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Abstract

We develop improved methods for modeling and simulating the streams of patients arriving at a community clinic. In previous
practice, random (unscheduled) patient arrivals were often assumed to follow an ordinary Poisson process (so the corresponding
patient interarrival times were randomly sampled from an exponential distribution); and for scheduled arrivals, each patient’s
tardiness (i.e., the deviation from the scheduled appointment time) was often assumed to be randomly sampled from a normal
distribution. A thorough analysis of patient arrival times, obtained from detailed workflow observations in nine community
clinics, indicates these assumptions are not generally valid, and the tardiness data sets for this study are best modeled by
unbounded Johnson distributions. We also propose a nonhomogeneous Poisson process to model the random patient arrivals; we
review a nonparametric approach to estimating the associated mean-value function; and we describe an algorithm for generating
random patient arrivals from the estimated model. The adequacy of this model of random patient arrivals can be assessed by
standard goodness-of-fit tests. These findings are important since testable scheduling optimization strategies must be based upon
accurate models for both random and scheduled patient arrivals. The impacts on modeling, as well as implications for practice
management, are discussed.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

In a world of tightening resources and rising com-
petition, healthcare facilities face increasing pressure
to have patients seen faster and to exit clinic services
more quickly. Improved patient flow needs to be bal-
anced with ensuring adequate time to complete needed
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clinical functions. Identifying those factors that con-
tribute to unnecessary nonclinical patient wait times
would seem a wise undertaking [1].

The balancing act begins with the process of schedul-
ing and controlling patient arrivals [2,3]. Patients often
vary from their scheduled arrival times, leaving clinic
personnel to either wait for late arriving patients or
hurry through services [4,5]. Failure to adequately con-
trol patient arrival patterns has a cascading effect that
begins with a mismatch between staffing ratios and
service demand [6], producing excessive patient wait-
ing time [7,8], variability in clinical encounter times
[9,10], incomplete preventive service delivery [11], and



Aut
ho

r's
   

pe
rs

on
al

   
co

py

34 C. Alexopoulos et al. / Omega 36 (2008) 33–43

disgruntled staff [12]. Patients react with dissatisfaction
with the clinical encounter to the point where they may
leave the clinic before the exam is complete [13].

Several authors have studied patient arrival patterns
[14–18]. Such analyses ought to consider appropri-
ate probability distributions for modeling the arrival
processes. To the contrary, review of time-motion stud-
ies of patient arrival times published in MEDLINE,
COCHRANE and INFORMS databases from 1985 to
the present found that, when mentioned, investigators
explicitly assumed that the interarrival times corre-
sponding to the unscheduled visits are independent and
identically distributed (IID) random variables from the
exponential distribution (i.e., arising from a Poisson
process). In addition, these studies often modeled pa-
tient tardiness for scheduled appointments as a normal
random variable. Clearly there is a need to analyze
scheduled patient arrival “tardiness” patterns.

For our purposes, there are two types of patient ar-
rivals: random (unscheduled) and scheduled. A clinic
supervisor’s operating strategy must be able to accom-
modate the exigencies of patient arrival behavior, both
for unscheduled as well as scheduled patients. For ex-
ample, how often do unscheduled patients show up?
Further, how late (or early) are the scheduled patients
likely to be? A critical first-step in performing queuing
analysis is the modeling of the arrival process for un-
scheduled patients, and the tardiness times for sched-
uled patients.

The thesis of the current paper, however, is that the
time-homogeneous Poisson process is rarely an appro-
priate model for random arrivals, and that the normal
distribution often does not seem appropriate for tardi-
ness. The following discussion underlines the reasons
for this assessment and motivates our approach.

Why not exponential interarrival times? The assump-
tion of IID exponentially distributed interarrival times
(or, equivalently, arrivals occurring as a Poisson pro-
cess) is a popular one in the queuing literature. Poisson
processes arise naturally when the arrivals are “random”
(“memoryless”), that is, when the knowledge that an
arrival has not occurred by a certain time gives no ad-
ditional information about the time of the next arrival.
Since we know, at least approximately, when scheduled
arrivals will appear, it is obvious that scheduled arrivals
cannot possibly satisfy the memoryless assumption of
the exponential distribution.

Can unscheduled arrivals arise from a time-
homogeneous Poisson process? Probably not. In order
for an arrival process to be Poisson, three mathemat-
ical assumptions must be satisfied. First, arrivals can
only occur one-at-a-time. Second, arrival patterns must

not change as the day progresses. And third, arrivals
in disjoint portions of the day must be statistically in-
dependent of each other. Unfortunately, unscheduled
arrivals can violate each of these assumptions. First,
arrivals do not have to occur one-at-a-time. For exam-
ple, it is possible that factors external to the clinic or
the patient, such as bus schedules, traffic-light timing,
car-pooling, or availability of parking spaces, impact
patients and act to “cluster” their arrivals. Second, pa-
tient arrival patterns certainly change over the course
of a day due to commuting patterns, bus schedules,
lunch hours, work schedules, and many other factors.
Third, a traffic jam or other type of transit-related delay
may force a large group of patient arrivals to be highly
dependent over an extended period of time during the
day. The bottom line is that arrivals, whether sched-
uled or not, often do not form a homogeneous Poisson
process.

Why not normal tardiness for scheduled patients? The
normal distribution’s “bell-shaped” probability density
function is symmetric about its mean value and tails off
quickly as we progress away from the mean. The mean
is presumably zero in the case of tardiness values (where
a positive tardiness value corresponds to a late arrival,
and a negative value corresponds to an early arrival).
The normal distribution is appropriate for many physi-
cal phenomena ranging from crop yield to standardized
test performance; further, the normal distribution, in the
form of the Central Limit Theorem, is usually an ap-
propriate model for averages of observations. But is the
normal distribution always appropriate for the case of
tardiness observations? The answer here is a resounding
“no,” as we will demonstrate in the subsequent discus-
sion and in Section 4.

If tardiness is not normal, what is it? Law and Kel-
ton [19] describe methods for fitting statistical distri-
butions to data. First, the user attempts to identify can-
didate models based on summary statistics, graphical
aids (e.g., histograms and box plots), or prior experi-
ence with the type of the data. If a parametric model
seems plausible, the user proceeds with the estimation
of the unknown parameters. This task can be accom-
plished by a variety of methods, including matching mo-
ments or quantiles, the method of maximum likelihood,
and the method of least squares. Parameter estimation
is followed by goodness-of-fit (GOF) tests, such as
the omnibus chi-square test, the Kolmogorov–Smirnov
(K–S) test, and the Anderson–Darling test. The major-
ity of the aforementioned tasks can be accomplished by
software packages, e.g., ExpertFitTM (Averill Law and
Associates, 2005, Tucson, AZ). Packages for specific
models are also available.
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The remainder of this article proceeds as follows:
Section 2 describes the experimental setup and the
methodology used. Section 3 describes a practical
method for modeling and generating nonhomogeneous
Poisson arrival processes. Section 4 contains the re-
sults of our experiments. Section 5 provides concluding
remarks and problems worthy of future study.

2. Experimental setting

The Partnership of Immunization Providers (PIP) is a
collaborative public/private project created by the Uni-
versity of California, San Diego School of Medicine,
Division of Community Pediatrics, in association with
community clinics and small, private provider practices.
PIP is funded by the Centers for Disease Control and
Prevention. It is a healthcare delivery research enterprise
with special emphasis on developing affordable and
practical quality preventive health methodologies within
those healthcare facilities serving the poorest and needi-
est of our nation. These partner clinics serve those living
in areas known to have lower-than-average immuniza-
tion rates, high unemployment, and ethnic diversity. PIP
has applied multi-faceted strategies targeting provider
practice, immunization-tracking capability, linkage to a
computerized county tracking system, residency immu-
nization curriculum, and quality improvement systems.

2.1. Data collection

A total of 225 patient observations were obtained dur-
ing two different time periods (91 observations in the
fall of 1999 and 134 in the late summer of 2000) as part
of a larger workflow data collection effort. These obser-
vations were collected using a workflow data acquisi-
tion tool described in Fontanesi et al. [7]. This tool, the
Observational Checklist of Patient Encounters (OCPE),
includes data fields to record individual patient sched-
uled appointment times and actual arrival times.

2.2. Data analysis

To avoid anomalies that might result from operational
changes or secular trends, both observational time pe-
riods were assessed separately. The difference between
scheduled appointment times and actual patient arrival
times (i.e., tardiness) was calculated; then empirical chi-
square and K–S GOF tests were applied for a variety of
distributions, including the normal and Johnson distri-
butions [20]. The Johnson family of distributions will
be discussed in detail in Section 3.

Within a specific data set, let Xi denote the ith pa-
tient’s tardiness. In order for the forthcoming GOF

tests to work properly, we must establish indepen-
dence among the sequential observations X1, X2, . . . .

Independence can be assessed empirically (e.g., by
the scatter plot of the pairs (Xi, Xi+1)) or statistically
(e.g., by von Neumann’s test [21]).

To keep this article self-contained, we briefly review
the relevant statistical tests—the von Neumann test for
independence, and the chi-square and K–S tests for
GOF.

von Neumann’s test for independence. If the data
X1, X2, . . . , Xn are IID, then the distribution of the
statistic

Cn =
√

n2 − 1

n− 2

[
1−

∑n
i=2 (Xi −Xi−1)

2

2(n− 1)S2
n

]
(1)

is very close to the standard normal distribution, even
for n as small as 8. We will denote the sample mean and
sample variance of the data by X̄n and S2

n , respectively.
Hence, one can reject the null hypothesis of indepen-
dence at level � when |Cn|> z1−�/2, where z1−�/2 is the
(1− �/2)-quantile of the standard normal distribution.
The value � is the user-specified Type I error, i.e., the
probability of incorrectly rejecting the hypothesis of in-
dependence when this hypothesis is true. The p-value of
this test is approximately 2[1−�(|Cn|)], where �(·) is
the cumulative distribution function (CDF) of the stan-
dard normal random variable. We remind the reader that
the p-value of a test is the probability that a test statis-
tic larger than the current one would be obtained if the
hypothesized distribution were indeed correct. (Alter-
natively, the p-value is the smallest value of the Type I
error for which the null hypothesis is rejected given the
current test statistic.)

Chi-square GOF test. The chi-square is probably the
most-popular GOF test, and it is simple to use, espe-
cially for data X1, X2, . . . , Xn arising from a continu-
ous distribution having CDF F(x). To conduct the most
effective version of the test, we first divide the hypothe-
sized distribution’s support into k “equiprobable” inter-
vals, that is, we identify values a0, a1, a2, . . . , ak such
that F(ai) = i/k, or equivalently, ai = F−1(i/k), for
i=0, 1, . . . , k, where F−1(·) is the inverse CDF. Notice
that a0 could be −∞ and ak could be +∞. The respec-
tive intervals are Ii = (ai−1, ai], i = 1, . . . , k, with the
understanding that the first interval could be closed and
the last interval could be open. We then compare the ac-
tual numbers of observations that fall in each interval,
O1, O2, . . . , Ok , to the corresponding expected num-
bers, E1, E2, . . . , Ek , via the chi-square test statistic,

�2
GOF =

k∑
i=1

(Oi − Ei)
2

Ei

, (2)
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where Ei=n[F(ai)−F(ai−1)]=n/k, for i=1, . . . , k.
Usually, one takes n sufficiently large or k small enough
so that Ei = n/k�5. The number of intervals can be
chosen using Scott’s [22] rule of thumb k ≈ 5

3
3
√

n.
Clearly, a chi-square statistic that is “too large” in-

dicates a poor fit between the observed data and the
hypothesized distribution. More precisely, we reject the
null hypothesis that F(x) is the appropriate distribu-
tion if �2

GOF > �2
1−�,k−1−s , where �2

1−�,d is the (1− �)-
quantile of the chi-square distribution with d degrees of
freedom and s is the number of unknown parameters
that are estimated by the method of maximum likeli-
hood. If, for example, we hypothesize that the obser-
vations arise from a normal distribution with unknown
mean � and standard deviation �, then we set s = 2,
compute the maximum likelihood estimators (MLEs)

�̂= X̄n and �̂=
√

n−1
∑n

i=1 (Xi − X̄n)
2, and evaluate

�2
GOF using Ei = n{�[(ai − �̂)/�̂] −�[(ai−1 − �̂)/�̂]},

for i = 1, . . . , k. More discussion on parameter estima-
tion follows the ensuing K–S GOF test synopsis.

Kolmogorov–Smirnov (K–S) GOF test. Again, con-
sider data X1, X2, . . . , Xn arising from a continuous
distribution, which we hypothesize to ave the continu-
ous CDF F(x). The K–S test works with the empirical
(sample) CDF of the data,

Fn(x)= # of Xi �x

n
, −∞< x <∞. (3)

Assuming that F(x) is indeed the true distribution, it
is well known, via the Glivenko–Cantelli lemma [23],
that, as the sample size n becomes large, the empirical
CDF Fn(x) converges uniformly to F(x) for all x. Now
let X(1) �X(2) � · · · �X(n) denote the order statistics
based on the sample X1, X2, . . . , Xn. Then Fn(X(i))=
i/n for i = 1, . . . , n, and so it stands to reason that we
can expect the “uniform” result that F(X(i)) ≈ i/n if
the hypothesized distribution is reasonable.

The K–S test quantifies both the maximum deviation
of the empirical CDF above or below the predicted uni-
form line and permits assessment on both the upper and
lower bounds of the distribution fit [24]. In particular,
the K–S test rejects the hypothesized distribution when
the test statistic

Dn = sup
x
|F(x)− Fn(x)|

= max

{
max

1� i �n

∣∣∣∣ i

n
− F(X(i))

∣∣∣∣ ,
max

1� i �n

∣∣∣∣F(X(i))− i − 1

n

∣∣∣∣
}

(4)

is larger than a tabulated quantile based on the sample
size n and the Type I error �.

2.3. Parameter estimation

For most candidate distributions, it turns out that one
needs to estimate the unknown parameters, usually via
the method of maximum likelihood, moment match-
ing, quantile matching, or the method of least squares.
For instance, the exponential distribution requires the
estimation of a single rate parameter, the normal re-
quires estimation of the mean and variance, and the
three-parameter Weibull requires estimates for its lo-
cation, shape, and scale parameters. In our work, we
studied the fit of distributions from the Johnson system.
Our choice of the Johnson system is due to its gener-
ality and flexibility since it contains bounded and un-
bounded distributions, and asymmetric and symmetric
distributions (including the normal distribution). Rou-
tines for generating realizations from its families are in-
corporated in standard computer simulation languages
such as ArenaTM (Rockwell Automation, 2005, Milwau-
kee, WI) and AutoModTM (Brooks Automation, 2005,
Chelmsford, MA).

The Johnson system [20] contains four paramet-
ric families whose CDFs can be expressed in the
form

F(x)= �{�+ �f [(x − 	)/
]}, (5)

where � ∈ (−∞,∞) and � > 0 are shape parame-
ters, 
 > 0 is a scale parameter, 	 ∈ (−∞,∞) is a
location parameter, and f (x) is one of the following
functions:

f(x)=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ln (x) for the lognormal (SL) distribution,

sinh−1 (x) for the unbounded (SU) distribution,

ln[x/(1−x)] for the bounded (SB) distribution,

x for the normal (SN) distribution.
(6)

One can select a unique distribution from this system
based on the first four moments. In particular, there is a
unique distribution for each feasible combination of the
skewness �1 and the kurtosis �2 (see Fig. 1 in Swain
et al. [25]). Notice that SN is the normal distribution
with mean �=	−(�
/�) and standard deviation �=
/�.
Further, it can be shown that the SU distribution has
mean �= 	− 
 exp[1/(2�2)] sinh(�/�).

The computation of MLEs for the four parameters
within the families SU and SB is a difficult compu-
tational problem; further, the MLEs are often sensi-
tive to departures from the assumed distribution. This
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necessitates the estimation of the parameters by other
methods, e.g., moment matching, quantile matching,
and least-squares fitting.

The least-squares methodology works as follows. Re-
call that X(1) �X(2) � · · · �X(n) are the order statistics
based on a sample X1, X2, . . . , Xn from F(x). Then for
i=1, . . . , n, the transformed realization U(i)=F(X(i))

has the distribution of the ith uniform order statistic;
that is, the ith smallest observation in a random sample
of size n from the uniform distribution on the interval
(0, 1). In particular,

U(i) = �{�+ �f [(X(i) − 	)/
]} and

�i = E(U(i))= i

n+ 1
, i = 1, . . . , n. (7)

If one writes U(i) = �i + 
i , then the “errors” 
i are
translated uniform order statistics with mean zero and
covariances

Cov(
i , 
j )= �i (1− �j )

n+ 2
, 1� i�j �n. (8)

Define the vectors

U= [U(1), . . . , U(n)]′, �= [�1, . . . , �n]′ and


= U− �. (9)

The fitting of the Xi is based on the minimization
of a quadratic form 
′W
 in the n-dimensional Eu-
clidean space, where W is the matrix associated with
the quadratic form (see below for choices of W). The
least-squares optimization problem is

minimize
(�,�,
,	)

g(�, �, 
, 	;W) ≡ 
′W


subject to

� > 0




⎧⎪⎪⎨
⎪⎪⎩

0 for SU

> X(n) − 	 for SB

= 1 for SN and SL

	

{
< X(1) for SL and SB

= 0 for SN .
(10)

The assignment W = I yields ordinary least-squares
(OLS) estimators, whereas W 	= I results in weighted
least-squares estimators. The most frequently used
weight matrices are W=V−1, where V=[Cov(
i , 
j )],
and W= D= diag{1/Var(
1), . . . , 1/Var(
n)}.

The assignment W = V−1 produces the minimum
variance linear unbiased estimators for the parameters

(�, �, 
, 	). The matrix V−1 has the tri-diagonal form

[
V−1

]
ij
= (n+ 1)(n+ 2)×

{2 if i = j,

(−1) if |i − j | = 1,

0 if |i − j |> 1,

and the respective objective function for the optimiza-
tion problem (10) is

g(�, �, 
, 	;V−1)= 2(n+ 1)(n+ 2)

×
[

n∑
i=1


2
i −

n∑
i=2


i
i−1

]
. (11)

Unfortunately, this method is often problematic; see
Section 2.2 and Appendix A of Kuhl and Wilson [26]
for details.

The matrix W = D yields the diagonally weighted
least-squares (DWLS) parameter estimators that are
highly-recommended by Swain et al. [25]. After a bit
of algebra, we see that

g(�, �, 
, 	;D)= (n+ 2)

n∑
i=1


2
i

�i (1− �i )
. (12)

The optimization problems with objective func-
tions (11) or (12) can be solved by the FITTR1 soft-
ware package described in Swain et al. [25]. This
portable package can be downloaded from the site
http://www.ie.ncsu.edu/jwilson and can perform all as-
pects of distribution fitting, including statistical GOF
tests (chi-square and K–S) and point-by-point compar-
ison between the empirical CDF Fn(x) and the fitted
CDF F̂ (x)=�{�̂+ �̂f [(x − 	̂)/
̂]} with the estimated
parameters �̂, �̂, 
̂, and 	̂. The OLS and DWLS estimates
are computed based on the optimization algorithm of
Marquardt [27]. In the absence of initial values, the
algorithms use estimates based on moment matching.
In addition to the above two methods, alternative es-
timators can be obtained by the method of moments,
matching sample quantiles (Section 5 of Venkatraman
and Wilson [28]), or by minimizing the L1 or L∞ norm
of the difference between the empirical CDF and the
fitted Johnson CDF.

Remark. A couple of facts relevant to GOF tests are
in order (for additional details, see Chapter 6 of Law
and Kelton [19]): (a) The chi-square test is (asymptot-
ically) valid only when all parameters of the hypothe-
sized CDF are known or when any unknown parameter
is replaced by its respective MLE (in this case, we sub-
tract one degree of freedom for each such parameter).
Also, the chi-square test is not quite as robust as the
Kolmogorov–Smirnov test, as it is highly dependent on
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the number/size of chosen intervals. (b) The K–S test
is valid for any sample size n provided that all parame-
ters of F(x) are known or that F(x) is amongst the ex-
ponential, normal/lognormal, and Weibull distributions
and all unknown parameters have been estimated by the
method of maximum likelihood.

Although the normal distribution is only one con-
stituent of the FITTR1 package, we conducted the
relative GOF tests using the normal-distribution-based
MLEs of the mean and standard deviation, i.e., X̄n and√

(n− 1)/nSn.
On the other hand, the GOF tests for the SU and SB

Johnson distributions were conducted with least squares
estimates in place of the unknown parameters. This
practice is common (although rarely mentioned explic-
itly). For example, moment-matching estimates are used
by Arena’s Input Analyzer with GOF tests. Further-
more, any concerns related to the validity of a GOF
test should be relaxed when the p-value is either low
(there is significant evidence against the null hypothesis)
or high.

3. A nonparametric approach to modeling and
simulating unscheduled patient arrivals

Suppose that we are given a time interval (0, S] over
which we observe several independent replications (re-
alizations) of a stream of unscheduled patient arrivals,
and that this stream of arrivals constitutes a nonhomoge-
neous Poisson process (NHPP) with a time-dependent
arrival rate 
(t) for t ∈ (0, S]. For example, the obser-
vation interval (0, S]might represent the time period on
each weekday during which unscheduled patients may
walk into a clinic—say, between 9:00 A.M. and 5:00
P.M.

Suppose that k realizations of the arrival stream over
this observation interval have been recorded so that
we have ni patient arrivals in the ith realization for
i=1, 2, . . . , k; and thus we have a total of n=∑k

i=1 ni

patient arrivals accumulated over all realizations of the
arrival stream. Moreover, let {t(i) : i= 1, . . . , n} denote
the overall set of arrival times for all unscheduled pa-
tients expressed as an offset from the beginning of the
observation interval (0, S] and then sorted in increas-
ing order. Thus, for example, if we observed n = 250
patient arrivals over k = 5 days, each with an observa-
tion interval of length S= 480 min, then t(1)= 2.5 min
means that over all 5 days, the earliest patient arrival
occurred 2.5 min after the clinic opened its doors to un-
scheduled arrivals on one of those days; and similarly,
t(2) = 4.73 min means that the second-earliest patient

arrival occurred 4.73 min after the clinic opened its
doors to unscheduled arrivals on one of those days.

Given that 
(t) represents the rate of arrival of un-
scheduled patients for each t in the observation interval
(0, S], we see that the mean-value function �(t) repre-
senting the expected number of arrivals during the inter-
val (0, t] is given by �(t)= ∫ t

0 
(s) ds. We take t(0) ≡ 0
and t(n+1) ≡ S so that a piecewise linear estimator of
�(t) for t ∈ (0, S] is

�̂(t)= in

(n+ 1)k
+

{
n[t − t(i)]

(n+ 1)k[t(i+1) − t(i)]
}

if

t(i) < t � t(i+1) and i = 0, 1, . . . , n; (13)

(see Leemis [29]). Eq. (13) provides a basis for model-
ing and simulating unscheduled patient-arrival streams
when the arrival rate exhibits a strong dependence, for
example, on the time of day.

To perform GOF testing on the fitted mean-value
function �̂(t) for t ∈ (0, S], we recommend the fol-
lowing cross-validation technique. Suppose that in ad-
dition to the k realizations of the target arrival process
that were used to compute the estimated mean-value
function �̂(t), we observe one additional realization
{A′i : i = 1, 2, . . . , n′} that is independent of the pre-
viously observed realizations, with the ith patient ar-
riving at time A′i for i = 1, . . . , n′. If the target arrival
stream is in fact an NHPP with mean-value function
�(t) for t ∈ (0, S], then the transformed arrival times
{B ′i = �(A′i ) : i = 1, 2, . . . , n′} constitute a homo-
geneous Poisson process with an arrival rate of 1;
and the corresponding transformed interarrival times
{X′i = B ′i − B ′i−1 : i = 1, 2, . . . , n′} (with B ′0 ≡ 0)
constitute a random sample from an exponential distri-
bution with a mean of 1. It follows that an appropriate
test for the adequacy of the fitted mean-value function
�̂(t) as an approximation to the true mean-value func-
tion �(t)is to apply the Kolmogorov–Smirnov test to
the data set {X′′i = �̂(A′i )− �̂(A′i−1) : i = 1, 2, . . . , n′}
(with A′0 ≡ 0) using the hypothesized distribution
function F(x) = 1 − e−x for all x�0. For a compre-
hensive discussion of other techniques for assessing
the goodness of fit of estimated arrival processes,
see [26,30,31].

If the mean-value function �̂(t) passes the GOF test
outlined above, then we can use the following simula-
tion algorithm of Leemis [29] to generate a new stream
of arrival times {Ai : i = 1, 2, . . .} over the time inter-
val (0, S] with the same general pattern of dependence
on time as in (13)—that is, with the arrival rate at each
time t in the interval (0, S].
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[1] Set i ← 1 and N ← 0.
[2] Generate Ui ∼ Uniform(0, 1).
[3] Set Bi ←− ln(1− Ui).
[4] While Bi < n/k do

Begin

Set m←
⌊

(n+1)kBi

n

⌋
; Set Ai ← t(m) + {t(m+1) − t(m)}

{
(n+1)kBi

n
−m

}
;

Set N ← N + 1; Set i ← i + 1; Generate Ui ∼ Uniform(0, 1),
Set Bi ← Bi−1 − ln(1− Ui).

End

Note that in the simulation algorithm given above, �z

denotes the greatest integer (or floor) function so that,
for example, �3.12
= 3. Moreover, the total number of
arrivals generated by this algorithm on one simulated
realization of the arrival stream is given by the random
variable N; and provided that N > 0, the ith patient will
arrive at time Ai for i = 1, . . . , N .

The main advantage of this approach to modeling
and simulation of time-dependent arrival processes is
that it does not require the assumption of any partic-
ular functional form for the way in which the arrival
rate 
(t) depends on the time t since the beginning of
the observation interval (0, S]. Moreover as k → ∞,
so that the number of realizations of the target arrival
process becomes large, with probability 1 the estimated
mean-value function �̂(t) of Eq. (13) converges to the
true mean-value function �(t) for all t ∈ (0, S]. This
means that the simulation algorithm given above (which
is based on “inversion” of �̂(t) so that Ai = �̂−1

(Bi)

for i = 1, . . . , N) is also asymptotically valid as k →
∞. For more information on this approach to modeling
and simulation of time-dependent arrival processes, see
Leemis [32].

Remark. The United Network for Organ Sharing
(UNOS) carried out a remarkable large-scale applica-
tion of a simplified variant of this approach to modeling
and simulating patient-arrival streams in the develop-
ment and use of the UNOS Liver Allocation Model
(ULAM) for analysis of the cadaveric liver-allocation
system in the United States (see [33]). ULAM incor-
porated models of (a) the streams of liver-transplant
patients arriving at 115 transplant centers, and (b) the
streams of donated organs arriving at 61 organ procure-
ment organizations in the United States—and virtually
all these arrival streams exhibited strong dependen-
cies on the time of day, the day of the week, and the
season of the year as well as pronounced geographic
effects.

Remark. As we indicated in the introduction, extra-
neous conditions might force the creation of “batched”
arrivals. This issue can be addressed by means of
compound Poisson processes (homogeneous or nonho-
mogeneous): the arrivals of groups are generated by the
underlying Poisson process, and the sizes of the groups
are IID random variables from some discrete distribu-
tion that is independent from the Poisson process.

4. Results

We examined two sets of data collected during two
different days. The first set contained n = 91 obser-
vations, and the second set contained 134 observa-
tions. The times are in minutes. The nonparametric
Kruskal–Wallis test [19, Chapter 6] with Type I error
��0.25 rejected the hypothesis that the data sets are
homogeneous; hence, they cannot be merged into a sin-
gle set. Among the continuous distributions in Chapter
6 of Law and Kelton, only the Johnson SU (unbounded)
and SN (normal) appeared to be reasonable candidates
based on graphical techniques (histograms, box plots,
quantile–quantile plots, and probability–probability
plots) and statistical GOF tests.

We first analyzed data set 1. The independence of
the observations was assessed and verified via a scat-
ter plot and the von Neumann test (the test statistic is
C19=0.713 with a p-value of 0.476). The sample mean
and sample standard deviation of the observations are
X̄91=−3.49 and S91=19.51, respectively. Rows 3–4 of
Table 1 list the test statistics and the associated p-
values for the equiprobable chi-square and K–S GOF
tests. Both tests indicate the poor fit of the nor-
mal distribution. Next, we used the FITTR1 pack-
age to fit a Johnson distribution other than the
normal one. This package indicated that the only
proper distribution is the SU unbounded Johnson
distribution, and then proceeded to compute the
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Table 1
Chi-square and Kolmogorov–Smirnov tests for normal and Johnson SU distributions

Data set 1 (n= 91, X̄91 =−3.49, S91 = 19.51) Statistic p-value

Normal distribution:
Equiprobable chi-square test (10 intervals) 29.11 0.0062
K–S test 0.148 �0.025

Unbounded Johnson (SU ) distribution:

(�̂= 0.224, �̂= 0.750, 
̂= 7.814, 	̂= 1.188)
Equiprobable chi-square test (10 intervals) 11.75 0.23
K–S test 0.081 0.59

Data set 2 (n= 134, X̄134 = 8.88, S134 = 18.67)

Normal distribution:
Equiprobable chi-square test (15 intervals) 23.61 0.051
K–S test 0.083 �0.025

Unbounded Johnson (SU ) distribution:

(�̂=−0.596, �̂= 1.630, 
̂= 24.270, 	̂=−1.757)
Equiprobable chi-square test (15intervals) 16.45 0.29
K–S test 0.046 0.93

following DWLS estimates: �̂ = 0.224, �̂ = 0.750,

̂ = 7.814, and 	̂ = 1.188. Rows 7–8 of Table 1 con-
tain the outcomes of chi-square and K–S tests for the
unbounded Johnson distribution. Fig. 1 superimposes
the empirical CDF F91(·), the fitted Johnson CDF, and
the fitted normal CDF. The good fit of the Johnson
model is evident from the large p-values and the tight
fit between the empirical and fitted densities. Fig. 2
overlays the plots of the fitted unbounded Johnson
and normal densities. Notice that the fitted Johnson
probability density function (PDF) has “fat” tails and
is a bit asymmetric, neither characteristic of a normal
distribution.

We next analyzed the second data set with n = 134
observations. The sample mean and sample standard
deviation of the observations are X̄134=8.88 and S134=
18.67, respectively. Again, the normal distribution gave
a poor fit; this is evident from the low p-values of the
equiprobable chi-square and K–S tests listed in rows
11–12 of Table 1 as well as from Figs. 3 and 4.

The FITTR1 package indicated that within the John-
son system only the SU distribution yields a good fit and
computed the following DWLS estimates: �̂=−0.596,
�̂ = 1.630, 
̂ = 24.270, and 	̂ = −1.757. Fig. 3 de-
picts the empirical CDF F134(·), the fitted unbounded
Johnson CDF, and the fitted normal CDF whereas
Fig. 4 displays the respective fitted Johnson and nor-
mal PDFs. Rows 15–16 of Table 1 list the outcomes of
equiprobable chi-square and K–S GOF tests. The good
fit of the Johnson model is again apparent from the large
p-values (especially those associated with the K–S test).

Remark. We also submitted the second data set to
ExpertFit’s automated fitting procedure. Amongst 18
continuous distributions with unbounded support, the
Johnson SU distribution was the overwhelming win-
ner, with the three-parameter log-logistic distribution a
close second (the remaining 16 distributions performed
miserably). ExpertFit used the method of quantile
matching to derive the following estimates of SU ’s
parameters: �̂ = −0.576, �̂ = 1.548, 
̂ = 21.741, and
	̂ = −0.775. Both SU and log-logistic distributions
passed the K–S test, with the SU distribution yielding
a smaller test statistic; but the log-logistic distribution
failed the equiprobable chi-square test based on 15
intervals at levels 0.10���0.20.

5. Conclusions

A number of interesting findings arose from our study.
First, unscheduled arrivals may not follow an ordinary
Poisson process (i.e., the interarrival times are not IID
exponential); in fact, unscheduled arrivals may not even
follow a more-general NHPP (i.e., a Poisson process
whose arrival rate changes over time). Second, it appears
from our multiple GOF measurements that tardiness
times for scheduled patients should not be assumed to
have a normal distribution; in our study, the tardiness
times were not even particularly symmetric. For these
reasons, we must warn modelers of clinic processes to
exercise caution when choosing the distributions of the
random variables (such as interarrival and service times)
that drive simulation programs.
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Fig. 1. Empirical and fitted CDFs for data set 1.
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Fig. 2. Fitted Johnson and normal densities for data set 1.
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Fig. 3. Empirical and fitted CDFs for data set 2.
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Fig. 4. Fitted Johnson and normal densities for data set 2.

What do we still need to do? An important task that
remains is to examine the consequences of misiden-
tifying a particular distribution. For example, the
penalty for using a slightly incorrect tardiness distri-
bution may not be particularly burdensome, as long
as the first two moments (expected value and vari-
ance) are “close enough” to the actual values. On the
other hand, clinics that fail to properly characterize
patient tardiness when creating scheduling strategies
are likely to experience impedance in matching de-
mand to resources [34,35]. It is therefore of interest
to determine which random inputs are “most vital”
to the simulation and have the potential to cause the
greatest problems if modeled incorrectly; this problem
can be studied via a simulation-based sensitivity anal-
ysis. We are also interested in obtaining sound models
for the other distributions that the simulation requires,
e.g., service-time distributions, probabilities of certain
tasks being performed correctly, etc. This task simply
requires more and better data, and is ongoing through
the OCPE observational data collection facility. We
wish to point out that the Johnson system is not a
panacea for modeling patient tardiness, it is just a
flexible alternative to common distributions (e.g., beta,
triangular, etc.). In cases where tardiness distributions
exhibit multimodal behavior and distinct causes for
those modes cannot be identified, it may be necessary
to fit sufficiently flexible distribution families, and for
this purpose the Bézier family of probability distribu-
tions may be an attractive alternative [36].

Finally, how can we use this work in a practical
way? One of PIP’s primary goals is to provide clinics

with tools to allocate staff and appointment schedules
in such a way to give the maximum number of pa-
tients the highest quality service. Thus, ongoing work
includes optimal scheduling policies for staff and pa-
tients, improvement of medical practices to insure bet-
ter levels of treatment, and the development of clinic
policies in cases of unusual levels of patient demand.
Of course, one of the most obvious ways to study these
problems is through the use of computer simulation
techniques, provided that adequate and reliable data
are obtained.
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