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Abstract in self-similar environments such as corridor envi-

ronments. The robot thus typically has to move in
Localization is a fundamental problem in roboticshe environment to collect additional sensor infor-
The robot possesses line-of-sight sensors, a compgsgion. This way, it can rule out locations that are
and a map of its polygonal environment; it must denconsistent with the sensor information, until only
termine its location at a minimum cost of travel dissne possible location is left. At this point in time,
tance. Localization is NP-hard [3], even to minimizghe robot is localized. Ideally, the robot should lo-
within a clog n factor [15], wheren is the number calize with a small travel distance to guarantee that it
of polygon vertices. No approximation algorithm folocalizes quickly since its sensing and computation
the problem has been known. We give a strongiyne are typically negligible and its localization time
polynomial timeO(log? nlog r)-factor approxima- is thus directly proportional to its travel distance.
tion algorithm, where- is the number of reflex ver- L _
tices. Technical features of the algorithm include a-0c@lization is important for mobile robots be-
new edge-visibility based partition decomposition §RUSE they often get turned off and moved to a dif-
the plane, and the idea of repeatedly planning trafg{eNt location for maintenance and then need to de-
on a “majority-rule” map, which permits a plan to béermlne their current location once they get turned on
a route rather than a decision tree. again. Robots also can become confused about their

location because of accumulated odometer effpr [
In these contexts, localization eliminates the need for
1 Introduction complex and expensive positioning systems [2], such
as indoor systems of radio beacons.
Localization is a fundamental task in mobile

robotics. A robot is equipped with a compass an-dWelstuS[lg Iofcallzatlonk!rlhthe us_ual rob(?[t_ naw_ga—
map of its environment but does not know its cuP—On algorithm framework: the environment IS a sim-

rent location (“kidnapped robot problem”). Its ser"%‘e two-dimensional polygof which is completely

sors tell it the distances to the obstacles surrour) lown to the robot [10].' This is a slightly sw_nph-
ing it. The task of the robot is to uniquely iden_|ed but reasonable environment model that fits, for
tify its current location (if possible). There are Oﬁeﬁxample, corridor environments well. The robot is

many locations in the environment that are consf PO robot with perfect actuation and sensing. |t
hfs a compass on board that tells it its orientation

tent with the current sensor information, especial ) . .
relative to the environment. It also has distance sen-
*This research is partly supported by NSF awards under c@ors on board that tell it the distance to the nearest
tracts 11S-99427, 11S-00907, and ITR/AP-01131. The views al'éﬂge ofP in every direction_ Its actuators a”ow |t

conclusions contained in this document are those of the aut s . . . . . .
and should not be interpreted as representing the official policie(fmove withinP in any direction without kinematic

either expressed or implied, of the sponsoring organizations &RNstraints. This is a simplified but reasonaple robot
agencies or the U.S. government. model. Lasers, for example, are sensors with prop-




erties close to the ones assumed here. They are loation or they are not. A strategy’s cost is the maxi-
distance sensors that measure the distance to thembm incurred on any path from the root to a leaf.
stacles surrounding the robot in increments of frac-To localize in polygonP, it is NP-hard to min-
tions of degrees and with little noise [6, 2]. imize worst-case travel cost [3], even to within a

Previous Work Despite the considerable attention ft10g 7 factor [15], wheren is the number of vertices
has received in the robotics literature (e.g. [2, 18f - No approximation algorithm has previously

14, 12, 13, 6], localization has been the subject Bgen known for localization. We give a strongly
much less theoretical work. Guibas al. [10] de- polynomlalO(logQ_n log r)-factor approximation al-
vise an algorithm to output all possible locations iforithm, wherer is the number of reflex vertices
sideP that are consistent with a single observation (Vertices at which the interior angle exceeqs

of the robot. They compute a special decompositionOUr algorithm features a new planar partition de-
of P into cells called the “visibility cell decomposi-COMPosition based on a new edge-visibility decom-
tion”. Using this preprocessing, they give a schenR@Sition. The algorithms cited above ([10, 3]) em-
that generates possible locationgifiog n+m-+A) ploy a vertex-visibility decomposition [10], which
time wheren is the number of vertices iR, m is the does not actually utilize all of the information ac-

number of vertices in the visibility polygon antlis duired by the sensors. For example, if only a por-
the size of the set of possible locations. tion of the interior of an edge were visible through
a gap formed by other edges, then this information

All previous work on devising a localization Strat\'/vould not be utilized in the vertex decomposition.

ey h as focuse_d on the competltlve_ana}lyss criteri Ut for an approximation guarantee, we have to com-
firstintroduced into the realm of navigation proble

o . ) rTEare against the best a robot could do, and we can-
by Papadimitriou and Yannakakis [11]. Kleinbey not restrict that robot’s performance by not letting it

) 2 " .
al. [9] give anO(n3) competitive algorithm for 10- il 4|l available information. Our new decompo-

calization on a geometric tree which asymptoticallyjoy may be useful in developing other approxima-
improves on the “spiral search” technique of Baezgs - algorithms for robot motion problems.
Yateset al. [1]. Dudeket al. [3] give a polynomial

time algorithm that causes the robot to travel distance ) ,
at most2(k — 1)d in the polygonal model, where 1.1 Algorithm Overview

denotes the size of the set of possible locations gefsre we describe the main ideas of the algorithm.
erated by the algorithm of [10] antldenotes the costpg soon as the robot's sensors scan from the initial

of & minimum verification tour. They also show thahcation, the seff of hypotheses, i.e. of locations in
the problem is hard to approximate within fackon - p ¢onsistent with information gathered so far, is size
the competitive analysis sense. at mostr [10]. At a cost of alogr approximation

In the problem studied in [11], the map is unfactor, reduce the problem to the HALF-LOCALIZE
known and thus worst-case analysis is meaninglegggblem, which is to reduce the sét to at most
In the localization problem, the map is known, so tH®lf its size. If a robot is blocked while attempting
worst-case criterion has meaning. Indeed, we belideemove along a path which is unblocked (does not
that this criterion better matches the roboticist’s conross an edge aP) with respect to at least |/2 of
cerns with guaranteed rapid localization, rather thétre hypotheses, then the robot has half-localized. It
with comparisons against an omniscient verifier. T® not hard to prove that HALF-LOCALIZE can be
minimize worst-case travel, the optimal next mowslved optimally by such a majority-rule path (Corol-
depends on the information gathered so far. Thiasy 2). Majority-rule finesses the troublesome de-
localization requires atrategyof information acqui- cision trees, an idea that may be useful in other al-
sition and movement. For any starting location, tlgorithm design problems where information gather-
strategy can be represented by a decision tree [3]. g and decision-making are interleaved i | for
sentially this is because information is discrete, evany a < .5 works). The visibility partition decom-
though movement and sensor data are continuougosition provides, in polynomial time, a partition of
either the data are consistent with a hypothesized tbe plane such that the information acquired from all



points within the interior of a cell is the same witlsitionpg € H. The robot should travel a distance as
respect to all hypotheses (Theorem 2). This decosmall as possible to achieve this.

position is built from multiple copies of visible-edge

decompositions. Modulo the infinitesimal addition&P€finition 2 Point ¢ is at coordinatep relative to
cost to enter the cell interiors, it suffices for patHintc if ¢ = ¢+ p. Given the set of hypotheses
to be piecewise linear between edges and verticedbfind a coordinate, the visibility partitionH (p) is
the cells, except the starting point which may be if2€ partition ofH given by the following equivalence
terior. Discretizing the edges for sufficiently small relation: hy ~ hy iff V/(h1 + p) = V(h2 + p).

would lead to an algorithm polynomial in the encod- q h isibili | f
ing length, but we seek a strongly polynomial alg /(p, G) denotes the common visibility polygon for

rithm. Ideally we would like a polynomial size sef!l "YPOtheses in class of H(p). G(p,V) denotes

of points that contains all the breakpoints of the one Clasj OfH(p)h ch';h visibility pollyéijzn V. Ib_et_ _
timal paths, but such sets are exponentially large. @ﬁﬁj’ ‘lg) enoc|>tet € |staor|10e _tdra\éebe y aro bOt ni-
stead, we construct a polynomial size set of possilS'f% y located afp € P and guided by strateg§ be-

breakpoints which yield paths within a factoof op- fore itlocalizesi.e., determines its initial positign.
timal. We then reduce HALF-LOCALIZE a(1)-  poiniion 3 The worst-case cost of a strate§yfor

factor cost to a pqunqmlal s_lzlflgroup St'emer pla- a set of hypothesedl is defined asiv'(H, S) —
nar problem, which finally is solved within factor e Cl(p, S)
peE )

O(log? n) by combining the algorithms of [7, 5, 4].
An optimal strategy for LOCALIZEP,H) is the
strategy with minimum worst-case coHt(H, S).

2 Assumptions and Definitions OPT (P, H) denotes the cost of optimal strategy.

We assume a mobile point robot placed on a flat two-
dimensional surface. The robot is equipped with:-)a Half-localize
compass and line-of-sight sensors. The robot is con-

strained to lie inside or on the boundary of-aertex HALF-LOCALIZE( P,H): Devise a strategy by
simple polygon?” on the surface. CalP themap \hich the robot can correctly eliminate at least half

polygon and write? for the set of points Iying in- ot the hypotheses il. The robot should travel a
side or on the boundary dt. The robot can move in yigtance as small as possible to achieve this.

any desired direction on the surface.

Definition 1 Two pointsp, g € P are visible from The worst-case costWV(, S)_ of a strat-
each other if the straight line segment joining theff#Y for HALF-LOCALIZE(P,H) is defined as
does not intersect the exterior &f. The visibility MaZrerC(h,S), where C(h, 5) denotes the dis-

polygonV (p) is the polygon consisting of all pointd2Nce traveled by a robot initially dt and guided
visible fromp. V(p) = ¢ if p lies outsideP. by S before ithalf-localizesi.e., eliminates at least

half the hypotheses fro. HALF-OPT(P,H) de-

The sensors can provide the robot with the visibilityotes the cost of an optimal strategy for HALF-
polygonV (p) with respect to its current positign ~ LOCALIZE(P,H).

A hypothesish € H is activeif the robot has not
yet ruled outh as a candidate for its initial position.emma 1 HALF-OPT(P,H') < OPT(P,H') <
po. We abuse notation and denote the set of active®T'(P, H) if H' C H.
hypotheses at any time by. WhetherH refers to
the initial set of hypotheses or the set of currenthbemma 2 Let P be the map polygon andd
active hypotheses will be clear from context. the initial set of hypotheses. A robot guided

LOCALIZE( P,H): Devise a strategy by whichby strategy RHL localizes by traveling at most
the robot can correctly eliminate all but one hypoti®) (log | H|)OPT(P,H) distance by repeatedly using
esis fromH, thereby determining its exact initial pothe optimal strategy for HALF-LOCALIZE(,H).



Proof: As the number of hypotheses reduces by atFor an edge of P and a poinp € P, e(p) denotes
least half after each phase, the robot localizesthe subset of points oa visible from p. It is easy
m < [log|H|| = [logk]| phases. By lemma 1o show thate(p) is a line segment. We denote the
the distance traveled by the robot in each phase ig@dssibly) two end points af(p) by e1 (p) andes(p)
most2HALF-OPT(P,H;)< 20PT(P,H). Therefore respectively.

the total worst-case travel distancenOPT(P,H)<

O(log |H|)OPT(P,H).1

Data : P the map polygonH the set of ac-
tive hypotheses

Result : The robot localizes to its initial posi-
tionpy € P

while |H| > 1 do

Algorithm A(P, H);

begin

ComputeD (P, H), Py;(sections 4.2,5);

Compute@ p, i (section 6);

Form instanc&p ;; (section 7);

SolveZp  using A’ (theorem 4);

Convert the solution to a halving curve

C (lemma 15);

end

Half-localize by tracing curvé’ (lemma 6);

Move back to the initial locatiopy € P;

Figure 1: Visible Edge Decomposition

For pointsp, ¢ € P, Ray(p, q) denotes a ray start-
ing from p which is collinear with line segmenty
and is directed away from. Each ray partitions the
plane into two regions which we call left and right
based on the ray’s direction. For each reflex vertex
end r and each edge visible fromr, we introduce two

Algorithm 1: Strategy RHL raysRay(e1(r),r) and Ray(e2(r),r) in the interior
of P (see Fig 4.1(a)). We assume that these rays are

line segments by restricting them to the interiofbf
4 A New Decomposition We write E( P) for the partition ofP formed by these
line segments (Fig 4.1(b)). By a céll € E(P) we
First we define a decomposition which will be usetiean a maximally connected region containing no
as a building block for the partition decomposition.line segments. By the boundafy(C) of a cell we
mean the set of line segments bounding it.
4.1 Visible edge decomposition - _
Lemma 3 E(P) satisfies the following:
Let P denote au-vertex simple polygon in the plane(i) The cells of £(P) are convex polygonal regions
An edgee of P is visible from a pointp € P if at in the interior of P, and
least one interior point (i.e., a point except the erfii) £*(p) = E*(q) for every two pointy and ¢
points) ofe is visible fromp. For a pointp € P, contained in a celC' € E(P).
the edge skeletoz*(p) is the subset of edges &f
visible fromp. Proof: Itis obvious that cells of/( P) will be simple
polygons. LeCC be a cell with non-convex boundary.
Definition 4 A visible edge cell”’ is a maximally Letr be areflex vertex oB(C'). Clearlyr cannot lie
connected subset @ such that the edge skeletoni the interior of P, as otherwise the two rays inter-
E*(p) = E*(q) for any two pointg, ¢ contained in secting at- will further divide C'. On the other hand,
C. A visible edge decomposition is a partition/f if r lies on P thenr must be a vertex oP. But then
into visible edge cells. the rays formed by the two edges Bfadjacent ta



will divide C. HenceB(C') must be polygonal and
convex.

For the second part, take two poiptsy contained
in C such thatE*(p) # E*(q). Lete be an edge in
E*(p) but not inE*(q). SinceB(C) is convex, the
line segment joining p andgq is also contained id'.
Let = be a point orpg such thate(z) reduces to a
single point (such a point must exist). Lgtandwvs
be the vertices oP touching the line segment(x)
from left and right respectively. Let; be the vertex
closer tox thanwvy. Thenwv; is a reflex vertex ofP
ande(v;) hase(z) as one of its end points. There-

fore Ray(e(x),v1) € P intersectgq atx and hence Figure 2: The subpartitio® (P, H15)
subdivides”' (a contradiction)ll

Theorem 1 E(P) s a visible edge decomposition ofollows: we first superimposg; and P; to get a pre-

P. E(P) can be computed in time polynomialsn liminary partition P; | J P; of the coordinate plane.
and has cardinalityO (n?). D(P, H;;) is then formed by taking the visible edge

decompositions of each cell iR; | J P;. (Note that
Proof: The first part follows from lemma 3. Aswe do not take the visible edge decomposition of the
E(P) contains at most two rays for every pair afegion formed by the intersection of the exteriors of
a reflex vertex and an edge, it has at mot?) P, andP;.) As stated earlier, a cell' of a partition
rays. Since at mosD(n*) regions can be formedis a maximally connected region containing no line
by O(n?) lines, this is an upper bound on the cardsegments and its boundaiy(C) is the set of seg-
nality of E(P). The decomposition can be computehents bounding it.

in polynomial time using obvious algorithmill
POy J J Lemma 4 LetC be acell ofD(P, H;;. Then exactly

one of the following holds: (i} (p+h;) = V (p+h;)
for all coordinates € C or, (i) V(p+hi) # V(p+
Let P be the map polygon andH = hy)forallcoordinatesy € C.

{h1, ha, ..., hi} the set of active hypotheses. Proof: If C = eat(P) (\ext(P;), thenV (p+ h;) =
Definition 5 For a set of hypothese#, a visibil- V(p + hy) = ¢ and we are done. _Ff’r the other
Sase, leC; be the cell ofP; | J P; containingC'. Let

ity partition cell C' is a maximally connected subs o
of the coordinate plane such that the visibility parti‘S C B(C1) be the subset of edges(f visible from

tions H (p) = H(q) for any two pointg, ¢ contained every point inC' (recall thatC' is a cell of the visible
in C. A visibility partition decomposition is a parti-edge decompositiod(C1)). If an edgee € S be-

tion of the coordinate plane into visibility partitionIongs tojusth;, thenV (p + h;) # V(p + hy) forall
cells. coordinate® € C. On the other hand, if all edges in

S belong to bothP; and P; then a robot at coordinate

Let ]DZ denote a Copy of the map polygdr“n the p W|” see the same V|S|b|l|ty p0|ygon irrespective Of
coordinate plane such that hypothegesoincides Whether it was initially ati; or 7,;. B
with the origin0. For each pair of distinct hypothe—L

sesH;; = {hi, h;} we write D(P, Hy;) for the vis- (i) The cells ofD(P, H) are polygonal regions, and

ibility partition decomposition with respect td;;. i) H () = H(a)for every two coordinat con-
The visibility partition decompositioD(P, H) for Ea)ine(ﬁ?] - ceI(IqC) of D(B }’{) B a

H is then constructed by taking the union of all line
segments in the partitionsD (P, H;;)|1 < i < j < Proof: Every cellC € D(P, H) is equal to the in-
k}. The construction oD (P, H;;) (see Fig 4.2) is astersections of cell€’;; € D(P, H;;) containing it.

4.2 Visibility Partition Decomposition

emmab5 D(P, H) satisfies the following:



Since C;;'s are polygonsC' will be a polygon it- that the other endpoint af’ is unspecified. For a
self. For the second part, assume two pointg curveC, |C| denotes its length.

contained inC' such thatH (p) # H(q). Choose
a pair of hypothese§.,, h,,) such that they belong™~~ , )
to the same class ifif(p) but not in H(q). Then L Suchthatl(\,cc Maj(x) < 5|H|.

P;q € Comn € D(P, Hny) are two points such thaty gmma 6 Let ' e P} be a halving curve. A robot
V(pthm) = V(p+hn) butV(g+him) # V(g+hn), can correctly eliminate at leastt|H|] hypotheses
thereby contradicting lemma 4 abo\ul. by tracingC.

Definition 7 A halving curve is a curve&’(0,.) €

Theorem 2 For a simple polygon? and set of hy- proof: Consider a robot moving along curé@and
pothesest] = {hi,hs,...,hx}, the visibility par- continuously observing its environment. If the robot
tition decompositionD(P, H) can be computed inhits the boundary of® at coordinate: € C, it local-
polynomial time and has cardinalitp (k*n®). izes to a set of size at moBlocked(z)| < i|H|

i o . (sincex € Pj). If the observationV taken by
Proof: That D(P, H) is a visibility partition de- the robot at coordinatg € C is different from the

_composition f_ollows2 from lemma 5. The Ca_rdin_alr'najority observatiorV/ (p, Maj(p)), the robot half-
ity of P;|J P; is O(n®) and therefore the cardinality ) - ii-es to a subset &\ Maj(p) which has size

Vi 4 i
of D(P, Hy;) '32051” ) Hencep(P, H)is formed at most%]H|. The only other possibility is that the
_by at I’QO?tO(k n’) Im_es and is of toj[al Carc}Imal'robot reaches the other end point@fwithout hit-
:cty”O(k fn )- The algonthr_n forl;:omputmg)(P, H) ting the polygonP or taking a non-majority obser-
oliows from its construction abovél vation. However the set of active hypotheses in this
case|H| = |N,ec Maj(z)| < 3|H| (sinceC is a

Corollary 1 By ignoring an arbitrarily small pos- i .
alvmg curve) and hence the robot half-localizZilis.

itive cost, robot movement can be assumedhf

be piecewise linear with breakpoints at edges Pmma 7 There exists a halving curve of length at
D(P, H). most HALF-OPTP, H).

Proof idea: For each edge of D(P, H), the first proof: Let S be an optimal strategy for HALF-
time the robot hitg (at an endpoint or interior) it canLOCALIZE(P,H). Imagine a robot guided by
visit the interior of each cell adjacent to the relatiighich stops as soon as it half-localizes. (50, py)
interior of e at arbitrarily small cost. New informa-pe the maximum length path traced by the robot in
tion is acquired only at these limited times. Herehe coordinate plane for any (initial) position .
after we assume that when the robot is at pqiitt By definition |C| < HALF-OPT(P,H). Let H,
can acquire all information available within arbitrargenote the set of active hypotheses when the robot
ily small neighborhoods of. reaches coordinate € C. Forz € C\py, |H,| >
1|H| since otherwise the robot would have stopped
atz itself. Thereford Blocked(z)| = |H| — |H,| <
1|H| and henc& € Pj;.

Notation Maj(p) denote the maximum size class Finally we show that the set = (1, Maj(z)

of visibility partition H (p). Blocked(p) denotes the IS Of size at most;|H|. For this assume a robot
classC of H (p) with V(C) = ¢. initially located at somé, € I C H. Guided by

S, the robot would have followed path and ob-
Definition 6 A coordinate p is called half- servedV, = V(z, Maj(x)) for all z € C (since
traversable iff |Blocked(p)] < L|H|. Pj is I C Maj(z)). Butthen|I| = |, cc G(x,Va)| =
the maximally connected subset of half-traversaljld,,, | < %\H\ and hence” satisfies the lemmadll
coordinates containing the origin.

5 Halving Curves

Corollary 2 Let C% ;; denote the minimum length

Notation C'(u,v) denotes a curve in the coordihalving curve. Then tracing’;, ;; is an optimal
nate plane with end points andv. C(u,.) means strategy for HALF-LOCALIZER, H).



6 Reference Point Set shorter tharl;, (by triangle inequality) and cover$

(a contradiction)®
We are aiming to extract a polynomial size set of The anchorof a break pointh € L% is the line
points on which to solve a group Steiner problersegment, € L containing it. Ifb is a vertex, we ar-
The piecewise linear curves defined by these poimigarily choose one of the line segments containing
come within a constant factor of the optimal halving as its anchor. A break point is calledreflection
curves. point if it lies in the interior of its anchor. Clearly,

Notation. uv denotes the straight line segmersvery break point of% is either (i) a vertex € V
joining pointsu and v. As before, theboundary or, (ii) a reflection point.

B(C) ofacellC € D(P, H) is the set of line seg-

ments bounding it. ThelosureClos(C) of a cell Lemma9 Letr™,r* be break points (or end points)
C is defined ag” | B(C). Theinterior of a cell is immediately preceding and succeeding a reflection
the cell minus its boundary. A cell' € P, iff ev- pointr € Lg. Thenr™ andr* lie on the same side
ery coordinate irC lies in Pj;. L denotes the set ofof the line containing its anchdy. Furtherr~ and
line Segme”thceP;; B(C). V denotes the set ofr" lie on opposite sides of the line perpendicular to
end points of segments i A vertexis a coordinate /- atr.

v € V. For a pointv and line segment let 7(v, 1)
denote the point closest toon[. For a set of points
X and set of line segments X,(X,Y") denotes the
set of points{~(p,[)|p € X,l € Y}.

The reference point set Q% =
{oyyvunv,LyYn(=(V,L), L). The size
of Q% is at mostO(|V||L]*) and it can be
computed in polynomial time.

Proof: Suppose-—,rT lie on opposite sides df.
Let C1,Cy € D(P, H) be cells containing the por-
tion of L% in the neighborhood of. Choose points
p € r~r,q € rr* such thatpr, rq lie in Clos(Ch)
andClos(C5) respectively angq intersects,.. Then
the curve obtained by replacing & rq by pg cov-
ersS and is strictly shorter thahy, (a contradiction).
Hencer—,r* lie on same side df..

For the second part, suppose, r* lie on same
side of the line perpendicular tpatr. Choose point
r" € 1, on the same side ofasr—,r*. Letry,ry
be points where the line perpendicularitat s’ in-
tersects—r, rr respectively. By choosing close
enough we can ensure thatr,rre € Clos(C).

For a piecewise linear cun@(u, v), BP(C) de- .
note the set of its break points. For two curv 'I;hen the the curve formed by replacing @ 77

! 'ro coversS and is strictly shorter than
C1(u,v) and Cy (v, w), C; & Cy denotes the curveLZ Z;ch?i\tcgéiction)l y
with end pointsu,w formed by concatenating; ¢

and (. For a setS of cells in Py, Ly € Py de- | emma 10 (i) The anchorl, of a reflection point
notes the shortest curég(0, .) with one end pointat . - L% intersectsL¥, only atr.

origin such thats C Cover(Ly). We write the two i) |f end pointe is not a vertex, its anchdg inter-
end points ofL % asO ande. For a curveC', Clu, v] sectsL only ate.
denotes the portion af with end points: andov.

Definition 8 A curveC(0,.) € Pj; is said to cover a
cellCy, € D(P,H)if C(Clos(Cy) # ¢. The cover
of C, Cover(C), isthe setof all cell€’, € D(P, H)
covered byC.

Proof: Supposel, also intersects f at ’. Let
Lemma 8 (i) L% is piecewise linear, and C1,Cy € D(P, H) be cells adjacerit. By lemma 9,
(i) BP(Lg)U{0,e} € Upeg B(O). the portion ofL in the neighborhood of lies com-

pletely in one ofClos(Cy) or Clos(Cs). Letry,ro
Proof Idea: Part (i) is trivial. For the second partbe points infinitesimally preceding and succeeding
consider a break poirtt € BP(LY) in the interior r on L§ such that triangleArrr, lies completely
ofacellC € D(P,H). Letb,by € C be points in Clos(Cy). Then the curvel§[0,r] & riry &
infinitesimally preceding and succeedibgon LE. L[ro, €] coverssS (it coversCs atr’) and is strictly
Then the curvel§[0,b1] ®b1b ® L b, €] is strictly shorter thanl§ (a contradiction) Bl



set uj1 = wi,vie1 = o. Otherwise let
" e v’ u € uv”\{u;} be points as promised in
Lemma 11 above. Set | = v/, v;11 = v”.

LetC;(u, v;) denote the curv€'(u, b) Bbu 6. . .&
u;_1u; P u;v; (see Fig 6(b)). The following proper-
ties are easy to establish by induction: BpP(C;) C
BP(Ci—1)JV, (i) Cover(C;) 2 Cover(Ci_1)
and (iii) |C;] < |Ci—1| + |vi—1vi|. (Use lemma 11
and the triangle inequality).

Sincew; € V\{ug,u1,...,u;—1}, there exists a
k < |V] such thatv; = ¢’ for all j > k. Com-
plete the proof by showing that’ = C}, satisfies the
lemma. .

Figure 3: Lemmas 11 and 12 ] o
Lemma 13 LetC(u,v) € Pj; be a piecewise linear

. _ curve such that lies in the interior of a line segment
Lemma 11 Letuv € Py be aline s/egment suchthaj < 1. Then there exists a piecewise linear curve
v lies in the interior ofl, € L. Letv' be some other C"(u,v') € P, such that

point oni,. Then either: (i) v' € l,. V' is either an end point of, or C’ is
(i) w' € P}y andCover(uv) C Cover(uv'), or perpendicular td, atv'.

(i) there exist pointsv” € wv',u" € w"\{u} (i) Cover(C) C Cover(C),

such thatu’ € V, w” € Pj; and Cover(uv) C (i) BP(C) QE?P(C”)UV and

Cover(uv”). (v) |C’| < |C).

Pr(aof: Let v, t € [0, 1] denote the pointv + (1 — Proof Idea: Let b € BP(C)U{u} be the
t)v'. Letty be the largest such thatCover(uv) C o . . .

Cover(uv) anduv, € Pk If to is 1, we satisfy part point immediately preceding. Define a sequence
: ¢ b=t 0 { (g, vi,v1)]i > 0} as follows:

(i) of the lemma. Theorefore assuiiec ¢y < 1. (i) o = bvo — v. Setf, = (o, )

Taket' > to arbitrarily close taly. By definition . 0 — ™ "0 = % ==0 = TR0, w ) R
foth it e h that (ii) If Cover(ujv;) € Cover(u;v;) andu,;v; € Py,
Ol o, there exIsis a cell & over (uvy, ) such tha setu; 1 = w;,vir1 = vl,vl,, = v.. Otherwise let
eitherC' ¢ Cover(uvy) or wvy € Pjy. In either ~, R e o

i 10 show that th it " e vl v € uv”\{u;} be points as promised in
case itis easy to show that there exists a veatex 7 Seth s — ' vp.q — o 0 —
uvy, \{u}. Takev” = vy, u' = u, (see Fig 6(a))M (e L) PO T e

i+15 v )-

Lemma 12 LetC(u,v) € Pj; be a piecewise linear The rest of the proof is similar to lemma 12, showing
curve such that lies in the interior of a line segmenthat for some) < k < [V, the curveC(u, vy,) =

I, € L. Letv be some other point ofy. Then there C(u,b) @ bur ® ... & ui1u; © uiv; works.

exists a piecewise linear cuné (u,v’) € Pj; such

that Lemma 14 Letr be a reflection point oL} and let

(i) cover(C) C Cover(C"), r~ and r* be break points immediately preceding
(iy BP(C") C_BP(C) UV and and succeeding it. Then there exists a poihte
(iii) |C"] < |C| + |vv']- l» N Q% such thatrr’| < |r=r| + |rr].

Proof: Letb € BP(C)J{u} be the break pointProof: Let /. denote the anchor of. Let I, II*
immediately precedingv. Define a sequencebe lines perpendicular th, passing through—, r+
{(u;,v;)|i > 0} as follows: respectively. Letd ~, H* be half-spaces containing
() ug = b,vg = v. r bounded bylI~, II™ respectively. H denotes the
(ii) If Cover(u;v;) C Cover(u;v’) andu;v’ € Pj;, convex regiond ~ ((H*.



ro = 0 andr, = e as the two endpoints af and
definer6 =T, T;c =7 LetC; = Lz'[ri—la ’I“Z‘], 0<
i < k denote the subpath @fg from r;_; to ;.

Let C/(r;—1,7}) be the piecewise linear curve
promised by lemmal2 under the substitution
C = Ciju =ri_1,v =r; andv = r,_,. Apply
lemma 12 again to obtairC! (r;_,,r;). (Take
C =Clu =rl,v=r_andv = r,_, in this
case). The following properties follow from lemma
12 itself:

(i) B(C;) € B(CHUV € B(CHUV CV,
(i) Cover(C;) C Cover(C]) C Cover(C!) and
(i) [C7] < |Cl| + lrimarf ] < Cil 4 |riarf |+
i -
Figure 4: Proof of lemma 14 o

We show thatLs = @F ,C! satisfies the the-
orem. SinceCover(Ls) = %, Cover(CV)

Letv be a vertex inH. Clearlyr’ = 7(v,l,) € - UL, Cover(C) 5 Cover(L%)

0 . L . / _ 4+ = i=1 = S/
QI_D,H satlsﬂes the lemma, sinder’| < [rr| < 7 covers . The set of break points
|r=r| + |rr ™| _(by_trlangle inequality). We completeB(LS) C (Ule(B(Cfl) Uirl_,, 7! C
:h_e' plroof by fll’;]dlng g\llzgrt(;x _etH. Tr:e onIy;or- VUL, ) Since /' € Q%
rivial case is shown in Fig @;. intersectsr™ andr™ 5 c oo Finally the lenath of L
and both-— andr lie in the interior of their anchors (Ls) S QP’H'k y g &
l,~ andl,+ respectively. Lev™,v" € V denote the |Lg| = > |Cy| < S2(|Cy| + |riar) 4| + |rirl]) =
end points of,,- and/,+ lying in H— and H+ re- =1 1 =1
spectively. Suppose on the contrary that € H+* ILE] + 23 |mrll. Since ; was cho-
andv™ € H—. Letq be the point where~ v~ inter- i=1
sectsII™. SinceL is non-intersecting ant.- inter- 1
sectsLg only atr~ (by lemma 10)g must lie on the |L5| 4+ 2 3 (|ry | + \r,-rj]) < 5|L%|. Clearly the
portion of II™ below (see Figure)™. Consider the =1
quadrilateral) formed byr,r—, ¢ andr*. Clearly _ . lies in the interi £ ali
@ € H. Further sincel. is non-intersecting anf+ r’fa(;é,,lﬁs ![Ee cirl\r/]eenroorn?iszdlge |Se$gnr?:dfé ruer;der
intersgctng only atr™ (Iemma 10(ii) ifr* is an fhe subkstit)lljtiorC _ C’F’) " yv el =
endpoint, else by lemma 10(i)), the segment™ - ’ k=1 v e
lies completely inQ. Thereforee™ € H(V (a con-
tradiction).

sen according to lemma 14, this is at most

starting Saint origin lies in/. If the other endpoint

7 Group Steiner Problem and Main

Theorem 3 (Geometric Approximation Theorem) Result
There exists a piecewise linear cuvg(0, ¢’) € Pj;
such that Rooted 1-Group Steiner Problem We are given a
(i) S C Cover(Ls), graphG = (V, E) with a cost functior: : £ — R+
(i) B(Ls)U{0,¢'} € Qp 4, and on edges, a special vertex (callritot) » € V and
(iii) [Ls| < 5[L%|. sets of vertices (callegroupy g1, g, ..., g5 C V.

_ ~ AtreeT covers a groupy if T(Jg # ¢. The
Proof: Letri,rs, ..., 751 be the reflection pointsgpiactive is to find the min-cost tree containing

of Lg. Letl; ¢ L denote the anchor of. Choose 4ng covering at least half the groups.
pointsr} € Q% ;; N1; such thatlryr!| < |r;ri| +
lrirt| (use lemma 14). For purposes of proof take



Theorem4 [7, 5, 4] There exists aan ordering of these points according to their occur-
O(log n.logmax;|g;|) factor approximation al- rence onLg. Since the end points and break points
gorithm A’ for the rooted%-Group Steiner problemof Lg are in Q%,H, pi € Qpg. Then the path
wheren is the number of vertices ii. 0,p1,p2; - --,p|s| IS a solution to instancép . Its

S|

For pointspi,p. € Pj;, we denote the short-costis at mosb_ d(pi—1,pi)" < |Lg| < 5|C} .

est path in Py joining them by Path(p1,p:). g =1
d(p1,p2)Pr denotes the length ofPath(p1, p2).

Augment the reference point set as follows: for evheorem 5 Algorithm .4 computes a halving curve

ery pair of pointg1, s € QY ;, we add all intersec- of length at mosO (log? n).|C*| in time polynomial
tion points of line segment; po with segmentsin.. in 5, andk.

Let Op i denote the augmented set of points. Re-
call that when the robot visits a poipte Qp i with Proof: Let T = (V',E’) be the solution to
infinitesimal additional distance it acquires informap ;; found by algorithm.A. By theorem 4 and
tion about all cells ofD(P, H) adjoining it. Hence lemma 16,(T") < O(log n.log maz;|g;|).c(T*) =
we can assume that/aj(p),p € Qpu is equal O(log®n)|C} ;| whereT* is the optimal solution to
to ﬂpemos(c) Maj(C), whereC denotes a cell of Zp y. In the next step the algorithm just mimics the
D(P,H). proof of lemma 15 above to get a halving curve of
length at mosR.¢(T) = O(log®n). |Ch yl. Since
Definition 9 INSTANCEZPH Taked as the com- Compunng the reference p0|nt Q%H’ mak|ng in-
plete graph onV' = Qpy. Define the cost of stanceZ ;; and algorithmA’ take polynomial time,

an edge(qi, ¢2) as d(q1,¢2)"7. Take the root as 4 is a polynomial time algorithrill
the the origin0 € Qppy. Makek groups where

H = {hy,ha,...,hi}. Groupg; consists of all co- Theorem 6 Let P be the map polygon andl the
ordinatesg € Qp i such thath; ¢ Maj(q). set of active hypotheses. L@&tbe the halving curve
computed by algorithnd. A robot tracing curve
Lemma 15 Every treeT = (V’, E') rooted at0 ( correctly eliminates at leasf|H]|] hypotheses
covering at least half the groups iy ;7 can be con- from H. It travels distance at mo@(log n)HALF-
verted to a halving curve of length at m@s{7T"). OPT(P,H) wherek = |H|, n is the size ofP and

HALF- OPTQD H) is the cost of an optimal strategy
of V’ in the order they are V|S|ted by a depth-first

search startlng from the rod. We show that pygof: Combine lemmas 6, 7 and theoremiib.
EBZ 1 Path(vi—1,v;) is the required halving

curve. Since each edge is traversed at most twit&eorem 7 Let P be the map polygon andl the
S P initial set of hypotheses. A robot guided by strategy

€l = ;d(vi_l’w) # < 2.(T). Furtherh; ¢ RHL correctly determines its initial positiop, €

Nyev: Maj(v) if T covers groupy;. Sincel’ covers P by traveling at mos© (log? nlog k)OPT (P, H)

at least half the groups ifig1, g2, ..., gr} this im- distance wheré = |H| andn is the number of ver-

plies| N ey Maj(v)| < 3|H|. W tices inP.

Lemma 16 The optimal solution t&p iy has cost Proof: Follows from theorem 6 and lemma.
at most5.|C}, |, whereC, 5, denotes the optimal

halving curve. 7.1 Extension to Polygons with Holes

Proof: Let.S be the set of cells covered 6y, ;. Let Here we sketch an extension of our algorithm. When
Lg be the path covering as promised by7theorenthe map polygon contains polygonal holes, the cells
3. ForC € S, letpc denote the first point whetks of subpartition D(P, H;;) will be polygons with

intersects its boundarg(C'). Letp,ps, ..., pjs| be holes rather than just simple polygons. A vertex



of such a cell may see more than one continuous (A Conference on Theoretical and Experimen-
portion of a particular edge through the windows
formed by different obstacles. Therefore the visible
edge partition needs to be augmented by adding ra{@

R(v,e1(v)), R(v,e2(v)),..., R(v,ex(v)) where v

is a vertex of the map polygon (including the vertices
on holes) ana;’s are the end points of the various
portions (each portion will still be a line segment) of

e visible fromwv. This leads to a decomposition of
cardinalityO(n*) as before. The visibility partition

[5]

decompositionD (P, H) can then be formed by tak-

ing intersections of all subpartition8(P, H;;) and

hence is of polynomial cardinality. We can verify

that the geometric approximation lemma and oth

tal Analysis of Discrete Algorithms)995.

Jittat Fakcharoenphol, Satish Rao, and Kunal
Talwar. A tight bound on approximating arbi-
trary metrics by tree metrics. IRroceedings
of the thirty-fifth ACM symposium on Theory of
Computing 2003.

G. Kortsarz G. Even and W. Slany. On net-
work design: fixed charge flows and the cover-
ing steiner problem. I'BSWAT, pages 318-329,

2002

6] C. Wetzler G. Weib and E. Von Puttkamer.

lemmas hold for polygonal cells with holes, and
therefore our algorithm extends with the same ap-
proximation guarantee but a concomitant increase in

running time.

8 Conclusion

[7]

The most important open problem is to close the
log?-factor gap between the upper and lower bounds.
The Group Steiner problem has recently been proved

to be hard to approximate within bg? k-factor
(herek is the number of groups) by Halperat al.

[8]

[8]. The close relation between half-localization and
Group Steiner opens up the possibility of proving a
polylogarithmic factor hardness of approximation. A
complementary problem in the other direction is tqg]
improve the approximation factor and running time

of our algorithm.
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