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The technique introduced in this paper is a means for estimating and dis-
covering underlying patterns for a large number of curves observed with
heteroscedastic errors. Therefore, both the mean and the variance func-
tions of each curve are assumed unknown and varying over time. The
method consists of a series of steps. We transform using an orthonormal
basis of functions in L,. In the transform domain, the nonparametric
regression is reduced to a means model. To estimate the means in the
transform domain, we consider the class of linear or modulation estima-
tors and proceed as in Beran and Diimbgen (1998) by minimizing the
Stein’s unbiased risk estimate. By minimizing the risk over a nested sub-
set selection of modulators, we reduce the dimensionality of the means
space. We show that in the transform space, the risk estimate is asymp-
totically optimal in the Pinsker’s minimax sense over Sobolev ellipsoids
under heteroscedastic errors. Coefficient estimation and dimensionality
reduction via optimal risk estimation is essential for accurate clustering
membership estimation. We illustrate our technique by estimating and
clustering a large number of curves both within a synthetic example and
within a specific application. In this application, we analyze the research
and development expenditure of a subset of companies in the Compustat
Global database. We show that our method compares favorably to two
alternative approaches.

Key words and phrases: heteroscedastic regression, means model, modu-
lation estimator, minimax optimal estimator, clustering multiple curves,
the Compustat Global database.

1 Introduction

The primary objectives in this paper are to estimate and cluster multiple curves. The
technique introduced here extends the procedure in Serban and Wasserman (2005)
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to models with heteroscedastic errors. The method in Serban and Wasserman (2005)
provides a means for efficiently clustering curves by smoothing the curves, screening
out flat curves, and clustering the non-constant smoothed curves under the assump-
tion of constant variance. Constant variance is rather a restrictive assumption in
applications where we observe a large number of curves. Consequently, we assume
that both the mean and the variance functions of each curve are unknown and non-
constant over time.

The clustering method presented in this paper consists of a series of steps. First,
we reduce the heteroscedastic nonparametric regression problem to a means estima-
tion problem by transforming from the functional space to a transform space via an
orthonormal basis of functions in Ls. Second, we estimate the coefficients or the
means in the transform space using linear (modulation) estimators where the class of
modulators satisfies a uniform entropy condition as defined in Beran and Diimbgen
(1998). Finally, we cluster the estimated coefficients using the Euclidean distance
to identify clusters of curves similar in shape. Euclidean clustering in the Fourier
domain is equivalent to clustering using the correlation measure in function space.
Pearson correlation is the most common measure for shape similarity.

Similar to the results in Beran and Diimbgen (1998), we show that for the het-
eroscedastic means model, the linear estimator that minimizes the Stein Unbiased
Risk Estimator (SURE) achieves the asymptotic minimax bound. Since we use the
Fourier basis to transform from the function space to the means model, optimal es-
timation in the transform space translates to optimal dimension reduction of the
Fourier coefficients.

It is important to allow for heteroscedastic errors in the estimation procedure to
optimally estimate the risk function. In Figure 1, we show the risk estimate for a
simulated regression model with heteroscedastic normal errors where the regression
function is the upper left pattern in Figure 2 and the variance function is one of
the patterns in Figure 3. We estimate the risk under constant (upper plot) and
non-constant variance (bottom plot) for different values of the smoothing parameter.
The minimum value for the risk estimate under constant variance is attained at
the maximum value of the smoothing parameter J = 100. The minimum value for
the risk estimate under non-constant variance is attained at approximately J = 10.
Assuming constant variance, the risk is not consistently and optimally estimated
since the variance is under-estimated for this example. Subsequently, the modulator
estimator will not be optimally estimated resulting in inaccurate estimation of the
cluster membership.

We investigate the performance of our clustering technique using a synthetic ex-
ample. We compare our technique with two other methods: (1) Model-based method



introduced in Yeung et al. (2001); and (2) The COSA method introduced in Fried-
man and Meulman (2004). The former method allows for different geometric cluster
shapes (different covariance structures). The latter method uses a weighted distance,
where the weights regulate the relative influence of the attributes describing the ob-
jects to be clustered. We also apply our clustering method to a real example where
we study the temporal patterns of research and expenditure for companies listed in
the Compustat Global database.

2 Model

We assume the nonparametric regression model:
1/7;]' = Sz(tzj> + Ui(tij)eij where 1 = 1, ceay N, j = 17 o,y (1)

with NV the number of curves and m, the number of time points for i** curve. Thus,
Y;; is the j™ observation on the i curve. Both functions s;(t) and o;(¢) are unknown.
We want to estimate s;(¢) while treating o;(¢) as a nuisance parameter estimated by
an asymptotic consistent estimator d;(¢) for all  =1,..., N.

We assume that the curves s; belong to a Sobolev space F = Fz(c) of unknown
order 4 and unknown radius c:

{ @) = D Ayla) : B < }

where 11,19, ... is an orthonormal basis for L.

We assume E(¢;;) = 0 and the errors ¢;; are identically distributed and uncorre-
lated. Since we approximate the regression model with a means model as presented
in the next section, we need m; fairly large for accurate approximations. Also the
theoretical results in Section 4 require m; — oco. In the model above, the number of
curves can be very large.

3 Transformation

We transform the regression nonparametric model to the means model using a basis
of functions ¢; in Ly as follows

1 &
Zij = Eznkgﬁj(tm) Wherei: 1,...,N, ]: 1,...,mi.
" k=1



For this transformation, the expectation of Z;; can be approximated by

E[Zi] = miz Z si(tin)9j(tin) ~ /fz’(t)%‘(t)dt = 0i;

and the variance of Z;; can be approximated by

1 & 1 2
VIZig) = — > o} (ta) &5 (1) = — / o2 (1) (t) dt = % 2)
i =1 1 i

Moreover, if we sum up the variances in (2), we can further write

>r=Y [adwi- [0 dna- [doeod @

where @2 (z) := 7", ¢?. We define the means model as

Yij .
Zz’j :eij—i‘—\/nj_liEij, fOI‘j = 1,...,mi. (4)
where 0;; and ~;; are both unknown. Here i = 1,..., N is the curve index.

Under the independence assumption of ¢;;, the errors Ej;; are random variables
identically distributed with median 0. Often we assume that E; ~ N(0,1).

In our clustering method, we will use the cosine basis of functions when s; are
aperiodic and the cosine-sine basis when s; are periodic for ¢ =1,..., V.

4 Modulation

For ease of presentation, we will drop the curve index while keeping in mind that the
procedure we are about to describe applies to all curves. Consider the general means
problem:

Vj .

vm

Given an estimator 6 of 0, let the loss function be

m

L(,0) => (6; —6,)> = |6 — 0]> (5)

J=1

The corresponding risk function is given by

A ~

R(0,0) = Es(L(0,0)). (6)
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We consider the class of linear estimators § = fZ, where f € F C [0, 1)™
These estimators are called modulation estimators and f is called modulator in Beran
and Diimbgen (1998). More specifically, in our clustering technique, the class of
modulators is

feMn={(1,0...,0),(1,1,0...,0),(1,1..., 1)}, (7)

and we find the linear estimator that minimizes the risk function over M,,. Using
the class of modulators M,,, the estimation in the transform space translates to
dimension reduction in the sense that only the first few estimated coefficients or
means are further used to explain the shape information in a curve. But the results
in this paper hold for any class for modulators F for which

:/0 V1og(N(u, F))du < oo,

where N (u, F) is the uniform covering number of F.
For linear estimators, the risk function is given by

R(f,0,0) = Z( f2+921—f])). (8)

We cannot use (8) to optimize for f because the means §; are unknown. To find
the optimal estimator, we use an estimated version of the risk. To this end, we use
the Stein’s unbiased risk estimator (SURE):

rp =3 (L 2= D= ). )

j=1

The following result is used to show the optimality of the linear estimator that
minimizes R(f) for the heteroscedastic model.

Theorem 1 Let F be any closed subset of [0,1]™ containing 0. Define

f = i Z f = in R(f).
f argrfrg}lR(f ,0,0) and f argrfrgjrrlR(f)

Assume 0 € ©(3, c), the Sobolev ball of radius c. Then the following inequalities hold:

E|L(fZa9)_R(f707U)| SB(’%/%Q»?)’ (10)
]E|R<f) - R(f,9,0)| < B(’Y,’%@,f), (11)
E|R(f7070-)_R(f7070-)| SB(/%’%Q?F)? (12)
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where the common upper bound is given by

B(7,4,6,F) = CJ(F) Z XLy > Lgz) 4 ZEIVJ =l (13)

The proof, which follows closely the proof of Theorem 2.1 in Beran and Diimbgen
(1998), can be found in the Appendix.

The following result shows that the modulation estimator 6 = f Z for the het-
eroscedastic model is optimal in the minimax sense over the Sobolev ellipsoids.

Corollary 1 The linear estimator fZ achieves the asymptotic minimaz bound provided
the following conditions hold:

1. In the function space, the variance function o* € Ly[0,1],
2. The modulator set F satisfies J(F) = o(m'/?).

8. The variance estimator under the means model is 77 = ! o 0°(t)¢3(t)dt, where

62 is a consistent estimator of the variance function O’Q(t)

See the Appendix for the proof of Corollary 1.
The following result shows that the linear estimators for the heteroscedastic model
is adaptive for means in the Sobolev balls.

Theorem 2 Under the same notations and assumptions in Theorem 1 and Corollary

1, we have
m

E\Y (fiZi - [;%;)

=1

< B(7.%,0,%) (14)

and
m

Z +92 ~fi)?

< B(7,%.0,F). (15)

In other words, fZ approaches fZ, the “oracle” modulation estimator for the set of
modulators F.

The proof of Theorem 2 follows closely the proof of Theorem 2.2 in Beran and
Diimbgen (1998). See the Appendix for the proof of Theorem 2.

In our clustering technique, using the Fourier transforms, we further simply the
problem as follows: Let § = fZ, where f € M,, is defined in (7). Therefore, we



only consider estimators with modulators of the form f = (1,1,...,1,0,...,0). Or
equivalently,
J 0 else
Here J is referred to as the smoothing parameter.

For adaptive and optimal estimation, we estimate the smoothing parameter as
below

~

J = argmin,_, _, R(J)

“(Zres(=0))

For the model in (4), we estimate the smoothing parameter J; for each curve i. If

where

9 = («911, . Hzm ) are the estimated coefficients of curve i, then the estimated curve
is:

Ji
Si(1) = 0:05(0)
j=1

The smoothing parameter will be shape-dependent. That is, J; is the number of
coefficients that explain most of the shape information in curve i. So we expect that
curves similar in shape will have similar smoothing parameters.

5 Variance Estimation

For the minimax result to hold, we need a consistent estimator for the variance
function 0?(t) where the model in the function space is

Y, =s(t;) +o(tj)e, j=1,...,m. (16)

We use the estimator in Fan and Yao (1998), where local linear regression with band-
width hs is applied to the squared residuals after estimating the mean function as
in Fan (1993) using a bandwidth h;. The variance function estimator is adaptive to
the unknown regression function s and is efficient under the smoothness condition
that the bandwidth hy converges to 0 no more slowly than h;. We denote 62(t) and
5(t) the local linear estimators of the variance function o(¢), and, respectively, of the
mean function s(¢) in Fan and Yao (1998).

Under mild regularity conditions, from Theorem 1 in Fan (1993) and Theorem 1
in Fan and Yao (1998), s(¢) is an asymptotic consistent estimator of s(t) and 62(t) is
an asymptotic consistent and efficient estimator of o2(t) for optimal bandwidths h,



and hy (hy = O(m~'/%) and hy = O(m~1/%)). Optimal bandwidths can be selected as
in Fan and Gijbels (1995) or Ruppert, Sheather and Wand (1995).
There is an extensive body of literature on the estimation of variance functions

in nonparametric regresion. See Miiller and Stadtmiiller (1993), Miiller and Zhao
(1995), Hardle and Tsybakov (1997), Efromovich (1999) and the references therein.

6 Clustering

Our primary objective in this paper is to cluster curves by shape. A common mea-
sure for shape similarity is Pearson correlation. But clustering using the correlation
measure in the function space is equivalent to Euclidean clustering in the transform
domain. Let f = Zj a;p; and g = Zj bj¢; decompositions of curves f and g using an
orthonormal basis. From a = (ay, as . ..) define a new vector @ = (as, as, . . .) obtained
by discarding a; and normalizing:

ij = ———, j>2 (17)

Define b = (by, b, . . .) similarly. Then,

la=bi?

(18)

In our examples, we assigned the cluster membership using the hierarchical cluster-
ing algorithm. Any conventional clustering algorithm (e.g. k-means, single-linkage
tree) can be used here. See for example Hartigan (1975) and Hastie, Tibshirani and
Friedman (2003).

7 Synthetic Example

We generate synthetic data from the following regression model,
Yij = filtij) + pi + o (tij)ei, (19)

where t;; = j/m, 5 =1,...,100, u; € [0,20], and i = 1,...,1200.

Figure 2 displays six different patterns for the mean functions f; fori = 1,...,1200.
The synthetic data consist of 500 curves for each of the six curve shapes. The error
term ¢;; is assumed to be iid N(0,22). In equation (19), the variance also varies over
time. The variance function for each curve is randomly selected out of eight variance
patterns. See Figure 3 for the eight variance functions used in this synthetic example.



We estimate the smoothing parameter .J; for each synthetic curve {Y;;, j =
1,...,m}. Almost all synthetic curves that are similar in shape to patterns F; or
F5 in Figure 2 have an estimated smoothing parameter of J =9, where synthetic
curves simulated from patterns F3 or Fy in Figure 2 have an estimated smoothing
parameter of J =11. Synthetic curves simulated from patterns F} or Fj have either
J=9orJ=10. Therefore, curves with similar patterns also have similar estimated
smoothing parameters.

For each of the six patterns, we randomly selected a synthetic curve and plotted
its estimated pattern and its true pattern in Figure 4. The estimated underlying
patterns follow closely the true ones.

We compare different clustering techniques using a misclustering error rate defined
as follows. Let T}, x and Tn x denote the true clustering map, and, respectively, the
estimated clustering map. We define the true clustering map as

1 if f and ¢ are in the same cluster

0 otherwise (20)

Tn,K(f7 g) = {
We define the estimated clustering map Tn k(f,g) similarly. The two clustering maps
depend on the number of clusters.
The misclustering rate for K clusters is

U(K) - ! ZI(Tn,K(fmfs) 7é Tn,K(fmfs))' (21)

This clustering error rate can also be expressed as n = 1 — R(T, T ) where R is
the Rand index (Rand, 1971).
Now we compare our method with two clustering alternative methods:

1. The model-based clustering method introduced by Yeung et al. (2001) (mclust)
applied to the raw synthetic data in the functional space.

2. The COSA clustering method introduced by Friedman and Meulman (2004),
where the attributes are the m Fourier coefficients. COSA provides another way
to select the coefficients (attributes) that best describe the underlying pattern
in each cluster.

3. Hierarchical clustering on the data before transformation.

4. Hierarchical clustering on the estimated means without accounting for non-
constant error.



For this synthetic example, our clustering technique outperforms the other four
clustering procedures. The misclustering rate n(K) for K = 6 clusters is about .42
when applying model based clustering and about .25 when applying COSA to the
Fourier coefficients. Hierarchical clustering applied to the raw data before transfor-
mation identifies the clustering membership with an error of .28, where hierarchical
clustering on the estimated Fourier coefficients without allowing for non-constant vari-
ance is slightly lower (.92) that when accounting for heteroscedastic (.99) errors. The
difference in misclustering error increases or decreases for other mean and variance
functions. Consequently, for adaptive clustering membership estimation, we need to
allow for error heteroscedasticity in the estimation procedure.

8 Application: Research and Development Expen-
diture

The motivating application for our clustering analysis is to identify underlying pat-
terns in the research and development expenditure for companies listed in the Com-
pustat Global database. This database comprises financial and market data for about
20,500 US companies. The available data include publicly disclosed financial state-
ments, and their respective notes and restated values.

We are particularly interested in the dynamics of the research and development
expenditure (R&D) presented in millions of dollars. There are only about 440 com-
panies that have quarterly inputs for R&D starting with year 1990 or earlier. Most
of these companies are from Manufacturing industry sector.

We performed a modified Durbin-Watson hypothesis test for lag-1 autocorrela-
tion, and after correcting for multiplicity using False Discovery Rate, we rejected the
null hypothesis of uncorrelated errors for only two companies. Therefore, we fur-
ther assume uncorrelated errors in our application. However, we expect non-constant
variability over time due to a large number of factors associated with R&D expendi-
ture. The variability of these factors changes over time. Consequently, we are within
the model assumptions in Section 2. For most of the curves in our application, the
estimated smoothing parameter is less than nine, a considerable dimensionality re-
duction. Nine randomly chosen observed curves and their estimates are shown in
Figure 5.

We further applied the hierarchical clustering algorithm to the smoothed Fourier
(cosine) coefficients. We estimated about five clusters using the method introduced
in Tibshirani, Walther, Hastie (2000). The mean curves of the five clusters are in
Figure 6. Most of the curves fall in the first cluster (315 out of 440) for which we
identify increasing expenditure on research and development. However, there are
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several companies with bell shaped R&D expenditure patterns such as the ones in
clusters two, three and four. Among these companies are: LDM technologies, which
was taken off the market in 2005; Koppers Inc, a large producer of aluminium, steel,
and railroads, that may have budgeting difficulties due to the high maintenance ex-
penditure; Cingular Wireless LLC, which increased its expenditure on research and
development in 2004, the year in which it merged with AT&T wireless; and Regal
Cinemas Inc, which appears to have invested in improving and opening new centers
in the early 1990’s. We will further investigate these R&D expenditure patterns in a
larger study in which we explore the association of R&D expenditure and other finan-
cial variables with company performance across different industry sectors included in
the Compustat Global database.

9 Discussion

A primary difficulty in estimation and clustering multiple curves is heteroscedasticity.
In this article, we present a procedure for estimating and clustering a large number
of curves in the presence of heteroscedastic errors. Two main advantages of using
our procedure are that we employ an optimal dimension reduction via transformation
from the functional space into the Fourier domain, and adaptivity to the unknown
smoothness of the curves under the assumption of non-constant variance. It is im-
portant to reduce the dimensionality since we cluster a large number of curves, and
therefore, we need an inexpensive computational method. For example, in our syn-
thetic example we reduced from 100 dimensions in the function space to only about
9 dimensions in the Fourier domain. It is important to employ an estimation method
that adapts to the unknown smoothness of the curves, since the curves will have dif-
ferent patterns in the mean and variance functions, and different noise levels. It is
important to account for non-constant variability over time, because in our procedure,
we estimate the smoothness level by minimizing a risk function that incorporates vari-
ance information. Through a set of synthetic examples, we found that the smoothness
level is inaccurately estimated since the variance is either under- or over-estimated
when we do not account for heteroscedasticity.

There is a broad spectrum of applications that fall within our statistical frame-
work. One example is introduced in this paper. In this example, we are interested
in identifying underlying patterns in research and development expenditure for com-
panies in the Compustat Global database. In fact, in the company accounting state-
ments of the Compustat Global database, all the financial variables show a similar
behavior - predominant increasing variability over time, but statistically insignificant
autocorrelation.
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Other difficulties may need to be considered when estimating multiple curves
simultaneously. In our example, we tested whether the curves present serial corre-
lation. Adaptive and optimal estimation under correlated errors remain a challenge
especially under fixed design points as already discussed by Efromovich (1999). Also
the curves may be observed through a process that induces dependence among the
curves. Model-based estimation and clustering methods have been developed to deal
with dependent longitudinal and functional data. Serial correlation and data depen-
dence are beyond the scope of this paper.
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Appendix
We show the results in this paper under the general means problem:

Zi=0,+—= i —F;,1=1,...,n.

vn
Proof of theorem 1: Define Wi(i) = E? — 42/n, Wy(i) = 6;E; and V; =

(9% —7)/n.
Following the notation above, we write:

L(fY,0) = R(f,0,0) = 320, (fEWA (i) + 2(f7 = fi) Wa(@))

and

~

R(f) = R(f,0,0) = 320, (f2 = 2fi + D)(Wa(i) + 2W5(3)) + (2fi = D).

Define G = {fg; f,9 € F}. According to the equalities above we have

Zgzwl Zng2

The results in Theorem 1 follow from the next lemma.

sup|R(f) — R(f,6,0)| < 4sup
feF geg

+ 8sup
g€g

Lemma 1 Under the previous assumptions and notations, the following inequalities

hold:

Z glwl

E sup
geg




| < 0o, | S EE)e) (23)

i=1

ZQZWQ

=1

E sup
geg

Proof of Lemma 1: We begin with the proof of Equation (22). Let
Ui(i)(9) = B gi,
where S(g) =31, ¢¥1(i)(g). By a result in Beran & Diimbgen (1998), we have

D
mw—Eﬂwsc/’v%ywmammL (24)
0

where D = sup,cg A(9,0), assuming that 0 € F. In addition, we also have
~ 5 N~ i\ B} 2
:ZEi<gi_hi) :ZEzZ—n E4(gi_hi) =
i=1 i=1 =1 i B
S Bhdglo. b < 30
i=1 i=1

~ 4
In the last equation, @) is a discrete distribution that puts weights p; = ﬁ on
1=1"4
time points t; € [0, 1]. Therefore,

1/2
D= sup p(g,0 (Z E4> .

geg

Finally, let us rewrite

Zgzwl ZngQ Zgz EQ
> i)

By the inequality in (24), we therefore have

Z gzwl

The proof of Equation (23) follows similar steps. All it takes is to change the first

—E Zwl(i)(g)] = S(g) — E[S(9)]-

E sup
geg

n 2
<C (ZE[E§]> /0 V1og N (u, G)du.

two lines to

Va(i)(9) = 0iEigi
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and
P*(9.h) < di(g,h) Y- O (DE? ().
teT
With this we end the proof of Lemma 1.

Lemma 2 Under the means model, suppose that the variance estimator is given by
A2 = ! o 02(1)PF(t)dt, where 6*(t) is a consistent estimator of o*(t). Furthermore, we
assume that the modulator set F satisfies J(F) = o(n'/?), and the variance function
satisfies fo t)dt < co. Then the bound

4 n
B3 0.7) = CaF) ||| 4| S 2o ZEm |

goes to zero as n — 0Q.

Proof of Lemma 2: We first find an upper bound for the first term of B(~, 4,0, F):

CJ(F) Z i T g2

=1

Let 6 € ©(8, ¢) (the Sobolev ellipsoid of radius ¢) for 5 > 1/2 and ¢ > 0. The sum in
(3) imply

CJ(F) Y nz Z% 02| <cJr )(%\//04(15)@2 dt+—\//02 ()2 (¢ )dt)

as provided below. The first part in the inequality in (25) is derived from the Jensen

inequality. First we use the Jensen inequality

2

= ([ 1 P = (Eqlo*(0]) <Eglo'co)] = [ o
and then sum up

Z% _/ (1)@2 (). (26)

The second part in the inequality in (25) follows from

27202 / o t)z (t)6)dt = 292 / —2?21(&(92‘) 2)dt (27)

=1 i=1"1%
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and

c? /01 aQ(t)%dt < /01 o?(t)®2 (t)dt.

We now find the rate of convergence of the first part of the bound B(vy, 4,6, F) as
n — oo using the inequality in (25). According to the inequality in (26), we have

1 , 1 2o P2(1) 1/0 A
— < < — .
g E_ i _n/a (=" dt < — o (t) dt

O(n~%?) when /1 ot (t) dt < oo. (28)

The assumption 6 € ©(, ¢) implies that

% 202 < L Z Zwe? / ) fzg)dt.

i=1 i=1

Defining
Z o

we have the limit as n — oo

1 n
2 —
/o U (t)dt = ;1 iw E k% < oo for f>1/2.

Consequently, the rate of convergence is

- 27292

Finally, we show that the second part in the bound B(~,%, 6, F) is zero in limit as

1
n~Y?) when / o?(t) dt < oo. (29)
0

n — oo. Since 32 = IZJ L02(t;), we can write

—ZEIA2—m|< Zm—%u ZEl ()|(Di7§tj).
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The first term goes to 0 if o(t) is integrable since
I 2 'y
=Y Pty — | o
n ‘= 0

by the definition of the Riemann integral.
For the second term, we have

—ZI%—%|< Z\ “(t)]

where, if we assume |¢;(t)| < 1, we get
1 s g
- ZE =7 < 3 LBl — )l ~ [ Ble - ol
j=1

which converges to zero if 6%(¢) is a consistent estimator for o?(t).
This solves the asymptotic of the second part of the bound B(~, 4,6, F)

. Z E|%; =% —n-o0 0. (30)

The rate of convergence of this second part of the bound depends on the rate of

convergence of the consistent estimator 62(t) for o?(t).

Proof of corollary 1: We first introduce the following notations:

62 =inf sup R(6,0,7),

0 0€0(ac)

V> = sup inf R(fZ,0,7)
969(ac) fer

62 = inf sup R(fZ,0,7).
fej”ee@(a c)

For the minimax risks above, we can show that 62 < 1v? < 2. According to

Pinsker(1980), the limit
2

— OQ.

52
L 1 holds as
02 sup; v

As stated in Lemma 2, we have

E|R(f,0,7) = R(f,0,7)| < CJ(F)O(n~'/?) ZE!% - %
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So under the limit assumption, we have

sup R(fZ,0,7) < sup R(fZ,0,7)+ CJ(Fo(n ")+
0eB(a,c) 0eB(a,c)

up ZEm 2= v+ of1)
6eO(a, c)

Combining the previous derlvatlon Wlth the assumptions in this Corollary, we have
SUDpeo(a,c) LL(fZ,0,7) N SUPgeo () N5, RO, 0,7)

— 1 when — 00.
52 sup; v;

This shows that the estimator fZ is asymptotically minimax over the Sobolev ellip-
soids.

Proof of Theorem 2: We first prove the inequality (14). Define

wi(i) = Y7, wa(i) =} /n+0;

and
. _Zi =i o;
l Z; im0
Show first that: "
fi=f=arg rfréigzwl(i)(fi — )’ (31)
i=1
fo= f = arg rfneljr__l wg(l)(fz - f]z‘)Q <32)
i=1
where f defines:
) —~[(A=f)Z; =7 /n)? |,
f—argrfneljrrlR(f)—arg?rggZ 1 [ 7 +77/n =i /0’
and f defines:
(1= f)67 — fini/n)? 0
f = argmin R(/,0,0) —argmmZ { Ry sy K

Consider the quadratic function:

n

Ty (z) = Zﬂ&(i) [(1 —a)fi+afi- 5”']2

=1
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Because we assume F convex, so (1 —z)f + zf € F, and using (32) we can further
find that:

T21 Z — TQI(O) (33)

But Ty;(z) is quadratic, so T3,(0) > 0 since To(x) > T21(0). We can write this
equivalently as

2 Z wo(i)(fi — §i)(fi — fi) = 0 (34)
and .
Ty (1) > 2> ws(i)(fi — fi)*. (35)

Similarly, when considering
2
Tho(z Zwl [ (1—2) fz‘f‘ﬂffz gi]
obtain similar inequalities such as
2> wi(i)(fi — 9:)(fi — fi) > 0. (36)
i=1
Rewrite T3, (x) and use inequality (36)

Tél(x)|¢:1 - T2/1( ’ﬂc 0 — _QZUJQ f gz) <

22w = i = £ - 2sz<t><ﬁ- — =) =
2> [wr@)(f: = 5) =) (fi = 3] (i = fo) (37)

teT

Now from (35) and (37) we obtain the inequality in (38) which is one step to the
proof of Theorem 2:

S wali)fi— F < z )= 5) —wa)(fi= )] (= - (39)

Rewrite

n

s = 50) — i) (o= §) = 3 [0 fn+ 68 = 22) = 42— 62+ 22] =

=1
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Replace Z? = (E; + 0;)*

n

> |Fi07 n— B2 = 2E8) — (32 /n— 57 /n) = (32 /n — E?) + 26| =

i=1

n

> [(1 — [ (WA (i) + 2Ws(4)) — VZ} .

=1

The inequality (38) becomes:

222 - fiy sz[l—f»(vvl(mwz(» Vi] (i = i) <

ZSup|Z[1—fz (W (i) + 2Wa(4) }fz|+Z|V|<

feF

4 sup

s/ ami

By Lemma 1 we obtain (32).
Similarly we obtain the inequality:

+ 8sup

D ZgiW2(i)

+ZM|
i=1

S+ 07) (- oy <Z[ WaGi) + 2W5(0) + Vi] (i~ o) <

=1

n

Z(Qz‘Wl (4)

=1

+ 8sup Z giWs(7)
9€9 |'iZ

+Z|V|

4 sup
9€g

By Lemma 1 we obtain (31).
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Figure 1: Risk estimate for a regression model under heteroscedastic errors.
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Figure 2: Six mean patterns for our synthetic example.
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