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ABSTRACT

This paper presents an optimization model for planning tool
purchases for a semiconductor manufacturing facility under
uncertain operating conditions. By modeling the uncertain
parameters using a scenario tree, we develop a stochastic pro-
gramming formulation for the problem. In contrast to earlier
two-stage approaches for this problem, our model allows for re-
vision of the tool purchase plan as more information regarding
the uncertain problem parameters becomes available. The pro-
posed model is a multi-stage stochastic integer program and,
in general, is extremely difficult to solve to optimality. We
propose a LP-relaxation based approximation scheme for the
problem. Our preliminary numerical results indicate that even
an approximate solution to the multi-stage model is far supe-
rior to any optimal solution to the two-stage model. These
results confirm that the wvalue of multi-stage stochastic pro-
gramming for this class of problems is extremely high.

INTRODUCTION

A crucial planning decision in semiconductor fabrication facili-
ties is the planning of machine tool purchases to satisfy growing
demand. Together with the high capital cost of semiconductor
machines, the uncertainty surrounding demand growth, tech-
nology obsolescence and procurement lead times, makes tool
purchasing decisions extremely complex. Consequently, vari-
ous quantitative approaches for optimal machine tool capacity
planning under uncertainty have been proposed.

Angelus et al. (1997, 2000) consider the problem of expand-
ing the cumulative capacity of a single fabrication process —
they do not distinguish between the individual tool capaci-
ties within the process. The authors (Angelus et al. 1997,
2000) apply inventory analysis to derive an optimal expansion
policy for this simplified system. Cakanyilidirim and Roundy
(1999) consider the capacity expansion of a bottleneck ma-
chine tool for processing a single product family. For the case
when product demand is stochastically non-decreasing, the au-
thors develop a polynomial time algorithm for computing the
optimum expansion schedule for the bottleneck machine tool.
Unfortunately, the above approaches are inapplicable for de-
tailed capacity planning in systems involving multiple machine
tools, products and processing steps.

Swaminathan (2000) suggests a stochastic programming ap-
proach (cf. Birge and Louveaux 1997) for single-period tool
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planning in a wafer fab involving multiple products and ma-
chine tools. In this approach, the uncertainty in product de-
mand is modeled using a set of scenarios, and the problem
is formulated as a stochastic integer program. The model si-
multaneously optimizes the tool capacity plan as well as the
production plan (i.e. the allocation of tool capacity to the
products). The author suggests several heuristic strategies for
solving this difficult optimization model. Extensions of the
model involving multiple processing steps and multiple time
periods are also discussed. Barahona et al. (2001) presents
a comprehensive multi-period stochastic integer programming
model for semiconductor tool planning involving multiple ma-
chine tools, product families, and processing steps. The au-
thors describe several integer programming based techniques
for solving the model to near-optimality.

Although existing stochastic programming models for semi-
conductor tool planning capture many important details re-
garding the interaction between machine tools, products, and
processing steps, these models are based on a two-stage
paradigm. That is, it is assumed that the tool purchase sched-
ule for the entire (multi-period) planning horizon will be de-
cided “here-and-now,” and the production planning decisions
will be made on a period by period basis based upon real-
ized demand and available tool capacity in that period. This
assumption does not allow revising or updating of the tool pur-
chase plan at a later period based upon the information avail-
able then. In this paper, we propose a multi-stage planning
approach, where the tool purchase plan as well as the produc-
tion plan is revised as time progresses and more information
regarding the demand scenarios becomes available. The re-
sulting model is an extremely difficult multi-stage stochastic
integer program. We suggest an efficient scheme for obtain-
ing good quality solutions to this multi-stage model. Our nu-
merical results suggest that even an approximate solution to
the multi-stage model is superior to an exact solution to the
two-stage model, thereby emphasizing the value of multi-stage
modeling.

MODEL DEVELOPMENT

In this section, we develop a multi-stage stochastic program-
ming model for semiconductor tool planning under uncertainty.
We begin by examining a deterministic optimization model for
tool capacity planning, and subsequently extend it to two-stage
and multi-stage stochastic models.

A Deterministic Model

The model described in this section is a multi-period exten-
sion of the model described in Section 6.4 of Swaminathan
(2000). Consider a wafer fab consisting of M tool types, that
can process N types of wafers. Each product (wafer type) goes
through a subset of K processing steps, each of which can be
performed on one or more tool types. Let a;j; denote the time
(in hrs) required by processing step k (1,. .., K) on wafer type



J (1,...,N) on tool type i (1,...,M). We set a;;, = 0 if step
k is not needed for wafer type j, and a;;, = oo if step k is re-
quired for wafer type j but cannot be performed on tool type
i. Consider now a planning horizon of T' periods. Let us use
variables ¢, ujt, vijkt, and wj, to denote the number of tool
type 4 purchased in period ¢ (1,...,T), the shortage (in units
of wafer starts) of wafer type j in period ¢, the allocation of
processing step k of wafer type j to tool type i in period ¢,
and the production of wafer type j in period ¢, respectively. In
addition to a;ji, let us also consider the problem parameters
ait, Bjt, ¢i, and dj; corresponding to the (discounted) cost of
tool type i in period t, the penalty cost of unit shortage in
wafer type j in period ¢, the per-period capacity (in hours) of
one tool of type ¢, and the per-period demand (in wafer starts)
of wafer type j in period t, respectively.

With the above notation, an optimization model for multi-
period (deterministic) scheduling of tool purchases and the al-
location of tool capacity to production so as to minimize total
tool purchase costs and shortage penalties can be stated as
follows:

T

min Z |:Za7,tx7,t + Z /Bjtu]t]
t=1"i=1 j=1
N K t

s.t. Z Z A5k Vijkt << ( Z 5177.7')
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For any period ¢, the first constraint in the above model assures
that the total processing requirement (in hrs) allocated to tool
i cannot exceed the installed capacity; the second constraint
enforces that the actual production of wafer type j is equal to
the number of wafers that has completed all of the required
K processing steps; the third constraint enforces that the pro-
duction and shortage together should exceed the demand; the
fourth constraint enforces non-negativity of the production-
allocation-shortage variables; and the fifth constraint enforces
the integrality of the tool purchase decisions.
The above formulation can be compactly represented as

T
min Z (st + Bryt)
t=1
s.t. Ayt <c® (Zx-,—) Vit
T=1
By: >0 Vi
Dyt > dy vt
yr € RANHMNE Vi
zy € ZY v ¢,

where z¢ and y; are the tool purchase and production-
allocation-shortage decision vectors for period ¢, respectively;
at, Bt, and d; are the cost, shortage penalty, and demand vec-
tors for period t, respectively; ¢ is the vector of unit capacities
of the various tools; A, B and D are appropriate matrices; and
for any two vectors a € RM and b € RM | the operation a ® b
denotes the component-wise product (a1b1,...,apbnr). Note
that we have eliminated transposes for notational brevity.

Figure 1: The Scenario Tree Notation

Two-Stage and Multi-Stage Stochastic Models

Let us now extend the above deterministic tool planning model
to a setting where the tool costs, shortage penalties, and prod-
uct demands are stochastic. We assume that the uncertain
problem parameters (o, B¢, di) evolve as discrete time stochas-
tic processes with a finite probability space. This information
structure can be interpreted as a scenario tree where the nodes
in stage (or level) t of the tree constitute the states of the
world that can be distinguished by information available up to
time stage t. Each node n of the scenario tree, except the root
(n = 0), has a unique parent a(n), and each non-terminal node
n is the root of a sub-tree 7 (n). Thus, 7 (0) denotes the entire
tree. The probability associated with the state of the world in
node n is pn. The set St denotes the nodes corresponding to
time stage ¢, and ¢, is the time stage corresponding to node n.
The path from the root node to a node n will be denoted by
P(n). If n is a terminal (leaf) node then P(n) corresponds to
a scenario, and represents a joint realization of the problems
parameters over all periods 1,...,T. There are S leaf nodes
corresponding to S scenarios. The notation just described is
illustrated in Figure 1.

Let us first consider a two-stage model where the first-stage
involves deciding the tool purchase plan for all subsequent peri-
ods, regardless of the state of the world, and the second-stage
consists of deciding on the production plan subject to avail-
able capacity and the realized state. Thus the tool purchase
variables are only indexed by the time periods (since these
do not change with the realized state) while the production-
allocation-shortage decisions are indexed by the nodes of the
scenario tree. With an objective of minimizing the expected
total costs, a two-stage stochastic programming formulation
for semiconductor tool planning can be formulated as follows:

(TS): Z @xe+ Y pabyn
neT(0)
tn
st. Ayn <cO® (Z IT) VvV ne7T(0)
T=1
Byn >0 VneT(0)
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where @; = Enest PnQn, i.e., the average tool purchase cost
in period t. The stochastic programming model considered
by Swaminathan (2000) is a special case of the model (T'S)



when the number of periods T' = 2. The model presented by
Barahona et al. (2001) is identical to (T'S), however, there the
uncertain parameters are defined over scenarios (paths in the
scenario tree) rather than nodes of the scenario tree.

As mentioned earlier, the two-stage model does not allow
any flexibility in the tool purchase plan with respect to the re-
alized state of the world. To formulate a multi-stage stochastic
programming model, we need to have the tool purchase deci-
sions to be dependent on the realized state, and hence the
resulting model can be stated as follows:

(MS): min Z pn(anazn+,6’nyn>

neT(0)

s.t.  Ayn <c® ( Z xm) VvV n e 7T(0)
meP(n)
Byn >0 vV n e T(0)
Dyn > dn vV neT(0)
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In the next section, we compare the two-stage and multi-
stage stochastic programming formulations.

THE VALUE OF MULTI-STAGE STOCHASTIC
PROGRAMMING

Let us denote by U;S and v;‘/]S the optimal objective values
of the two-stage (7'S) and multi-stage (MS) formulations,
respectively. For a given set of problem parameters, it can
be easily verified that any solution to (T'S) is feasible to
(MS), and the objective function values corresponding to
this solution are equal in both problems. We thus have the
following result:

Proposition 1: For a given set of problem parameters

v:/rs < v;s'

That is, the overall cost of the multi-stage solution is smaller
than that of the two-stage solution. This should come as no
surprise, since, the multi-stage solution offers more flexibility in
the tool purchase decisions with respect to the uncertain states
of the world. We refer to the difference between the optimal
objective values of the two-stage and multi-stage formulations
as the value of multi-stage stochastic programming (VMS):

VMS:U;S —ULS.

Unfortunately, the value of multi-stage stochastic program-
ming comes at the expense of solving a much larger and diffi-
cult optimization model. Both (T'S) and (M S) are stochastic
integer programs, and in general, can be extremely difficult to
solve (cf. van der Vlerk and Haneveld 1999). For our partic-
ular case, both models have the property that by fixing the
tool purchase decisions (the x variables), we can break the
problem down to independent production planning problems
(in the y variables) corresponding to each node of the sce-
nario tree. Owing to this structure, Benders decomposition
algorithm (Benders 1962) is particularly attractive for these
problems. Benders decomposition proceeds by first solving a
reduced master problem in the z-variables. The master prob-
lem provides a lower bound to the optimal objective value.
With the z-variables fixed, a sequence of subproblems in the
y-variables are then solved. The cumulative objective values
of the subproblems provide an upper bound to the optimal
value. If the bounds have not converged, the current x solu-
tion is not optimal, and a set of constraints (cuts) are added

to the master problem to cut off this solution. The master
problem is then re-solved to generate a better x solution, and
the method iterates. The Benders decomposition algorithm
for (T'S) and (M S) would require us to solve integer master
problems. While (T'S) involves MT integer variables, (MJS)
involves M |7 (0)| integer variables, and for any non-trivial sce-
nario tree |7(0)] >> T. Thus, for most practical problems,
even if we are able to solve the two-stage stochastic integer
program (T'S) to optimality, there is little hope of solving the
multi-stage stochastic integer program (MS) exactly. Conse-
quently, we have to be content with an approximate solution.
The question then remains whether this approximate solution
to the multi-stage model is preferable to an exact optimal so-
lution to the two-stage model. Next, we outline a particular
approximation strategy for (MS), and demonstrate that the
scheme produces solutions that are superior to optimal solu-
tions to the two-stage model.

AN APPROXIMATION SCHEME

Our approximation scheme is based upon constructing an in-
teger feasible solution to (MS) from a solution to its LP-
relaxation. The scheme can be formally stated as follows:

1. Solve the LP relaxation of (MS), and let (25, yEP) be
its optimal solution and vf/f; be the optimal objective
value. If I,I;P is integral stop.

2. For each tool i =1,..., M, solve the following tool plan-
ning subproblem:

(TP;): min Z PninTin
neT(0)
s.t. Aiy,LLP < ci( Z xim> vV n e T(0)
meP(n)
Tin € Ty Vv n e 7(0),

and let :cgl be the corresponding optimal solution.

3. For each n € 7(0), solve the following production plan-
ning subproblem:

(PPn) : min  ppBryn
st.  Ayn <cO® ( Z xﬁ)
meP(n)
Byn >0
Dyn > dn

yn € RiN-&-MNK

and let yf be the optimal solution.

The above procedure returns a solution (zZ,yX) to (MS).
By construction, it is immediate that

Proposition 2: The solution (xX,yk) is feasible to (MS).

Note that the objective value corresponding to the above ap-
proximate solution is

o= pn(ansz—kﬁnyf)

neT(0)

The first step in our approximation scheme requires the solu-
tion of the LP relaxation of (M.S). This problem is multi-stage
stochastic linear program and can be solved by the Nested L-
Shaped Decomposition algorithm (Birge 1985). However, as
mentioned earlier, the structure of (M S) allows for the much
simpler Benders decomposition scheme. Furthermore, the Ben-
ders decomposition scheme will not affect the structure of the



production planning subproblems in each node of the scenario
tree, while Nested L-shaped decomposition, by adding cuts to
each stage of the tree, can affect this structure.

Step 2 of the proposed scheme requires the solution of
the tool planning subproblem (T'P;) for each tool of type
i=1,..., M. Since the variables are required to be integers,
this problem can be restated as

(ﬁz) : min Z PnQinTin
neT(0)
Ai LP
s.t. Z Tim > [L] VneT(0)
Ci
meP(n)
Tin € L4 V'I‘LET(O).

The above problem is a multi-stage stochastic integer program
and may appear difficult to solve. Fortunately, we have the
following results (Ahmed and Takriti 2002):

Proposition 3: The linear programming relazation of (T P;)
has an integer optimal solution.

Proposition 4: The linear programming relaxation of (ﬁz)
can be solved in O(|T(0)|?) operations.

By virtue of the above results, for a given production plan y,LLP7
the subproblems (T'P;) can be solved extremely efficiently to
generate integer tool purchase decisions :cf .

The final step of the proposed scheme is to solve the pro-
duction planning subproblems corresponding the tool purchase
plan zI. This involves solving |7(0)| independent linear pro-
grams which are very similar to each other. By taking ad-
vantage of warm-start strategies, these problems can be solved
quite efficiently.

NUMERICAL RESULTS

In this section, we report on some preliminary numerical ex-
periments with the proposed multi-stage approach for semi-
conductor tool planning under uncertainty.

As our test problem, we consider the small wafer fab ex-
ample described in Stafford (1997). This problem involves 27
machine tools, 10 products, and 7 processing steps. We use
the same process routing, tool cost parameters, and short-
age penalty parameters as in Stafford (1997). The product
demands are assumed to be stochastic with independent log-
normal distributions. To generate a stochastic problem in-
stance, we construct a scenario tree with a specified number of
stages (T') and number of branches per stage (K) using condi-
tional sampling of the demand parameters (Shapiro 2002). In
our implementation of the proposed solution strategy, we used
CPLEX 7.0 to solve the linear programming subproblems. All
computations were carried out on a Sun Ultrasparc Worksta-
tion with 4 GB of RAM and a 480 MHz processor.

The proposed approximate multi-stage approach can be
compared to the standard two-stage paradigm by examining
the difference between the objective values v* . —vH . How-
ever, computing the above quantity requires the solution of the
two-stage stochastic integer program (7'S) to optimality. We
avoid this expensive computation by estimating a lower bound
on the objective value difference using vég — Ugs Figures
2 and 3 plot the value of the above lower bound with respect
to increasing number of branches per stage (K), and with in-
creasing number of stages or time periods (T"). Except for the
case T' = 2 and K = 2, the lower bound is strictly positive
and quite large. It can also be observed, that the lower bound
vLP H increases sharply as the number of branches per
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that an approximate solution to the multi-stage model is far
superior to any optimal solution to the two-stage model. It is
easily seen that VM S > vég — Ugs, thus Figures 2 and 3 im-
ply that the value in multistage modeling is quite significant.
Furthermore, the VMS is greatly accentuated as the number

of stages grow.

The relative optimality gap of an approximate solution to
the multi-stage problem is given by vl‘iﬁﬂ x 100%. An

MSH
upper bound on this optimality gap can be computed by

wH  _ yLP
gap < W x 100%.
v

MSH

In Figures 4 and 5, we plot the above upper bound on the
optimality gap of the heuristic with respect to the growth in
number of branches per stage, and the growth in the num-
ber of stages. For a fixed number of stages, the optimality
gap is almost constant as the number of branches per stage
is increased. However, for a fixed number of branches per
stage, the optimality gap decreases sharply as the number of
stages is increased. This observation conforms to the results
in Ahmed and Sahinidis (2001) who proposed a LP-relaxation
based heuristic for a different class of stochastic capacity ex-
pansion problems, and proved that the optimality gap of the
heuristic solution asymptotically vanishes as the number of
planning periods is increased.
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CONCLUDING REMARKS

In this paper, we have developed a multi-stage stochastic pro-
gramming model for semiconductor tool planning under uncer-
tainty. In contrast to earlier two-stage stochastic programming
models for this problem, the proposed model allows for revision
of the tool purchase plan as more information regarding the
uncertain problem parameters becomes available. The multi-
stage model is guaranteed to produce a solution with smaller
overall cost than the two-stage model. However, the proposed
model is a multi-stage stochastic integer program, and is ex-
tremely difficult to solve. We propose a LP-relaxation based
approximation scheme for this problem. Our preliminary nu-
merical results indicate even an approximate solution to the
multi-stage model is far superior to any optimal solution to
the two-stage model. These results confirm that the value of
multi-stage stochastic programming for this class of problems
is extremely high.
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