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Summary

This paper shows how recursive integration methodologies can be used
to evaluate high dimensional integral expressions. This has applications to
many areas of statistical inference where probability calculations and critical
point evaluations often require such high dimensional integral evaluations.
Recursive integration can allow an integral expression of a given dimension
to be evaluated by a series of calculations of a smaller dimension. This
significantly reduces the computation time. The application of the recursive
integration methodology is illustrated with several examples.
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1 Introduction

Let x = (x1, . . . , xn) ∈ <n and consider the integral

A =
∫

. . .
x ∈ S

∫
f(x) dx

where for some d with 1 ≤ d ≤ n− 1, the function f(x) can be expressed as

f(x) =
n−d+1∏

i=1

fi(xi, . . . , xd+i−1) (1)

and the set S ⊆ <n can be expressed as

S =
n−d⋂
i=1

Si

where the set Si places restrictions only on (xi, . . . , xd+i). The n-dimensional integral
A is thus defined in terms of variables xi with an inherent order, where the integrand
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f(x) factors into terms consisting of at most d adjacent xi, and where the integration
is over a set S which consists of restrictions involving at most d + 1 adjacent xi.

The purpose of this paper is to demonstrate that while the evaluation of A ostensibly
requires an n-dimensional numerical integration, it can in fact be evaluated by n −
d + 1 calculations which each have at most d-dimensional computational intensity. In
other words, using this approach the computational intensity of evaluating A is at most
equivalent to evaluating n− d + 1 integrals each having dimension d. Consequently, the
approximation of the integral expression using a numerical integration method with a
grid of N points in each dimension for a bounded set S results in O(Nd) mathematical
operations when the recursive integration method is applied versus O(Nn) operations
when the numerical integration method is directly applied.

If the random variables X = (X1, . . . , Xn) have a probability density function f(x)
then A = P (X ∈ S), and so this problem has many important applications to statistical
inference procedures. For example, probability calculations and critical point calcula-
tions for multiple comparisons and sequential procedures require the evaluation of high
dimensional integral expressions of the form A. More generally, many important prob-
abilities such as orthant probabilities for some multivariate normal distributions can be
evaluated using the recursive integration methodology.

Section 2 contains some illustrations of the statistical applications of the method-
ology, and the recursive integration methodology itself is explained in section 3. The
recursive integration methodology can also be applied to variables arranged in a tree
structure, and this is discussed in section 4.

2 Statistical applications of recursive integration

There are several important probability expressions that can be evaluated using the
recursive integration methodology with d = 1 and d = 2. Notice that if the random
variables X = (X1, . . . , Xn) are independent then their probability density function has
the form (1) with d = 1. In addition, if the Xi have a first order Markov property then
their probability density function has the form (1) with d = 2 since

f(x) = f1(x1, x2)
n−1∏
i=2

f(xi+1|x1, . . . , xi) = f1(x1, x2)
n−1∏
i=2

f(xi+1|xi) (2)

where f1(x1, x2) is the marginal probability density function of (X1, X2). This first
order Markov property arises in sequential analysis where Xi = Y1 + . . . + Yi for some
independent random variables Yi.

The recursive integration methodology can be applied, for example, to evaluate the
probability

P (X1 < X2 < . . . < Xn). (3)

In isotonic regression this probability is needed to find level probabilities (see Robert-
son et al. (1988) pages 74-77) and in ranking and selection procedures this probability
represents the probability of a correct ranking (see Bechhofer (1954)). This probability
is a special case of the more general expression

P (X1 ∈ S0, X2 ∈ S1(X1), . . . , Xn ∈ Sn−1(Xn−1)) (4)
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where the set Si places restrictions on the random variables Xi and Xi+1. If the Xi

are independent then the probability (4) can be evaluated by the recursive integration
methodology with d = 1 (this was first shown for (3) in Hayter & Liu (1996)).

Another application concerns the evaluation of the cumulative distribution function
of the sum of independent random variables

P (Y1 + . . . + Yn ≤ c). (5)

This is useful when the distributions of the Yi are known but the distribution of their
sum is not easily obtained. If Xi = Y1+ . . .+Yi, 1 ≤ i ≤ n, then the Xi have a first order
Markov property. Moreover, the terms fi(xi, xi+1) = f(xi+1|xi) in the factorization of
f(x) given in (2) can be obtained from the distributions of the Yi. The probability (5)
is P (Xn ≤ c) which is a special case of the more general probability

P ((X1, X2, X3) ∈ S1, (X2, X3, X4) ∈ S2, . . . , (Xn−2, Xn−1, Xn) ∈ Sn−2) (6)

which can be evaluated by the recursive integration methodology with d = 2. In se-
quential analysis Xi may be the test statistic after i stages, and the properties of the
sequential procedure may be obtained from expression (6) with the set Si only placing
restrictions on Xi. The implementation of recursive methods to sequential analysis has
been shown in Armitage et al. (1969) and Jennison & Turnbull (1991).

An additional application is given in Miwa et al. (2003) where the problem of evalu-
ating general non-centered orthant probabilites for a multivariate normal distribution is
discussed. This fundamental problem has many statistical applications, and it is shown
how any orthant probability can be expressed in terms of orthant probabilities for a
multivariate normal distribution with a tri-diagonal covariance matrix, which can each
be evaluated by the recursive integration methodology with d = 1.

Liu et al. (2000) provide an application to the multiple comparison procedure con-
cerning successive comparisons of treatment effects in a one way layout. One-sided and
two-sided sets of simultaneous confidence intervals are constructed for the differences
µi+1 − µi, 2 ≤ i ≤ k, which can be useful when the treatment effects µi have a known
intrinsic ordering such as for a sequence of increasing dose levels of a drug. In this
case the recursive integration methodology is employed with d = 1 together with an
additional integration over the conditioned value of the variance estimate s2 in order to
find the necessary critical points.

Finally, Kuriki et al. (2002) contains an implementation of the recursive integration
methodology with d = 2 applied to critical point calculations for the isotonic range
statistic in order restricted inference. For testing the null hypothesis H0 : µ1 = . . . = µk

against HA : µ1 ≤ . . . ≤ µk with at least one strict inequality in a one way layout,
the isotonic range statistic is the range µ̂k − µ̂1 of the isotonic estimates of the treat-
ment effects. The critical points of this test procedure also allow the construction of
simultaneous confidence intervals for all monotone contrasts of the treatment effects.

3



3 The general recursive integration methodology

3.1 General methodology

For 1 ≤ i ≤ n− d define

hi(xi+1, . . . , xd+i) =
∫

. . .
Bi(xi+1, . . . , xd+i)

∫ i∏
j=1

fj(xj , . . . , xd+j−1) dx1 . . . dxi (7)

where

Bi(xi+1, . . . , xd+i) = {(x1, . . . , xi) : (x1, . . . , xd+1) ∈ S1, . . . , (xi, . . . , xd+i) ∈ Si} ⊆ <i.

Also, define

g1(y1, x2, . . . , xd) =
∫ y1

x1=−∞
f1(x1, . . . , xd) dx1 (8)

and

gi(yi, xi+1, . . . , xd+i−1) =
∫ yi

xi=−∞
fi(xi, . . . , xd+i−1) hi−1(xi, . . . , xd+i−1) dxi (9)

for 2 ≤ i ≤ n− d.
The set Si places restrictions on the values of (xi, . . . , xd+i), and so for given values

of (xi+1, . . . , xd+i) the set Si restricts xi to lie in a series of disjoint intervals (lij , uij),
1 ≤ j ≤ mi, say. The lower endpoints lij and the upper endpoints uij of these intervals
may depend on (xi+1, . . . , xd+i). Therefore, if

S∗i (xi+1, . . . , xd+i) = {xi : (xi, . . . , xd+i) ∈ Si}

=
mi⋃
j=1

(lij(xi+1, . . . , xd+i), uij(xi+1, . . . , xd+i)) (10)

for 1 ≤ i ≤ n − d where the union is of disjoint intervals, it follows from the definition
of hi in (7) that (taking h0 = 1)

hi(xi+1, . . . , xd+i) =
∫

xi∈S∗i

fi(xi, . . . , xd+i−1) hi−1(xi, . . . , xd+i−1) dxi

=
mi∑
j=1

[gi(uij(xi+1, . . . , xd+i), xi+1, . . . , xd+i−1)− gi(lij(xi+1, . . . , xd+i), xi+1, . . . , xd+i−1)](11)

for 1 ≤ i ≤ n− d.
The functions gi, 1 ≤ i ≤ n− d, can be calculated recursively. First, g1 is calculated

from (8). Next g2 can be calculated from (9) with i = 2 where the values of h1 can be
obtained from g1 using expression (11). The subsequent gi are similarly calculated from
(9) with the values of hi−1 being obtained from gi−1 using expression (11). Once the
function gn−d has been calculated, the required probability can be calculated as

A =
∫ ∞

xn−d+1=−∞
. . .

∫ ∞

xn=−∞
fn−d+1(xn−d+1, . . . , xn) hn−d(xn−d+1, . . . , xn) dxn−d+1 . . . dxn(12)

where the values of hn−d are obtained from gn−d using expression (11).
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3.2 Computational intensity

The functions gi, 1 ≤ i ≤ n − d, are each functions of d variables, and they can be
evaluated and stored over a grid of points in d dimensions. If the grid values of yi are
yij , 1 ≤ j ≤ N , then

gi(yi,j+1, xi+1, . . . , xd+i−1) = gi(yij , xi+1, . . . , xd+i−1)

+
∫ yi,j+1

xi=yij

fi(xi, . . . , xd+i−1) hi−1(xi, . . . , xd+i−1) dxi

so that the values of gi can be obtained for the d-dimensional grid points once the
quantities gi(y11, xi+1, . . . , xd+i−1) and∫ yi,j+1

xi=yij

fi(xi, . . . , xd+i−1) hi−1(xi, . . . , xd+i−1) dxi, 1 ≤ j ≤ N − 1, (13)

have been calculated for each of the (d− 1)-dimensional grid points (xi+1, . . . , xd+i−1).
The adjacent grid points yij and yi,j+1 can be chosen to be close together, and so the
integrals in (13) can be approximated by standard Newton-Cotes methods. The values
of hi−1 required in the evaluation of the integrals in (13) can be obtained from (11)
using interpolation between the stored values of gi−1 if necessary.

The evaluation of all of the integrals in (13) has a computational intensity propor-
tional to Nd if each of the variables of gi is calculated over a grid with N points. This
process must be repeated for each gi, 1 ≤ i ≤ n − d. In addition, the final calculation
of A from gn−d using (12) requires an additional d-dimensional numerical integration.
Therefore, the computational intensity of evaluating A using this method is equivalent
to n− d + 1 calculations which each have at most computational intensity proportional
to Nd. This is preferable to evaluating A directly as an n-dimensional numerical in-
tegration because the direct computation has computational intensity proportional to
Nn.

3.3 Illustrations of the methodology

The recursive integration methodology is illustrated for some simple cases.

An integral with n = 2 and d = 1
If n = 2 and d = 1 then

A =
∫

S1

∫
f1(x1)f2(x2) dx1dx2

where S1 ⊆ <2 is any set. The first step in the evaluation of A is to calculate and store
the function

g1(y1) =
∫ y1

x1=−∞
f1(x1) dx1

over a grid of y1 values. Then A can be evaluated as

A =
∫ ∞

x2=−∞
f2(x2)h1(x2) dx2
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where

h1(x2) =
m1∑
j=1

[g1(u1j(x2))− g1(l1j(x2))]

for

S∗1(x2) = {x1 : (x1, x2) ∈ S1} =
m1⋃
j=1

(l1j(x2), u1j(x2))

where the union is of disjoint intervals. The evaluation requires two calculations which
each have one-dimensional computational intensity.

An integral with n = 3 and d = 1
If n = 3 and d = 1 then

A =
∫

. . .
S

∫
f1(x1)f2(x2)f3(x3) dx1dx2dx3

where
S = {(x1, x2, x3) : (x1, x2) ∈ S1, (x2, x3) ∈ S2}.

Again, the first step in the evaluation of A is to calculate and store the function

g1(y1) =
∫ y1

x1=−∞
f1(x1) dx1

over a grid of y1 values. Next, the function

g2(y2) =
∫ y2

x2=−∞
f2(x2)h1(x2) dx2

is calculated and stored over a grid of y2 values where

h1(x2) =
m1∑
j=1

[g1(u1j(x2))− g1(l1j(x2))]

for

S∗1(x2) = {x1 : (x1, x2) ∈ S1} =
m1⋃
j=1

(l1j(x2), u1j(x2))

where the union is of disjoint intervals. Finally, A can be evaluated as

A =
∫ ∞

x3=−∞
f3(x3)h2(x3) dx3

where

h2(x3) =
m2∑
j=1

[g2(u2j(x3))− g2(l2j(x3))]

for

S∗2(x3) = {x2 : (x2, x3) ∈ S2} =
m2⋃
j=1

(l2j(x3), u2j(x3))
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where the union is of disjoint intervals. The evaluation requires three calculations which
each have one-dimensional computational intensity.

An integral with n = 3 and d = 2
If n = 3 and d = 2 then

A =
∫

. . .
S1

∫
f1(x1, x2)f2(x2, x3) dx1dx2dx3

where S1 ⊆ <3 is any set. The first step in the evaluation of A is to calculate and store
the function

g1(y1, x2) =
∫ y1

x1=−∞
f1(x1, x2) dx1

over a two-dimensional grid of y1 and x2 values. Then A can be evaluated as

A =
∫ ∞

x2=−∞

∫ ∞

x3=−∞
f2(x2, x3)h1(x2, x3) dx2dx3

where

h1(x2, x3) =
m1∑
j=1

[g1(u1j(x2, x3), x2)− g1(l1j(x2, x3), x2)]

for

S∗1(x2, x3) = {x1 : (x1, x2, x3) ∈ S1} =
m1⋃
j=1

(l1j(x2, x3), u1j(x2, x3))

where the union is of disjoint intervals. The evaluation requires two calculations which
each have two-dimensional computational intensity.

3.4 Practical aspects

The shape of the set S has implications to the practical implementation of the recursive
integration methodology. First of all, if S is infinite it should be replaced by a bounded
set so that the grids over which the functions are stored are finite. It can be assumed
that the required answer A is finite so that it can be closely approximated by replacing
S by a suitable bounded set. This is equivalent to defining the functions fi to be zero
outside of bounded sets.

In addition, as usual for numerical integration methods it is necessary to have the
set S piecewise smooth so that the required functions can be well represented by storing
them at close grid points. Furthermore, if the calculation of lij and uij in (10) is
not trivial, such as in situations where the solution of non-linear equations is required,
then this will slow down the implementation of the procedure. However, the statistical
examples discussed in section 2 all have closed form expressions for lij and uij (with the
mi generally being equal to one).

Another important aspect of the implementation of the methodology is the choice
of the grid size for storing the functions. Three sources of error can be identified in
the evaluation of the terms in equation (13): (I) the error in the function hi−1 at the
grid points due to errors in the function gi−1, (II) the errors in interpolating the xi

7



variable in the function gi−1 in order to obtain the function hi−1, and (III) the error in
the approximation of the integral in equation (13).

If the distance between grid points is h, then the implementation of the two-point
Newton-Cotes method for the evaluation of the integrals results in errors of magnitude
O(h2) for source (III), while these errors are O(h4) if the three-point Newton-Cotes
method is used (see Thisted (1988)). Also, if an rth degree polynomial is used for the
interpolation then the error for source (II) is O(hr+1) (see Shampine et al. (1997)). It is
sensible to have the three errors of similar magnitudes. For example, if the trapezoidal
rule is used for the integrations and linear interpolation is used, then the overall error
will be O(h2). If Simpson’s rule is used for the integrations then cubic polynomial
interpolation affords an overall error of O(h4).

In principal, any method can be used to evaluate the final answer from the d dimen-
sional integral in equation (12). For example, a Newton-Cotes method may be used, or
simulation and Monte-Carlo techniques may be employed.

While the advantage of the dimensional reduction from n to d is generally obvious,
the actual advantage of the recursive integration methodology relative to other method-
ologies will depend upon the actual problem under consideration. Similarly, the best
choice of grid points will depend upon the forms of the functions fi and the sets Si. For
example, in Miwa et al. (2000) the functions fi are normal probability density functions
and the use of grid intervals with lengths inversely proportional to the 1/4 power of the
density function are considered, and some indications of the accuracy of the procedure
are provided.

4 Recursive integration methodologies for tree structures

In section 3 the recursive integration methodology was described for a set of ordered
random variables. In this section extensions of the methodology to random variables
arranged in a tree structure are discussed.

Consider a set of random variables arranged in a tree structure as follows. Let X1

be the root, with branches X11, . . . , X1b1 , and in general let the random variable Xi1...ir

have branches Xi1...irj , 1 ≤ j ≤ bi1...ir . Suppose that the probability density function
f(x) of all the random variables can be factored as

f(x) =
∏

fi1...ir(xi1...ir−d+1
, xi1...ir−d+2

, . . . , xi1...ir)

so that each term in the factorization depends upon at most d random variables which
are connected in a line from a point in the tree heading back towards the root. Also,
suppose that the set S can be expressed as

S =
⋂

Si1...ir

where the set Si1...ir places restrictions only on (xi1...ir−d
, xi1...ir−d+1

, . . . , xi1...ir), which
are the values of at most d + 1 random variables connected in a line from a point in the
tree heading back towards the root.

A recursive integration approach can be employed to evaluate the probability

A =
∫

. . .
x ∈ S

∫
f(x) dx
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as a series of d-dimensional calculations. The recursion begins at the periphery of the
tree and works back towards the root random variable. The special case discussed in
section 3 corresponds to a tree with a root Xk connected to one branch Xk−1, which
itself has one branch Xk−2, and so one towards the single periphery random variable
X1. The general methodology for a tree structure uses equations similar to those given
in section 3, but with each of the branches at each stage being taken into consideration.
The methodology is demonstrated in the following examples for general trees with d = 1
and for a tree with three levels with d = 2.

A tree with d = 1
When d = 1 the random variables are all independent and S is defined by

X1 ∈ I1 ⊆ <

and

Xi1...ir ∈ Ii1...ir(Xi1...ir−1) (14)

for all of the other random variables. In other words, the set S can be specified by a
region for the root random variable X1, together with a region for every other random
variable which respectively depends only on the value of the random variable from which
it is branched.

The evaluation of A can be performed as a series of one-dimensional integral cal-
culations. In order to show how this can be accomplished, it is helpful to define the
function Gi1...ir(x) to be the probability that the random variable Xi1...ir lies in the
interval (−∞, x), and that all of the random variables Xi1...ir... which are derived from
Xi1...ir through one or more branches (these are all of the random variables in the sub-
tree which has Xi1...ir as its root) satisfy the restrictions placed upon them by the set
S.

Suppose that a random variable which has no subsequent branches is described as
a terminating random variable. Consider then a random variable Xi1...ir which is not
a terminating random variable, and which has branches Xi1...irj , j ∈ Ti1...ir , which
are terminating branches, and branches Xi1...irj , j ∈ T ∗i1...ir , which are not terminating
branches. Here Ti1...ir ∪ T ∗i1...ir = {1, . . . , bi1...ir}, with bi1...ir ≥ 1, and either the set
Ti1...ir or the set T ∗i1...ir may be empty.

If the set T ∗i1...ir is empty, then the random variable Xi1...ir has branches Xi1...irj ,
1 ≤ j ≤ bi1...ir , none of which have any subsequent branches. In this case the first step
is to calculate and store the cumulative distribution functions Fi1...irj , 1 ≤ j ≤ bi1...ir ,
of each of these terminating random variables. Next, the function

Gi1...ir(x) =
∫ x

y=−∞
fi1...ir(y)

bi1...ir∏
j=1

P (Xi1...irj ∈ Ii1...irj(y))

 dy (15)

can be calculated and stored, where fi1...ir(x) is the probability density function of the
random variable Xi1...ir . In the evaluation of this function Gi1...ir(x), the cumulative
distribution functions Fi1...irj , 1 ≤ j ≤ bi1...ir , can be referred to for the calculations of
P (Xi1...irj ∈ Ii1...irj(y)), 1 ≤ j ≤ bi1...ir . Notice that, as required, the function Gi1...ir(x)
represents the probability that the random variable Xi1...ir lies in the interval (−∞, x),
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and that all of the random variables Xi1...irj , 1 ≤ j ≤ bi1...ir , satisfy the restrictions
placed upon them by the set S.

Now more generally, consider a random variable Xi1...ir for which the set T ∗i1...ir is
not empty, and for which the functions Gi1...irj(x), j ∈ T ∗i1...ir , have been calculated
and stored. In this case the first step is again to calculate and store the cumulative
distribution functions Fi1...irj , j ∈ Ti1...ir , of the terminating random variables. Next,
the function

Gi1...ir(x) =
∫ x

y=−∞
fi1...ir(y)

 ∏
j∈Ti1...ir

P (Xi1...irj ∈ Ii1...irj(y))


 ∏

j∈T ∗i1...ir

Hi1...irj(y)

 dy (16)

can be calculated and stored.
In the calculation of expression (16) the cumulative distribution functions Fi1...irj , j ∈

Ti1...ir , can be referred to in order to calculate the probabilities P (Xi1...irj ∈ Ii1...irj(y)),
j ∈ Ti1...ir . In addition, the function Hi1...irj(y) is defined to be the probability that
the random variable Xi1...irj lies in the interval Ii1...irj(y) and that all of the random
variables Xi1...irj... which are derived from Xi1...irj through one or more branches satisfy
the restrictions placed on them by the set S. However, Hi1...irj(y) can be found from
the interval Ii1...irj(y) in conjunction with reference to the function Gi1...irj(x), since if

Ii1...irj(y) =
m(y)⋃
i=1

(li(y), ui(y))

say, where the intervals (li(y), ui(y)) are disjoint, then

Hi1...irj(y) =
m(y)∑
i=1

[Gi1...irj(ui(y))−Gi1...irj(li(y))] .

Again it can be seen that the function Gi1...ir(x) calculated from expression (16) meets its
required definition, which is that it represents the probability that the random variable
Xi1...ir lies in the interval (−∞, x), and that all of the random variables Xi1...ir... which
are derived from Xi1...ir through one or more branches satisfy the restrictions placed
upon them by the set S.

In this manner the functions Gi1...ir(x) can be calculated recursively for each of
the non-terminating random variables, moving backwards from the periphery of the
tree towards the root. Thus, if the tree is considered to grow away from the root, the
recursion is applied in an opposite direction to the growth. Eventually, it will be possible
to calculate and store all of the functions G1j(x), j ∈ T ∗1 . If the cumulative distribution
functions F1j(x) of each of the terminating random variables X1j , j ∈ T1, are then
calculated and stored, the required probability can be calculated as

A =
∫

y∈I1
f1(y)

∏
j∈T1

P (X1j ∈ I1j(y))

 ∏
j∈T ∗1

H1j(y)

 dy (17)
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where the cumulative distribution functions F1j(x) are referred to for the evaluation of
P (X1j ∈ I1j(y)), j ∈ T1, and the functions G1j(x) and regions I1j(y) are referred to for
the evaluation of H1j(y), j ∈ T ∗1 .

Each step in this calculation has the computational intensity of a one-dimensional
integral evaluation. The last step using expression (17) is clearly a one-dimensional
integral computation, and every other step can be considered to be the calculation and
storage of a function F (x) from a known function f(x) with

F (x) =
∫ x

y=−∞
f(y)dy.

For terminating random variables this is the calculation of the random variable’s cumu-
lative distribution function from its probability density function, which may be unnec-
essary if the cumulative distribution function is already stored or is otherwise available.
For non-terminating random variables F (x) is the function G(x) where the function f(y)
is the integrand of expression (15) or (16) which can be obtained from the probability
density function of the random variable and the previously stored functions.

A well known example (see Tong (1990), page 192, for example) of a tree structure
with two levels and with d = 1 concerns the evaluation of

P (li ≤ Zi ≤ ui; 1 ≤ i ≤ k) (18)

for some (possibly infinite) lower and upper bounds li and ui, where the random variables
Zi have a k-dimensional multivariate normal distribution with means µi, variances σ2

i

and covariances σij = λiλj , for some λi ∈ <. Let X1 be a standard normal random
variable, and let X1i ∼ N(µi, τ

2
i ), 1 ≤ i ≤ k, be independent normal random variables

which are also independent of X1, with τ2
i = σ2

i − λ2
i . This forms a tree of independent

random variables consisting of the root X1 with branches X1i, 1 ≤ i ≤ k. Moreover, the
random variables Zi can be expressed as Zi = λiX1 + X1i, 1 ≤ i ≤ k, so that

S1i = {(x1, x1i) : li ≤ λix1 + x1i ≤ ui}, 1 ≤ i ≤ k.

The probability (18) can be evaluated as∫ ∞

x1=−∞
φ(x1)

(
k∏

i=1

[
Φ
(

ui − µi − λix1

τi

)
− Φ

(
li − µi − λix1

τi

)])
dx1.

The cumulative distribution functions of the branch variables x1i can each be expressed
in terms of the standard normal cumulative distribution function Φ(x), and these are
incorporated into the single one-dimensional integration which is performed for the root
variable x1 with the standard normal probability density function φ(x1).

A tree with d = 2 and three levels
Suppose that a root random variable X1 has branches X11, . . . , X1b1 , and that the

random variables X1i have subsequent branches X1ij , 1 ≤ j ≤ b1i, although some of the
b1i may be zero. Also, suppose that the probability density function of these random
variables can be expressed as

f(x) =
b1∏

i=1

f1i(x1, x1i)
b1i∏
j=1

f1ij(x1i, x1ij)


11



and that S is the intersection of sets S1ij , 1 ≤ i ≤ b1, 1 ≤ j ≤ b1i, where the set S1ij

places restrictions only on (X1, X1i, X1ij), so that d = 2.
For 1 ≤ i ≤ b1, 1 ≤ j ≤ b1i, define

g1ij(x1i, y1ij) =
∫ y1ij

x1ij=−∞
f1ij(x1i, x1ij) dx1ij

and then for 1 ≤ i ≤ m1 define

g1i(x1) =
∫ ∞

x1i=−∞
f1i(x1, x1i)

b1i∏
j=1

[m1ij∑
k=1

(g1ij(x1i, u1ijk(x1, x1i))− g1ij(x1i, l1ijk(x1, x1i)))

]
dx1i

where for given values of x1 and x1i

{x1ij : (x1, x1i, x1ij) ∈ S1ij} =
m1ij⋃
k=1

(l1ijk(x1, x1i), u1ijk(x1, x1i))

where the union is of disjoint intervals. The required probability can be calculated as

A =
∫ ∞

x1=−∞

b1∏
i=1

g1i(x1) dx1.

The recursive integration methodology is implemented by first storing each func-
tion g1ij for a two-dimensional grid of values. Each of these functions requires a two-
dimensional calculation. Using these stored values, the functions g1i can then be calcu-
lated and stored for a one-dimensional grid of values, and each of these functions requires
an additional two-dimensional calculation. The final calculation of A from the stored
values of the g1i only requires a one-dimensional calculation. The evaluation there-
fore requires b1 +

∑b1
i=1 b1i calculations which each have two-dimensional computational

intensity.
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