3.4.1 of Whitt [54]) in association with the addition operator
and obtained limit processes without further explanation. Finally, the space D([0,c0), R) is
separable and complete by Theorem 16.3 in Billingsley [4], and so relative compactness and
tightness in D([0, 00), i) are equivalent by Prohorov’s theorem (see, for example, Theorem
5.1 in Billingsley [4] for the direct half and Theorem 5.2 in [4] for the converse half). We

use the two words interchangeably.
3.2.2 Intuition for the Hazard Rate Scaling

In order to produce an interesting limiting diffusion approximation, we would like the state-
dependent rate at which customers are abandoning the system, appropriately scaled, to
converge to a non-degenerate limit. To calculate this state-dependent rate, we must first

determine the probability that each customer in the queue will abandon the system in
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the next small amount of time. We can calculate this abandonment probability for each
customer using the hazard rate function associated with the abandonment distribution as
follows.

First, as in Whitt [56], we assume that few customers have abandoned, and so the
amount of time that the ith customer from the back of the queue has been waiting is close
to i/n, because i customers have arrived after this customer, the average inter-arrival time
in the nth system is 1/(p"n), and p™ is close to 1. This then implies that the probability
that this customer will abandon the system in the next § time units is close to h™(i/n)d,

and so, summing over all the customers in line at time ¢, the abandonment rate at time ¢

Q(1) ;
Z h <n>

i=1

is approximately

From (73), Q™ ~ np"V"™, and so since p" is close to 1 for large n, the above sum is

approximately
nVn(t

(t) e VRV (1) ;
> (i) % (5m)
where the equality follows from the definition of 2" in (72) and V™ in (80).
Since the relationship (73) also suggests that the queue-length is growing at rate /n,
to have any hope of obtaining a finite, state-dependent total system abandonment rate, we

—-1/2

must scale by n . Then, assuming that V" = V as n — oo, we find that

\}ﬁ ﬁémh (%) = /0 " h(u)du, (88)

as n — 00, also using the definition of the Riemann-Stieltjes integral. Hence we have a
limiting regime in which the total system abandonment rate converges to a non-degenerate
limit. Moreover, the entire abandonment distribution influences this limiting system aban-
donment rate.

We further conjecture that for large n, the instantaneous rate of abandonment approx-
imately equals the arrival rate times the probability that an arriving customer abandons.
Consider a customer who arrives to the queue in the n'” system at time t and finds the

offered waiting time to be V" (¢). When abandonment times are unbounded, the probability
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that this customer abandons is

v (t)
F*(V™(t)) = 1—exp (—/0 h(ﬁu)du) ,

and a change of variables shows that the right hand side of the above expression is equiva-

Vn(t)
1 —exp (—\}5/0 h(u)du) .

Again assuming V" = V as n — oo, a Taylor expansion of e” about zero shows that

lently rewritten as

the probability an arriving customer abandons decreases at rate \/n as n grows large. In

particular, applying L’Hopital’s rule shows

V(t)
VnFM(V (1)) = /0 h(u)du (89)

as n — oo. Comparing the limits (88) and (89) side-by-side shows

D

i=1

NOR0
h _
(7

) ),

suggesting that for large n the rate of abandonment approximately equals the arrival rate

times the probability of abandonment.

3.2.3 Implications of the Scaling

In this section, we discuss the implications of our assumed hazard rate scaling (72) on
customer impatience. We begin with the following definition. Recall that F'™ represents the

abandonment time distribution of customers in the n'" system.

Definition 3.2.1. We say that customers are becoming more impatient on the diffusive time

scale if
F Y (n+1)"22) > F(n™"?x),

for all x € R and n > 1.
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The diffusive time scale is of interest because from (73), customer waiting times in the
nth system are of order n=1/2.

It is easy to see that customers are always becoming more impatient on the diffusive
time scale and we record this as our first proposition of this section. The proof is immediate

from the representation for F™ in (74) under Assumption 1 and (76) under Assumption 2,

and so is omitted.

Proposition 3.2.2. Customers are becoming more impatient on the diffusive time scale for

any abandonment time distribution satisfying Assumption 1 or 2.

We next study what is occurring to customer impatience on the original time scale. The
following definition characterizes customer impatience in terms of whether the abandonment

time distribution function is stochastically increasing or decreasing as n increases.
Definition 3.2.3. We say that customers are becoming more impatient (patient) on the

original time scale if F"*1(z) > F"(x) (F"tl(z) < F*(z)) for all z € ® and n > 1.

When we do not change the timescale as n increases, the characterization of customer
patience levels is more complicated, and requires closer examination of the hazard rate
function h. Recall the following definition of a distribution function G with an increasing

(decreasing) average hazard rate.

Definition 3.2.4. A distribution function G, with hazard rate h, is said to possess an in-

creasing average hazard rate if for 0 < a < b,

Cll/oah(u)du < i/obh(u)du.

We say that GG has a decreasing average hazard rate if the above inequality holds with b < a.

The following result characterizes impatience on the original time scale.

Proposition 3.2.5. Under either Assumption 1 or Assumption 2, customers become more
impatient (patient) on the original time scale if and only if their abandonment time distri-

bution possesses an increasing (decreasing) average hazard rate.
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Proof of Proposition 3.2.5: Suppose first that F' possesses an increasing average hazard
rate. Then, for each > 0 under Assumption 1 or 0 < z < C™ under Assumption 2, from

the expression for F™ in (74) or (76),

T Vntliz
1— Fn(a?) _ e‘ﬁ Jo'"" h(u)du > e‘ﬁ}ﬁfo T h(w)du

—1-F"(x),

where the inequality follows since F' possesses an increasing average hazard rate.
Suppose, on the other hand, that customers are becoming more impatient on the original

time scale. Then, for each x > 0 under Assumption 1 or 0 < x < C™ under Assumption 2,

eiﬁ f(fﬁh(u)du -1 Fn(x) >1— FnJrl(x) _ e*\/nlﬁ g\/mh(u)du7

so that F' possess an increasing average hazard rate. ]

Because the exponential distribution is the only continuous distribution with a constant

hazard rate, we also have the following immediate corollary of Proposition 3.2.5.

Corollary 3.2.6. The level of customer patience remains constant if and only if the aban-

donment distribution is exponential.
3.3 Non-linear Generalized Regulator Mappings

The key to our asymptotic analysis in Section 3.4 (that establishes the weak convergence of
the offered waiting time process) is to represent the offered waiting time process in terms of
a one- or two-sided non-linear generalized regulator mapping. To see what the appropriate
mappings are, first observe that under assumption 1, from (65), (66), (67), and (69), the

evolution equation for the offered waiting time process in the n'* system is

t Vn(s™)
V() = XO(E) + € (t) — /0 ( /0 h"(u)du) ds + I"(t), (90)
where

XM(0) = AN(0)~ p e SUAT() + 1"~ 1) - SHA(D) — M (A7) (91)
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and, also using the definition of F™ in (74)

n — ! Vi) n _l ! n (Yn(o— n
) = / (/0 h (u)du> ds n/o F (V(s™)) dA™(s). (92)

0
1 t \N/"(S*)
_ n/o (/0 h(w)dw) ds
t 1 ! Vn(sj)h d dA"
- /0 —ew (== | (w)duw (s)

Under Assumption 2, we add and subtract the number of arrivals that find the offered
waiting time process exceeding the upper bound on abandonment times, appropriately
scaled,
b t
vy = / LV (s7) > C"}dA™(s), (93)
0

n
to the right-hand side of (90) to find
t [ pVn(sTIACH
VAt = X7 (1) + b (t) - / / W (u)du | ds+ I°(8) — UP(t),  (94)
o \Jo

where X" is as defined in (91) and, also using the definition of F™ in (76)

: ot pveonen o o
) = /0 (/0 h (u)du) ds+ 2 /0 V™(s7) > C"}dA™(s)  (95)

t
! / F (V7(s7)) dA™(s)

n Jo )
_ \}ﬁ /0 t ( /0 Vn(S)ACh(w)dw> ds

t ) 1 f/"(s’)/\Ch p T
—/0 ( — exp (-\/ﬁ ; (w) w)) ().

Observe that the process I" in (90) and (94) only increases when V™ is 0 and the process
U™ in (93) only increases when V" is equal to or exceeds C". Regarding X" + € and
X" + € as the “free” processes, equations (90) and (94) immediately suggest the non-
linear generalizations of the conventional one- and two-sided regulator mappings required
to obtain weak convergence results on the offered waiting time process under Assumptions 1
and 2.

The remainder of this section is organized as follows. We define a one-sided non-linear

generalized regulator mapping in Subsection 3.3.1, and prove its existence, uniqueness, and
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continuity. Next, in Subsection 3.3.2, we do the same for a two-sided non-linear generalized

regulator mapping.
3.3.1 The One-Sided Non-Linear Generalized Regulator Mapping

The one-sided non-linear generalized regulator mapping generalizes the conventional one-

sided regulator mapping first introduced in Skorokhod [46] having the explicit form
o(z)(t) = x(t) + (x)(t) € [0,00) for all t > 0, (96)
for x € D([0,00),R) and

Y()(t) = sup [~z(s)]", (97)

0<s<t

to a mapping that allows for non-linear state-space dependence.

Definition 3.3.1. (The one-sided nonlinear generalized regulator mapping)
Given h a non-negative, continuous function on [0, c0) and = € D([0,c0), R) having z(0) >

0, the one-sided nonlinear generalized regulator mapping
(", 9") : D([0,00), R) = D([0,00), [0, 00) x [0,00))
is defined by
(@", ") (2) = (2,1)
where
(C1) 2(t) = 2(t) — [} ( @ h(u)du) ds +1(t) € [0,00) for all t > 0
(C2) 1 is nondecreasing, 1(0) = 0, and [;° z(t)dI(t) = 0.

When h is the zero function, ¢ and ¢ in (96) and (97) uniquely satisfy Definition 3.3.1.
When the function h is constant, the non-linear generalized one-sided regulator mapping be-
comes the linearly generalized one-sided mapping given in Section 5 of Reed and Ward [42].

For z € D([0,0),R) having 2(0) > 0 and (¢, ) defined in (96) and (97), set

2 = 0@ = (M'@) (98)
= @) = (M), (99)
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where the mapping M" : D ([0,00),R) — D ([0, 00),R) has M"(z) = w for w that solves

L reu)(s)
w(t) = a(t) — /0 ( /0 h(u)du> ds (100)

having initial condition w(0) = 2(0). Observe that (z,l) defined in (98) and (99) satisfy

the integral equation

conditions (C1) and (C2) of Definition 3.3.1 because

1. From (96),(98), (99), and (100),

0 < ¢ (Mh(fv)) (t)
= M'2)t) + (Mh(w)> (t)

_ x(t)_/ot (/OZ(S) h(u)du) ds + 1(t);

2. The function 1)(M"(z)) is non-decreasing from its definition in (97), v (M"(z)) (0) =
0 since M"(z)(0) = x(0) > 0 by assumption on z, and [;° ¢ (M"(z)) (t)dy) (M"(z)) (t) =
0 from the definitions of ¢ and % in (96) and (97).

Therefore, the key to proving existence, uniqueness, and continuity of the non-linear general-
ized one-sided regulator mapping in Definition 3.3.1 is the following lemma that establishes
the existence, uniqueness, and local Lipschitz continuity of the integral equation in (100).
We note that if h is bounded on [0, 00) then the mapping M" is globally Lipschitz; in partic-
ular, the constant x in Lemma 3.3.2, part (ii) below depends only on T" and the conclusion

in (ii) holds for all z1,z2 € D([0,c0), R).

Lemma 3.3.2. (Properties of the Integral Equation (100))

Let h be a non-negative, continuous function on [0, 00).

(i) For each x € D([0,00),R) there exists a unique w satisfying (100).

(ii) Let T >0 and x € D(]0,00),R). There exists k, dependent on x, such that if x1,xs €
D([0,00),R) satisfy
|lz1 —z||lr <1 and ||x2 — z||7 < 1,
then

M (21) = M (22) |7 < K]|21 — 22|7.
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(i4i) The function M" is continuous when the space D([0,00), R) is endowed with Skorohod

J1 topology.

Our next proposition establishes the existence, uniqueness, and continuity of the non-
linear generalized one-sided regulator mapping. It is useful for its proof and also for later
analysis to observe that Lemma 13.4.1 of Whitt [54] establishes that for any z1,z9 €
D([0, 00), ),

[(21) = d(z2)ll7 < [l21 = 22llr, (101)
and, therefore from (96), as in Lemma 13.5.1 of Whitt [54],

[p(z1) = p(@2)ll7 < 2[|z1 — 227 (102)

Proposition 3.3.3. (Properties of the Non-linear Generalized One-sided Regulator Map-

ping)

Let h be a non-negative, continuous function on [0, 00).

(i) For each x € D([0,00),R) having x(0) > 0, there exists a unique pair of functions

(@" 9" (@) = (2,0)
that satisfies (C1)-(C2) of Definition 3.3.1.

(11) Suppose x € D(]0,00),R) and x(0) > 0. Let h™(z) = h(y/nx) for all z > 0 be as
defined in (72). Then,

Vi (6" ") @) = (8" 0") (Vo).

(11i) Let T >0 and x € D(]0,00),R). There exists r, dependent on x, such that if x1, 9 €
D(]0,00),R) satisfy

|lx1 — z||r < 1 and ||x2 — x||p < 1,

then

6" (1) — ¢"(2)[l7 V 1" (21) — ¥ (22)ll7 < K21 — 2|7
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(iv) Both the functions ¢" and ¢ are continuous when the space D([0,00), R) is endowed

with the Skorohod Ji topology.

Proof of (i): Existence follows from the representations (98) and (99) and part (i) of
Lemma 3.3.2. To see the representations (98) and (99) are unique, let (z,1) be a solution

satisfying (C1)-(C2) of Definition 3.3.1. Because for

t z(s)
g(t) = z(t) —/0 </0 h(u)du) ds, t >0, (103)

z(t) = g(t) +1(t) >0,

from (C1)

and [ satisfies (C2), we conclude

() = (6,9)(9)- (104)

If we now show that g = M"(x), we will then have that
(2,0 = (¢ (M"@)) ¥ (M)

which, by part (i) of Lemma 3.3.2 and the uniqueness of (¢,1)), will uniquely define (z,1).

However, by (104) we have z = ¢(g) and so it follows upon substitution into (103) that

t [ rolg)ls)
g(t) = x(t) /0 (/0 ’ h(u)du) ds

as desired.

Proof of (ii): Since
(6" 0"") @) = (20 (105)

satisfies (C1) of Definition 3.3.1,

t z(s)
z(t) = x(t) — /0 (/0 h"(u)du) ds +[(t).

Let 2" = /nz, 2" = y/nz, and I = /nl. Multiply both sides of the above equation by /n

t z"(s)
(1) = (1) — /0 ( /0 h(u)du) ds + " (8).
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Since also (C2) of Definition 3.3.1 holds for (z,l), " = y/nl is non-decreasing, ["(0) =
Vnl(0) =0, and [§° 2"(t)dl"(t) = [y nz(t)dl(t) = 0, we conclude

(¢" ") @) = mam).
Therefore, from the definitions of 2™, I, and z", and the equality (105),
Vi (@) @) = Vale 1) = (00 = (6" 0t) @) = (o8 4" (va).

Proof of (iii): From the representations (98) and (99), the Lipschitz property of ¢ and

¢ in (101) and (102), and part (ii) of Lemma 3.3.2,

19" (1) = &" (w2)ll7 V [¢" (1) — " (22) |7
= o (M) =& (M) I VIl (M (@0)) = (MP(2) ) lir
< 2 M (1) = M (@) VM (1) = M (a2) |

< 2kllz1 — 22||T,
where £ is as in part (ii) of Lemma 3.3.2.
Proof of (iv): Suppose that " — = as n — oo in the Skorohod J; topology. Then, from
part (iii) of Lemma 3.3.2, we have that
M) — MMz) as n— oo,

in the Skorohod J; topology. Thus, since by Theorems 13.4.1 and 13.5.1 in Whitt [54], ¢
and 1 are both continuous in the Skorohod J; topology, and compositions of continuous

functions are continuous, this then implies that as n — oo, in the Skorohod J; topology,
o) = o (M) = o (M'@) = ¢"@)
and

ety = v (M) = v (MM@) = va).
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3.3.2 The Two-Sided Non-Linear Generalized Regulator Mapping

The two-sided non-linear generalized regulator mapping generalizes the conventional two-
sided regulator mapping defined in Section 14.8.1 of Whitt [54], and having the explicit

form given in Theorem 1.4 in Kruk et al [29].

Definition 3.3.4. Let C > 0. Given h a non-negative continuous function on [0,C] and

x € D(]0,00),R) having 0 < z(0) < C, the two-sided non-linear generalized regulator
mapping
<¢g7¢?,07w370) :D ([07 OO)7§R) —D ([0700)7 [03 C] X [0700) X [07 OO))
is defined by
(qbeLWw{L,C)Q;Z)S‘,C) = (Z7l)u)

where

(C1) 2 fo (fo )ds—l—l() u(t) € [0,C] for all t > 0;

(C2) land u are non-decreasing, 1(0) = u(0) = 0, and [;° z(¢)dl(t) = [,° [C | du(t) =
0.

Similar to Section 3.3.1, when h is the zero function, Definition 3.3.4 defines the conven-
tional two-sided regulator mapping, and we denote the unique mapping by (¢c, ¥1,c,¥2.0).
When the function A is constant, the non-linear generalized two-sided regulator mapping
becomes the linearly generalized two-sided mapping given in Definition 2 of Ward and Ku-
mar [53].

For z € D([0,00),R) having 0 < z(0) < C, set

2 = o) = go (Mb@)) (106)
I = vle@) = vio (M) (107)
u = o) =ao (Mbl), (108)

where the mapping MZ% : D([0,00),R) — D([0,00), R) has M (z) = w for w that solves

t dc(w)(s)
w(t) = a(t) — /0 ( /0 h(u)du) ds (109)

the integral equation



having initial condition w(0) = x(0). By paralleling the arguments in the beginning of Sec-
tion 3.3.1, it is straightforward to show that (z, [, u) defined in (106)-(108) satisfy conditions
(C1) and (C2) of Definition 3.3.4. Therefore, the key to understanding the properties of
the nonlinear generalized two-sided regulator mapping in Definition 3.3.4 is to understand

the properties of the integral equation (109).

Lemma 3.3.5. (Properties of the Integral Equation (109))

Let h be a non-negative, continuous function on [0, C].
(i) For each x € D([0,00),R), there exists a unique w satisfying (109).

(ii) Let T > 0. There ezists a finite constant k that depends only on T such that for any

r1,x2 € D([0,00), §R) ha/m:ng 0< xl(o)axQ(O) < Cy

IME (1) = M (x2) |7 < Kllzr — 22l7.

(iii) The function MP, is continuous when the space D([0,00),R) is endowed with the

Skorohod Jy topology.

The main proposition of this subsection establishes several useful properties of the non-

linear generalized two-sided regulator mapping.

Proposition 3.3.6. (Properties of the Non-linear Generalized Two-Sided Regulator Map-

ping)

Let h be a non-negative, continuous function on [0, C].
(i) For each x € D([0,00),R) having 0 < z(0) < C, there exists a unique pair of functions
(¢t esvhe) @) = (2 Lw)
that satisfies (C1)-(C2) of Definition 3.3.4.

(i1) Suppose x € D(]0,00),R) and 0 < z(0) < C. Let h™(z) = h(y/nx) for all x > 0 be as
defined in (72). Then,

Vi (68 0l 8 ) (@) = (8 01y ¥ e ) (V).
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(iii) Let T > 0. There exists a finite constant k that depends only on T' such that for any

x1,x2 € D([0,00),R) having 0 < x1(0),22(0) < C
l6¢:(21) — ¢t (w2)ll7 < Ky — @27
Furthermore!, if |2 — z||7 — 0 as n — oo, then
W) (") = ¥pe(@)llr — 0, j € {1,2}
as n — oo.

(iv) The functions gb’é,?j}fc, and LZJQC are continuous when the space D([0,00),R) is en-

dowed with the Skorohod Jy topology.

Proof of (i): Existence follows from the representations (106)-(108) and part (i) of
Lemma 3.3.5. The proof of uniqueness is very similar to part (i) of Proposition 3.3.3, and

so is omitted.

Proof of (ii): Since
(6, vie, vie) (@) = (2L u) (110)
satisfies (C1) of Definition 3.3.4,
t z(s)
A(t) —x(t)—/ﬂ (/O h (u)du) ds +1(t) — u(t) € [0,C].

Let 2" = /nz, 2" = /nzx, " = /nl, " = \/nu, and C"™ = /nC. Multiply both sides of

the above equation by y/n to find

t z"(s)
) = (1) — /0 ( /0 h(w)dw) ds +1"(£) — u™(#) < [0,C").

Since also (C2) of Definition 3.3.4 holds for (z,[,u), I and u™ are non-decreasing, {"(0) =

u™(0) =0, and

/0 (I (E) = /0 nz(t)di(t) = 0
/ (O™ — ()] du™(t) = / n[C — 2(t)]* du(t) = 0,
0 0

Y We remark that the Lipschitz property does not hold for d’fc and ¢£L,c- See Example 14.8.1 of Whitt [54]
for a counterexample to the Lipschitz property for the conventional two-sided regulator mapping.
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we conclude
(¢, vh s thion ) @) = (27,07, u™).

Therefore, from the definitions of 2™, [, and z", and the equality (110),

Vi (08 0o o) (@) = Vs L) = (00" = (8000 jmos ¥ yme ) (Vi)

Proof of (iii): From the representations (106), the Lipschitz property of ¢|g ¢ established

in Theorem 14.8.1 of [54] with Lipschitz constant 2, and part (i) of Lemma 3.3.5,

It (@1) = dls(2)lr = o e) (Mb(a1)) = dp ) (Mb(a2)) llr
< 2 M (1) - ME(2) e

§ 2/1”331 — .CUQ”T.
Next, assume |[2" — x|/ — 0 as n — oo. Then, part (i) of Lemma 3.3.5 guarantees
IME(@@™) = ME (@)l < k™ — zllr — 0,

as n — oo. The representations of 1%’0 and ¢3,C in (107) and (108) and the continuity of
the mappings 91 ¢ and vy ¢ established in Theorem 14.8.1 in Whitt [54] then show that

since a composition of continuous functions is continuous

[)c(@™) = vho@)lr = e (Mb@E") = wie (ME@) I =0,

as n — OoQ.

Proof of (iv): Since by Theorem 14.8.2 of Whitt [54], ¢¢, 11,c, and 13 ¢ are all continuous
in the Skorohod J; topology, by part (iv) of Lemma 3.3.5, the proof now proceeds in the

same manner as the proof of part (iii) of Proposition 3.3.3. O

3.4 Weak Convergence of the Offered Waiting Time Process

We establish the weak convergence of the scaled offered waiting time process V™ in (80) when

the abandonment distribution has unbounded support (Assumption 1) in Section 3.4.1, and
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when the abandonment distribution has bounded support (Assumption 2) in Section 3.4.2.

Specifically, we prove the following theorem.

Theorem 3.4.1. Let W be a Brownian motion with drift 0 given in (71), variance o® =

var(uy) + var(vy), and initial position W(0) = 0.
(i) Under assumption 1, (V",f”) = (¢h,wh) (W), as n — 0.
(ii) Under assumption 2, (V",f”, U") = (dcﬂ,z/}fc,wgc) (W), as n — oo.

The limiting virtual waiting time process of Theorem 3.4.1 may loosely be described as

a diffusion process with infinitesimal drift given by
x
m(z) = 0x — / h(u)du, for z >0,
0

and infinitesimal variance o2. There is a lower reflecting barrier at the origin for the case of
part (i). Part (ii) also requires an upper reflecting barrier at the point C' which represents
an upper limit on the abandonment times.

Define
) = VEx() (111)
and
'(t) = Vne'(t). (112)
3.4.1 Proof of Theorem 3.4.1 part (i):

The key to our weak convergence proof is to represent the offered waiting time process in

terms of the one-sided non-linear generalized regulator mapping
(VI = <¢hn7¢hn> (X" + ), (113)

from which the representation of the scaled offered waiting time process in terms of (¢", ")
follows. To see that (113) is valid, first observe that the evolution equation (90) combined

with the original definition of V™ in (63) that guarantees V™ (¢) > 0 for all ¢ > 0 implies
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condition (C1) of Definition 3.3.1 holds. Next, from (68), for every n, I™ is non-decreasing,

has I"(0) = 0, and

/ S VA () = / S V1V (t) = 0bdt = 0,
0 0

and so (C2) is also satisfied.
The definitions of V" and I"™ in (80) and (85), the representation (113), the scaling
property of the non-linear generalized one-sided regulator mapping in part (ii) of Proposi-

tion 3.3.3, and the definitions of X" in (111) and é" in (112) imply

(f/",f”) = a(V", I (114)
= V(oM ) (X" + e
= (¢" ") (Va(X"+ )
= (¢h,¢h) (X”+€“)

Suppose we can show

X" = W and & = 0, (115)

as n — 0o. Then, the continuous mapping theorem establishes
X"+ =W,

as n — 0o. The result in part (i) then follows from the representation of <Y7", I ”) in (114),
the continuous mapping theorem, and part (iv) of Proposition 3.3.3.
To show (115), we require the following three lemmas. The first establishes that the

process

R™(i) = Z 1{yn (t;%—) > a7}, (116)

=1

defined so that R™ (A™(t)) is the cumulative number of customers in [0, ¢] who have arrived
by time ¢t and will either already abandoned or will abandon after time ¢, is small on fluid-
scale. Define

R"(t)= —R"(|nt]). (117)

S|

Lemma 3.4.2. Under assumption 1, as n — 00, R"=0.
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The second establishes the weak convergence of the diffusion-scaled martingale MC? in

(84) to the zero process.
Lemma 3.4.3. Under assumption 1, as n — oo, M(’f = 0.

The third establishes tightness of the offered waiting time process.
Lemma 3.4.4. The sequence {V"} is tight in D([0,00),R).

8.4.1.1  Weak convergence of X™ in (115):

From the definition of X” in (111), the evolution equation for X™ in (91), and the diffusion-

scaled processes definitions in (81), (82), (83), and (84)
X0(1) = A1)+ 5" (A1) + Vit (0" — 1) — S (A"(0) - A1 (A1) . (118)

Because the service time sequence is i.i.d., recalling the definitions of S} and S”g in (78) and

(83) and R™ in (116), for any ¢ > 0,

A™(t) RM(AM(t

SEAW) = = 3 oy = Bl 1 {v (67) zap} 2 o Z [wn)),

7j=1

—

where {w;,7 > 1} is an i.i.d. sequence of random variables with distribution equal to that
of the service time distribution and which is also independent of the model primitives intro-
duced in Section 3.1. It is straightforward to show that the finite-dimensional distributions
are also equivalent, and so the definitions of S”, $”, and R" in (70), (82), and (117) imply

SToR' oA 2 grod", (119)

The almost sure convergence of A" in (86), the weak convergence of R" in Lemma 3.4.2, the
weak convergence of 5™ in (87), and the random time change theorem show SmoR"0 A" = 0,

as n — 00, and so the distributional equality in (119) implies
St =0, (120)

as n — oo. Finally, the representation of X" in (118), the almost sure convergence of
A" in (86), the weak convergences in (87) and (120), the heavy traffic assumption (71),

Lemma 3.4.3, and the random time change theorem imply

X" =W,
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as n — oQ.

3.4.1.2  Weak convergence of € in (115):
Let {ny} be a subsequence along which
Vi =V,

as ny, — 0o. Such a subsequence exists because {V"} is tight in D([0, 00), ) by Lemma 3.4.4.

From (86), because A" converges to a deterministic limit process, the joint convergence
g J g
(Ve A™) = (Vie),

as ni — o0, is valid. The Skorokhod representation theorem (see, for example, Theorem
3.2.2 in Whitt [54]) guarantees there exists additional random elements on (D([0, c0), R), J1) X
D([0,00),R), J1), {(V”k, fl”k>} and V, defined on a possibly additional probability space
(Q,f', 15) such that

(Ve dre) 2 (02, v B, (121)

and

p <niiinoo (f/"k,fi”k) - (f/,e>> —1. (122)

o) = /O t ( /O D ) — /0 WS)h(w)dw) ds (123)
4 /O t ( /O v h(w)dw) ds

/t 1 Vi(sT) o
_ i vn|1l—exp _ﬁ ; h(w)dw dA"(s).

Observe from the definition of € in (92), €” in (66), and A" in (72) that

Define

&) = V() (124)

_ /Ot </OV"<S) h(w)dw> ds

/t 1 Vr(sT) o
— ; \/ﬁ 1—exp —% ; h(w)dw dA (S)
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From the distributional equivalence (121), the definition of €” in (123), and the representa-

tion of € in (124),

™
o

", (125)

MC

We now show that
€'t =0, (126)
as ny — oo. From the continuity of the integrand operator and the convergence in (122),

V() V()
/ h(w)dw — / h(w)dw,
0 0

almost surely, uniformly on compact sets of [0, 00), as ny — oo, and so

LU e [ i) a0

almost surely, uniformly on compact sets of [0, 00), as ny — 0o0. Since

oo (3) -+

as n — oo, uniformly on compact sets, we find

_ VR h(w)dw V()
v | 1—ex 0 — / h(w)dw,
k P NG 0 (w)

almost surely, uniformly on compact sets of [0,00), as ny — oco. Lemma 8.3 in Dai and

Dai [9] and (122) then shows

. Vie(s™) . VT (sT) h(w)d .
/ (/ h(w)dw) ds —/ Vg | 1 —exp J (w)dw dA™(s) — 0,
0 0 0

Vn
almost surely, uniformly on compact sets of [0,00) as ny — oo. We conclude from (123)
that the weak convergence in (126) holds.
The distributional equivalence in (125) then implies é€"* = 0 as ny — oo. Since the

choice of subsequence {ny} was arbitrary, we conclude

™

=0,

as n — 00. O
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3.4.2 Weak Convergence under Assumption 2

We desire to represent the offered waiting time process in (94) in terms of the non-linear
generalized two-sided regulator mapping. However, because V™ may sometimes exceed C"
(which is easily seen from the evolution equation (63)), we cannot directly represent V™

using the two-sided non-linear generalized regulator mapping. Instead, we introduce the

process
Vi) =V"™(t) AC™ for all t > 0, (127)
and observe that
V() =V"™(t) + " (1), (128)
where
S"(t) = [V™(t) — C™]T. (129)

The following lemma shows that V" exceeds C" less and less often and by smaller and
smaller amounts in our heavy traffic asymptotic regime. Therefore, representing the process
V" in terms of the two-sided non-linear generalized regulator mapping allows us to use the
same continuous mapping strategy as in our proof of part (i) in Subsection 3.4.1 to obtain

weak convergence results for the process V™. Let
O™ (t) = /nd"(t). (130)
Lemma 3.4.5. Under assumption 2, as n — o0, 6" = 0.
The processes V", I, and U™ can be represented as follows
V", 1,U") = (@t oo, ¥hien ) (X7 + € = 87). (131)

To see (131) is valid, first observe from (94), (127), (128), and because the process V" is

non-negative that 0 < V"(¢) < C" for all t > 0 and

t V(s™)
V() = (X7(t) + €(t) — 6°(t)) — / ( /0 h”(u)du) ds + I"(t) — U™(1),

0
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meaning condition (C1) of Definition 3.3.4 holds. Next, from the definitions of I" in (68)

and U™ in (93), for every n, I"™ and U™ are non-decreasing, have I"(0) = U"(0) = 0, and

/ SV () - / T V) A CM) 1V (t) = Obdt = 0
0 0

/ o — vt daun) = & /oo (O — (VP (1) A CMYT V() > CPYAR (1) = 0,
0 0

n

and so condition (C2) of Definition 3.3.4 also holds.
Although we cannot directly parallel the representation (114) in the proof of part (i) in
Subsection 3.4.1, we can use the non-linear generalized two-sided regulator mapping and

the scaled processes

Vi) = nV't) (132)
) = Vneh(t) (133)
U™(t) = /nU™t) (134)
to establish a representation for <f/”, U "> that is similar in spirit. First observe from
the scalings for V", I", and U™ in (132), (85), and (134), the representation of (V™, I, U™)
in terms of the non-linear generalized two-sided regulator mapping in (131), the definition
of C™ in (75), and the scaling property of the non-linear generalized two-sided regulator
mapping in part (ii) of Proposition 3.3.6 that
= (d)g') wiCa wg,c> (Xn + g% - Sn) )

also recalling the scalings for X", &, and 6™ in (111), (133), and (130). The representation

for V™ in terms of V™ and 0™ in (128) then implies
(f/”,f”,ﬁ”) - (f/”,f”,ﬁ”) + (5“,0,0) . (136)

We parallel the proof of part (i) in Subsection 3.4.1 to show

(v, 1,0m) = (o vl covhe) (W), (137)

as n — oo. Lemma 3.4.5, the continuous mapping theorem, and the equality (136) then

establish the result stated in part (ii) of Theorem 3.4.1.

61



From the representation (135), Lemma 3.4.5, the continuous mapping theorem, and part

(iv) of Proposition 3.3.6, establishing
X" = W and & = 0, (138)

as n — oo, is sufficient to show (137). We require the following three Lemmas, which are

the equivalents of Lemmas 3.4.2-3.4.4 when abandonment times are bounded.
Lemma 3.4.6. Under assumption 2, as n — 00, R"=o0.

Lemma 3.4.7. Under assumption 2, as n — 00, ]\;[;‘ = 0.

Lemma 3.4.8. The sequence {V"} is tight in D([0,00),R).

By Lemmas 3.4.6 and 3.4.7, the arguments showing X" = W as n — oo in Subsec-
tion 3.4.1.1 remain valid. The definitions of €, and €} in (95) and (133), the definitions of

V™ and V" in (127) and (132), and the representation of F™ in (76) show

t Vr(s™) t Y (sT)
ép(t) = /0 </0 h(w)dw) ds —/O Vvn (1 — exp (—\}ﬁ ; h(w)dw)) dA" (s).
(

139)
The representation of €} in (139) above has exactly the same form as that for € in (124)
in the proof of part (i) in Subsection 3.4.1, with V"(s~) replacing V"(s~). Therefore,
because Lemma 3.4.8 establishes the sequence {V"} is tight in D([0, c0), R), the arguments

in Subsection 3.4.1.2 showing €" = 0 as n — oo also show € = 0, as n — oo. O

3.5 Stationary Performance Measure Approximation

We first show in Subsection 3.5.1 that the asymptotic behavior of the diffusion-scaled queue-
length and offered waiting time processes are identical. Next, in Subsection 3.5.2, we derive
the stationary distributions of the limiting diffusion processes in Theorem 3.4.1, which
can be used to approximate steady-state performance measures for a GI/GI/1 queue with
abandonments. Finally, we perform a simulation study in Subsection 3.5.3 to evaluate the

accuracy of our proposed steady-state performance measure approximations.
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3.5.1 An Asymptotic Relationship Between the Queue-length and Offered
Waiting Time Processes

We establish an asymptotic relationship between the queue-length and offered waiting time
processes identical to that in Theorem 4 in Section 3 in Reiman [44] for a conventional
GI/GI/1 queue. To handle the complications imposed by the presence of customers that
may abandon the system before receiving service, we require the following Lemma. For
t >0, let a™(t) be the arrival time of the customer in service at time ¢ in the nth system.

If the server is idle, let a™(t) = t.

Lemma 3.5.1. Under either assumption 1 or 2,
A()

V2N gy (t;%—) > a1} = 0,

i=Amoa"(-)

as n — 00.

Let Q™(t) be the queue-length at time ¢ > 0 in the nt" system, and Q™(t) = n='/2Q"(¢)

be the diffusion-scaled queue-length.

Theorem 3.5.2. Under either assumption 1 or 2,
Q" — V" =0,

asn — oo.

For the proofs of both Lemma 3.5.1 and Theorem 3.5.2, it is useful to notice that the
convergence in (16) of Theorem 4 in Section 3 in [44] continues to hold in our setting. In

particular, because the server works at rate 1 and the system is FIFO,
Via"(t)7) <t —a"(t) < V™a"(t)7) + Vin(an(y)>

and so, recalling the scaling of the service times in (69) and the definition of V" in (80),

Var (@ (1)

NG

Because supg_; n~Y2y, = 0 as n — oo from Lemma 3 in Iglehart and Whitt [20], for

V™ (a™()7) < va(t—a™(t) < V™ (a"(t)7) +

each T' > 0,

sup ‘\/ﬁ(t —a(t)) — V" (a“(t)*)‘ =0, (140)
0<t<T
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as n — oo, which dividing by \/n, implies
a" =e, (141)

as n — OoQ.

Proof of Theorem 3.5.2: Since the service discipline is FIFO, the number of customers
currently in queue is less than the number that have arrived after the customer currently
in service plus one, A"(t) — A"(a™(t)) + 1. Additionally, the current queue-length exceeds
A™(t) — A™(a™(t)) minus the number of customers that have arrived after the one currently
in service that will eventually abandon, and so

An(t)
Aty = A"(a"(1) = Y H{V(PT) = a} < QM (t) < AM(t) — AM(a™(t) + 1,
i=An(an (1))

or, also using the definition of A™ in (81),

A (1)
A(t) = A"(a™ (1) + V™ (t — o™ () —n V2 Y V() = af)

i=A™(a" (1))
< Q () < An(t) — A"(a™(t)) + Vnp"(t — a" () +n V2,

Subtracting V™ from all sides and adding and subtracting several terms shows

Q') = V(W) < AN =A@ ()] + a2+ [T (e - 1) (142)
o (Valt = a" @) = V@) | + " (7@ 0)7) - V),
A (t)

a2 S {vre) = aph
i=An(an (1)

+

The weak convergence of a” to the identity process in (141), the functional central limit

theorem, and Theorem 3.4.1 imply
A" — A" od" = 0 and V" — V"o a"” = 0, (143)

as n — oo. Finally, the inequality (142), (143), the convergence p™ — 1 as n — oo in (71),

the weak convergence in (140), and Lemma 3.5.1 imply the stated result. O
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3.5.2 Approximating the Stationary Distribution of the Offered Waiting Time
Process

We establish the stationary distributions of the diffusions ¢"(W) and ¢ (W), and also the
average pushing at the upper boundary for the diffusion (;S}le(W) We write the stationary
distributions in terms of the cumulative hazard rate function H(z) = [ h(y)dy in order
to provide intuition on the condition that the diffusion ¢"(W) has a unique stationary
distribution. Specifically, observe in condition (i) in Proposition 3.5.3 below that if 6 < 0,
then a unique stationary distribution exists because ¢"(W) is a negative drift diffusion
with reflection at the origin. Also, if # > 0 and there exists zp such that H(z) > 6 for
all z > zp, then again a unique stationary distribution exists and ¢"(W) will drift towards
z* = {z : H(z) = 0} similar to the conventional Ornstein-Uhlenbeck process. Otherwise,
if neither of the aforementioned conditions is satisfied, ¢"(W) has a positive drift and so a
stationary distribution does not exist.

Proposition 3.5.3. Let W be a Brownian motion with drift 6, variance o>.

(i) Suppose there exists zy such that H(z) > 0 for all z > zy. Then, the one-sided

regulated diffusion ¢"(W) has a unique stationary distribution © with density

p(@) = M exp <022 (Qm _ /0 H(s)ds)) 23>0,

where M is such that [~ p(x)de = 1.

(i) The two-sided regulated diffusion gb}é(W) has a unique stationary distribution wc with
density
po(x) = Mo exp <022 (91’ — /OxH(s)ds>) ,0<x<C,
and average pushing at the upper boundary
J2 exp (_ 2 g+ H(m))dm)
2 fOC exp (— [¢ Z(—0+ H(x))dz) dy

where M¢ is such that focp(x)dx =1.

)

lim ¢ [0 (W)(1)| =

t—o00

Furthermore, for any r € R, as t — oo,

P (6"(W)(t) < 2) = (x) and P (¢&:(W)(1) < ) — 7o(@). (144)
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The proof of Proposition 3.5.3 requires the following Lemma to establish (144).

Lemma 3.5.4. Let W be a Brownian Motion with drift 0 and variance 0. Suppose

lim, oo H(z) > 6. Let

To = inf{t>0:¢"(W)(t) =0}

¢ inf{t > 0: ¢L(W)(t) = 0}

Then,

P(Thy < oo|W(0)=2) = 1, >0

P (T <oco|lW(0)=2) = 1, 0<z<C.

Proof of Proposition 3.5.3: Echeverria [11] shows that a stationary distribution 7 of
" (W) ought to satisfy
| an @i <o (145

for all bounded f that are twice continuously differentiable on [0, 00) and satisfy f’(0) = 0,

where
ait = (0= ["ntan) 16+ 5 )

Similarly, a stationary distribution ¢ of ¢ (W) ought to satisfy

C
/0 (Af) (y)mc(dy) =0 (146)

for all bounded f that are twice continuously differentiable on [0,C] and satisfy f'(0) =
f(C) = 0. Tt is straightforward to verify (using integration by parts) that 7 and m¢
satisfy (145) and (146) respectively for the desired f. Identical arguments as in the proof
of Proposition 1 in [51] then establish that 7 and 7¢ are stationary distributions of ¢ (W)
and ¢l (W) respectively.

The average pushing at the upper boundary, limy_.o t "1 E [¢)"(W)(t)], follows by argu-
ments mimicking those used to prove Propositions 8 and 9 in [2].

Finally, (144) and the uniqueness of the stationary distribution follow as in Proposition
1 of [51], because for any = > 0 (0 < z < C), the probability the diffusion ¢"(W) (¢(W))

hits 0 in finite time is equal to one by Lemma 3.5.4. O
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Table 2: A comparison of the simulated mean queue-length for a GI/GI/1-GI queue
with Poisson arrivals at rate 100 per unit, deterministic service with mean 1/100, and
abandonment times distributed as given in Column 1.

E[queue-length]

Reneging Distribution | Simulated Approximated % Error
Deterministic(1) 51.691 50 3.38%
G(5) 20.5980 19.8141 3.81%

G(2) 11.2930 10.6410 5.77%
G(1)=Exponential(1) | 6.2585 5.6419 9.85%
G(0.5) 3.2545 2.7749 14.74%
G(0.2) 1.5029 1.14888 23.56%

Table 3: A comparison of the abandonment probability for a GI/GI/1-GI queue with Pois-
son arrivals at rate 100 per unit, deterministic service with mean 1/100, and abandonment
times distributed as given in Column 1.

P[abandon)]

Reneging Distribution | Simulated Approximated % Error
Deterministic(1) 0.004802  0.005 4.12%
G(5) 0.013138  0.013324 1.41%

G(2) 0.025864  0.026900 4.01%
G(1)=Exponential(1) | 0.052728  0.056419 7.00%
G(0.5) 0.11273 0.13005 15.36%
G(0.2) 0.24128 0.360384 49.36%

3.5.3 Evaluation of the Proposed Diffusion Approximations via Simulation

We begin with a simulation study that explores the effect of variability in the abandon-
ment distribution. As in the introduction, let G(p) be the distribution function associ-
ated with a mean 1 gamma random variable having scale and shape parameter p. Ob-
serve that such gamma distributions are ordered in variability by the parameter p since
Var(G(p)) = % increases as p decreases. The variance of a deterministic distribution is 0,
and so the results presented in Tables 2 and 3 are ordered according to the variability of
the abandonment distribution.

FEach simulation run presented in Tables 2 and 3 assumes Poisson arrivals having rate
100, deterministic service with mean 0.01, and is run to 50,000 time units so has approx-
imately 5,000,000 arrivals. The abandonment distribution varies according to the first

column. Recall the drift in our suggested diffusion from (7) for the case that abandonment
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Table 4: A comparison of the simulated mean queue-length for a GI/GI/1-GI queue with
Poisson arrivals at rate n per unit, deterministic service with mean 1/n, and abandonment

times distributed G(0.2).

E[queue-length]

n Simulated Approximated % Error
1000 2.1454 1.793910 16.38%
10,000 3.1025 273777 11.76%
100,000 4.4736 4.121112 7.88%
1,000,000 6.5393 6.15025 5.95%
10,000,000 | 9.7142 9.127725 6.04%
100,000,000 | 13.9040 13.4975 2.92%

times have a gamma distribution. In the case that abandonment times are deterministic,
F™(z) = 1{z > C/\/n}, and so (noting the relationship H(z) = —In(1 — G(x)) between a

distribution function G and its associated cumulative hazard function H)

H'(z)=—=In(1—-F"(z)) =0, for z < 55,

which from (6) implies our suggested approximating diffusion has Hp(x) = 0 for z < C. In
both cases, the § appearing in parts (i) and (ii) of Proposition 3.5.3 is 0 and the variance o
is 1. Note that the stationary density in part (ii) of Proposition 3.5.3 reduces to the uniform
distribution on [0, C'], which not surprisingly coincides with the limiting result in Theorem
2.1 and Remark 2.2 in Whitt [55] for a standard GI/GI/1 queue with finite waiting room.
(Intuitively, from Little’s Law, a GI/GI/1 queue with deterministic abandonment times a
should resemble a GI/GI/1/Aa queue.)

We calculate the approximated steady-state queue-length using Proposition 3.5.3. When
p" 1 1 as n — oo, the validity of the desired limit interchange follows from the results of
Kingman [25] since the queue-length process in a conventional GI/GI/1 queue dominates
that in a GI/GI/1+GI queue with identical arrival and service processes. Otherwise, when
p" ] 1 as n — oo, we assume the validity of the desired limit interchange.

To approximate the probability a customer abandons the system, first observe that

I (V”(t?’f)) is the probability the ¢th customer abandons, given the offered waiting time

at his arrival. Recalling the definitions of €* and € in (92) and (112), and the weak
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Table 5: A comparison of the simulated abandonment probability for a GI/GI/1-GI queue
with Poisson arrivals at rate n per unit, deterministic service with mean 1/n, and abandon-
ment times distributed G(0.2).

Plabandon)]

n Simulated Approximated % Error
1000 0.17715 0.233068 31.57%
10,000 0.12769 0.153616 20.30%
100,000 0.090415  0.102426 13.28%
1,000,000 0.063077  0.0687956 9.07%
10,000,000  0.043817  0.046426 5.95%
100,000,000 0.030456 0.0314284 3.19%

convergence € = 0 as n — oo proved in Subsection 3.4.1.2, under Assumption 1, we find

JFr(Vi(sT)dA™s)  n [, L[ (s
v An(t) - An(t)< € (t)+/0 (/0 h(w)dw | ds

t ¢ (W)(s)
= tl/ / h(w)dw | ds,
0 0

as n — 00, by part (i) of Theorem 3.4.1 and the continuous mapping theorem. Assuming

the interchange of limit and expectation, we find that as n — oo,

Jo F (V™ (s7)) dA™(s) 1 /t E. /¢ (W h(w)dw] ds  (147)
0 0

A (D)
_ /Ooo (/Ox h(w)dw> p(@)de,

when the system operates in steady-state, where p is as given in part (i) of Proposition 3.5.3.

VnEx

Similarly, under Assumption 2, recalling the definitions of €}, and €} in (95) and (133), and

the weak convergence € = 0 as n — oo argued in the proof of part (ii) of Theorem 3.4.1,

o Fr(Vi(sT))dA™(s) o [ b VHETINC .
\/ﬁ An(t) - An(t)< 6B(t)"i‘/o </(; h(w)dw ds+ U (t)

N )
=t </0 </0 h(w)dW> dS‘*’%,C(W)(t))v

as n — oo. Then, by part (ii) of Theorem 3.4.1 and the continuous mapping theorem,

assuming the interchange of limit and expectation, we find that, as n — oo,

JeFr (VP (s7)) dA™(s)
An(t)

N
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where pc is as given in part (ii) of Proposition 3.5.3. We use the formulas in (147) and
(148) to approximate the probability an arriving customer will abandon the system.

Observe the loss in approximation accuracy as the variability of the abandonment distri-
bution increases. This is consistent with our theoretical results which, from Lemmas 3.4.2
and 3.4.6, suggest that our approximations perform better as the fraction of abandoning
customers decreases. Increasing the variability of the abandonment distribution increases
the recorded abandonment probability in Tables 2 and 3.

However, even highly variable abandonment distributions, such as G(0.2), lead to ac-
curate approximations for fast enough arrival and service rates, and correspondingly small
abandonment rates. Tables 4 and 5 consider the worst performing cases in Tables 2 and
3, the G(0.2) case, and shows that the accuracy in our approximations increases as the
abandonment probability becomes small. Specifically, we simulate a single-server queue
with abandonments having Poisson arrivals at rate n, deterministic service times 1/n, and
customer abandonment times that follow a G(0.2) distribution. We run each simulation
to time n~15,000,000 so that approximately 5,000,000 arrivals occur. Observe that for
n > 100,000, the error in our expected queue-length approximation is under 10%, and for
n > 1,000, 000, the error in our approximation for the probability a customer abandons is

under 10%.
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CHAPTER IV

CONCLUSIONS

In this thesis, we have studied call centers from two different perspectives. In the first half
of this thesis, we considered large scale call centers with general service time distributions.
Our main results here were to prove convergence results for both the fluid and diffusion
scaled queue length process of the G/GI/N queue in the Halfin-Whitt regime. In the
second half of this thesis, we considered the phenomena of customer abandonment which
may be universally observed in practically all call centers. Our main result in this half of
the thesis was to prove convergence results for both the diffusion scaled queue length and
workload processes of the GI/GI/1 + GI queue in a novel heavy traffic regime which was
also introduced for the first time in this thesis. There are many directions which remain for
future work on both of these problems.

The G/GI/N queue in the Halfin-Whitt regime has just begun to be studied and there
are several problems related to it which at the present moment remain unresolved. For
instance, in the future, it would be nice to have a better understand of the limiting process
we have obtained in Theorem 5 and Corollary 2. Ideally, one would like to solve for the
limiting distribution of this process but unfortunately this in general appears to be a difficult
problem. If analytical solutions cannot be found, efficient numerical procedures might
perhaps then be developed. Simulation studies could also be conducted to test the accuracy
of the proposed approximations based off of the limiting process relative to their actual
values. This would be especially interesting when the G/GI/N queue is close to being in
the Halfin-Whitt regime.

Customer abandonment is also an interesting topic which recently, due in part to its
connection to call centers, has begun to receive a considerable amount of attention, see for
instance [58],[56] and [59]. The results we have obtained in this thesis concerning customer

abandonment are valid for only a single server queue. However, when modeling call centers,
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often multiserver queues are used. It would therefore be interesting to extend the scaling of
the hazard rate function introduced in Section 3.2.1 of this thesis to the G/GI/N+GI queue
in the Halfin-Whitt regime. One would ideally then like to obtain a corresponding limit
for the fluid and diffusion scaled queue length process in this regime. A second interesting
topic would also be to use our heavy traffic results to analyze the relationship between
capacity and abandonment. It is well known that customer abandonment results in a need
for reduced capacity but a further investigation into the specifics of this relationship could

potentially yield fruitful insights.
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APPENDIX A

REGULATOR MAP PROOFS

In this appendix, we provide the proofs of Proposition 2.2.1 and Lemmas 3.3.2 and 3.3.5.

We begin with the proof of Proposition 2.2.1.
A.1 Proof of Proposition 2.2.1

Proof of Proposition 2.2.1.
Suppose first that B is concentrated on the point ¢ > 0. In this case it is clear that the

solution to (19) satisfies the recursion
z(t) =z(t), 0<t<e, (149)
and
2(t) =x(t) + 27 (t—¢), t>c,

in which case it is clearly unique. Furthermore, defining ¢p : D[0, 00) — D]0, 00) to be the

solution to this recursion, it follows that

lps(x1) — wp(a2)lle = [l21 — 222

for 0 <t < c¢. Now suppose that for some integer k, we have
lep(21) — p(@2)lle < kl|z1 — 22| (150)
for (k —1)c <t < ke. It then follows that for k <t < (k+ 1)c,

lep(x1) —wp(e)lle < [lor = z2lls + llon(21) — wB(22)ll1-c

< @ = 2|l + || + K[z — 22|

= (k+ Dz — w2/l

By induction, this implies that the relationship (150) must hold for all ¢, which show that

pp is Lipschitz continuous if B is concentrated on a single point. The proof of measurability
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of pp for the case of B concentrated at a single point will be included below.

Suppose now that there exists a § > 0 such that B(x+9) — B(x) < € for some 0 < & < 1
for all > 0. Such a § will always exist so long as B is not concentrated on a single point.

We now provide proofs of existence, uniqueness and Lipschitz continuity for this case

Existence: We use the method of successive approximations. Let ug = 0 and recursively

define

tnir (1) = 2(t) + /Ot wtH(s)dB(t— 5), > 0.
Now observe that
¢
() =) = [ (i 6) =, (9)aB(e =), ¢ 0,
from which it follows that,
tns1 = unlls < B(6)[|un — un-1lls < &llun — un-1lls,
and so we have the relationship
unt1 = unlls < "[|z||7.
Now suppose that for a given integer k,

Hunﬂ—un”ﬂ; < nj€n||:L‘HT, for jZl,...,k‘,

and for n = 1,2, ..., so that

k+1
|[unt1 — un”(k—s-l)é < ZSllun — Un—1||j6 + &l|un — “nle(k—i-l)cS
j=1
< Fnkelal -+ llun — tn ey (151)

Clearly, we have the relationship

|lug — ur]|(ks1)s < (K + Dellz]|r,
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and so repeatedly iterating (151) shows that for all n = 1,2, ...,
i1 = unllernys < (k0T 4+ 1)e"||z]|7.

Therefore, by induction, it follows that the above holds for all k£ and in particular for

k = [67'T]. This then implies that
[luns1 = tnllr < Htnsa1 = nllrs < kn'e"[|z]lz — 0,

as n — 0o, which completes the proof for the case of nondegenerate distributions.

Uniqueness: Suppose that v and v both satisfy (19) and let
At) =u(t) —o(t) = /Ot(u(s) —v(s))dB(t—s), t>0.
We then have for 0 < ¢ < 4, that
201 < [ Tuls) — o(6)aB( - 5) < 1Al
which implies that A(¢) = 0 on [0,4]. Next, for 6 < ¢ < 2§, we have that
[AQ@)] < ellAlls + el|All2s = €l|All2,

which implies that A(f) = 0 on (6,20]. Iterating the above argument until we reach T

completes the proof.

Lipschitz continuity: Note that for 0 <t < §, we have
llep(w2) — wB(@1)lls < |l22 — 21ll5 + €llpB(22) — @B (21)]]5)
which implies that
lles(22) — ep(a1)lls < (1 — &) H|wg — z1]]s.

Next, for § <t < 26§, we have

llpB(z2) — 0B(T1)|l2s < |72 — 21|25
+ellop(r2) — w(71)|ls +ellep(2) — @B(T1)||25
1
< a—oe E)QHM — x2||2s + €llpn(r2) — @B (T1)||26,
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which implies that

1
lpp(r2) — wp(1)ll2s < ml\fcl—lelaa.

Iterating the above argument for k = [§7!7 — 2 more time intervals completes the proof.
Finally, we provide a proof of measurability of ¢p for the case of a general B.

Measurability: We begin by defining the function ¥ : D[0,00) — D : [0,00) by

U (u)(t) = /0 u(t — $)dB(s), t> 0.

We will now show that Wy is measurable with respect to the Borel o—field D generated by
the Skorohod J; topology. Note that since D is equal to the Kolmogorov o-field, which is
generated by the finite dimensional cylinder sets, it is sufficient to check that for each n > 1

and Ay, As,..., A, € B(R),
{u € D[0,00) : (¥p(u)(t1),.... Up(u)(ty)) € (A1,...,An)} €D

for 0 < t1 < to,..,< t,. However, since o-algebras are closed under finite intersections, it
is sufficient to check that for each ¢ > 0, ¥p(-)(¢) is measurable. In order to show this, we

will first decompose B into its continuous and discrete parts so that
B(t) = Be(t) + Ba(t), t =0,
where we write

Ba(t) =) cndip,)(1)
n=1

for the discrete part of B. We will then show that both Up and Vp, are measurable
functions and so, since the sum of two measurable functions from (D,D) to (D,D) is
measurable, and Vp = Up + ¥p, , we will have the desired measurability of Vp.

We begin with the proof of measurability for Up,_ for which it will be sufficient to show
that for each t > 0, Wp_(-)(¢) is continuous when viewed as a function from (D][0, c0), d) to

R where d is the Skorohod metric. Let u,, — u under the metric d. This then implies that
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un(t) — u(t) for all but a countable number of ¢ [5]. Furthermore, the measure defined by

B, assigns measure 0 to all countable sets. Thus, since for each t > 0,

sup |un(s)| — sup [u(s)],
0<s<t 0<s<t

it follows by bounded convergence [12], that

W, (un)(t) = Vg (u)(t)] =

< / fin(5) — u(s)|dB(t — 5)

— 0 as n — oo.

This completes the proof of the measurability of Up_.

Now consider ¥p,. It is clear that

where
Ti(u)(t) = cx1{t > prtu(t — pr).

Define
B W) (1) =D Tp(u)(t), t>0.

We have that for each v € D[0,00) and ¢ > 0,

sup |Wpn(u)(s) — ¥p,(u)(s)] = sup ch1{5>pk}u(3_pk:)

0<s<t 0<s<t

< sup |u(s \ch

0<s<t

— 0 as n — oo,

/0 (tn(s) — u(s))dB(t - 5)

(152)

(153)

and so it follows that Wp,(u) is the pointwise limit of Wpn(u) as n — oo. Thus, if each

Wpn(u) is measurable, it will follow that Wp, is measurable as well. However, in order to

show that \I/%d is measurable, it will suffice to show that each Y} is measurable since the

sum of measurable functions is measurable. The fact that Ty is measurable may been seen
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by noting that Ty is first the translation of the function w by a constant py and then a
multiplication by a constant c;. Both of these functions are easily seen to be measurable
functions and so Y, being the composition of two measurable functions, is measurable as
well. This completes the proof of the measurability of ¥p,.

Now define that map Ep : D[0, 00) — DJ0, 00) by
Ep(u)(t) =x(t) + Yp(u)(t) t>0.

It is clear that =g is measurable since ¥ g is measurable. Furthermore, from the existence

portion of the arguments above, it follows that for each z € D|0, 00),

=n—1/=

where Z%(z) = E% " (Eg(z)) is the n-fold composition of Z with itself and the limit is taken
with respect to the metric of uniform convergence over bounded intervals. Thus, since the
composition of two measurable functions is measurable, it follows that =% is measurable for
each n. But this then implies that ¢ g, being the pointwise limit of a sequence of measurable

functions, is measurable as well, and so the proof is now complete. ]

A.2 Proofs of Lemmas 3.3.2 and 3.3.5

We next give a proof of Lemma 3.3.2.
Proof of Lemma 3.3.2:

Part (i), Existence: Let T > 0. Because the function 1 : D([0,00),R) — D([0,00), RT)

d(w)(t)
n(w)(t) = / h(Q)dC

is not Lipschitz cotinuous', Lemma 1 in Reed and Ward [42] is not directly applicable.

However, define wy to be the zero process, and

t [ polwn)(s)
Wp1(t) = z(t) — /0 (/o h(u)du) ds. (154)

Suppose there exists M > 0 such that

||wn||7 < M for all n > 0. (155)

!Note the function 7 would be Lipschitz continuous if & were bounded on [0, c0).
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Then, since the definition of ¢ in (96) implies
[¢(wn)llr < 2fjwnlr < 2M,

we find that for any 0 < s < T,

¢(wn S wn s
/O ¢)dc = / O) A llhlanr) dC,

/¢>(wn)(t)v¢(wn+1(t))
¢

and so

[n(wn1) =n(wa)llr = sup (h(C) A Ihll2ar) ¢ (156)
0<t<T Jé(wn) () Adp(wn+1)(t)
< |[IPll2arll@(wns1) = ¢(wn) |z
< 2[|hllaarlwngr — wnlr,
where the last inequality follows from the Lipschitz continuity of ¢ noted in (102). The
inequality (156) implies the arguments used to prove existence in Lemma 1 of Reed and
Ward [42] are valid when the constant x in their proof is taken to be 2||h||2as.
We now show (155) to complete the proof. Since the definition of ¢ in (96) implies
¢(wp)(0) = 0, wy = z. Next, from (154), because h is assumed non-negative and ¢ defined
in (96) is also positive,

wp, < w for alln > 1. (157)

Lemma 5.1 in Kruk et al [29] establishes that for all n > 2

¢ (wn) < ¢ (w1). (158)

To see the conditions of Lemma 5.1 in [29] are satisfied, observe that

t d(wn—1)(s)
wn (1) = w (1) — /0 ( /0 h(u)du) ds

is written as the difference of w; and a non-decreasing function. Use of (158) shows that

wa(t) = /0 t ( / e h(u)du) ds (159)
o[ t ( / Y >du) ds = wn(t),
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for all t > 0, since h is assumed non-negative. Combining (157) and (159), we conclude
wy < w, < w; for all n > 2. (160)
Set M = ||wi||7 V ||wz||7. Then, (160) implies (155) is valid.

Part (i), Uniqueness: Suppose both u and v satisfy (100). As in (158) in the proof of

existence, Lemma 5.1 in Kruk et al [29] establishes

o)l < ll¢(@)llr and [[¢(v)[[r < [l¢(z)[7- (161)

Set N = ||¢(x)||7. Use of the integral equation definition in (100) and (161) shows

t B(v)(s) B(u)(s)
Alt)=u(t) —o(t) = /0 </0 h(z)dx —/0 h(x)dx) ds
t #(v)(s) (u)
-/ (/ (h(C) A IIBll) dC — / Auhm)dc)
0 0

and so the Lipschitz continuity of ¢ in (102) implies

(v)(s)
AW < (h(€) A I[BlIn) dC — / &) A l[hllx) dc | ds
< /|\h||N|¢ (5) — 6(u)(5)] ds
< 24/[hlln]| Al

which implies A(t) = 0 for all 0 < t < (2||h||x) " . For (2[|hl|n)"" <t < 2(2||h||xn) "

)

|A@)]

IN

I~ + (£ = IR ) 2N -
< 1Al n )

and so A(t) = 0 for all 0 <t < 2(2||h||x)"". Continued iteration of this argument implies

A =0.

Part (ii): From the Lipschitz continuity of ¢ noted in (102) and assumption,

16 (z5) |l < No(@)llr + llo(z;) — o)l (162)

< o)l +2, je{1,2}.
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As in (158) in the proof of existence in part (i), Lemma 5.1 in Kruk et al [29] establishes
6 (M" @) llr < lléa)lr, 5 € {12},
and so from (162),
6 (M @) Iz v llo (M (@) lir < lo(@)lr + 2 (163)

Set ¢ = ||¢(z)||7 + 2, and observe from the definition of the mapping M" in (100), the

inequality (163), and the Lipschitz continuity of ¢ noted in (102), that for 0 <t < T,

s [ po(Mh(z2))(w)
M) = MGl <l —aal+ sup | [ ( / h<<>d<) du
0<s<t |Jo (M (z1))(u)
< o = aalle + tlille (M" @2)) = 6 (M" (1)) I
< flar =@l + 2t M" (w2) = M" (@1) |

Therefore, for any 0 < t < (4HhHE)_17

1 — @all¢

h - h < W7 ellt
M) - (o) < L2l

(164)
For (4[|hllz) ™" <t < (2[|h]lz)

1M (2) = MP(a1)le < IMP(22) = MP(@n)l|_1_ + 2|21 — 22

4rllz
s ¢(Mh(1’2))(u)
+ sup / / h(¢)dC | dul,
0<s<t 1 p(M" (1)) (u)

4[lhllz

and so, also using (164), the inequality (163), and (102),

M () — M) o < 4y — sl + 2 (t ) Il M (2) — MP (1)

1
Af|pllz

or

4wy — wale

M (22) — MO ()| < —.
1—2[All (- i)

Since only a finite number of intervals of length (4|/h|le)”" partition the interval [0, 7],

continued iteration of the above argument establishes

M (z9) — M (x1)|] < K21 — 22|
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for k finite (but dependent on z through ¢) and any 0 <t¢ <T.

Part (iii): Proof. Let w € D([0,00),R) be the unique solution to (100) for = €
D(]0,00),R). Note that since z € D(]0,00),R), it follows that for each 7' > 0, there
exists an M > 0 such that supyg<,<p |#(t)] < (M/2 —1). The following observation will
be useful. Because fg ( 0¢(w)(3) h(u)du) ds is non-decreasing in ¢, Lemma 5.1 in Kruk et al
shows ¢(w) < ¢(z). Thus, since for any T' > 0, ¢(z)(t) < 2supg<<;|2(s)| < M — 2, the

following inequality is valid
p(w)(t) <M —2forall0 <t <T. (165)

Suppose now that £ — x as n — oo in the Skorohod J; topology and let 7" be a continu-
ity point of . Then, there must exist a sequence of absolutely continuous homeomorphisms

{A"} of [0,T] such that
[|z" o X" — z||p V ||\ —e||r — 0.

Furthermore, it suffices to consider absolutely continuous homeomorphisms, such that
l&" 0 A" = ||z V [|A" = 1|7 — 0

as n — 00, see Billingsley [4] for more details. Also, for n sufficiently large we have that
supg<i<r [7"(t)] < supg<;<p |2(t)| +1 < M/2 and so reasoning similar to the above implies
that

d(w"™)(t) < M forall 0 <t <T,

where w™ = M"(2™) is the solution to (100) for ™.
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Now, for all 0 <t < T and n sufficiently large,

[lw™ o A™ —wl|;

AT P(w™)(s) e B(w)(s)
"o N —x — / / h(u)du | ds — / / h(u)du | ds
0 0 0 0 .
e B(w™)(A"(s)) . e p(w)(s)
"o N —x — / / h(u)du | A"(s)ds — / / h(u)du | ds
0 0 0o \Jo

, L o)A (s)
< ||x"o)\"—x||t+||)\”(s)—1||t/ / h(u)du | ds
0 0

e P(w™) (A" (s)) B(w)(s)
/ / h(u)du—/ h(u)du | ds
o \Jo 0

2" © A — |l + |A™(s) = 1le]| 2| sy MT

(166)

t

_|_

t

IN

1Al / s [0 (V(5)) = 0(u)(5)] ds.

By Lemma 13.5.2 in [54] ¢(w™)(A"(s)) = ¢(w™ o A™)(s) and by Lemma 13.5.1 in [54], ¢ is

Lipschitz continuous with respect to the uniform metric with Lipschitz constant 2, and so

/0 sup [6(w™) (A*(s)) — 6 (w) ()] ds (167)

0<s<t
t
= [ s [o(w" X))~ o(w)(s)] ds
0 0<s<t
t
< / 2||w™ o A" — w||sds.
0
We conclude from (166) and (167) that
] t
[w" o X" —wlly < [la™ o A" —xfly + [|A"(s) — Ll Allar MT + 2H’”LIIM/ [w" 0 X" — wl|sds.
0
Let € > 0 be arbitrarily small. Then, there exists ng such that
2" 0 X" — [l + [ A"(s) = Ulellhllar MT < e
for n > ng. We then have that
¢
|lw' o A" —w|; < e+ 2HhHM/ [|w™ o A" — wl|sds
0
for 0 <t < T and n > ng. Therefore, by Gronwall’s inequality,

[w” o A" — wl|p < ee2TlIhln
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Since also ||||A" = 1||7 — 0 as n — oo, it follows that
[w™ o A" —wl|7 V[|]A" —ellr — 0,

as n — 00. O

Finally, we now have a proof of Lemma 3.3.5.
Proof of Lemma 3.3.5: From Lemma 1 in [42], for parts (i) and (ii) it is sufficient to

verify the Lipschitz continuity of the function 7 : D([0,00),R) — D([0, 00),R), defined as

pc(w)(t)
n(w)(t) = /0 h(u)du

for w € D([0,00),R). Since

dc(w1)(t)
[n(w1) = n(ws2)|lr < sup /¢ |h(u)|du < [|hllcll¢c(wr) — o (w2)llr,

0<t<T J e (w2)(t
and Theorem 14.8.1 in Whitt [54] establishes the mapping ¢¢ is Lipschitz continuous with

Lipschitz constant 2, we conclude

[n(w1) = n(wa)llr < 2[|Allollwr — wallz.

Note that if the condition 0 < 21(0),22(0) < C' is not satisfied, then the above inequality
is not valid, and must also accommodate the jump at time 0.

The proof of part (iii) proceeds in a similar manner to the proof of part (iii) of Lemma
3.3.2 and therefore has not been included. It is, however, necessary to note that using the

explicit form of the two-sided regulator mapping in Kruk et al [29],

bo(@)(t) = d(x)() — sup <[¢<x><s>—c1+A in ¢<x>(u>),

0<s<t s<u<t

it is straightforward to show that

¢o(x)(A(t)) = dc (z 0 A) (B).
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APPENDIX B

G/GI/N QUEUE PROOFS

In this appendix, we provide the proofs of Propositions 2.3.2 and 2.4.2. Our proof of
Proposition 2.3.2 will closely parallel the proofs of Lemmas 3.4 through 3.8 of [28]. In order
to begin, we must first set up the following notation. Let us define the two parameter
process
AN (1)
VN(ta)= Y ({m<a}—F(z), t>0, x>0, (168)
i=1
where we recall from Section 2.4 that AV is defined to be the number of customers who

have begun service by time ¢ and n; is the service time of the i*? customer to arrive to the

system after time zero as defined in Section 2.1.2. Note that by setting

[Nt
UN(t,z) =Y ({F(p;) <a}—x), 20, 0<z <1,

=1
we have
VN, x) = UNAN (), F(z)), (169)
where
AN(t) = A]]\;(t), t>0. (170)

It then follows from the definition of M4 in (12) that

MY () :/Ot/otl{s—l—xgt}dVN(s,x), (171)

where the integrals above are taken over the closed intervals [0,t]. We will now decompose

MQN in two processes, GV and HY. Let

AN(t) TAN;
LN(t,x) = (1{m <z} —/ %) , >0, >0, (172)
i=1 0 N B
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where F(y—) = lim,_,, F(z).

By (168) and (172), we have that

N [TV ) Nt o
V() = /0 TP AE ) + L (1), (173)

Therefore, by (171) and (173), we have

MY () = GN(t)+ HY (1), (174)
where
N CYN(t —x,2—)
GVt = —/0 et ar@). 1=,
and

HN(t) = /t /t s +x <t}dLN(s,z), t>0. (175)
0 JO

We set G = {GN(t),t >0} and HY = {HN(t),t > 0} and note that (174) is the desired
decomposition. It will be useful in proving several results related to M2 such as tightness

and weak convergence.

Now let
AN(t)/\k 77'/\(t—A-N)+
. AT dF(u)
HN(t) = 10<17¢§t—7'iN —/ — |
k ( ) ; ( { } ot 1— F(u—)

for t > 0, where
N =inf{t >0: AN(t) >}
is the time at which the ¥ customer to enter service after time zero begins being served.
We set HY = {H}(t),t > 0}. Furthermore, define the filtration HY = (K}, > 0) by
HY = of&,i=1,..,AN(t)}

Vo{l{n; =0}, 1{mi < s—iN},s<ti=1,.., ANt}

Vo{AN(s),s <t} VN,
where &; is as defined in (8) of Section 2.1.2 and N is the P completion of F. It easy to see
that H” satisfies the usual conditions and is actually a filtration.

The following lemma appears in [28]. The proof in our case is similar to the one there

and as a consequence we will only point out the minor differences.
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Lemma B.0.1. The process H,JCV is an HY -square-integrable martingale with predictable

quadratic variation process

ATOPE mn=2F 1 _ py)
N _ T (g2 '
(Hip )(t) = ; /0+ A Fuopf, 120

Proof. We only point out the small changes to the proof of Lemma 3.5 of [28] which need
to made.

Equation (3.40) on page 257 in the proof of Lemma 3.5 of [28] should be switched to

(N =2 0 {n > 0} = (A (&ryr > 1mpop > 1,p £ 0) < 7V 0 {ms > 0},

where the random variable hfil is the time of the (i + 1)** departure from the system
assuming that customer i’s service time is infinitely long. Equation (3.41) should also be
similarly changed by letting hY be the time of the rt" departure from the system assuming
that customer ¢’s service time is infinitely long.

The process AN (u) defined in the middle paragraph on page 258 of [28] should now be
the number of customers entering service by time w if customer i’s service time was infinitely
long.

The random variable 7V on page 260 of [28] should now be set equal to the time at

which customer ¢ enters service assuming that customer j’s service time is infinitely long.

O
Now note that by (22) and (174), we have
M) = GN@)+ AN, (176)
where
_ GN
N
= — 17
e = & (77)
and
_ HN
gy o= = 1
- (178)

It therefore follows by (176) that in order to M4 = 0 as N — oo, it will be sufficient to

show that GN and HY each converge to 0 separately. We begin with GV.
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First, however, let us set
oNo= (179)
We then have the following.

Lemma B.0.2. GV = 0 as N — .

Proof. We will first show that for each § > 0 and T > 0,

CVN(t —x,2—) B . .
/0 T-Fao) {F(z—)>1—¢c}dF(x)

limlimsup P | sup
el N 0<t<T

> 5) =0, (180)

where V¥ (t,2) = N~V (¢,x). The proof of this will be identical to the proof in [28] but
for completeness we will include it here as well.

In view of (169), and recalling the definition of U from (179), we have for any k > 0,

P ( sup > 5)
0<t<T

< P(AN(T) > kT)
+P (/OOO UF=) > 1=} o 10V, Fo—))|dF(z) > 5) .

1—F(z—) 0<t<kT

EVN(t —2,2-) B . .
/Ol_F(x_)l{F(a: ) > 1—e}dF(z)

For k sufficiently large, we have by the definition of AV in (170) and Lemma 2.4.1 of

Section 2.4 that
P(AN(T) > kT) - 0 as N — oc.

Therefore, by applying Chebyshev’s inequality and Fubini’s theorem, we reduce our task to

proving

- C{F(x—)>1—¢} N
lim lim su E sup UV (t,F(x—))|dF(z)=0.
it [ AEEE s (074 Fa-)aF ()

As in Lemma 3.1 of [28], for any fixed x > 0,{UN(t, F(z—)),t > 0} is a locally square-
integrable martingale with respect to the filtration G = GN(t),t > 0 defined by GV (t) =
{ni,1 < i < |nt]} VN. Moreover, it has the predictable quadratic-variation process, see
[36] and [21],

- N
(O Fa)) 1) = N Fao)(1 - Fa)), 120
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By Theorem 1.9.5 in [36], we have that

E

sup \UN(LF(@“—))!] < BE[UN(, F(a—)) (k)"
0<t<kT

< 3VET(F(z—)(1 — F(a—)))"?,

which implies that

C H{F(z—)>1—-¢}
/0 - Fa)

sup |[UN(t, F(z—))|
0<t<kT

dF(z)

o0 1{F z—)>1—¢}
< 3@/ —F ) dF ().

Denoting F~1(z) = inf{y : F(y) > x}, we have, by a change of variables, that the latter

equals
— 1{F (x)—)>1—¢} — 1{:U>1—f-:}
< 6\/k:T\/§—>() as € — 0.

The proof of (180) is completed.

Next, first note that by Lemma 3.1 in [28], it follows that
UN =0 as N — o0,
where UYN = {UN(¢,7),t > 0,0 < x < 1}. This then implies that for each k > 0,
sup  sup |UN(t,F(z—))|=0 as N — oo.

0<t<kT 0<z<1

Hence, for each € > 0 and § > 0, we have

, </oo HF(z—)<1-¢} sup |UN(t, F(z—))|dF(z) > 5)
0

- F(x—) 0<t<kT

< P((l—s)1 sup  sup |UN(t,F(:E—))\>(5>

0<t<kT 0<z<1

— 0 as N — oo,

which, when combined with (180), completes the proof. O

We will next show that HY converges to 0 as N goes to co. Again, the modifications

to the proof of Lemma 3.7 of [28] are slight but we include a full proof for completeness.
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Lemma B.0.3. HY = 0 as N — co.

Proof. Let
AN (@) A=)t
- _ i i dF(u)
AN@t) = N1 1 , <t — 7N —/ — t>0.
=33 (e 1T L) e

By (175), (172) and (178) we have that
AN (t)

HY(t) = N1y (U = 0} = F(0)) + HY(¢).

We will first show that the term involving the summation converges to 0. Let T > 0

and 6 > 0. We have

AN (1)
P| sup |[N7! Z (I{n; =0} = F(0))| >
0<t<T P
| Nkt
<P(NT'AN(T) > k)+ P | sup [N7' D (1{mi =0} — F(0)| >
0<t<1 —

However, for sufficiently large k, we have by the definition of AV and assumption (15) of

Section 2.1.2 that
P(NTPAN(T) > k) < PAN(T)>k)—0 as N — oc. (181)

Furthermore, by the functional strong law of large numbers and the i.i.d. assumption of

{mi,i > 1}, it follows that

| Nkt|
P | sup N_lz(l{m:O}—F(O)) >0] -0 as N — oc.
0<t<1 —

It thus remains to show the convergence of HY to 0.

Fix T > 0. For each € > 0, we have

0<t<T

P sup HV(t) > 5)

< P(N'AM(T) > k) + P ( sup |HYL(t)] > 6) ,
0<t<T
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where

By (181), we have that for k sufficiently large,
P(NTPAN(T) > k) - 0 as N — oc.

Next, by Lemma B.0.1, we have that H ]]\\,fk is an HY-square-integrable martingale with
predictable quadratic variation process
t)ANk
_ B niA(t— T _ F( )
(ANt =N - Z / 1 A= P F, t20 (182)
Thus, by the Lenglart-Rebolledo inequality [36], for any ~ > 0,
— ’y —
p ( sup |H{,(1)] > 8) < — + P((HNN(T) > ).
0<t<T €
However, by (182),
AN(T) -
- _ i dF(u)
HY,)N(T) < N72 / — 183
Furthermore, since E[ [ (1 — F(u—))"*dF(u)] = 1, it follows by the functional strong law
of large numbers that
[N )
-2
:> 0 N
vy / s 0 s N o,

By (183), the random time change theorem and assumption (15), this then implies that for

any v > 0,

which completes the proof. O

We are now in a position to give a proof of Proposition 2.3.2.
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Proof of Proposition 2.3.2. The proof follows by the decomposition (176) and Lemmas

B.0.2 and B.0.3 above. O

The remainder of the appendix will now be devoted to providing a proof of Proposition

2.4.2. We begin by defining the processes

av - GV
VN

and
gy 2T

=5
and note that by (41) and (174) it follows that
MY =GN + HY. (184)

Our first result will be to show that the sequence {MQN } is tight. In order to show this,
it will be sufficient to show that both {GN} and {HN} are tight. We begin with a proof

for {GN}.
Lemma B.0.4. The sequence {GN} is tight.

Proof. By virtue of Lemma 2.4.1 and the fact that the identity process e(t) = t is a
continuous process, the proof now follows identically to the proof of Lemma 3.4 in [28].
The modifications to this proof are essentially trivial and the interested reader is referred

to Lemma 3.4 of [28] for further details. O
Next, we show that {H} is tight.
Lemma B.0.5. The sequence {HN} is tight.

Proof. Since by Lemma B.0.1, the process H év is an HV-square-integrable-martingale for
each N and k, the proof now follows similarly to the proof of Lemma 3.7 of [28] and will

not be included. Again, the interested reader is referred to [28] for further details. O
We may now state the following result.

Proposition B.0.6. The sequence { MY} is tight.
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Proof. The result follows by the decomposition (184) and Lemmas B.0.4 and B.0.5 above.

g

We are now ready to give a proof of Proposition 2.4.2. Before doing so, however, we
must first recall Lemma 5.2 from [28]. The proof of this result is similar in our case and
therefore will not be included for the sake of brevity.

Let 5;(x,y) be bounded real-valued Borel functions such that E[3;(x,n;) = 0] and define
the processes by RY = {RN(t),t > 0} and (RY) = {(RN)(t),t > 0}, m = 1,2,..., by

AN (A AN () Am
Z Ti 7771 and <RTJX>(t) = Z Bz(%zN)a (185)
i—1 i=1

where

Bi(x) = EB7(x,m).

We also introduce the o-fields FY = o{#N,m;,1 < i < |t]} VN and FYN = o{zN

%in(t)+1’niAAN(t)’i > 1} VN, and the filtrations FN = {FN t > 0} and FN = {FN,t > 0}.

We then have the following.

Lemma B.0.7. 1. The %Z-N, i=1,2,..., are FN -stopping times, and the following inclusions
hold: fN S FNL, GN c FN, where GN = o{BN{#] > t},t >0,Be FN};

2. The process AN s FN _predictable;

3. The processes R, m = 1,2, ..., are FN -square-integrable martingales with the processes

(RN as predictable quadratic-variation processes.

Proof. See Lemma 5.2 of [28]. O

We may now give a proof of Proposition 2.4.2.

Proof of Proposition 2.4.2. Our proof will be similar to the proof of Lemma 5.3 of [28]
but we restate it here for the sake of completeness. Our first step is to show that the finite
dimensional distributions of (M3Y, M) converge to those of (My, My). We denote finite

: : d.
dimensional convergence by f:>
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Let

gy - o

VN
and note that by Lemma 3.1 of [28], UN = U in D([0, ), D[0,1]) as N — oo, where U is

the Kiefer process. Next, let
Myy(t) = Z DUN (AN (s71), F(0)), (AN (s5), F(t = s7)), (186)
where the increment
OUN ((a1,az), (b1,b2)) = UN(b1,b2) — UM (a1, b2) — UN (by, a2) + UN (a1, a2),
and the points 0 = sk < sf < ... < s¥ = ¢ are chosen such that

max |s¥ —sF || =0 as k— oc.

1<i<k
We also define in analogy,
K
Moy(t) = D (OU((e(sf1), F(0)), (e(s]), F(t = s5))) + (U(e(sf), F(0)) = Ule(st_1), F(0)))),
i=1

where

OU ((a1,as), (b1,b2)) = U(b1,b2) — Ular,b2) — U(b1,a2) + Ular, az).
We will show that

~ d.
(a) M35, 55 My,
(b) lim limsup P(| MY, (t) — MY ()] >n) =0 for >0, t >0,
k—oo N_o00 ’
(c) lim P(IM(t) — MN(t)|>n) =0 for >0, t>0.
n—oo
Since My 1 (t) L Ms(t) as k — oo by definition, this will proved the required.
The proofs of (a) and (b) are identical to the proofs in Lemma 5.3 of [28] but we include
them here for the sake of completeness. We proceed as follows.

Thus, by the continuity of the Keifer process U, it follows that

MgNk, = My as N — oo,
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where

Myy(t) = ZDUN(e(SéK),F(O)),(e(Sf),F(t—S?)))- (187)

Next, by Lemma 2.4.1, Lemma 3.1 of [28] and the continuity of U and e, we obtain from

(186) and (187) that

lim P < sup | MY (t) — MY.(1)] > a) =0, T>0,¢>0. (188)
N—o0 0<t<T ' ’

This then implies that ]\NJQNk = My, as N — oo, which completes the proof of (a).
We will next prove (b), making use of Lemma B.0.7. In the conditions of the lemma we

take, fixing ¢ and k for the moment,

k
Bizy) = Y Ysp<a<shh({t—sp<z<t—x)— (F(t—x)—F(t-sh))).
p=1

Then,

Bi(x) = ElBi(z,m)’]

k

= Y Uspa <o <sp(FE(—x) = F(t = sp)
p=1

= x(1-F(t—=z)—F(t—s})))
and (185) yields, by (168), (171) and (186),

N7Y2RN () = M3(t)— M (t) on {AN(t) <m}. (189)

By (189) and (185),

k
NYRy)(t) < N7! Y sy <7V < sy (F(t = sp_y) = F(t = 5" +p))

< sup (NUAN(sh) - NTTAN(sE ),
1<p<k

Then, by Lemma B.0.7(3), applying the Lenglart-Rebolledo inequality and (189), for n >
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0, >0,

P(|M3 (t) — M3y, (8)] > n)
< P(AY(t) > mN) + P(NT2IR()] > n)

< P(NT'AN(t) > m) + % +P ( sup (NTTAN(sk) — NTLAN(sE_))) > e) .
n 1<p<k

By Lemma 2.4.1, continuity of the indentity function e(t) = ¢ and the fact that max; <<y (s*+

p—s’ljfl)—>0askﬁoo,

lim limsup P(N'AN(t) >m) = 0,

m—00 N—oo

lim limsup P ( sup (N_lle(s];) - N_lle(sI;_l)) > 5) = 0,

k—oo N0 1<p<k

ending the proof of (b).
We next prove part (c¢). The proof proceeds in a similar manner to the proof of parts

(a) and (b). Letting BN (t) = | Nt|, we first note that
. t ot
MN@t) = N—1/2/ / s+ < tydUN (BN (s), z).
0o Jo
Furthermore, setting BY = {N"!BY(t),t > 0}, it is clear that
BN = ¢ as N — oo. (190)
Next, letting
k ~ A
Bé\,]k(t) = Z DUN(BN(Sffl)v 0)7 (BN(Sf)v F(t - Sf))))7
i=1

it follows by (190), Lemma 3.1 of [28] and the continuity of U and the identity function
e(t) = t, that
lim P ( sup |BY,.(t) — MY (1) > 5> =0, T>0,¢>0. (191)
N—oo o<t<T ’

A similar proof to that of part (b) above can also be used to show that

lim limsup P(|BY,(t) — My (¢)| >n) =0 for >0, t>0. (192)

k—oo N—oo
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Part (b), (188), (191) and (192) above now imply part (c).

Parts (a), (b) and (c) imply the finite dimensional convergence (M4, M) =% (My, My)
as N — oo. It therefore remains to show that the sequence {(Mi,MN)} is tight in
order to complete the proof. However, by Proposition B.0.6, the sequence {MQN } is tight
and a similar if not identical proof also shows that {Mév } is tight. Thus, the sequence

{(MY, MN)} is tight, which completes the proof. O
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APPENDIX C

CUSTOMER ABANDONMENT PROOFS

In this appendix, we prove Lemmas 3.4.2- 3.5.4 of Chapter III. It is useful for the proof of
Lemma 3.4.4 to define the following notation, which matches that in Billingsley [4]. For

any set S C [0,7],6 > 0, and z € D([0,00),R), let

w(z,S) = sueps |z(u) — z(v)] (193)
wr(z,d) =  sup w(x,[t,t+0]). (194)
0<t<T—§

Also let

wh(x,d) = inf max w (x, [ti—1,ti)),

where the infimum extends over all decompositions [t;—1,t;), 1 < i < v, of [0,T) such that
t; —ti—1 > ¢ for 1 <i < wv. Similar to (12.7) in [4], since [0,T") can, for each § < % be split

into subintervals [t;_1,;) satisfying 6 < t; —t;—1 < 20, for z € D([0,00),R),
, T
wip(x,0) < wp(x,26), § < 3 (195)
C.1 Proofs of Lemmas 3.4.2 through 3.5.4

Proof of Lemma 3.4.2: Given any T > 0, suppose we can show

lim F

n—oo

sup R (t)
0<t<T

= 0. (196)

Convergence in L implies convergence in probability, and so

sup R'(t) — 0
0<t<T

in probability, as n — co. Convergence in probability implies weak convergence, and so
sup R"=0,
0<t<T

as n — 0o, which establishes the desired result.
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To establish (196), we must show that for any 6 > 0 and all large enough n,

< 0. (197)

First observe, using the linearity of the expectation operator and the definitions of V™ in
(80) and R" in (117), that

[nT|

E| sup R —12 ( e >\Fa) (198)

0<t<T

Next, we claim there exists a K such that for all n large enough,

P <j:ffl.?fnm pn (t;") > K) < % (199)
To see (199), construct a second single server queue on the same probability space as the
original queue with abandonments, and with the same arrival and service time sequence as
the queue with abandonments, but from which no abandonments occur; i.e., a; = oo for
all i € {1,2,...}. On a sample path basis, the offered waiting time process in the queue
without abandonments always exceeds or is equal to the equivalent process in the queue
with abandonments. Weak convergence of a process x" in D([0, 00),R) implies tightness
of the sequence of random variables supy<;<r [x"(t)|. Therefore, it follows from the weak
convergence of the waiting time process for a GI/GI/1 queue established in Theorem 1 in

Section 3.2 of Reiman [44] that there exists ng such that

P | sup ‘f/"(t)‘ >K| < i, n > ng (200)
0<t<T 2T

holds. Since for all j € {1,...,[nT|}, by the definition of t7, the strong law of large
numbers, and because assumption (71) implies p" — 1 as n — oo,

[nT]

as n — oo, and so (199) holds for large enough n. Finally, recalling the definition of F"™ in

(74), because F™ (n‘1/2K) — 0 as n — oo, we can choose n large enough so that

F" (j%) < %. (201)



Therefore, for any j € {1,...,[nT]}, from (199) and (201),

A

P (57) 2 i) < grar (v (g7) 2 vagn wex 7 (57) <)

2T J j=1,..,|nT| J
1) K 1)

< 2y ()<2

= aort <\/ﬁ) ST

and so from (198), for large enough n,

which establishes (197). O

Proof of Lemma 3.4.3: For any given t,¢,§ > 0, we must show
P ( sup ]Mg@)‘ > e> —p ( max | M"(5)| > e\/ﬁ> <4, (202)
0<s<t i=1,...,|nt|
for large enough n. By a generalization of Kolmogorov’s inequality (see, for example,
Corollary 2.1 in Hall and Heyde [16]), and the orthogonality of martingale differences (see,

for example, property (vii) on page 355 of Resnick [45]),

P(_max 2G> evi)

i=1,...,|n

E My (|nt])[*

= Zn (203)
[nt]

e[S a{ren gl s {ven s g)ra))’
j=1

Since

12{yn (t%‘) >q" = V" <t;"_> > ')

v (g)zabe[t{ve (7)) za}1Ea] = o

E? [1{1/" (t?") > af ] < FE [12{1/" (t;‘") > a?}} :

it follows that

(1 {V”(t;l’_) > ay} - B [1 {v%yv—) > a;?} |fj_1])2 (204)
>

<t{vig) za b+ B[ {vie) 2 a b IF ]
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Furthermore,

E [1 {vn(tgff) > a}‘} v E [1 {vn(t;%»*) > ag} m,lﬂ = 2F [1 {Vn(t;“*) > a;-‘H ,
(205)
and so from (203), (204), (205), and the definition of R" in (117),
[nt]
P < max |V (0)] > e\/ﬁ> < % iE [1 {V”(t?’_) > a?H — ZE[R'(®)] -0,
j=1

i=1,...,|n €
as n — oo, by the convergence established in (196). O

Proof of Lemma 3.4.4: We first argue that the families {X"} and {&"} are tight in

D([0,00), R), and then use those tightness results to establish the tightness of {V"}.

Tightness of {X"}:
We first argue

StoA" =0, (206)
as n — oo. Recall the distributional equivalence in (119)

S"oR" 0 A"

I

—n
oA
Hence, it is sufficient to show
S"oR"0 A" =0,
as n — oo. From the weak convergence in (87) and Lemma 3.4.2,

(S",R”) = (var(v1)Wsa,0),

as n — oo. The joint convergence holds because R weakly converges to a constant. Since
R" and A" are non-decreasing in t for each n, the almost sure convergence of A" in (86),

and the random time change theorem imply
S"oR" 0 A" =0,

as n — oQ.
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From the definition of X™ in (111) and the evolution equation for X™ in (91),
m o At S A 4 V(e — 1) — (AR (1)) — NIP(A™).

The weak convergences in (87), the heavy traffic assumption (71), the almost sure conver-
gence of A" in (86), Lemma 3.4.3, the weak convergence in (206), and the random time
change theorem imply that

X" =W,

2

as n — 0o, where W is a Brownian motion with drift  and variance o° = var(u;) + var(ug).

Tightness follows because weakly convergence subsequences are relatively compact.

Tightness of {€"}:
Let T' > 0. We verify the conditions (16.17) and (16.18) of Theorem 16.8 in Billingsley [4]

to prove the tightness of {€"}. In particular, we must show the following.

e (B16.17) For every n > 0, there exists an a and an ng such that

P ( sup |€"(t)| > a) <n, n>ng;

0<t<T

e (B16.18) For every v and 7, there exists a 6 and an ng such that

P (wy (€",6) > v) <n, n > ng.

To see conditions (B16.17) and (B16.18) can be satisfied, first recall from (124) that

V) o B 1 e -
€' (t) _/0 (/0 h(w)dw) ds /0 \/ﬁ<1 exp( NG h(w)dw)) dA” (s).

(207)
Choose K, a, and ng large enough, and 6 small enough so that
P( sup ‘V"(t)‘ >K)| < 1 (208)
0<t<T 2
P (K|[Bl|xT + (K|hllx + DA"(T) 2 a) < 7 (209)
P (K |1l|25 + U+ Kbl ) (4" +20) = A"(0) 27) < 3. (210)
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for all n > ng, where ||h||x < oo because h is continuous. Such a K, a,d, and ng exist from
the observation (200) in the proof of Lemma 3.4.2, and the almost sure convergence of A"

to the identity function in (86). Then, from (207), (208), and (209), also noting that

Vn (1 —exp(—z/vn)) — z, (211)

uniformly on compact sets of [0, c0),

0<t<T 0<t<T 0<t<T

P( sup \gn(t)’Za> < —i—P( sup [€"(t)] > an sup ‘f/"(t)‘ <K>

<

NS N3

+ P (TK|h||k + (K|h|x + 1) A"(T) > a) <,

and so (B16.17) holds. Next, from the definitions of w and wy in (193) and (194), the

inequality (195), and the non-negativity of h,

wh (€",8) < wr (€7,20)

t42s [ V(s
sup / / h(w)dw | ds
0<t<T—25 Jt 0

t+26 Vr(sT)
+ t : Vn <1 — exp (—\/15/0 h(w)dw)) dA"(s),

IN

and so, also using (208), (210), and (211),

P92 < For (s 0 mp 7o) x)
< D PK|hl + (1 + Kbl (A" +20) - A1) > )
< 7,

which implies (B16.18) holds. We conclude {€"} is tight.

Tightness of {V"}:
We show the sequence {f/”} satisfies the definition of relative compactness, and so is tight
in D([0,00),R). Consider any subsequence {V"™}. Because the families { X"} and {&"} are

both tight, there exists a further subsequence {f( ni(m) 4 gni(m)} such that
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as n;j(m) — oo, for some limit process y. From the representation for V" in (114), the
continuous mapping theorem, and the continuity of the mapping ¢" established in part (iii)

of Proposition 3.3.3, on this further subsequence,
yrilm) — gh ( Xnilm) 4 gm'(m)) = ¢h(y),
as n;(m) — oo. We conclude {V"} is relatively compact. O

Proof of Lemma 3.4.5: The offered waiting time process can only increase at arrival time

points and so

V) < max  V(t). (212)

i=1,...,A"(t)
Since in the nt" system service times are scaled by n~! and the service time of the ith arrival

is only included in the offered waiting time process if V"(¢;) < C", recalling the definition

for C™ in (75), we find

.
V(¢ <— iy 213
e AUy L, S (213)

From (213), the fact that the v;’s are non-negative random variables, the definition of 6" in

(129), and (212)

~ + Ui
§(s) — Vi) —C| < =
osglirg)t Vo' (s) i:lf.r.l?jf"(t) [ &) } B izl]’('r'l'a(n(t) v

Since /nd"™ is a non-negative process, n ' A" — e as n — 0o, almost surely, uniformly on

(214)

compact sets, and Lemma 3.3 in Iglehart and Whitt [20] establishes max;—1 ¢ n 12, =0

as n — 00, the random time change theorem and (214) imply

Vnd" =0,

as n — oo. O

It is useful for the proof of Lemma 3.4.6 to observe that

V" I1"U") = (pcn, Y1,on,Pa.0n) (X" —07), (215)
where
XUE) = AN = g ST (ANE) + (7 1) (216)
A (¢)
_ST (A (1)) % vy = a v () <o)
j=1
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and o
1 (t)

uny =31 {f/“ (t;"_) > C}. (217)

To see (215) is valid, we verify the conditions (C1) and (C2) of Definition 3.3.4 when h is

the zero function.

(C1) From (127) and the fact that the process V" is non-negative, 0 < V" < C". We now

show

Vn:Xn_(Sn_i_In_un'

From (93)-(95),

t [ U (sm)ACT
VR@) = X 4 eh(t) — /0 ( /0 h”(u)du) ds + I"(t) — U™(#)

_ X”(t)—ib/o F (VP (s7)) dA™(s) + I7(2).

The definitions of X™ in (91) and M, in (64) then imply

Vi) = %A“(t)—p"tw" (A" (1)) — Sp (A" (t))
LA
+t(pt—1)—— LV (7)) >af p +1"(t).
-t (v (5) 2 e}

Since the abandonment times {a?,j =0,1,2,...} are bounded above by 1/nC,

v () zab=1{v () zapnv (g7) <cp+ 1 {vm (7)) = ¢},
and so

V() = X" () + I"(t) — U (2).

From (128), V" = V™ — ¢™, and so

V() = X" (8) = 0" () + (1) —U"(2).
(C2) The processes I"™ and U™ are non-decreasing functions having I"(0) = 4™ (0) = 0, and

/OO VR ()T () = /Oo (V™ () AC™Y 1 {VT(t) = 0} =0,
0 0
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and

/ T lem - v aun )
A™(t)

- i/om[cn—(vn( YACHTd Zl{vn("’ )zcn} —0.

J=1

Proof of Lemma 3.4.6: Because C" = n~'/2C upper bounds the abandonment times
{a?tj = Oa 17 27 .. '}7

R'(t) = n! § {v" (t’;’_) >al V" (t?’_) <C}+nt Lij 1{yn (t;L’_) >0} (218)

j=1
Using the expression for F" in (76),

B | o n 1%1{1/”(”’ )i (57) <)

0<t<T

[nT|

- (v (5) 20T (57) <)

17| (1 ~ exp <\_/% /OC h(w)dw>)

— 0,

IN

as n — oo. Convergence in L, implies convergence in probability, and so

sup n 12 { (” >2a§‘ﬂf/" (t?’_) <C}—>0, (219)

0<t<T

in probability, as n — oo.

For the second term in (218), we first observe from (79), (81), and (82), and (216) that

5 (A1) - ;ﬁ S {vr () za v (1) <o)

Let W be a Brownian motion with drift 8 and variance o2

= var(uy) + var(vy). The almost
sure convergence in (86), the weak convergence in (87), the random time change theorem,
and the heavy traffic assumption in (71) establish the weak convergence of the first three

terms in the above expression for v/nx" to W. The arguments to show the weak convergence
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of the fourth term to 0 in (206) in the proof of Lemma 3.4.4 remain valid. To see the fifth

term weakly converges to zero, suppose we can show

A() :
n~1/2 Z 1{a} < C/v/n} :>/0 h(u)du, (220)
j=1

as n — oo, which implies the process on the left-hand side is tight in D([0, c0),R). Then,

because for each s < t,

A (t) An(t)
Y1 {V" (t;"_) >al V" (t;‘") < C} < Y 1{a?<C/Vn},
J=An(s) j=A"(s)

it follows from Theorem 16.8 in Billingsley (which provides sufficient conditions for tightness

in D([0,00),R) that

An()
\}ﬁ ; v (7)) zapnv (7)< ¢}

is tight in D([0,00), R). Consider any subsequence nj on which

A ()

\/% ]z; 1 {V” (t;?k’*) > @ A VT (t;"”) < C} - v,
as ng — 0o. On this subsequence, the two-sided conventional regulator mapping repre-
sentation in (215), the scaling property in part (ii) of Proposition 3.3.6, Lemma 3.4.5, the
continuous mapping theorem, and the continuity of 1 ¢ established in Theorem 14.8.1 in

Whitt [54] imply

VU™ =ty o (VeX™ = 0™) = Yoo (W + ),

as ng — oo, and so

U™ =0,
as ng — 00. Since the subsequence n; was arbitrary,
u" =0,

as n — oo. Finally, from (218), (219), the random time change theorem, and the fact that

convergence in probability implies weak convergence,

n

R =0,
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as m — 00.
Weak Convergence of n~ 1/22] "0q {a <C’/\f}

Consider the centered sum

[nt]
2 O (VL (e < OV — B [Vtta) < O/v))

| L)
- *Z\fl{a <opvmy | - mpa < o/,

A (t)

From the representation for F™ in (76) and L’Hopital’s rule, we have that

JAP(a? < CJ\/m) = i <1 ~exp (—;ﬁ OC h(u)du>> R /O Chwdu, (221)

as n — 0o, and so

n—oo

C
m L?;L;J\/EP (af < C/v/n) = t/o h(u)du.

Therefore, if we can show that A™(¢) — 0 in probability as n — oo, then it must be true
that for each ¢t > 0,

1
—Z\fl{a <C/\F}—>t/ (u)du, (222)
in probability, as n — oco. For any ¢ > 0, in order to show that A™(¢) — 0 in probability as
n — oo, it is sufficient to show that E [A™(1)?] — 0. (This is because convergence in L?
implies convergence in probability.) By independence,

LntJ

E[A™Mt)?] = —ZE 1{a} < C/v/n} — E [1{a} < C/v/n}])?]
ntJ
< fZE {a} < C/Vn}]
- L”” P (a} < C/VA)
— 0,
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as n — oo by (221), and so (222) is valid.

The limit point on the right-hand side of (222) is deterministic, and convergence in
probability implies weak convergence. Repeated application of Theorem 3.9 in Billingsley [4]
then implies that the finite dimensional distributions weakly converge. If we can argue the
process on the left-hand side of (222) is tight, then we can conclude the process level

convergence
Ln-) :

nil/QZ 1{a} <C/v/n} p = / h(u)du
j=1 0

as n — oo is valid. The random time change theorem and (86) then imply that the weak
convergence in (220) is valid, completing the proof.

We verify conditions (16.17) and (16.18) of Theorem 16.8 in Billingsley [4] to show that
the process

An ()
n=1/? Z 1{a} < C/v/n}
j=1

is tight in D([0, 00), R).

(B16.17) For each a > Tfoc h(u)du, from (222)

[nt) [nT)

1 1
P ozltlgT n;\/ﬁl{a?<0/\/ﬁ} >a| =P n;\/ﬁl{a?<0/\/ﬁ}>a — 0,
as n — 00.

(B16.18) First note that

7]
[ 1
wyp EZ\/EI{Q? < C/yn},é
j=1

1 [nd(i+1)] [ndi|

< max — Z vnl{a} < C/vn} — % Z vnl{a} < C/v/n}

i€{0,..,|T/5)+1} \ n

C
= 5/ h(u)du as n — oo.
0

The above weak convergence follows by the convergence of the finite dimensional
distributions and the continuous mapping theorem. Thus, since convergence in distri-

bution to a constant implies convergence in probability as well, we have that for each
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e >0,

d—0n—oo

]
L 1
lim lim P | wy nzl\/ﬁl{a;<0/\/ﬁ},5 >e| =0,
]:
as n — oQ.

g

Proof of Lemma 3.4.7: Since R" = 0 as n — oo under Assumption 2 by Lemma 3.4.6,

the arguments to prove Lemma 3.4.3 remain valid. g

Proof of Lemma 3.4.8: By the representation of V" in (132) and the continuous map-
ping theorem, it is sufficient to show the sequences {f( "} , {5”}, and {€}4} are tight in
D ([0,00),R). The sequence { X"} is tight in D([0,00), R) by the same arguments as in the
proof of Lemma 3.4.4. Lemma 3.4.5 establishes the sequence {6"} is tight in D([0, o0), R).
The following argument shows the sequence {€%} is tight in D([0,00),R). The evolution
equation for €} in (139) is exactly that for € in (124), with V" replacing V™. Therefore,
almost the same arguments as in Lemma 3.4.4 can be used to show €} satisfies conditions
(16.17) and (16.18) in Theorem 16.8 in Billingsley [4] (given in (B16.17) and (B16.18) in
the proof of Lemma 3.4.4 in terms of €"), which establishes {€}} is tight in D([0,c0),R).
The difference is a simplification: the choice of large K in (208) is not necessary because

from the definitions of C™ in (75), V" in (127), and V" in (132),

V"*(t) < C for all t > 0.
O

Proof of Lemma 3.5.1: We first prove Lemma 3.5.1 under Assumption 1 and then under
Assumption 2.
Proof under Assumption 1: First observe from the definitions of M, and M in (64)

and (84) that
An(t)
n—1/2 1{yn t?,f ZCL?
i:A”Zoan(t) { ( ) }
. R A (1)
= M (AT() - M (AN @) 402 3D F (V).
i=A"(a™(t))
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Lemma 3.4.3, the convergence of A" to the identity process in (86), the fact that a™(t) <t

for all ¢ > 0, and the random time change theorem show
Mo A" — MM o A" 0a™ =0, (223)

as n — oo. Therefore, to show the stated result under Assumption 1, it remains to show

that
A™ (1)

2N (V"( £ *)) (224)
i=A(an (1))
as n — Q.

To show (224), it is sufficient to show that for any ~, 5,7 > 0,

An(t)
b wp n_1/2 Z En (Vn(t;’“_)) > < 0. (225)
0<t<T i=An(an(t))

For any § > 0, from (199) and the convergence of A" in (86), we can choose K large enough

P( ,ﬂiﬁ()jan?, >>K>

so that

l\D\Of)

and so
An(t)
P | sup n~'/? Z F” (V"( T )) (226)

0<t<T i An (an (1
) An(t)
< P s a3 (Vi) > 70 max Vi) < K
2 0<t<T i=An(an (t)) 1,. ,LnA )]
d K
= 5tP A (t) — A" (a" (¢ _1/2F"(>>
2 (02@( (t) (a"(t))n =) >0
) _ . e ©
< —-+4+P A" () — A (g™ ) 2 ne,  om o (K '
=2 (é?ET( (t) — A%a (t))) <\/ﬁ> +p"(t—a"(t))vn (\/ﬁ> >7>

From the definition of F™ in (74) and L’Hopital’s rule,

i (25) = oo f ) - [

as n — oo. The function h is continuous, and so supy<,<x |h(w)| < oco. Furthermore,
A™ converges to a continuous limit process. Therefore, the weak convergence of a” to the

identity process e in (141) implies
An An n n K n K
(A —A oa)F <\/ﬁ) " (e —a")V/nF <\/ﬁ>:>0
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as n — 00. Since weak convergence to a constant is equivalent to convergence in probability,

we can choose n large enough so that

P (0;% (A"(t) - An(an(t))) Fm <5ﬁ> + p"(t — a™(t))v/nF" <5ﬁ> > 7> < g

which, from (226) implies (225) is valid, and completes the proof under Assumption 1.

Proof under Assumption 2: Define

i = A3 {v ()2 )
Ui(t) = x/gflﬁ(tntj)
iy = Sa{v(57) v () <o)
e (o) 2 ov (27) < b )
() = M (),

vn

and observe that

/ An(t)
—1/2 n 7"L,— n
n z’:A"Zoa"(t) 1 {V (tl ) > g } (227)
An(t)
D D {V” (t?*) > at V() > C”}
i=Amoa"(t)
-172 Ai(:t) v () zap v < o
A al A
o i=Amoa"(t) ’L o Z

A (t) An(t)
= w2 S afvrgyzenbant? S v () zaravee) < ot

7

i=Anoan (1) i=Anoan (t)
= M"oA"(t)—M"oA" 0a™(t)+ Ulo A"(t) — Uk o A" 0 a"(t)
Y B[ () 2 v () <o) g
i=Anoan (1)

We show each of the three terms on the right-hand side of (227) weakly converges to 0 as
n — oo.

Arguments identical to those in the proof of Lemma 3.4.3 show that for any ¢ > 0

i=1,...,|nt

[nt)
P < max | |M"(i)| > a/ﬁ) < ;TL;E [1 {V" (t?") >alnV" (t?’_) < C”} yfj_l} .

(228)
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Since from the expression for F™ in (76), recalling that C" = n~'/2C from (75),

C

E {1 {Vn <t?’7> >a;nVv"” (t;}’*) < C"} |.7:j,1] <1-—exp (— h(w)dw) — 0,

1
vn Jo
as n — 00, (228) implies

P (max;—y_ jnt||[M"(9)] > eyv/n) — 0,
as n — 00, and so,
M™ =0,
as n — oo. The almost sure convergence of A" in (86) and the weak convergence of a” in

(141) then imply

M"o A" —M" o A" 0a™ =0, (229)

as n — oo. Next, because U?% (Zn(t)) = (b")"1U"(t) (recalling the definitions of U™ and
U™ in (93) and (134)), b" — 1 as n — oo, and A" — e almost surely, uniformly on compact

sets, as n — oo, part (ii) of Theorem 3.4.1 and the random time change theorem establish

UZL = T/JQL,C (W) )

as n — oo, where W is a Brownian motion as defined in Theorem 3.4.1. Thus, since
¢30 (W) is almost surely a continuos process, this then implies by (141) and the fact that

A" = e as n — o0, that
UtoA" —Utod" 0a" =0, (230)

as n — oo. Finally, for the last term on the right-hand side of (227), again using (76),

Y B (g )zaar (@) <obina] e
i=Anoan (t)
< (Zn(t) ~A"o a(t)) vn <1 — exp (\_/% /OC h(w)dw))

— 0,

as n — 00, because a” = e as n — oo from (141) and

v <1 ~ exp (\_/% /OC h(w)dw)> - /OC h(w)dw < oo,
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as n — oo. We conclude from (227), (229), (230), and (231) that
Am()
n~1/? Z 1 {V" (t?’_) > a?} =0,
i=Amoa"(-)

as n — 0o, also using (141) and the fact that A" — e as n — oo, almost surely, uniformly

on compact sets. O

Proof of Lemma 3.5.4: For each x € R, let P, be a probability measure such that
the Brownian motion W has initial position W (0) = z. We first argue that for 0 < x <

C, P, (T§ < 00) = 1. Define

& =inf{t > 0: ¢c(W)(t) =0},

and observe that

P, (TOC < oo) —1 (232)
by Problem 7 in Chapter 5 in Harrison [17]. From (109), for any x € D([0, c0), R),

/¢c (M"())(s)

0

z(t) = ME(z)(t) + /0 ( h(u)du) ds

is written as the sum of M (z) and a non-decreasing function. Then, Theorem 1.6 in [29]

establishes

b0 (M) < dc(a)
for any = € D ([0,00),R). We conclude T§ < Tg on every sample path, which from (232)
implies P, (TOC < oo) = 1.

To see P, (Tp < co) =1 for all x > 0, first observe that for

o? d? d
A=——+(0—-—H —
2 dz? + (2)) dz’
the function
* 2 [Y(H(z)—0)dz)d
up(z) =1— fen by ("; f"y( () = 0)dz) dy (233)
[Mexp (& [§ (H(2) —0)dz) dy
solves the ordinary differential equation
(Auy) () =0, e <z <mn, (234)
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with boundary conditions

us,(e) =1, ug (n) = 0. (235)
Next consider the diffusion
t
Z(t) = —/ H (Z(s))ds+ W(t),
0

and observe that if

-3
i
IA

inf {t >0 " (W)(t)

3

T, = inf{t20:¢h(W)(t)2n}

T = inf{t>0:2Z(t) <e}
T; = inf{t>0:2Z(t) >n},
then for e < x < n,
P(T. < T,\W(0) =) =P, (T <T:|W(0) = z), (236)

because for 0 <t < T AT?, Z(t) € (¢,n), and so ¢"(W)(t) = Z(t). Let @, be a bounded,

twice continuously differentiable function such that
us (z) = uf,(z) for all e <z < n,
and having bounded first derivative. Ito’s formula establishes
dus, (Z(t))dt = (Aas) (Z(t)) dt + ﬁf{ (Z(t)) odW (t). (237)

Our assumption that 11;3/ is bounded is a sufficient condition for the stochastic integral in
(237) to be a martingale. Applying the optional stopping theorem to the bounded stopping
time ¢t AT? AT and using the fact that (AaS) (Z(t)) =0 for 0 <t < T7? AT} from (234),
we find

us(z) = Efu, (Z(tANT? NTY)) [W(0) = 2. (238)
The exit time of a one-dimensional diffusion from a compact subinterval of R is finite with
probability 1. (See Section 5 in [23].) Therefore, taking the limit as ¢ — oo in (238) and

using the bounded convergence theorem shows



The boundary conditions in (235) and the equality in (236) then imply

@ (x) = Py (T? < T?) = P, (T. < Tp) . (239)

n

Since the diffusion ¢ (W) has continuous paths almost surely,

lim lim P, (T, < Tp,) = Py (Ty < 00). (240)

n—oo €|0

Furthermore, for any x > 0, from the expression for uf, in (233),

lim lima, (z) =1, (241)

n—oo €|0

/Onexp <J22/0y(H(z)_9)dZ> dy — oo,

as n — oo, under the assumption that lim, .., H(z) > 6. We conclude from (239), (240),

because

and (241) that

1=P, (T < ).
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