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Abstract—The quickest change detection problem is studied in de-
centralized decision systems, where a set of sensors receive independent
observations and send summary messages to the fusion center, which
makes a final decision. In the system where the sensors do not have
access to their past observations, the previously conjectured asymptotic
optimality of a procedure with a Monotonic Likelihood Ratio Quantizer
(MLRQ) is proved. In the case of additive Gaussian sensor noise, if the
signal-to-noise ratios (SNR) at some sensors are sufficiently high, this
procedure can perform as well as the optimal centralized procedure that
has access to all the sensor observations. Even if all SNRs are low, its

Fusion Center

detection delay will be at mostw/2 — 1 ~ 57% larger than that of the l
optimal centralized procedure. Next, in the system where the sensors have
full access to their past observations, the first of asymptotically optimal Final Decision

procedures in the literature is developed. Surprisingly, the procedure

has same asymptotic performance as the optimal centralized procedure, _ ) ) .

although it may perform poorly in some practical situations because Fig- 1. General setting for decentralized decision systems

of slow asymptotic convergence. Finally, it is shown that neither past

message information nor the feedback from the fusion center improves

asymptotic performance in the simplest model. Caseii) System with no Feedback and Local Memory Restricted

Index Terms— Asymptotic optimality, CUSUM, multi-sensor, quanti- [0 Past Sensor Messages:
zation, sensor networks, sequential detection
q Uin = ¢1,0(X1n; U j1,n-1), 3

I. INTRODUCTION whereU; 1 n—1) = (Ui,1, U2, ..., Upn—1).

The problem of quickest change detection has a variety of applic;[a-case"') System with Full Feedback, but Local Memory Restricted

tions including industrial quality control, reliability, fault detection, 0 Past Sensor Messages:

and signal detection. The classical or centralized version of thisU; . = ¢1,n(Xi,n; Ut 11,n-1], U2,1,n—1]5 - - -» UL, [1,n-1])- 3)
roblem, where all observations are available at a single, centra L

P 9 |'I'he other scenario is the system witlil local memory where

Iogatlon, IS a well-develope_d area (see, €.9., (1], [7.]’ [.17])' Rece_nttlxe sensors have full access to their past observations. There are two
this problem has been applied in decentralized, or distributed deCISIOgssible cases, which correspond to Cases B and D in [23] and [25]
systems, which have many important applications, including mulfl Caseiv) Syst’em with no Fepedback and Full Local Memory: '

sensor data fusion, mobile and wireless communication, surveillance
systems, and distributed detection. Uin = ¢1,0( X 1,m))5 (4)
Figure | illustrates the general setting of decentralized decisio
systems. In such a system, at timeeach of a set of. sensorsS; therele“’"] = (X131, X2, Xin). )
receives an observatioh, ., and then sends a sensor messéige Casev) System with Full Feedback and Full Local Memory:
to a central processor, called thesion centerwhich makes a final U, = ¢1.n(Xi (1,0); Ut (1,0—-1), Uz ftin—1] - - - » Uz (1,n—1])-  (5)
decision when observations are stopped. In order to reduce cost and d tralized quickest ch detect bl it d
increase reliability, it is required that the sensor messages belong tE'H[] tecen ra 'Zi qUIct_es Ctsn%? t('abeﬁ lon D;Oth ems, 11s ats;sume
finite alphabet (perhaps binary). This limitation is dictated in practi(,I ?_ a i;)me rllm nOWTD 'mﬁ’ ed Istr Itj lons ol ? sltlensor 0 Se_lt'h
by the need for data compression and limitations of communicatigf oSt 1.n Change abruptly and simutianeously at all Sensors. The
bandwidth. goal is to detect the change as soon as possible over all possible
In [23] and [25], the authors considered two different scenarios BFOt,O(,:c’ls for generathg Sensor messages ‘?‘n,d over all possible
decentralized decision systems, depending on how local informatﬂﬂc's'on rules at the fusion center, under a restriction on the frequency
is used at the sensors. One scenario is the system limiited of false alarms. . . . .
local memory where the sensors do not have access to their p sfs in the classical or centralized qU|cKest change Qetectlon prpb-
observations. This scenario has the following three possible ca gg),_there are_two standa_rd mathematlc_al formulatlo.ns. The first
which correspond to Cases A, C and E in [23] and [25]. one is a Bayesian formulation, due to Shiryayev [19], in which the

Casei) System with Neither Feedback from the Fusion Center nspange-pointu is assumed to have a known prigr distribution. It
Local Memory: Is well known ([24], [25]) that Bayesian formulations prove to be
' intractable and the dynamic programming arguments cannot be used

Uin = ¢1n(Xin). (1) except in the special case specified in (5), where the Bayesian solution

Manuscript received November 21, 2002; revised November 10, 2004. TI(1E24]) Is too complex t_o_lmplement. .
work was supported in part by NIH Grant RO1 Al055343. The material in this h(.e second is a minimax formulation, proposed by Lorden [11],
correspondence was presented in part at the IEEE International Sympositnivhich the change-point is assumed to be unknown (possilaly)
on Information Theory, Chicago, IL, USA, 2004. but non-random. Papers [2] and [21] used this approach to study the

The author was with the Department of Mathematics, California Institutg plest case specified in (1), but both have restrictions on the class
of Technology, Pasadena, California, USA. He is now with the Department sensor message protocols.

Biostatistics, Fred Hutchinson Cancer Research Center, Seattle, WA 98109; 1 .
USA (email: ymei@fhcrc.org). In this correspondence, we use the second of these formulations

Publisher Item Identifier to develop an asymptotic theory of decentralized quickest change

0000-0000$00.0®) 2002 IEEE



detection problems, giving in both scenarios procedures that areThe desire to have small;(7) must, of course, be balanced
asymptotically optimal and easy to implement. It is worthwhil@gainst the need to have a controlled frequency of false alarms. In
highlighting that our asymptotically optimal procedures do not usgther words, when no change occursshould be large, hopefully
past message information, and hence past message informationir(finite. However, Lorden [11] showed that 1 (7) is finite, then

the feedback from the fusion center) does not improve asymptofit.7 is finite, which impliesP (7 < oo) = 1. Thus we will

performance. have a false alarm with probability when there is no change.
Throughout this correspondence, we make the following assumfea appropriate measurement of false alarms, thereforg&is, the
tions, which are standard: mean time until a false alarm. Imagining repeated application of such
(Al) The sensor observations are independent over time as walbcedures, practitioners refer to the frequency of false alarms as
as from sensor to sensor. 1/E7 and the mean time between false alarmgZasr.
(A2) The densities of the sensor observations are eitherOur problem can then be stated as follows: Design the sensors’
fi,..., frorgi,...,gr, where thef's andg’s are given. For each message function, ,, and seek a stopping timeat the fusion center
1 <1 < L, the Kullback-Leibler information number (or relativethat minimizesE () subject to
entropy)
($) Est > 7, (8)
g1
Hgi, fi) = /lOg (fl(x))gl(z)dx ©) where~ is a given, fixed lower bound.
is finite and positive, and The Worst-cas_e detection delay; () can be replaced by the
L “average” detection delay, proposed by Shiryayev [20] and Pollak
/ (108 20) g @y < oc. (7 [l
fi(z) sup E, (T —v|T > v).
In Section Il, we provide a formal mathematical formulation of vzl
the problem and introduce some notations. In Section Ill, undgithough the worst-case detection delay is always greater than the

a condition on second moments, we prove that a procedure witherage detection delay, they are asymptotically equivalent. Either
a monotone likelihood ratio quantizer (MLRQ) is asymptoticallyone can be used in our theorems.

optimal in the system with limited local memory. We also establish It is well-known ([13]) that the (exactly) optimal solutions for this
sufficient conditions for our theorems to be applied. Section I\froblem in the centralized version are Page’'s CUSUM procedures,
develops asymptotic theory in the system with full local memory argkfined by the stopping times

offers asymptotic optimal procedures which are easy to implement.

In Section V, we compare these asymptotically optimal decentralized T(a) = inf {n: W, > a}, )
procedures with the optimal centralized procedure that has acces%ﬁ%re the CUSUM statistic

all the sensor observations. Section VI gives simulation results for

several illustrative examples. The proofs of all theorems are given in ~ L a1(X1.0)
the Appendix. Wi = e (Zlog (X0 )7
i=k I=1
Il. PROBLEM FORMULATION AND NOTATION which can be calculated recursively as
Suppose there ark sensors in a system. At time an observation L
X1,» is made at each sensdi;. Assume that at some unknown W,, = max (anl, 0) +Zlog 9(Xi,n) (10)
(possiblyoco) time v, the density function of the sensor observations = fu(Xin)

{X1,n} changes simultaneously for all< i < L from f; to g;. That
is, for eachl <[ < L, the observations at sens8r, X; 1, Xi2,...
are independent random variables such tRat, X;2,..., X1

forn > 1 andWg = 0. In the literatureT’(a) is also usually defined
as the firstn for which max(W,,0) > a. These two definitions are
are i.i.d. with densityf, and X ., X;.,.41,. .. are i.i.d. with density equivalent if the threshold > 0, but there is a difference i& < 0,

gi. Furthermore, it is assumed that the observations are indepeno@ﬁ? see [13].

from sensor to sensor. Denote By and ., the probability measure Unfortunately, in decentralized decision systems, it is nearly im-
and expectation when the change occurs at timand denote the possible to find exactly optimal solutions (for some special cases see

same byPs. and E.. when there is no change. [24]), and only “asymptotic optimality” results seem to be working.
Based on the information available & at time n, a message In the as;_/mptotic optimality approach, we typically first construct an
Us., specified in(1) — (5), is chosen from a finite alphabet and i@SYMPtotic lower bound oy 7 as+y goes toco. Then we show that

sent to a fusion center. Without loss of generality, we assume tfPiven class of procedures attains the lower bound asymptotically.
U takes a value i{0,1,...,D; — 1}. The fusion center uses the WWe will establish asymptotic optimality theorems for both scenarios

stream of messages from the sensors as inputs to make a deciSffecentralized decision systems: Iim_it_ed I_ocal memory (specified in
whether or not a change has occurred. (1) - (3)) and full local memory (specified i) and (5?).. .
Mathematically, the fusion center decision rule is defined as a'Ve now introduce some notations. L&t be a positive integer.
stopping timer with respect to{(Us.n, Uz.m, -, UL.n)tns1. The C_on5|der a random varle_tblé whose density function is eithgror g
interpretation ofr is that, whenr = n, we stop taking observations with respect to some-finite measure, and assume that the Kullback-

at timen and declare that a change has occurred somewhere in Wgler information numbet (g, f) is finite. For a @eterministicor
first n. observations. randon) measurable functiory from the range ofY to a finite

For each choice of sensor message functions and fusion ceft@habet of sizeD, say {0,1,..., D — 1}, denote by, and g,

decision rule, a reasonable measure of quickness of detection is ffPectively the probability mass function ofY’) when the density
following “worst case” detection delay defined in Lorden [11], ~ Of Y is f andg. Let

Ei(r) = IS;I? (eS$up E, [(T—V+1)+|X1,[1,y—1], e XL,[l,l/—l]])' Zy = log %,



. — L
and define v =1,2,..., asn goes tooco, n* Zl”:: > 1., Zii converges

in probability underP, to some positive constant humber, where
In(g, f) = Sl;p EsZs (11) Z1,i =10g (96,1 (U11)/ fo1(U:)). Paper [24] conjectured tha¥ (a)
is asymptotically optimal in the special case specified in (5), because
numerical simulations illustrate that it has performance similar to the
Vb(g, f) = sup Ey(Z4)*. (12) Bayesian solutions. In the next subsection we will show that under
¢ a condition on second momentd/(a) is asymptotically optimal
It is well known ([22]) thatIp (g, f) < I(g, f), i.e., that reduction without any restriction on the sensors’ message functions or the
of the data fromy” to ¢(Y") cannot increase the information. A morefusion center decision rule in the system with limited local memory.
detailed analysis betwedn (g, f) and(g, f) is provided in Section
V. Tsitsiklis [22_] showed thgt the supremum)(g, f) is achieved by g Asymptotic Optimality oN (a)
a Monotone Likelihood Ratio Quantizer (MLR@) of the form

and

We begin our analysis by studying the performance of the proce-
o(Y)=d ifandonlyif X;< 9Y) < Adsi, dure N(a). Observe thatV(a), defined in (15), is Page’s CUSUM
) procedure, so that by applying the standard bounds ([17]),
where0) = A\g < A1 < -+ < Ap-1 < Ap = oo are constants.
These optimal MLRQ’s are not easily calculated, but we follow
the standard practice in the literature of developing procedures that EsN(a) > €,
assume sensor messages are constructed optimally in the sensor.
Some of our theorems assume tHas (g, f) < oo. A sufficient and asa — oo,
condition for finiteness o¥% (g, f) is given in Section Il
Using these notations, define the information numbers

Lemma 1:

E1N(a) < % +0(1).

L The following theorem is of fundamental importance for proving
Ip = ZIDZ (915 f1), (13) asymptotic optimality ofN(a). It establishes the asymptotic lower
1=1 bounds for the detection delays of any procedures in the system with
whereD = (D1, Da, ..., D), and limited local memory.
L Theorem 1:AssumeVp, (g1, fi), defined in (12), is finite for all
Lot = Z[(gl,fl). (14) 1<I<L.If {r(v)} is a family of procedures in the system with
=1 limited local memory satisfying (8), then

These two information numbers are key to our theorems. — log
Eir(y) > (1+ 0(1))17 (16)
D

I1l. LIMITED LOCAL MEMORY
A. Page’'s CUSUM procedure with the MLRQ

For the decentralized decision system with limited local memo%,f
specified in (1) - (3), the following procedur€(a) has been studied

asy — oo, Wherelp is defined in (13).

Now we can summarize our results on the asymptotic optimality
the procedureV (a) as follows.

in the literature: Corollary 1: For~ > 1 leta = log~, then N (a) satisfies (8) and
Each sensof; uses the optimal MLRQ;. Namely, L
- ogy
. , Xin E1N(a) < —— +0(1),
Umn=¢@(Xn)=difand only if X4 < % < Midi1s Ip
Httn so that under the assumption of finiteness/®f (g:, fi) for all 1 <
where 0 = Ao < Ny < --- < Aipo1 < Aip, = 00 @€ < I the procedureN (a) asymptotically minimizes the detection

optimally chosen in the sense that the Kullback-Leibler informatiofe|ay 7, N'(a) asy — oo in the system with limited local memory.
number(g,., f,,:) achieves the supremutdy, (g:, fi). Here f,

and g, are the probability mass functions induced &p,, when  Note that paper [21] established a result similar to (16) in the
the observations\; ,, are distributed ag;, and g;, respectively. simplest case specified in (1) under a restriction on the sensor
Based on the i.i.d. vector observatiohk, = (Ui,n,...,Ur,), Message functions. Theorem 1 provides different sufficient conditions
the fusion center then uses Page’s CUSUM procedure with logader which the asymptotic lower bounds (16) could be established.
likelihood ratio boundary: to detect whether or not a change ha&ur sufficient conditions are new and perhaps the most useful, since
occurred, i.e., the stopping tim¥ (a) is given by they do not impose any restrictions on the sensors’ message functions
or the fusion center decision rules. Moreover, they also allow us to
obtain the asymptotic optimality property &f (a) in all three cases
of the system with limited local memory.

N(a) = inf {n c W, > a}, (15)

whereW, = 0 and forn = 1,2, ...,

L
W, = max (Wn,l, 0) + Zlog Mgm) C. Sufficient Conditions
=1 fou(Uin) In Theorem 1, we assumep(g, f) < oo, which is usually not
It was shown in [2] thatN(a) is optimal in the sense that easy to verify. The following theorem and its corollary give some
at each sensor, the MLRQ@ is optimized, i.e., maximizes the sufficient conditions to verify it wheD = 2.
Kullback-Leibler information numbef (g, f,). Later [21] proved
the asymptotic optimality property oiV(a) in the simplest case
specified in (1) under the restriction that the sensor message functions g(¥)\? 9)\?
. T . A Eq<1 ) :/(og—) g9(y)dy < 0.
{¢1,...,¢1} satisfy the following “stationary” condition: For all )

Theorem 2:Supposef(y) andg(y) are two densities such that

1Y)



Define with limited local memory. However, it is not clear whether they are
g(Y) g(Y) sharp in the system with full local memory. In other word, can we
A(t) = Py (m > t), B(t) = Py (m > t)- find procedures in the system with full local memory for which these
. . bounds are achieved asymptotically? Since we expect to sacrifice
AssumeA(t) and B(t) are continuous functions dfon (0,c0) and 5516 herformance by quantizing the data locally instead of utilizing
take valued) and1 for the samet. Moreover, assume that the complete data set at the fusion center, it is perhaps surprising that

lim sup v/ B(t) ’10g A(t)| < o0, (17) Wwe give an affirmative answer by constructing such procedures.
t—oo
and A. The Structure of Procedures
. For the system with full local memory, our proposed procedure
hr?jélp V1= At) [log(1 - B(t))] < oo, (18) M (a) is as follows:
o For each sensof;, one considers whether or not the CUSUM
where /0| log 0| is interpreted a$. ThenVa(g, f) < oco. statistic
Corollary 2: Suppose the distribution of the random variable - ar(X1,:)
belongs to a one-parameter exponential family having the continuous Win = 121,?5)(” Z log fi(X1s) (20)
densities =k
(@) © b0} heo exceeds the constant boundaty:, where
= exp - , —oco<y<oo, te
oW Y Y _ I, f) g, f1)
. - . . ™= = . (21)
with respect to some-finite measure, wher€ is an open interval L7 Liot
. . . . . . 21:1 (gl’fl)
on the real line and(9) is twice differentiable with respect i@ Let . '
That is, for each = 1,...,L, andn = 1,2,..., define the sensor

Fy(y) denote the distribution function df. Considerf, < 6; in €,

and letf; = fp, and F; = Fj, for i = 0,1. Definey, = sup{y :

Fo(y) = 0} andy: = inf{y : Fi(y) = 1}. If U { 1, if Wi, > ma;
lin =

’ 0, otherwise.
3/2 _ 3/2 )
lim 7(F0(y)) < oo and lim 7(1 Fi(y))

Y—Yo fo(y) y—y1 fi (y) . e i - - h h
then bothVa(. /) and Va( . o) are finte. Using an AND fus, i, It stops and decilss 2 change has occurred
Proof: Sincefi(y)/fo(y) is a monotonically increasing function ~ This stopping timeM (a) can be written as
of y, it suffices forVa(f1, fo) < oo to show equations (17) anq (18) M(a) = inf {n >1: Wi, >maforall=1,2,.. .,L}. (22)
hold for A(t) = 1 — Fy(logt) and B(t) = 1 — Fi(logt), which ’
is straightforward using L'ldpital’s Rule. The proof is identical for |t js easy to see that in single-sensor systems, our procediire
Va(fo, f1). 0 coincides with the optimal centralized procedili:), defined in (9).

It is easy to check that two Gaussian distributions with same vagimilar to T(a), it is very convenient to implement/(a) because
ance satisfy the conditions in Corollary 2, and so do two exponentilf CUSUM statistidV; ., obeys the recursive relation
distributions. Therefore, if the sensors are restricted to send binary g1(Xi,n)

A Wi n — Wi n—1, 0 1 . )
messages to the fusion center, and the pre-change and post-change b maX{ bt }+ o8 fHi(Xin)
distributions at each sensor are two Gaussian distributions with safiere W, o

. L = 0. However, unlikeT'(a), our procedureM (a)
variance or two exponential distributions, then the procedVife) requires that each sensor shall continue sending the local messages

is asymptotically optimal (over all possible sensor messages andgllihe fusion center even after the CUSUM statistic exceeds the
possible fusion center decision rules) in the system with limited 10cg)c5) threshold. This essential feature can be seen from the following

messages

< 00, The fusion center then combines all these “sensor decisidns by

memory. heuristic argument, which provides the motivation/df(a).
Consider the optimal centralized proceddréa), defined in (9).
IV. FULL LOCAL MEMORY If v is the true change-point and— v is sufficiently large, then

It has been an open problem to find asymptotically optimal n L n L
procedures (including both the sensor and fusion center decisiw, — max (ZIOg gz(Xz,i)) ~ Z (Zlog gl(Xl,i)>7

rules) in the decentralized decision system with full local memory, 1sksn — fi(Xiq) filXa)
specified in (4) and (5), although it is well-known ([25]) that Bayesiagq
formulations become intractable. We will address this problem in this n X n ¥
section. Wi = max S log 91 (Xui) 3 log 91(X1i)
To establish lower bounds for the detection delay in the system 1<hsn =7 fi(Xii) =7 filXu)

with full local memory is not difficult. By the optimality of Page’s

L .
CUSUM procedures in the centralized version ( [11], [13], [17]), wa "US Wr =~ 121 Wi, and so under,, the stopping rule of the
optimal centralized procedurE(a) is roughly equivalent to

have
L
Lemma 2:1f {7(v)} is a family of procedures in the system with { Z Wi, > a} 23)
full local memory such that (8) holds, then as— oo, — "=
Eir(y) > logy +0(1). (19) for suﬁicienzlil largea. Now the strong law of large number; implies
Ttot that (n — v) "'W,,, — I(gi, fi) with probability 1, so the weight of

In the centralized version the lower bounds (19) are sharp afid_,, in the sum is roughlyl(gl,fl)/(ZlL:1 I(gi, fi)) = m. Thus
can be achieved by Page’s CUSUM procediii@) defined in (9). (23) can be approximated b{iV;, > maforalll < [ < L},
Theorem 1 shows that these lower bounds are too crude in the systehich is exactly the stopping rule of our proceduvg(a).



B. Asymptotic Optimality wheren(v) is the detection delay of the optimal centralized procedure

The following theorem, whose proof is substantially complicated@lisfying (8). Intuitively, DPF can be thought of as a measure
establishes the asymptotic properties of our procediife) for large WhI.Ch reflects the rglatlve performange degradatl.on for using decen-
values ofa. tralized procedure instead of the optimal centralized procedure.

By Corollary 1 and relation (19), we immediately have

Theorem 3:As a — oo,

Proposition 1: The D PF function of the procedur&/(a), defined

EiM(a) < 7=+ (C+o(1) /- (24) in (15),is given by
tot tot
Itot 1
where I, is defined in (14) and’ > 0 is a constant depending on DPFn(y) = b 1+ O(logfy)' (29)

It is, therefore, natural to study the relation betwdenand I:o:.
By definition, it suffices to study the relation betweén(g, f) and
1(g, f) for a pair of densitie$f, g). However, little research has been
done on finding good lower bounds fén (g, f)/I(g, f), although
it is well-known that the upper bound is In the following we study

EM(a) > (14 o(1))e”. (26) the special case of Gaussian distributions wher:- 2. The idea can
be easily extended to non-Gaussian distributions.

Remark 1:Under additional reasonable conditions, it follows from
nonlinear renewal theory that the smallest consaim (24) is given

L and the densitieg; and g;. Furthermore, if we assume
3
log 91%) ’ dz < 0o (25)
(z)

/ 9(x) fi

for eachl <1 < L, then asa — oo.

Proposition 2: Supposef(y) andg(y) are two Gaussian distribu-
tions with respective meapo and 1; and same variance?. Let

by p = (11 — po)?/(20%) denote the signal-to-noise ratio (SNR), then
C = F max (LZZ), (27)
1<i<z M (gi, fi) liminf L2(g, f) > 2 and lim M =1
p—0 (g, f) — p—oo 1(g, f)

where o = Vary, (log(g:(X)/fi(X))) and Zi, ..., Z, are inde- _ _
pendent standard Gaussian variables. The proof is same as that of Proof: Without loss of generality, we assume = 0 ando = 1.
Theorem 3.3 in [4]. Also see Lemma 1 in [3]. First note thatl(g, f) = p in this case. Next, since the likelihood
ratio g(y)/f(y) is a monotonically increasing function, the MLRQ
Remark 2:For each sensor, the mean time between false alarggn be written as

is exp(ma). By the renewal property of the CUSUM statistics, the
mean time between false alarms for the fusion center is of order U= { 1, Y2 )‘;,
[1,_, exp(ma) = exp(a) since we continue sending local messages. 0, otherwise.

(See the Appendix for the rigorous proof. As in [18], the key idea i8h,s the Kullback-Leibler information number f&F is
Lemma 6 in the Appendix.)

A) = k(P — 1), ®(N)), 30

Remark 3:Lemma 6 in the Appendix indicates that our procedure ) ( ( ), @ )) (30)
M (a) has the same pleasant property as the procediftg in (15) where®(.) is the distribution function of a standard Gaussian random

and Page’s CUSUM procedufg(a) in (9): the mean time between variable andh(a,b) = alog(a/b) + (1 — a)log((1 — a)/(1 — b)).

false alarms is approximately exponentially distributed. Now let A = kua. Fix k, it is straightforward to show that
Remark 4:It is important to emphasize that in the definition r(kpr) | 2/m, asp — 0;
of our procedureM (a) in (22), we cannot replace the CUSUM I(g,f) | K1{0<k<1}, asp— oo,

statisticsW;,,, by the log-transformed Shiryayev-Roberts statistics ) o N
log (30 " (91(X0)/f1(X14))): in that case the mean time where1{A} is the indicator of the everd. The proposition follows

k=1
between false alarms is roughiyp((maxXZ , m)a), which is much @t once from the fact(k) < (g, f) < I(g, f) for any k. O

smaller thanexp(a) asa — oo. In the decentralized decision system with Gaussian sensor observa-

Now the asymptotic optimality of our procedudé () follows at tions where the SNRs abmesensors are sufficiently high, we have
once from Theorem 3 and Lemma 2: Ip =~ I+ because those sensors with high SNRs will contribute
most to I;o: and Inp. Hence the procedur&(a) will perform as
Corollary 3: There exists: = logy +o(1) so thatM (a) satisfies ell as the optimal centralized procedure. Even if all SNRs are very

(8) and low, the DPF function ofN(a) will be at mostm/2 — 1 ~ 57%
= log vy log v for large values of the mean time between false alarms. That is
< = . . : '
EvM(a) < Lot +(C+o(1) Lot the detection delay ofV(a) will be at most57% larger than that

Thus M(a) minimizes the detection delay up @(/Tog ) among of the qptimal centralized procedure. In pther words, the procedure
all procedures in the system with full local memory satisfying (8).N(a.) WI.” take at most57%_ more obser_vatlons from the post-change
distributions than the optimal centralized procedure. Moreover, the
number of sensors does not have much effect on the DPF function
of N(a). Furthermore, Proposition 2 motivates us to conjecture that
In this section we compare our asymptotically optimal decefier Gaussian distributiond: (g, f)/I(g, f) is an increasing function
tralized procedures with the optimal centralized procedure. As @f SNR p with the range[2/7, 1]. We do not have a rigorous proof,
[2], for a decentralized procedure(y) satisfying (8), define the however, numerical results support our conjecture.
decentralized penalty function (DPF)

DPF,(y) = Eir(y) 1, (28) by Corollary 3,

n(y)

V. COMPARISON OFTHREE PROCEDURES

Now for the proceduré/ (a) in the system with full local memory,



TABLE |

Proposition 3: The DPF function of the proceduré(a), de- TWO NONIDENTICAL SENSORS(111 = 0.2, i3 = 1)

fined in (22), satisfies

vai E1N(a % DPF | E1M(a % DPF E1T(a
DPFu(y) < (C+ 0(1))\/1l, (31) . (z.sé)) (2.7§)) (2.8(7))
087 100 | 7.740.0 31 6.7+ 0.0 14 5.9+ 0.0
where the constant’ depends orl and the densitieg; andg;. (3.43) (3.46) (3.52)
200 | 9.6+0.1 35 8.0 + 0.0 13 7140.0
It is easy to see that the DPF function df(a) is 0 as+~y goes (4.35) (4.37) (4.41)
to co. That is, M (a) can perform as well as the optimal centralized 505 | 12.2+0.1 39 99£0.1 12 8.8 +0.1
procedure in any systems if is sufficiently large. Unfortunately, (5.01) (5.05) (5.09)

the asymptotic convergence df/(a) is so slow thatM (a) may 1000 | 14.3+0.1 42 11.3£0.1 12 10.1£0.1

_ >0 (5.66) (5.79) (5.80)
perform very far from the optimum for realistic values of the mean 2050 | 16.3+0.1 42 12.8+0.1 11 11.5+0.1
time between false alarms in some systems. As an illustration, let[us (6.57) (6.68) (6.68)
consider the symmetric Gaussian system where for gaghand g, 5038 | 19.04+0.1 44 14.6 £0.1 11 13.240.1
are Gaussian distributions with respective mgarand 1, and same (7.27) (7.36) (7.37)

10046 | 21.14+0.1 46 16.0 + 0.1 10 14.5+0.1

variances?. In this case, by (27),

( Numbers in parentheses are the values @b thatE7(a) ~ v. The

CV 1ot = V2L - E(1r21a<XL Zy) decentralized penalty function (DPF) was based on the sampled values.)
whereZy, ..., Z, are independent standard Gaussian variables. Thus TABLE |l

the DPF function of\ (a) depends heavily on the number of sensors

i X TWO IDENTICAL SENSORS(11 = 2 = 1)
in this case. Using Table | of [4], we have

e o v E1N(a) %DPF| E1M(a) %DPF| E1T(a)
;'1524’ !]‘: f =% (3.34) (3.33) (3.50)
OVTo = 4 20730, 1L =3 162 | 57400 36 | 54400 29 | 42+0.0
29115, if L=4; (3.86) (3.77) (3.93)
6.8815, if L =10. 252 | 6.4+0.0 39 5.9 + 0.0 28 4.6 £0.0
(4.68) (4:52) (4.68)
For moderate values of, sayy = 10*, we have/Iogvy ~ 3.03, 538 7.64+0.0 41 6.8+ 0.0 26 5.4+ 0.0
and so the right-hand side of (31) is rougty%, 68%, 96%, and (5.50) (5.58) (5.73)
227%, respectively, ifL. = 2,3,4 and10. This indicates thai\/(a) 1556 9~éj§%~0 44 8-(1;900)0 27 Géigg)'o
may perf_orm poorly for moderate values 9fin symmetrlc_ systems | 5104 | 9vig1 5 854 0.0 27 6.7 + 0.0
with multiple sensors. For example, whén= 4, the detection delay (6.76) (6.74) (6.89)
of M(a) may be96% larger than that of the optimal centralized| 5013 | 11.140.1 46 9.540.1 25 7.6 +0.0
procedure ify ~ 10%. (7.50) (7.54) (7.69)
10970 | 12.240.1 47 10.5 4 0.1 27 8.3+ 0.0

Finally, let us comparé/(a) with N(a). While M (a) has better
asymptotic performance thai(a), it is possible thatM (a) has
worse performance thai(a) in practical applications, especially Theorem 4:If all pre-change and post-change distributions are

:/vhen ?_’ t_h(;_nutmliﬁ_r of stentshor;s,this Igrrg]tehbyjt(ijs (.)(;”y ?%dlerate% completely specified and satisfy the conditions of Theorems 1 and
arge. To indicate this, note that the right-hand side of (31) cou tfs"‘?then neither past message information nor the feedback from the

larger than that of (29) if fusion center improves asymptotic performance in the decentralized

CVTiot decision systems specified in (1) - (5).
Viegy < 7—F——. (32)
Liot/Ip — 1

) ] ) o It should be pointed out that one of the underlying assumptions of
Thus, if CV/Tior is large or lio/Ip is small, then it is likely that hs theorem is that the observations are independent from sensor to
M (a) will perform worse thanN'(a) for moderate values of. By  gensor. It is likely that past message information or the feedback will
(27), itis easy to see that if there are large number of sensors, thgNmere useful in practical applications where the observations are

the valueC’ will be very large, and sd/(a) can perform worse than gependent or observation distributions are only partially specified.
N(a). For instance, in the above symmetric Gaussian system with

small SNRs, (32) becomes

50, if L =2; V1. NUMERICAL RESULTS
5.3x10°, if L =3;

7= 2.0 x 10, if L =4; In this section, we present a numerical illustration of the asymptotic
1.3 x 10%, if L = 10. theory of previous sections. Suppose there &resensors each

sending binary message to the fusion center, ik.= 2. Assume
Therefore, for moderate values of say 10*, it is likely that M(a)  that the observations at sensér are independent and identically
will perform worse thanN(a) in the system with large number of gistriputed random variables with mednand variancel before
Sensors. the change and with megm and variancel after the change. An

Observe that both ofV(a) and M(a) do not use past messageinteresting'j application of this model can be found in [21], wh&re
information or the feedback from the fusion center, but they ageeographlcally separated sensors are used to detect the appearance of

asymptotically optimal in the corresponding decentralized decisiGhd€terministic signal (or target), which is contaminated by additive

systems. This fact proves the following interesting result, part Yfhite Gaussian noise. at .each Sel’.]SOI‘. ) ]
which was conjectured in [24]: If 112 > 0, then the likelihood ratio at senséf is a monotonically

increasing function of the observation, and hence the MLRQ at each



TABLE Il

THREE NONIDENTICAL SENSORY(pt1 = po = 0.2, ug = 1)

TABLE V
TEN NONIDENTICAL SENSORS(THREE p; = 1 AND SEVEN g; = 0.2)

v Ei1N(a) %DPF| E1M(a) %DPF| EiT(a) v Ei1N(a) %DPF| E;1M(a) %DPF| E;T(a)
(2.76) 272) (2.89) (3.16) (1.12) (3.09)
100 7.6 £0.1 31 7.6 £0.0 31 5.8+ 0.0 100 3.6 +0.0 38 8.4+0.0 223 2.6+0.0
(3.47) (3.46) (3.60) (5.30) (3.98) (5.33)
210 9.6 +0.1 35 9.14+0.0 28 7.14+0.0 1010 5.7+ 0.0 43 109+ 0.1 173 4.0+0.0
(4.37) (4.35) (4.45) (6.92) (5.72) (6.96)
510 12.0+0.1 38 10.9+0.1 25 8.7+0.0 5112 | 7.3£0.0 46 12.6 £ 0.1 152 5.0£0.0
(4.98) (5.05) (5.12) (7.59) (6.39) (7.64)
1018 13.9+0.1 40 12.44+0.1 25 9.94+0.1 10048 | 7.9+ 0.0 46 13.3+0.1 144 5.44+0.0
(5.70) (5.78) (5.80) (8.28) (7.10) (8.35)
2022 159+0.1 42 13.94+0.1 24 11.24+0.1 20436 | 8.6 0.0 48 14.0+0.1 141 5.8+ 0.0
(6.60) (6.67) (6.70) (9.19) (3.09) (9.25)
5012 | 18.54+0.1 44 15.8+0.1 24 12.8 £0.1 51046 | 9.4+0.0 47 14.9+0.1 133 6.4+0.0
10076 20(.;18()).1 45 17(.1'172).1 23 14(;102).1 ( Numbers in parentheses are the valuesigo that Eoo7(a) ~ . The

( Numbers in parentheses are the valuesido that Eoo7(a) =~ . The
decentralized penalty function (DPF) was based on the sampled values.)

decentralized penalty function (DPF) was based on the sampled values.)

TABLE VI
TEN IDENTICAL SENSORS(ALL p; = 0.2)

TABLE IV
THREE IDENTICAL SENSORS(pt1 = p2 = pug = 1) ~ ElN(a) % DPF ElM(a) % DPF E1T(a)
_ . . (2.22) (1.93) (2.48)
v FE1N(a) %DPF| Ei1M(a) %DPF| EiT(a) 101 | 14.640.1 29 23.4+0.1 107 11.340.1
(3.01) (2.94) (3.54) (4.32) (4.66) (4.60)
160 4.2+0.0 35 4.640.0 48 3.1+0.0 1003 | 30.74+0.2 42 50.6 + 0.2 134 | 21.6+0.2
(5.50) (5.13) (5.62) (5.91) (6.41) (6.18)
1332 | 6.4+0.0 42 6.6 +£0.0 47 4.5+ 0.0 5012 | 43.440.2 48 69.2 4 0.3 136 | 29.34+0.2
(6.87) (6.49) (7.00) (6.60) (7.14) (6.86)
5200 | 7.84+0.0 44 7.9+0.0 46 5.4+ 0.0 10089 | 48.7+0.2 49 76.8 +0.3 135 | 32.7+0.2
(7.46) (7.21) (7.70) (7.27) (7.86) (7.58)
10600 | 8.5+ 0.0 44 8.6 +0.0 46 5.9+ 0.0 20193 | 53.940.3 48 84.9 + 0.4 134 | 36.3+0.2
(8.24) (7.86) (8.36) (8.19) (8.79) (8.48)
20338 | 9.2+0.0 46 9.2 + 0.0 46 6.3 + 0.0 50107 | 61.1+£0.3 50 95.2 4 0.4 133 | 40.84+0.2
(9.16) (8.77) (9:27)
51270 | 10.240.0 48 10.0 + 0.0 45 6.9+ 0.0
(iii) T'(a), Page’s CUSUM procedure defined by (9) in the centralized
sensorS; can be written as version. _
For these three proceduresa), the threshold value was first
o { 1, Xin 2.)‘“ determined from the criteriorfBo.7(a) =~ 7. Since EoN(a) is
0, otherwise. discontinuous (see [2]), the values of were chosen so that the

Thus the Kullback-Leibler information number féF, ,, is

r(\) = h(®(\ — ), (\)),

corresponding threshold valueexists for each of these procedures.
A 10*-repetition Monte Carlo simulation was performed to determine
the appropriate values af to yield the desired mean time between

where ®(-) and k(a,b) are defined as in (30). Since the functiorfa_llse al_arms'y to within the range of sampl_ing_error. Rath_er than
r(\) has a unique maximum value ovfr, oc], it is easy to find simulating E.7(a) for eacha separately (which is computationally

the optimal \, numerically. For example, ify = 0.2 or 1, then demanding), an efficient algorithm, suggested by Professor Gary

the optimal thresholds,, are 0.1584 and 0.7941, respectively, and Lorden, is to runone simulation to return the record values of the
the corresponding optimal Kullback-Leibler information number§USUM statistics and the corresponding values of sample size, and
r(\;) are 0.01273 and 0.3186, respectively. Note that in these then to estimaté’.. 7(a) for differenta based on these record values.
situations, I(gi, fi)/1(gi, fi) is close to2/m since the Kullback- Next, the renewzﬂ property of the CUSUM statistics implies that
Leibler information numbed (g;, f1) = p?/2. the detection delay;r for each of these three procedures is just
As an illustration, six cases are considered: E;7, the expected sample size when the change happens at time
Case 1 (Two Nonidentical Sensorg)= 2, 41 = 0.2 andue = 1. v = 1. Itis therefore straightforward to simulate the detection delay.
Case 2 (Two Identical Sensors):= 2, and s = p2 = 1. Monte Carlo experiments with0* repetitions yielded estimates for
Case 3 (Three Nonidentical Sensor):= 3, u; = u2 = 0.2, and the detection delays. The results are summarized in Tables I - VI,

3z = 1. with the values ofz in parentheses.
Case 4 (Three Identical Sensors) = 3 andy;, = 1 for | = In the system with two sensors, Tables | and Il show th&ta)
1,2,3. performs better thatV (a) even for moderate in both nonsymmetric

and symmetric systems. In the system with three sensors, Tables IlI
and IV show that for moderate, M (a) performs better thaV (a)
Case 6 (Ten ldentical Sensors)L. = 10 and y; = 0.2 for all in a nonsymmetric system, but their performances are similar in a
1 <1<10. symmetric system. In the system with ten sensors, Tables V and VI
In each case, we compare three asymptotically optimal procedursisow thatM (a) performs much worse thai (a) for moderatey
(i) N(a), defined by (15) in the system with limited local memoryjn both nonsymmetric and symmetric systems. These are consistent
(i) M (a), defined by (22) in the system with full local memory; andwvith our asymptotic theory.

Case 5 (Ten Nonidentical Sensors).= 10, y; = 1if 1 =1,2,3,
andu; = 0.2 if 4 <1< 10.



It is interesting to see that the DPF function/f(a) seems to be  Since X, ,,...,Xz,, are independent, so a®i,,,...,Urn
a decreasing function of, but the DPF function ofV(a) seems to given Uy ,_y). Thus in the fusion center, the conditional log-

be an increasing function. Comparisons of Tables I-VI indicate thikelihood ratio of (Ui ,...,UL.) givenUy [y ,_q) IS
adding sensors with low SNRs actually degrades the performance of

M (a) for moderate values of, while adding sensors with relatively 7 _ Z 7

high SNRs will improve the performance df/(a) for moderate " b

values of~, but the improvement may not be as good as those of
two other procedures/(a) and7T'(a). By Theorem 1 of Lai [8], in order to prove (16), it suffices to show

that for anyé > 0,
VIlI. CONCLUSIONS vt

We have studied a decentralized extension of quickest change lim supesssup P, {maxZZk >Ip(1+0)n
detection problems in two different scenarios. In the system with et vzl
limited local memory, we have proved the previously conjectured | U[1,u71]} —0. (33)
asymptotic optimality of Page’s CUSUM procedures with Monotone
Likelihood Ratio Quantizers (MLRQ) under a new condition on By the definition ofIp, (g, fi), for anyk > v,
observation distributions. The widely used Gaussian or exponential
distributions satisfy this condition. In the system with full local
memory, we have developed the first of asymptotically optimal
procedures. A major theoretical result is that our procedures have
same asymptotically first-order performances as the corresponding Z I, (g0, 1) = Ip
optimal centralized procedures, although both theoretical analysis and - L ’
numerical simulations also show that our procedures may perform
poorly in some practical situations, especially in the system withus
large number of sensors, because of the slow asymptotic conver- v+t

L
E,(Zx !U[l,u—l]) = Z Ey(Zix ‘U[Ly—u)

A

gence. It is interesting to note that all these asymptotically optimal Py{ max Z, > In(1+9) n| Up,— 1]}
decentralized procedures do not use past messages, and hence neither t=n

past message information nor the feedback from the fusion center vrt L

improves asymptotic performance. Finally, we have compared these < {maxzz (Zik = EvZip) 2 IDM‘ Upu-y }
asymptotically optimal decentralized procedures with the optimal k=v =1

. . . . vt
centralized procedures, especially for Gaussian sensor observations. < ZP {maX (Zin — EuZig) > 51n| Uiy }

There are a number of interesting problems which have not been t<n
addressed here. In practice, the distributions of sensor observations =
often involve unknown parameters. The results developed here #fgeres, = Ipd/L.
for completely known pre-change and post-change distributions, butNote thatZVH (Zl,k*EVZl,k) is a martingale undef,, Doob’s
they provide benchmarks and ideas for the development of proceduggbmartingale inequality tells us

in the presence of unknown parameters. It is also of interest to vt

study the system where the observations at the different sensors p, maXZ(Zl,k —E.Ziy) > 51n| U[lyl’*l]}
may be dependent. Moreover, finding fairly simple decentralized tsn —

procedures which are not only asymptotically optimal, but have good Zj" E, ( Zik) ] Up,- 1])
performance for practical values of the mean time between false S — 52n2

alarms, will undoubtedly be of great importance. Therefore, this work
should be interpreted as a starting point for further investigation. By definition, E, ((Zi,x)*| Up,v—1)) < Vi, (g, f1) for any k > v,
and hence
ACKNOWLEDGEMENT vt
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g, fi) is finite. Relation (16) follows.

and presentation. B. Proof of Theorem 2
Assume thatp(Y') is a quantizer taking values if0, 1}. Denote
APPENDIX by f, and g, respectively the density af(Y") when the density of
PROOF OFTHEOREMS Y is f or g. Let
A. Proof of Theorem 1 7. —1og 92(6(Y))
N - PR 6(Y))
In the system with limited local memory, we can rewrite @

Uin = Yin(Xim), Note that whenD = 2,
whereyy,, may d9pend oW1 = (Urgn-11s-- UL j1,n1)- Eg(Z<i>) = ﬁ¢(10g B¢) +(1 B¢)(log §¢>) )

Denote byfl ' andg’ ., respectively the condltlonal density induced ¢

on U, given U ,,_y; when the density ofX;, is f; and g.. Whereay = Pr(¢(Y) =1) and 3, = Py(¢(Y) = 1). Define
Denote byZ; ,, the conditional log-likelihood ratio function df; ,, 2 1.2
log (g}fn(Uz,n)/f;fJn(Uz,n)) H(r,s) :T(log g) —|—(1—7")(log 7 —s) ,




for 0 < r,s <1landH(0,0) = H(1,1) = 0. To proveVaz(g, f) < which is finite by the assumption. Hence
oo, it suffices to show that there exists a constaitsuch that for .
hmsupH(B(t),A(t)) < 0.

any ¢a t—0
H(fg, 09) < M. Similarly, it is clear that
If one of ay and By is 0 or 1, it is easy to see thaf; is 0 with 1- B(t)
probability 1 underg, and henceH (34, ag) = 0. So it suffices to Jlim /1~ B(t)|log ﬁ’ =0,

consider the case whefe< oy, 84 < 1. Since H(b,a) = H(1 —
b,1 — a), assume without loss of generality that a, < 3, < 1. and
(Otherwise considet — ¢(Y") and use (18) instead of (17) ). Since /7
1— B(t) is a cumulative distribution function anél(¢) is continuous fim sup
by assumption, there exists € (0, o) such that

logA ’—hmsup\/ ’logA ‘

is finite by the assumption in (17). Hence

t—oo

B(to) = Bo- limsupH(B(t),A(t)) < 00,
Now let ¢* be the likelihood ratio quantizer defined by oo

o — { L if g(Y)/f(Y) > to;

0 otherwise.

and Theorem 2 is proved.

C. Proof of Theorem 3
Then P;(¢* = 1) = A(to) and Py(¢™ = 1) = B(to).

To prove (24), define a new stopping time
The proof of Neyman-Pearson lemma ([10, p. 65]) shows that prove (24), defi W stopping H

/(d)*—qﬁ)(g(y)—tof(y))duzo, 1nf{n Zlo fz X” >7rla foralll=1,2,. L},
so that By the relation between the one-sided sequential probability ratio
(B(to) — Bs) — to(A(to) — a) > 0. tests and Page’s CUSUM procedures, it is easy to see that
Since B(to) = (4 by our choice oftg, we have E1M(a) < ElM(a), (35)
Ato) < . and so it suffices to show that (24) holds #6r M (a). To prove this,

Note that for fixedr, for1<I<L,let

OH(r, s) 1—r l—r r r
98 :2[1_Slog1_87§10g;], mf{ Zlog

which is positive for alls < r. Thus H(r, s) is a decreasing function

> ma}

of s in the interval[0, r]. In particular, and
H(By,ap) < H(Bys, A(to)) = H(B(to),A(to)), Tz(Mz) = sup {n >1: Z log gi ﬁl Ji O}.
Therefore, it suffices to show that there exists a constarguch that i=M;+1 filXa)
for all ¢, For simplicity, denoter; = 7;(0). It is well-known (e.g., Theorem D
H(B(t), A(t)) < M. in [6]) that for anyl <1< L,
Since A(t) and B(t) are continuous functions of it suffices to show By < 00 (36)

thatH(B(t),A(t)) is bounded as goes to0 or co. It is easy to
see that if the likelihood ratig(y)/f(y) has a positive lower bound sincelog (g:(X)/fi(X)) has positive mean and finite variance under
Co > 0,thenH (B(t), A(t)) is 0if t < Co. So it suffices to consider P1 by Assumption £2). A
the case when such a lower bound does not exist. By definition of M; and 7;(M;), we have

Now B(t) and A(t) go to1 ast goes to0, so

(a) < <
lim B(t)‘ log &’ o M(a) < 121?(]: (Ml + Tl(Ml)) max. M + ZTl (M)).
t—0 A(t) =1
By Wald's likelihood ratio identity, we have Now sinceX; 1, X, ,... are i.i.d. underP;, we haveEm(Mz) =
E;7;, and thus
9(Y) ) (g(Y) 9(Y) ) 1
1-B(t) = P (—<t =FE;( %22 <t
© = 5w FV) FY) A o
< .
< P (% < t) #(1 — A(t)). EiM(a) < By max Mi+ ;Eln (37)

Using the fact that1 — A(t) < 1, we know that By renewal theory and AssumptioAZ), under P,
B(t) N -
V1 - B(t)| log 1=3(7 | s less than BN = =%+ 0(1) and Vari (V) = O(a),

max{\/l —B(t)‘log(l — B(t

Itot
t) 10gt‘}- (34) asa — oo, see [16] and [17, p. 171]. Hence,

1-B

Ast — 0, B(t) — 1, so that the first term in equation (34) goes to  (Ex|M, — T )2 < Ey (M — Ia )2
0, and by Chebyshev’s inequality the square of the second term is tot et . a o
g(¥) g(¥)\? = Van(M)+ (B = 77)
tog)° P ((~ 1o > |logt]) < E,(~lo ) _ ot
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and so a B HP (Wip > )
B\ M, — 7 } = 0(Va). = o (Wi > ma
tot l?,l
Th 1
us “ u < Hexp(—ma) =exp(—a) = T
Fi1 max M; = + F; max (Ml — ) =1
1<I<L Tiot 1<I<L Tiot
L O
a ~ a
< - — . L .
= Lot + l B[ M, Lo Using Lemma 4, it is easy to derive
=1
Lemma 5:For anym = 1,2, ...,
- I“ +0(Va). Y o
: o Poo(M(a) <m) < —.
Relation (24) follows at once from (35), (36) and (37). A
To prove (26), letA = exp(a) and note that Lemma 6:Fort¢ > 0,
limsup P (M (a) < tA) <1 — exp(—t). 38
BM = ZP (01 > n) Z/ > n)da e Poe (M) = 04) < 1= exp() (38)
Proof: For simplicity, we consider only the case whén= 2.
o The same idea can be applied to the cases 1 andL > 3. Choose
> Z/ > 2)dz = / Po(M > z)dz  m = m(a) such thatm/a*> — oo, andlogm/a — 0. Note that
1
Poo(M(a) < tA)
= A/ Poo (M > tA)dt = Py max max [ min &} > a)
/A 0<k<tA/m km+1§j§(k:-§)m %S'SZSQ T
Thus by Lemma 6 below and Fatou’s Lemma, = Poo(max max [ min max u} > a), (39)
k j 1<i<2 4 iy

harﬂi;}f (EOOM(“)/A) where the maximum is taken over< k < tA/m,km +1 < j <

oo 1 (k+1)mandl < < jforall I = 1,2. For all suchk, define
> liminf/ Py (M(a) > tA)1{t > —}dt
a—oo J A C (k) {iy  km+1<i <5< (k+1)m},
> / lim inf [POO(M(a) > tA)1{t > %} dt Ca(k) = {in:1<i1 <km},
o T Di(k) = {ia:km+1<iy<j<(k+1)m},
= / exp(—t)dt =1, Do(k) = {iz:1<i2 <km}.
0

and hence (26) holds. For simplicity, omitk, e.g., writeC; for C1(k), and define

To complete the proof, we need to prove the following lemmas. By = CiNDi, By=Cs>nN Dy,
Lemma 3:Let W, ,, be the CUSUM statistic defined in (20). For B; = CinNDz, Bs=C2NDs.
anyl, anyk =1,2,..., and any real number,

Forr =1,2,3,4, denote
P (Wlm > b) < exp(—b). o . . Sij — Sy,
Proof: For eachl, let S;, denote the log-likelihood ratio Qr = Ps (maxmax [g}%ﬂgx T} > a),
S log(gu(X1i/ fu(X1.)), and defineS o = 0. Then the CUSUM -
statistic takes the form where the maximum is taken over< k < tA/m,km +1 < j <
(k+1)m and (i1,42) € B,. Note that the right-hand side of (39) is

Win = max (Sin = Sik). less thand.*_, Q,, and hence it suffices to show that

Since (X;1,X12,...,X1,n) have the same joint distribution )
as (Xin, Xi,n-1,.--,X11), Wi, has the same distribution as thUPZQT <1 —exp(—t).

maxi<i<n SM. Thus, r=1

P (Wi > b) = Pm(lglix Sis > b) = Po(ti(b) < n), It is easy to see that

Q1 _1—HP (max{ min maxsvl’j;ilsl’il} Sa)

where 1<1<2 4,
t;(b) = inf{n : S;, > b}.
where the product is taken over< k < tA/m, and the maximum
Lemma 3 follows from the fact that is taken ovetkm + 1 < i; < j < (k+ 1)m for all [ = 1,2. Thus
P (t1(b) < n) < P (t1(b) < 00) < exp(—b). tA/m
. Qi=1- (PM(M(a) > m)) .

Lemma 4:For anyk =1,2,..., By Lemma 5, we have

P (M(a) = k) <1/A, m)tA/m.

Q<i-(1-7
where A = exp(a).

Proof: Note that, since the observations are independent frd¥pte that sincen/A — 0 asa — oo, for given§ > 0, oncea is
sensor to sensor, application of Lemma 3 yields sufficiently large,

);

MS

m
Po(M(a)=k) < Po(Wix>maforl1<I<L) 1 - 2 exp(=(1+9)



and thus@; <1 — exp(—(1+ 4)t). Letting 6 — 0, we obtain
limsup @1 < 1 — exp(—t).

a— 00

€ > 0, Q2, Qs andQ4 are smaller than for sufficiently largea. We
will prove this fact for@ in Lemma 7. The proofs fo€s and Q4
are similar. |

Lemma 7:Under the condition (25) of Theorem 3, for all> 0,
oncea is sufficiently large,
7Sl’j — Sl’il} > a) <,
m

where the maximum is taken over< k < tA/m,km+1<j <

(k+1)m,1<iy <km,andkm+1<iy <j< (k+1)m
Proof: Note thatj — i, = j — km + km — 41 andS1,; — S1,4,

equals to the sum of the independent random walks — S1,xm

min max
1<i<2 4

Q2 = (mgx max {

J

and Sy, xm — S1,i, - Hence, if{S;} is an independent copy ¢fS1 ;},
then
Q2 < % 3 ch:( max S +SLJ > mia andWQJ >7r2a)
m 0<i<tA
j=1
< 4 3 ch}( max S; + 51, >7T1a) M(Wz,j >7r2a)
m 0<i<tA

t exp 7'('10, (
P
Z B,

using Lemma 3 f0|W2,j.
Now using Wald’s likelihood ratio identity,

S +Sl,] > 7T1CL)

Poo( max S; + 51,5 >7r1a)
0<i<tA

< Pyo(S1,; > ma)+ Px (Ogix Si > ma—S1; > 0)
< Poo(S1,; > ma)+ Eoo(exp(Sl,j —ma);ma— Si,; > 0)
= FEoexp (min(O7 S, — 7r1a))
= El[@Xp(*SLj) ~exp(min(0,S17j fma))].
Thus,

Q2 %Z]zﬁ exp(min(ma—Sl,j,O)).

j=1

Applying Lemma 8 (below) foiS; ; underP;, and lettingm; = a2,

we have for sufficiently large

sup Epexp (min(ma — Sl’j,o)) < e,
j=zmi

Therefore,
t
Qz < *(ml
m

and the lemma follows, since the right-hand side goe® dsa goes
to oo. |

1+ (m—m)ea) < t(% +e1),

Lemma 8:SupposeXi, Xa,... are i.id. with EX; = pu > 0,
Var(X;) = o2, and B|X;|* = p < 0. Let S, = X1 + ... + X,
andm; = b*. Then

sup Eexp ((min(b — Sn, 0)) — 0,
n>msj
asb — oo.
Proof: First we establish
. 3p b—np
E b—5,,0)) < <I>( )
exp ((mln( )) N + o~

where ®(z) is the standard Gaussian distribution arqzx)
To complete the proof of Lemma 6, it suffices to show that for afP(—

11

+A(bg_ TR ax/ﬁ) exp (b+ (12 - u)n),

NG 3 (40)

z)=1—®(x).
Let F,,(x) denote the distribution function &,,, then
T —np 3p
F, —® <
(@) ( ov/n )’ ~ o3y/n

for any x by the Berry-Esseen Theorem. Now

Eexp ((min(b — Sh, O))

F,(b) +/ exp(b — z)dF,(x)

/b " Fa() explb — o)z

/boo (05’\/} @(i—\/gﬂ))exp(bfx)dm
- gsz;ff@( U\/’%M)-‘r

[ ot

IA

,u) exp(b—x)

Tn dzx,

1
ov/n

and hence (40) holds.
We next bound each term on the right-hand side of (40)..For
mz, the first two terms are uniformly bounded by

3p

1
75+ (

_lw)
o )

which goes ta) asb — oo.

For the third term on the right-hand side of (40), we need to

consider two casesl) u > 02/2; and (2) p < ¢%/2. In case
(1), note thatA(z) < 1, and so for alln > m4, the third term is

smaller than

which goes td) asb — co. In case (2), note thad(z) <

exp (b —(n— %Q)bQ),

¢(x)/x for

all z > 0, whereg(x) is the density function of the standard Gaussian
distribution (see [26, p. 141]). Thus the third term is smaller than

b+ (Z;/? un (bai\/%n)’

which also goes t® uniformly for all n > m, asb — co.

Therefore, Lemma 8 holds.
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