Wavelets Associated with Periodic Basis Functions by Francis J. Narcowich^1 and Joseph D. Ward^{1,2} Department of Mathematics Texas A&M University College station, TX 77843-3368

1 Supported by Air Force Office of Scientific Research Grant F49620-92-J-0403DEF 2 Supported by National Science Foundation Grant DMS-92-06928

Proposed running head: Wavelets Associated with Periodic Basis Functions

Send all correspondence to:

Francis J. Narcowich Department of Mathematics Texas A&M University College station, TX 77843-3368 Phone: (409) 845-7369 FAX: (409) 845-6028 E-mail fnarc@math.tamu.edu

Abstract

In this paper, we investigate a class of nonstationary, orthogonal, periodic scaling functions and wavelets generated by continuously differentiable periodic functions with positive Fourier coefficients; such functions are termed periodic basis functions. For this class of wavelets, the decomposition and reconstruction coefficients can be computed in terms of the discrete Fourier transform, so that FFT methods apply for their evaluation. In addition, decomposition at the n^{th} level only involves 2 terms from the higher level. Similar remarks apply for reconstruction. We apply a periodic “uncertainty principle” to obtain an angle/frequency uncertainty “window” for these wavelets, and we show that for many wavelets in this class the angle/frequency localization is good.

0. Introduction

Overview. In this paper, we investigate a class of nonstationary, orthogonal, periodic scaling functions and wavelets generated by continuously differentiable periodic functions with positive Fourier coefficients; these functions, which were introduced long ago by Schoenberg [13], will be called periodic basis functions (PBFs). The practical motivation for our investigation came from a desire to analyze naturally periodic data arising in connection with a neural network employed by Simmers et al. [14] to deal with a phased-array radar antenna, while the theoretical motivation was provided by the paper [4], where a similar analysis was carried out with functions in L^2(R) that have positive Fourier transforms. We will discuss possible applications below, but first we wish to describe our results and provide a background for them.

Various types of semiorthogonal, nonstationary periodic wavelets have already been introduced. Chui and Mhaskar [3] were the first to construct such wavelets. Somewhat later, Prestin and Quak [12] introduced a computationally efficient set of semiorthogonal, periodic wavelets. Recently, Plonka and Tasche [10] used periodic splines to construct other periodic wavelets; their decomposition and reconstruction algorithm makes heavy use of the fast Fourier transform (FFT). Quite recently, Koh, Lee, and Tan have constructed orthogonal periodic wavelets using splines [6].

Central to any wavelet analysis is the choice of the “sampling” spaces. Because PBFs provide an effective means for doing interpolation and least-squares fitting of data, even scattered data, generated by an underlying periodic function [9, 17], it is natural to work with sampling spaces V_n initially generated as spans of translates of a fixed PBF P ; specifically, at level n the sampling space V_n is given by V_n = Span{P (θ − 2πk/n), k = 0, . . . , n − 1}. From the PBF P , we construct a scaling function φ^n whose translates φ^n(θ − 2πk/n), k = 0, . . . , n − 1, form an orthonormal basis for V_n. With the scaling function in hand, one can construct a wavelet ψ^n whose n − 1 translates also comprise an orthonormal basis, this time for the orthogonal difference W_n = V_{2n} ⊖ V_n. When n is a power of 2, the sampling spaces are nested. For this case, we give a decomposition/reconstruction algorithm that is O(n log_2 n).

The scaling functions and wavelets presented here have a number of attractive features that distinguish them from other periodic wavelets. The most important of these is that many wavelets constructed in this class have excellent localization properties. Indeed, one of the main results in this paper is that both the scaling functions and wavelets derived from a large class of PBFs, which are described in §7, have “periodic” standard deviations that are O(1/n) at level n, where the notion of periodic standard deviation is that described by Breitenberger in [2]. In fact, a periodic ”uncertainty principle” applies in this setting, and one can show that the angle/frequency uncertainty “window” is O( √ n) at level n, at least for scaling functions wavelets associated with this class of PBFs. Another important distinguishing feature is that one can construct wavelets and scaling functions that not only possess the localization/uncertainty properties mentioned above, but also have any degree of smoothness desired. Finally, because PBFs can be used to stably interpolate scattered data, one can use the same PBF employed in constructing our periodic wavelets and scaling functions to interpolate such data, thereby providing a method of projecting such data into a sampling space.

Other attractive features, which are shared with some of the other periodic wavelets metioned earlier, is that the wavelets and scaling functions we construct have translates that are orthonormal, thus eliminating the need for dual functionals. Such wavelets also have good stability properties, because, for orthonormal bases, the Riesz constants are unity. The algorithms for analyzing with our wavelets and scaling functions are ultimately simple. The decomposition and reconstruction coefficients can be computed in terms of the discrete Fourier transform, so that FFT methods apply for their evaluation. In addition, decomposition at the n^{th} level only involves 2 terms from the higher level, as opposed to the 2n terms one needed with the earlier periodic wavelets. A similar result applies for reconstruction.

We want to briefly describe an application of our results to a neural network for which the input data is naturally periodic, like the one in [14]. To keep matters simple, suppose that the network is designed to fit data of the form (x_j , θ_j ), where x_j is in the interval [0, 1], and θ_j is an angular variable. In the training phase, one may certainly select x_j ’s to be equally spaced. The difficulty is that the θ_j ’s will invariably be scattered. Since PBFs may interpolate (or fit via least squares) such data, one surmounts this difficulty by using a PBF basis of the form {P (θ − θ_j )}. In the operating phase, one would like to monitor the neural network for damage. In mathematical terms, the neural network is really a periodic function mapping θ → x. The idea is to test the operating network by using PBF wavelets to monitor its output at equally spaced θ’s. To do this, one would employ wavelets constructed out of P to detect singularities, which would show up as unusually large wavelet coefficients. Such a combined approach has a cost advantage. If the neural network is designed to operate in the field, so that it has to be constructed from special purpose hardware, one needs to have a chip that will compute P (θ). Since this is the only function that has to be evaluated, only one chip is required.

Organization. The paper is organized as follows. We will finish this section with a brief discussion of PBFs, along with a few remarks about notation. In §1, we will construct the periodic scaling function φ^n. In addition to having translates that form an orthonormal basis for V_n, we will show that it is real valued and even. In §2, we will construct the level-n wavelet, ψ^n. Like the scaling function, the wavelet is real valued, and is even about θ = −π/n. The decomposition and reconstruction sequences are derived in §3. The density of the wavlet spaces is established in §4, while the angular localization estimates are obtained in §5. In §6, we discuss frequency localization and an angle/frequency uncertainty principle. In §7, we give an explicit family of PBFs, all of which are simple polynomials in θ on the interval [0, 2π]. These PBFs belong to C^{2α−2} of the circle, where 2α is the degree of the polynomial. For one of these, we display graphs of both the corresponding scaling function and wavelet to illustrate angular localization. Finally, in §8 we present an overall algorithm for analysis with the PBF wavelets presented here.

Background and notation. Let P (θ) be a 2π-periodic, continuously differentiable, realvalued function having the Fourier decomposition

P (θ) = ∑ m∈Z^{pme} imθ,

where the coefficients satisfy p_m > 0 for all m. Of course, standard theorems from the theory of Fourier series coupled with the level of smoothness and the reality of P imply that the coefficients are summable and satisfy p_m = p_{−m}. Any such P will be called a periodic basis function, or PBF, and throughout the paper P will be a PBF, and p_m will be its m^{th} Fourier coefficient.

PBFs are special cases of a class of functions originally introduced by Schoenberg [13], the positive definite spherical functions, and are useful for doing scattered data interpolation (or least-squares) problems on the circle. Because solving such problems allow us to project data into a sampling space, we will briefly describe them. Let θ_1 , . . . , θ_n be angles corresponding to distinct, possibly scattered, points on the unit circle, and suppose that d_1 , . . . , d_n are complex numbers representing data collected at θ_1 , . . . , θ_n, repectively. We wish to find a periodic function s(θ) = ∑ k c_kP (θ − θ_k) for which s(θ_j) = d_j . Solving this problem is equivalent to showing that the interpolation matrix with entries P (θ_j − θ_k) is invertible. That this is the case, indeed, that the matrix is positive definite, was shown very recently by Xu and Cheney [17]. We remark that if one assumes that P is C^∞, then one may also do virtually any Hermite interpolation problem [9, §5].

In addition to PBFs, we will make heavy use of the discrete Fourier transform (DFT). We will follow the conventions employed by Folland [5, §7.6]. If a_ℓ is a periodic sequence, with period n, then the formulas for â_k, the DFT of a_ℓ, and for the inverse DFT (IDFT) are DFT: F_d [ {a_ℓ}^{n−1}_{ℓ=0} ] k :=â_k = n−1∑ ℓ=0 e^{−2πkℓ/n}a_ℓ,

IDFT: F^{−1}_d [ {â_k}^{n−1}_{k=0} ] ℓ :=a_ℓ = 1 n n−1∑ k=0 e^{2πkℓ/n}â_k. Throughout the paper, the inner product ⟨·, ·⟩ and norm ‖ · ‖ will be the standard ones for L^2[−π, π]. The terms “orthogonal” and “orthonormal” will always be taken in reference to the standard inner product and standard norm for L^2[−π, π].

1. The scaling function.

We want to construct scaling functions associated with P (θ). To do this, suppose that we have n equally spaced angles, 2πk/n, k = 0, . . . , n − 1. Consider the space V_n := Span{P (θ − 2πk/n)}^n_{k=0}. We want to show how to construct a function φ^n ∈ V_n such that {φ^n(θ − 2πk/n)}^n_{k=0} is an orthonormal basis for V_n.

We begin our construction by rearranging the (absolutely convergent) Fourier series for P as follows:

P (θ) = n−1∑ k=0 ∑ m≡k mod n p_me^{imθ} P^n_k (θ)

. (1.1)

The functions P^n_k defined in (1.1) are central to the entire construction. We summarize their essential properties in the proposition below.

Proposition 1.1: The set of functions {P^n_k }^{n−1}_{k=0} is an orthogonal basis for V_n, with each P^n_k being as smooth as P itself, and satisfying P^n_k (θ − 2πℓ/n) = e^{−2πikℓ/n}P^n_k (θ) (1.2) P^n_{k+n}(θ) = P^n_k (θ) (1.3) P (θ − 2πℓ/n) = n−1∑ k=0 e^{−2πikℓ/n}P^n_k (θ) (1.4)

P^n_k (θ) = 1 n n−1∑ ℓ=0 P (θ − 2πℓ/n)e^{2πikℓ/n} (1.5) P^n_k (θ) = P^n_{−k} = P^n_{n−k}(θ). (1.6)

Proof: The functions in the set {P^n_k }^{n−1}_{k=0} are obviously mutually orthogonal in the usual inner product on L^2[−π, π], because they have no common frequency components. To see that the (1.2) holds, note that if m ≡ k mod n, then m = qn + k for some q. Hence, m(−2πℓ/n) = −2πqℓ − 2π(kℓ/n). We therefore have that e^{im(θ−2πℓ/n)} = e^{imθ}e^{−2iπkℓ/n}. Since the second factor on the right above is independent of m, it may be factored out of the series defining P^n_k , which results in (1.2). That (1.3) holds is obvious from the definition of the P^n_k ’s. To obtain (1.4), first make the replacement θ → θ − 2πℓ/n in (1.1), and then use (1.2). Note that for θ fixed, the right side of (1.4) is the DFT of the finite sequence {P_0(θ), . . . , P_{n−1}(θ)}. Applying the inversion formula for the DFT to (1.4) yields (1.5). There are two immediate consequences of (1.5). First, P^n_k (θ) is as smooth as P , and, second, that the P^n_k ’s are in V_n. Since by (1.4) {P^n_k }^{n−1}_{k=0} spans V_n, and since the functions in it all orthogonal and nonzero, {P^n_k }^{n−1}_{k=0} is linearly independent as well, which establishes that it is an orthogonal basis for V_n. Equation(1.6) can be established by first noting that the assumptions made on the PBF P imply that each Fourier coefficient p_m = p̄_m = p_m > 0, so that

P^n_k (θ) = ∑ m≡k mod n p̄_me^{−imθ} = ∑ m≡k mod n p_{−m}e^{−imθ} = ∑ m≡−k mod n p_me^{imθ} = P^n_{−k}(θ). Since from (1.3) we have that P^n_k is n-periodic in k, we get P^n_{−k} = P^n_{n−k}, which establishes the rest of (1.6).

Remark 1.2: The result above establishes that the dimension of V_n is n, which immediately implies that {P (θ − 2πk/n)}^{n−1}_{k=0} is linearly independent, and hence is itself a basis for V_n. Changing coordinates from this basis to {P^n_k }^{n−1}_{k=0} and back is easy to do. Let f ∈ V_n. Equation (1.4), standard linear algebra, and the definition of the DFT imply that f(θ) = n−1∑ ℓ=0 c^n_ℓ P (θ − 2πℓ/n) if and only if f(θ) = n−1∑ k=0 ĉ^n_k P^n_k (θ).

Remark 1.3: The L^2-norms of the P^n_k ’s play an important role in all our constructions. By Parseval’s Theorem, we have

ν^n_k := ‖P^n_k (θ)‖^2 = ∑ m≡k mod n 2πp^2_m.

Taking norms of both sides in (1.3) and (1.6) implies this useful identity

ν^n_k = ν^n_{k+n} = ν^n_{n−k}. (1.7)

We now turn to defining the analogue of the scaling function in the theory of wavelets, the function φ^n with the property that its translates form an orthonormal basis for V_n. We will simply write down our candidate and verify that it has the desired properties.

Theorem 1.4: If the function φ^n is defined by

φ^n(θ) := n−1∑ k=0 P^n_k (θ) √ n‖P^n_k ‖ = n−1∑ k=0 P^n_k (θ) √ nν^n_k , (1.8)

then {φ^n(θ − 2πℓ/n)}^{n−1}_{ℓ=0} is an orthonormal basis for V_n. In addition, φ^n is as smooth as P , and has the absolutely convergent Fourier series decomposition φ^n(θ) = ∑ m∈Z^{φn}m^{eimθ,} where φ^n_m = p_m √ nν^n_k , m ≡ k mod n, 0 ≤ k ≤ n − 1. (1.9)

Finally, φ^n is a real-valued PBF in its own right, and is an even function of θ.

Proof: From (1.2) and (1.8), we see that φ^n(θ − 2πℓ/n) = n−1∑ k=0 e^{−2πikℓ/n} √ n‖P^n_k ‖ P^n_k (θ) = n−1∑ k=0 e^{−2πikℓ/n} √ nν^n_k P^n_k (θ). (1.10)

Using this, (1.8), and the orthogonality of the P^n_k ’s leads to the following chain of equations: ⟨φ^n(θ − 2πℓ/n), φ^n(θ − 2πℓ^′/n)⟩ = n−1∑ k=0 n−1∑ k^0=0 e^{−2πikℓ/n}e^{2πik0ℓ0 /n}⟨ P^n_k (θ) √ n‖P^n_k ‖ , P^n_k0 (θ) √ n‖P^n_k0 ‖ ⟩

= n−1∑ k=0 n−1∑ k^0=0 e^{−2πikℓ/n}e^{2πik0ℓ0/n} n δ_{k,k}0

= n−1∑ k=0 e^{2πik(ℓ0−ℓ)/n} n = δ_{ℓ,ℓ}0 , where the last step follows from the standard formula used to invert the DFT [5, §7.6]. This establishes the orthonormality of the set. That φ^n is as smooth as P follows from the fact that the P^n_k ’s are as smooth as P , which was established in Proposition 1.1. The Fourier series representation (1.9) follows from (1.8) and the Fourier series for the P^n_k ’s given in (1.1); the absolute convergence of the series follows from φ^n being at least continuously differentiable. Moreover, inspecting the series in (1.9) and using p_m > 0 implies that the Fourier coefficients are positive. Taken together with the smoothness of φ^n, this is sufficient for φ^n to be a PBF. To see that it is real, note that by (1.8) and (1.6)

φ^n(θ) = n−1∑ k=0 P^n_k (θ) √ nν^n_k = n−1∑ k=0 P^n_{n−k}(θ) √ nν^n_{n−k} By changing the summation index to n − k and using P^n_0 = P^n_n and ν^n_0 = ν^n_n , we see that

φ^n(θ) = n−1∑ k=0 P^n_k (θ) √ nν^n_k = φ^n(θ), and so φ^n is real. Finally, every real-valued, periodic function with real Fourier coefficients is even.

Remark 1.5; We now have three bases for V_n: the scaling basis {φ^n(θ − 2πℓ/n)}; the basis {P^n_k (θ)}; and the PBF basis, {P (θ − 2πℓ/n)}. Again, let f ∈ V_n. From (1.10), standard linear algebra, and the definition of the DFT, we have f(θ) = n−1∑ ℓ=0 s^n_ℓ φ^n(θ − 2πℓ/n) if and only if f(θ) = n−1∑ k=0 ŝ^n_k √ nν^n_k P^n_k (θ). (1.11)

On the other hand, from Remark 1.2, we have

f(θ) = n−1∑ ℓ=0 c^n_ℓ P (θ − 2πℓ/n) if and only if f(θ) = n−1∑ k=0 ĉ^n_k P^n_k (θ). (1.12)

Comparing (1.11) and (1.12), we see that the coordinates relative to the scaling basis and the PBF basis are related by

ĉ^n_k = ŝ^n_k √ nν^n_k . (1.13)

Since V_n ⊂ V_{2n}, we may expand φ^n in terms of the scaling basis at level 2n,

φ^n(θ) = 2n−1∑

ℓ=0 a^{2n}_ℓ φ^{2n}(θ − 2πℓ/(2n)). (1.14)

This is the scaling relation. We want to find the coefficients a^{2n}_ℓ , or equivalently, their DFT. This we now do.

Corollary 1.6: The DFT of the a^{2n}_ℓ ’s in the scaling relation satisfies

â^{2n}_k = √ 2ν^{2n}_k ν^n_k . (1.15)

Proof: Note that from (1.1) we have P^n_k = P^{2n}_k + P^{2n}_{k+n}. Use this in (1.8) and then rearrange the sum, making use of ν^n_{k+n} = ν^n_k ; the result is

φ^n(θ) = n−1∑ k=0 P^{2n}_k (θ) + P^{2n}_{k+n}(θ) √ nν^n_k = 2n−1∑

k=0 1 √ nν^n_k P^{2n}_k (θ). (1.16)

By Remark 1.5, with n → 2n, and (1.16), the DFT of the a^{2n}_ℓ ’s in (1.14) satisfies â^{2n}_k / √ 2nν^{2n}_k = 1/ √ nν^n_k . Solving for â^{2n}_k yields (1.15).

We close this section by remarking that the a^{2n}_ℓ obviously depend on n. Consequently, the scaling functions and wavelets that we construct are nonstationary.

2. The wavelet.

The sampling space V_n is a proper subspace of V_{2n}, and thus it has a nontrivial orthogonal complement in V_{2n}; namely,

W_n := V_{2n} ⊖ V_n.

We wish to construct a function ψ^n ∈ W_n such that the set of translates {ψ^n(θ − 2πk/n)}^n_{k=0} is an orthonormal basis for W_n. Such a function is a wavelet for W_n.

Recall that the sets {P^{2n}_k }^{2n−1}_{k=0} and {P^n_k }^{n−1}_{k=0} are orthogonal bases for V_{2n} and V_n, respectively. We will need the items below, which relate quantities associated with these bases:

P^n_k =P^{2n}_k + P^{2n}_{k+n}, (2.1) ‖P^n_k ‖^2 = ‖P^{2n}_k ‖^2 + ‖P^{2n}_{k+n}‖^2, (2.2) ν^n_k = ν^{2n}_k + ν^{2n}_{k+n}, (2.3) Equation (2.1) follows from (1.1), and (2.2) is a consequence of taking norms in (2.1). Finally, (2.3) is simply a restatement of (2.2) in terms of the ν_k’s.

As we did with the scaling function, we will set forth the candidate for ψ^n and then show that it has the desired properties.

Theorem 2.1: If the function ψ^n(θ) is defined by

ψ^n(θ) = 2n−1∑

k=0 e^{ikπ/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k P^{2n}_k (θ). (2.4)

then ψ^n(θ) is real valued and as smooth as P (θ), and the set {ψ(θ − 2πℓ/n)}^{n−1}_{ℓ=0} is an orthonormal basis for W_n. In addition, ψ^n has the absolutely convergent Fourier series decomposition ψ^n(θ) = ∑ m∈Z^{ψn}m^{eimθ, where} ψ^n_m = e^{ikπ/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k p_m , m ≡ k mod(2n), 0 ≤ k ≤ 2n − 1. (2.5) Proof: Smoothness follows from the fact that the P^{2n}_k ’s are linear combinations of translates of P (θ). That ψ^n is real is established by the following chain of equations:

ψ^n(θ) = 2n−1∑

k=0 e^{−ikπ/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k P^{2n}_k (θ)

= 2n−1∑

k=0 e^{−ikπ/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k P^{2n}_{2n−k}(θ) (from (1.6))

= 2n∑ j=1 e^{−i(2n−j)π/n} √ ν^{2n}_{2n−j+n} nν^{2n}_{2n−j} ν^n_{2n−j} P^{2n}_j (θ)

= 2n∑ j=1 e^{ijπ/n} √ ν^{2n}_{j−n} nν^{2n}_j ν^n_j P^{2n}_j (θ) (from (1.7))

= 2n−1∑

j=0 e^{ijπ/n} √ ν^{2n}_{j+n} nν^{2n}_j ν^n_j P^{2n}_j (θ) (from (1.3) & (1.7))

= ψ^n(θ) (from (2.4)).

The first step in demonstrating that {ψ(θ − 2πℓ/n)}^{n−1}_{ℓ=0} is an orthonormal basis for W_n is to show that ψ(θ − 2πℓ/n) is in W_n. Since {P^n_k }^{n−1}_{k=0} is an orthogonal basis for V_n, showing that ψ(θ − 2πℓ/n) is in W_n amounts to showing that ψ(θ − 2πℓ/n) is orthogonal to each of the P^n_k ’s. From (1.2), with n replaced by 2n, and (2.4), we see that

ψ(θ − 2πℓ/n) = 2n−1∑

k=0 e^{ikπ(1−2ℓ)/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k P^{2n}_k (θ) (2.6)

From (2.1), (2.6) and the orthogonality of the P^{2n}_k ’s, we have ⟨ψ(θ − 2πℓ/n), P^n_k (θ)⟩ = e^{ikπ(1−2ℓ)/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k ‖P^{2n}_k ‖^2 + e^{i(k+n)π(1−2ℓ)/n} √ ν^{2n}_{k+2n} nν^{2n}_{k+n}ν^n_{k+n} ‖P^{2n}_{k+n}‖^2 In the last equation, using ν^{2n}_k = ‖P^{2n}_k ‖^2 and then simplifying the result yield

⟨ψ(θ − 2πℓ/n), P^n_k (θ)⟩ = e^{ikπ(1−2ℓ)/n} √ ν^{2n}_{k+n}ν^{2n}_k nν^n_k − √ ν^{2n}_{k+2n}ν^{2n}_{k+n} nν^n_{k+n} .

Since ν^n_k = ν^n_{k+n} and ν^{2n}_k = ν^{2n}_{k+2n}, we have that the right side of the last equation is 0; i.e., ψ(θ − 2πℓ/n) is orthogonal to each of the P^n_k ’s. Consequently, ψ(θ − 2πℓ/n) is in W_n for ℓ = 0, . . . , n − 1.

We now will show that the set {ψ(θ−2πℓ/n)}^{n−1}_{ℓ=0} is an orthonormal basis for W_n. Since the dimension of W_n is 2n − n = n, we need only demonstrate that this set is orthonormal. Again from (2.6), the orthogonality of the P^{2n}_k ’s, and the fact that ν^{2n}_k = ‖P^{2n}_k ‖^2, we obtain the orthonormality of {ψ(θ − 2πℓ/n)}^{n−1}_{ℓ=0} as follows: ⟨ψ(θ − 2πℓ/n), ψ(θ − 2πℓ^′/n)⟩ = 2n−1∑

k=0 e^{2ikπ(ℓ0−ℓ)/n} ( ν^{2n}_{k+n} nν^n_k )

= n−1∑ k=0 e^{2ikπ(ℓ0−ℓ)/n} {( ν^{2n}_{k+n} nν^n_k ) + (−1)^{2ℓ−2ℓ0} ( ν^{2n}_{k+2n} nν^n_{k+n} )}

= n−1∑ k=0 e^{2ikπ(ℓ0−ℓ)/n} ( ν^{2n}_{k+n} + ν^{2n}_k nν^n_k )

= 1 n n−1∑ k=0 e^{2ikπ(ℓ0−ℓ)/n} (from (2.3)) = δ_{ℓ,ℓ}0 . To get the Fourier series for ψ^n, replace the P^{2n}_k ’s in (2.4) by their Fourier decompositions in (1.1) (with n → 2n, of course). The series is absolutely convergent because ψ^n is at least continuously differentiable.

Remark 2.2: If we use (1.2)—with n replaced by 2n and ℓ = 1—in (2.4), we get

ψ^n(θ) = 2n−1∑

k=0 √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k P^{2n}_k (θ + π/n). Consequently, we obtain

ψ^n(θ − π/n) = 2n−1∑

k=0 √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k P^{2n}_k (θ). (2.7)

If in (2.7) we again replace the P^{2n}_k ’s by their Fourier series expansions, we will find that the Fourier coefficients for ψ^n are positive. Since ψ^n is real valued, this imples that ψ^n(θ−π/n) is a PBF that is an even function of θ. Of course, this means that the graph of ψ^n(θ) is symmetric with respect to the line θ = −π/n.

Since the wavelet ψ^n is in V_{2n}, we may expand it in terms of the level 2n scaling basis,

ψ^n(θ) = 2n−1∑

ℓ=0 b^{2n}_ℓ φ^{2n}(θ − 2πℓ/(2n)). (2.8)

This expansion is analogous to the scaling relation, (1.14). As in the case of the scaling relation, the DFT of the b^{2n}_ℓ ’s has a simple form, which we give below.

Corollary 2.3: The DFT of the b^{2n}_ℓ ’s in (2.8) satisfies b̂^{2n}_k = e^{ikπ/n} √ 2ν^{2n}_{k+n} ν^n_k . (2.9)

Proof: By Remark 1.5, with n → 2n, (2.4), and (2.8), we have b̂2n_k √ 2nν^{2n}_k = e^{ikπ/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k Solving this equation for b̂^{2n}_k results in (2.9).

3. Decomposition & Reconstruction.

The most efficient approach to obtaining decomposition and reconstruction formulas is to express the various functions in terms of an intermediate basis for V_{2n}, namely, {P^{2n}_k }^{2n−1}_{k=0} .

We begin by expanding f in the basis comprising translates of φ^n and ψ^n, f(θ) = n−1∑ ℓ=0 s^n_ℓ φ^n(θ − 2πℓ/n) + n−1∑ ℓ=0 d^n_ℓ ψ^n(θ − 2πℓ/n). (3.1)

In the next lemma, we will find the corresponding expansion in the P^{2n}_k basis.

Lemma 3.1: If f ∈ V_{2n} has the expansion (3.1), then

f(θ) = 2n−1∑

k=0 1 √ nν^n_k ŝ^n_k + √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k e^{iπk/n}d̂^n_k P^{2n}_k (θ), (3.2)

where ŝ^n_k and d̂^n_k are the period n DFTs of the seqences {s^n_ℓ }^{n−1}_{ℓ=0} and {d^n_ℓ }^{n−1}_{ℓ=0} , respectively.

Proof: From (1.16) and (1.2), we have

φ^n(θ − 2πℓ/n) = 2n−1∑

k=0 e^{−2πikℓ/(2n)} √ nν^n_k P^{2n}_k (θ − 2π(2ℓ)/(2n))

= 2n−1∑

k=0 e^{−2πi(2kℓ)/(2n)} √ nν^n_k P^{2n}_k (θ)

= 2n−1∑

k=0 e^{−2πikℓ/n} √ nν^n_k P^{2n}_k (θ) . (3.3)

A similar representation for ψ^n(θ − 2πℓ/n) was derived earlier, and is given in (2.6). Replacing φ^n(θ − 2πℓ/n) and ψ^n(θ − 2πℓ/n) in (3.1) by the right sides of (3.3) and (2.6) yields

f(θ) = n−1∑ ℓ=0 s^n_ℓ {_{2n−1} ∑ k=0 e^{−2πikℓ/n} √ nν^n_k P^{2n}_k (θ) } + n−1∑ ℓ=0 d^n_ℓ 2n−1∑

k=0 e^{ikπ(1−2ℓ)/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k P^{2n}_k (θ) .

We may interchange the two sums above to obtain

f(θ) = 2n−1∑

k=0 1 √ nν^n_k (_{n−1} ∑ ℓ=0 s^n_ℓ e^{−2πikℓ/n} ) + √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k e^{iπk/n} (_{n−1} ∑ ℓ=0 d^n_ℓ e^{−2πikℓ/n} ) P^{2n}_k (θ).

The terms in parentheses are the period-n DFTs ŝ^n_k and d̂^n_k ; replacing them yields (3.2).

In addition to the expansion in (3.1), we may also expand f in the level 2n scaling basis, f(θ) = 2n−1∑

ℓ=0 s^{2n}_ℓ φ^{2n}(θ − 2πℓ/(2n)). (3.4) By Remark 1.5, we see that the expansion of f in terms of the P^{2n}_k ’s is

f(θ) = 2n−1∑

k=0 ŝ^{2n}_k √ 2nν^{2n}_k P^{2n}_k (θ). (3.5)

Comparing (3.5) with (3.2) results in an expression for ŝ^{2n}_k in terms of ŝ^n_k and d̂^n_k ; this is the DFT version of the reconstruction formula, which takes level n scaling and wavelet basis coefficients into level 2n scaling coefficients, and is given as part of the following decompostion and reconstruction theorem.

Theorem 3.2: Let s^n_m and d^n_m be regarded as periodic sequences of period n, and let s^{2n}_ℓ be regarded as a periodic sequence of period 2n. If ŝ^n_j , d̂^n_j , ŝ^{2n}_j denote the DFTs of these sequences, then the reconstruction formula is

ŝ^{2n}_k = ŝ^n_k √ 2ν^{2n}_k ν^n_k + e^{ikπ/n}d̂^n_k √ 2ν^{2n}_{k+n} ν^n_k , 0 ≤ k ≤ 2n − 1, (3.6) and the decomposition formula is

ŝ^n_k = 1 2 ŝ^{2n}_k √ 2ν^{2n}_k ν^n_k + ŝ^{2n}_{k+n} √ 2ν^{2n}_{k+n} ν^n_k d̂^n_k = 1 2 ŝ^{2n}_k √ 2ν^{2n}_{k+n} ν^n_k − ŝ^{2n}_{k+n} √ 2ν^{2n}_k ν^n_k e^{−kπi/n} 0 ≤ k ≤ n − 1. (3.7)

Proof: We have already shown how to get (3.6). We want to establish (3.7). In (3.6), replace k by k + n, and then use the fact that ν^n_k , ŝ^n_k , and d^n_k all have period n, and ν^{2n}_k has period 2n, to get

ŝ^{2n}_{k+n} = ŝ^n_k √ 2ν^{2n}_{k+n} ν^n_k − e^{ikπ/n}d̂^n_k √ 2ν^{2n}_k ν^n_k , 0 ≤ k ≤ n − 1. (3.8) Restrict k to 0 ≤ k ≤ n − 1 in both (3.6) and (3.8), and then solve these equations simultaneously for d̂^n_k and ŝ^n_k . The result is (3.7).

The decompositon and reconstruction formulas are remarkably simple in DFT form. Of course, one could always take inverse DFTs and use convolutions to state them in the more usual form. Since any practical algorithm would use DFTs (or FFTs, really) to compute these convolutions, we will not bother to state them in their usual form.

4. Density of the wavelet spaces.

In this section, we will show that ⋃ N≥0 V_2N is dense in L^2[−π, π]. We work with V_2N because these spaces are nested. The argument given here was inspired by a proof of A. Brown in a different context (see the appendix to [11]).

Proposition 4.1: Let P be a continuously differentiable PBF. The union of the sampling spaces generated by P is dense in L^2[−π, π].

Proof: In fact, we will prove that ⋃ N≥1 V_2N is actually dense in C_π[−π, π], the space of continuous, periodic functions on [−π, π]. The argument proceeds by contradiction.

If the assertion were false, there would exist a functional ρ ∈ C^∗_π[−π, π], ||ρ|| = 1, for which ρ ⋃ N≥0 V_2N = 0.

Thus, for the PBF P that generates all of the V_2N ’s, we have that ρ(P (θ − 2πj/2^N )) = 0 for all j ∈ Z and N ≥ 1.

By continuity of both P and translation, it follows that ρ(P (θ − θ̃)) = 0, θ̃ ∈ [−π, π]. (4.1) Expand P in its Fourier series,

P (θ) = ∑ m∈Z^{pme} imθ. (4.2)

Because P is continuously differentiable, its Fourier series converges uniformly and absolutely to it. Represent P in (4.1) by (4.2). Because the series is uniformly convergent, we may interchange ρ and the series. Doing so yields 0 = ∑ m∈Z^{pme} −imθ̃ρ(eimθ).

It is easy to check that the series on the right above is uniformly and absolutely convergent for all values of θ̃, and therefore defines a function in C_π[−π, π]. Since this function vanishes identically, we see that all of its Fourier coefficients vanish. Since p_m > 0, this impies that ρ(e^{imθ}) = 0 for all m ∈ Z. It follows that ρ annihilates C_π[−π, π], and consequently ρ = 0. Since we have assumed ‖ρ‖ = 1, this is a contradiction.

We remark that it should be possible to obtain rates of approximation by methods analogous to those used in [1] or in [7,8]. The proposition just proved has the obvious, but important, consequence.

Corollary 4.2: The set {φ^1(θ)} ⋃ N≥0 {ψ_2N (θ − 2πℓ/2^N )}_{0≤ℓ≤2}N_{−1} is an orthonormal basis for L^2[−π, π].

5. Angular localization of PBF-wavelets.

We will now investigate how well the scaling functions and wavelets constructed out of PBFs localize in the angular domain. The chief measure of localization for a function f defined on the line is the variance (or its square-root: standard deviation),

var_f (t) = ∫ R^{(t − t0)}

2|f(t)|^2dt, where t_0 := ∫ R^{t|f(t)|} 2dt.

The notion of variance for functions defined on the circle (i.e., periodic functions) is more subtle than variance on the line, simply because angles are discontinuous functions on the circle. A notion of variance that is both invariant under rotations and gives rise to an angular version of the uncertainty principle is discussed by Breitenberger [2].

In what follows, for a continuous, periodic function f whose L^2-norm is 1, set

τ(f) := ∫_{2π} 0 e^{iθ}|f(θ)|^2dθ. (5.1) As Breitenberger points out, if one regards |f(θ)|^2 as a distribution of mass on the unit circle in the complex plane, then τ(f) is the center of mass of that distribution. The corresponding variance is easily seen to be ∫_{2π} 0 |e^{iθ} − τ(f)|^2|f(θ)|^2dθ = 1 − |τ(f)|^2, which is defined on the circle and is invariant under rotations.

Breitenberger [2] argues that the size 1 − |τ(f)|^2 is a good measure of how well localized |f(θ)|^2 is about τ. For example, he points out that if |f(θ)|^2 approaches a point mass located at θ_0, then τ(f) approaches e^{iθ0} and 1 − |τ(f)|^2 approaches 0; conversely, if 1 − |τ(f)|^2 = 0 then the distribution corresponds to a point mass located at τ(f). Another desirable property is that using 1 − |τ(f)|^2 as a measure of localization gives rise to an uncertainty principle for angular variables [2]. While there are other measures of localization (see [2] for further discussion), we feel that 1 − |τ(f)|^2 is a natural choice. Thus, we define the circular variance of a continuous periodic function f to be

var_f (θ) := 1 − |τ(f)|^2 (5.2)

We will give general conditions on the PBF P for there to be “good” localization for both the associated wavelets and scaling functions. When these conditions hold, it turns out that at the n^{th} level, the θ-variances of both φ^n and ψ^n are O(1/n); thus both the scaling function and the wavelet localize well. In what follows, we will use the following notation:

τ^n_s := τ(φ^n) and τ^n_w := τ(ψ^n) (5.3)

We will begin expressing τ^n_s and τ^n_w in terms of the Fourier coefficients of the PBF P and the ν^n_k ’s defined in Proposition 1.1.

Proposition 5.1: If τ^n_s and τ^n_w are defined by (5.3), then

τ^n_s = 1 n n−1∑ k=0 ∑ m≡k(mod n) 2πp_mp_{m+1} √ ν^n_k ν^n_{k+1} (5.4s)

τ^n_w = e^{−iπ/n} n 2n−1∑

k=0 ∑ m≡k(mod 2n) 2πp_mp_{m+1} √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} √ ν^{2n}_k ν^{2n}_{k+1}ν^n_k ν^n_{k+1} (5.4w)

Proof: The result follows from (1.9), (2.5), (5.1), (5.3) and Parseval’s equation. In order to estimate τ^n_s and τ^n_w, we will make an assumption on the Fourier coefficients of P in addition to those already mentioned—viz., p_m > 0 and p_{−m} = p_m. We will assume that the sequence r_m := p_{m+1} p_m − 1. (5.5)

is square summable. As a consequence of this assumption, we have the following lemma, which will be used to facilitate the estimates to follow.

Lemma 5.2: If the sequence {r_m}_{m∈}Z is square summable, and if

α^n_k := sup m≡k(mod n) r^2_m and β := inf_{m∈}Z(1 + r_m)^2 (5.6)

then these inequalities hold: n−1∑ k=0 α^n_k ≤ ∑ m∈Z^r 2 m and β > 0 (5.7) ∑ m≡k(mod n) 2π(p_m − p_{m+1})^2 ≤ α^n_k ν^n_k and ν^n_{k+1} ≥ βν^n_k (5.8)

Proof: Since {r_m}_{m∈}Z is square summable, r_m → 0 as m → ±∞. Thus, the “sup” in the definition of α^n_k is actually a “max”, and, consequently there is an integer m_k ≡ k(mod n) for which α^n_k = r^2_{mk} . Although it is possible that m_k is not unique, we can make a unique choice by picking the one for which |m_k| is smallest. We now have n−1∑ k=0 α^n_k = n−1∑ k=0 r^2_{mk} . Obviously, in the sum on the right above, the m_k’s are distinct. Adding in all the remaining terms of {r_m}_{m∈}Z to this sum cannot decrease it, so the first half of (5.7) holds. To establish the second half, note that, from (5.5), p_{m+1} = (1 + r_m)p_m. Since the p_m’s are all positive, 1 + r_m > 0. In addition, as we remarked above, r_m → 0 as m → ±∞. Thus the minimum of (1 + r_m)^2 must occur for some finite integer, and, because 1 + r_m > 0, this mimimum, β, must be positive. We now turn to the first half of (5.8). From (5.5), we have ∑ m≡k(mod n) 2π(p_m − p_{m+1})^2 = ∑ m≡k(mod n) 2πr^2_mp^2_m ≤ α^n_k ∑ m≡k(mod n) 2πp^2_m

Recall that ν^n_k = ‖P^n_k ‖^2. From Parseval’s equation and (1.1), one has that

ν^n_k = ∑ m≡k(mod n) 2πp^2_m (5.9) holds. Replacing the sum in the inequality above with the left side of the last equation yields the desired inequality. The final inequality in the lemma is the result of the following chain: ν^n_{k+1} = ∑ m≡k(mod n) 2πp^2_{m+1} (From (5.9) with k → k + 1.) = ∑ m≡k(mod n) 2π(1 + r_m)^2p^2_m (From (5.5).) ≥ β ∑ m≡k(mod n) 2πp^2_m (From (5.6).)

≥ βν^n_k (From (5.9).)

The next result is pertinent to localization of the scaling function, φ^n. Proposition 5.3: If the sequence r_m defined by (5.5) is square summable, then for n sufficiently large τ^n_s = 1 + O(1/n).

Proof: Since the p_m’s are positive, inspection of (5.4s) shows that τ^n_s > 0. From Schwarz’s inequality, (5.1), and the fact that ‖φ^n‖ = 1, we also have that τ^n_s ≤ 1. Thus, we only need to show that for n large there is a positive constant C such that 1 − τ^n_s ≤ C/n. Note that since p_mp_{m+1} =^1_2 ( p^2_m + p^2_{m+1} − (p_m − p_{m+1})^2 ) , we have that

τ^n_s = 1 n n−1∑ k=0 ∑ m≡k(mod n) 2π(p^2_m + p^2_{m+1} − (p_m − p_{m+1})^2) 2 √ ν^n_k ν^n_{k+1} .

Using (5.8) and (5.9) in the last equation yields

τ^n_s ≥ 1 n n−1∑ k=0 ( ν^n_k + ν^n_{k+1} 2 √ ν^n_k ν^n_{k+1} − α^n_k ν_k 2 √ β(ν^n_k )^2 ) .

Simplifying the second term on the right above and using the inequality a^2 + b^2 ≥ 2ab on the first term on the right, we get

τ^n_s ≥ 1 n n−1∑ k=0 ( 1 − α^n_k 2 √ β )

≥ 1 − 1 n ∑_{n−1} k=0 α^n_k 2 √ β ≥ 1 − 1 n ∑ m∈Z^{r2}m 2 √ β C . (From (5.7).)

Rearranging terms above implies that 1 − τ^n_s ≤ C/n.

We now turn to the case of the wavelet.

Proposition 5.4: If the sequence r_m defined by (5.5) is square summable, then for n sufficiently large |τ^n_w| = 1 + O(1/n). Proof: From (5.4w), the equation p_mp_{m+1} =^1_2 (p^2_m + p^2_{m+1} − (p_m − p_{m+1})^2), (5.8) and (5.9), we have

|τ^n_w| = 1 n 2n−1∑

k=0 ∑ m≡k(mod 2n) 2π(p^2_m + p^2_{m+1}) − 2π(p_m − p_{m+1})^2 √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} 2 √ ν^{2n}_k ν^{2n}_{k+1}ν^n_k ν^n_{k+1}

≥ 1 n 2n−1∑

k=0 (ν^{2n}_k + ν^{2n}_{k+1}) √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} 2 √ ν^{2n}_k ν^{2n}_{k+1}ν^n_k ν^n_{k+1} − α^{2n}_k ν^{2n}_k √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} 2 √ β(ν^{2n}_k )^2ν^n_k ν^n_{k+1}

≥ 1 n 2n−1∑

k=0 (ν^{2n}_k + ν^{2n}_{k+1}) √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} 2 √ ν^{2n}_k ν^{2n}_{k+1}ν^n_k ν^n_{k+1} − α^{2n}_k 2 √ β √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} ν^n_k ν^n_{k+1}

From (2.3), we see that ν^{2n}_{k+n} ≤ ν^n_{k+n} and that ν^{2n}_{k+n+1} ≤ ν^n_{k+n+1}, consequently √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} ν^n_k ν^n_{k+1} ≤ 1. Applying this and (5.7) to the previous inequality yields

|τ^n_w| ≥ 1 n 2n−1∑

k=0 (ν^{2n}_k + ν^{2n}_{k+1}) √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} 2 √ ν^{2n}_k ν^{2n}_{k+1}ν^n_k ν^n_{k+1} S_n

− C n , (5.10)

where, as in Proposition 5.3, C = ∑ m∈Z^{r2}m^{/(2√β).} We now need to estimate S_n, the term in braces in (5.10). Break up S_n into two sums, one from k = 0 to n − 1 and a second from k = n to 2n − 1. In the second sum, make the change of index from k → k − n, and then recombine the sums to get

S_n = n−1∑ k=0 (ν^{2n}_k + ν^{2n}_{k+1}) √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} 2 √ ν^{2n}_k ν^{2n}_{k+1}ν^n_k ν^n_{k+1} + (ν^{2n}_{k+n} + ν^{2n}_{k+n+1}) √ ν^{2n}_{k+2n}ν^{2n}_{k+2n+1} 2 √ ν^{2n}_{k+n}ν^{2n}_{k+n+1}ν^n_{k+n}ν^n_{k+n+1} Recall that ν^n_k is periodic with period n, and ν^{2n}_k is periodic with period 2n; thus the previous equation has the form

S_n = n−1∑ k=0 (ν^{2n}_k + ν^{2n}_{k+1}) √ ν^{2n}_{k+n}ν^{2n}_{k+n+1} 2 √ ν^{2n}_k ν^{2n}_{k+1}ν^n_k ν^n_{k+1} + (ν^{2n}_{k+n} + ν^{2n}_{k+n+1}) √ ν^{2n}_k ν^{2n}_{k+1} 2 √ ν^{2n}_{k+n}ν^{2n}_{k+n+1}ν^n_k ν^n_{k+1}

Using (2.3) to replace ν^n_k and ν^n_{k+1} and manipulating the expression above, we get

S_n = 1 2 n−1∑ k=0

(_1

ν2^n_k + 1 ν2^n_k+1 + 1 ν2^n_k+_n + 1 ν2^n_k+_n+1 ) √( 1 ν2^n_k + 1 ν2^n_k+_n

) (_1

ν2^n_k+1 + 1 ν2^n_k+_n+1 )

Note that each term in the sum is of the form (X + Y )/ √ XY ≥ 2, and consequently

S_n ≥ 1 2 n−1∑ k=0 2 = n. (5.11)

Combining (5.10) and (5.11) then yileds |τ^n_w| ≥ 1 − C/n Since |τ^n_w| ≤ 1, we have that |1 − |τ^n_w|| ≤ C/n, which completes the proof.

These two propositions yield estimates on the variances for φ^n and ψ^n:

Theorem 5.5: If the sequence r_m defined by (5.5) is square summable, then

var_φn (θ) = O(1/n) and var_ψn (θ) = O(1/n).

Proof: The result follows on combining the previous two propositions with the definition of variance given in (5.2).

6. The angle/frequency uncertainty relation.

The uncertainty principle in quantum mechanics represents a trade off between two “spreads” (standard deviations), one for the position and the other for momentum. In signal analysis, there is a similar principle that again amounts to a trade off, this time between the time and frequency spreads. In [2], Breitenberger discusses a version of the uncertainty principle that amounts to a trade off between the angle and angular momentum spreads.

To describe this angle/angular-momentum uncertainty relation, we first recall that the variance for ℓ_z, which is the expected value of the z-component of the angular momentum operator L_z = ih̄∂_θ, is defined by

var_f (ℓ_z) = ∫_{2π} 0 f(θ)L^2_zf(θ)dθ − (∫_{2π} 0 f(θ)L_zf(θ)dθ )2 , where f(θ) is a smooth, periodic function having ‖f‖ = 1, If the variance in the angle θ, var_f is given by (5.2), then the variance-version of the angle/angular-momentum uncertainty relation is var_f (ℓ_z)var_f (θ) 1 − var_f (θ) ≥ 1 4 h̄^2. (6.1)

This can be stated in a way that closely resembles the standard position momentum uncertainty relation. As usual, define the spread in ℓ_z to be Δℓ_z := √ var_f (ℓ_z). For the angle variable, however, we will define the spread in θ in a somewhat different way; namely,

Δθ := √ var_f (θ) 1 − var_f (θ)

The angle/angular-momentum uncertainty relation then becomes a familiar Δℓ_zΔθ ≥ h̄/2. We can easily derive an angle/frequency uncertainty relation from (6.1). It is a simple matter to show that if f has the Fourier series f(θ) = ∑ m∈Z^{fme} imθ, then one has that

var_f (ℓ_z) = 2πh̄^2 ∑ m∈Z^m 2|f_m|^2 − h̄^2 ( 2π ∑ m∈Z^{m|fm|} 2 )_2 , =: h̄^2var_f (m),

(6.2)

where var_f (m) is the variance in the frequency for f. Combining the last equation with (6.1) yields, after dividing by h̄^2 and taking square roots,

ΔmΔθ ≥ 1 2 , where Δm = √ var_f (m) and Δθ = √ var_f (θ) 1 − var_f (θ)

. (6.3)

This is the angle/frequency uncertainty relation. We want to estimate the size of the uncertainty “window”, ΔmΔθ, for the case of the scaling function and the wavelet constructed in previous sections. We will first obtain a common lower bound on the frequency spread for both the scaling function ϕ^n and the wavelet ψ^n.

Theorem 6.1: Let n ≥ 3, and suppose that the PBF that generates the scaling function φ^n and the wavelet ψ^n is sufficiently smooth that its Fourier series coefficients satisfy ∑ m∈Z^{m2p2}m^{< ∞. If either f = φn or f = ψn, then} Δm ≥ ( √ 3n/6)(1 − 3/n)^{3/2} (6.4)

Proof: Since the scaling function φ^n is real, its Fourier series coefficients satisfy φ^n_m = φ^n_{−m}. Hence, from (6.2), one sees that

var_φn (m) = 2π ∑ m∈Z^m 2|φ^n_m|^2. (6.5)

Using (1.9), rewrite this sum as var_φn (m) = 2π n−1∑ k=0 ∑ m≡k mod n m^2p^2_m nν^n_k , (6.6) which leads to the inequality var_φn (m) ≥ n−1∑ k=0 min m≡k mod n {m^2} ∑ m≡k mod n 2πp 2 m nν^n_k ≥ (1/n) n−1∑ k=0 min m≡k mod n {m^2}. (From (5.9).) (6.7) It is easy to check that min m≡k mod n {m^2} = { k^2 if 0 ≤ k ≤ [n/2], (n − k)^2 if [n/2] + 1 ≤ k ≤ n − 1.

(6.8) From (6.7) and (6.8), we get

var_φn (m) ≥ (1/n) [n/2]∑

k=0 k^2 + n−1∑ k=[n/2]+1 (n − k)^2 (6.9)

≥ (2/n) [n/2]−1 ∑ k=1 k^2 ≥ 1 3n ([n/2] − 1)(2[n/2] − 1)([n/2]) ≥ 1 12n (n − 3)(n − 2)(n − 1) ≥ 1 12 n^2(1 − 3/n)^3.

The inequality in (6.4) for φ^n is a consequence of taking square roots in the last inequality above and using the definition of Δm in the case of f = φ^n.

We now turn to the case of the wavelet. The wavelet is real, so its Fourier series coefficients again satisfy ψ^n_m = ψ^n_{−m}. Hence, from (6.2), one sees that var_ψn (m) = 2π ∑ m∈Z^m 2|ψ^n_m|^2. (6.10) Using the last equation, (2.5), and (5.9) yields var_ψn (m) = 2n−1∑

k=0 ν^{2n}_{k+n} nν^n_k ∑ m≡k mod 2n 2πm^2p^2_m ν^{2n}_k (6.11)

≥ 2n−1∑

k=0 min m≡k mod 2n {m^2} ν^{2n}_{k+n} nν^n_k .

From this inequality and from (6.8), with n replaced by 2n, we obtain

var_ψn (m) ≥ n−1∑ k=0 k^2 ν^{2n}_{k+n} nν^n_k + 2n−1∑

k=n (2n − k)^2 ν^{2n}_{k+n} nν^n_k ≥ n−1∑ k=0 k^2 ν^{2n}_{k+n} nν^n_k + n−1∑ k=0 (n − k)^2 ν^{2n}_{k+2n} nν^n_{k+n} ≥ n−1∑ k=0 min{k^2, (n − k)^2} ( ν^{2n}_{k+n} nν^n_k + ν^{2n}_{k+2n} nν^n_{k+n} )

≥ n−1∑ k=0 min{k^2, (n − k)^2} ( ν^{2n}_{k+n} + ν^{2n}_k nν^n_k ) (From (1.7).)

≥ (1/n) n−1∑ k=0 min{k^2, (n − k)^2} (From (2.3).)

≥ (1/n) [n/2]∑

k=0 k^2 + n−1∑ k=[n/2]+1 (n − k)^2 . (6.12)

The right side of (6.12) is identical to that of (6.9), and so the rest of the proof is the same as that for the scaling function.

We now wish to obtain upper estimates on Δm for both φ^n and ψ^n. In order to do this, we will have to put additional conditions on the Fourier series coefficients for the PBF P . The results are given below.

Proposition 6.2: Let β ≥ α > 3/2. If there are positive constants C_1 and C_2 such that the p_m’s satisfy

C_1m^{−β} ≤ p_m ≤ C_2m^{−α} for all m ≥ 1, (6.13)

then there exists a positive constant C such that for both φ^n and ψ^n (6.14) Δm ≤ Cn^{1+β−α}. Proof: We will begin with the case of the scaling function. Recalling that the reality of φ^n implies that |φ^n_m| == |φ^n_{−m}|, we may rewrite (6.5) as

var_φn (m) = 4π ∞∑ m=1 m^2|φ^n_m|^2. (6.15)

Break the sum into pieces n in which m ≡ k mod n, parameterize each piece by m = k +jn, where j = 0, 1, . . ., and finally replace the coefficient φ^n_{k+jn} using (1.9). The result is

var_φn (m) = 4π n n∑ k=1 ∞∑ j=0 (k + jn)^2p^2_{k+jn} ν^n_k . (6.16)

By replacing p_{k+jn} with the upper bound in (6.13), and then using the standard integral method for estimating sums, we obtain

var_φn (m) ≤

4C^2_2 π n n∑ k=1 k^{2−2α} ν^n_k ( 1 + k (2α − 3)n ) ≤ 8C^2_2 (α − 1)π (2α − 3)n n∑ k=1 k^{2−2α} ν^n_k From (5.9) and (6.13), ν^n_k ≥ 2πp^2_k ≥ 2πC^2_1 k^{−2β} , which may be used in the inequality above to get

var_φn (m) ≤ ( 4(α − 1)C^2_2 n(2α − 3)C^2_1 )_n∑ k=1 k^{2+2(β−α)} ≤ α − 1 2α − 3 ( 2C_2 C_1

)_2

C^2_3 n^{2+2(β−α)}. (6.17)

To do the case of the wavelet, note we have the following chain of inequalities:

var_ψn (m) = 2n−1∑

k=0 ν^{2n}_{k+n} nν^n_k ∑ m≡k mod 2n 2πm^2p^2_m ν^{2n}_k (From (6.11).)

≤ 2n−1∑

k=0 ∑ m≡k mod 2n 2πm^2p^2_m nν^{2n}_k (From (2.3).)

≤ var_φ2n (m) (From (6.6).) ≤ C^2_3 (2n)^{2+2(β−α)} (From (6.17).) ≤ C^2_3 2^{2+2(β−α)}

C^2 n^{2+2(β−α)}. (6.18)

Combining the definition of Δm, (6.17), the fact that C_3 ≤ C, and (6.18) yields (6.14).

Remark 6.3: If α = β in Proposition 6.2, then, for both the wavelet and scaling function, Δm ≤ Cn. On the other hand, if the Fourier series coefficients satisfy (6.13), then they also satisfy the conditions of Theorem 6.1. Putting the two together implies that Δm = O(n) for both φ^n and ψ^n. Thus, for this case, the Δm’s are best possible, at least in terms of dependence on n.

We now turn to estimating the size of the uncertainty windows for the scaling function and wavelet, given certain assumptions on the Fourier series coefficients of the PBF P .

Corollary 6.4: If the p_m’s satisfy (6.13) for some β = α > 3/2, and if the sequence r_m defined by (5.5) is square summable, then for both the scaling function φ^n and the wavelet ψ^n ΔmΔθ = O( √ n). (6.19)

Proof: From Theorem 5.5, we have that Δθ^2 = var_f (θ) 1 − var_f (θ)

= O(1/n). Conse-

quently, Δθ = O(1/ √ n). On the other hand, by Remark 6.3, Δm = O(n). Putting the two together yields (6.19).

We conjecture that (6.19) is the best one can do.

7. Examples.

The purpose of this section is to provide a family of PBFs that satisfy the conditions set forth in §5 and §6 above, and for one of the simpler PBFs in this family, to graphically illustrate the angular localization for both the associated PBF-scaling function and its wavelet.

We begin by recalling an elementary fact concerning Fourier series: If f(θ) and g(θ) are square-integrable, 2π-periodic functions with Fourier coefficients f_m and g_m, respectively, then the convolution of f and g, which is defined by f ∗ g(θ) := 1 2π ∫_{2π} 0 f(θ − ϕ)g(ϕ)dϕ , is a continuous, 2π-periodic function with Fourier coefficients f_mg_m. This fact is what we will use to construct the family described above. The following result is a consequence of it. Proposition 7.1: Let f and g be real-valued, even, square-integrable, and 2πperiodic functions. If the product f_mg_m is positive for all m, and if the seies ∑ m∈Z^{|mfmgm|} is summable. then P := f ∗ g is a PBF. Moreover, if both of the sequences { |f_{m+1}| |f_m| − 1 } m∈Z^{and} { |g_{m+1}| |g_m| − 1 } m∈Z are square summable, then so is the sequence { f_{m+1}g_{m+1} f_mg_m − 1 } m∈Z^. Finally, if |f_m| and |g_m| satisfy bounds of the form C_1m^{−βf} ≤ |f_m| ≤ C_2m^{−αf} and C_1m^{−βg} ≤ |g_m| ≤ C_2m^{−αg} for all m ≥ 1, then, provided that α_f +α_g > 3/2, f_mg_m satisfies (6.13), with α = α_f +α_g and β = β_f +β_g.

Proof: The only part of the proof that requires any comment is that which concerns the square summability of the sequence r_m =^{fm+1gm+1}_{fmgm} − 1. If we let r^f_m and r^g_m be the corresponding quantities for |f_m| and |g_m|, then we have

r_m = (r^f_m + 1)(r^g_m + 1) − 1 = r^f_mr^g_m + r^f_m + r^g_m .

This and the square summability of r^f_m and r^g_m imply that r_m is square summable.

The PBF family that we obtain will be generated recursively. The function that we begin with is the 2π-periodic, piecewise-smooth function

P_2(θ) := 1 + ∑ m≠0 e^{imθ} m^2

= 1 + ∞∑ m=1 2 cos(mθ)/m^2. (7.1)

The series above sums to a known function. From [15, eq. 13.8, p. 31], we have that the restriction of P_2 to 0 ≤ θ ≤ 2π is

P_2(θ) = 1 +

3θ^2 − 6πθ + 2π^2 6 = 6 − π^2 6 + 1 2 (θ − π)^2 (0 ≤ θ ≤ 2π). (7.2)

The other functions in the family are then defined via

P_{2γ} := P_2 ∗ P_{2γ−2} , where γ = 2, 3, . . . . (7.3)

The properties of the P_{2γ} ’s are described in our next result.

Theorem 7.2: For γ ≥ 1, each P_{2γ} is a 2π-periodic, continuous function with Fourier series expansion

P_{2γ} (θ) = 1 + ∑ m≠0 e^{imθ} m^{2γ} = 1 + 2 ∞∑ m=1 cos(mθ) m^{2γ} . (7.4)

For γ ≥ 2, P_{2γ} is a PBF with 2γ − 2 continuous derivatives, and it has Fourier coefficients that satisfy the conditions in Theorem 5.5 and Proposition 6.2 (with β = α = 2γ). On the interval 0 ≤ θ ≤ 2π and for γ ≥ 1, each P_{2γ} is a degree 2γ polynomial in θ. Finally, we have that for 0 ≤ θ ≤ 2π and |z| < 1,

Υ(z, θ) := π cosh(z(θ − π)) z sinh(πz) − 1 z^2 = ∞∑ γ=1 (−1)^{γ+1}z^{2γ−2} ( P_{2γ} (θ) − 1 ) , (7.5)

so that Υ is a generating function for the polynomials P_{2γ} |_{[0,2π]}.

Proof: The Fourier expansions in (7.4) follow on using induction in connection with the convolution theorem and the expansion for P_2 in (7.1). Inspection of the decay of the coefficients in these expansions shows that the P_{2γ} ’s have the degree of smoothness claimed. Furthermore, since the Fourier coefficients for P_2 clearly satisfy the conditions in Theorem 5.5 and Proposition 6.2 (with β = α = 2), by Proposition 7.1 this is also true for the Fourier series coefficients for the other P_{2γ} ’s.

The statements concerning the restriction of P_{2γ} to [0, 2π] being a degree 2γ can be established as follows. First, we have already shown this when γ = 1, the polynomial for P_2 being given in (7.2). Next, take γ > 1. Observe that by differentiating (7.4) we have

P^{′′}_{2γ} (θ) = 1 − P_{2γ−2}(θ), (7.6)

which holds for all θ and for every γ ≥ 2. From (7.4), one has that P_{2γ} (0) = 1 + 2 ∑_∞ m=1 m^{−2γ} and P^′_{2γ} (0) = 0. Integrating (7.6) with these initial conditions yields

P_{2γ} (θ) = 1 + 2 ∞∑ m=1 m^{−2γ} + ∫_θ 0 ∫_ψ 0 ( 1 − P_{2γ−2}(ϕ) ) dϕdψ. (7.7) If P_{2γ−2}(θ) is a degree 2γ − 2 polynomial on [0, 2π], then it follows immediately from (7.7) that on [0, 2π] the function P_{2γ} (θ) is a degree 2γ polynomial in θ.

To establish (7.5), we start with the series found in [16, p. 190, Problem 8], ∞∑ m=1 m sin(mθ) m^2 + z^2 = π sinh(z(π − θ)) 2 sinh(πz) , 0 < θ < 2π. (7.8) Integrating (7.8) in θ ∈ (0, 2π) yields ∞∑ m=1 cos(mθ) m^2 + z^2 = π cosh(z(π − θ)) 2z sinh(πz) + C(z) We need to evaluate C(z). Let θ → 0 above. Doing so yields C(z) = ∞∑ m=1 1 m^2 + z^2 − π coth(zπ) 2z The series on the right in the last equation is related to the Mittag-Leffler expansion for coth(πz). Indeed, from [16, p. 136, Example 7], we find that ∑_∞ m=1(m^2 + z^2)^{−1} = π coth(πz)/(2z) − 1/(2z^2). Hence, C(z) = −1/(2z^2). Thus, after a minor manipulation, we obtain 2 ∞∑ m=1 cos(mθ) m^2 + z^2 = π cosh(z(π − θ)) z sinh(πz) − 1 z^2

= Υ(z, θ), (7.9)

which holds for 0 < θ < 2π and |z| < 1. From the geometric series, we see that

(m^2 + z^2)^{−1} = ∞∑ γ=1 (−1)^{γ+1}z^{2γ−2}m^{2γ} .

Inserting this into (7.9) and interchanging the two sums, which is justified for |z| < 1 by the absolute convergence of the terms of the series in question, one finally arrives at this: Υ(z, θ) = ∞∑ γ=1 (−1)^γ z^{2γ−2} ( 2 ∞∑ m=1 cos(mθ) m^{2γ} )

= ∑ γ=1 (−1)^{γ+1}z^{2γ−2} ( P_{2γ} (θ) − 1 ) . Remark 7.3: The periodicity and evenness of the function P_{2γ} translates into a symmetry for the polynomial P_{2γ} |_{[0,2π]} . When expressed in terms θ − π rather than θ, it will contain only even powers. This also follows from the generating function being even in θ − π. Here are the first few P_{2γ} (θ)’s, with θ ∈ [0, 2π]. (Maple V was used to compute them.)

P_4(θ) =

360 − 7π^4 360 + π^2(θ − π)^2 12 − (θ − π)^4 24 P_6(θ) =

15120 − 31π^6 15120 + 7π^4(θ − π)^2 720 − π^2(θ − π)^4 144 + (θ − π)^6 720 P_8(θ) =

604800 − 127π^8 604800 + 31π^6(θ − π)^2 30240 − 7π^4(θ − π)^4 8640 + π^2(θ − π)^6 4320 − (θ − π)^8 40320

What we say next applies to any PBF P . To obtain a plot for φ^n, we need to express φ^n in terms of P . We begin by putting f(θ) = φ^n in (1.11), and then comparing the two sides of the equation on the right to obtain s^n_ℓ = δ_{ℓ,0}. The DFT of this sequence is the constant sequence ŝ^n_k ≡ 1. Equation (1.13) then implies that

ĉ^n_k = 1 √ nν^n_k . Taking the inverse DFT of ĉ^n_k then gives the coefficients to be used in the first equation in (1.12), again with f(θ) = φ^n. That is,

φ^n(θ) = n−1∑ ℓ=0 c^n_ℓ P (θ − 2πℓ/n) , where ĉ^n_k = 1 √ nν^n_k . (7.10)

The procedure for obtaining a similar equation for ψ^n is more direct. From (2.4) and (1.12), we have

ψ^n(θ) = 2n−1∑

ℓ=0 c^{2n}_ℓ P (θ − 2πℓ/(2n)) , where ĉ^{2n}_k = e^{ikπ/n} √ ν^{2n}_{k+n} nν^{2n}_k ν^n_k . (7.11)

We used (7.10) and (7.11) to make plots for both a scaling function and wavelets corresponding to the PBF P_4; see Figs. 1 through 4 below.

Figure 1. PBF scaling function, n = 64. Figure 2. PBF wavelet, n = 64. Figs. 1 and 2 show a single period of the n = 64 scaling function and wavelet, respectively. It is clear from Figs. 1 and 2 that both the scaling function and the wavelet are well localized. Fig. 1 also clearly shows that the scaling function is even about θ = 0. In Fig. 2, one can see that the graph of the wavelet has its center slightly to the left of θ = 0.

Figure 3. PBF wavelet, n = 64. Figure 4. PBF wavelet, n = 128.

Figs. 3 and 4 show a blow-up of the supports for the n = 64 and n = 128 wavelets constructed out of P_4. Fig. 4 serves to illustrate what we predicted earlier: the support of the wavelet approximately halves when n is doubled.

8. Algorithms.

For any type of wavelet analysis to be useful, one must have an algorithm for its implementation. Here, we will present an algorithm for doing a PBF-wavelet analysis. Our initial sampling space will be V_2N .

Step 1. Fit the data to a function f in the highest level sampling space V_2N . (This can be done in several ways; we will describe a few below.) In general, f will have the form f(θ) = 2^N −1∑

ℓ=0 c^{2N}_ℓ P (θ − 2πℓ/2^N ), where P is the PBF used to generate the analysis. Take the FFT of the c^{2N}_ℓ ’s, and compute the top-level FFT of the scaling coefficients via (1.13).

Step 2. Use the decomposition formula given in (3.7) to compute the level 2^{N−1} FFT of the scaling and wavelet coefficients. Repeat this step N + 1 times to get the FFT of the wavelet coefficents at all levels.

Step 3. For a given level, take the inverse FFT to find the wavelet coefficients at that level. One may then use the coefficients to detect noise, singularities, and so on. One can also filter the coefficients to remove noise.

Step 4. Take the FFT of the processed coefficients. Use the reconstruction formula given in (3.6) to get back the FFT version of the scaling coefficients at each level. Use the ŝ^{2N}_k ’s to obtain ĉ^{2N}_k ’s via (1.13), and take the inverse FFT of the ĉ^{2N}_k ’s and reconstruct f via the formula in Step 1.

The only part of the algorithm that requires discussion is fitting a function in V_2N to the data. There are several ways to do this, depending on the form of the data and what type of fit is desired.

The simplest case is that in which a continuous (but unknown) function F (θ) is sampled at 2^N equally spaced angles; that is, one has available

y_j := F (2πj/2^N ) , 0 ≤ j ≤ 2^N − 1.

One can project F into V_2N in two ways.

The first is to interpolate F using the PBF P . This requires solving 2^N equations,

y_j =

2^N −1∑

ℓ=0 c^{2N}_ℓ P (2π(j − ℓ/2^N ) , 0 ≤ j ≤ 2^N − 1. (8.1)

Because P is a PBF, the interpolation matrix A_{j,ℓ} = P (2π(j − ℓ/2^N ) is strictly positive [17,9], and therefore invertible. The fastest way to obtain the solution, however, is not to directly invert the matrix, but rather to use FFT methods similar to those mentioned in [10, §6]. The right side of (8.1) is a discrete convolution. Taking the FFT of both sides yields ŷ_k = ĉ^{2N}_k F_d [ {P (2πℓ/2^N )}^{2N −1}_{ℓ=0} ] k . (8.2)

One may solve this for the ĉ^{2N}_k . If all that is desired is an interpolant, one may take the inverse FFT of the ĉ^{2N}_k ’s to get the coefficients, and use f in Step 1 as an interpolant for F . To do a wavelet decomposition, one would start with Step 2 using the ĉ^{2N}_k ’s found from (8.2), and then proceed with the rest of the algorithm.

There is a second method, one that amounts to calculating the L^2 projection of F onto V_2N . To use this method, one must satisfy two conditions: (1) the scaling function and wavelet must be well localized at level 2^N ; and, (2) the function F should not oscillate too fast over intervals having lengths of order 2^{−N+1}π. When these conditions hold, one has that

s^{2N}_ℓ = ∫_π −π F (θ)φ^{2N} (θ − 2πℓ/2^N )dθ = ∫_π −π F (θ + 2πℓ/2^N )φ^{2N} (θ)dθ ≈ F (2πℓ/2^N ) ∫_π −π φ^{2N} (θ)dθ 2πφ^{2N}_0 ≈ 2πy_ℓp_0 √ 2^N ν^{2N}_0

(From (1.9).) (8.3)

We remark that it is possible to turn the calculation above into a proof of (8.3). Doing this requires using the localization results from §6 and §7; we omit the details.

One can also handle scattered data. Again, this can be done in two ways. One way is to use the PBF to construct an interpolant F_{int} for the scattered data. That this can always be done follows from the invertibility of the interpolation matrix, which was established in [17]. The second way is to use discrete least sqaures to get the coefficients in f in Step 1.

References

[1] C. de Boor, R. DeVore, and A. Ron, “Approximation from shift-invariant subspaces of L_2(R^d ),” Trans. Amer. Math. Soc., to appear.

[2] E. Breitenberger, “Uncertainty Measures and Uncertainty Relations for Angle Observables,” Found. Phys. 15(1983), 353-364.

[3] C. K. Chui and H. N. Mhaskar, “On Trigonometric Wavelets,” Constr. Approx.

9(1993), 167-190.

[4] C. K. Chui, J. Stöckler, and J. D. Ward, “Analytic wavelets generated by radial functions,” Advances in Computational Mathematics, to appear.

[5] G. B. Folland, Fourier Analysis and Its Applications, Wadsworth & Brooks/Cole, Pacific Grove, CA, 1992.

[6] Y. W. Koh, S. L. Lee, and H. H. Tan, “Periodic Orthogonal Splines and Wavelets,” Applied and Computational Harmonic Analysis, to appear.

[7] W.R. Madych and S.A. Nelson, “Multivariate interpolation and conditionally positive definite functions”, Approx. Theory and its Applications 4 (1988), 77-79.

[8] W.R. Madych and S.A. Nelson, “Multivariate interpolation and conditionally positive definite functions II”, Math. Comp. 54 (1990), 211-230.

[9] F. J. Narcowich, “Generalized Hermite Interpolation and Positive Definite Kernels on a Riemannian Manifold,” J. Math. Analysis and Applications, 190 (1995), 165-193.

[10] G. Plonka and M. Tasche, “Periodic spline wavelets,” Technical Report 93/4, FB Mathematik, Universität Rostock, Germany, 1993.

[11] M. J. D. Powell, “The theory of radial basis approximation in 1990, in Wavelets, Subdivision and Radial Functions, W. Light, (ed.), Oxford University Press, 1990, pgs. 105-210.

[12] J. Prestin and E. Quak, “Trigonometric Interpolation and Wavelet Decomposition,” Center for Approximation Theory Report # 296, Texas A & M University, 1993.

[13] I. J. Schoenberg, “Positive Definite Functions on Spheres,” Duke Math. J. 9 (1942), 96-108.

[14] J. Simmers, H. Southall, and T. O’Donnell, “Advances in Neural Beamforming,” in the Proceedings of the 1993 Antenna Applications Symposium, Electromagnetics Laboratory, University of Illinois, Urbana-Champaign, IL, 1993.

[15] G. Tolstov, Fourier Series, Dover Publications, Inc., New York, 1976.

[16] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, Fourth Edition, Cambridge University Press, London, 1965.

[17] Y. Xu and E. W. Cheney, “Strictly Positive Definite Functions on Spheres,” Proc.

Amer. Math. Soc. 116 (1992), 977-981.