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ISyE 3770 — Test 3 Solutions — Fall 2007
(revised 11/21/07)

This test is 80 minutes long. You are allowed one cheat sheet. Do not look at or
start the test until you are told to do so. When we ask you to return the test, stop
immediately, hand the test in, and do not utter a word to anyone. Do not show any
work other than your answers on this sheet. Check your answers — we won’t be giving

any credit for any answers that you transfer incorrectly from your worksheets. Good
luck!

Put your answers here...

1 2. 3
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7 8. 9
10. 11. 12.
13. 14. 15.
16. 17. 18.

19. 20.




. Suppose X ~ Bern(0.6). Find the expected value of Y = 4X? + 1.

Solution: Recall that X ~ Bern(p) implies E[X*] = p for any k& > 1. Then
E[Y] =4E[X?|+1=4p+1=34. <

. Consider the joint probability mass function of (X,Y) for which f(0,0) = 0.3,
£(0,1) = 0.2, £(2,0) = 0.4, and f(2,1) = 0.1. Find P(Y = 1),

Solution: The joint p.m.f. f(x,y) is

YAX | 0 2| fr(y)
0 03 04| 07
1 0.2 0.1 0.3

Fx@) |05 05| 1

Thus, P(Y =1) = fy(1) =0.3. <

. Consider the joint p.m.f. from Question 2. Find E[Y].

Solution: E[Y] =, yfy(y) =0(0.7) +1(0.3) =0.3. &

. Consider the joint p.m.f. from Question 2. Find Cov(X,Y).

Solution: First of all, E[Y] = 0.3 from the solution to Problem 3. Similarly,
E[X] =Y, xfx(z) =0(0.5) +2(0.5) = 1. Further,

ELXY] =Y ayf(z,y) = 0(0)(0.3) + 0(1)(0.2) 4+ 2(0)(0.4) + 2(1)(0.1) = 0.2.

Thus, Cov(X,Y) = E[XY] — E[X]E[Y] =02 —1(0.3) = —0.1. &

. True or False? If the joint p.m.f. of (X,Y") is given by f(0,0) = 0.18, f(0,1) = 0.42,
f(2,0) =0.12, and f(2,1) = 0.28, then X and Y are independent.

Solution: The joint p.m.f. f(x,y) is



YAX | 0 2 | fr(y)
0 0.18 0.12 0.3
1 0.42 0.28 0.7

Fx(@) | 06 04 1

From this, we see that f(z,y) = fx(x)fy(y) for all four (z,y) choices. Thus, the
answer is TRUE. <

. True or False? If X and Y are independent, then the conditional p.d.f.
fzly) = fr(y).

Solution: In fact, f(z|y) = fx(x), so the answer is FALSE.

. True or False? Suppose that X and Y have joint p.d.f. f(z,y) = ¢/(z + y)?,
1<x <21 <y<3, for some constant ¢. Then X and Y are independent.

Solution: Since you can’t factor f(z,y) = h(x)g(y) for some functions h(z) and
g(y), the answer is FALSE. <

. True or False? Suppose that X and Y have joint p.d.f. f(z,y) = czy,
0 <z <y < 1, where ¢ is the appropriate constant. Then X and Y are
independent.

Solution: Since you have funny limits, the answer is FALSE.

. Consider the bivariate p.d.f. f(x,y) = 8zy, 0 <z <y < 1. Find E[X?Y?].

Solution: We have
1 ry
E[X?Y?] = //x2y28xydxdy
o Jo

1 Yy
= 8/ y3/ x> dx dy
0 0

1
= 2/ y7dy
0

= 1/4. $



10.

11.

12.

13.

Suppose f(x,y) = 8zxy, 0 <z <y < 1. Find the conditional p.d.f. f(y|z).

Solution: First of all,

fx@ = [ fay)dy

—00

1
= / 8zy dy
= 4r(1—-2%),0< o<1

Thus,

(ry)  8zy 2 O<z<y<l o

fyle) = fXEx) dr(l—22) 1—2a2  —

Suppose that E[X] = 3, E[Y] = 4, Var(X) = 5, Var(Y) = 6, and Cov(X,Y) = 4.
Find Var(X +2Y).

Solution: Var(X +2Y) = Var(X)+ Var(2Y) +2Cov(X,2Y) = Var(X) +4Var(Y) +
ACov(X,Y) =45. &

If E[X] = 3, E[Y] = 4, Var(X) = 5, Var(Y) = 6, and Cov(X,Y) = 4, find
Corr(X,Y).

Solution: Corr(X,Y) = Cov(X, Y)/\/Var(X)Var(Y) =4//30=0.73. ¢

True or False? If a > 0 and b > 0 are constants, then Corr(X,Y") = Corr(aX,bY").

Solution: We have
Cov(aX,bY)
\/Var(aX)Var(bY)
abCov(X,Y)
\/aZVar(X)bQVar(Y)
Cov(X,Y)
\/Var(X)Var(Y)
= Corr(a,b),

Corr(aX,bY) =




14.

15.

16.
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so the answer is TRUE. <

If X and Y are independent Exp(1) random variables, find Var(XY).

Solution: We have

Var(XY) = E[(XY)?] - (E[XY])?
= E[X?E[Y?] — (E[X]E[Y])* (you can factor since X,Y are indep)
= 2(2) — (1-1)* (by class notes and other sources)
= 3 <

True or False? If X and Y are independent, then Corr(X,Y) = 0.

Solution: TRUE.

Toss a pair of dice 4 times. Let X denote the number of times we see a sum of 7.
Find Var(X).

Solution: X ~ Bin(4, ¢), which implies that Var(X) =npg =4(3)(2)=2. &

What does “1.i.d.” stand for?

Solution: independent and identically distributed. <

If P(X =—1)=0.6 and P(X = 3) = 0.4, find the m.g.f. of X.

Solution: Mx(t) = E[e!*] =3, e f(z) = e71(0.6) + €31(0.4). <

Suppose X has m.g.f. 3/(3 — 4¢) for ¢t < 3/4. Name (with any parameters) the
distribution of X.

Solution: We have Mx () = 2/(3—t), so that we immediately have X ~ Exp(3/4).
¢



Note that X ~ 4 - Exp(3) would also have been an acceptable answer.

20. If X and Y are independent Bern(0.6) random variables, find the m.g.f. of X + Y.

Solution: Since X and Y are i.i.d., we have Mx y(t) = [Mx(t)]* = (pe' + ¢q)* =
(0.6e! +0.4)2. &



