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Abstract

Modern mixed-integer programming solvers use the branch-and-cut framework, where cut-
ting planes are added to improve the tightness of the linear programming (LP) relaxation, with
the expectation that the tighter formulation would produce smaller branch-and-bound trees. In
this work, we consider the question of whether adding cuts will always lead to smaller trees for
a given fixed branching rule. We formally call such a property of a branching rule monotonicity.
We prove that any branching rule which exclusively branches on fractional variables in the LP
solution is non-monotonic Moreover, we present a family of instances where adding a single cut
leads to an exponential increase in the size of full strong branching trees, despite improving the
LP bound. Finally, we empirically attempt to estimate the prevalence of non-monotonicity in
practice while using full strong branching. We consider randomly generated multi-dimensional
knapsacks tightened by cover cuts as well as instances from the MIPLIB 2017 benchmark set
for the computational experiments. Our main insight from these experiments is that if the gap
closed by cuts is small, change in tree size is difficult to predict, and often increases, possibly
due to inherent non-monotonicity. However, when a sufficiently large gap is closed, a significant
decrease in tree size may be expected.

1 Introduction

State-of-the-art mixed integer programming (MIP) solvers are based on the branch-and-cut frame-
work. Classically, the cutting-plane method [14, 21| and the branch-and-bound method [23] were
mostly explored independently. It was later discovered that combining them, by first adding cutting-
planes to improve the formulation followed by applying branch-and-bound method produces good
computational benefits. See [11, 26] for great expositions on the origins of the branch-and-cut
framework, including discussion on landmark papers such as [12, 29, 28, 5, 6]. In recent years, there
have been multiple studies understanding the trade-off between branching and the use of cutting-
planes |7, 8, 22]. In this paper, we study another aspect of the interaction between cutting-planes
and the branch-and-bound procedure.

Let us consider two formulations of a given MIP, where the second formulation is tighter than
the first, that is the feasible region of the second Linear Programming (LP) relaxation is contained
in that of the first relaxation. One could obtain the second relaxation, for example, by adding
cutting-planes to the first relaxation. Suppose we have a branch-and-bound tree that solves the
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MIP using the first formulation. Then, it is clear that the same branch-and-bound tree, that is a
tree with the same branching decisions, solves the MIP using the second formulation. Therefore,
the branch-and-bound tree for the first formulation acts as a branch-and-bound certificate for the
second formulation as well. Thus, one expects that the branch-and-bound tree needed to solve
the MIP using the tighter formulation becomes smaller— this is the basis of the branch-and-cut
framework. However, in order to use the branch-and-bound method, one must specify two rules:
the node selection rule and the branching (variable selection) rule. Once these rules are specified,
we formally obtain a branch-and-bound algorithm. The branching rule typically uses local node
LP information to decide on which variable to branch. Therefore, it may be possible that a given
branch-and-bound algorithm does not produce the same trees as certificates for the first and the
second formulation - even worse it may produce a larger tree for the tighter formulation. The goal
of this paper is to study the effect of branching rules on the size of branch-and-bound trees with
respect to different formulations.

Formalizing the size of a tree for a given branching rule. Consider two formulations of a
MIP: P, P’ C R"™ such that PN X = P’ N X where X represents integrality constraints. In order to
meaningfully compare the size of branch-and-bound trees generated by a given branching rule for
these two polytopes, we should control for all other sources of variability of the branch-and-bound
tree:

(1.) Dual degeneracy: If there are multiple optimal solutions of the LP at any node of the
branch-and-bound tree, then we cannot control which optimal vertex is reported by the LP solver.
Since branching rules often use local information, such as the list of fractional variables at a node,
this can lead to different trees. An extreme case is when one of the optimal vertex is integral,
but other vertices are not integral, see discussion in [16]. One way to resolve this situation is to
compare branch-and-bound trees for P and P’, only for objective functions that do not cause any
dual degeneracy at any node of any branch-and-bound tree for both P and P’. Let C(P, P') C R"
be the set of these objectives with no dual degeneracy. Note that C(P, P’) only discards finitely
many objective functions.

(2.) Node selection rule: We will assume that nodes are processed in the best bound first order.
Note that once we solve a problem with any node selection, one can always recover a subtree that
solves the same instance, where the node selection rule for the subtree is the best-bound rule — that
is the best-bound rule for node selection produces the smallest trees; see [15] for properties of this
rule.

We let T"(P, ¢) be the branch-and-bound tree produced by the branching rule » when provided
with relaxation P and objective function ¢ € C(P, P’') with the above assumptions. We define the
size of the tree as the total number of its nodes and denote it as |7 (P, ¢)|.

Our contributions. Given two linear relaxation P and P’ for a MIP, that is PPNX = PN X, we
say P’ is tighter than P when P’ C P. Motivated by the discussion above, we define the following:

Definition 1. A branching rule r is said to be monotonic, if for any MIP, given two linear relaz-
ations P and P’ with P’ being tighter than P, for all ¢ € C(P, P') we have that

77 (P',¢)] < [T"(P, ¢)]

Ideally, we may hope for “good” branching rules to be monotonic, which would be a theoretical
justification of the branch-and-cut algorithm.
Our contributions can be summarized as follows:



1. We show that any rule that branches exclusively on fractional variables in the LP solution is
non-monotonic. As a consequence, most standard branching rules in literature, including full
strong branching (FSB), are not monotonic.

2. In particular, we prove that adding a single cut may lead to an exponential increase in the
size of branch-and-bound trees for most of these branching rules.

3. Through computational experiments we attempt to estimate the prevalence of non-monotonicity
in practice while using FSB. We do so by applying cover cuts on randomly generated multi-
dimensional knapsacks as well as by considering cuts applied by SCIP [9] on MIPLIB 2017
benchmark set [20]. Our main insight from these experiments is that if the gap closed by cuts
is small, change in tree size is difficult to predict, and often increases, possibly due to inherent
non-monotonicity. However, when a sufficiently large gap is closed, a significant decrease in
tree size may be expected.

The rest of the paper is organized as follows. In Section 2 we provide the background on branching
rules in literature and present our theoretical contributions. Section 3 discusses the computational
experiments and the results. Finally in Section 4 we conclude and discuss future directions of
research.

2 Non-Monotonicity of Branching Rules

2.1 Background on branching rules

One of the most important branching rules is called the full strong branching rule (FSB) [4]. It is
empirically known to produce one of the smallest trees as compared to all other branching rules [2].
Let AY and A! be the LP gains, i.e. the difference in the LP value of a node and its children when
tentatively branched on variable i. Then AY and Al are aggregated to obtain a score for variable i
and the variable with the highest score is selected for branching'. The following functions are the
most commonly used [2, 1, 25] due to their robust performances,

1. Product rule : score(i) = max{A?, e} - max{A}, e}, where € > 0 is small

2. Linear rule : score(i) = (1 — p) min{AY, Al} + pmax{AY, Al} for some p € [0,1]. In this

(2 (2
paper, we choose = 1/6 following the recommendation in [2].

3. Le Bodic-Nemhauser ratio rule [24]: score(i) = 1/¢*, where ¢* is the unique root greater than
1 of the polynomial, p(¢) = ¢max{AlAL _ glAY=AI _ 1 = 0

2.2 Any rule that branches exclusively on fractional variables is non-monotonic

Most standard branching rules branch including strong branching, reliability branching, most frac-
tional branching, and maximum separating distance branching define the set of candidate branching
variables as those that have a fractional value in the LP optimal solution, whereas variables that
have an integer value are eliminated from consideration or assigned a zero score. For our first the-
oretical result, we show that any branching rule which branches on fractional variables exclusively
is non-monotonic, implying that all the above-mentioned rules are also non-monotonic in general.

Theorem 1. Any branching rule that branches only on fractional variables in the optimal LP
solution is non-monotonic.

f a child node is infeasible, the corresponding LP gain is infinite. If multiple branching candidates lead to
infeasible children, we branch on the variable with two infeasible nodes if such exists, else, maximize the gain on the
feasible branch.



Proof. Consider the polytope @ formed by the convex hull of the union of the following sets of
vertices,

Vi = {.Z’ € R4 rxrp = 1/2, (.%'2,21?3) € {0,1}2, T4 = 0}
Vo={zeR*: 29 =1/2, (z1,23) € {0,1}?, 24 = 1}
Vs={x € R*: 25 = 1/2, (z1,22) € {0,1}?, 24 = 1}

Polytope Q is closely related to cross-polytope considered [10]. Further consider the polytope, P
created by introducing an additional vertex vy = (1,1,1,1/2), that is, P = conv(Q U vy) and
therefore it trivially follows that @@ C P. In fact, @ can be obtained from P as the lift-and-project
closure of P with respect to x4.

Now, consider the two pure binary programs maximizing the vector ¢ = (1,1,1,1 — €) over P
and @ for some € € (0,1). Both problems are infeasible since P and @) do not contain any integral
points, but the formulation with @ is tighter. Consider any branching rule that considers only the
variables that are fractional in the optimal LP solution. We will now show that it generates a larger
tree to prove infeasibility for the formulation with @) than that with P.

First, consider the formulation with P. The LP optimal solution at the root node is the vertex
vg, where only x4 is fractional. So the branching rule must branch on z4. On the branch where
x4 = 0, at any vertex, only z; is fractional and branching on it leads to infeasible nodes on both
branches. Whereas, on the branch with x4 = 1, x; is integral on all vertices and therefore isn’t
considered on branching. To prove infeasibility, any branching rule must branch on both z9 and z3
as illustrated in Fig. 1a leading to a tree with 11 nodes in total.

On the other hand, in the case of the formulation with @Q, x4 is integral on all vertices of
the polytope and is never considered for branching. The branch-and-bound tree is, therefore, the
same as that for the cross-polytope which needs to branch on all of the 3 variables, generating a
complete tree in x1, 9, 3 [13, 16] shown in Fig. 1b. This tree has 15 nodes, and the rule is therefore
non-monotonic.

O

2.3 Exponential increase in size of branch-and-bound tree

We next focus on full strong branching and show that not only it is non-monotonic but in the worst
case it can generate exponentially larger trees when provided with a tighter formulation, for any of
the scores discussed in Section 2.1.

Theorem 2. Adding a single cut can increase the size of the branch-and-bound tree exponentially
when the tree is based on full strong branching with any one of the following scores: product score,
linear score and ratio score.

Proof. We prove this result for full strong branching with product score (FSB-P). The proof is
identical for all the other scores. Consider the following polytopes,
P={(z,y) €[0,1 |- Tz +y < 0.3, 5z + 8y < 8.5,3x + 2y < 3.7}, (1)
P’ ={(z,y) € P |13z + 10y < 14}, (2)

where PN Z? = P'NZ2. The polytope P is illustrated in Fig. 2 as ABCFED and the polytope P’
as A B'CFED. Observe that P’ C P, is obtained by adding a single inequality to P that is valid
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Figure 1: Illustration of branch-and-bound trees for the example in Theorem 1.



3 Vertex T Y Obj val

Ao A 0.9 0.5 7.9

N B 1 0.35 7.75

\ A A 0.5 0.75 6.75

B’ 0.1 6.5

. B c 6

\ D 0.1 1 5.6

B E 0 0.3 1.5
F C =z F 0 0 0
Figure 2: Polytopes P and P’ Table 1: Vertices of the polytopes

for all integer points in P. Now, consider the 2-dimensional MIP with formulations,
max {6z + 5y | (z,y) € PNZ?%} (3)
I7y

max {6z + 5y | (z,y) € P'NZ*} (4)

x}y
and note the formulation with P’ is tighter. Neither of these formulations has dual degeneracy. The
objective values of all vertices of P and P’ are presented in Table 1. Observe that A is the optimal

solution over the LP relaxation P and C' is the optimal solution of the MIP.
Next, consider the following MIP, referred to as @,

n n
max 62:51-4—52% (5a)
=1 =1

st. (x,y) € PNZ? fori=1,...,n (5b)

13z; +10y; <z fori=1,...,n (5¢)

2 <16.7, z € R. (5d)

Notice that since z does not appear in the objective, and is only present in constraints (5c)

and (5d), these constraints imply 13z; + 10y; < 16.7 for all ¢ € [n] and are therefore redundant.
Thus, the problem can be decomposed into n independent MIPs where each subproblem is (3).
Consequently, the optimal solution to the LP relaxation is (x;,y;) = (0.9,0.5), i.e. vertex A for all
i€ [n].

Let T'(n) be the size of the tree for solving @), using FSB-P rule.

At the root node, by symmetry and the independence of subproblems, the LP gains and conse-
quently the FSB-P scores of all variables are identical to their counterparts in MIP (3). Consider
tentatively branching on x at the root node of the two-dimensional MIP using FSB-P. The optimal
LP solution for the face x = 0 is E, and that of face x = 1 is B. Similarly, when tentatively
branching on y, the optimal solution of the LP relaxation on face y = 0 is C, and that on face y = 1
is D. The scores are then calculated as,

score(z) = A% AL = (24 — 2g) - (24 — 2B) = 0.96.
score(y) = Ag : Azl/ = (24— 2¢) - (z4 — zp) = 4.37.
Therefore, at the root node of @, score(x;) = 0.96 and score(y;) = 4.37 for all i € [n]. Ties
may be broken arbitrarily and without loss of generality, FSB-P rule branches on y,,.

Let’s first consider the node y, = 0. Here, x,, = 1 in the LP optimal solution and therefore z,,
is not considered for branching any further. This holds true for any descendent node. Thus the
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Figure 3: Illustration of strong branching trees for the example in Theorem 2.

problem at this node is equivalent to Q,,_1 and the size of the subtree rooted at this node is at most
T(n—1).

Now consider the node where ¥y, = 1. If this node is not pruned by bound, then since z,, is
fractional in the LP solution at this node and branching on it generates two infeasible nodes leading
to an infinite score for x,. On the other hand, the scores of x;,y; for all ¢ # n remain finite. Thus,
FSB-P chooses to branch on x,, to create two infeasible nodes as depicted in Fig. 3a. Thus, we have,

T(n) <4+ T(n—1) (6)

Applying the inequality recursively, and using T(0) = 1, we have |T¥5B(Q,,)| = T'(n) < 4n + 1.

Next, consider the case where we add a single valid cut z < 14. The constraints (5¢) and (5d),
are now equivalent to a 13z; + 10y; < 14 for all ¢, which is exactly the cut that generates P’ from
P. We refer to this problem as @/, and observe that it can be decomposed into n independent MIPs
where each subproblem is (4). It is therefore a tighter formulation of @,. The optimal solution to
the LP relaxation of @/, is (z;,y;) = (0.5,0.75), i.e. vertex A’ for all i € [n], with optimal objective
value 27 p = 6.75n. The optimal objective value of the MIP is zjp = 6n and therefore the additive
integrality gap is G = 0.75n.

Following the same arguments as used in the analysis of @, the FSB-P scores of all variables
can be computed by considering the two-dimensional subproblems individually. At the root node
of (4), the scores for x and y can be similarly computed as follows,

score(x) = (zar — zp) - (zar — zpr) = 1.3125
score(y) = (zar — z¢) - (247 — zp) = 0.8625

Therefore, due to the symmetry and independence of subproblems, score(z;) = 1.3125 and
score(y;) = 0.8625 for all i € [n] at the root node of Q’,. Thus, FSB-P rule branches on x,,, breaking
ties arbitrarily without loss of generality. At both of the nodes thus created by fixing x,, further
fixing y, = 1 leads to infeasibility, giving y,, an infinite score whereas the scores of variables in other
subproblems remain unchanged. Thus, both of these nodes branch on ¥, if not pruned by bound.
More generally, any node created by branching on any x;, if not pruned, must branch on y;.

Once both z,, and y, are fixed, the restricted MIP is equivalent to solving @/ _;, allowing the
branching pattern to repeat. We call this repeating block of nodes a gadget and it is indicated in
Fig. 3b. In general, a gadget corresponding to subproblem ¢ branches on x; and y; in sequence and
includes 2 internal nodes in addition to the following 4 nodes in the lowest level: (i) (x;,v;) = (0,0)
with LP gain z4 — zp = 6.75, (ii) (x;,y;) = (0,1) which is infeasible, (iii) (1,0) with LP gain
za — 2o = 0.75, and (iv) (x;,y;) = (1,1) which is infeasible.



As the tree is composed of repetitions of possibly partial gadgets, we will estimate the size of
the tree by counting the number of complete gadgets. It is straightforward to see that a gadget is
incomplete only due to pruning by bound. A node may be pruned by bound only if the gap closed
by the tree at the node exceeds the integrality gap of G. Consider any feasible node at depth 2d,
where the root node is at depth 0 by convention. The maximum LP gain by a gadget at any feasible
node is g = 6.75. Therefore, the gap closed by the tree at any feasible node at depth 2d is at most
gd. This implies that at any feasible node till depth 2 |G/g], the gap closed is no more than G and
there is no pruning by bound till this depth.

Using the fact that the number of gadgets doubles with an increase in depth by 2, the number
of complete gadgets in the FSB-P tree is at least 2L6/9) — 1. Thus, the number of nodes in the tree
is at least,

0.75n

ITFSB(Q)] > 6 (2l%/9) —1) = 6 (2l5F) —1).

O

Remark 1. The above result holds even if we do not assume the best-bound node selection rule,
since in estimating an upper bound on |TT5B(Q,)| we did not consider pruning by bound.

3 Computational Experiments

In this section, our goal is to conduct computational experiments to ascertain how common is it for
the strong branching rule to exhibit non-monotonicity. We focus our attention on the product rule
for FSB (denoted as FSB-P) since it has been shown to be computationally superior [1] to many
other rules.

3.1 Cover Cuts for Multi-dimensional Knapsack Problem (MKP)

Instances. Consider an instance Z of the multi-dimensional knapsack problem (MKP), which can
be formulated as follows,

n
max E C;;
i=1

We randomly generated 100 instances with 20 variables and 50 constraints. Weights ag are indepen-
dent and set to 0 with probability 0.25, else uniformly picked from the set {1,...1000}. Capacity
b is set to [0.5 - > ag |. Prices ¢; are independently picked from the uniform distribution on
the interval [0,1). By randomly sampling objective coefficients from a continuous distribution, we
ensure that almost surely the instances do not exhibit dual degeneracy.

zn:aga;igbj,Vje [m], xe{O,l}"}. (7)

Experiments. For each knapsack constraint in the instance, we try to find cover cuts separating
the root LP solution. We solve the following separation problem,

n n
djzmax g a:fwi—g w; + 1
i=1 i=1

n
s.t.ZaZwi > 1 (8)
=1
w; € {0,1} foralli=1,...,n



If the above cut-generating IP is infeasible, there are no cover cuts for the knapsack constraint j
and the constraint is in fact redundant. If the cut-generating IP is feasible, let 17 be the optimal
solution and set C7 be the support of @w’/. Then a valid cover cut is given by,

1€CI

Moreover, the cut separates 2™ from the integer hull of the MKP if and only if d; > 0. Let Cz be
the set of all violated cover inequalities discovered. For the first set of experiments, we add each
cover cut individually. That is for every C € Cz, we solve,

n
max E Cix;

=1

n
Zafmi <V Vj € [m], le < |C|-1z€ {0,1}"},
=1 eC

using branch-and-bound with FSB-P rule. For the next experiment, we add all separating cover
cuts found for the instance. That is for every Z, we solve,

n
max E CiI;
i=1

Let the LP relaxation of the original formulation have objective value z and let the size of strong
branching tree for this formulation be T'. Define Z and T similarly for a formulation strengthened
by cuts. Moreover, let z;p be the value of the integer optimal solution. We compute the gap closed
by the cuts AG and the change in tree size AT as follows,

D alzm <Vjem],Y 4 <|C|-1VC el e {0,1}n},
i=1 ieC

z—2Z T—-T
AT = ———. 10
o T (10)

AG =

Lastly, the depth of cut, Ad is the Euclidean distance between the LP solution and the separating
hyperplane.

The experiments were conducted on a Python 3.10-based implementation of the naive branch-
and-bound framework to ensure a controlled experiment, unaffected by other sophisticated processes
of modern solvers. Gurobi 10.0.1 was used as the LP solver. FSB-P was implemented purely as
an oracle returning a branching variable, without influencing any other process within branch-and-
bound, thus allowing fair node counting [18]. Nodes were processed in the best-bound first order.
Finally, neither presolve, nor additional cutting planes besides the cover cuts mentioned above were
employed.

Results. The results of the experiments are plotted in Fig. 4. For the first experiment, Fig. 4a
and 4b show the change in tree size due to adding a single cut against the percentage gap closed
and depth of cut respectively, for all separating cover cuts across all instances. Note that the points
above the y = 0 line denote an increase in the tree size while points below the line indicate a decrease
in tree size. Contrary to expectation, 19.8% of the cuts led to an increase in tree size. Moreover,
the correlation of the change in tree size with the gap closed by the cut as well as the depth of cut
was weak.

For the second experiment, all separating cuts found for the instance were simultaneously added.
Fig. 4c presents the change in tree size against the gap closed by the cuts, where every point now
represents an instance. Even when several cuts were added simultaneously, tree sizes for 8 out of
100 instances increased. However, observe that the total gap closed by cuts in all of these instances
was at most 10%.
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Figure 4: Impact of adding cover cuts on the size of FSB-P trees for MKP instances.

Fig. 4c suggests that if the gap closed is small (also happens when just one cut is added), it is
difficult to predict the direction of change in tree size. However, after enough gap is closed, there is
a clear decreasing trend, and we may expect the size of the FSB-P tree to have reduced. With this
hypothesis in mind, we conduct the next set of experiments, where we study the change in tree size
as more rounds of cuts are added.

3.2 Experiments on MIPLIB

The experiments in Section 3.1 allowed us to completely control all sources of variability in tree size,
ensuring that any increase in tree size is an example of non-monotonicity. However, a shortcoming
of these experiments is that these instances do not represent the diversity of problems encountered
in practice. With this in mind, we next consider instances from the Benchmark Set of MIPLIB 2017
[20] and cuts applied by solvers in practice.

The goal of these experiments is to understand the effects of cutting planes on FSB-P tree sizes,
and how that may vary as more gap is closed. In particular, the number of rounds of cuts applied
at the root node is varied. After each additional round of cuts, the FSB-P tree size is computed.
The underlying hypothesis is that if enough gap is closed, the size of trees must decrease as the
increased effectiveness of pruning by bounds outweighs possibly worse branching decisions. While
these experiments may be more relevant practically, we can no longer control dual degeneracy or
variation in tree size due to it. We therefore run every instance with 3 different seeds.

The experiments in this section are conducted using SCIP 8.0 [9] as the MIP solver and
PySCIPOpt [27] as the API. All computations were done on a Linux based cluster. Whenever
SCIP is called, presolve and propagation are disabled, cuts are allowed only at the root node,
and branching variable is selected by the vanilla full strong branching rule while disabling strong
branching side-effects. For every instance, the ordering of variables remains the same for a fixed
seed. Moreover, independence of the branch-and-bound trees from node selection rules is ensured
by providing the optimal MIP value to the solver. In the absence of dual degeneracy, configuring
SCIP to these settings eliminates all sources of performance variability in the number of nodes to
the best of our understanding, and enables us to isolate the impact of any change in branching
decisions.

10



Instances. Due to the expensive nature of full strong branching, we first restrict the set to “easy"
instances with at most 10,000 variables and 500 integer or binary variables. We also exclude in-
feasible instances. This set of candidates consists of 35 instances. These instances are then solved
while restricting cuts to one round of separation at the root node. Those instances not solved in
72 hours are discarded. In addition, 1 instance was discarded since it was solved at the root node.
This resulted in a final set of 21 instances that were used in the experiments discussed in the rest
of this section.

Experiments. In these experiments, we allow SCIP to apply its default cuts at the root node,
but limit the number of rounds of cuts it applies. Every instance and seed combination is solved
11 times, while the upper limit on the rounds of cuts is increased from 0 to 10. Tree size as well
as the dual bounds at the root node are saved for comparison. We then compute the gap closed by
cuts and change in tree size with respect to the formulation without cuts (run with the same seed),
using Eq.(10).
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Figure 5: Progression of change in tree size and gap closed as the number of rounds of cuts is
increased from 0 to 10.

Results. For the first set of results, Fig.5 presents the progression of tree size and the gap closed
as more rounds of cuts are added for a subset of instances. These instances have been selected to
cover different patterns observed and the results for all others are included in Appendix A.

The first striking observation is that non-monotonicity was encountered in most of the instances
and appears to be surprisingly common in practice. Instances in the set showed varying sensitivity
of tree size to a round of cuts and the trends in tree sizes could be categorized by the total gap
closed in 10 rounds.

e When the total gap closed was large, (AG greater than 50%), in line with expectation, in-
stances binkarl0 1, mik-250-20-75-4 and nb-3 showed a steady decrease in tree size with
increasing gap closed.
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e For instances enlight hard and seymourl, where a moderate gap was closed (AG between
20% and 50%) the tree size had a generally decreasing trend with some intermittent rises.

e In most instances, the total gap closed was small (AG at most 20%). These instances did
not have a decreasing trend. Instances from mas, gen-ip and neos, istanbul-no-cutoff and
ranl4x18-disj-8 often had large spikes and drops with every round of cut. The largest jump
in tree size was seen in the case of supportcase26 where, for all of the 3 seeds, the tree size
increased by more than 20 times within a single round. On the other hand, rmatr100-p10 and
glass-sc showed no change in tree size in spite of closing some gap.

e Finally, in the case of fastxgemm-n2r6s0t2, pkl, markshare 4 0 and mad, the gap closed is
0 even after 10 rounds of cuts, but the tree sizes changed significantly in both directions. It
must be noted that these instances clearly have high dual degeneracy which also contributes
to variability in size.

An inference that can be drawn is that if the gap closed is small, change in tree size is difficult
to predict, and often increases, possibly due to non-monotonicity. However, when a large enough
gap is closed, a significant decrease in tree size may be expected. This is seen clearly in Fig. 6 where
there are no data points with an increase in tree size when the gap closed exceeds 20%. Note that
a very similar pattern is also seen in Fig. 4¢ for the randomly generated MKP instances.

Rounds of cuts across instances and seeds

2000% . . . . . . .
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Figure 6: Change in tree size and the gap closed across all instances, seeds and limits on rounds of
cuts.

4 Conclusion

The branch-and-cut method is the most efficient framework for solving general MIPs in practice.
The objective of this paper is not to claim otherwise, but to highlight some of the fundamental
challenges in this approach. Sometimes in practice, it is experienced that adding cuts increases
the number of nodes. Through this work, we show that such aberrant behaviour may not always
be because of engineering reasons like the addition of cuts leading to a change in some default
parameters or other random tie-breaking, but the problem may in fact be mathematical in nature.
In particular, as shown in Section 2, standard branching rules may sometimes produce larger trees
when provided with a tighter relaxation and are in general not monotonic. In Section 3, we show
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through computational experiments, that non-monotonicity is not merely a theoretical possibility,
but is surprisingly prevalent in practice. When considering default cuts applied by SCIP on instances
from the MIPLIB, non-monotonicity was encountered in most of the instances that were evaluated.
We would like to emphasize here that these experiments are by no means an evaluation of SCIP,
and the results do not reflect on its performance but only indicate inherent non-monotonicity in the
branch-and-cut approach.

This work gives rise to many open questions in the area of the design of branching rules. Consider
a branching rule that fixes the branching decisions a priori without using local information from
the linear relaxation. It is then clear that this rule is monotonic, even though it may generate
large trees. On the other extreme, optimal branching [16] which considers global information is
monotonic and produces small trees, but is # P-hard to compute [19] and is therefore impractical.
It is not clear whether a good, efficient (polynomial-time complexity at each node) and monotonic
rule even exists.

The results of this paper may also be viewed from the perspective of cutting-plane selection [3,
17]. Firstly, the depth of individual cuts is not a good measure of how much the tree size improves
as seen in Fig. 4b. Also as we have seen, the empirical evidence from the computational experiments
in Section 3 indicates that if the gap closed by the group of cuts is small, we cannot be assured
that adding them will result in smaller trees since their impact on branching decisions is hard to
model due to possible non-monotonicity. However, when a substantial gap is closed, the size of the
branch-and-bound tree decreases. In particular, empirical evidence suggests that crossing the 20%
gap-closed threshold via cuts could be a good rule of thumb for deciding whether the FSB-P tree
size will decrease.
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computational results. We would also like to thank the support from AFOSR grant # F9550-22-1-
0052.
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A MIPLIB Results

The plots for all instances considered in Section. 3.2 are presented in Fig.
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Figure 7: Progression of change in tree size and gap closed as number of rounds of cuts are increased

from 0 to 10. (cont.)
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Figure 7: Progression of change in tree size and gap closed as number of rounds of cuts are increased
from 0 to 10.
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