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Definition: For any RV X, the cumulative distribu-
tion function (cdf) is defined for all x by F(x) =
P(X <ux).

X continuous implies
T
F(z) = /_OO £(¢) dt.

X discrete implies

Fz) = > fly) = > Pr(X=y).

{yly<z} {yly<z}
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Continuous cdf’s

Theorem: If X is a continuous RV, then f(x) =
F'(x).

Proof: F'(z) = L% f(t)dt = f(z), by the funda-

mental theorem of calculus.

Remark: If X is continuous, you can get from the pdf
f(x) to the cdf F(xz) by integrating.
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Example: X ~ U(0,1).

1 ifOo<ze<l
f(@) = {O otherwise
(0 ifx<O0
F(r) = (x ifO<ax<1
1 ifx>1
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Example: X ~ Exp()\).

[ xe ™ ifz>0
f(@) = { 0O otherwise

v if
F@ = [ soa =1 T (75
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Discrete cdf’s

Example: Flip a coin twice. X = number of H's.

v — Oor2 w.p.1/4
- 1 w.p.1/2

e

O ifxz<O

o . ] 1/4 ifo<z<1
Flz) = PriX=2) = (304 if1<5<2

1 ifz>2
(You have to be careful about “>" vs. “<'.)
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Properties of all cdf’s

F'(x) is non-decreasing in x, i.e., x1 < x> implies that
F(x1) < F(x2).

limz oo F(x) =1 and limy,_, o F(x) = 0.

F(x) is right-cts at every point x.
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Theorem: Pr(X >x) =1 — F(x).

Proof:

1 =PrX<z)4+Pr(X >z) = F(z)+ Pr(X > x).
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T heorem:

r1 <xo = Pr(z1 < X <xzp) = F(x3) — F(x1).

Proof:

Pr(z1 < X < xp)

= Pr(X >z N X <xzp)

= Pr(X >z1)+Pr(X <z) —Pr(X >z1 U X < 2x5)
1 — F(x1) + F(z2) — 1.



