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Abstract

Linear programs with joint probabilistic constraints (PCLP) are dif-
ficult to solve because the feasible region is not convex. We consider a
special case of PCLP in which only the right-hand side is random and
this random vector has a finite distribution. We give a mixed-integer
programming formulation for this special case and study the relaxation
corresponding to a single row of the probabilistic constraint. We obtain
two strengthened formulations. As a byproduct of this analysis, we obtain
new results for the previously studied mixing set, subject to an additional
knapsack inequality. We present computational results which indicate
that by using our strengthened formulations, instances that are consider-
ably larger than have been considered before can be solved to optimality.

Keywords: Stochastic Programming, Integer Programming, Probabilistic Con-
straints, Chance Constraints, Mixing Set

1 Introduction

Consider a linear program with a probabilistic or chance constraint

(PCLP) min{cx cxeX, P{Te>¢>1— e} (1)
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where X = {x € Ri CAx = b} is a polyhedron, ¢ € R?, T is an m x d random
matrix, £ is a random vector taking values in R, and € is a confidence parameter
chosen by the decision maker, typically near zero, e.g., ¢ = 0.01 or ¢ = 0.05. Note
that in (1) we enforce a single probabilistic constraint over all rows, rather than
requiring that each row independently be satisfied with high probability. Such
a constraint is known as a joint probabilistic constraint, and is appropriate in a
context in which it is important to have all constraints satisfied simultaneously
and there may be dependence between random variables in different rows.

Problems with joint probabilistic constraints have been extensively studied;
see [17] for background and an extensive list of references. Probabilistic con-
straints have been used in various applications including supply chain manage-
ment [11], production planning [15], optimization of chemical processes [9, 10]
and surface water quality management [20]. Unfortunately, linear programs
with probabilistic constraints are still largely intractable except for a few very
special cases. There are two primary reasons for this intractability. First, in
general, for a given x € X, the quantity P{Tx > £} is hard to compute, as it
requires multi-dimensional integration. Second, the feasible region defined by a
probabilistic constraint generally is not convex.

In this work, we demonstrate that by using integer programming techniques,
instances of PCLP that are considerably larger than have been considered before
can be solved to optimality under the following two simplifying assumptions:

(A1) Only the right-hand side vector ¢ is random; the matrix T = T is deter-
ministic.

(A2) The random vector ¢ has a finite distribution.

Despite its restrictiveness, the special case given by assumption Al has received
considerable attention in the literature, see, e.g., [5, 6, 17]. A notable result for
this case is that if the distribution of the right-hand side is log-concave, then the
feasible region defined by the joint probabilistic constraint is convex [16]. This
allows problems in which the dimension, m, of the random vector is small to be
solved to optimality, but higher dimensional problems are still intractable due to
the difficulty in checking feasibility of the probabilistic constraint. Specialized
methods have been developed in [4, 6, 17] for the case in which assumption A1l
holds and the random vector has discrete but not necessarily finite distribution.
These methods rely on the enumeration of certain efficient points of the distri-
bution, and hence do not scale well with m since the number of efficient points
generally grows exponentially with m.

Assumption A2 may also seem very restrictive. However, if the possible
values for ¢ are generated by taking Monte Carlo samples from a general dis-
tribution, we can think of the resulting problem as an approximation of the
problem with general distribution. Under some reasonable assumptions we can
show that the optimal solution of the sampled problem converges exponentially
fast to the optimal solution of the original problem as the number of scenarios
increases. Also, the optimal objective of the sampled problem can be used to



develop statistical lower bounds on the optimal objective of the original prob-
lem. See [1, 3, 19] for some related results. It seems that the reason such a
sampling approach has not been seriously considered for PCLP in the past is
that the resulting sampled problem has a non-convex feasible region, and thus
is generally intractable. Our contribution is to demonstrate that, at least under
assumption Al, it is nonetheless possible to solve the sampled problem.

Under assumption A2 it is possible to write a mixed-integer programming
(MIP) formulation for PCLP, as has been done, for example, in [18]. In the
general case, such a formulation requires the introduction of “big-M” type con-
straints, and hence is difficult to solve. However, by restricting attention to the
case of assumption Al, we are able to develop strong mixed-integer program-
ming formulations. Our approach in developing these formulations is to consider
the relaxation obtained from a single row in the probabilistic constraint. This
yields a system similar to the mixing set introduced by Giinliikk and Pochet
[8], subject to an additional knapsack inequality. We are able to derive strong
valid inequalities for this system by first using the knapsack inequality to “pre-
process” the mixing set and then applying the mixing inequalities of [8]; see
also [2, 7]. We also derive an extended formulation, equivalent to one given by
Miller and Wolsey in [14]. Making further use of the knapsack inequality, we are
able to derive more general classes of valid inequalities for both the original and
extended formulations. If all scenarios are equally likely, the knapsack inequal-
ity reduces to a cardinality restriction. In this case, we are able to characterize
the convex hull of feasible solutions to the extended formulation for the single
row case. Although these results are motivated by the application to PCLP,
they can be used in any problem in which a mixing set appears along with a
knapsack constraint.

The remainder of this paper is organized as follows. In Section 2 we verify
that PCLP remains N P-hard even under assumptions Al and A2, and present
the standard MIP formulation. In Section 3 we analyze this MIP and present
classes of valid inequalities that make the formulation strong. In Section 4 we
present an extended formulation, and a new class of valid inequalities and show
that in the equi-probable scenarios case, these inequalities define the convex hull
of the single row formulation. In Section 5 we present computational results
using the strengthened formulations, and we close with concluding remarks in
Section 6.

2 The MIP Formulation

We now consider a probabilistically constrained linear programming problem
with random right-hand side given by

(PCLPR) min cx
st. Az =5 ()
P{Tz>¢t>1—¢
xz > 0.



Here A is an r X d matrix, b € R", T is an m X d matrix, £ is a random vector in
R™, ¢ € (0,1) (typically small) and ¢ € R%. We assume that ¢ has finite support,
that is there exist vectors, §; € R™,i = 1,...,n such that P{{ = &} = m; for
each i where m; > 0 and Z?:l m; = 1. We refer to the possible outcomes as
scenarios. We assume without loss of generality that £ > 0 and m; < € for each
i. We also define the set N = {1,...,n}.

Before proceeding, we note that PCLPR is NP-hard even under assumptions
Al and A2.

Theorem 1. PCLPR is NP-hard, even in the special case in which m; = 1/n
for all i € N, the constraints Az = b are not present, T is the m x m identity
matriz, and c = (1,...,1) € R™.

Proof. Let K = [(1 — €)n]. Then, under the stated conditions PCLPR can be
written as

m

] .. : >

min z;qleﬁx{ﬁlg} 11> K
=

We show that the associated decision problem:

(DPCLP) Given non-negative integers &;; for ¢ = 1,...,n,
1,...,m, K < n and B, is there an I C N such that |I|
and Z;n:l maX;eg {gij} S B?

is NP-complete by reduction from the NP-complete problem CLIQUE. Consider
an instance of CLIQUE given by graph G = (V, E), in which we wish to decide
whether there exists a clique of size C. We construct an instance of DPCLP by
letting {1,...,m} =V, N=E,B=C, K =C(C —1)/2 and §; = 1 if edge i
is incident to node j and &;; = 0 otherwise. The key observation is that for any
ICFE ,and j €V,

j:
> K

max {€;;} = 1 if some edge i € I is incident to node j
el Y70 otherwise.

Hence, if there exists a clique of size C' in G then we have a subgraph of G
consisting of C' nodes and C(C — 1)/2 edges. Thus there exists I C N with
[I| =C(C —-1)/2=K and

;I?glx{&j} =C=B

and the answer to DPCLP is yes.

Conversely, if the answer to DPCLP is yes, there exists I C E of size at least
K = C(C —1)/2 such that the number of nodes incident to I is at most B = C..
This can only happen if I defines a clique of size C. O

We now formulate PCLPR as a mixed-integer program [18]. To do so, we
introduce for each ¢ € N, a binary variable z;, where z; = 0 guarantees that



Tx > &;. Observe that because ¢ < 1 we must have Tx > §; for at least one
i € N, and because & > 0 for all 4, this implies Tz > 0 in every feasible solution
of PCLPR. Then, letting v = T'x, we obtain the MIP formulation of PCLPR

(PMIP) min cx
st. Av=b, Te —v=0 (3)

Zm—zi <e (5)
i=1
x>0, z€{0,1}"

where (5) is equivalent to the probabilistic constraint

Zﬂi(l — Zl) Z 1—e.
=1

3 Strengthening the Formulation

We begin by considering how the formulation PMIP can be strengthened when
the probabilities 7; are general. In Section 3.2 we present results specialized to
the case when all m; are equal.

3.1 General Probabilities

Our approach is to strengthen PMIP by ignoring (3) and finding strong formu-
lations for the set

F:={(v,2) e R} x {0,1}" : (4),(5)} . (6)
Note that .
F= ﬂ {(v,2) : (vj,2) € G},
j=1
where for j =1,...,m

Gj = {(vj,z) S R+ X {0, 1}71 : (5), Vj —l—&jzi > gij 1=1,.. .,n}.

Thus, a natural first step in developing a strong formulation for F' is to develop a
strong formulation for each G;. In particular, note that if an inequality is facet-
defining for conv(G,), then it is also facet-defining for conv(F'). This follows
because if an inequality valid for G; is supported by n + 1 affinely independent
points in R™*!, then because this inequality will not have coefficients on v; for
any ¢ # j, the set of supporting points can trivially be extended to a set of
n -+ m affinely independent supporting points in R**™ by appropriately setting
the v; values for each i # j.



The above discussion leads us to consider the generic set
G={(y,2) e Ry x {0,1}":(5), y+hiz>h;, i=1,...,n} (7)

obtained by dropping the index j and setting y = v; and h; = &;; for each 7.
We assume without loss of generality that hy > he > --- > h,,. The relaxation
of G obtained by dropping (5) is a mizing set given by

P:{(yvz)€R+X{Oal}ny+hzzlzh1 'L:lvan}

This set has been extensively studied, in varying degrees of generality, by
Atamtiirk et. al [2], Giinliik and Pochet [8], Guan et. al [7] and Miller and
Wolsey [14]. The star inequalities of [2] given by

l
y+ > (he, = he, )z, > by, VT ={t1,... .t} C N, (8)

j=1

where t; < t3 < --- < t; and hy,, := 0 are valid for P. Furthermore, these
inequalities can be separated in polynomial time, are facet-defining for P when
t; = 1, and are sufficient to define the convex hull of P [2, 7, 8].

We can tighten these inequalities for G by using the knapsack constraint
(5). In particular, let p := max{k : Zle m; < €}. Then, from the knapsack

constraint, we cannot have z; =1 for alli=1,...,p+ 1 and thus we have y >
hpt1. This also implies that the mixed-integer constraints in G are redundant
for i = p+1,...,n. Thus, we can replace the inequalities y + h;z; > h; for

t=1,...,n in the definition of G by the inequalities
y+(hi—hp+1)2i2hi 7;21,...7]?. (9)
That is, we have

G ={(y,2) e Ry x{0,1}" : (5),(9)}. (10)

In addition to yielding a tighter relaxation, the description (10) of G is also
more compact. In typical applications, € is near 0, suggesting p << n. When
applied for each j in the set F, if p is the same for all rows, this would yield a
formulation with mp << mn rows.

By applying the star inequalities to (10) we obtain

Theorem 2. The inequalities

l
y+ > (e, —hi )z, > he, VT ={t,....t,} C{1,....p}  (11)

J=1

with ty < ... <ty and hy, | = hpy1, are valid for G. Moreover, (11) is facet-
defining for conv(G) if and only if hy, = hy.



Proof. The result follows directly from Proposition 3.4 and Theorem 3.5 of [2]
after appropriate reformulation. See also [7, 8]. However, since our formulation
differs somewhat, we give a self-contained proof. To prove (11) is valid, let
(y,2) € G and let j* =min{j € {1,...,1} : z;;, = 0}. Then y > hy,,. Thus,

l et
Y+ Z(htj - htj+1 )th > htj* + Z (htj - htj+1) = htl'
j=1 j=1

If ht, < h1, then a stronger inequality can be obtained by including index 1 in
the set T, proving that this is a necessary condition for (11) to be facet-defining.
Consider the following set of points: (hi,e;),i € N\ T, (h;, 23;11 ej),i €T and
(hpt1, 25—, €7), where e; is the §™ unit vector in R™. It is straightforward to
verify that these n + 1 feasible points satisfy (11) at equality and are affinely
independent, completing the proof. o

We refer to the inequalities (11) as the strengthened star inequalities. Be-
cause the strengthened star inequalities are just the star inequalities applied to
a strengthened mixing set, separation can be accomplished using an algorithm
for separation of star inequalities [2, 7, §].

3.2 Equal Probabilities

We now consider the case in which m; = 1/n for all ¢ € N. Thus p = max{k :
Ele 1/n < €} = |ne| and the knapsack constraint (5) becomes

n
E zi < ne
i=1

which, by integrality on z;, can be strengthened to the simple cardinality re-
striction

izi <np. (12)
i=1

Thus, the feasible region (10) becomes

G = {(yvz) eRy x {07 1}n 1 (9), (12)}'

Although the strengthened star inequalities are not sufficient to characterize the
convex hull of G’, we now show that it is possible to separate over conv(G’) in
polynomial time. To obtain this result we first show that for any (v, a) € R**1,
the problem

min{vy +az: (y,2) € G'} (13)

is easy to solve. For k =1,...,p let

Sk ={S C{k,....,n}: S| <p—Ek+1}



and

Sk € argmin{Zai}.

SESK i€S
Also, let S3, = 0 and k* € argmin{yh + Eiesg a;ck=1,....p+1}.

Lemma 3. If v < 0, then (13) is unbounded. Otherwise, an optimal solution
to (13) is given by y = hg= and z; =1 fori e S U{l,...,k* — 1} and z;, =0
otherwise.

Proof. Problem (13) is unbounded when v < 0 because (1, 0) is a feasible direc-
tion for G’. Now suppose v > 0. We consider all feasible values of y, y > hpt1.
First, if y > hq, then the z; can be set to any values satisfying (12), and hence
it would yield the minimum objective to set z; = 1 if and only if ¢ € ST and
to set y = hy since v > 0. For any k € {2,...,p+ 1}, if hx—1 > y > hy then
we must set z; = 1 for i = 1,...,k — 1. The minimum objective in this case
is then obtained by setting y = hy and z; =1fori=1,...,k—1 and i € S}.
The optimal solution to (13) is then obtained by considering y in each of these
ranges. O

Using Lemma 3, we can optimize over G’ by first sorting the values of «; in
increasing order, then finding the sets S} by considering at most p — k 4 1 of
the smallest values in this list for each K = 1,...,p 4+ 1. Subsequently finding
the index k* yields an optimal solution defined by Lemma 3. This yields an
obvioius algorithm with complexity O(nlogn + p*) = O(n?). It follows that we
can separate over conv(G’) in polynomial time. We begin by characterizing the
set of valid inequalities for G’.

Theorem 4. Any valid inequality for G' with nonzero coefficient on y can be
written in the form

Yy = B'FZC%ZZ'. (14)
i=1
Furthermore, (14) is valid for G' if and only if there exists (o, p) such that

k—1 n
B+ it (p—ktDok+Y pu <he k=1....p+1 (15)
i=1 i=k
a—op—p <0 di=k...,on, k=1,...,p+1 (16)
o>0,p>0. (17)

Proof. First consider a generic inequality of the form vy > 8+ 37" | a;2;. Since
(1,0) is a feasible direction for G’, we know this inequality is valid for G’ only
if ¥ > 0. Thus, if a valid inequality for G’ has nonzero coefficient v on y, then
v > 0, and so we can scale the inequality such that v = 1, thus obtaining the
form (14). Now, since any extreme point of conv(G’) is an optimal solution to
(13) for some (v',a’) € Ry4+1, we know by Lemma 3 that the extreme points
of conv(G’) are contained in the set of feasible points given by y = hg, z; = 1



fori =1,...,k—1and i € S, and z; = 0 otherwise, for all S € S; and
k =1,...,p+ 1. This fact, combined with the fact that (1,0) is the only
feasible direction for G’, implies inequality (14) is valid for G’ if and only if

k—1
; P < =1,... .
ﬁ—i—Zal—i—&%)iZal_hk k=1,....,p+1 (18)
i=1 €S
Note that
gé%)}i ZO@ = mgx Zwikai
€S i=k
s.t. Zwik <p—k+1 (19)
i=k
0<wy <1 i=k,...,n

n
= min —k+1)o, + ;
niy (p )Tk ;sz
s.t. o+ pik > t=k,...,n (20)
UkZO,PikZO i:ka"'an

by linear programming duality since (19) is feasible and bounded and its optimal
solution is integral. It follows that condition (18) is satisfied and hence (14) is
valid for G’ if and only if there exists (o, p) such that the system (15) - (17) is
satisfied. 0

Using Theorem 4 we can separate over conv(G’) by solving a polynomial size
linear program.

Corollary 5. Suppose (y*,z*) satisfy z* € Z = {z€[0,1]": Y | z < p}.
Then, (y*,z*) € conv(G’) if and only if

i=1

a,B,0,p

where LP* exists and is finite. Furthermore, if y* < LP* and (o, 5*) is optimal
0 (21), theny > B* + 3.1 | a*z; is a valid inequality for G’ which is violated
by (y*,2%).

Proof. By Theorem (4), if y* > LP*, then (y*, z*) satisfies all valid inequalities
for G’ which have nonzero coefficient on y. But, z* € Z and integrality of
the set Z imply (y*,z*) also satisfies all valid inequalities which have a zero
coefficient on y, showing that (y*,2*) € conv(G’). Conversely, if y* < LP*,
then the optimal solution to (21) defines a valid inequality of the form (14)
which is violated by (y*, z*).

We next argue that (21) has an optimal solution. First note that it is feasible
since we can set 3 = h,41 and all other variables to zero. Next, because z* € Z,



and Z is an integral polytope, we know there exists sets S;, j € J for some
finite index set J, and A € R such that Y, ;A; = 1 and 2* = 3, \;27

where 2/ = 1if i € S; and 0 otherwise. Hence,

ﬁ'i‘ZOéZZ —ﬁ'ﬁ‘Z)\ Zal Z)\](ﬁ—’—zal)gz)\]hl:hl

jeJ  i€S; jeJ i€S; jeJ

where the inequality follows from (18) for k& = 1 which is satisfied whenever
(o, B, 0, p) is feasible to (15) - (17). Thus, the objective is bounded, and so (21)
has an optimal solution. O

Although (21) yields a theoretically efficient way to separate over conv(G'), it
still may be too expensive to solve a linear program to generate cuts. We would
therefore prefer to have an explicit characterization of a class or classes of valid
inequalities for G’ with an associated combinatorial algorithm for separation.
The following theorem gives an example of one such class, which generalizes the
strengthened star inequalities.

Theorem 6. Let m € {1,...,p}, T = {t1,...,t1} C {1,...,m} and Q =
{g1,-- - qp—m} C{p+1,...,n}. For m < p, define AT" = hppt1 — hpmt2 and

A
Ag”:max Aﬁlyherl_heriJrl_ZA?l i:2,...,p—m.

Then, with hy, = Ry,

l p—m
+ Z(htj - htj+1)2tj + Z A;n(l - ZQj) 2 htl (22)
j=1 j=1

1s valid for G'.

Proof. First note that if m = p, we recover the strengthened star inequalities.
Now, let m < p and T, Q satisfy the conditions of the theorem and let (y, 2) € G’
and S = {i € N:z; =1}. Suppose first there exists ¢; € T\ S and let j* =
min{j € {1,...,l} :t; ¢ S}. Then, z; . =0 and so y > hy,.. Hence,

l j -1

Y+ (he, = hey )z > b+ (hey = he )
= =

= ht1 Z htl Z Am qu

since A;-” > 0 for all j.
Next, suppose I' C S. Now let k = 3, o (1—2;) so that, because |Q| = p—m,
0<k<p-mand} o2 =p—m—k Because Q C {p+1,...,n}, we know

10



D=1 it 2 icq 2 < pand hence Y77 2 < k+m. It follows that y > hytm1.
Next, note that by definition, AT* <Az <..- A . Thus

p—m k k—1
STAPA—zy) =Y AT = AP+ AT
j=1 j=1 j=1
k—1 k—1
> (1 = hmyksr — Y AT)+ Y AP
j=1 j=1
= hm+1 - hm+k+1- (23)

Using (23), y > hktm+1 and the fact that T C .S we have

l l
Yy + Z(htj - htj+1)2tj Z hk-i—m-‘,—l + Z(h/tj - htj+1)

j=1 j=1

p—m
= hk+m+l + htl - hm+1 > h’t1 - Z A;n(l - Z‘Ij)
Jj=1

completing the proof. O
In [12] it is shown that the inequalities given by (22) are facet-defining for
conv(G’) when ¢, = 1.

Ezample 1. Let n = 10 and € = 0.4 so that p = 4 and suppose hj_5 =
{20,18,14,11,6}. The formulation of G’ for this example is

y+ 14z > 20
y+ 1229 > 18
y+8z3 > 14
y+5z4 > 11

10
Zzigél, 2z €{0,1} i=1,...,10.
i=1
Letm =2,T ={1,2} and Q = {5,6}. Then, A? = 3and A = max{3,8 — 3} =
5 so that (22) yields
y+ 221+ 420 +3(1 — 25) + 5(1 — z5) > 20. O

Separation of inequalities (22) can be accomplished by a simple modification
to the routine for separating the strengthened star inequalities. We have also
identified other classes of valid inequalities [12], but have not yet been able to
find a general class that characterizes the convex hull of G.

11



4 A Strong Extended Formulation

4.1 General Probabilities

Let
FS={(y,z) e Ry x[0,1]": (5),(11)}.

F'S represents the polyhedral relaxation of G, augmented with the strengthened
star inequalities. Note that the inequalities (9) are included in F'S by taking
T = {i}, so that enforcing integrality in F'S would yield a valid formulation for
the set G. Our aim is to develop a reasonably compact extended formulation
which is equivalent to F'S. To do so, we introduce variables wy, ..., w, and let

EG = {(y,z,w) e R, x {0,117 : (24) — (27)}

where
wi —wip1 20 i=1,...,p (24)
zi—w; >0 i=1,...,p (25)
p
y+ Y (hi = hip1)wi > (26)
=1

Zmzi S € (27)
i=1

and wp41 = 0. The variables w; can be interpreted as deciding whether or not
scenario 1 is satisfied for the single row under consideration. The motivation for
introducing these variables is that because they are specific to the single row
under consideration, the ordering on the h; values implies that the inequalities
(24) can be safely added. Note that this is not the case for the original vari-
ables z; for ¢ € N since they are common to all rows in the formulation. The
inequalities (25) ensure that if a scenario is infeasible for the single row under
consideration, then it is infeasible overall. Because of the inequalities (24), the
inequalities (9) used in the description (10) of G can be replaced by the single
inequality (26). We now show that EG is a valid formulation for G.

Theorem 7. Proj, .,(EG) = G.

Proof. First, suppose (y,z,w) € EG. Let I € {1,...,p+ 1} be such that w; =
1,i=1,...;0—1land w; =0, i =1,...,p. Then, y > hy — (hy — hy) = h;. For
i=1,...,1—1 we have also z; = 1 and hence,

y+ (hi = hps1)zi > by + (hi — hpg1) > by

and for ¢ =1,...,n we have y + (h; — hpt1)2; > hy > h,; which establishes that
(y,z) € G. Now, let (y,2z) € G and let | = min{i: z; =0}. Then, y+ (b —
hpy1)z1 =y > h. Let w; =1, i =1,...,0—1land w; =0, i =1,...,p. Then,
zi > w; for i = 1,...,p, w; are non-increasing, and y > h; = hy — Zle(hi —
hit1)w; which establishes (y, z,w) € EG. O

12



An interesting result is that the linear relaxation of this extended formu-
lation is as strong as having all strengthened star inequalities in the original
formulation. A similar type of result has been proved in [14]. Let E'F be the
polyhedron obtained by relaxing integrality in FG.

Theorem 8. Proj(, .,(EF) = FS.

Proof. First suppose (y,z) € FS. We show there exists w € R’ such that
(y,z,w) € EF. For i =1,...,plet w; = min{z; : j = 1,...,i}. By definition,
1>w >wy > ---wp >0and z; > w; fori =1,...,p. Next, let T :=

{i=1,...,p:w; = z;} = {t1,..., 4}, say. By construction, we have w; = wy,
fori=t;,....t;401—1,7=1,...,0 (tp41 :=p+1). Thus,
P l 1
D (b= hisayws =3 (he; = hayJwr, = 3 (hey = hayu ),
i=1 j=1 j=1

implying that y + > %, (h; — hiy1)w; > hy as desired.
Now suppose (y,z,w) € EF. Let T = {t1,...,t;} C{1,...,p}. Then,

y+ Z —hi; )z >y + Z — hy; )wy

j=1
I tj+1—-1

Z y+z Z (hl —hi+1)w

j=1 i=t;

p
=Y + Z(hl — hiJrl)wz

1=ty

But also, y + >.7_; (hi — hiy1)w; > hy and so

p t1—1
y+ Z(hz — hip1)w; > hy — Z (hi — hiz1)w; > h1 — (b1 — hyy) = hy,.
i=t1 i=1
Thus, (y,2) € FS. O

Because of the knapsack constraint (27), formulation EF' does not charac-
terize the convex hull of feasible solutions of G. We therefore investigate what
other valid inequalities exist for this formulation. We introduce the notation

k
fr ::Zm—, k=0,...,p.
i=1

Theorem 9. Let k€ {1,...,p} and let S C {k,...,n} be such that ) ;. gm; <

€ — fx—1. Then,
Zﬂizi + Z miw; < € — fr-1 (28)

€S ie{k,....p}\S
is valid for EG.
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Proof. Let | = max{i:w; =1} so that z; = w; =1 for i = 1,...,1 and hence

.....

the result follows since, by definition of the set S, >, ¢m < €— fr_1. Next,
suppose [ > k. Then,

n
E T2 < E T2 + E T2 < E ™ +e—fi
i€s i€Sn{k,...,1} i=l+1 i€Sn{k,...,l}

and also Eie{k,...,p}\s W, = Eie{k,...,l}\s m;. Thus,

Zmzi-i- Z mw; < Z mit+e— fi+ Z i =¢€— fr_1.

€S ie{k,....p}\S ieSn{k,...,.l} i€{k,...,I}\S

4.2 Equal Probabilities

Now, consider the case in which m; = 1/n for i = 1,...,n. Then the extended
formulation becomes

EG = {(y,z,w) e R, x {0,1)"7: (12) and (24) — (26)}.
The inequalities (28) become

Zzi—i— Z w; < p—k+1 VS eS8, k=1,...,p. (29)
€S ie{k,....p}\S

Ezample 2. (Example 1 continued.) The extended formulation EG’ is given by

Wy > We > W3 > Wy

ziZwi izl,...,4
Yy + 2wy + 4wy + 3wz + dbwy > 20
10
D zi<4, 2€{0,14% we {01}
i=1

Let k =2 and S = {4,5,6}. Then (29) becomes
Z4 + 25 + 26 +wa + w3 < 3. O

Next we show that in the equal probabilities case, the inequalities (29) to-
gether with the inequalities defining EG’ are sufficient to define the convex hull
of the extended formulation EG’. Let

EH' = {(y,2,w) € Ry x [0,1]"*7: (12), (24) — (26) and (29)}

be the linear relaxation of the extended formulation, augmented with this set
of valid inequalities.

14



Theorem 10. EH' = conv(EG").

Proof. That EH’ D conv(EG’) is immediate by validity of the extended formu-
lation and the inequalities (29).

To prove EH' C conv(EG’) we first show that it is sufficient to prove that
the polytope

H = {(z,w) € [0,1]"7: (12), (24), (25) and (29)}

is integral. Indeed, suppose H is integral, and let (y,z,w) € EH’. Then,
(z,w) € H, and hence there a exists a finite set of integral points (27, w?),j € J,

each in H, and a weight vector A € RL{' with ZjeJ Aj = 1 such that (z,w) =
Zje]_)\j(_zj,wj). For each j € J define 3/ = hy — 3°7_ (hi — hiy1)w! so that
(y?,2?,w?) € EG' and also

P
Z Ajy] = h,l - Z(hz — hnL'Jrl)er' S y.
jeJ i=1
Thus, there exists > 0 such that (y,z,w) = Y, ; Aj(y?, 27, w’) + u(1,0)
where each (y7, 2/, w?) € EG’ and (1,0) is a feasible direction for EG’, which
establishes that (y, z,w) € conv(EG’).

We now move to proving the integrality of H, or equivalently, that H =
conv(H') where H! = H N {0,1}""?. Thus, if (z,w) € H, we aim to prove
(z,w) € conv(H!). We do this in two steps. First we establish a sufficient
condition for (z,w) € conv(H?), and then show that if (z,w) € H it satisfies
this condition.

A sufficient condition for (z,w) € conv(H?).

First observe that the feasible points of H! are given by w; = 1 for j =
1,...,k—land w; =0for j=k,...,pand

1 j=1,....k—landje S
Zi =
710 jed{k,...,n}\S

forall S € S and k=1,...,p+ 1. Thus, an inequality
n P
Yozt yuw; B <0 (30)
j=1 j=1

is valid for conv(H?) if and only if

k—1
Z(aj+7j)+gg]§2aj—ﬁgo k=1,...p+1. (31)
jES

Jj=1
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Representing the term max {Zjes oS € Sk} as a linear program and taking

the dual, as in (19) and (20) in the proof of Theorem 4, we obtain that (31) is
satisfied and hence (30) is valid if and only if the the system of inequalities

k—1 n
(@ +%) + Y pik + (p—k+1)or =<0 (32)
j=1 j=k
aj_o'k—p]kgo j:k,...,n (33)
0k >0, ppr >0 j=k,....n (34)

has a feasible solution for k = 1,...,p+ 1. Thus, (w,2) € conv(H?) if and only
if

a,B,7,0,p

n p
max Zajzj+27jwj—ﬁ:(32)—(34),kzl,...,p—|—1 <0.
j=1

j=1

For k=1,...,p+ 1, associate with (32) the dual variable dj, and with (33) the
dual variables n;i for j = k,...,n. Then, applying Farkas’ lemma to (32) - (34)

and the condition ,
n
ZOAJ‘ZJ' + Z'ijj —[A>0
j=1 j=1

we obtain that (w, z) € conv(H?) if and only if the system

p+1
Y dk=w; j=1,....p (35)

k=j+1

p+1 J
Z ok + Nk =2 J=1,...,p (36)

k=j+1 k=1

p+1
Z’I]jk:?:j j:p—i-l,...,n (37)

k=1
(p—k+1)6— > Mk >0 k=1,....p+1 (38)

j=k
Srh—mik >0 j=k...nk=1..p+1 (39)

p+1
> o=1 (40)

k=1
6>0mp >0 j=k...on,k=1,...,p+1 (41)

has a feasible solution, where constraints (35) are associated with variables
v, (36) and (37) are associated with «, (38) are associated with o, (39) are
associated with p, and (40) is associated with 3. Noting that (35) and (40)
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imply 6, = w1 —wy for k=1,...,p+1, with wp := 1 and wp41 := 0, we see
that (w,z) € conv(H') if and only if wy—1 —wg > 0 for k =1,...,p+ 1 and
the system

min{j,p+1}
S nip=0 j=1,...,n (42)
k=1
> ik < (p—k+D)(wpoy —wy) k=1,...,p+1 (43)
j=k
0 <njr < wk—1 — wi j=k...on,k=1,....p+1 (44)
has a feasible solution, where 6; = z; —w; for j = 1,...,p and 0; = z; for

j=p+1,...,n.

Verification that (z,w) € H implies (z,w) € conv(H?').

Let (z,w) € H and consider a network G with node set given by V =
{u,v,74 for k=1,...,p+ 1, m; for j € N}. This network has arcs from u to
r, with capacity (p—k+1)(wg—1—wy) forallk =1,...,p+1, arcs from ry to m;
with capacity wg_1 —wg forall j =k,...,nand k=1,...,p+ 1, and arcs from
m; to v with capacity §; for all j € N. An example of this network with n =4
and p = 2 is given in Figure 1. The labels on the arcs in this figure represent
the capacities. For the arcs from nodes r; to nodes m;, the capacity depends
only on the node rg, so only the first outgoing arc from each ry is labeled. It is
easy to check that if this network has a flow from u to v of value E]EN 0;, then
the system (42) - (44) has a feasible solution. We will show that (z,w) € H
implies the minimum w — v cut in the network is at least jEN 0;, and by the
max-flow min-cut theorem, this guarantees a flow of this value exists, proving
that (z,w) € conv(H).

Now, consider a minimum u — v cut in the network G, defined by a node set
UcVwithueUandv¢U. Let S= {m;:je N\U}. Note that if r, ¢ U
we obtain an arc in the cut, from u to r, with capacity (p — k+ 1)(wr—1 — wg),
whereas if 7, € U, we obtain a set of arcs in the cut, from 7, to m; for j € S
such that j > k, with total capacity

Yo (wer —w) =[S0 {k, o nd (wee1 — wg).
jesn{k,...n}

Thus, because wg_1 > wg we can assume that in this minimum » — v cut
r, € U if and only if |[SN{k,...,n}| <p—k+1. Hence, if we let [ = min{k =
1,...,p+1:]|SN{k,...,n}| > p—k+1} then we can assume r, € U for 1 < k < {
andr, ¢ U for ] <k <p+1.

We now show that S C {l,...,n}. Indeed, suppose j < I. If j € S then the
cut includes arcs from r to m; with capacity (wr—1 —wy) for all 1 < k < j
yielding a total capacity of 1 — w;. If j ¢ S, then the cut includes an arc from
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T3 w2 ms3 04

Figure 1: Example of network G with p = 2 and n = 4.

m; to v with capacity 6; = z; —w;. Because z; < 1, this implies we can assume
that in this minimum u — v cut if j <, then j ¢ S.

Now suppose that | = 1, which occurs if |S| > p. Then the value of the
minimum cut is given by

Z(p ket 1)(wpy —wi) + > 05 =p— Zw,ﬁZ@

Jj¢s j¢s
IR DN
jeSs JEN JEN

since ZjeN z; < p. Thus, in this case, the value of the minimum cut is at least
> jen 0j. So now assume [ > 1. In this case, we claim that [S| = p — 1 + 1.
Indeed, if not, then |S| >p—1+1,andso [SN{l—1,...,n}|>p—(1—-1)-1,
contradicting the minimality in the definition of [ since | — 1 also satisfies the
condition in the definition.

The capacity of this minimum v — v cut is

-1 p+1
C= (p—k+1)(wp_1 —wg +Z|S| Wh—1 — W) Z 0;.
k=1 k=1 JEN\S
Since
-1 p D P
PRITISSUTHIIES 3) 3 INSEEIS y s
k=1 k=1 j=k =1
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it follows that

p
C=@-l+Dw1—Y we+1—w_1)|S|+ > 0

k=l JEN\S
=(p—1+1)— Zwk—i- DN
JEN\S JEN
by (29) for k =1since S C {l,...,n} and |S|=p—1+1. O

We close this section by noting that inequalities (29) can be separated in
polynomial time. Indeed, suppose we wish to separate the point (z*,w*). Then
separation can be accomplished by calculating

Vk—max Zz + Z wy —m&x{Z@*}—i—Zw
SESk €S ie{k,....p}\S €Sk

for k =1,...,p where 87 = 27 —w} fori =1,...,pand 0] = 2} for i =

p+1,...,n. If V! > p—k+1 for any k, then a violated inequality is found. Hence,
a trivial separation algorithm is to first sort the values 67 in non-increasing
order, then for each k, find the maximizing set S € Sy by searching this list.
This yields an algorithm with complexity O(nlogn + p?) = O(n?). However,
the complexity can be improved to O(nlogn) as follows. Start by storing the
p largest values of 6 over i € {p+1,...,n} in a heap, and define Vg = 0.
Then, for £ = p,...,1 do the following. First insert ¢; into this heap. Next
remove the largest value say 07 .., from the heap and finally calculate V;* by

max?
Vk* = VkJrl + max {anax, O} + w;:

The initial heap construction is accomplished with complexity O(nlogn), and
the algorithm then proceeds through p steps, each requiring insertion into a
heap and removal of the maximum value from a heap, which can each be done
with O(log p) complexity, yielding overall complexity of O(nlogn). For general
probabilities m;, (heuristic) separation of inequalities (28) can be accomplished
by (heuristically) solving p knapsack problems.

5 Computational Experience

We performed computational tests on a probabilistic version of the classical
transportation problem. We have a set of suppliers I and a set of customers
D with |D| = m. The suppliers have limited capacity M; for ¢ € I. There is
a transportation cost c¢;; for shipping a unit of product from supplier i € I to
customer j € D. The customer demands are random and are represented by
a random vector d € R’*. We assume we must choose the shipment quantities
before the customer demands are known. We enforce the probabilistic constraint

P wij>djj=1,...,m}>1—e¢ (45)
i€l
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where z;; > 0 is the amount shipped from supplier ¢ € I to customer j € D.
The objective is to minimize distribution costs subject to (45), and the supply
capacity constraints
Z{Eij < M;, Viel.
jeD

We randomly generated instances with the number of suppliers fixed at 40 and
varying numbers of customers and scenarios. The supply capacities and cost
coefficients were generated using normal and uniform distributions respectively.
For the random demands, we experimented with independent normal, dependent
normal and independent Poisson distributions. We found qualitatively similar
results in all cases, but the independent normal case yielded the most challenging
instances, so for our experiments we focus on this case. For each instance,
we first randomly generated the mean and variance of each customer demand.
We then generated the number n of scenarios required, independently across
scenarios and across customer locations, as Monte Carlo samples with these fixed
parameters. In most instances we assumed all scenarios occur with probability
1/n, but we also did some tests in which the scenarios have general probabilities,
which were randomly generated. CPLEX 9.0 was used as the MIP solver and
all experiments were done on a computer with two 2.4 Ghz processors (although
no parallelism is used) and 2.0 Gb of memory. We set a time limit of one hour.
For each problem size we generated 5 random instances and, unless otherwise
specified, the computational results reported are averages over the 5 instances.

5.1 Comparison of Formulations

In Table 1 we compare the results obtained by solving our instances using
1. formulation PMIP given by (3) - (5),
2. formulation PMIP with strengthened star inequalities (11), and
3. the extended formulation of Sect. 4, but without (28) or (29).

When the strengthened star inequalities are not used, we still used the im-
proved formulation of G corresponding to (10). Recall that the strengthened
star inequalities subsume the rows defining the formulation PMIP; therefore,
when using these inequalities we initially added only a small subset of the mp
inequalities in the formulation. Subsequently separating the strengthened star
inequalities as needed guarantees the formulation remains valid. For formulation
PMIP without strengthened star inequalities, we report the average optimality
gap that remained after the hour time limit was reached, where we define the
optimality gap as the difference between the final upper and lower bounds, di-
vided by the upper bound. For the other two formulations, which we refer to
as the strong formulations, we report the geometric average of the time to solve
the instances to optimality. We used € = 0.05 and € = 0.1, reflecting the natural
assumption that we want to meet demand with high probability.
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Table 1: Average solution times for different formulations.
PMIP PMIP+Star Extended
Probabilities m n Gap Cuts  Time(s) Time(s)

Equal 0.05 100 1000 0.18%  734.8 7.7 1.1
100 2000 1.29% 1414.2 31.8 4.6

200 2000 1.02% 1848.4 61.4 12.1

200 3000 2.56% 2644.0 108.6 12.4

0.10 100 1000 2.19% 1553.2 34.6 12.7

100 2000 4.87% 2970.2 211.3 41.1

200 2000 4.48% 3854.0 268.5 662.2

200 3000 5.84% 5540.8 812.7 490.4

General 0.05 100 1000 0.20%  931.8 9.0 3.9
100 2000 1.04% 1806.6 55.2 13.2

0.10 100 1000 1.76% 1866.0 28.7 52.5

100 2000 4.02% 3686.2 348.5 99.2

The first observation from Table 1 is that formulation PMIP without the
strengthened star inequalities failed to solve these instances within an hour, of-
ten leaving large optimality gaps, whereas the instances are solved efficiently us-
ing the strong formulations. The number of nodes required to solve the instances
for the strong formulations is very small. The instances with equi-probable sce-
narios were usually solved at the root, and even when branching was required,
the root relaxation usually gave an exact lower bound. Branching in this case
was only required to find an integer solution which achieved this bound. The
instances with general probabilities required slightly more branching, but gen-
erally not more than 100 nodes. Observe that the number of strengthened star
inequalities that were added is small relative to the number of rows in the formu-
lation PMIP itself. For example, with equi-probable scenarios, e = 0.1, m = 200
and n = 3,000, the number of rows in PMIP would be mp = 60,000, but on
average, only 5, 541 strengthened star inequalities were added. Next we observe
that in most cases the computation time using the extended formulation is sig-
nificantly less than the formulation with strengthened star inequalities. Finally,
we observe that the instances with general probabilities take somewhat longer to
solve than those with equi-probable scenarios but can still be solved efficiently.

5.2 The Effect of Increasing ¢

The results of Table 1 indicate that the strong formulations can solve large
instances to optimality when € is small, which is the typical case. However, it
is still an interesting question to investigate how well this approach works for
larger €. Note first that we should expect solution times to grow with € if only
because the formulation sizes grow with e. However, we observe from the chart
in Figure 2 that the situation is much worse than this. This chart shows the
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root LP solve times and optimality gaps achieved after an hour of computation
time for an example instance with equi-probable scenarios, m = 50 rows and
n = 1,000 scenarios at increasing levels of €, using the formulation PMIP with
strengthened star inequalities. Root LP solve time here refers to the time until
no further strengthened star inequalities could be separated. We see that the
time to solve the root linear programs does indeed grow with € as expected,
but the optimality gaps achieved after an hour of computation time deteriorate
drastically with growing e. This is explained by the increased time to solve the
linear programming relaxations combined with an apparent weakening of the
relaxation bound as € increases.

2000 50%

- 40%

’7 = 30%

1500

Time (s)
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- 10%
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| [ Root LP Time [ Cptimality Gap |

Figure 2: The effect of increasing e.

5.3 Testing Inequalities (29)

With small € the root relaxation given by the extended formulation is extremely
tight, so that adding the inequalities (29) is unlikely to have a positive impact on
computation time. However, for larger €, we have seen that formulation PMIP,
augmented with the strengthened star inequalities, and hence also the extended
formulation, may have a substantial optimality gap. We therefore investigated
whether using inequalities (29) in the extended formulation can improve solution
time in this case. In Table 2 we present results comparing solution times and
node counts with and without inequalities (29) for instances with larger e. We
performed these tests on smaller instances since these instances are already hard
for these values of e. We observe that adding inequalities (29) at the root can
decrease the root optimality gap significantly. For the instances that could be
solved in one hour, this leads to a significant reduction in the number of nodes
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Table 2: Results with and without inequalities (29).

Root Gap Nodes Time(s) or Gap

m € n Ext  +(29) Ext  +(29) Ext +(29)
25 03 250 1.18% 0.67% 276.9 69.0 121.2 93.9
0.3 500 1.51% 0.58% 455.0  165.8 750.6 641.3

035 250 2.19% 1.50% 1259.4  409.0 563.2 408.4
0.35 500 2.55% 1.61% 2297.6  968.8 0.22%  0.06%

50 0.3 500 2.32% 2.00% 991.8 238.6 1.37%  1.41%
0.3 1000 2.32% 1.75% 28.3 8.5 1.98%  1.66%

0.35 500 4.10% 3.31% 650.4 92.9 3.03%  2.66%

0.35 1000 4.01% 3.23% 22.7 6.2 3.58% 3.1™%

explored, and a moderate reduction in solution time. For the instances which
were not solved in one hour, the remaining optimality gap was usually, but not
always, lower when the inequalities (29) were used. These results indicate that
when e is somewhat larger, inequalities (29) may be helpful on smaller instances.
However, they also reinforce the difficulty of the instances with larger €, since
even with these inequalities, only the smallest of these smaller instances could
be solved to optimality within an hour.

6 Concluding Remarks

We have presented strong integer programming formulations for linear programs
with probabilistic constraints in which the right-hand side is random with finite
distribution. In the process we made use of existing results on mixing sets, and
have introduced new results for the case in which the mixing set additionally
has a knapsack restriction. Computational results indicate that these formula-
tions are extremely effective on instances in which reasonably high reliability
is enforced, which is the typical case. However, instances in which the desired
reliability level is lower remain difficult to solve, partly due to increased size
of the formulations, but more significantly due to the weakening of the for-
mulation bounds. Moreover, these instances remain difficult even when using
the inequalities which characterize the single row relaxation convex hull. This
suggests that relaxations which consider multiple rows simultaneously need to
be studied to yield valid inequalities which significantly improve the relaxation
bounds for these instances.

Our future work in this area will focus on addressing the two assumptions
we made at the beginning of this paper. The finite distribution assumption can
be addressed by using the results about the statistical relationship between a
problem with probabilistic constraints and its Monte Carlo sample approxima-
tion to establish methods for generating bounds on the optimal value of the
original problem. Computational studies will need to be performed to establish
the practicality of this approach. We expect that relaxing the assumption that
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only the right-hand side is random will be more challenging. A natural first
step in this direction will be to extend results from the generalized mixing set
[14, 21] to the case in which an additional knapsack constraint is present.
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