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Abstract

Supposen points are scattered uniformly at random in the unit square [0; 1]2.
Question: How many of these points can possibly lie on some curves of length

Pa).

? Answer, proved here: Op (
We considera general classof such questions; in each case,we are given a class
of curvesin the square,and we ask: in a cloud of n uniform random points, how
many can lie on somecurve 2 ? Classesofinterestinclude (in addition to the
recti able curvesmentioned above): Lipschitz graphs, monotone graphs, twice-
di eren tiable curves, graphs of smooth functions with m-bounded derivativ es.
In each casewe get order-of-magnitude estimates; for example, there are twice-
di eren tiable curvescontaining as many as Op (n*~%) uniform random points,
but not essemially more than this.

We also consider generalizations to higher dimensions and to hypersurfacesof
various co-dimensions. Thus, twice-di eren tiable k-dimensional hypersurfaces
in RY may contain as many as Op (n*?9 ¥)) uniform random points. We
also consider other notions of “passingthrough’ such as passingthrough given
space/direction pairs. Thus, twice-di eren tiable curvesin R? may passthrough
at most Op (n***) uniform random location/direction pairs.
We give both concrete approaches to our results, based on geometric mul-
tiscale analysis, and abstract approaches, based on "-entropy. Seweral open
mathematical questions are identi ed here for the attention of the probabilit y
community.
Stylized applications in image processing and perceptual psychophysics are
described.
Keywords: Curve/lamen t detection; "-entropy; con guration functions; con-
certration of measure; longest increasing subsequence;travelling salesman
problem; pattern recognition.
2000 Mathematics Subject Classi cation: Primary 60D05

Secondary 62M40

1. Intro duction

Seweral well-known gamesin pop culture require a player to travel through an arena
scattered with “goodies' and to gather asmany “goodies' as possiblein a given amourt

of time; examplesinclude the 60's TV show Supermarket Sweesp [2] and the 80's video
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game PacMan [1].

scattereduniformly at random in the unit square[0; 1]>. Wetry to visit asmany points
aspossiblewhile traveling a path with total length . This problem is similar to the
above-mertioned popular games,if we think of the "goodies' as located at the points
Xi, and imagine “participants' traveling at unit speedfor a length of time . The
probability problem is to estimate the maximal number of points we can visit, i.e., to
determine how many ‘goodies' we could typically get by following the best possible
path among (some subsetsof) the random points.

To answer this questionformally, weintroducesomenotation: let X" = fX1;:::;Xnhg
andlet C bethe classof recti able curvesof length . Foracurve 2C, 6letX"()
be the number of points X; found along . Let N,(C) = maxfX"(): 2 Cg. In

this paper we will establish:

Theorem 1. For each > 0,

P15 P Nyc) 17 PR o1

We merntion this result not becauset is our principal aim in this paper{ it is actually
an easywarm-up exercise{ but to make concretethe kind of results we pursuein this

paper.

1.1. Generalization

This “Supermarket Sweep/PacMan' problem is a particular instance of a classwhich
we call connect-the-dots (CTD) problems. In ead such problem, we have a uniformly-
scattered set of points, we have a class of curves , and we ask for the maximum
number of points on any curve 2 . In the casejust discussed, = C, the collec-
tion of all nite-length curveswith length at most , and we get order-of-magnitude
estimates Op ( pﬁ).

Before continuing with technical discussion,we commert on our terminology. To
avoid confusion,we mertion that CTD terminology is currently usedin popular culture
in two dierent ways, ewoking dierent responses. On one hand, the term is used
in discussinga classic children's coloring-book game|where a cloud of non-random

points is preseried to the budding artist whose task is to connect every dot in a
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particular sequenceand seea picture emerge. We are not thinking of this usage.
We think instead of recent usagein political discourse[32, 13, 26] where CTD refers
to identifying a small subset of facts among many random con icting ones, thereby
detecting a subtle pattern. Thus, journalists writing in [32, 13, 26] all usedthe CTD
phraseologyto corvey the failure of policymakers to winnow from many apparertly
random piecesof information at their disposal a few speci ¢ precursorsto important
everts. The lengthier terminology \connect the dots amid heavy clutter" would also
be appropriate, where the term \clutter" ewkesthe many irrelevant confusersthat
one does not connect. The modern journalistic usageof the CTD phraseis broadly
consistert with our own usage;and with potential applications in signal detection and
pattern recognition (seebelow).

Our study of CTD problemswill considerseweral choicesfor : twice-di erentiable
curves,graphsof functions of boundedvariation, graphsof increasingfunctions, graphs
of m-times-di erentiable functions. We will seethat in eat casethe maximum number
of points on a curve in the given classwill grow asN,() = Op(n ) wherethe growth
expnent = () dependson the massivity of the class . Thus, we obtain the

following results.

2-smoth Curves. Let C (2; ) denote the class of twice di erentiable curves

taking valuesin [0; 1 with length and curvature pointwise. Then
(C2 ) =1=

Graphs of Boundal Variation. Let BVGr denote the classof graphs (x; f (x))
taking valuesin [0; 1]? where the total variation kf kty . Then (BVGr )=
1=2:

Lipschitz Graphs. Let LipGr denote the classof graphs (x; f (x)) wheref is a

function with range[0; 1] and slope cortrolled by jf (x) f(x9j  jx x9. Then
(LipGr ) = 1=2:

m-fold Di er entiable Graphs. Let Di Gr . denotethe classof graphs (x; f (x))

wheref is an m-times di eren tiable function with range[0; 1] and kf (M)k;

Then (DiGr m: )= 1=(m+ 1):

In all theseresults, the massivity of the class enters through the growth exponert

of the "-entropy of the class.
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We generalizebeyond point cloudsin dimension2, consideringthe casewhereX;, i =

we also generalizethe CTD problem from connecting dots using curvesto connecting
dots using hypersurfaces,and more generally using k-dimensional immersions with
1 k d 1.

We also generalizethe problem from connecting points to passingthrough points
with tangents having prescribed orientations at those points; we call this the connect-

the-darts problem.

1.2. Motiv ation

The CTD problem is interesting from seweral viewpoints.

Prokability Theory. CTD generalizegwo known problemsof considerableinterest

among probabilists.

1. Length of the LongestIncreasing Subsguene (LIS). Supposewe let IncrGr
denote the class of increasing curves, i.e., of setsf(x;f(x)) : x 2 [0;1]g
wheref :[0;1] 7! [0; 1] is monotone increasing. Then N, (IncrGr) measures
the result of last-passagepercolation [6]. Also, if we write X; = (Xi;Vi),

let  denote the sorting permutation x (4 X (2 1, and dene

increasing subsguene among the numbers wy; wy;::;;w,. The problem
of determining the asymptotic behavior of the length of the longest in-
creasingsubsequencef n such random numbers (sometimescalled Ulam's
Problem) attracted considerableattention in the 1990's,with conceriration
of measureestimates [20], massive computational studies [30], and nally
results on asymptotic distributions [7]. In the 1970's, Vershik, Logan, and

Pa.

Shepp [37, 27] shaved that asymptotic behavior of N, (IncrGr) 2
(Groeneloom [21] givesa particular simple proof of this). The more delicate
uctuation distributional properties have been determined by Baik, Deift,
and Johanssen[7] who showed that the asymptotic distribution follows
the Tracy-Widom distribution [36]. It turns out that similar asymptotic

results hold for a dierent CTD problem where the class is made of
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Lipschitz graphs. The fact that study of CTD extendsthe rangeof sud limit
phenomenaseemsper seinteresting, especially in view of other universality

results regarding the Tracy-Widom distribution [34].

2. Traveling SalesmanProblem. Probabilists and operations researders have
beeninterested for decadesin the problem of determining the shortest path
through everypoint in a cloud of n uniform random points. This path length
grows like :7121{) n , where :7124is an approximation to the Beardswood-
Halton-Hammersley constart [23]. The CTD problem considersinstead the
maximum number of points on a curve of xed length independert of n.
While the two problemswould thus be closely connectedif  were variable,

= q :71240 n, we do not considerthis casein our approad, which leads
to di erences in application and interpretation | di erences which might
be stimulating to TSP researters. In addition, an interesting connection

betweenthesetwo problemsis described at the end of Section2.1.2.

Geometric Discrepancy Theory. Number theorists, harmonic analysts, and nu-
merical analysts have long beeninterestedin the problem of determining whether
a set of points is nearly uniformly distributed. It is standard to measurethe
discrepancyfrom uniform by comparing the fraction of points in a set with the
fraction of volume in that set, and one maximizes the discrepancyover a class
of sets (rectangles, disks, convex sets, ...) [8, 28]. As a refereehas pointed out,
CTD could be considereda variant of this approach, maximizing discrepancy
over classesof curves. Since classesof curves involve objects of zero volume,
discrepancyboils down to measuringthe maximal number of points on a curve.
Despite the apparert di erences { studying ‘vanishingly thin sets' rather than
“thick' geometricobjects { a quartitativ e connectionis sketchedin the Appendix;

resultson CTD imply boundson the geometricdiscrepancyof random point sets.
Filament Detection. CTD is relevant to inference problems in image analysis.
Suppose we obsene n points scattered about the unit square. Consider the
hypothesistesting problem:

Under Hy, the points are independert and random uniform on [0; 12

UnderH;. ., the vastmajority of the points are againindependen, random
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uniform on [0; 1%, but a small fraction ", of points are actually uniformly

sampledat random along an unknown curve 2 .

This inferenceproblem models data given asthe output of a spatially distributed
array of detectors, such as particle detectorsin high energy physics [3] or, more
recenly, sensornetworks forming a Smart Dust [24]. Sensoralarms causedby
“background' are “false detections' uniformly scattered in space; sensoralarms
causedby something interesting (a particle or intruder) are scattered along the
path of the interesting object, but immersedin the irrelevant “clutter' of “false
alarms'.

It is clear that if the fraction ", de ning the alternativ e hypothesis exceedsthe
typical behavior for N () =n under Hq then reliable detection is possible. A
sketch of the idea is illustrated in Figure 1. Henceit is of some interest to
determine the asymptotic behavior of N, (), aswe do in this paper. For more

on such problems, see[4, 22].

Vision Resarch. An interesting stream of vision researt started with the
two papers [19, 25]. Both experiments presened specially prepared imagesto
human subjects who were asked to (quickly and re exiv ely) judge whether the
imageswere “purely random' or “cortained a curve buried in clutter.' In detail,
the images showed a collection of graphical elemens which, like in the signal
detection problem mertioned above, wereeither purely randomly scatteredor else
cortained, in addition to randomly scattered points, a small fraction scattered
along a curve. Compare Figure 2. A special feature in this experiment was that
the graphical elemeris were not points, but instead oriented patches.

In one experiment, the patches were used as if they were simply points; their
orientation was meaninglessand chosenat random. In another experimert, the
patcheswere used as tangerts, i.e., when points were sampledfrom a curve, the
patcheswere chosentangert to the curve.

A question of particular interest to vision researdersis: how doesthe detection
performanceof the human visual systemcompareto that of an ideal observefa
mathematically optimal detector? Our results provide such an ideal obsener

with which to compare human performance. They also explain why the second
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(a) Pointset-I (b) Maximal Lipschitz curve
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Figure 1: Examples for Connect-The-Dots. Three examplesof scattered points in [0; 1], and
the corresponding CTD solution. In ead casethe class of curvesis the set of Lipschitz
graphs. Panels (a),(c), and (e) show the pointsets only, while panels (b), (d), and (f) show
the maximal Lipschitz curves,with 31; 35; 54 points respectively { out of n = 500 points total.
Panel (a) shows a uniformly distributed random pointset. Panels (c) and (e) show clouds
with a small number of points on a Lipschitz curve, in addition to uniform random points.
It seems unlikely that visual inspection would detect non-uniform structure in (c) (compare

(a)); however, a statistical test basedon CTD counts can reliably establish its presence.
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(a) (b) (c)
1 - - 1 - - 1
AN S S LN 7N
- gl - < . - <4
08 ! x‘*f s 08 ! x‘*i s e 08 N
PR N P NS AN
Tas~ A TAs~ A
ol P ij/v NV os| ;{j) ST 06 N
4 DA TR 4 PRV NI
| - N NN [ < L A N N Ny
04l ~ TN tra\;;\‘ ; “‘f;\‘ oal ~ T~ tra\/a)\\ ; 'N7\\4 04 ~.
D .7 \TT N N7 \TT ‘N ~
02t ”y N b o2f 4 N = 02
. ~ - . ~ - -
AN A N AN A N
Z N 1 z X
° < ~ \ - 7\ ° ~ i - 7o\ 0
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
(d) (e) ()
1 - 1 - 1
- N~ TN N - ~ TN N
08 N I 08 5 A 08
SR VA \ SR VA
FAus \ =AU~ o \
0s| P p ;{}) \"/\,’\" 0s| > p ;{9) \‘/\,’\/' 0.6
IR AN D A
R AN e [ N SR N T ~
0.4 Ny ‘)‘\f */7‘ 0.4 N \)‘\f */7‘ 0.4
v ST Ly L S R —
Y N VN iy 02l o WY y 02
/8 ANFU N A /2 ENU N A
2R\ 2y 7 ' Iy
0 ! 0 ! 0
0 02 04 06 08 1 0 02 04 06 08 1 o 02 04 06 08 1

Figure 2: Examples for Connect-The-Darts. Panel (a) shows a collection n = 200 of “darts'
taking uniform random positions and directions; Panel (b) shows the maximal Helder-2
function with rst-order contact; Panel (c) extracts this function and its points of contact.
Panels(d)-(f) are similar to (a)-(c), exceptthat 15 of the 200 points are now nonuniform; they
are chosento bein rst-order contact with a speci ¢ Helder-2 function. In both cases,the

Helder constant = 15. The power of the test is nearly 1.

experimert is substartially easierfor humansthan the rst. Indeed, the second
experiment involvesnot just passingthrough points, but passingthrough points
at given angles. The growth exponerts are smallerin such cases;this provides
a rigorous and quartitativ e sensein which one can say that detection exploiting

orientations can be more sensitive than detection basedon points alone.

1.3. Contents

Our aim in this paper is to formalize a classof problemsin stochastic geometry and
give someinitial results and methods. Accordingly, we provide in Section2 a concrete
approac to determining growth exponerts for the classof curves of bounded length

and curves of bounded curvature. Our concrete argumerts use discrete structures we
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found usefulin building the algorithms in [4]. We then dewelopin Section3 an abstract
approadc basedon "-entropy which allows us to e cien tly derive growth exponerts in
a wide range of classes;examplesare given in that section, such as graphs of smooth
functions and graphs of bounded variation functions. Section 4 applies this abstract
machinery to the connect-the-darts case. Our main question about this classof prob-
lems concernsthe set of questionsbeyond growth exponerts. In Section5 we consider
the question of whether N, () =n tends to a limit in probability, and the behavior
of the uctuations of N,(). Sud results are known in the caseof longestincreasing
subsequencementioned above, and we review evidenceindicating that they hold more
generally We point out that a simple application of a concerration of measureresult
of Talagrand's cortrols the standard deviation of N, () and givesexponertial bounds
on uctuation of N,()  medianf N, () g. Perhapssomeprobabilists will be inspired

by this article to complete the picture and derive ner distributional properties of
Nn ().

2. Concrete Approac hes

We begin by discussing concrete methods for estimating the order of growth of

N, (), for two specic choicesof .

2.1. CTD with bounded length

Consider rst the case = C mertioned in Theorem 1.1. We considerupper and

lower boundsfor N, (C ) separately

2.1.1. Upper Bound. We construct a graph G, = (Vy; E,), assaiate paths in the graph
with tubular setsin the plane, and estimate the number of points in sud tubes. The
vertex setV, correspondsto the grid points f (k1"1; k2"1)g with k; integer,0  Kki; k>
P n = 1=";. Considerthe line segmets joining grid points (k;"1;k>"1) and (k9" 1; k3" 1),
with the restriction that jk? kj;j 1andjk) kpj 1. Theseline segmets form the
edgesE, of our graph G,. We permit ki°= ki;i = 1;2, in which casethe line segmen
consistsof the single point (ky; k3).

In this graph, a path is a sequenceof vertices in V,, connectedby edgesin E,.

Such apath hasanimagelm( ) in the unit square,de ned asthe "-neighborhood (in
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Figure 3: A rectiable curve and its assaiated path "( ) (piecewiselinear).

Hausdor distance) of the union of the line segmers that traverses,where" = %"1.

The choice of " comesfrom the proof of Lemma 1 following.
Lemma 1. Fix > 0 and assumen > ng large enough. For each curve 2 C,
there is a path  through G, whoseimage in the unit squase covers , i.e., Im( ).

p

Moreover, may be chosen( = "( )) sothat it traversesat most = n+ 1 vertices.

SeeFigure 3. Fix 2 C, and choose a unit-speed parametrization, denoted by

([0;°]) where ™ = length( ). Consideran ";=2-covering of [0; ], denoted by fs; : j =

1;:::5;J9, chosensothat J ="+ 1 =",+1 Foreahhj = 1;:::;J,leth bea
closestgrid point to (s;). Note that j (s;) bj "1:p 2. Since

B+ b j (sj+1) Baaj+j(54)  (s)i+](s) Bj
"1:p§+ "1=2+ "1:p§

< 2%

the line segmen [b ;5.1 ] isin E,. Therefore,wemay de ne to bethe path by;:::;by.

Moreover, sincefors; s Sj4q,
maxfji (s)  (sj+)iii () (§)i9  "1=2

the pieceof curve ([sj;s;+1]) is within Hausdor distance"1=2 + "1:p 2< %"1 from

the edge[ly ;I3 +1]. Thus passeghrough at most P n verticesand its image contains
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Extend our de nition of X "(S) so that, whenewer S is a subsetS  [0;1]?, not
necessarilya curve, then X"(S) = #fi : X; 2 Sg (i.e., the size of S) and so that,
whenewer S is a collection of subsetsS 2 [0; 1]?, not necessarilya collection of curves,
then N, (S) = maxf X"(S) : S2 Sg. Dene alsoY" sothat, if isapathin G,, then
Y"( )= X"(Im( )); and for afamily of paths, put M,() = supfY"( ): 2 g.

Let now

"=f "(): 2Cg

It followsfrom our de nition of Y" and the previouslemmathat N,(C) Mu( "),

which in turn implies

P N.C)>B "A P Ms(")>B "n

Since " is nite, Boole'sinequality gives,for all B > 0,

P My( ")>B pﬁ #M n21a>n<P Y"()>B pﬁ

Lemma 2. For n> ng( ), Y" and " havetheseproperties:

P
1L.# ") Lln 9 ™

2. For any path 2 ", Y"( ) v Bin(n;j j), wher Bin(n;p) denotesthe usual

binomial distribution and | j is the area of Im( ); moreover,j j 6= pﬁ.

Property 1 simply combines the fact that every elemert in " is a chain of at most

P n + 1 vertices, with the obsenations that, from ead vertex, there are (at most) 9
possibilities for the next vertex on the path, and that there are (p n+ 12 1:1n (for
su cien tly large n) possible starting vertices. For property 2, Im( ) is contained in
the union of the 5=4 n 1=2-neighborhoods of the line segmes that  connects;there
are no more than P n + 1 such regionsand ead one of them has area not exceeding
(p 2"+ 29" 11=2n).

Using this lemma, we obtain the bound, valid for all B > 0,

max P Y"()> B P p Binne=Pm>8 Pn

Hoe ding's inequality [33] givesus cortrol over the tail of the Binomial distribution:
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Lemma 3. For C > 2,
P fBin(n;p) > C npg ' (C)";

where

3(C 1)

R X ]

2.1)

We get immediately that for B > 1 and n > ng( ),

P Bin(n;6:pﬁ)>B Pa '(st)ﬁpﬁ:

Combining all the above,

_ p_ p_—
P N,(C)>B " 11n9 "7 (B=6)6 7

= linexp pﬁ( 6log(' (B=6)) log(9)) :

Now, chooseB = 17 sothat 6log(' (B=6)) > log(9), making the right-hand sidetend
to zeroasn tendsto in nit y. This provesthe upper bound in Theorem 1.

We remark here that the generalidea of the upper bound proof is to nd a small
enough (Property 1) set of regions, eat of which has small enougharea (Property 2),
sud that every curvein the classis corntained in a region. The abstraction in Section3
treats the regionsasa set of "-balls in the assa&iated Haussdor metric, suc that they
cover the classof curves. Property 1 corresponds to the volume of ead "-ball being
small enough,and Property 2 correspondsto the "-ertropy (log of the least number of

balls in an "-covering) being small enough.

2.1.2. Lower Bound. To control N, (C ) from below, we start from the n random points

in X". We analyze these points and extract a random subsetof J,. ordered points

p1;p2;:::. We connect successie points by linear interpolation. We argue that the

result has length and then shaw that, with probability tending to one, Jy,
p_

A n.

To extract the points, subdivide [0; 1> asin Section2.1.1into "1 "1 squares.We

de ne a zig-zagordering of the squaresstarting in the upper left corner. Seebelow.
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Q1 | Q2 | Qs | Q4
Qs | Q7 | Qs | Qs
Qo | Qio | Qu1 | Qu2
Q16 | Q15 | Qua | Qu3
Letl = fi:X"(Q;j) 1g, indexing the non-empty squares.For each i 2 |, pick one

distinguished point p; 2 Q;. We arrive in this way at a well-de ned sequenceof points
(pi)- Connect successie points by linear interpolation, stopping just when the total
length of the curve reaches . Denote the constructed curve by . (it is random, as
its construction dependson X ). Certainly it belongsto C .

P ﬁ:p 2c

Let J,. denotethe (random) number of non-empty squaresin the rst b
squaresof our ordering. Even if all the squaresin this initial set were non-empty,
connecting points assaiated with such squarescannot lead to a length exceeding .
HenceY"( n. ) Jn ; andso,N,(C) Jn . Now J,. is essetially a binomial
random variable. Elemertary calculations in Appendix A.1 show:

Lemma 4.

P Jn 1=5 pﬁ I In! 1:

The lower bound in Theorem 1 follows.

The above probabilistic analysisuseda \Selection + Interpolation" approad which
can serwe as a common framework in later results. In this particular setting, a non-
probabilistic analysisis also possible,invoking previous researt about the Travelling
SalesmanProblem (TSP). Nearly half certury ago,L. Few proved that given n points
on a unit square,there is a curve of length not exceedingp 2n + 7=4 that traversesall
the n points [18]. Divide such a path into m = dpﬁﬂ DLl
with length . By de nition, N,(C) is larger than each X "( i), and solarger than
their average. Hence,

X"()+ +X"(m)_n 1P

Nn (C) =

3

2.2. CTD with bounded curv ature

We now increasethe assumedregularity on our curves,cortrolling both the curvature

and length. Let then C (2; ) denotethe classof C? curveswith length bounded by
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and curvature bounded pointwise by . We are interestedin N, (C (2; )).

Note that a constraint on may imply a constraint on the length. The “turning
radius' for a curve in the plane is of coursel= , so, if a curve has curvature and
its image lies in [0; 1], then, for small enough , the curve will not be able to “wind
around’ within the unit square;this constrains achievable lengths. For a given bound

on curvature, let o( ) give the maximum length subject to that bound. There is a
threshold o sothat o( ) < 1 for < o. In the extreme where ! O, curvesin
C (2; ) are almost straight, which forcestheir maximal length o( ) ! P 2as ! 0.
Hence,if < g, weassume < o( ), ensuringthat at least one curvein C (2; )
has length

By imposingthe curvature constraint we dramatically reducethe maximum number

of points which can lie on a curve.

Theorem 2. There exist A; B > 0, sothat, for eachpair (; ) with 0< < ¢( ),

n [0}
P A n™ Nyc@ ) B ¥n® 1 1nt! 1:

In particular, the growth exponert (C (2; )) = 1=3 is considerably smaller than
the value (C) = 1=2, when curvature was unconstrained. This is re ected in the
di erence betweenFigure 3 and Figure 8.

We again divide the proof into separateargumerts for upper and lower bounds.

2.2.1. Upper Bound. As in the curvature-unconstrained case, we construct a graph,
assaiate paths in the graph with tubular setsin the plane, and estimate the number
of points in such tubes. The graph will have a more complex structure than before,
and the assciation of paths to regionsin the plane will re ect the underlying reason
for the = 1=3 growth exponert.

Our graph G, has a vertex set V, with vertices corresponding to special planar
line segmens called beamlets, de ned as follows. We rst de ne special collections of
grid points, then join pairs of endpoints to form our special line segmeis. Consider
the vertical (resp. horizontal) grid points f(ki"1;ko"2)g (resp. f(ka"2;ki"1)g), with
0 ki 1="4yand0 ky 1=",, where"; = 2 M with

m, = 1=3 (2dlog,(n)e blog,( )c), sothat ",  *3n 273 and
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@) (b)

Figure 4: Panel (a): all the horizontal beamlets passingthrough a vertical grid point; Panel

(b): all vertical beamlets passingthrough a horizontal grid point.

mi = 1=2 (m, + k + dog,( )e), wherek is a universal (integer) constart de ned

in Appendix A.2.

We then considerline segmerts that join two vertical (resp. horizontal) grid points
such that their anglewith the horizontal (resp. vertical) direction doesnot signi cantly
exceed45’; formally, such a line segmen is de ned by its endpoints (k;"1;k2"2) and
(k9" 1;K9"2) (resp. (k2"2;k1"1) and (k9"2;k?"1)), with the restriction that jk? kij= 1
and jkY  koj < "1=", + 1. Sud line segmets will be called horizontal (resp. vertical)
beamlets. SeeFigure 4. Roughly speaking, the beamlets have length comparable to
n 173 and slope chosenfrom a grid of spacing n 273,

We also considerline segmetts joining vertical and horizontal grid points belonging
to the samesquare and making an angle closeto 45° with the horizontal direction;
formally, such a line segmen is de ned by its endpoints (k1"1;k2"2) and (k9"2;k?"1),

with the restriction that, if ky = Ko1"1 + ka2 with 0< koo < "1=",
k9 = kp1 or kpy + 1, and
k) (ki"1="2+ k2)j lorjkd (ki"i1="» ka)j 1.
Sud line segmerts will be called diagonal beamlets. SeeFigure 5.
The set of vertices V, is made of all beamlets de ned above. They provide an

e cien t, dyadically organized, multiscale, multi-orientation organizational structure.

The graphical structure we build using them is a variant of the beamlet graph de ned
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Figure 5: Diagonal beamlets passingthrough a vertical grid point.

(@) (b) (©

Figure 6: Panel (a): A horizontal beamlet and its horizontal neighbors; Panel (b): a vertical

beamlet and its vertical neighbors; Panel (c): a diagonal beamlet and its diagonal neighbors.

in [15, 5, 14].

The set of edgesin G,, which is denoted by E,, links any two line segmets in V,
that arein \good cortinuation”, which here meanstheir directions are closeenough[4].
Formally, two horizontal beamletsconnectedin E, are of the form [(k1"1;k2"2); ((ky +
1)"1;k3"2)] and [((ky + 1)"1;K9"2); (k1 + 2)"1;Kk3%,)], with the restriction that jk3°
2k9 + kaj 2. Similar statemerts hold for two vertical beamlets or two diagonal
beamlets. SeeFigure 6. Moreover, a diagonal beamlet and a horizontal (or vertical)
beamlet are connectedif they share an endpoint and are in good cortinuation in a

similar way. SeeFigure 7.

In graph G, = (Vh; ), apath isasequencef verticesin V, connectedby edgesn

E,. Such apath hasanimagelm( ) in the unit square:the tubular regionde ned as
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@) (b)

Figure 7: A diagonal beamlet and its neighboring horizontal (resp. vertical) beamlets [Panel
(a)] (resp. [Panel (b)]).

Figure 8: A smooth curve and its assaiated path "( ) (piecewiselinear).

the "-neighborhood of the union [ ,, p of beamletsvisited by , where" = 1=n 23,

The following analog of Lemma 1 is proved in Appendix A.2.

Lemma 5. For eachcurve 2 C (2; ), thereis apath 2 G, suchthat Im( ) covers
. Moreover, maybechosen( = "( )) sothat it visits at mostc '=3n1=3 vertices
of G,.

SeeFigure 8.

De ne now
T=f () 2C(2)g

Dene alsoY"( )= X"(Im( )), andj j= Area(Im( )).
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Lemma 6. Y" and " satisfy the following properties:

1=3,1=3

1# " cn? 146 TN
2. Foranypath 2 " ,Y"()v Bin(n;j j)withjj c Bn 25

The rst property comesfrom the fact that vertices in G, have degree 14, and
there are fewer than (2", *",%)?  cn? verticestotal. The secondcomesfrom the fact
that Im( ) is cortained in the union of the =*n 273-neighborhoods of the beamlets
that connects;there are at most ¢ 13n'=3 peamletsin  and for ead of them, its
128 273_neighborhood has areabounded by cn 1.
With theselemmasestablished,the upper bound follows in the sameway asin the

corresponding proof of Theorem 1.

2.2.2. Lower Bound. Here again, asin Subsection2.1.2,we subdivide into boxes, select

one point per box, and interpolate. Details are given in Appendix A.3.

3. Abstraction and Generalization

As implied in the Introduction, the two results proved so far are merely examples

of a much wider classof possibleresults. Here is a far-reaching example. Supposenow

lie on a k-dimensional surfacewith smoothnessindex ?

Our answer requires a more formal statemert of the question.

For a positive integer, let H( : ) denotethe functions fg: [0;1)k ! [0;1)g
obeying

gt ) g W] (D ks tk

forall s;t2 [0;1)% and all ( 1;:::; k)2 NKsudhthat ;+ + = 1.
For > 1not aninteger, let H<1( : ) denotethe functions fg: [0;1) ! [0;1)g
obeying

jgt 5 W(s) gt v K)j (b ks tk" 9,
forall s;t 2 [0;1)  andall ( 1;:::; k)2 NKsudhthat 1+ + y=bc

Here b c denotesthe integer part and f g denotesfractional part.
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Speaking very loosely measuresthe sizeof the -th derivative. De ne, for k < d,

a classof k-dimensionalimmersionsin RY:

and nally , considerthe corresponding classof “surfaces'viewed merely as point sets:
Sk 5 ) = g0, 1)) 1 g2 HY( ; )g:

Let N, (S%9( ; )) be the maximum number of uniform random points lying on any

such surface.
Theorem 3. For someA; B > 0 and a function (k;d; ; ),
PfA i (D) NS5 ) B at (B Dgr 15 nt 1

One could approad this by adapting our previous methods; however, we prefer to
dewelop an abstract upper bound, which we then apply to Theorem 3 aswell asseeral

other examples.

3.1. Upp er Bound, Abstract Setting

Let X bea probability space with probability measuredenotedby . Let Xq;:::; X, 2
X be independert with common distribution . We consider S, a class of subsetsof
X, and N, (S) = maxszs X"(S) { where,asbefore,if S X, X"(S) = #fi: X; 2 Sg.
Let beasemi-metricon X andlet be the corresponding Hausdor semi-metric on
the subsetsof X. For a subsetS X, and" > 0, let (S)- denote the "-neighborhood
of Sin the  semi-metric.

Wedenoteby H (") the "-ertropy of S with respectto . LetfS;:i= 1;:::;exp(H("))g
be a minimal "-covering with respectto . Let S2 Sandi sudhthat ( S;S;) .
By de nition, S (Sj)-. Therefore, N,(S) max; X"((S;)~).

Measurethe volume of "-neighborhoods of setsin S with:
M (") = sup f(S)-g:
S2S

Lemma 7. (Upper Bound.) Suppse there are a;b > 0 and c;;c, > 0 such that

H(M™ o " PandM (") ¢ "2. Then, for B large enough,

n 0]
P Nu(S)>B nb™@b® 1 0o nt 1: (3.1)
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Proof. We just saw that

n o}
PfN,(S)>ug P maxX"((S))>u
I

Sincethere are a nite number of S;, we are able to useBoole's inequality:

n )
P miaxX“((Si)u) >u expfH (")g max PfX"((S)") > ug:

Now, for a given S, X "((S)-) follows a binomial distribution
X"((S)-) v Bin(n; f(S)-g):

Hence,

maxP f(S;)) > ug P fBin(n;c"?) > ug;
I

since f(S)rg c"2forall S2S.

Using again Hoe ding asin Lemma 3, and with ' asde ned there,

PfBin(n;c,"?) > C cn"?g ' (C)="":

Hence,
PfNn(S)> C cn"?g expfc,” P+ cn"2log’ (C)g: (3.2)
We choose" = ", solving" ®= n"2. Then, (3.2) becomes
PfNn(S)> C cn"2g expf(c, + cylog' (C))n* (@ P g: (3.3)

For C sud that ¢; + c;log’ (C) < 0, the right-hand sidein (3.3) tends to zeroasn

increases.Rewriting the left-hand side of (3.3), we get
n o}

P N,(S)> C cnP™@b 1 0 nt 1;
for C large enough. (3.1) follows upon dening B C c,. From' (C) expf C=6g
for C > 2, we seethat (3.1) holdsfor B 6 maxf c;; ¢ 0.

3.2. Application to Hwolder Immersions

We now usethe abstract approac to prove the upper bound in Theorem 3. In that
setting, X = [0;1]9, is the uniform density on X, is the usual Euclidean distanceand
is the usual Hausdor distance. The classesH%4( ; ) and SK9( : ) werede ned

at the beginning of Section 3.
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Our rst stepis to transfer the calculation of entropies from the classof setsto the

function class. The following is basically self-evidert:

Lemma 8. Letf;g:[0;1] 7! [0;1]%. Then with f ([0; 1]¢) denoting the image of [0; 1]
under f, and similarly for g([0; 1]%),

( £(0;21);9(10; 1))  kf  gky : (3.4)

Let now H-(S%9( ; ); ) denotethe "-ertropy of the collection of setsSKd( ; )
with respect to Hausdor distance, and let H-(H¥9( ; ):j j1 ) be the "-entropy of

the function classH*4( ; ) with respect to the supnorm. From Lemma 8, we get
HA(S9C 0 ) He(H9C5 )i dn)s "2 (00
We now recall the very well-known results on "-entropy of Helder classes:
Theorem 4. (Kolmogorov and Tikhomirov, 1958.)
Ho(HC %0 J) G (=095 " 2(00)

Finally we estimate the key volumic quartity M ("). We note the connection with
the notion of Mink owski cortent (see[17]). Indeed, x S 2 Skd( ; ); then,

((S))=(vq « "¢ *) 1 vol(S); "0

wherevy ¢ denotesthe volume of the (d  k)-dimensional unit ball, and vol(S) is the

k-dimensional Hausdor measureof S (see[17], 3.2.39). We have the following lemma:

Lemma 9. Fix 1, >0, k, d. Set

M()=  sup  ((S)):
S2skd(; )

Then, for " small enough,
M() o F0 K

First, notice that, if 1, we have (by repeated integration by parts),
sI( ;) s )

Therefore, WLOG, we assume = 1.
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Let S2 Skd(1; ) andg2 H%Y(1; ) sud that g([0;1]) = S. Fix " > 0 and take a

"= -covering of [0; 1] { call it fs; :j = 1;:::;Jg. Note that 3 minfv, }( =");1g,
wherevy is the unit ball in k dimensions. Let x 2 (S)-; by de nition, thereiss 2 [0; 1]
such that jg(s) xj ". Also by de nition, thereisj sud that js s;j "= , which
implies jg(s) 9(sj)j ". Therefore,

(S) [}=1B(gs):2"):

This implies, for d;k; xed and " small,

X
((s)) (B(g(s);2) = Iva@)d ¢ 2vg=y K "9 K
j=1

We now combine theseresults with the Upper Bound Lemma 7 and obtain the upper
bound in Theorem 3.

We don't know an abstract lower bound technique. Using the select/interpolate
method, we give a lower bound for Helder objects in Appendix A.4. It matchesthe

order of magnitude of upper bound and completesthe proof of Theorem 3.

3.3. Graphs of Bounded Variation

To illustrate the generality of the abstract upper bound, we considernow the class

BVGr from the Introduction. We invoke the following:

Theorem 5. (Clemens, 1963.) Let H-(BV Gr ) denotethe -entropy for the class of
graphsof functions f with jf jtv andjf j; 1, with respect to the usual Hausdor
distance. Then

H.-(BVGr ) C( ="); "2 (0;1):

In a fashion analogousto Lemma 9, we can prove the following;

Lemma 10. Fix > 0. Set
M()= sup ((S)):
S2BV Gr

Then,
M (") = O("); "0
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Thesetwo lemmasgive us the raw ingredients for applying our Upper Bound Lemma
7, with exponents a= landb= 1,yielding (BVGr ) 1=2. A matching lower bound

follows immediately by the inclusion
HY¥ (1 ) BV >0
and the monotonicity of N, () under inclusion.

3.4. Increasing Graphs

For later referencewe point out a special caseof BVGr . As in the Introduction,
let IncrGr denotethe classof graphs of increasingfunctions f with valuesin [0; 1]. We

have the inclusion

IncrGr BVGry;

from which follows N, (IncrGr) = Op (n'72). Of course, we pointed out already that
N, (IncrGr) = 2 n'¥2 (1+ op (1)) [37, 27], which illustrates that our generalapproac
does not give the sharpest known results in speci ¢ cases.We return to this point in

Section 5 below.

3.5. Convex Graphs

Continuing to illustrate the generality of the abstract upper bound, we considernow
the classConvGrq of graphsf (x; f (x))gin RY of convex functions f : [0;1]¢ * 7! [0;1].

We invoke the following:

Theorem 6. (Bronstein, 1976.) Let H-(ConvGrq4) denotethe -entropy for the class

ConvGry with respect to the usual Hausdor distance. Then
H-(ConvGrg) Cgq" (@ D=2 "2 (0;1):

We state, without proof:

Lemma 11. Fix d. Set

M) = sup  ((S)):
S2 ConvGr 4

Then,
M (") = O("); "0
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Combining Theorem 6 and Lemma 11 with the Upper Bound Lemma 7, we get the
exponertsa= landb= (d 1)=2,yielding (ConvGrg) (d 1)=(d+ 1). A matching
lower bound follows by a separateargumert, which we omit. Notice that this exponert

matchesthe result for twice-di erentiable surfaces (S %94(2; )) = (d 1)=(d+ 1).

3.6. Lipsc hitz Graphs

We consider now the classLipGr from the Introduction. This may be viewed as

the specialcase = 1in the scaleof Helder classeshut a particularly elemenary case.

Theorem 7. (Kolmogorov and Tikhomirov, 1958.) Let H-(Lip ;j j1 ) denote the
-entropy for the classof functions f with Lipschitz constant and jf j; 1, with

respect to the usual supremum norm. Then
H-(Lip ;j ja) C(="); "2 (0;1):

Let now Lip be the set of functions f with Lipschitz constart and0 f 1,
and LipGr be the collection of graphs of such functions. Let H-(LipGr ) denotethe
"-entropy of this classof graphswith respectto Hausdor distance . Then from (3.4)
we have

H-(LipGr ;)  H-(Lip ;j ja); "2 (0:2):

By argumerts similar to those supporting Lemma 9, we obtain

Lemma 12. Fix > 0. Set

M()= sup  ((S)):

S2LipGr

Then,

M()=0(); ! o

Combining these two, we get the exponerts a = 1 and b= 1. The Upper Bound
Lemma?7, gives (LipGr ) 1=2. A matching lower bound follows immediately by the
inclusion
HY1(1:; ) LipGr : > 0;

and the monotonicity of N, () under inclusion. Our empirical data and theoretical

analysis show that
Nn (LipGr ) = 2” A(L + op(1)):
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3.7. Besov/T rieb el Graphs

The modern trend in studying functional classesviews the traditional regularity
classedasedon Helder, Lipschitz and Soholev regularity simply as special casesof the
more general Besos and Triebel scales[29, 12, 16, p. 105]. It turns out that results
very similar to the Helder casehold over these more general scales,even though the
notion of regularity can be quite di erent.

We useB',;?(;j ; ) for classeofimmersionsbuilt from Besao function classes3 4 [0; 17,

in a fashion analogousto our earlier construction of Helder graphs. Recall that

componerts f; obeying the Helder condition kf ki . Operating in parallel fashion
we now constrain the componerts of such f to ea have Besos norm kf kg

In the Besor scale, > 0 measuressmoothness, while p and q are second-order
parameters measuringthe “uniformity' of that smoothness. Thus B .; [0; 119 with
non-integral is equivalert to the usual Helder class,and B ,.,[0; 1] is equivalert to the
usual L2-Soholev classof smoothness . The bump aIgebraBil[O; 1] is an interesting
approximation to BV [29], and sewral other interesting spacescan be obtained by
proper choice of ;p;q.

We use Fggl( ;) for classesof immersions built from Triebel function classes
Foql0; 119, Again > 0 measuressmoothness, p and g are second-orderparameters
measuringthe “uniformity' of that smoothness. Again F,.,[0; 1]¢ is the usual L 2-Sobolev
spaceof smoothness  and seweral other interesting spaces(e.g., BMO and H?! [29])
can be obtained by proper choiceof ;p;q.

We extend the notion of growth exponert slightly:

De nition 1. A sequencgN,) has critic al growth expnent ~i N, = Op (n™*") for

ead " > 0 but not for any " < 0.
In Appendix A.5, we sketch the proof of the following:

Theorem 8. Let > k=pand1 p;q 1. Thenwith being either BKJ( ; ) or

Fad( 5 ), Nn() hascritical growth expnent * = —qm—-

In fact, the most points any Besor or Triebel graph can possibly carry will be Op (n")

for A= 1=(1+ (d=k 1)); also, for each " > 0, with overwhelming probability for
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large n there are graphs carrying at leastn” * points.

4. Extension: Connect-the-Darts

We now generalizethe CTD problem to encompass higher-order' interpolation. We

supposewe are given a sequenceof points and directions (x;; ;), wherex; 2 [0; 1] and
i 2 [0;2 ), and we are interested in whether a curve of given smoothness can pass

through a large collection of such points, while taking the indicated tangent directions
at those points.

We say that a C? unit-speedcurve makes rst-or der contact with this pointset in
N = N( ;(Xi; i)L;) points if there are N indices1 i; < iy < < N n and
corresponding arc-length parameterss; sothat (sj) = x;; and, at sud intersections,
the tangert _(sj) = expfp 1 i, 0- This wasillustrated in Figure 2 above. Thinking of
the point and direction together asa “dart’, we call this a Connect-the-Darts problem.

As mertioned in the Introduction, this problem is motivated by perceptual psy-
chophysics[19, 25], wherehuman subjects are shown pictures containing many randomly-
oriented objects. It may or may not be the casein a given shaving that a small fraction
of objects lie distributed along a smooth curve, with ead object oriented parallel to
the curve.

In fact this problem can be treated asan ordinary CTD problem in a more abstract
setting. Let S; denote the unit circle, and let X = (0;1)> S; . Supposewe have n
obsenations

P— izi:d:

Xi=(xi;e 1) = Uniform(0;1)>  Uniform(Sy):

We are interested in C? unit-speed curves of length and curvature . (This
is the classC (2; ) that was de ned earlier.) Each such curve in [0;1]? induces a
curve ( (s); (s)) in X. In this way, the classC (2; ) of curvesinducesthe collection
(2; ) of corresppnding pointsets. Write, as before, for S a subsetof X, X "(S) =
#fi:X; 2 Sg, and for the class  (2; ), Nn( (2 )) = sUpsy (2. ) X"(S).

Theorem 9. There are constants A; B > 0 so that, for each pair (; ) with0< <

o( )s
n 0}
P A ¥2np¥ N @) B ¥2np¥ 1 1 nt 1:
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Comparing this result with the CTD problem for C? curves, we seethat incorpo-
rating the direction-matching constraint reducesthe exponert from 1=3 to 1=4. We
will seebelow that this di erence in growth exponerts is re ected in nite-sample
behavior. The behavior matchesresults of psychophysical experiments; for eat given
number of objects on a curve embedded in clutter, the curve is far more detectable
when the objects are aligned with the curves'tangert eld than when the objects are
randomly-aligned.

Figure 9 displays maximal Helder-2 curvesfor four random point clouds. Compara-
ble examplesfor connect-the-darts were found in Figure 2. There are noticeably more

points on the curvesin Figure 9 than in Figure 2.

. . ‘ . . -
02r . : . - 0.2 R
T T 01f. :
0 0 !
0 02 04 06 08 1 0 02 04 06 08 1

Figure 9: Examples of maximal Helder-2 curves,with n = 200. The Helder constant is 30.

In Figure 10, the maximum number of “dots' and “darts' on C? curvesin some nite
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simulations are compared. The results are consistert with our theoretical results on

growth exponerts.

(a) Connect-the-dots (b) Connect-the-darts
600 ——— 600 T T T T T T
400 B 400 F B
200 HH 1 200 [ H
Lol L= . .
16 17 18 19 20 21 22 8 9 10 11 12 13

60— 600

1 n=256 [ n=256
400 1 400 1
200 | H 4 200 4
—_ —
0 H [l 0
10 11

12 13 14 15

60— T T 600

_—
400 400 4
16 17

TN

29 30 31 32 33 34 15

Figure 10: Histograms for the maximal number of “dots' tangent to a Helder-2 curve, Panel
(a), and the maximal number of “darts' on a Helder-2 curve, Panel (b). The sample sizesare
n = 128,256, and 512 respectively. The Helder constant is chosento be 30in all cases.These
gures demonstrate that a detector decision based on unusually many points in connect-the-
darts can be dramatically more sensitive than a decision based on unusually many points in
connect-the-dots. These ideal obsener' results correlate strongly with performance of humans

in curve detection experiments [19].

We will usethe abstract upper-bound machinery. However, this time we directly

dene ametricon (2; ). ForS;;S,2  (2; ), dene
( S1;Sp)=infk 1 kg ; (4.1)
wherethe inm um isover 1; 2 C(2; )sucthat S;=f( i(s); Xs)):s Og.
It may be surprising at rst that we use which is not sensitive to orientation; a

metric like
(S1;S:) = inf maxtk 1 oki ;k Y ki g

seemsintuitiv ely more appropriate. However, it turns out (seeAppendix A.6) that on

(2; ), Iisessetially equivalert to the lesscontroversial discrepancy

(S1;S2) = inf maxtk 1 oky k2 g



30 Arias-Castro, et al.

We rst deriveaboundonH-( (2; ); ), the"-ertropy of (2; ) for the metric

Lemma 13. Thereis a constant ¢c; > 0 suchthat, for each pair (; ) with 0< <
o( )and0<"<"o(; ),

Heo( (20)) o 72 72

To prove the lemma, recall that the metric introduced in (4.1) ignores the

orientation componert. Hence,we have the following identit y
H-C (2 )) =HA(C(Z ))

where the  on the RHS denotes Hausdor distance with respect to the Euclidean
distance.

From there, we use our graph G, constructed in Section 2.2.1, but with m, =
blog,(1=")c, sothat ", ". In the proof of Lemma5, we saw that acurve 2 C (2; )
is contained in the ",-neighborhood of its assa&iated path "( ). Sincethere are at
most

1=2n 1=2

C("l"2) 1 14C=" 1 c 1=2n 3=2 14(:

such paths, we have, for 0< " < "o(; ),

H(C(2 )) o 2

We then estimate the order of magnitude of M (") = supf ((S)+) : S 2 (2; )g,
with (S)- the "-neighborhood of S with respectto . For the proof, see Appendix
A.6.

Lemma 14. Thereis a constant ¢, suchthat, for eachpair (; )with0< < ¢()
and0< "< "o(; ),
M (n) C 1=2n 3:2; n | 0

Applying now the Upper Bound Lemma 7 with exponerts a = 3=2 and b = 1=2
we get the upper bound announcedin Theorem 9. To establish a matching lower
bound with the samegrowth exponert, we usethe (by now familiar) select/interpolate

method. For details, seeAppendix A.7.
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5. More Precise Asymptotics

So far we have only mentioned general rate' results, e.g., No() = Op(n O ).

Re nements seemplausible:

1. Saling Lawsfor Centering. N, () might uctuate around a certer obeying the

power law scaling principle
Median(Nn()) = An (1 + o(1))
for someA > 0, with growth exponert = (); and
2. Negligible Fluctuations. The uctuations might be relatively small:

jNn()  Median(Nn()) j= op(n ):

In this section we summarize evidencesupporting suc re nements. In particular, the
relative negligibility of uctuations can be strengthened and proven in considerable

generality.

5.1. Longest Increasing Subsequence

As mertioned in the Introduction, there hasbeenintenseinterest in the last decade
to understand the longest increasing subsequencegLIS) problem. This is essetially
the CTD problem with = IncrGr, the classof increasing graphs. In this casewe

know that for N, = N (IncrGr), the longestincreasing subsequence:

Median(N,) 2 1 [37, 27;
jN,  Median(N,)j = Op(n'=3) [20]; and

(Nn  E(N,))=SD(N,) hasthe Tracy-Widom Distribution [7].

Thus for example,the mean, median, standard deviation and even the (non-Gaussian)
shape of the limit distribution are known.

While the LIS problem is undoubtedly very special, it has connectionsto problems
in Quantum Gravity, Random Matrix Theory, and Growth in Random Media, sothere
appears to be someuniversality to the conclusions. As it turns out, properties like

those seenin the LIS problem appear to hold in at least one other CTD problem.
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5.2. Lipsc hitz Graphs

Consider the collection of Lipschitz graphs LipGr;, mertioned both in the Intro-
duction and in Section 3.6. We have obsened the following properties for N, =
Nn (LipGr 4):

Median(Np) 2p n, both empirically and in theory;
jiNn  Median(Ny)j = Op(n=2), empirically; and
(Nn  E(N,))=SD(N,) hasthe Tracy-Widom Distribution (empirically).

Theseproperties are ertirely analogousto thosein the LIS problem. The similarity
has a simple explanation. There is a simple transformation that maps one problem
onto a variant of the other, and the variation seemsnot to a ect thesecharacteristics;
see[22]. On the other hand, the fact that we have nice certering and uctuation
properties for at least two CTD problems encouragesus to supposethat sud nice

properties might hold in many other CTD problems.

5.3. Simulations

In [22] we describe a software library, CTDLab, which can solve a range of CTD
problems. We have applied this library to (pseudo-) random uniform point clouds
and obsened numerous patterns consistert with power-law scaling of Median(N ())
for the classesstudied. As a simple example, we display in Figure 11 a sequence
of histograms of N, = Np(LipGr,) at various n. The histograms shaw increasing

p

concertration around 2" n as n increases. They also shov convergencetowards the

Tracy-Widom law.

5.4. Concen tration of Measure

While at the momert, we have no proof of the scalinglaw An for the certering
of Nn(S) for general S, there is a general proof for the asymptotic negligibility of

uctuations, in a very strong sense.

Theorem 10. Let S be a nonempty classof sets;and let M, = Median(N,(S)). Then
. . P—
iNn(S) Mpj=0p( My); n! 1:

Deviations of sizet” M, havea prohkability that decays expnentially in jtj, uniformly
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Figure 11: Histograms of the maximal number of points on Lipsc hitz graphs for uniform

random samples of dierent sample sizesn. The values of Nn (LipGr ;)'s are divided by

P n. The sample sizesare n = 512 1024 2048, and 4096 respectively. Clearly the median

is converging to 2p n. Statistical analysis shaws that the histogram shape is de nitely non-

normal and matchesthe Tracy-Widom distribution.

infn: M, 1g.

Note that this applies to all kinds of CTD problems: curves, hypersurfaces,etc.
The proof of this apparertly powerful result is actually just a simple application of a

framework of Talagrand's [35]. First, we introduce Talagrand's key abstract notion:

Denition 2. (Talagrand 1995, Def. 7.1.7) L : X" 7! R is a con guration
function if given any x" = (x;j) 2 X", there exists a subsetJ of f1;:::;ng, with
#(J) = L(x") and suc that, for each y" = (y;) 2 X", we have

Liy") #fi2J:yi=x0g

Next we ched that this notion covers our setting.
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Lemma 15. For every CTD problemin our sense,N,(S) is the value L(X") of a

con gur ation function in Talagrand's sense.

J = fig;iitin, (s)9- Thenif (Y));2; hask erntries in commonwith (X;);2;, there are
of courseat least k entries of Y" on Sy, and hencethe maximal number of entries of

Y" onany S2 S is at leastk.

Theorem 10 is now immediate from Talagrand's concertration of measureresult for

con guration functions:

Theorem 11. (Talagrand 1995, Thm. 7.1.3.) Let L = L(X") be a con guration
function applied to a random uniform point cloud X" with median M = median (L).

Then for u > 0,

2 2

u u
Mo and PfL<M ug 2exp —

PfL> M +ug 2exp a7

6. Conclusion

We introduced the notion of connect-the-dot problems and derived asymptotic
growth properties for a range of such problems. We dewveloped an abstract approac
for upper bounds, which is easyto apply in all the CTD problems we considered,and

for which there is a lower bound with matching order.

We pointed out that concerration of measureresults hold for suc problems, and
reviewed evidencefor the conjecture that N, () =n tends in probability towards a
limit, while a suitably standardized version of N,() convergesin distribution { in a

few casesto the Tracy-Widom limit.

We remind the reader of the computational e orts reported in [22]. These show
clearly that the asymptotic theory of growth exponerts deweloped in this paper ac-
curately describesthe behavior in moderate-sizedrandom point clouds. We hope to

inspire further researt into this classof problems.
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App endix A. Pro ofs

A.1. Pro of of Lemma 4

p

The total number of points falling in the rst m = b ﬁ=p 2c squares, denoted

by Kn.m , has distribution Bin(n; m=n). Also, given K ..., , the distribution of J,. is

simpli ed, 0 !
. m
P fJn; \]Kn;m g 1 @ N A (\:m)Kn;m :
Now
P 9= Py IKnm  m=2g PfK,m m=2g9:

By the Law of Large Numbers,
PfKnm m=2g! 1, n! 1:
Clearly 0 1
Pfln, jKpom m=2g 1 @ m A (=m)™=2

Now usethe fact that, for u2 (0;1) xed and m  mg(u),

0 1
@ m A Uu(l u)l u M,
dume
Hencefor n  ng( ),
20 1 3
m
log4 @ A ym=25 m (logu“(1 uw?t Y] 1=2 log(u)):

dume

Now, for u = 0:29,
loglu’(1  uw)! Y] 1=2 log(u) > O:

p

Then,um 1=5 " n,forn ny( ). This completesthe proof of Lemma 4.

A.2. Pro of of Lemma 5

Here by vertical (resp. horizontal) grid lines we mean the lines that traversethe
vertical (resp. horizontal) grid points.
Fix 2 C(2; ). We choosea smooth parametrization by arc-length, also denoted

(). Let ™ length( ). We needtwo inequalities.
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Lemma 16. Let 2 C (2; ). Then, for arclengthss;t,

j (s t s As)i =2(t 9=

Lemma 17. Let 2 C (2; ). Then, for all arclengthsr < s< t,

9 O (O O @« 0%

Lemma 16 is a simple Taylor expansion, and yields Lemma 17 after somesimple
algebra.

Let u = (1;0) bethe horizontal unit vector pointing to the right. If jcog\ ( %0);u))j
1:p 2 (resp. < 1:p 2), then let ay be the rst intersection of the ray f (0) t %0) :
t  Og with a vertical (resp. horizontal) grid line. We then extend by adding the
line segmem [ag; (0)]. Hence,we may assume starts on a vertical (resp. horizontal)
grid line with jcog\ ( %0);u))j 1= 3 (resp. < 1=" 2).

Put ap = (0), vo = 90) and sp = 0. Starting at s = so = 0, we recursively
dene a;;:::;a, in the following way: from a;;v; and s, if jcoq\ (vj;u))j 1:p§
(resp. < 1=p 2), let aj.1 = (Si+1) bethe rst intersection of with a vertical (resp.
horizontal) grid line, if ((si;]) intersectssud a line; otherwisecall | = i and stop. If
a;j+1 hasbeende ned, thenvi,; = sis1). If s <~ andjcog)\ (v ;u))j 1=p§(resp.
< 1:p 2), dene a4, asthe rst intersection of the semi-linef )+t 9°):t Og
with a vertical (resp. horizontal) grid line. Lemma 18 below implies that this a,+; is

well de ned. It is a direct consequencef Lemma 16.

Lemma 18. Thereis a constant ¢; > 0 sothat, for "1 > 0 that is small enough,
p_
Ss1 S 21+ oet i

If jcoq\ (vi;u))j 1:p 2 (resp. < 1:p 2), let a° be the rst intersection of the ray
fa + tv; :t > Og with a vertical (resp. horizontal) grid line. The following lemmais a

direct consequencef Lemma 17.

Lemma 19. There is a constant c; > 0 so that, for "; > 0 that is small enough,
jaa Al i

Let o =[i[a;a+1]- Then, Lemma 17 implies that the Hausdor distance between

a and doesnot exceedc; " 1, for a constart ¢z > 0.
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De nition of k: We choosek large enoughthat 2  2maxfc;;cy; cag { so that

", 26" 2 fori= 1,23

We now de ne a sequenceof beamlets. Fori = 0O;:::;1 + 1 let lj be one of the
closestgrid point to a;. Lemma 19 implies that, for all i = 0;:::;1 + 1, [b;b+1]isa
beam.

Also, two successie beamlets, e.g., [bi;h+1] and [b+1 ;b+2 ] are in good cortinua-
tion. Indeed, by construction two successie beamlets are either both vertical, both
horizontal or one of them is diagonal. For example, assumethey are both horizontal
beamlets. Then, b, is a vertical grid point; let V be the vertical grid line it belongs
to, i.e., b4z 2 V. Then, if IP,, is the grid point de ned by the intersection of line
(b;h41) with V, we needto shaw that jif,, b2 j < 3"2. For that, it suces to shav
that jaj.2 kﬂzj < 5=2",. Now, sinceja; hj ",=2andja+ b+ "222,we
getja’, P.,j 3=2",. Hence,by Lemma1l9,jai+, P,,j 3=2",+c"? 2',.

Moreover, with , = [ i[b;b+1 ], the Hausdor distancebetween , and isbounded

by ",. This comesfrom the fact that the Hausdor distance between , and , is

boundedby ",=2 { sincethis is the casefor [3; b+ ] and [a;;a;+1 ] foralli = 0;:::;1.
Finally, since ([si;si+2]) hasa length of at least",, | 2(1+ "=";) 2=", (for
"1< "o( )

A.3. Pro of of Lower Bound for C (2; )

We extend the interpolation methods used earlier. We assumethat 1 for
simplicity. Pick a C? \bump" function :R 7! [0; 1] which is supported in [ 1=2; 1=2]
and satises (0) = 1. Introduce ,;v chosensothat

v= =k O?(l ; (A.l)
3= 1=n: (A.2)

Vv

Partition [0; =2] into m = b=(2 )c intervals of length { denoted by I;;i =
1;:::;m. Thicken theseintervals so they becomea row of v ? rectanglesQ; =
li [O;v 2]. Note that the areajQ;j = 1=n, sowe expect Q; to cortain one point of

X", Now consideronly the even numbered Q; which are not empty (i.e., X"(Q;) > 0).

random. In ead R; selectone point { say X;,; label its componerts (tj;z). With
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overwhelming probability, J=m is roughly (1 e ')=2. Hence, with overwhelming

probability for large n, there are
J 3161 m :3161 =(2 ) > :1508 k %, 1= 1¥3p1=:

We will next show that at leastthe J points X, = (tj;z) 2 R; liveonacurvein S,
Hencefor the statemert of the lemmawe can setA = :1508 k %%, *=°.

We now construct a smooth function whose graph passesthrough the Xj; . Let
fit)y=1z ((t tj)=), forj = 1;:::;J. By construction, f; (t;) = z, and the support
of the di erent f; aredisjoint. Hencef (t) = P szl fj (t) obeysf (tj) = z,j = L;:::;J.
Also, f is twice continuously di erentiable, being the nite sum of smooth functions.

Moreover, sincefor xed t there is at most one non-zeroterm in the sum, we have
kfky  maxkfjk; = maxz v? 1
j j

and
kf%:  maxkfk; vk %k = :
i

Hence the graph of f is contained in the unit square and has maximum curvature
bounded by . We also needto cortrol the total length of graph(f). On [0; =2]n
[i [t =2;tj + =2],f takesthe value zero{ thusits graphis at in this region. On
[t; =2t + =2], the length of graph(f ) is bounded by P 1+ v k %; . Therefore,
the length of graph(f) tendsto =2as ! 0. Hence,for small enough,the total
length of graph(f) does not exceed . By (A.2), wehave ! Oasn! 1, and
graph(f) 2 C (2; ) for n large enough.

A.4. Lower Bound for Hewolder objects

We extend the interpolation methods usedearlier. We give a proof valid for > 1.
Take : R ! [0;1] which is d e times cortinuously di erentiable, supported in
[ 1=2;1=2]¢, and satisfying (0) = 1. Introducev > O chosenso that, if is an
integer, then

vk ki (1) (A.3)

while if  is not an integer

vk % (b o) ; (A.4)
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and introduce = |, chosensothat
v K* @K = q=p; (A.5)

We partition [0;1]¢ into hypercubes of sidelength { denoted by |;, wherei =
(i1;:::;1k). To ead such hypercube, we assaiate the hyperrectangle Q; = |;

[O;v 19 Kin [0;1]°. Becauseof (A.5), eath Q; hasvolume 1=n, and sowe expect one

notice that both J and the fR; g are random. In eat R; selectone point X;, , group
the “independert' and “dependert' componerts as (tj;z) 2 [0;1]¢ [0;1]% k.
Now, we de ne both the “independent’ and “dependert’ componerts of g.

Fori=1;:::;k, setg(s) = si.

L::nd K gk+i(S) = Pj fij (s), wherefj (s) = z;; ((s tj)=).

Fori

This construction guararteesthat the imageg([0; 1]¥) includesf (t;;z) :j = 1;:::;Jg.
Again, J is a random variable and we can (if we like) give a concrete estimate for an
A > 0 sothat

n

P J Ac(; ;k)nkik+ (d k”O! 1 n! 1:
Hencewe have at least n*=(k*+ (d k) points on a k-surfacein dimensiond. We next
show that this surface hasthe required regularity.

Becauseat most oneterm in the sum de ning g is positive, g is d e times di eren-
tiable. Howevwer, the regularity condition we seekis quartitativ e and componertwise.
Sincewe assume > 1, and the “independert’ componerts g; are all linear for i Kk,
they all belongto H<d( ; ).

It remainsto show that the "dependert’ componerts are as well.
(H1) ko Ski = maxkfy kg vk P T 9
j

(H2) kgs+?k1 = mjaxkfijq ®k, vk 9 ek, ()

with r( )= 0if isanintegerandr( )= 1 f g otherwise.
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Two cases:

is an integer. Using (H 2) and a Taylor expansiongives
O (S) Gt vk ki ks tk

is not an integer. Using (H 1) and the fact that gy.; takesthe value O, we prove
that
g i guSe) vk Pk T

Hence,for kt sk>
®oM o) vk Pk kt sk 9
Using (H 2) and a Taylor expansiongives
GS() g5 vk Yk BT O ke sk
Hence,for kt sk ,
wo) LS9 vk P ks ko sk O
In all cases,(A.3)-(A.4) guarantee ge+; 2 H<9( ; ).

A.5. Besov and Trieb el Ob jects

The following results are classical(see[16], p. 105).

1. We have the inclusions:

Bp;p“q Fp;q Bp;p_q; (A.6)

whereF B, say, meanskf kg  Ckf kg for someC > 0.

2. If 4 2 k(pll p21)+>O,Wherepl;pz;ql;q22(0;1]and1 < ,<
1< 1, then
B

B (A7)

1 2 .
P1:01 P29z

where means(again) cortinuous inclusion.

3. For > k=p, the "-entropy of the unit ball in B, for the supnorm, is of order
n k=



Connect-the-dots 41

Notice that the parameter q doesnot play a critical role in theseresults. This will
translate into the fact (using (A.6)) that N (B ( ; )) and N, (FE&( ; ) areof the
sameorder of magnitude in most cases.

From now on, we assume > k=p. Using (A.7), we have that for all °> anda

certain constart C( ; 9,
H<IC%C(; 9 ) BEJ(: )

Hence,N, (BKd( ; )) is of order at least n*=(** Ad=k 1) for all ©>

On the other hand, the usual entropy approac yields an upper bound (using (3.1))
of order nt=(1+ (d=k 1))

Sothe order of Ny (BiS( ; ) is somewherein between. And N, (Fgd( ; )) is of

the sameorder becauseof (A.6).

A.6. Pro of of Lemma 14

Fix S2 (2; ). The rst componert of S tracesout a curve in the unit square.

If ©~ length( ) 6", we show below that

[
(S)~ Ball(x;") Congyv; «); (A.8)
(x;v)2w
where - = 16maxf"="; 1%2"1%2g |f * < 6", we usethe obvious fact

(S)~ [ Ball(x;") Si:

X2
Assume” 6" and that we proved (A.8). Choose a unit-speed parametrization
of (also denoted ()). Notice that S = f( (s); Us)) : s 2 [0;']g. Now, consider
an "-covering of [0; ], that we denoteby fs; :j = 1;:::;Jg, with 3 "="+ 1. For
s s
Ball( (s);") Ball( (s);2")
and
Cong( 4s); ) Conel Us)); = + "):

The rst inclusionisdueto beingLipschitz with constart 1, while the secondinclusion

comesfrom ©being Lipschitz with constart . Therefore, for " < "o( ) small,

J
(S)- [ Ball( (sj);2") Conel Xs);2 ):
j=1
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Since (Ball(x;r) Congv; )) = r?minf ; g, we have
(s)) J 29*minf «; g 4" minf . ; g+ 4 "%
1. 0f > "1%2= 122 then .. = 16'=" andso ((S)-) 64'2+ 4 "2,

2.0f ° > "1¥2= 122 then .. = 16 ¥2"1*2 andso ((S)+) 64 172"3=24 4 v2

64 172132 4 4 2.

In any case,when" < "o(; ), wehave ((S)-) 65 2"3%2

In a similar way, if = < 6",
J
(S): Ball( (s);2");
j=1
andso ((S)-) 28 "2 65 ¥2"32for" < "o(; ).

We still needto prove (A.8). For that, take S; 2 (S)-. By de nition, there
is ;12 C(2 )sudthat S = f((s); As)) : s 0g S; = f( 1(s); {9)) :
S Og and k 1k1 ". Let "1 = length( ) and "; = length( 1). Also,
let o = maxs oj\ ( %s); ¥(s))j and let sy be a maximizer (we need only consider
So  maxf’; 10).

If so> minf’; 1g, then, becausg Usp) A1)j jso “ijandj Xso)  0)j

iso ii Yso)  Uso)i i° "1j. Wethen usethe following result.

Lemma 20. Let ; 12 C (2; )withk 1k ". Then, for " < "o( ), jlength( )
length( 1)j 3".

Proof. Assume™ ;. For™ s "1,j1(8) ()] "andj 1(C) ()j ";hence,
j 1(s)  1()j 2". Now, usingLemmal6for’> s,weget(s ') =2(s )% 2"
From this, we seethat, when" < 2=(9 ), s ° cannot take the value 3". Hence,
1< T+ 3.

Therefore, assumesy minf; ;9. Because’ 6", we have =2 7, 3=2.

This implies that either sp + =4 minf"; ;gorsy =4 0. Both casesare treated
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similarly, sowe assumethe former is true. Then, forsg s sp+ =4, we have

() 1(s) = () (s0) Aso)s so)
+ (so)  1(so)
+( Yso)  Aso))(s  so)

(1(s)  1(s0))  1(so)(s so)):

By Lemma 16,
i (9 (s0) %Aso)s so)i =2(s s0)?
and
j1(8)  1(s0)  Aso)(s so)j =2(s so)*:
We alsohavej (s) 1(s)j " andj (so) 1(s0)j . Hence,we get
k As0)  Uso)ki (s so) (s so)® 2%
Call Do = k qsp) Yso)ki and =s sg. The inequality becomesp( ) = 2

Do +2' 0,forall 2 ][0;=4]. There are two possibilities:

1. either Dy 2%%2 1%2"1%2 in which case o = acofl D3=2) 6 ¥2"172 for

"<l )
2. or Do > 2372 172"172 'in which casep(4"=Do) < 0, implying =4 < 4"=D,,.

In eath case, Dy 16maxf"="; 172"172g (A.8) follows.

A.7. Lower Bound for Connect-The-Darts

We again use the method of Section A.3. We assumethat 1 for simplicity.
Wetake ; :R! R twice corntinuously dierentiable, supported in [ 1=2;1=2], and
satisfying

0 lwith (0) = 1;
1 1with 90) = 1.

Introducev;w; , > 0 chosenas follows:

v= =(2k %, ); (A.9)
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w= =2k( )% ); (A.10)

v 3 2arctan(w ,) = 1=n: (A.11)

Partition [0; = 2] into intervals of length { denotedby Ii;i = 1;:::;b=(2 )c. To
P

ead interval we asswiate Q; = I; [O;v?] fe ! :jj wg By (A.ll) the

volume of eadh Q; is 1=n, and sowe expect one point in ead sud rectangle. We now
consideronly the even-numbered Q; which are not empty (i.e., X "(Q;) > 0). Rename
thesesetsR;;j = 1;:::;J { both J and the R; are random. In ea R; selectone
point Xi, = (tj;z ;epi1 .

Now, considerf (t) = f; (t), where

i

tan j

fi)=2z ((t t)=) 1+ ((t t)=)

j
By construction, f interpolates the points X, , i.e., f(tj) = z and f O(tj) = tan( ;).
Again, for Ag small enough, and with overwhelming probability as n increases,there
areat leastd Ap = = Aoc ' 1¥2n’* points X;, with locations and directions
agreeingwith the position and tangent of f ; for the purposesof the Theorem, we may
take A = Agc 1.

Now we verify that f has su cien t regularity. By construction, f is non-negative
and twice di eren tiable. Moreover, sincefor xed t there is at most one non-zeroterm

in the sum, we have

kfk;  maxkfjk; and  kf%;  maxkfk; :
i i

First, kfjk; z 1+ % ,sothat kfk, v 2+ tan(w) 1for small

enough,i.e., n large enough. Next, since
A =2z=2 Rt t)=)+tan )= ( I y)=);

wehavekf %; vk %; +wk( )%; . By (A.9)-(A.10) the graphof f hasmaximum
curvature bounded by . The length is cortrolled exactly asin Section A.3, ensuring
that for small enough, the total length of graph(f) does not exceed . But since

n! Oasn! 1 ,weconcludethat graph(f) 2 C (2; ) for n large enough.
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A.8. CTD and Geometric Discrepancy Theory

We mertioned in the introduction that there is a quartitativ e connection between
our CTD problem and GDT. We give a simple example. Supposethat Cis the class
of all convex setsin [0; 1]°. We are given a set X; of points in [0; 1> and are interested
in the discrepancy

( O = supjN,(C) nArea(C)j:
cac

It is known, by work of Schmidt [31], [8, Theorem 15], that for any collection of n

points,

CTD leadsto the sameconclusionfor random point sets. Supposethat the point
set (X;) is uniform random. Consider the classConvGr, of corvex graphsin the unit
square. From our analysisin Section 3.5, we know that with overwhelming probability,
there is a curve  which is the graph of a corvex function f, say, and which passes
through cn'=2 points.

Consider the corvex set C formed asthe corvex hull of the range of

For " > 0, consideralso the slightly shifted curve - basedon the corvex function
f.=f + ", and de ne the set C. asconvex hull of the rangeof . Now set" = 1=n?;
we can be practically certain that C- cortains exactly the samepoints as C; and its

areadi ers by at most ¢". De ne the discrepancyat a speci ¢ set by
Dn(C) = jNn(C) nArea(C)j;

so clearly,
iDn(C)  Dn(C)j> Nn( ) c=n:

We concludethat

max(Dn(C);Dn(C+)) Np( )=2 c=2n:
Hence,with overwhelming probability for large n,
( O = supjDy(C)j max(Dn(C);Dn(C+)) cn'™:
c2c

SoCTD theory giveslower boundson discrepancyover the classof corvex sets- among

random pointsets.
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Since Schmidt's bound for arbitrary point setsis of the same order, one gets the
crude impressionthat the “cause'of discrepancyis the number of points which canlie on
the boundary of a convex set, and that uniform random pointsets are near-optimal for
near-uniform behavior near boundaries. (They are badly suboptimal for behavior over
classesof “large' sets such as squaresand rectangles). This set of connections seems
worth pursuing. (We thank a refereefor asking us whether there was a connection

betweenthe two typesof problems).
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