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Suppose we have a data set with the following paired

observations:

(xla y1)7 (:132, y2)7 sy (xn, yn)

Example:

x; = height of person i
y; = weight of person:

Can we make a model expressing y; as a function of

xi?
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Estimate y; for fixed x;. Let’'s model this with the

simple linear regression equation,

y; = PBo + Biz; + &4,

where (g and (31 are unknown constants and the error
terms are usually assumed to be

e1,.. . en 2 N(0,62)

= y; ~ N(Bo + B1xi,02).
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y = Bo + Bix
with “high” o2

y = Bo + Bix

with “low” o2
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Warning! Look at data before you fit a line to it:

doesn’t look very linear!




Goldsman — ISyE 6739 12.1 Simple Linear Regression Model

T Yi
Production Electric Usage
($ million)  (million kKWh)

Jan 4.5 2.5
Feb 3.6
Mar 4.3
Apr 5
May 5
Jun 5
Jul 5
Aug 5.
4
5
4
4

N
W

Sep
Oct
Nov
Dec

DWW W W W W NN
ONWOOINEFE OO O




Goldsman — ISyE 6739 12.1 Simple Linear Regression Model
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Great... but how do you fit the line?
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Fit the regression line y = g + B1x to the data

(xlayl)a R (wnayn)

by finding the “best” match between the line and the
data. The “best”choice of 3p, 31 will be chosen to

minimize

Q = 'anl(yz (Bo + lez))Q Z 5



Goldsman — ISyE 6739 12.2 Fitting the Regression Line

This is called the least square fit. Let's solve...

g—é% — _22<yz (ﬁO + 61$z)) =0
g—gl — _szz(yz (ﬁO + 615%)) =0

< Yy, =nfbo+ P11
Yxiy; = —2>X xi(y; — (Bo + B1zx;)) =0

After a little algebra, get

By = aniyi—(Zmi)@yi)
nzw _<sz)2

BO =y — ﬁlm where y = 1Zyi and r = => x;.
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Let’'s introduce some more notation:
Sex = X(x; — 5)2 — inz — nz?
= pa? - )
Sey = X(z; —Z)(Y; — Y) = Ty, — nTY
_ Cx) i)
n

= 2. T;Y;

These are called “sums of squares.”
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Then, after a little more algebra, we can write

. Sa;y
81 = S

Fact: If the ¢;'s are iid N(0,c2), it can be shown that
Bo and (B1 are the MLE's for By and B, respectively.

(See text for easy proof).

Anyhow, the fitted regression line is:

y = Bo + B1iz.
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Fix a specific value of the explanatory variable z*, the

equation gives a fitted value g|z* = By + B1z* for the

dependent variable y.

12



ylx

Y

R

o+ Bz



Goldsman — ISyE 6739 12.2 Fitting the Regression Line

For actual data points z;, the fitted values are y; =
Bo + Brz;.

observed values : y; = Bg + B1x; + €5

fitted values . U, = Bo + Bix;

Let's estimate the error variation o2 by considering

the deviations between y; and y;.

SSE = Z(yz yz)Q Z(yz — (50 + ﬁlxz))Q
= yz 50 2. Y — 61 2. Y-
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SSE s 5 good estimator for 2.

n—2
Example: Car plant energy usage n = 12, Y12, x; =
58.62, Yy; = 34.15, Y z? = 291.231, Y y? = 98.697,
>x;y; = 169.253

1 = 0.49883, By = 0.4090

= fitted regression line is

j = 0.409 + 0.499z §|5.5 = 3.1535

What about something like 4|10.07

Turns out that 62 =

14
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Bi = 2%, where Sy = ¥(z; — 7)2 and
Sey =X(x; —T)(y; —y) = X(z; —2)y; —y (2 — T)
= >(z; — T)y;
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Since the y;'s are independent with y; ~ N(Bo+81x;, 02)

(and the z;'s are constants), we have

Efl = g—ESwy = g~ (v — T)Ey; = v S (z; — 7) (6o + P12

= (B0 Xz — &) +81 S — D)
0
= §L 507 - a%) = §L(Laf —ni?) = i

SCCZC

= (1 is an unbiased estimator of 3.
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Further, since (1 is a linear combination of indepen-

dent normals, 37 is itself normal. We can also derive

o2

~ 1 1
Var(81) = S—QVar(Sa:y) = S—QZ(%—f)QVar(yz‘) =g

XTI XTI LI

~ 2
Thus, 81 ~ N(81,5-)
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While we're at it, we can do the same Kkind of thing

with the intercept parameter, (p:
Bo =19 — P17

Thus, EByg = Ey — xEB1 = By + B1x — 81 = Bp Similar
to before, since By is a linear combination of indepen-

dent normals, it is also normal. Finally,

2
> i 02.

Var(Bg) = —
T
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Proof:

Cov(y,B1) = SLMCOV(@ >(z; — T)y;)
= L&Dy Cov(g, y;)

SZCiC
_ X@=3o* _ |
T Sajaj n T

= Var(By) = Var(y — B17) R ~
— \/al’(g) -+ LEQ\/arﬁ]_ — 2£\C—0V(ga 61),

_ 02 | =272 ’
T n ! L Sajg
= o2 (Smgni)

:
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Back to 31 ~ N(ﬂl,O'Q/S:UCU) ce

Turns out:

(1) 52 — SSE N a2x2(n—2).
(2) 62 is independent of ;.
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=
B1—
G/o Vx%—z)
n—2
=

G/\/Swz
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_ta/Q,n—Q ta/Q,n—Q

22



Goldsman — ISyE 6739 12.3 Inferences on Slope Parameter 5

2-sided Confidence Intervals for 31

l—a = Pr(_toz/Q,n—Q < 56/1;% < ta/Q,n_Q)

= Pr(B1 —tajon-27e— < B1 < P1+taon2 0
VS V Sz

rr

1-sided CI's for (:

B1 € (—oo, Bl + toz,n—Q\/%m)
B1 € (B1— ton—27g—: )
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