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5.25 Normal Definition

Definition: X has the normal distribution with pa-

rameters u and o2 if it has p.d.f.
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Notation: X ~ Nor(u, o2)



5.25 Normal Definition

f(x) is “"bell-shaped” and symmetric around =z = pu,

with tails falling off quickly as you move away from pu.

Small o2 corresponds to a “tall, skinny' bell curve;

large o2 gives a ‘short, fat” bell curve.

Remark: The Normal distribution is also called the

Gaussian distrn.

Examples: Heights, weights, SAT scores, crop vields,

and averages of things tend to be normal.



5.25 Normal Definition

Fun Fact (1): [y f(x)dz = 1.

Proof: Transform to polar coordinates. Good luck.

Fun Fact (2): The c.d.f. is
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Remark: No closed-form solution for this. Stay tuned.



5.25 Normal Definition
Fun Fact (3): E[X] = p.
Proof: Integration by parts or m.g.f. (below).
Fun Fact (4): Var(X) = o2,
Proof: Integration by parts or m.g.f. (below).
Fun Fact (5): The m.g.f. is My (t) = exp(ut + 505°t2).

Proof: Calculus (or look it up in a table of integrals).
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5.25 Normal Definition

Theorem (Additive property of normals): If Xq,...,Xn

are indep with X; ~ Nor(u;,0?), i =1,...,n, then

Y = ) aX;+b ~ Nor( ) aju; +0b, ) ajoy).

So a linear combination of indep normals is itself nor-

mal.



5.25 Normal Definition

Proof: Since Y is a linear function,

My (1)

My a;x4b() = ethZiain'(t)

n
e’ T M, x,(t) (X;'s indep)
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e’ T Mx,(a;t) (m.g.f. of linear fn)
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w;(a;t) + %af(ait)zl (normal m.g.f.)

(3 mai+ D)t + (3 a?oP)2|. (Done)
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5.25 Normal Definition

Remark: A normal distrn is completely characterized

by its mean and variance.

By the above, we know that a linear combination of

indep normals is still normal.

T herefore, when we add up indep normals, all we have
to do is figure out the mean and variance — the nor-

mality of the sum comes for free.



5.25 Normal Definition

Example: X ~ Nor(3,4), Y ~ Nor(4,6) and X,Y in-
dep. Find the distrn of 2X — 3Y.
Solution: This is normal with
E[2X —3Y] = 2E[X] —3E[Y] = 2(3)—-3(4) = -6
and

Var(2X —3Y) = 4Var(X) 4+ 9Var(Y) = 70.

Thus, 2X — 3Y ~ Nor(—6,70).
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5.25 Normal Definition

Corollary (of Theorem):
X ~ Nor(u,c?) = aX +b ~ Nor(au+ b,a’c?).

Proof: Immediate from Theorem after noting that
E[laX +b] = au+ b and Var(aX + b) = a?02.

Corollary (of Corollary):

X —p

X ~ Nor(u,c?) = Z = ~ Nor(0,1).

Proof: Use above Cor with a=1/0 and b= —pu/o.
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5.25 Normal Definition

Definition: The Nor(0, 1) distrn is called the standard

normal distribution.

T he standard normal is nice because there are tables

available for its c.d.f.

You can standardize any normal RV X into a standard
normal by applying the transformation 7 = (X —pu)/o.

Then you can use the c.d.f. tables.
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