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Simple Hypothesis Test

Suppose that Xi,...,Xn I Nor(u,o?), where o2 is

somehow known (not very realistic).

Two-sided test:

Hg @ p = po
Hy @ p 7 po
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We'll use X to estimate p. If X is “significantly dif-

ferent” than ug, then we'll reject Hyg. How much is
“significantly different” 7

Define

s X T HO
0O = .
o/\/n

If Hg is true, then Zg ~ Nor(0, 1), in which case

Pr(—za/z < Zp < Za/2> = 1-— .
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A value of Zg outside the interval [—z, /o, 2, /2] IS highly
unlikely if Hg is true. Therefore,

Reject Hp iff [Zo] > 242

T his assures us that
Pr(Type I error) = Pr(Reject Hg | Hg true) = a.

If |Zo| > z4/0, then we're in the rejection region.
(Also called critical region.)

If |Zp| < zo/2, then we're in the acceptance region.
4
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One-sided test:

Ho @ p < po
Hyi tp > po

A value of Zg = (X — ug)/(o/+/n) outside the interval
(—o0, za] is highly unlikely if Hy is true. Therefore,

Reject Hg Iff Zo > 2a-

If Zg > za, this suggests u > ugp.
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The other one-sided test:

Ho @ p 2 po
Hy tp < po

A value of Zy outside the interval [—zq, 00) is highly

unlikely if Hg is true. Therefore,

Reject Hg Iff Zo < —za-

If Zg < —za, this suggests u < ug.
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Example: We examine the weights of 25 nine-year-
old kids. Suppose we somehow know that the weights
are normally distributed with o0 = 4. The sample mean

of the 25 weights is 42.

Test the hypothesis that the mean weight is 40. Keep
the probability of Type I error = 0.05.

Ho :p = po
Hy @ p 7 po
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Here we have

o = X—mo _42-40
o/\/n 4/+/25 o

Since |Zg| = 2.5 > Zq/2 = 2.025 = 1.96, we reject Hp.

Notice that a lower «a results in a higher z,,5. Then

it's “harder’ to reject Hp.

Example: If « = 0.01, then z o5 = 2.58, and we fail

to reject Hp in the above example.
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Definition: The p-value of a test is the smallest level

of significance a that would lead to rejection of Hy.

For the two-sided normal mean test with known vari-

ance, we reject Hg iff
Zol > 240 = P7H(1 —/2)
iff ®(|Zg]) > 1 —a/2

iff a > 2(1— &(|Z))).
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Thus, for the two-sided test

Hp @ p = po
Hy @ p 7 po

the p-value is 2(1 — ®(|Zp])).

Similarly, for the one-sided test
Ho @ p < po
Hy tp > po

p=1—®>(Zp).
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Finally, for the one-sided test

Ho @ p 2 po
Hytp<pg

we have p = $(Zp).

Example: For the previous example,

p = 2(1 —Pd(|Zp])) = 2(1 — P(2.5)) = 0.0124.

Now we'll discuss how to design a test under con-

straints involving Type I and Type II errors. . ..
11
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Test Design

Can we design a two-sided test such that

Pr(Type I error) = « and

Pr(Type Il error | = pu1 > pg) = 87

I.e., can we design a two-sided test that will work
when we require a Type I error bound «, and a Type
II prob 8 (in the special case that the true mean u

happens to equal a user-specified value pu1 > ug)?
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Suppose the difference between the actual and hy-

pothesized means is

0 = B —Ho = M1 — HO-

(Without loss of generality, we'll assume uy > ug.)
Then it can be shown that the o and G design re-
quirements can be achieved by taking a sample of

Size
n ~ O'Q(Za/z —|—z5)2/52.
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Pr(Type Il error | p = puy > po)
Pr(Fail to Reject Hg| Hg false (= 1 > po))

Pr([Zol < zq/2 |1 = p1)

Pr(—zq/2 < Zo < 240 | = p1)
Pr(—z < X~ Ho < z ' = >
a2 = N a/2 | — K1

X —p1 | p1— 4o

Pr(‘za/Q = oivn o C ZW'““)
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Notice that
7 — ):i/_\/%l ~ Nor(0, 1).
This gives
3 = Pr(—za/g < ZH \/fé < Zoz/2>
= Pr(—za/Q—\/fé < Z < ZOé/Q_\/fa)
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Consider the second term in the previous expression,

l.e.,

oo V).

O

First, notice that —z, /> < 0.
Second, since § > 0, we see that /nd/o < 0.

These two facts imply that (%) =~ 0.
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Thus, we only need to use the first term in the previ-
ous expression for G:

J/nd
5~ (a2 =)
Iff
_ no
) =~z = 2o
Iff
no
T ~ Zoz/2+zﬁ
Iff
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Recap: If you want to test Hg : 1 = ug vS. H1 . u # uo,

and

(1) You know o2,

(2) You want Pr(Type I error) = «, and
(3) You want Pr(Type Il error) = 8 if u = u1(& uo),

then you have to take n ~ 02(z,/p + 23)?/6% observa-

tions.
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Similarly, if you're doing a one-sided test, it turns out
that you need to take n ~ 02(zq + 25)?/6% obsns.

Example: Weights of 9-yr-old Kkids are normal with
o= 4. How many obsns should we take if we wish
to test Hp : pn = 40 vs. Hy : un #+# 40, and we want
a = 0.05, and 8 = 0.05 if u happens to actually equal
u1 = 427

~ 7 2 = 19 1.645)2 = 51
n ~ 5—2(za/2+z5) = Z< 96 + 1.645) = 51.98.

In other words, you need about 52 observations.
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Two-Sample Normal Means Test when Variances
are Known

Suppose we have the following set-up:

X1, X5, ..., Xn, 9 Nor(usz,o2) and

X

iid
Y]_)YQ?"')YTLy Iflv Nor(:u’yao-g)a

where the samples are indep of each other, and o2

and 05 are somehow known.

Which population has the larger mean?
20
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Here’'s the two-sided test to see if the means are dif-

ferent.
Ho @ pz = py
Hy @ px 7 py

Define the test statistic
X =Y — (paz — fy)

ZO — > >
o (0}
x _| Yy
\/n;,; Ly
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If Hp is true (i.e., the means are equal), then

~ Nor(0, 1).

Thus, as before,
Reject Hp iff [Zo] > 242

Using more of the same reasoning as before, we get

the following one-sided tests.
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Ho @ pe < py

Reject Hg iff

9.37 Normal Mean Tests (var known)

VS. H]_ /La;>l1/y

X-Y
2
ﬁ_|_a_y

N ny

Ho @ px 2 py

Reject Hg iff

ZO: <

VS.  Hi ! px < uy

<
o

—Za.

SISV
_I_
SISV
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Example: Suppose we want to test Hqg : gy = py VS.

Hy @ px # py, and we have the following data:

ny = 10, X = 824.9, 02 = 40
Y =

ny = 10, 818.6, o7 = 50
Then
824.9 — 818.6
ZO —_— — 2.10.
40 4 50
10 ' 10

If « = 0.05, then |Zp| = 2.10 > 2,/ = 1.96, and so
we reject Hy.
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