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Abstract

Localization is a fundamental problem in robotics.
The robot possesses line-of-sight sensors, a compass,
and a map of its polygonal environment; it must de-
termine its location at a minimum cost of travel dis-
tance. Localization is NP-hard [3], even to minimize
within a c log n factor [15], wheren is the number
of polygon vertices. No approximation algorithm for
the problem has been known. We give a strongly
polynomial timeO(log2 n log r)-factor approxima-
tion algorithm, wherer is the number of reflex ver-
tices. Technical features of the algorithm include a
new edge-visibility based partition decomposition of
the plane, and the idea of repeatedly planning travel
on a “majority-rule” map, which permits a plan to be
a route rather than a decision tree.

1 Introduction

Localization is a fundamental task in mobile
robotics. A robot is equipped with a compass and
map of its environment but does not know its cur-
rent location (“kidnapped robot problem”). Its sen-
sors tell it the distances to the obstacles surround-
ing it. The task of the robot is to uniquely iden-
tify its current location (if possible). There are often
many locations in the environment that are consis-
tent with the current sensor information, especially
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in self-similar environments such as corridor envi-
ronments. The robot thus typically has to move in
the environment to collect additional sensor infor-
mation. This way, it can rule out locations that are
inconsistent with the sensor information, until only
one possible location is left. At this point in time,
the robot is localized. Ideally, the robot should lo-
calize with a small travel distance to guarantee that it
localizes quickly since its sensing and computation
time are typically negligible and its localization time
is thus directly proportional to its travel distance.

Localization is important for mobile robots be-
cause they often get turned off and moved to a dif-
ferent location for maintenance and then need to de-
termine their current location once they get turned on
again. Robots also can become confused about their
location because of accumulated odometer error [?].
In these contexts, localization eliminates the need for
complex and expensive positioning systems [2], such
as indoor systems of radio beacons.

We study localization in the usual robot naviga-
tion algorithm framework: the environment is a sim-
ple two-dimensional polygonP which is completely
known to the robot [10]. This is a slightly simpli-
fied but reasonable environment model that fits, for
example, corridor environments well. The robot is
a point robot with perfect actuation and sensing. It
has a compass on board that tells it its orientation
relative to the environment. It also has distance sen-
sors on board that tell it the distance to the nearest
edge ofP in every direction. Its actuators allow it
to move withinP in any direction without kinematic
constraints. This is a simplified but reasonable robot
model. Lasers, for example, are sensors with prop-
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erties close to the ones assumed here. They are long
distance sensors that measure the distance to the ob-
stacles surrounding the robot in increments of frac-
tions of degrees and with little noise [6, 2].

Previous Work Despite the considerable attention it
has received in the robotics literature (e.g. [2, 16,
14, 12, 13, 6], localization has been the subject of
much less theoretical work. Guibaset al. [10] de-
vise an algorithm to output all possible locations in-
sideP that are consistent with a single observationV
of the robot. They compute a special decomposition
of P into cells called the “visibility cell decomposi-
tion”. Using this preprocessing, they give a scheme
that generates possible locations inO(log n+m+A)
time wheren is the number of vertices inP , m is the
number of vertices in the visibility polygon andA is
the size of the set of possible locations.

All previous work on devising a localization strat-
egy has focused on the competitive analysis criterion
first introduced into the realm of navigation problems
by Papadimitriou and Yannakakis [11]. Kleinberget
al. [9] give anO(n

2
3 ) competitive algorithm for lo-

calization on a geometric tree which asymptotically
improves on the “spiral search” technique of Baeza-
Yateset al. [1]. Dudeket al. [3] give a polynomial
time algorithm that causes the robot to travel distance
at most2(k − 1)d in the polygonal model, wherek
denotes the size of the set of possible locations gen-
erated by the algorithm of [10] andd denotes the cost
of a minimum verification tour. They also show that
the problem is hard to approximate within factork in
the competitive analysis sense.

In the problem studied in [11], the map is un-
known and thus worst-case analysis is meaningless.
In the localization problem, the map is known, so the
worst-case criterion has meaning. Indeed, we believe
that this criterion better matches the roboticist’s con-
cerns with guaranteed rapid localization, rather than
with comparisons against an omniscient verifier. To
minimize worst-case travel, the optimal next move
depends on the information gathered so far. Thus
localization requires astrategyof information acqui-
sition and movement. For any starting location, the
strategy can be represented by a decision tree [3]. Es-
sentially this is because information is discrete, even
though movement and sensor data are continuous –
either the data are consistent with a hypothesized lo-

cation or they are not. A strategy’s cost is the maxi-
mum incurred on any path from the root to a leaf.

To localize in polygonP , it is NP-hard to min-
imize worst-case travel cost [3], even to within a
c log n factor [15], wheren is the number of vertices
of P . No approximation algorithm has previously
been known for localization. We give a strongly
polynomialO(log2 n log r)-factor approximation al-
gorithm, wherer is the number of reflex vertices
(vertices at which the interior angle exceedsπ).

Our algorithm features a new planar partition de-
composition based on a new edge-visibility decom-
position. The algorithms cited above ([10, 3]) em-
ploy a vertex-visibility decomposition [10], which
does not actually utilize all of the information ac-
quired by the sensors. For example, if only a por-
tion of the interior of an edge were visible through
a gap formed by other edges, then this information
would not be utilized in the vertex decomposition.
But for an approximation guarantee, we have to com-
pare against the best a robot could do, and we can-
not restrict that robot’s performance by not letting it
utilize all available information. Our new decompo-
sition may be useful in developing other approxima-
tion algorithms for robot motion problems.

1.1 Algorithm Overview

Here we describe the main ideas of the algorithm.
As soon as the robot’s sensors scan from the initial
location, the setH of hypotheses, i.e. of locations in
P consistent with information gathered so far, is size
at mostr [10]. At a cost of alog r approximation
factor, reduce the problem to the HALF-LOCALIZE
problem, which is to reduce the setH to at most
half its size. If a robot is blocked while attempting
to move along a path which is unblocked (does not
cross an edge ofP ) with respect to at least|H|/2 of
the hypotheses, then the robot has half-localized. It
is not hard to prove that HALF-LOCALIZE can be
solved optimally by such a majority-rule path (Corol-
lary 2). Majority-rule finesses the troublesome de-
cision trees, an idea that may be useful in other al-
gorithm design problems where information gather-
ing and decision-making are interleaved (α|H| for
anyα ≤ .5 works). The visibility partition decom-
position provides, in polynomial time, a partition of
the plane such that the information acquired from all



points within the interior of a cell is the same with
respect to all hypotheses (Theorem 2). This decom-
position is built from multiple copies of visible-edge
decompositions. Modulo the infinitesimal additional
cost to enter the cell interiors, it suffices for paths
to be piecewise linear between edges and vertices of
the cells, except the starting point which may be in-
terior. Discretizing the edges for sufficiently smallε
would lead to an algorithm polynomial in the encod-
ing length, but we seek a strongly polynomial algo-
rithm. Ideally we would like a polynomial size set
of points that contains all the breakpoints of the op-
timal paths, but such sets are exponentially large. In-
stead, we construct a polynomial size set of possible
breakpoints which yield paths within a factor5 of op-
timal. We then reduce HALF-LOCALIZE atO(1)-
factor cost to a polynomial size12 -group Steiner pla-
nar problem, which finally is solved within factor
O(log2 n) by combining the algorithms of [7, 5, 4].

2 Assumptions and Definitions

We assume a mobile point robot placed on a flat two-
dimensional surface. The robot is equipped with a
compass and line-of-sight sensors. The robot is con-
strained to lie inside or on the boundary of an-vertex
simple polygonP on the surface. CallP the map
polygon, and writeP for the set of points lying in-
side or on the boundary ofP . The robot can move in
any desired direction on the surface.

Definition 1 Two pointsp, q ∈ P are visible from
each other if the straight line segment joining them
does not intersect the exterior ofP . The visibility
polygonV (p) is the polygon consisting of all points
visible fromp. V (p) = φ if p lies outsideP .

The sensors can provide the robot with the visibility
polygonV (p) with respect to its current positionp.

A hypothesish ∈ H is activeif the robot has not
yet ruled outh as a candidate for its initial position
p0. We abuse notation and denote the set of active
hypotheses at any time byH. WhetherH refers to
the initial set of hypotheses or the set of currently
active hypotheses will be clear from context.

LOCALIZE( P ,H): Devise a strategy by which
the robot can correctly eliminate all but one hypoth-
esis fromH, thereby determining its exact initial po-

sition p0 ∈ H. The robot should travel a distance as
small as possible to achieve this.

Definition 2 Point q is at coordinatep relative to
point c if q = c + p. Given the set of hypotheses
H and a coordinatep, the visibility partitionH(p) is
the partition ofH given by the following equivalence
relation: h1 ∼ h2 iff V (h1 + p) = V (h2 + p).

V (p,G) denotes the common visibility polygon for
all hypotheses in classG of H(p). G(p, V ) denotes
the class ofH(p) with visibility polygon V . Let
C(p, S) denote the distance traveled by a robot ini-
tially located atp ∈ P and guided by strategyS be-
fore it localizesi.e., determines its initial positionp0.

Definition 3 The worst-case cost of a strategyS for
a set of hypothesesH is defined asW (H, S) =
maxp∈HC(p, S).

An optimal strategy for LOCALIZE(P ,H) is the
strategy with minimum worst-case costW (H,S).
OPT (P,H) denotes the cost of optimal strategy.

3 Half-localize

HALF-LOCALIZE( P ,H): Devise a strategy by
which the robot can correctly eliminate at least half
of the hypotheses inH. The robot should travel a
distance as small as possible to achieve this.

The worst-case costW (H,S) of a strat-
egy for HALF-LOCALIZE(P ,H) is defined as
maxh∈HC(h, S), whereC(h, S) denotes the dis-
tance traveled by a robot initially ath and guided
by S before ithalf-localizesi.e., eliminates at least
half the hypotheses fromH. HALF-OPT(P ,H) de-
notes the cost of an optimal strategy for HALF-
LOCALIZE(P ,H).

Lemma 1 HALF-OPT(P ,H ′) ≤ OPT (P, H ′) ≤
OPT (P,H) if H ′ ⊆ H.

Lemma 2 Let P be the map polygon andH
the initial set of hypotheses. A robot guided
by strategyRHL localizes by traveling at most
O(log |H|)OPT(P ,H) distance by repeatedly using
the optimal strategy for HALF-LOCALIZE(P ,H).



Proof: As the number of hypotheses reduces by at
least half after each phase, the robot localizes in
m ≤ dlog |H|e = dlog ke phases. By lemma 1,
the distance traveled by the robot in each phase is at
most2HALF-OPT(P ,Hi)≤ 2OPT(P ,H). Therefore
the total worst-case travel distance≤ mOPT(P ,H)≤
O(log |H|)OPT(P ,H).¥

Data : P the map polygon,H the set of ac-
tive hypotheses

Result : The robot localizes to its initial posi-
tion p0 ∈ P

while |H| > 1 do
Algorithm A(P, H);
begin

ComputeD(P,H), P ∗
H (sections 4.2,5);

ComputeQP,H (section 6);
Form instanceIP,H (section 7);
SolveIP,H usingA′ (theorem 4);
Convert the solution to a halving curve
C (lemma 15);

end
Half-localize by tracing curveC (lemma 6);
Move back to the initial locationp0 ∈ P ;

end

Algorithm 1: Strategy RHL

4 A New Decomposition

First we define a decomposition which will be used
as a building block for the partition decomposition.

4.1 Visible edge decomposition

Let P denote an-vertex simple polygon in the plane.
An edgee of P is visible from a pointp ∈ P if at
least one interior point (i.e., a point except the end
points) ofe is visible fromp. For a pointp ∈ P,
theedge skeletonE∗(p) is the subset of edges ofP
visible fromp.

Definition 4 A visible edge cellC is a maximally
connected subset ofP such that the edge skeletons
E∗(p) = E∗(q) for any two pointsp, q contained in
C. A visible edge decomposition is a partition ofP
into visible edge cells.

For an edgee of P and a pointp ∈ P, e(p) denotes
the subset of points one visible from p. It is easy
to show thate(p) is a line segment. We denote the
(possibly) two end points ofe(p) by e1(p) ande2(p)
respectively.

Figure 1: Visible Edge Decomposition

For pointsp, q ∈ P , Ray(p, q) denotes a ray start-
ing from p which is collinear with line segmentpq
and is directed away fromp. Each ray partitions the
plane into two regions which we call left and right
based on the ray’s direction. For each reflex vertex
r and each edgee visible from r, we introduce two
raysRay(e1(r), r) andRay(e2(r), r) in the interior
of P (see Fig 4.1(a)). We assume that these rays are
line segments by restricting them to the interior ofP .
We writeE(P ) for the partition ofP formed by these
line segments (Fig 4.1(b)). By a cellC ∈ E(P ) we
mean a maximally connected region containing no
line segments. By the boundaryB(C) of a cell we
mean the set of line segments bounding it.

Lemma 3 E(P ) satisfies the following:
(i) The cells ofE(P ) are convex polygonal regions
in the interior ofP , and
(ii) E∗(p) = E∗(q) for every two pointsp and q
contained in a cellC ∈ E(P ).

Proof: It is obvious that cells ofE(P ) will be simple
polygons. LetC be a cell with non-convex boundary.
Let r be a reflex vertex onB(C). Clearlyr cannot lie
in the interior ofP , as otherwise the two rays inter-
secting atr will further divideC. On the other hand,
if r lies onP thenr must be a vertex ofP . But then
the rays formed by the two edges ofP adjacent tor



will divide C. HenceB(C) must be polygonal and
convex.

For the second part, take two pointsp, q contained
in C such thatE∗(p) 6= E∗(q). Let e be an edge in
E∗(p) but not inE∗(q). SinceB(C) is convex, the
line segmentl joining p andq is also contained inC.
Let x be a point onpq such thate(x) reduces to a
single point (such a point must exist). Letv1 andv2

be the vertices ofP touching the line segmentxe(x)
from left and right respectively. Letv1 be the vertex
closer tox thanv2. Thenv1 is a reflex vertex ofP
ande(v1) hase(x) as one of its end points. There-
foreRay(e(x), v1) ∈ P intersectspq atx and hence
subdividesC (a contradiction).¥

Theorem 1 E(P ) is a visible edge decomposition of
P . E(P ) can be computed in time polynomial inn
and has cardinalityO(n4).

Proof: The first part follows from lemma 3. As
E(P ) contains at most two rays for every pair of
a reflex vertex and an edge, it has at mostO(n2)
rays. Since at mostO(n4) regions can be formed
by O(n2) lines, this is an upper bound on the cardi-
nality ofE(P ). The decomposition can be computed
in polynomial time using obvious algorithms.¥

4.2 Visibility Partition Decomposition

Let P be the map polygon andH =
{h1, h2, . . . , hk} the set of active hypotheses.

Definition 5 For a set of hypothesesH, a visibil-
ity partition cell C is a maximally connected subset
of the coordinate plane such that the visibility parti-
tionsH(p) = H(q) for any two pointsp, q contained
in C. A visibility partition decomposition is a parti-
tion of the coordinate plane into visibility partition
cells.

Let Pi denote a copy of the map polygonP in the
coordinate plane such that hypotheseshi coincides
with the origin0. For each pair of distinct hypothe-
sesHij = {hi, hj} we writeD(P, Hij) for the vis-
ibility partition decomposition with respect toHij .
The visibility partition decompositionD(P, H) for
H is then constructed by taking the union of all line
segments in the partitions{D(P, Hij)|1 ≤ i < j ≤
k}. The construction ofD(P, Hij) (see Fig 4.2) is as

Figure 2: The subpartitionD(P, H12)

follows: we first superimposePi andPj to get a pre-
liminary partition Pi

⋃
Pj of the coordinate plane.

D(P, Hij) is then formed by taking the visible edge
decompositions of each cell inPi

⋃
Pj . (Note that

we do not take the visible edge decomposition of the
region formed by the intersection of the exteriors of
Pi andPj .) As stated earlier, a cellC of a partition
is a maximally connected region containing no line
segments and its boundaryB(C) is the set of seg-
ments bounding it.

Lemma 4 LetC be a cell ofD(P, Hij . Then exactly
one of the following holds: (i)V (p+hi) = V (p+hj)
for all coordinatesp ∈ C or, (ii) V (p+hi) 6= V (p+
hj) for all coordinatesp ∈ C.

Proof: If C = ext(Pi)
⋂

ext(Pj), thenV (p+hi) =
V (p + hj) = φ and we are done. For the other
case, letC1 be the cell ofPi

⋃
Pj containingC. Let

S ⊂ B(C1) be the subset of edges ofC1 visible from
every point inC (recall thatC is a cell of the visible
edge decompositionE(C1)). If an edgee ∈ S be-
longs to justPi, thenV (p + hi) 6= V (p + hj) for all
coordinatesp ∈ C. On the other hand, if all edges in
S belong to bothPi andPj then a robot at coordinate
p will see the same visibility polygon irrespective of
whether it was initially athi or hj . ¥

Lemma 5 D(P, H) satisfies the following:
(i) The cells ofD(P,H) are polygonal regions, and
(ii) H(p) = H(q) for every two coordinatesp, q con-
tained in a cellC of D(P, H).

Proof: Every cellC ∈ D(P, H) is equal to the in-
tersections of cellsCij ∈ D(P,Hij) containing it.



SinceCij ’s are polygons,C will be a polygon it-
self. For the second part, assume two pointsp, q
contained inC such thatH(p) 6= H(q). Choose
a pair of hypotheses(hm, hn) such that they belong
to the same class inH(p) but not in H(q). Then
p, q ∈ Cmn ∈ D(P, Hmn) are two points such that
V (p+hm) = V (p+hn) butV (q+hm) 6= V (q+hn),
thereby contradicting lemma 4 above.¥

Theorem 2 For a simple polygonP and set of hy-
pothesesH = {h1, h2, . . . , hk}, the visibility par-
tition decompositionD(P, H) can be computed in
polynomial time and has cardinalityO(k4n8).

Proof: That D(P,H) is a visibility partition de-
composition follows from lemma 5. The cardinal-
ity of Pi

⋃
Pj is O(n2) and therefore the cardinality

of D(P,Hij) is O(n4). HenceD(P, H) is formed
by at mostO(k2n4) lines and is of total cardinal-
ity O(k4n8). The algorithm for computingD(P, H)
follows from its construction above.¥

Corollary 1 By ignoring an arbitrarily small pos-
itive cost, robot movement can be assumed to
be piecewise linear with breakpoints at edges of
D(P,H).

Proof idea: For each edgee of D(P, H), the first
time the robot hitse (at an endpoint or interior) it can
visit the interior of each cell adjacent to the relative
interior of e at arbitrarily small cost. New informa-
tion is acquired only at these limited times. Here-
after we assume that when the robot is at pointq it
can acquire all information available within arbitrar-
ily small neighborhoods ofq.

5 Halving Curves

Notation Maj(p) denote the maximum size class
of visibility partition H(p). Blocked(p) denotes the
classC of H(p) with V (C) = φ.

Definition 6 A coordinate p is called half-
traversable iff |Blocked(p)| ≤ 1

2 |H|. P ∗
H is

the maximally connected subset of half-traversable
coordinates containing the origin.

Notation C(u, v) denotes a curve in the coordi-
nate plane with end pointsu andv. C(u, .) means

that the other endpoint ofC is unspecified. For a
curveC, |C| denotes its length.

Definition 7 A halving curve is a curveC(0, .) ∈
P ∗

H such that|⋂x∈C Maj(x)| ≤ 1
2 |H|.

Lemma 6 Let C ∈ P ∗
H be a halving curve. A robot

can correctly eliminate at leastd1
2 |H|e hypotheses

by tracingC.

Proof: Consider a robot moving along curveC and
continuously observing its environment. If the robot
hits the boundary ofP at coordinatex ∈ C, it local-
izes to a set of size at most|Blocked(x)| ≤ 1

2 |H|
(since x ∈ P ∗

H ). If the observationV taken by
the robot at coordinatep ∈ C is different from the
majority observationV (p,Maj(p)), the robot half-
localizes to a subset ofH\Maj(p) which has size
at most12 |H|. The only other possibility is that the
robot reaches the other end point ofC without hit-
ting the polygonP or taking a non-majority obser-
vation. However the set of active hypotheses in this
case|H| = |⋂x∈C Maj(x)| ≤ 1

2 |H| (sinceC is a
halving curve) and hence the robot half-localizes.¥

Lemma 7 There exists a halving curve of length at
most HALF-OPT(P ,H).

Proof: Let S be an optimal strategy for HALF-
LOCALIZE(P ,H). Imagine a robot guided byS
which stops as soon as it half-localizes. LetC(0, pf )
be the maximum length path traced by the robot in
the coordinate plane for any (initial) position inH.
By definition |C| ≤ HALF-OPT(P ,H). Let Hx

denote the set of active hypotheses when the robot
reaches coordinatex ∈ C. For x ∈ C\pf , |Hx| >
1
2 |H| since otherwise the robot would have stopped
atx itself. Therefore|Blocked(x)| = |H| − |Hx| ≤
1
2 |H| and henceC ∈ P ∗

H .
Finally we show that the setI =

⋂
x∈C Maj(x)

is of size at most12 |H|. For this assume a robot
initially located at someh ∈ I ⊂ H. Guided by
S, the robot would have followed pathC and ob-
servedVx = V (x,Maj(x)) for all x ∈ C (since
I ⊂ Maj(x)). But then|I| = |⋂x∈C G(x, Vx)| =
|Hpf

| ≤ 1
2 |H| and henceC satisfies the lemma.¥

Corollary 2 Let C∗
P,H denote the minimum length

halving curve. Then tracingC∗
P,H is an optimal

strategy for HALF-LOCALIZE(P ,H).



6 Reference Point Set

We are aiming to extract a polynomial size set of
points on which to solve a group Steiner problem.
The piecewise linear curves defined by these points
come within a constant factor of the optimal halving
curves.

Notation. uv denotes the straight line segment
joining pointsu and v. As before, theboundary
B(C) of a cellC ∈ D(P, H) is the set of line seg-
ments bounding it. TheclosureClos(C) of a cell
C is defined asC

⋃
B(C). The interior of a cell is

the cell minus its boundary. A cellC ∈ P ∗
H iff ev-

ery coordinate inC lies in P ∗
H . L denotes the set of

line segments
⋃

C∈P ∗H
B(C). V denotes the set of

end points of segments inL. A vertexis a coordinate
v ∈ V . For a pointv and line segmentl, let π(v, l)
denote the point closest tov on l. For a set of points
X and set of line segments Y,π(X,Y ) denotes the
set of points{π(p, l)|p ∈ X, l ∈ Y }.

The reference point set Q0
P,H =

{0}⋃
V

⋃
π(V, L)

⋃
π(π(V, L), L). The size

of Q0
P,H is at most O(|V ||L|2) and it can be

computed in polynomial time.

Definition 8 A curveC(0, .) ∈ P ∗
H is said to cover a

cell C1 ∈ D(P,H) if C
⋂

Clos(C1) 6= φ. The cover
of C, Cover(C), is the set of all cellsC1 ∈ D(P, H)
covered byC.

For a piecewise linear curveC(u, v), BP (C) de-
note the set of its break points. For two curves
C1(u, v) andC2(v, w), C1 ⊕ C2 denotes the curve
with end pointsu,w formed by concatenatingC1

andC2. For a setS of cells in P ∗
H , L∗S ∈ P ∗

H de-
notes the shortest curveC(0, .) with one end point at
origin such thatS ⊆ Cover(L∗S). We write the two
end points ofL∗S as0 ande. For a curveC, C[u, v]
denotes the portion ofC with end pointsu andv.

Lemma 8 (i) L∗S is piecewise linear, and
(ii) BP (L∗S)

⋃{0, e} ⊆ ⋃
C∈S B(C).

Proof Idea: Part (i) is trivial. For the second part,
consider a break pointb ∈ BP (L∗S) in the interior
of a cell C ∈ D(P,H). Let b1, b2 ∈ C be points
infinitesimally preceding and succeedingb on L∗S .
Then the curveL∗S [0, b1]⊕b1b2⊕L∗S [b2, e] is strictly

shorter thanL∗S (by triangle inequality) and coversS
(a contradiction).¥

The anchor of a break pointb ∈ L∗S is the line
segmentlb ∈ L containing it. Ifb is a vertex, we ar-
bitrarily choose one of the line segments containing
it as its anchor. A break point is called areflection
point if it lies in the interior of its anchor. Clearly,
every break point ofL∗S is either (i) a vertexv ∈ V
or, (ii) a reflection point.

Lemma 9 Letr−, r+ be break points (or end points)
immediately preceding and succeeding a reflection
point r ∈ L∗S . Thenr− andr+ lie on the same side
of the line containing its anchorlr. Further r− and
r+ lie on opposite sides of the line perpendicular to
lr at r.

Proof: Supposer−, r+ lie on opposite sides oflr.
Let C1, C2 ∈ D(P, H) be cells containing the por-
tion of L∗S in the neighborhood ofr. Choose points
p ∈ r−r, q ∈ rr+ such thatpr, rq lie in Clos(C1)
andClos(C2) respectively andpq intersectslr. Then
the curve obtained by replacingpr ⊕ rq by pq cov-
ersS and is strictly shorter thanL∗S (a contradiction).
Hencer−, r+ lie on same side oflr.

For the second part, supposer−, r+ lie on same
side of the line perpendicular tolr atr. Choose point
r′ ∈ lr on the same side ofr asr−, r+. Let r1, r2

be points where the line perpendicular tolr at r′ in-
tersectsr−r, rr+ respectively. By choosingr′ close
enough we can ensure thatr1r, rr2 ∈ Clos(C).
Then the the curve formed by replacingr1r ⊕ rr2

by r1r
′ ⊕ r′r2 coversS and is strictly shorter than

L∗S (a contradiction).¥

Lemma 10 (i) The anchorlr of a reflection point
r ∈ L∗S intersectsL∗S only atr.
(ii) If end pointe is not a vertex, its anchorle inter-
sectsL∗S only ate.

Proof: Supposelr also intersectsL∗S at r′. Let
C1, C2 ∈ D(P, H) be cells adjacentlr. By lemma 9,
the portion ofL∗S in the neighborhood ofr lies com-
pletely in one ofClos(C1) or Clos(C2). Let r1, r2

be points infinitesimally preceding and succeeding
r on L∗S such that triangle4r1rr2 lies completely
in Clos(C1). Then the curveL∗S [0, r1] ⊕ r1r2 ⊕
L∗S [r2, e] coversS (it coversC2 at r′) and is strictly
shorter thanL∗S (a contradiction).¥



Figure 3: Lemmas 11 and 12

Lemma 11 Letuv ∈ P ∗
H be a line segment such that

v lies in the interior oflv ∈ L. Letv′ be some other
point onlv. Then either:
(i) uv′ ∈ P ∗

H andCover(uv) ⊆ Cover(uv′), or
(ii) there exist pointsv′′ ∈ vv′, u′ ∈ uv′′\{u}
such thatu′ ∈ V , uv′′ ∈ P ∗

H and Cover(uv) ⊆
Cover(uv′′).

Proof: Let vt, t ∈ [0, 1] denote the pointtv + (1 −
t)v′. Let t0 be the largestt such thatCover(uv) ⊆
Cover(uvt) anduvt ∈ P ∗

H . If t0 is 1, we satisfy part
(i) of the lemma. Theorefore assume0 ≤ t0 < 1.

Taket′ > t0 arbitrarily close tot0. By definition
of t0, there exists a cellC ⊆ Cover(uvt0) such that
eitherC /∈ Cover(uvt′) or uvt′ ∈ P ∗

H . In either
case it is easy to show that there exists a vertexu1 ∈
uvt0\{u}. Takev′′ = vt0 , u

′ = u1 (see Fig 6(a)).¥

Lemma 12 LetC(u, v) ∈ P ∗
H be a piecewise linear

curve such thatv lies in the interior of a line segment
lv ∈ L. Letv′ be some other point onlv. Then there
exists a piecewise linear curveC ′(u, v′) ∈ P ∗

H such
that
(i) cover(C) ⊆ Cover(C ′),
(ii) BP (C ′) ⊆ BP (C)

⋃
V and,

(iii) |C ′| ≤ |C|+ |vv′|.

Proof: Let b ∈ BP (C)
⋃{u} be the break point

immediately precedingv. Define a sequence
{(ui, vi)|i ≥ 0} as follows:
(i) u0 = b, v0 = v.
(ii) If Cover(uivi) ⊆ Cover(uiv

′) anduiv
′ ∈ P ∗

H ,

set ui+1 = ui, vi+1 = v′. Otherwise let
v′′ ∈ viv

′, u′ ∈ uiv
′′\{ui} be points as promised in

Lemma 11 above. Setui+1 = u′, vi+1 = v′′.

LetCi(u, vi) denote the curveC(u, b)⊕bu1⊕. . .⊕
ui−1ui ⊕ uivi (see Fig 6(b)). The following proper-
ties are easy to establish by induction: (i)BP (Ci) ⊆
BP (Ci−1)

⋃
V , (ii) Cover(Ci) ⊇ Cover(Ci−1)

and (iii) |Ci| ≤ |Ci−1| + |vi−1vi|. (Use lemma 11
and the triangle inequality).

Sinceui ∈ V \{u0, u1, . . . , ui−1}, there exists a
k ≤ |V | such thatvj = v′ for all j ≥ k. Com-
plete the proof by showing thatC ′ = Ck satisfies the
lemma.¥.

Lemma 13 LetC(u, v) ∈ P ∗
H be a piecewise linear

curve such thatv lies in the interior of a line segment
lv ∈ L. Then there exists a piecewise linear curve
C ′(u, v′) ∈ P ∗

H such that
(i) v′ ∈ lv. v′ is either an end point oflv or C ′ is
perpendicular tolv at v′.
(ii) Cover(C) ⊆ Cover(C ′),
(iii) BP (C) ⊆ BP (C ′)

⋃
V and

(iv) |C ′| ≤ |C|.

Proof Idea: Let b ∈ BP (C)
⋃{u} be the

point immediately precedingv. Define a sequence
{(ui, vi, v

′
i)|i ≥ 0} as follows:

(i) u0 = b, v0 = v. Setv′0 = π(v0, lv).
(ii) If Cover(uivi) ⊆ Cover(uiv

′
i) anduiv

′
i ∈ P ∗

H ,
setui+1 = ui, vi+1 = v′i, v

′
i+1 = v′i. Otherwise let

v′′ ∈ viv
′
i, u

′ ∈ uiv
′′\{ui} be points as promised in

Lemma 11 above. Setui+1 = u′, vi+1 = v′′, v′i+1 =
π(ui+1, lv).
The rest of the proof is similar to lemma 12, showing
that for some0 ≤ k ≤ |V |, the curveCk(u, vk) =
C(u, b)⊕ bu1 ⊕ . . .⊕ ui−1ui ⊕ uivi works.¥

Lemma 14 Let r be a reflection point ofL∗S and let
r− and r+ be break points immediately preceding
and succeeding it. Then there exists a pointr′ ∈
lr

⋂
Q0

P,H such that|rr′| ≤ |r−r|+ |rr+|.

Proof: Let lr denote the anchor ofr. Let Π−, Π+

be lines perpendicular toLr passing throughr−, r+

respectively. LetH−, H+ be half-spaces containing
r bounded byΠ−, Π+ respectively.H denotes the
convex regionH−⋂

H+.



Figure 4: Proof of lemma 14

Let v be a vertex inH. Clearlyr′ = π(v, lr) ∈
Q0

P,H satisfies the lemma, since|rr′| ≤ |r−r+| ≤
|r−r| + |rr+| (by triangle inequality). We complete
the proof by finding a vertexv ∈ H. The only non-
trivial case is shown in Fig 6:lr intersectsπ− andπ+

and bothr− andr+ lie in the interior of their anchors
lr− andlr+ respectively. Letv−, v+ ∈ V denote the
end points oflr− and lr+ lying in H− andH+ re-
spectively. Suppose on the contrary thatv− ∈ H+

andv+ ∈ H−. Let q be the point wherer−v− inter-
sectsΠ+. SinceL is non-intersecting andlr− inter-
sectsL∗S only atr− (by lemma 10),q must lie on the
portion ofΠ+ below (see Figure)r+. Consider the
quadrilateralQ formed byr, r−, q andr+. Clearly
Q ∈ H. Further sinceL is non-intersecting andlr+

intersectsL∗S only at r− (lemma 10(ii) if r+ is an
endpoint, else by lemma 10(i)), the segmentr+e+

lies completely inQ. Thereforee+ ∈ H
⋂

V (a con-
tradiction).¥

Theorem 3 (Geometric Approximation Theorem)
There exists a piecewise linear curveLS(0, e′) ∈ P ∗

H

such that
(i) S ⊆ Cover(LS),
(ii) B(LS)

⋃{0, e′} ⊆ Q0
P,H , and

(iii) |LS | ≤ 5|L∗S |.

Proof: Let r1, r2, . . . , rk−1 be the reflection points
of L∗S . Let li ∈ L denote the anchor ofri. Choose
pointsr′i ∈ Q0

P,H

⋂
li such that|rir

′
i| ≤ |r−i ri| +

|rir
+
i | (use lemma 14). For purposes of proof take

r0 = 0 andrk = e as the two endpoints ofL∗S and
definer′0 = r0, r

′
k = rk. Let Ci = L∗S [ri−1, ri], 0 <

i ≤ k denote the subpath ofL∗S from ri−1 to ri.
Let C ′

i(ri−1, r
′
i) be the piecewise linear curve

promised by lemma12 under the substitution
C = Ci, u = ri−1, v = ri andv′ = r′i−1. Apply
lemma 12 again to obtainC ′′

i (r′i−1, r
′
i). (Take

C = C ′
i, u = r′i, v = ri−1 andv′ = r′i−1 in this

case). The following properties follow from lemma
12 itself:
(i) B(Ci) ⊆ B(C ′

i)
⋃

V ⊆ B(C ′′
i )

⋃
V ⊆ V ,

(ii) Cover(Ci) ⊆ Cover(C ′
i) ⊆ Cover(C ′′

i ) and
(iii) |C ′′

i | ≤ |C ′
i|+ |ri−1r

′
i−1| ≤ |Ci|+ |ri−1r

′
i−1|+

|rir
′
i|.

We show thatLS = ⊕k
i=1C

′′
i satisfies the the-

orem. SinceCover(LS) =
⋃k

i=1 Cover(C ′′
i )

⊇ ⋃k
i=1 Cover(C) ⊇ Cover(L∗S),

LS covers S. The set of break points
B(LS) ⊆ (

⋃k
i=1(B(C ′′

i )
⋃{r′i−1, r

′
i} ⊆

V
⋃{r′1, r′2, . . . , r′k−1}. Since r′i ∈ Q0

P,H ,
B(LS) ⊆ Q0

P,H . Finally the length of LS ,

|LS | =
k∑

i=1
|Ci| ≤

k∑
i=1

(|Ci| + |ri−1r
′
i−1| + |rir

′
i|) =

|L∗S | + 2
k−1∑
i=1

|rir
′
i|. Since r′i was cho-

sen according to lemma 14, this is at most

|L∗S | + 2
k−1∑
i=1

(|r−i ri| + |rir
+
i |) ≤ 5|L∗S |. Clearly the

starting point origin lies inV . If the other endpoint
rk = e lies in the interior of a line segmentle, re-
placeC ′′

k by the curve promised by lemma 13 under
the substitutionC = C ′′

k , u = rk−1, v = e, lv = le.
¥

7 Group Steiner Problem and Main
Result

Rooted 1
2 -Group Steiner Problem We are given a

graphG = (V,E) with a cost functionc : E → <+

on edges, a special vertex (call itroot) r ∈ V and
sets of vertices (calledgroups) g1, g2, . . . , gk ⊂ V .
A tree T covers a groupg if T

⋂
g 6= φ. The

objective is to find the min-cost tree containingr
and covering at least half the groups.



Theorem 4 [7, 5, 4] There exists a
O(log n. log maxi|gi|) factor approximation al-
gorithmA′ for the rooted1

2 -Group Steiner problem
wheren is the number of vertices inG.

For pointsp1, p2 ∈ P ∗
H , we denote the short-

est path in P ∗
H joining them by Path(p1, p2).

d(p1, p2)P ∗H denotes the length ofPath(p1, p2).
Augment the reference point set as follows: for ev-
ery pair of pointsp1, p2 ∈ Q0

P,H , we add all intersec-
tion points of line segmentp1p2 with segments inL.
Let QP,H denote the augmented set of points. Re-
call that when the robot visits a pointp ∈ QP,H with
infinitesimal additional distance it acquires informa-
tion about all cells ofD(P, H) adjoining it. Hence
we can assume thatMaj(p), p ∈ QP,H is equal
to

⋂
p∈Clos(C) Maj(C), whereC denotes a cell of

D(P,H).

Definition 9 INSTANCEIP,H : TakeG as the com-
plete graph onV = QP,H . Define the cost of
an edge(q1, q2) as d(q1, q2)P ∗H . Take the root as
the the origin0 ∈ QP,H . Make k groups where
H = {h1, h2, . . . , hk}. Groupgi consists of all co-
ordinatesq ∈ QP,H such thathi /∈ Maj(q).

Lemma 15 Every treeT = (V ′, E′) rooted at0
covering at least half the groups inIP,H can be con-
verted to a halving curve of length at most2c(T ).

Proof: Let v0 = 0, v1, v2, . . . , vl be the vertices
of V ′ in the order they are visited by a depth-first
search starting from the root0. We show that
C =

⊕l
i=1 Path(vi−1, vi) is the required halving

curve. Since each edge is traversed at most twice,

|C| =
l∑
1

d(vi−1, vi)P ∗H ≤ 2.c(T ). Furtherhi /∈
⋂

v∈V ′ Maj(v) if T covers groupgi. SinceT covers
at least half the groups in{g1, g2, . . . , gk} this im-
plies|⋂v∈V ′ Maj(v)| ≤ 1

2 |H|. ¥

Lemma 16 The optimal solution toIP,H has cost
at most5.|C∗

P,H |, whereC∗
P,H denotes the optimal

halving curve.

Proof: LetS be the set of cells covered byC∗
P,H . Let

LS be the path coveringS as promised by theorem
3. ForC ∈ S, let pC denote the first point whereLS

intersects its boundaryB(C). Let p1, p2, . . . , p|S| be

an ordering of these points according to their occur-
rence onLS . Since the end points and break points
of LS are in Q0

P,H , pi ∈ QP,H . Then the path
0, p1, p2, . . . , p|S| is a solution to instanceIP,H . Its

cost is at most
|S|∑
i=1

d(pi−1, pi)P ∗H ≤ |LS | ≤ 5|C∗
P,H |.

¥

Theorem 5 AlgorithmA computes a halving curve
of length at mostO(log2 n).|C∗| in time polynomial
in n andk.

Proof: Let T = (V ′, E′) be the solution to
IP,H found by algorithmA. By theorem 4 and
lemma 16,c(T ) ≤ O(log n. log maxi|gi|).c(T ∗) =
O(log2 n)|C∗

P,H | whereT ∗ is the optimal solution to
IP,H . In the next step the algorithm just mimics the
proof of lemma 15 above to get a halving curve of
length at most2.c(T ) = O(log2 n).|C∗

P,H |. Since
computing the reference point setQε

P,H , making in-
stanceIP,H and algorithmA′ take polynomial time,
A is a polynomial time algorithm.¥

Theorem 6 Let P be the map polygon andH the
set of active hypotheses. LetC be the halving curve
computed by algorithmA. A robot tracing curve
C correctly eliminates at leastd1

2 |H|e hypotheses
fromH. It travels distance at mostO(log2 n)HALF-
OPT(P ,H) wherek = |H|, n is the size ofP and
HALF-OPT(P ,H) is the cost of an optimal strategy
for HALF-LOCALIZE(P ,H).

Proof: Combine lemmas 6, 7 and theorem 5.¥

Theorem 7 Let P be the map polygon andH the
initial set of hypotheses. A robot guided by strategy
RHL correctly determines its initial positionp0 ∈
P by traveling at mostO(log2 n log k)OPT (P, H)
distance wherek = |H| andn is the number of ver-
tices inP .

Proof: Follows from theorem 6 and lemma 2.¥

7.1 Extension to Polygons with Holes

Here we sketch an extension of our algorithm. When
the map polygon contains polygonal holes, the cells
of subpartitionD(P, Hij) will be polygons with
holes rather than just simple polygons. A vertex



of such a cell may see more than one continuous
portion of a particular edge through the windows
formed by different obstacles. Therefore the visible
edge partition needs to be augmented by adding rays
R(v, e1(v)), R(v, e2(v)), . . . , R(v, ek(v)) where v
is a vertex of the map polygon (including the vertices
on holes) andei’s are the end points of the various
portions (each portion will still be a line segment) of
e visible from v. This leads to a decomposition of
cardinalityO(n4) as before. The visibility partition
decompositionD(P,H) can then be formed by tak-
ing intersections of all subpartitionsD(P, Hij) and
hence is of polynomial cardinality. We can verify
that the geometric approximation lemma and other
lemmas hold for polygonal cells with holes, and
therefore our algorithm extends with the same ap-
proximation guarantee but a concomitant increase in
running time.

8 Conclusion

The most important open problem is to close the
log2-factor gap between the upper and lower bounds.
The Group Steiner problem has recently been proved
to be hard to approximate within alog2 k-factor
(herek is the number of groups) by Halperinet al..
[8]. The close relation between half-localization and
Group Steiner opens up the possibility of proving a
polylogarithmic factor hardness of approximation. A
complementary problem in the other direction is to
improve the approximation factor and running time
of our algorithm.
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