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Abstract. We study copositive matrices which admit a decomposition into a sum of a positive semidefinite
matrix and a matrix with nonnegative entries. Our main result shows that if the off-diagonal entries of a

copositive matrix are nondecreasing in rows and in columns, then it admits such a decomposition. We apply
this result to study optimization of quadratic forms over the standard simplex. As a corollary, we obtain

that a natural relaxation of this problem is tight when the objective function is separable, resolving an open

question from [DK25].

1. Introduction

A symmetric n× n matrix A is copositive if the quadratic form x⊤Ax takes only nonnegative values for
x in the nonnegative orthant. The collection of copositive n × n matrices forms a closed convex cone Copn
inside the space of all n × n symmetric matrices. There has been recent interest in the cone of copositive
matrices, as many optimization problems with quadratic objectives can be reformulated as conic optimization
problems over the completely positive cone of matries, which are dual to conic optimization problems over
the copositive cone [Bom+00; Bur09; CDX25]. A classical example is the problem of minimizing a quadratic
form over the unit simplex, also called a standard quadratic program [Bom98; Bom+00; BD02; BLT08;
CPZ13; SY15; Bom+25], which has an equivalent copositive conic reformulation.

Checking copositivity of a matrix is co-NP-complete [MK87]. A more tractable inner approximation of
the cone of copositive matrices is the cone of symmetric matrices which are the sum of a positive semidefinite
matrix and a matrix with only nonnegative entries. Denoting this cone by SPNn, it is a foundational result
that SPNn = Copn if and only if n ≤ 4 [Dia62]. For n ≥ 5, there has been interest in determining conditions
on copositive matrices which guarantees an SPN decomposition [Sha16; GY22].

We have two main goals in this paper. First, we develop new conditions, depending only on the off-
diagonal entries of a copositive matrix, which guarantee the existence of an SPN decomposition. Secondly,
we study the implications of such results on standard quadratic programming problems, since a natural
approximation for a copositive reformulation is to replace the cone Copn with the cone SPNn.

Towards our first goal, we present a simple criterion which ensures that a copositive matrix admits an
SPN decomposition as follows:

Theorem 1.1 (Theorem 3.5 below). If A = (ai,j) ∈ Copn and the off-diagonal entries of A are nondecreasing
in rows and columns, i.e. ai,j ≤ aℓ,k when i ̸= j, ℓ ̸= k, i ≤ ℓ, and j ≤ k, then A ∈ SPNn.

Our proof relies on an inductive argument which applies to a broader class of matrices, described in
Theorem 3.1. Building on this inductive framework, we obtain further generalizations, including Theorem 3.9,
in which the ordering assumptions on the off-diagonal entries are weakened: positive entries are required to
be nondecreasing in rows and columns, while nonpositive entries need only satisfy a row-ordering condition
determined by the location of the first positive entry in the matrix. As a consequence, we obtain exactness
of the SPN relaxation for block-structured matrices in which one block has nonpositive off-diagonal entries,
the off-diagonal block is nonpositive with nondecreasing rows, and the remaining block has ordered off-
diagonal entries, as well as for matrices whose blocks overlap in a single row and column (Corollary 3.10
and Proposition 3.11). The matrices considered in Theorem 1.1 also generate a larger collection of matrices
for which copositivity implies the existence of an SPN decomposition, via orbits of a group action. Since
copositivity and the existence of an SPN decomposition are both invariant under simultaneous permutation of
rows and columns and under rescaling by diagonal matrices with positive diagonal, one can ask when a given
symmetric matrix can be brought into the ordered setting by such operations. We show in Propositions 4.7
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and 4.8 that determining the existence of such a diagonal rescaling or permutation, respectively, admits
polynomial time algorithms.

Towards our second goal, Theorem 1.1 provides a new class of matrices for which the SPN relaxation is
tight. In particular, we show in Proposition 5.7 that this relaxation is tight for quadratic programs with
separable objective functions, answering [DK25, Conjecture 1]. Additionally, we provide simple proofs of
exactness of the relaxation for matrices with minimum entry on the diagonal and matrices which define
convex objectives over the simplex, originally proven in [GY22].

Our results also admit a natural interpretation in the context of existing exactness results for SPN relax-
ations. A well-known connection links standard quadratic programming to the maximum weighted clique
problem: for certain objective functions, standard quadratic programming and its SPN relaxation agree,
computing the size of the maximum weighted clique of a perfect graph [Gib+97; MS65; GY22]. The con-
ditions on such objective functions, which include relations between diagonal and off-diagonal entries of the
objective matrix, imply that the sign graphs of optimal solution matrices are perfect graphs, where a sign
graph is a graph on {1, 2, . . . , n} whose edges correspond to entries taking a specified sign. We show in
Proposition 6.1 that matrices with ordered off-diagonal entries have sign graphs which are threshold graphs
[CH77]. A threshold graph is a perfect graph which can be obtained by starting with a single vertex and
successively adding vertices which are either connected to every other vertex or which are connected to no
other vertex. From this perspective, Theorem 1.1 extends existing exactness results for SPN relaxations by
removing some of the hypotheses on the objective function, provided that the associated sign graph of the
optimal solution is threshold.

The remainder of the paper is organized as follows. Section 2 fixes notation and provides background
results on copositive and SPN matrices. In Section 3, we develop results about classes of matrices for which
copositivity implies the existence of an SPN decomposition. Section 4 discusses matrices which are in the
orbit of the set of matrices with ordered off-diagonal entries. In Section 5, we apply the results about
copositive matrices to certify the tightness of SPN relaxations of standard quadratic programming problems.
Finally, in Section 6, we discuss the sign pattern graphs of matrices which are in the orbit of the ordered
off-diagonal matrices.

2. Notation and Background

In this section, we fix the notation and provide background results on copositive and SPN matrices.

2.1. Notation. We denote by Sn the set of n × n symmetric matrices with real entries. Let Copn ⊆ Sn

denote the cone of n× n copositive matrices and SPNn ⊆ Sn denote the cone of n× n matrices which are
the sum of a positive semidefinite matrix and an entrywise nonnegative matrix. If A ∈ SPNn for some n,
then we say A is SPN or A admits an SPN decomposition.

If A ∈ Sn is an n × n symmetric matrix, we let A(i) be the (n − 1) × (n − 1) submatrix obtained by
deleting row i and column i. For a vector v ∈ Rn, the notation v ≥ 0 means that v is entrywise nonnegative.
Similarly, for matrices A and B, A ≥ 0 denotes that A has nonnegative entries and A ≥ B means that
A−B ≥ 0. If A is positive semidefinite, we write A ⪰ 0. We denote by E the n× n matrix with all entries
equal to one. Similarly, e ∈ Rn is the vector with all entries equal to one so that E = ee⊤.

If n is a natural number, we denote [n] = {1, 2, . . . , n}. For v ∈ Rn, the support supp v ⊆ [n] is the set
supp v = {i ∈ [n] | vi ̸= 0}.

2.2. Helpful Lemmas. In this section, we collect background results about copositive matrices.

Lemma 2.1 ([Dia62, Lemma 2]). If A ∈ Copn and aii = 0 for some i ∈ [n], then ai,j ≥ 0 for all j ∈ [n].

Lemma 2.2 ([PY93, Theorem 4]). If A ∈ Copn and all off-diagonal elements of A are nonpositive, then A
is positive semidefinite.

Matrices with nonpositive off-diagonal entries are studied extensively in [BP94]. We recall some results
here. In what follows, we frequently impose the conditions that a matrix has all nonpositive off diagonals or
that a matrix is of the form sI−B for some s ∈ R and B ≥ 0. These are called Z-matrices and M -matrices,
respectively in [BP94; Sha16].
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Lemma 2.3 (cf [Sha16, Lemma 2.8]). If A is a copositive matrix with all nonpositive off-diagonal entries,
then A = sI − B for some nonnegative matrix B and s ∈ R such that s is at least as large as the largest
eigenvalue of B.

Lemma 2.4. If A is a singular copositive matrix will all nonpositive off-diagonal entries, then there is a
vector v ∈ ker(A) such that v ≥ 0.

Proof. Under the hypotheses of the lemma, A is positive semidefinite with nontrivial kernel. So, the smallest
eigenvalue of A is 0 and therefore a unit vector v ∈ ker(A) is a minimizer of

min
w∈Rn

w⊤Aw =

n∑
i=1

ai,iw
2
i + 2

∑
1≤i<j≤n

ai,jwiwj s.t. ∥w∥ = 1.

If w is any unit vector and ŵ =
[
|w1| |w2| . . . |wn|

]⊤
is the vector obtained by taking entrywise absolute

values, then since ai,j ≤ 0 for all i, j we have

w⊤Aw ≥ ŵ⊤Aŵ.

So, there is a minimizer with nonnegative entries. □

Lemma 2.5. If A is positive semidefinite with all nonpositive entries on the off-diagonal, then there is a

permutation P such that P⊤AP =

[
A1 0
0 A2

]
, where A1 is singular and A2 is positive definite. Here we

allow A1 = A or A2 = A.

Proof. If A is positive definite, then there is nothing to show. Otherwise, let v ∈ ker(A) have v ≥ 0.
Let v be a support inclusion maximal vector with this property: if w ∈ ker(A) has supp v ⊆ suppw then
supp v = suppw.

If all entries of v are nonzero, then A1 = A and we are done. Otherwise, let P be a permutation such
that Pv =

[
v̂⊤ 0⊤

]
for some v̂ with all nonzero entries. Set A1 to be the submatrix of A consisting of the

rows and columns indexed by supp v. Then, P⊤AP =

[
A1 A12

A⊤
12 A2

]
and we need to show that A12 = 0 and

A2 is nonsingular. Since A is positive semidefinite (and therefore so is P⊤AP ), we have that[
A1 A12

A⊤
12 A2

] [
v̂
0

]
=

[
A1v̂
A12v̂

]
= 0.

Since A12 has all nonpositive entries and since v̂ has all positive entries, this implies that A12 = 0. To
conclude, note that if A2 were not positive definite, then there would be w ∈ ker(A2). But then,

[
v̂ w

]
∈

ker(P⊤AP ), contradicting the assumption that v had inclusion maximal support. □

Lemma 2.6 (cf [BP94, Condition N38], [Sha16, Lemma 2.9]). If A is a nonsingular copositive matrix with
nonpositive off-diagonal entries such that A = sI − B for some s ∈ R, B ≥ 0 then A−1 ≥ 0. If B ≥ A also
has nonpositive off-diagonal entries, then A−1 ≥ B−1.

The following lemma deals with block matrices whose off-diagonal blocks have constant signs. It is a
critical component of what follows, so we include a proof.

Lemma 2.7 ([Sha16, Lemma 3.4]). Suppose that

A =

[
M F
F⊤ B

]
, M ∈ Rr×r, F ∈ Rr×(n−r), B ∈ R(n−r)×(n−r).

• If F ≥ 0 (entrywise), then A ∈ Copn ⇐⇒ M ∈ Copr and B ∈ Copn−r, and A ∈ SPNn ⇐⇒ M ∈
SPN r and B ∈ SPNn−r.

• If F ≤ 0 and M is an invertible copositive matrix with negative off-diagonal entries, then A ∈
Copn ⇐⇒ A/M ∈ Copn−r and A ∈ SPNn ⇐⇒ A/M ∈ SPNn−r. Here A/M = B −F⊤M−1F is
the Schur Complement.
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Proof. For the first claim, note that if A ∈ Copn, then M ∈ Copr and B ∈ Cop(n−r). Similarly, if A ∈ SPNn,
then M ∈ SPN r and B ∈ SPN (n−r) since the principal submatrices of copositive matrices are copositive
and similar for SPN matrices. For the other direction, note that since F has nonnegative entries, A is
copositive (SPN) if both M and B are.

For the second claim, note that we have the decomposition

A =

[
M F
F F⊤M−1F

]
+

[
0 0
0 A/M

]
.

Since the first matrix in the sum is positive semidefinite, we have that if A/M is copositive (SPN), then so
is A.

To see that copositivity of A implies copositivity of A/M , note that for v ∈ Rn−r with v ≥ 0, we have
that −M−1Fv ≥ 0 by Lemma 2.6 and

[
−(M−1Fv)⊤ v⊤

]⊤ [
M F
F⊤ B

] [
−(M−1Fv)

v

]
= v⊤(A/M)v.

It remains to show that if A is SPN, then so is A/M . If A is SPN, then there is a positive semidefinite
matrix P with P ≤ A. Permuting the rows and columns and applying Lemma 2.5 if necessary, we have that

P =

P11 0 P13

0 P22 P23

P⊤
13 P⊤

23 P33

 .

Now, if v ≥ 0 is a zero of P11, then
[
v⊤ 0⊤ 0⊤

]⊤
is a zero of P . Since P ≤ A and since F ≤ 0, this

implies that P13 = 0. Since M was assumed to have nonpositive off-diagonal entries, it follows that the block
structure of A is given by

A =

M1 0 0
0 M2 F2

0 F⊤
2 B

 .

So, A/M =

[
0 0
0 B − F⊤

2 M−1
2 F2

]
. Now, P−1

22 ≥ M−1
2 ≥ 0 by Lemma 2.6 since P22 ≤ M2 and both have

nonpositive off-diagonal entries. It follows that

A/M = B − F⊤
2 M−1

2 F2 ≥ P33 − P⊤
23P

−1
22 P23 ⪰ 0,

where the final matrix is positive semidefinite since it is a Schur complement of a positive semidefinite
matrix. □

Lemma 2.8 ([Sha16, Lemma 3.1]). Let A ∈ Copn have a positive semidefinite submatrix of order n − 1.
Then, A ∈ SPNn.

3. Main Theorem

In this section, we prove our main theorem, which states that copositive matrices with ordered rows
and columns admit an SPN decomposition. We start in Section 3.1 by describing a framework of sufficient
conditions on a class of matrices for copositivity to be equivalent to the existence of an SPN decomposition.
In Section 3.2, we specialize to the case of ordered rows and columns. Finally, in Section 3.3, we describe
block-matrix extensions of our results.

3.1. General Classes. In this section, we describe a class of matrices for which copositivity implies the
existence of an SPN decomposition.

Theorem 3.1. Let A =
⊔

n≥1 An be a disjoint union of sets of matrices An ⊆ Sn such that for each n ≥ 5,

(3.1.I) If A ∈ An, then there is a row i such that all off-diagonal entries in row i are nonnegative or all
off-diagonal entries in row i are nonpositive and at least one is nonzero.

(3.1.II) If A ∈ An, and row i has all nonnegative off-diagonal entries, A(i) ∈ An−1.
(3.1.III) If A ∈ An has no rows with all nonnegative entries, then there is a row i with all nonpositive

off-diagonal entries and a nonzero diagonal entry such that A/ai,i ∈ An−1.
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If A ∈ A is copositive, then it admits an SPN decomposition.

Proof. We induct on n. Recall that for n ≤ 4, every copositive matrix admits an SPN decomposition.
Our base case is n = 5. Let A ∈ A5 ∩ Cop5. If there is a row i such that all off-diagonal entries of row i

are nonnegative, then A(i) ∈ S4 is copositive and therefore A(i) ∈ SPN 4. By Lemma 2.7, this implies that
A ∈ SPN 5. Otherwise, there is a row i such that all off-diagonal entries of row i are nonpositive and at
least one entry is negative. Since A is copositive, this implies that aii > 0 by Lemma 2.1. By Lemma 2.7, we
have that since A is copositive, A/aii ∈ Cop4 = SPN 4. By Lemma 2.7 again, this implies that A ∈ SPN 5.

Now suppose that n ≥ 6 and for all k ≤ n, we have that Ak ∩ Copk = Ak ∩ SPN k. Let A ∈ An. If there
is a row i such that all off-diagonal entries of row i are nonnegative, then A(i) ∈ An−1 is copositive and
therefore A(i) ∈ SPNn−1. By Lemma 2.7, this implies that A ∈ SPNn. Otherwise, there is a row i such
that all off-diagonal entries of row i are nonpositive and at least one entry is negative. As above, this implies
that aii > 0. By Lemma 2.7, we have that since A is copositive, A/aii ∈ An−1 ∩Copn−1 = An−1 ∩SPNn−1.
By Lemma 2.7 again, this implies that A ∈ SPNn. □

Remark 3.2. Two immediate examples of sets of matrices satisfying Conditions (3.1.I), (3.1.II), and (3.1.III)
are the set of nonnegative matrices and the set of matrices with nonpositive off-diagonal elements.

Example 3.3 (All positive off-diagonal entries contained in the last row). Let An ⊆ Sn be the set of

matrices A =

[
A1 v
v⊤ α

]
, where A1 ∈ Sn−1 has nonpositive off-diagonal entries, v ∈ Rn−1, and α ∈ R. Note

that if A ∈ An is copositive, then A1 is copositive. By Lemma 2.2, A1 is PSD and therefore by Lemma 2.8
A is SPN.

We show that the set A =
⊔

n≥1 An satisfies Conditions (3.1.I), (3.1.II), and (3.1.III). Let A ∈ An. If
v ≥ 0, then there is a row with all nonnegative elements. Otherwise, there is an index i such that vi < 0 and
therefore the ith row of A has all nonpositive off-diagonal elements. Next, the only possibly nonnegative row
of A is the final row n. A(n) has only nonpositive off-diagonal entries, and therefore A(n) ∈ An−1. Finally,
if v is not nonnegative, then there is an index i such that vi < 0. Let S = A/aii be the Schur complement,
with rows indexed by 2, 3, . . . , n for convenience. Note that si,j ≤ ai,j for all 1 ≤ i, j ≤ n. In particular,

if S =

[
S1 u
u⊤ β

]
where S1 ∈ Sn−2, it must be the case that S1 has nonpositive off-diagonal entries and

therefore S ∈ An−1.

We record some immediate facts about sets of matrices satisfying Conditions (3.1.I), (3.1.II), and (3.1.III).

Proposition 3.4. Suppose that A(1),A(2), . . . ,A(k) are sets of matrices satisfying Conditions (3.1.I), (3.1.II),
and (3.1.III). The following sets of matrices also satisfy the conditions:

(1) Block diagonal matrices with blocks in the sets A(i),

(2)
⋃k

i=1 A(i),

(3) The class B, where A ∈ B if and only if A ∈ A(1) or A has rows with nonpositive off-diagonal entries
which, when removed, yield a matrix in A(1).

The hypotheses on classes of matrices in Condition (3.1.III) is recursively defined. In particular, it is
difficult to check that a class A satisfies these hypotheses. Furthermore, given such a class A, it may be hard
to check membership A ∈ A. In what follows, we work with classes A which have concrete descriptions in
terms of the ordering of matrix entries.

3.2. Ordered Off-Diagonal Entries. We now turn to a tractable case of Theorem 3.1, in which the
off-diagonal entries of a matrix are ordered in rows and columns. For ease of notation, set

Mn = {A = (ai,j) ∈ Sn | ai,j ≤ ak,ℓ whenever i ≤ k and j ≤ ℓ, and i ̸= j, k ̸= ℓ}.
Our main result is the following theorem:

Theorem 3.5. Let A ∈ Mn. Then A ∈ Copn if and only if A ∈ SPNn.

Before proving the theorem, we record the following lemma, which allows us to study the copositivity of
matrices in Mn using Lemma 2.7.

Lemma 3.6. Suppose that A ∈ Mn. Then, either
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(1) an,j ≥ 0 for all 1 ≤ j ≤ n− 1, or
(2) a1,j < 0 for all 2 ≤ j ≤ n.

Proof. If an,1 ≥ 0, then an,j ≥ an,1 ≥ 0 for all 1 ≤ j ≤ n − 1 since A ∈ Mn. Otherwise, a1,n = an,1 < 0.
Once again, since A ∈ Mn, we have a1,j ≤ a1,n < 0 for all 2 ≤ j ≤ n. □

Remark 3.7. The similar statement that A ∈ Mn has all nonpositive off-diagonal entries in its first row or
strictly positive off-diagonal entries in its last row is also true. The proof is similar to that of Lemma 3.6,
but the cases are differentiated by an,1 > 0 and an,1 ≤ 0.

We are now ready to prove Theorem 3.5.

Proof of Theorem 3.5. For n ≤ 4, we have that Copn = SPNn so that the claim holds.
Let M =

⊔
n≥1 Mn. We show that M satisfies the hypotheses of Theorem 3.1. Let A ∈ Mn. Lemma

3.6 implies that A has a row which either has all negative off-diagonal entries or all nonnegative off-diagonal
entries and therefore Mn satisfies (3.1.I). For any 1 ≤ i ≤ n we have A(i) ∈ Mn−1 since deleting a row and
column from the matrix will not cause entries to become unordered, so Mn satisfies (3.1.II).

For condition (3.1.III), note that if there is no row with all nonnegative off-diagonal entries, then a1,j < 0
for all 2 ≤ j ≤ n. The Schur complement of A with respect to a11 is

S := A/a1,1 = A(1)− 1

a1,1

a1,2...
a1,n

 [
a1,2 . . . a1,n

]
∈ Copn−1.

For convenience, we index the rows and columns of S by 2, 3, . . . , n. Fix i, j, k ∈ {2, 3, . . . , n} with k > j and
i ̸= j, k. The entries of S are given by

si,j = ai,j −
1

a1,1
a1,ia1,j .

It follows that

si,k − si,j = ai,k − 1

a1,1
a1,ia1,k − ai,j +

1

a1,1
a1,ia1,j

= (ai,k − ai,j) +
a1,i
a1,1

(a1,j − a1,k)

≥ 0,

where the last inequality follows since ai,k ≥ ai,j and a1,i < 0. So, S ∈ Mn−1. The result then follows from
Theorem 3.1 applied to the class M. □

3.3. Relaxing Ordering Assumptions. Here, we extend the result of Theorem 3.5 to matrices with
relaxed ordering constraints. We then use this to develop a block matrix generalization of Theorem 3.5. The
relaxed ordering depends on the signs of the entries in a row of the matrix.

Definition 3.8 (Positive Index of a Matrix). Let A = (ai,j) ∈ Sn. We define the positive index of A,
denoted idx(A), to be the first row in which there is a positive off-diagonal entry. That is,

idx(A) = min{i | ai,j > 0 for some j ∈ [n], j ̸= i}.
If all off-diagonal entries of A are nonpositive, we set idx(A) = n+ 1.

Theorem 3.9 (Relaxed Ordering Assumption). For n ≥ 1, let Rn ⊆ Sn be the set of matrices M satisfying
the following two conditions:

(3.9.I) If mi,j > 0, then mi,j ≤ mi+1,j and mi,j ≤ mi,j+1 whenever these entries are defined
(3.9.II) If k = idx(M), then

mi,j ≤ mi,j+1 for all i ∈ [n− 1] and all max{k, i+ 1} ≤ j ≤ n− 1.

Then, Rn ∩ Copn = Rn ∩ SPNn.

The ordering assumptions are illustrated in Figure 1.
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idx(M)

Figure 1. The ordering of off-diagonal elements in Theorem 3.9. Off-diagonal entries are
required to be nondecreasing in the directions of the arrows. The top left block has only
nonpositive off-diagonal entries and no restrictions on the ordering of elements. The bottom
right entries beneath the bold staircase are required to be positive.

Proof. We apply Theorem 3.1 to the class R =
⊔

n≥1 Rn.

We first show that if M = (mi,j) ∈ Rn, then M either has all nonpositive off-diagonal entries in its first
row or all nonnegative off-diagonal entries in its last row. If the first row has all nonpositive off-diagonal
entries, then we are done. Otherwise, m1,j > 0 for some j > 1. It follows that m1,n ≥ m1,j by Condition
(3.9.I). We then have that 0 ≤ m1,n ≤ m2,n ≤ · · · ≤ mn−1,n by Condition (3.9.I) again. So, the last row has
all nonnegative off-diagonal entries. So, Condition (3.1.I) is satisfied.

Since deleting a row and column with nonnegative entries does not affect ordering or signs of the entries
in other rows, if M ∈ Rn and row i has all nonnegative entries, then M(i) ∈ Rn−1. So, Condition (3.1.II)
is satisfied.

Finally, we need to show that if there are no rows with all nonnegative entries, then there is a row i such
that the Schur complement M/mi,i ∈ Rn−1. We show this for i = 1. Partition M as

M =

[
α v⊤

v M1

]
,

where v =
[
m1,2 m1,3 . . . m1,n

]⊤ ≤ 0. We are interested in S = M/m1,1 = M1− 1
αvv

⊤. The off-diagonal
entries of S are

si,j = mi+1,j+1 −
m1,i+1m1,j+1

α
.

Note that si,j ≤ mi+1,j+1.
We show that S satisfies Condition (3.9.I). Suppose that si,j > 0. Then,

si,j+1 − si,j = (mi+1,j+2 −mi+1,j+1)−
(m1,i+1m1,j+2

α
− m1,i+1m1,j+1

α

)
= (mi+1,j+2 −mi+1,j+1)−

m1,i+1

α
(m1,j+2 −m1,j+1) .

Since si,j > 0, we have that mi+1,j+1 > 0 and therefore k = idx(M) ≤ i + 1. So, mi+1,j+2 −mi+1,j+1 ≥ 0
and m1,j+2 −m1,j+1 ≥ 0 by Condition (3.9.II) applied to M . So, si,j+1 − si,j ≥ 0.

Similarly,

si+1,j − si,j = (mi+2,j+1 −mi+1,j+1)−
(m1,i+2m1,j+1

α
− m1,i+1m1,j+1

α

)
= (mi+2,j+1 −mi+1,j+1)−

m1,j+1

α
(m1,i+2 −m1,j+1) .

As above, k ≤ i+ 1 so that mi+2,j+1 −mi+1,j+1 ≥ 0 and m1,i+2 −m1,i+1 ≥ 0 by Condition (3.9.II) applied
to M . So, S satisfies Condition (3.9.I).

Finally, we show that S satisfies Condition (3.9.II). Let kS = idx(S). We need to show that for any
i ∈ [n− 1], we have si,j ≤ si,j+1 for max{kS , i+ 1} ≤ j ≤ n− 1. Now,
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si,j+1 − si,j = (mi+1,j+2 −mi+1,j+1)−
m1,i+1

α
(m1,j+2 −m1,j+1) .

Since mi+1,j+1 ≥ si,j , we have kS ≥ k−1. Therefore, j ≥ kS implies that j+1 ≥ k. By Condition (3.9.II)
applied to M , we have mi+1,j+2 ≥ mi+1,j+1 and m1,j+2 ≥ m1,j+1. So, si,j+1 − si,j ≥ 0 and S satisfies
Condition (3.9.II).

Therefore, R satisfies hypotheses (3.1.I), (3.1.II), and (3.1.III). So, Rn ∩ Copn = Rn ∩SPNn for all n by
Theorem 3.1. □

Theorem 3.9 has an immediate corollary for block matrices.

Corollary 3.10 (Block Sign-pattern). Let

(1) M =

[
A B
B⊤ C

]
∈ Sk+n,

where A ∈ Sk, B ∈ Rk×n, and C ∈ Sn. Assume that

(1) ai,j ≤ 0 for all i ̸= j,
(2) bi,α ≤ 0 for all i, α,
(3) for each fixed i, the row (bi,1, . . . , bi,n) is nondecreasing, (not requiring this for A)
(4) C ∈ Mn.

Proof. Such block matrices satisfy the ordering conditions (3.9.I) and (3.9.II). Indeed, any positive off-
diagonal entry of M is in the block C, so that idx(M) ≥ k + 1. Since C ∈ Mn, it is row-ordered and
column-ordered and therefore Condition (3.9.I) holds. Similarly, Condition (3.9.II) holds since B and C are
both row-ordered and idx(M) ≥ k + 1. □

It follows from Proposition 3.4 that if A1, A2, . . . , Ak are ni × ni symmetric matrices with Ai ∈ Mni

for each i ∈ [k], then a block diagonal matrix with blocks A1, A2, . . . , Ak is copositive if and only if each
Ai admits an SPN decomposition. A slightly more general statement holds for matrices whose blocks only
overlap in a single row and column.

Proposition 3.11. Let A ∈ Copn+k+1 be a copositive matrix with block structure

A =

A1 b1 0
b⊤1 c b⊤2
0 b2 A2

 ,

where A1 ∈ Sn, b1 ∈ Rn, A2 ∈ Sk, b2 ∈ Rk, and c ∈ R. If the two submatrices

[
A1 b1
b⊤1 c

]
and

[
c b⊤2
b2 A2

]
are

in Mn+1 and Mk+1, respectively, then A ∈ SPNn+k+1.

Proof. By [Sha16, Lemma 3.10], there are matrices B1 ∈ Copn+1 and B2 ∈ Copk+1 and 0 ≤ γ ≤ c such that

B1 +

[
0 0
0 γ

]
=

[
A1 b1
b⊤1 c

]
, B2 +

[
c− γ 0
0 0

]
=

[
c b⊤2
b2 A2

]
, and A =

[
B1 0
0 0

]
+

[
0 0
0 B2

]
.

Since membership in Mn+1 and Mk+1 does not depend on the value of diagonal entries, it follows that
B1 ∈ Mn+1 and B2 ∈ Mk+1. Since B1 and B2 are copositive by hypothesis, they are SPN. So, A is the sum
of two SPN matrices and is therefore also SPN. □

4. Permutations and Rescalings of Mn

The convex cones Copn and SPNn are closed under simultaneous permutation of rows and columns and
positive diagonal rescalings. That is, if A is copositive (SPN), then so is P⊤AP for any permutation matrix
P and DAD for any diagonal matrix D with positive entries on the diagonal. So, it is natural to consider
which matrices arise from applying such permutations and rescalings to copositive elements of Mn.

Definition 4.1. Let Gn be the group of matrices which are the product of a permutation matrix and a
diagonal matrix with positive entries on the diagonal:

Gn = {PD | P is an n× n permutation matrix and

D is an n× n diagonal matrix with positive diagonals}.
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Note that Gn acts on Sn via g ·X = g⊤Xg. Set GnMn = {g ·X |g ∈ Gn and X ∈ Mn} to be the orbit of
Mn under the action of Gn and define Kn to be the conical hull of GnMn ∩ Copn.

Kn = cone (GnMn ∩ Copn) .

Corollary 4.2. The cone Kn is contained in SPNn.

Proof. Let A ∈ Kn. Then A =
∑r

i=1 λiD
⊤
i P

⊤
i AiPiDi, where each λi ≥ 0, each Di is an n × n diagonal

matrix with positive entries on the diagonal, each Pi is an n × n permutation matrix, and each Ai ∈ Mn,
and for each i, D⊤

i P
⊤
i AiPiDi ∈ Copn. Since Copn is invariant under the action of Gn, it follows that for

each i,

(PiDi)
−⊤(D⊤

i P
⊤
i )Ai(PiDi)(PiDi)

−1 = Ai ∈ Copn.

Since Ai ∈ Mn, we have that Ai ∈ SPNn. But then, (D⊤
i P

⊤
i )Ai(PiDi) ∈ SPNn as well for each i. So, A

is a conical combination of elements of SPNn and therefore A ∈ SPNn. □

Remark 4.3. We note that the group Gn is not closed since the diagonal matrix D is required to have
strictly positive entries. Elements of the boundary of the closure cl(GnMn) will have a row and column of
zeros.

We note that the closure of orbits GnMn ∩ Copn does not cover the entirety of the nonnegative cone.

Example 4.4 (SPN matrix which is not an element of GnMn). Consider the matrix

M =


1 1 0 0 1
1 1 1 0 0
0 1 1 1 0
0 0 1 1 1
1 0 0 1 1

 .

The matrix M is entrywise nonnegative and therefore M ∈ SPN 5. The nonzero off-diagonal entries of M
form a 5-cycle. So, for any 5× 5 permutation matrix P , the nonzero off-diagonal elements of P⊤MP must
also form a 5-cycle. In particular, there must be a row i ∈ {2, . . . , 5} such that (P⊤MP )i,1 = 1. Since there
are exactly 2 nonzero off-diagonal entries in row i, it follows that the off-diagonal entries of row i cannot be
nondecreasing. Since scaling by a positive diagonal matrix preserves zeros, it follows that the orbit of M
under G5 does not intersect M5. Moreover, M has no zero rows, so M is not in the closure of G5M5.

However, the conical hull of orbits contains the entirety of the nonnegative cone as well as rank one
extreme rays of the positive semidefinite cone with specific sign patterns.

Proposition 4.5 (Extreme Rays of SPNn contained in Kn). The following extreme rays of SPNn are
contained in Kn:

(1) The nonnegative matrices Ei,j with entries (i, j) and (j, i) equal to 1 and all other entries zero.
(2) Positive semidefinite matrices vv⊤ where v ∈ Rn has no zero entries and either v or −v has at most

one negative entry.
(3) Positive semidefinite matrices vv⊤ where v ∈ Rn has exactly one positive entry, one negative entry,

and n− 2 entries equal to zero.

Proof. (1) For any i, j ∈ [n], there is a permutation which exchanges i with n− 1 and exchanges j with
n and leaves all other entries fixed. If P is the n × n matrix representing this permutation, then
P⊤Ei,jP = En−1,n ∈ Mn.

(2) We can assume that v has at most one negative entry since vv⊤ = (−v)(−v⊤). If all entries of v have
the same sign, then vv⊤ is nonnegative and the claim follows. Otherwise, permuting the entries of
v if necessary, we can take v1 < 0 and vi > 0 for i = 2, . . . , n. Then, by rescaling with the diagonal
matrix
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D =


1

|v1|
1
v2

. . .
1
vn

 ,

it suffices to show that the matrix

[
1 −e⊤n−1

−en−1 en−1e
⊤
n−1

]
∈ Mn, where en−1 ∈ Rn−1 has all entries

equal to 1. The off-diagonal entries of this matrix are nondecreasing in rows and columns, so the
claim holds.

(3) Permuting v if necessary, we can assume that v1 < 0 and v2 > 0. The result follows by scaling by
the diagonal matrix D with d1,1 = 1

|v1| , d2,2 = 1
v2
, and di,i = 1 for i ≥ 3, and the observation that 1 −1 01,n−2

−1 1 01,n−2

0n−2,1 0n−2,1 0n−2.n−2

 ∈ Mn,

where 0ℓ,k ∈ Rℓ×k has all entries equal to 0.
□

It follows from Proposition 4.5 that K3 = SPN 3 = Cop3. Indeed, if v ∈ R3 is nonzero and has all nonzero
entries then either v or −v has at most one negative entry. If all nonzero entries of v have the same sign then
vv⊤ has nonnegative entries. The only remaining case is when v has one positive, one negative, and one zero
entry. So, K3 is a convex cone which contains all rank one positive semidefinite matrices and all nonnegative
matrices and therefore K3 = SPN 3 = Cop3. However, the cone Kn is strictly contained in SPN 4 for n ≥ 4.

Proposition 4.6 (Kn ̸= SPNn for n ≥ 4). Let n ≥ 4 and

v = (−1,−1, 1, . . . , 1︸ ︷︷ ︸
n−2

)⊤.

The positive semidefinite matrix A = vv⊤ is not an element of Kn. In particular, Kn is a strict subset of
SPNn for n ≥ 4.

Proof. Note that kerA contains n − 1 linearly independent nonnegative vectors. So, A is an extreme ray
of the cone Copn. It therefore suffices to show that A ̸∈ GnMn. By Lemma 3.6, any matrix in Mn must
have a row with all nonnegative off-diagonal entries or a row with all negative off-diagonal entries. Any
matrix in GnMn must therefore also have a row with all nonnegative off-diagonal entries or a row with all
negative off-diagonal entries. Since every row of A has at least one positive and one negative off-diagonal
entry, A ̸∈ GnMn. □

4.1. Checking membership in GnMn. Here, we discuss the problem of checking that a given matrix is in
the orbit of Mn. The existence of a positive diagonal rescaling is a linear programming feasibility problem.

Proposition 4.7. Let A = (ai,j) ∈ Sn. There is a diagonal matrix D with positive diagonal entries such
that DAD ∈ Mn if and only if the following system of linear inequalities is feasible

(2) ∃ di s.t. dkai,k − djai,j ≥ 0 for all i, j, k with j < k and i ̸= j, i ̸= k and di ≥ 1

If (2) has a feasible solution d, then D = diag(d1, d2, . . . , dn) satisfies DAD ∈ Mn.

Proof. Let D = diag(d1, d2, . . . , dn) with each di positive and set Ã = DAD. Note that the off-diagonal

entries of Ã are ãi,j = didjai,j for i ̸= j. Now, if Ã ∈ Mn if and only if ãi,j ≤ ãi,k for all i, j, k with j < k
and i ̸= j, i ̸= k. But

ãi,j ≤ ãi,k ⇐⇒ didjai,j ≤ didkai,k

⇐⇒ di(dkai,k − djaj,k) ≥ 0

⇐⇒ dkai,k − djaj,k ≥ 0

where the last equivalence is due to di > 0. Note that a solution d > 0 exists if and only if a solution d ≥ 1
exists by rescaling since the last inequality is homogeneous. □
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Similarly, the existence of a permutation bringing a matrix into Mn can be determined efficiently.

Proposition 4.8. Let A = (ai,j) ∈ Sn. There is a polynomial time algorithm to decide if there is a
permutation P such that P⊤AP ∈ Mn.

Proof. Since the matrices involved are symmetric, it can be verified that B ∈ Mn ⇐⇒ bi,j ≤ bi,k for all
j < k and i ̸∈ {j, k}. That is, we only need to check every row of B. Now suppose B = P⊤AP , where P is
a permutation matrix and let π be the permutation corresponding to P , so that br,s = aπ(r),π(s). Then by
the observation before B ∈ Mn if and only if

ai,j < ai,k whenever π−1(j) < π−1(k),

for all distinct i, j, k ∈ [n].
Define a directed graph DA on the vertex set [n] by inserting an arc j → k whenever there exists i /∈ {j, k}

such that ai,j < ai,k. Then a permutation π satisfies the displayed implication if and only if π is a topological
ordering of DA. Hence such a permutation exists if and only if DA is acyclic.

The graph DA can be constructed in O(n3) time by checking all triples (i, j, k), and acyclicity can be
tested in polynomial time by topological sorting. □

Propositions 4.7 and 4.8 state that there is a polynomial time algorithm to check if a given matrix is
in the orbit of Mn under the action of the symmetric group or under the action of the group of positive
diagonal matrices. However, copositivity is preserved under action by the group Gn, which is a larger set.

5. Applications to Optimization

Consider the standard quadratic programming (St-QP) problem

(3) z∗ := min{x⊤Qx | x ∈ ∆n},

where Q ∈ Sn and ∆n = {x ∈ Rn
+ | e⊤x = 1} is the standard simplex.

Remark 5.1. Note that a problem of the form min{x⊤Q̃x + 2α⊤x | x ∈ ∆n} can also be put in the form

of (St-QP) by setting Q := Q̃+ αe⊤ + eα⊤.

St-QP is known to be NP-Hard and has attracted significant attention in the conic programming literature.
A classical result in [Bur09] states that there is an equivalent conic reformulation of St-QP as the following
completely positive program (CP):

z∗ = zCP := min{Q •X | E •X = 1, X ∈ CPn}.

Here, CPn denotes the cone of n × n completely positive matrices and for A,B ∈ Sn, A • B = trace(AB).
The dual problem to CP is the following copositive program (COP):

(4) zCOP := max{λ | Q− λE ∈ Copn}.

Since both CP and COP are intractable for n ≥ 5, their tractable approximations in the form of doubly
nonnegative relaxation (DNN) and SPN are frequently used. Here, we define the DNN relaxation of St-QP
as

zDNN := min{Q •X | E •X = 1, X ∈ DNNn},
where DNNn denotes the cone of n × n doubly nonnegative matrices. Finally, we have the following SPN
formulation

(5) zSPN := max{λ | Q− λE ∈ SPNn}.

Since the strong duality holds between CP and COP as well as between DNN and SPN, we have the following
relationship:

zSPN = zDNN ≤ zCP = zCOP.

Hence, we have

zSPN = zCOP ⇐⇒ zDNN = zCP,

which implies that the DNN relaxation is exact whenever SPN and COP yield the same objective function
value. A critical observation in this regard is the following.
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Observation 5.2. Let Q ⊆ Sn. Using (4) and (5), we observe that if Q∩ (Copn+λE) = Q∩ (SPNn+λE)
for λ ∈ R, then zSPN = zCOP, that is the DNN relaxation is exact. Moreover, if Q+λE = Q for λ ∈ R, then
the sufficient condition simply becomes Q∩ Copn = Q∩ SPNn.

5.1. Prior Exactness Results. In this section, we discuss previously known exactness results for DNN
relaxations. We present these results here for completeness and to provide context for the new exactness
results in Section 5.2. In particular, the proofs below illustrate how Observation 5.2 unifies and simplifies
the arguments underlying prior results.

First, we consider the case in which the objective matrix has its minimum entry on the diagonal. Let
Qmin

n := {A = (aij) ∈ Sn | mini,j ai,j = mini aii} be the collection of n × n symmetric matrices with
minimum entry on the diagonal. Notice that Qmin

n +λE = Qmin
n for λ ∈ R. The following result implies that

the DNN relaxation of problem (3) is exact when Q ∈ Qmin
n .

Proposition 5.3 ([GY22, Proposition 2]). Q ∈ Qmin
n ∩ Copn if and only if Q ∈ Qmin

n ∩ SPNn.

Proof. We only need to prove the forward direction. Let Q ∈ Qmin
n ∩ Copn. Since Q ∈ Copn, the diagonal

entries are all nonnegative, hence, mini Qii ≥ 0. Since Q ∈ Qmin
n , this also implies that mini,j Qij ≥ 0,

meaning that Q is a nonnegative matrix. Hence, we deduce that Q ∈ SPNn. □

Note that a relevant subset of Qmin
n is the set of matrices that are negative semidefinite over the standard

simplex (see, Proposition 3 in [GY22]). That is,

Q−
n := {Q ∈ Sn | d⊤Qd ≤ 0 for all d ∈ Rn with e⊤d = 0} ⊆ Qmin

n .

Next, we consider the case of objective functions which are convex over the simplex. Let

Q+
n := {Q ∈ Sn | d⊤Qd ≥ 0 for all d ∈ Rn with e⊤d = 0}.

Notice that Q+
n +λE = Q+

n for λ ∈ R. The following result implies that the DNN relaxation of problem (3)
is exact when Q ∈ Q+

n . The result appears as [GY22, Proposition 4] in which the authors provide an explicit
SPN decomposition in their proof. Here we provide a simple alternative proof which does not require the
construction of such a decomposition.

Proposition 5.4. Q ∈ Q+
n ∩ Copn if and only if Q ∈ Q+

n ∩ SPNn.

Proof. We only need to prove the forward direction. Let Q ∈ Q+
n ∩ Copn. Since Q ∈ Q+

n , there exists λ ≥ 0
such that Q+ λee⊤ ∈ PSDn due to Finsler Lemma. If λ = 0, then Q ∈ PSDn ⊆ SPNn. So, let us assume
that λ > 0.

Since Q ∈ Copn and λ > 0, we have

[
Q+ λee⊤ −e

−e⊤ 1
λ

]
∈ Copn+1 due to Lemma 2.7 (notice that the

Schur complement with respect to
[
1
λ

]
is exactly Q). Observe also that since Q + λee⊤ ∈ PSDn, we have

that

[
Q+ λee⊤ −e

−e⊤ 1
λ

]
∈ SPNn+1 due to Lemma 2.8. Finally, we apply Lemma 2.7 again to conclude that

Q ∈ SPNn. □

5.2. New Exactness Results. We now leverage the results of Section 3 to prove the exactness of the DNN
relaxation for new classes of objective functions.

Our first result follows directly from Observation 5.2 and Theorem 3.5.

Corollary 5.5. If Q ∈ Mn, then z∗ = zSPN for the standard quadratic program with objective function Q.

Proof. Mn+λE = Mn for all λ ∈ R since adding λ to all entries of a matrix does not change their ordering.
□

We now apply Corollary 5.5 to an example from [GY22] in which the tightness of the DNN relaxation
is proven for three classes of matrices. The matrix Q ∈ S5 in the following example does not belong to
any of these classes yet the DNN relaxation is proven to be tight since the authors provide an explicit SPN
certificate. We show that the matrix Q indeed belongs to M5.

Example 5.6 ([GY22, Example 4]). Consider the matrix
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Q =


2 2 2 2 2
2 2 2 2 2
2 2 2 1 2
2 2 1 2 0
2 2 2 0 2

 .

We have

P⊤QP =


2 0 1 2 2
0 2 2 2 2
1 2 2 2 2
2 2 2 2 2
2 2 2 2 2

 ∈ M5,

where P is the permutation matrix corresponding to (1, 2, 3, 4, 5) 7→ (4, 5, 3, 1, 2).
The optimal value of the program

maxλ s.t. Q− λE ∈ Cop5
is zCOP = 1. Corollary 5.5 implies that zSPN = zCOP.

We next show that Corollary 5.5 resolves a conjecture of [DK25]. The conjecture concerns separable
standard quadratic programs, which are problems of the form

(6) min

{
q(x) :=

n∑
i=1

2αixi +

n∑
i=1

βix
2
i

∣∣∣∣∣ x ∈ ∆n

}
,

for scalars αi, βi ∈ R, and has been studied in [BL12; DK25]. Specifically, [DK25, Conjecture 1] asserts that
the DNN relaxation of (6) is always tight. We confirm this below.

Proposition 5.7. Let q(x) =
∑

1≤i≤n 2αixi +
∑n

i=1 βix
2
i for some scalars αi, βi ∈ R. Then, the doubly

nonnegative relaxation of the standard quadratic programming problem (6) is tight.

Proof. Considering Remark 5.1, we obtain the matrix representative of the quadratic form q as

Q =


β1 + 2α1 α1 + α2 . . . α1 + αn

α1 + α2 β2 + 2α2 . . . α2 + αn

...
. . .

...
αn + α1 αn + α2 . . . βn + 2αn

 .

If π is a permutation such that α1 ≤ α2 ≤ · · · ≤ αn, then permuting the rows and columns of Q according
to π gives a matrix in Mn. The result therefore follows from Corollary 5.5. □

Observation 5.2 is also helpful in identifying tight DNN relaxations for subsets of matrices Q ⊆ Sn for
which Q + spanE ̸= Q. This is demonstrated below for matrices with the block structure described by
Remark 3.10.

Proposition 5.8. Let B be the class of matrices with block structure given by Remark 3.10. If Q ∈ Sn and
Q− zSPNE ∈ B, then zSPN = zCOP = z∗.

Proof. If zCOP is the optimal value of the copositive program, then zCOP ≥ zSPN. In particular, we have that
Q− zCOPE ≤ Q− zSPNE. So, blocks of nonpositive entries in Q− zSPNE are also nonpositive in Q− zCOPE.
Since subtracting multiples of E does not change the ordering of entries, it follows that Q− zCOPE ∈ B. By
Remark 3.10, this implies that Q− zCOPE ∈ SPNn and therefore zCOP = zSPN = z∗. □

Finally, we consider the case of optimization over the unit sphere.

Proposition 5.9. Consider the problem

z∗ = min
{
x⊤Qx

∣∣ ∥x∥ = 1, x ≥ 0
}
.

If A is a class of matrices satisfying Conditions (3.1.I), (3.1.II), and (3.1.III) of Theorem 3.1 and Q ∈ A,
then z∗ can be computed by the following relaxation:
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z∗ = max {λ | Q− λI ∈ SPNn} .

Proof. Conditions (3.1.I), (3.1.II), and (3.1.III) of Theorem 3.1 do not impose restrictions on the diagonals
of matrices. So, if A satisfies all three conditions, then Q ∈ A if and only if Q+ λI ∈ A for all λ ∈ R. □

6. Sign Pattern Graphs

Rescaling by a positive diagonal matrix cannot change the sign of entries. So, it is natural to ask if the
existence of a diagonal rescaling and permutation taking a copositive matrix A to a matrix in Mn depends
only on the pattern of signs in the entries of A. Proposition 6.1 below provides a necessary condition on the
sign patterns of entries of matrices which are elements of GnMn.

To state our result, we need the following notation. Given a matrix A ∈ Sn, the graph of A is the graph
G(A) = ([n], {(i, j) | i ̸= j, ai,j ̸= 0}). There are two subgraphs corresponding to the signs of nonzero entries
in A:

G−(A) = ([n], {(i, j) | i ̸= j, ai,j < 0}), G+(A) = ([n], {(i, j) | i ̸= j, ai,j > 0}).
That is, G−(A) and G+(A) both have the vertex set {1, 2, . . . , n} and (i, j) is an edge in G−(A) if ai,j < 0
and an edge in G+(A) if ai,j > 0.

A simple graph G = (V,E) is a threshold graph [CH77] if it can be constructed by iteratively adding
vertices which are either isolated or connected to every other vertex. That is, if G = (V,E) is threshold,
then one constructs

G̃ = (V ∪ {u}, E ∪ {(v, u) | v ∈ V }) or Ĝ = (V ∪ {u}, E).

The forbidden subgraphs of a threshold graph are the path on 4 vertices, the 4 cycle, and two paths on
two vertices [CH77]. A graph is threshold if and only if its complement is threshold. Note that this implies
that threshold graphs are perfect, as they cannot contain an odd cycle of length at least 5 as an induced
subgraph.

Proposition 6.1. Let A ∈ GnMn. Then, G−(A) and G+(A) are both threshold graphs.

Proof. The base case n = 1 is trivial.
Suppose that n > 1 and that for all k ≤ n − 1, we have that matrices B ∈ GkMk are such that G−(B)

and G+(B) are both threshold. Let (PD) ∈ Gn be the product of a permutation matrix and a diagonal

matrix with positive entries such that Ã := (PD)⊤A(PD) is an element of Mn. We first show that G−(Ã) is

threshold. By Lemma 3.6, either the first row of Ã has all negative off-diagonal entries or the last row of Ã
has all nonnegative off-diagonal entries. In the first case, we have that Ã(1) ∈ Mn−1 and G−(Ã) is obtained

from G−(Ã(1)) by adding a vertex connected to all vertices of G−(Ã(1)). In the second case, Ã(n) ∈ Mn−1

and G−(Ã) is obtained from G−(Ã(n)) by adding an isolated vertex. By the inductive hypothesis, this implies

that G−(Ã) is threshold in both cases.

We now show that G+(Ã) is threshold. This is immediate if A has all nonzero entries, since in this case,

G+(Ã) is the complement of G−(Ã) and the complement of a threshold graph is threshold. Otherwise, by

Remark 3.7, either the first row of Ã has all nonpositive off-diagonal entries or the last row of Ã has all
positive entries. Arguing as above, this implies that G+(Ã) is threshold as well.

Since G±(Ã) and G±(A) differ only in labeling of the vertices, the claim follows. □

The condition on sign graphs in Proposition 6.1 is not sufficient, as demonstrated below in Example 6.2.

Example 6.2. Consider the following matrices A and B:

A =



1 −
√
2 −

√
2 −

√
2 −

√
2 −

√
2

−
√
2 3 1 3 3 1

−
√
2 1 3 1 3 3

−
√
2 3 1 3 1 3

−
√
2 3 3 1 3 1

−
√
2 1 3 3 1 3

 and B =



1 −
√
2 −

√
2 −

√
2 −

√
2 −

√
2

−
√
2 3 3 3 3 3

−
√
2 3 3 3 3 3

−
√
2 3 3 3 3 3

−
√
2 3 3 3 3 3

−
√
2 3 3 3 3 3

 .
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(a) G−(A) = G−(B) (b) G+(A) = G+(B)

Figure 2. Sign pattern graphs for the matrices A and B in Example 6.2. Both graphs are
threshold, but A ̸∈ M6.

The matrices A and B both have the same sign pattern in their entries and B ∈ M6. The sign pattern
graphs of A and B are displayed in Figure 2 and are both threshold.

However, the Schur complement of A with respect to the first row is

A/a1,1 =


3 1 3 3 1
1 3 1 3 3
3 1 3 1 3
3 3 1 3 1
1 3 3 1 3

− 2E5 =


1 −1 1 1 −1
−1 1 −1 1 1
1 −1 1 −1 1
1 1 −1 1 −1
−1 1 1 −1 1

 ,

where E5 is the 5× 5 all ones matrix. Since this is the Horn matrix, which is in Cop5 \ SPN 5, this implies
that A ∈ Cop6 \ SPN 6 by Lemma 3.6. So, no diagonal scaling of A can be an element of M6.

6.1. Comparison with Known Results for Perfect Graphs. In [GY22], the authors prove that the
DNN relaxation of a standard quadratic programming problem is tight for a class of problems related to
perfect graphs.

Theorem 6.3 ([GY22, Proposition 6]). For a perfect graph G = ([n], E) on n vertices and a strictly positive
weight vector w ∈ Rn, let

A(G,w) = {B = (bij) ∈ Sn | bi,i = wk for all k ∈ [n], bi,j = 0 for all (i, j) ̸∈ E, and

2bi,j ≥ wi + wj for all (i, j) ∈ E}.
If Q ∈

⋃
G perfect

⋃
w∈Rn

++
A(G,w) + spanE, then z∗ = zSPN .

The set of matrices A(G,w) has relevance in graph theory. If ω(G, 1
w ) is the maximum weighted clique

in the graph G with vertex weights 1
wi

and Q ∈ A(G,w), then the optimal value of the standard quadratic

program with objective function Q satisfies z∗ = zCOP = 1
ω(G, 1

w )
[Gib+97]. It therefore follows that zCOP >

0. On the other hand, since copositive matrices have nonnegative diagonals, it must be the case that
zCOP ≤ mini wi. In particular, Q − zCOPE has negative entries when (i, j) ̸∈ E and positive entries when
(i, j) ∈ E.

From this perspective, Theorem 6.3 gives a condition under which copositivity implies the existence of
an SPN decomposition when the sign graphs are perfect. This condition relies on the inequality 2Qi,j ≥
Qi,i +Qj,j , which relates the diagonal and off-diagonal entries of the objective function matrix.

Our results, on the other hand, provide conditions under which copositivity implies the existence of an
SPN decomposition which apply when the sign graphs are threshold. This is a strict subset of perfect
graphs. However, the conditions on matrix entries are less restrictive, as they do not involve the diagonal of
the matrix.
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