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Abstract In this paper we propose randomized first-order algorithms for solving bilin-
ear saddle points problems. Our developments are motivated by the need for sublinear
time algorithms to solve large-scale parametric bilinear saddle point problems where
cheap online assessment of the solution quality is crucial. We present the theoretical
efficiency estimates of our algorithms and discuss a number of applications, primar-
ily to the problem of ¢; minimization arising in sparsity-oriented Signal Processing.
We demonstrate, both theoretically and by numerical examples, that when seeking for
medium-accuracy solutions of large-scale £; minimization problems, our randomized al-
gorithms outperform significantly (and progressively as the sizes of the problem grow)
the state-of-the art deterministic methods.

1 Introduction

This paper is motivated by the desire to develop efficient randomized first-order meth-
ods for solving well-structured large-scale convex optimization problems. Our approach
is based on saddle point (s.p.) reformulation of well-structured convex minimization
problems and is applicable when the resulting s.p. problems are bilinear; in this re-
spect, it goes back to the breakthrough paper of Nesterov [15]. The deterministic s.p.
prototypes of the randomized algorithms we develop here were proposed in [12,13],
and the prototypes of our randomization scheme were proposed in [14, Section 3.3] and
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[10]. In this paper, we demonstrate that in the case of a bilinear s.p. problem, a better
randomization is possiblel), specifically, one allowing to assess in a computationally
cheap fashion the quality of the resulting approximate solutions. This assessment is
instrumental when solving parametric bilinear s.p. problems covering numerous appli-
cations.

As an application area, our primary (but not the only) target is the £1-minimization
problem

Opt, = miny {|lull1 : |[Au = bllp <6} [A=[A1,..,An] € R™" mn>2), (1)

where p = oo (“uniform fit”) or p = 2 (“l2-fit”). We are interested in the large-
scale case, where the sizes m,n of (possibly dense) matrix A are in the range of
thousands/tens of thousands. Efficient solutions to the problems of this type are of
paramount importance for sparsity-oriented Signal Processing, in particular, in Com-
pressed Sensing (see [2,3,5] and references therein). To give a flavor of our results, here
is what our approach yields for (1):

Proposition 1 Assume that (1) is feasible, § is small enough, namely, 2m¥ § < |Iblp-
Given € € (0, %OptpHAHl,p] 2) | let our goal be to find an e-solution to (1), that is, a
point xe satisfying

el < Opt, & [[Aze — blly <5 +c.

Then, for every tolerance x € (0,1/2], the outlined goal can be achieved with probability
21-=x
(1) in the case of p = oo (uniform fit) — in at most

V/In(m) In(n) || Al 1,00 Optec " (Jln(m) ln(n)|A|1,ooOptoo>:|2

o(1)

X€

steps of a randomized algorithm, with computational effort per step reduced to extracting
from A two columns and two rows, given their indexes, plus “computational overhead”
of O(1)(m + n) operations.

(ii) in the case of p =2 (f2 fit) — in at most

In(mn)I(A)||All1,20pty  (In(mn)I(A)||All120pts \ ] ~ Vm|lA]l1 00
In L r(a) = YA
€ Xe [l All1,2

o(1) {

steps of a randomized algorithm with the same computational effort per step as in (i).
Furthermore, there exists a randomized preprocessing of the data [A,b] of the prob-
lem (1) of computational cost not exceeding O(1)mnlIn(m), which ensures with prob-

ability > 1 — x that I'(A) < O(1)/In(mn/x).

Note that the best known so far complexity of finding e-solution to a large-scale problem
(1) by a deterministic algorithm is at least O(1)~ In(m) 1“(”)6\|A\|1,000pt,x (
O(l)—”ln(n)llflll’QODt2 (p =2 steps®) with complexity of a step dominated by the

p = 00) or

DIn the hindsight, a particular case of this new randomization can be recognized in the
sublinear time randomized algorithm for matrix games due to Grigoriadis and Khachiyan [7].

2)Here and below || A||1,, = max; ||A;||p is the norm of the mapping z — Az induced by the
norms || - ||1 and || - ||p in the argument and the image spaces, respectively.

3)The bounds are attainable, provided Opt,, is known in advance.
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necessity to perform O(1) multiplications z — Az, y — ATy. When A is dense, full
matrix vector product requires O(mn) operations, and hence the total operations count
is, up to log-factors, of order of 2 where v = m can be naturally interpreted
as relative accuracy. For the randomized algorithms underlying Proposition 1, this
mjz” (uniform fit) and m;g” + mn (L2
fit). We see that when the relative accuracy v is such that 1 > v > m~t +n71, the
randomized algorithms outperform the deterministic ones, and the positive effect of
randomization becomes more significant as the problem size grows, i.e., “>>” in the
above becomes “sharper.” Numerical results presented in Section 5 demonstrate that
this acceleration can be of real practical interest.

The main body of this paper is organized as follows. In Section 2, we present a
saddle-point-based framework for our developments together with a sample of inter-
esting optimization problems fitting this framework. This sample includes, along with
¢1 minimization, the (semidefinite relaxation of the) problem of low-dimensional ap-
proximation of a collection of points in R%. Randomized algorithms for the problems
fitting to our framework are developed and analyzed in Sections 3 and 4. Section 5
presents encouraging preliminary results on numerical comparison of our randomized
algorithms and their state-of-the-art deterministic counterparts as applied to large-

count, again up to log-factors, is of order of

scale £1 minimization problems.

2 Problems and Goals

We start with specifying and motivating two problems to be discussed in the paper
and our goals.

2.1 A Bilinear Saddle Point Problem
The first problem we are interested in is a Bilinear Saddle Point (BSP) problem

SV = min,, ¢z, max,,cz, ¢(21, 22), S)
(21, 22) = v+ {a1,21) + (az, 20) + (20, Bz1) : Z =271 x Zo - R,

where Z; are nonempty convex compact sets in Euclidean spaces F;, i = 1,2. Recall
that (S) gives rise to two convex optimization programs that are dual to each other:

Opt(P) = minz1€Z1 [5(Z1) = MaXy, ez, (Z)(Zl, ZQ)} (P) (2)
Opt(D) = max_,cz,[¢(22) := min; ¢z, ¢(21,22)] (D)

with Opt(P) = Opt(D) = SV, and to the variational inequality (v.i.):
find z« € Z := Z1 X Z such that (F(z),z — z«) > 0 for all z € Z, (3)
where F': Z — E; x E3 is the affine monotone operator given by

8(;5(,21 ) ZQ)
0z1

a=la;;—az], A= [—B B*}

_99(z1,22) =a+ Alz; 22),

s Fo(z1) =
5(21) 029 W

F(z1,22) = [F1(22) =
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(here B* stands for the conjugate of B). Note that A is skew-symmetric:
(2, Az) =0Vz € E := E1 X E». (5)

It is well known that the solutions to (S) — the saddle points of ¢ on Z; X Zy — are
exactly the pairs z = [21; 22] comprised of optimal solutions to problems (P) and (D)
in (2). They are also exactly the solutions to the v.i. (3). We quantify the accuracy of
candidate solutions z = [21; 22] € Z to (S) by the saddle point residual

€sad(2) = 9(21) — ¢(22) = [@(21) — Opt(P)] + [Opt(D) — ¢(22)] -

>0 >0

(6)

2.1.1 Assumptions and goal

When speaking about a BSP problem (S), our goal is to solve it within a given accuracy
€ > 0, i.e., to find 2° € Z such that €5,4(2%) < e. Deterministic first order algorithms
achieve this goal by working with the values of the associated operator F' at the iterates
zt, t = 1,2, ..., generated by the method. When Z is simple and the problem is large-
scale, computing the values F'(z;) dominates the computational effort. Our goal in this
paper is to replace relatively expensive (in the large scale case) exact values F(z;) with
their computationally cheap unbiased random estimates. To this end we assume that

[P] every point z € Z is associated with a probability distribution P, such that
— P is supported on Z and E¢p, {C} = 2;
— Given z, we can sample from the distribution P;.

Under these assumptions, and due to the affinity of F', in order to get an unbiased
estimate of F(z¢), it suffices to draw a (; ~ P-, and to take F'((t) as a desired estimate
of F(zt). To make this approach meaningful, the cost of generating ¢(; and subsequent
computation of F({;) should be significantly less than the cost of a straightforward
computation of F'(z¢). This requirement guided us in the selection of problems to be
considered below and in building the s.p. reformulations of these problems.

Note that the deterministic algorithms remain in our scope, since there always is
the option to define P, as . (the unit mass sitting at z).

2.1.2 Application example: low dimensional approzimation

Consider the following problem (related to dimensionality reduction problem in statis-
tics, see, e.g., [4]): given a collection V' = {vy,...,vx} of unit vectors in R", we want
to find a linear subspace E C R"™ of a given dimension d < n which minimizes the
deviation §(V, E) of V from E, defined as the worst-case, w.r.t. v; € V, Euclidean
distance from v; to E: §(V, E) = max;<;<y min,ep |lv; — ul|2.

Let IT% be the family of all orthonormal projectors of R™ onto subspaces of di-
mension d. Taking into account that v; are unit vectors, we have for every P € II d,
1-— 52(‘/7 Im P) = min; UiTPUZ‘, so that

62 := minp{6*(V,E) : dim E = d} = 1 — Opt,, Opt, = maxpc ryd [minvy Pv;].
K3
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Now, the set IT? is nonconvex, so that the problem Opt, = max pemamin; vl Pv;] is
seemingly difficult; it, however, admits the tractable relaxation:

Opt, < Opt := maxgepa minj<i<n v} Quj, Pl = {QesS":0=xQ =1,Tr(Q) =d}.

(7
We refer to (7) as to the problem of low dimensional approximation. We clearly have
Opt, < Opt < 1, whence 82 =1-— Opt < §2. Our relaxation admits some quality
guarantees. Specifically, let @ be an optimal solution to (7) and let E be spanned by
the d leading eigenvectors of Q. Then

S(V,E) < 6Vd+1<6/d+ 1. (8)

Indeed, let ey, ..., en be orthonormal system of eigenvectors of @), and Ay > Ao > ..., >
An be the corresponding eigenvalues. Note that A\ € [0,1] and Mgy < Tr(Q)/(d +
1) = d/(d + 1). For every i we have Opt < S 7_ Ap(vler)? < Zzzl(vgek)z +
/\d+122=d+1(viT6k)2 and Zk(viTek)Q =1 (v; are unit vectors), whence
(1= Xa11)Y e gy (v ex)® < 1—Opt = 6%,
that is, ZZ:UlJrl(1)iTek)2 < (d+1)8%. Note that the left hand side in this inequality is
the squared distance from v; to F, and (8) follows.
Observe that (7) is nothing but the BSP problem:

Opt = maxgepd min)\EAN |:T1" (QZZJ\Ll)‘fUZU'LT)} , Ay = {)\ € Rﬂ : ZZL:lAz = 1} .
9)

In terms of (S), Z1 = Ay C E1 = RYN, B, is the space S™ of symmetric n X n matrices
with Frobenius inner product, Zs = Pl c FEs. The associated operator F' is

N
F(z1,22) = FO, Q) = [[ol Quis .o v Qun]i =D~ Awwivy; .
N ——
Fl (22)

(10)

F2 (Zl)

Assuming that the vectors v; are dense, the arithmetic cost of computing the value
of F' at a given point is O(n2N). To reduce this cost by randomization, let us specify
the distributions P, for a given point z = (A, Q) € Z = Z1 X Z3. In order to generate
¢~ P(A,Q)v we proceed as follows:

— Given A € Ay, we pick: € {1, ..., N} at random, with Prob{t =i} = X;, 1 <i < N,
and set (] := e,, where ¢;, i = 1,..., N, are standard basic orths in RY.

— Given Q € P?, we build the eigenvalue decomposition Q = UDiag{q}UT. Note
that ¢ € A, g :={g € R": 0 < ¢ <1Vi, > g = d}. The extreme points
of A, 4 are Boolean vectors with exactly d nonzero entries. There exists a simple
algorithm (see Section A.1) which, given as input a vector ¢ € A, 4, builds in
O(1) min{d, ln(n)}n2 a.0. n extreme points ¢/, 1 < j < n, of A, 4 along with
weights p; > 0, Zj,uj =1, such that ¢ = Zj,ujqj. We run this algorithm to build
{qj,uj}?zl, pick y € {1,...,n} at random, with Prob{y = j} = u;, 7 =1,...,n, and
set ¢§ = UDiag{¢’}UT, which is a projection matrix.

— Finally, we set ¢ = [({;¢]] € Pl x Ay.

The family of distributions P(y,q) clearly satisfies [P]. The “setup costs” for sampling
from F() g reduce to those of 1) computing the eigenvalue decomposition of @, 2)
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building ¢', ..., ¢", 1, ..., kn (this cost is O(n?’ +min{d, ln(n)}nQ) a.0.) and 3) comput-
ing the “cumulative distributions” {\% = 22:1)\5}?21 and {y/ = Zizlps}?zl (what
amounts to O(n+ N) a.o0.). After the setup cost is paid, a sample (1, 7) can be generated
at the cost of just O(In(n + N)) a.o. Now let us look at the cost of computing F'(¢*)

given 1, 5. We have
F(¢) = [{of UDing{g}U v} s —vie] |

Since ¢’ has just d nonzero entries, all equal to 1, let the indices of these entries be
41, jd, we have v} UDiag{¢’}UTv; = Z?zl(U};vi)Q, where U; is 4§t column of U.
We see that computing F(¢%) costs O(n? + dnN) a.o. Thus, the total cost (including
that of the setup) of drawing a sample ¢ from P, ) and computing F(() is

O(n® 4+ min{d, In(n)}n? +n? + dnN) = O(n> + dnN) a.o.
When d < n < N, this cost is much smaller than the cost O(n?N) of computing F(z)
at a “general position” point z = (), Q) € Z.

2.2 A Generalized Bilinear Saddle Point Problem
2.2.1 The problem
Assume that we are given a single-parameter family of bilinear s.p. problems

SV(p) = min,, ¢z, max,, ez, [¢° (21, 22) := $(z1, 22) + p(z1, 22)], (11)

where p > 0 is a parameter and ¢(z1,22), ¥(z1,22) are bi-affine in z; and z2. The
Generalized Bilinear Saddle Point (GBSP) problem associated with this family is, by
definition, the optimization program

p+ =max{p > 0:8V(p) < 0} (12)

A highly desirable property of a GBSP problem, relative to our approach, is the con-
vexity of SV(p) as a function of p > 0. To ensure this property, from now on we make
the following assumption on the structure of (11):

[A.1] Z1 = Z11 X Z12 is the direct product of two convex compact sets, and
the bilinear functions ¢(z1, z2), ¥ (21, 22) in (11) are of the form

d(z1 = [z11; 712], 22) = v + (a11, 211) + (b, 22) + (22, Bz11),

(13)

P(z1 = [z115212), 22) = X + {a12,z12) + (¢, 22) + (22, Cz12),

that is, ¢(z1, z2) and ¥(z1, z2) as functions of z; depend each on its own “block”

of z1, and these blocks z11 and z12, independently of each other, run through
the respective convex compact sets Z11 and Z12.

From now on, we denote by F”(z) = ®(z) + p¥(z) the affine monotone operator
associated with ¢” according to (4), where ®(-) and ¥(-) are the affine monotone
operators associated with functions ¢(-) and ¥(-) respectively.

Lemma 1 In the case of A.1 the function SV(p) given by (11) is convex in p > 0.
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Proof. We have
SV(p) = max,,ez, min;, ¢z, ¢ (21, 22)

=maxX,,cz, MiN;, €7, z1.€715 |V + PX + (@11, 211) + (b, 22) + (22, B211)
+p[(a1z2, z12) + (¢, 22) + (22, 0212>]}

= max.,ez, {U + px + (b, 22) + ple, 22) + ming,, ez, [(a11,211) + (22, B211)

9(22)
+p mi + C" 2,
ooty Ll + o 2]
h(z2)
=max,ez, [U+px + (b, 22) + ple, z2) + pg(22) + min.,, e z,, [(a11, 211) + (22, Bz11)] |
=maxz,ez, v+ (b, 22) + h(z2) + p[x + (¢, 22) + g(22)] ]
and thus SV(p) is the supremum of affine functions of p. O

From now on we assume, in addition to A.1, that

[A.2] Function SV(p) given by (11) is nonpositive somewhere on R4 and
tends to +00 as p — +0o0,

which implies solvability of (12) and positivity of px.

The goal. Given a GBSP problem (11) — (12) and a tolerance € > 0, our goal will be
to find an e-solution to the problem, that is, a pair pe, 2{ € Z; such that

pe > ps and max, ez, 9 (25, 22) < pee (14)

We are about to point out several important application examples for GBSP problem.

2.2.2 Application example: 1 minimization with €y fit

Given an ¢, norm with p € [1,00] and a matrix A € R™*", the problem of interest is
Opt = ming {llalls : |4z — blly < 5} (15)

Different versions of this problem arise in sparsity-oriented Signal Processing and Com-
pressed Sensing. Setting x = %, |lulli <1, we can rewrite the problem in (15) equiva-
lently as

1/Opt = psx = max {p  miny,), <1 /|Au — pbllp — pé < 0} . (16)

Let p(u, p) := ||Au — pb||p — pd. For any given u, let v, be such that Au — pb = pdvy.
Whenever ||vu|lp < 1, we have o(u,p) = ||[Au — pbllp — pd = pdllvullp — pd < 0.
Moreover whenever ¢(u, p) < 0, we see that there exists vy, satisfying ||vullp < 1 and
Au — pb — pdvy = 0. Hence we can alternatively write (16) as

1/Opt:p*:max{p: D(p) = min
llulli <1, [[v]lp<1

|Au — pb — pdv||oo SO}. (17)

The advantage of formulation (17) as opposed to (16) (as well as to the original
problem given in (15)) lies in the computational complexity of the corresponding first-
order oracles. In particular, when computing F' for the BSP’s in (17), vector variables
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participating in nontrivial matrix-vector products vary in unit ¢; balls, which, as we
shall see, makes an efficient randomization possible. Unfortunately we do not know of
extensions of such a randomization for the unit balls of general £, norms.

Problem given in (17) is nothing but the GBSP problem (11) with SV (p) =
ming, ¢ z, MaXy,cz, ¢p(zlv 22)7

¢ (21(= [211; 212]), 22) = 23 T (Adnz11 — plb + 6212])
Z1 = Agp x {z12 € R™ : ||212]lp < 1}, Zo = Agpy, (18)

le le

where we denote J = [I, —Ii], I, being k X k identity matrix. This problem satisfies
[A.1]; when ||b||p > ¢ (otherwise the optimal solution to (15) is z = 0), the problem
satisfies [A.2] as well. The associated saddle value function is

. T T
SV(p) = maXz,c Ay, Mz, €Ay, 212€ 2712 [22 Im (Adnz11 — p[b — 5212])}
. . T
= MAXy—J,, 20, 22 € Aoy, MiNy—7J, 21 21 €A,, MiN; e 7, [w (Au — p[b+ 5212})]

= maXHwH1§1 minuu”lgl min”v”pgl |:'LUT(AU — p[b + 5’0}):| = @(p)

Suppose that we are given an e-solution pe, zf = [271; 2{2] to the problem (14), (18)
1

with € = em™ ». When setting x: = pglanfl and ve = 2{5 we get an approximate

solution to (15) such that

lzelly < Opt & [[Aze —bllp < [|6vellp + | Aze = b — bve]lp < 6 +em'/P =5+ €

Finally, we associate with z = [z11; z12; 22] € Z = Z1 X Z3 a distribution P satisfying
condition [P] from Section 2.1.1 as follows. Note that for z € Z, 211 and z9 are vectors
from the standard simplices and thus can be considered as probability distributions on
the corresponding index sets {1, ...,2n}, {1,...,2m}. To generate { = [(11;12;C2] ~ P,
we draw at random index ¢ from the distribution z;; and make [¢11], = 1 the only
nonzero entry in (11. 2 is built similarly, with zo in the role of 211, and (32 is nothing
but z12. It is immediately seen that it takes just O(m + n) a.o. to generate a sample
¢ ~ P, and to compute the vector F”(().

It is worth to mention that in the important case p = oo the construction of the
GBSP which corresponds to (15) can be substantially simplified. Indeed, one can see
immediately that for p = co (16) is equivalent to the GBSP problem on the direct
product of just two unit £1-balls (since [[A21 — blloc = max) ., <1 23 (Azy —b)). It is
more convenient to pass from ¢;-balls to the standard simplexes, as it was done in the
case of (18). The resulting GBSP problem is given by

¢F (21, 22) = 23 iy Adnz1 — pz3 b — pd,

19
Z1 = Z11 = Aoy, Z12 ={0}, Zz = Aoy, (19)

and satisfies [A.1] and [A.2] when ¢ < ||b]|co-
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3 Solving Bilinear Saddle Point Problem

We are about to present two randomized first order methods for solving BSPs; they
will also be instrumental in solving GBSPs — the Stochastic Approximation (SA) and
the Stochastic Mirror Prox (SMP) algorithms, which are the randomized versions of
the methods proposed in [12] and [13] respectively. Both SA and SMP are directly
applicable to a BSP problem which we consider in this section; the GBSP case will be
considered in Section 4.

3.1 The Setup

Both SA and SMP algorithms are aimed at solving a BSP problem (S). The setup for
these methods is given by

— anorm || - || on the Euclidean space E where the domain Z = Z; X Z3 of (S) lives,
along with the conjugate norm [|C[|« = max; ;<1 (¢, 2);

— a distance-generating function (d.g.f.) w(z) which is convex and continuous on
Z, admits continuous on the set Z° = {z € Z : Qw(z) # 0} selection w'(z) of
subgradient (here dw(z) is a subdifferential of W‘Z taken at z), and is strictly
convex with modulus 1 w.r.t. || - |:

v 2 e 7° <wl(zl) . wl(z//), o Z”) > ||2, . Z”Hz.
We shall refer to the latter property as to compatibility of w(-) and || - ||.

A d.g.f. w gives rise to several important for us entities:

1. Bregman distance V;(u) = w(u) — w(z) — (w'(2),u — 2), where z € Z° and u € Z;

2. Prox-mapping Prox;(§) = argmin, ¢z {(§,w) + Vz(w)} : E — Z°; here z € Z° is
a “prox center;”

3. “w-center” z, = argmin, ¢y w(z) € Z° of Z and the quantities

2 =max,cz Vz, (2) < max,cz w(z) —min,czw(z), O = V22 (20)

In the sequel, we set

R :=max,cz ||z — 20| < O, (21)

where the concluding inequality follows from the fact that for every z € Z one has
B zw||? < Va (2) by strong convexity of w(-).

We also denote by £ the (|| - |, || - ||+)-Lipschitz constant of F':
IF(z) = F()ll« = [l A(z = 2 )l < Lllz = 2'll, Vz,2; (22)
and set
My = max ||F(z) — F(2')|« < 2RL < 20L, (23)
z,2'eZ
Fi = max |1F(2)]|« < |F(2w)]|« +26L. (24)
z



O©CoO~NOOOITA~AWNPE

10

3.2 The SA and SMP Algorithms

We assume that we have access to an “oracle” O which, at i-th call (i = 1,2,...), given
an input point z;, returns a vector & € E such that Eg,[¢;] = F(z;). This vector, &,
can be random with distribution depending on previous calls and, more generally, on
the history of our computational process before the call. In fact, in the case when &; is
random, the oracle can be interpreted as providing stochastic subgradient information
of the saddle point objective at point z;. Whenever this oracle is deterministic, i.e.,
& = F(z;), it is the usual first-order oracle providing subgradient information.
This oracle gives rise to two conceptual algorithms:

(a) : 21 = z2w; {21, &} = {241 = Proxz, (ve6e), &1}, t = 1,2, .
() : 21 = zw; {2t,&2t-1} = {wr = Proxz, (vtéoi—1), &2t} (25)
= {Zt+1 = PI'Oth (’thQt)’thJrl}’ t= 1727

here, in the case of (a), z¢ are the search points, and & are the estimates of F(z¢)
as reported by O; in the case of (b), z¢,wt are search points, and £2¢—1, &2¢ are the
estimates of F'(z¢) and F'(w¢), respectively, as reported by O. In both cases, 71, 2, ... are
positive stepsizes defined in a non-anticipative fashion, that is, ¢+ depends on oracle’s
answers obtained prior to step t (i.e., 7+ depends solely on &1, ..., &1 in the case of (a),
and solely on &1, ...,§2;—2 in the case of (b)). Note that these algorithms (25.a,b) can
be perceived as the conceptual versions (with the possibility of working with stochastic
oracles) of the Mirror Descent algorithm of [12] and Mirror Prox algorithm of [13]
respectively. The main difference of (25.b) from (25.a) is the use of the extra subgradient
information. Note that deterministic versions of extra-gradient type algorithms such
as Mirror Prox have been shown to be optimal first-order methods (in terms of the
number of iterations required for a fixed given accuracy) for structured non-smooth
optimization problems, including s.p. problems over simple domains. For further details
on the deterministic versions of these methods, we refer the reader to [12,13]. Here the
main difference of these conceptual algorithms from their deterministic counterparts
is as follows: At each iteration, instead of using the exact subgradient information
in generation of the next search point, an unbiased random estimate of the current
point is built, from which the exact first-order information is gathered and used for
computing the next iterate. As opposed to the deterministic versions or the earlier
stochastic prototypes of these algorithms, which work with the actual search points,
here we average these random estimates to construct the solutions. We refer to (25.a,b)
as the Stochastic Approximation (SA) and Stochastic Mirror Prox (SMP) schemes,
respectively. We will consider two implementations of these schemes, the basic and the
advanced ones.

3.2.1 Basic implementation

Recall that we have associated with (S) the affine operator F'(z) : Z — E given by (3),
and with every point z € Z — a probability distribution P, supported on Z satisfying
E¢p,{¢} = z. Suppose that

— the stepsizes 7+ > 0 are chosen in a non-anticipating fashion such that v; > v2 > ..;

— in SA: (; is drawn at random from the distribution P;,, and & = F((:);

— in SMP: €91 = F(n:) with n; drawn at random from the distribution P,,, and
&t = F(¢¢) with ¢4 drawn at random from the distribution Py, .
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The approximate solution generated by the short-step SA/SMP in course of t = 1, 2, ...
steps is

2= t*lz;lg. (26)

3.2.2 Advanced implementation

In Advanced implementation of SA and SMP, same as in the Basic one, the stepsizes
~v¢ > 0 still are chosen in a non-anticipating fashion, but the restriction v; > vo > ...
is now lifted. To explain how the oracle is built, observe that if u € Z, then

Ecop {{F(¢),¢(—w}=0

(recall that F(z) = a+ Az with skew symmetric A and that E¢. p, {(} = u). It follows

that given u and generating one by one independent samples n° ~ Py, s = 1,2, ..., we
will generate with probability 1 a { such that
(F(¢),¢ —u) 0. (27)

At step t of SA, in order to define &, the oracle draws one by one samples 1° ~ P, ,
s = 1,2,..., until a sample ¢{; := n° satisfying (27) with v = 2 is generated; when
it happens, the oracle returns § = F((t). At a step t of SMP, the oracle is invoked
twice, first to generate €941 = F(n:), and then to generate £3; = F((t). Eo¢—1 is
generated exactly as in the basic implementation — by drawing a sample 1 ~ P,
and returning &o;—1 = F(n¢). To generate £a¢, the oracle draws one by one samples
n® ~ Pw,, s =1,2,..., until a sample (; = n°® satisfying (27) with v = w; is generated;
when it happens, the oracle returns £o; = F((t).

Finally, in the advanced implementation we replace the rule (26) for generating
approximate solutions with the rule

1 t
d = el (28)
3.2.8 Quantifying quality of approximate solutions

Observe that by construction at a step 7 both {7 and F({;) become known. Recalling
that F is affine, it follows that after ¢ steps we have at our disposal both the approximate
solution z* = [2; 28] and the vector F(z"). As a result, with both Basic and Advanced
implementations of both SA and SMP, after t = 1,2, ... steps we have at our disposal
the quantities
a(zﬁ) =v+ (al,zb + max (z2, —Fg(Zf)),
22€Z2 (29)
d(23) = v+ {ag, zé) + min (z1, F} (zé))
21€21

(see (3)) and consequently we know the residual egq(2') = ¢(2") —Q(zt) of the current
approximate solution z'. As we shall see in Section 4, this feature of our algorithms
becomes instrumental when solving GBSP problems.4) This is in sharp contrast with

1) Of course, computing the quantities in (29) is not completely costless; note, however,
that the cost of one step of the algorithm is dominated by the cost of computing the prox-
mapping(s). Thus computing ¢(-) and ¢(-) represents a small fraction of the overall computa-
tional effort. o
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the prototypes of the SA and the SMP proposed, respectively, in [14, Section 3.3] and
[10]. The approximate solutions 2% of those algorithms were computed according to the
formula (28), but with z; [14] or wr [10] in the role of {;. As a result, in the prototype
algorithms there is no universal and computationally cheap way to quantify the quality
of approximate solutions.

3.3 Efficiency estimates for Basic implementation

The accuracy bounds for Basic SA and SMP algorithms are given by the following

Proposition 2 Let the BSP problem (S) be solved by the short-step SA or SMP al-
gorithm with positive stepsizes y1 > 72 > ... chosen in a mon-anticipative fashion.
Then

(i) For every t > 1, for both SA and SMP one has

_ _ t t
Cad@) St 2 RS, Re=Y e S= Y s (30)

where
. (F((t), ¢t — 2¢) in the case of SA,
L= (F(¢t), ¢+ — we) in the case of SMP,
5 — (F(Ct), 2t — ze41) — vt_let (2t41), in the case of SA,
b= (F'(Ct)swe — 2e41) — ¥ Ve, (2¢41), in the case of SMP.
We have
s < %HF(Q)sz in the case of SA, 31)
"V HIFG) = Fo)ll2 — 257 llwe — 2|, in the case of SMP,
implying
2 F2, in the case of SA
<93 A ’ 32
5= { %Mf, in the case of SMP. (32)
In particular, if the stepsizes v¢ > 0 satisfy St < 2/v, t = 1,2, ..., then
t 202 Rt
; < — 4+ —.
6sad('z ) =ty n (33)
(ii) Further, E{R:} = 0, and in the case of SMP, under additional assumption that
v < (VL) (34)
we have
3
st < I [IAGe = wo) |2+ A — 20112 (35)
so that B{s;} < 3vi0?, where
2 _ 2 2
o® = sup Ecop, { A~ 2)I2} < M2, (36)
z€Z

In particular, if the stepsizes v¢ > 0 satisfy E{St} < 2/v¢ fort =1, 2, ..., then

20

t
E{€sad(z )} < E
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Proof. 1°. We need the following

Lemma 2 [cf. [13], Lemma 3.1.(b)] Given z € Z°, v > 0 and §,n € E, let us set

w = Prox. (7€) = argmin, ; { (v — ' (90 + W)},
z4 = Prox; (yn) = argmin, ¢ 5 { {(yn — w'(2) w(v)}.

Then w, z4+ € Z°, and for every u € Z one has

(@) Y, — w) < Va(w) = Ve, (u) + 70w = 24) = Va(zT)

(5) < V() = Ve (0) 91— €0 — 24) — Vo () — Vi) -
(€) < V() = Ve (0) & qlln o = 2 = § [ = 21 + o= 2417

(4) < Va(w) = Var () + § [12lln — €112 = lw — 2]

Proof of Lemma 2. The inclusions w, 24 € Z° are evident (a subgradient of w(-)
at w, taken w.r.t. Z, is, e.g., w'(2) — 7€, and similarly for z4). Now let v € Z. z4
is an optimal solution of certain explicit convex optimization problem; taking into
account that w’(+) is continuous on Z°, it is easily seen that the necessary optimality
condition in this problem reads (yn+w’(z+) —w’(2),u—24) > 0, whence v(n, w —u) <
Y(n, w—z4)+{w'(24) —w'(2),u— 24 ), and the latter inequality, after rearranging terms
in the right hand side, becomes (a). By similar reasons, 0 < (v¢ 4+w'(w) —w'(2),v —w)
for all v € Z; setting v = z4, summing up the resulting inequality with (a) and
rearranging terms in the right hand side of what we get, we arrive at (b). (c) follows
from (b) due to Vu(b) > 5 Llla = b||? (recall that w is strongly convex modulus 1 w.r.t.
|| -1l, on Z). Finally, (d) follows from (c) due to uv — uz S 0

20, Let us prove the bound (30). Consider first the case of SMP. Applying Lemma 2
to z = zr, v ="r, £ = F(ns), n = F({r), which results in w = wr and z4 = 2741, we
get for all u € Z:

Ve {F(Gr)ywr — ) < Ve, (u) = Ve, (0) + e B (Gr), wr — 2r1) = Vs, (2r1)]

whence for all u € Z

T,

(F(Gr), Gr =) < 97 (Var () = Vapy () + (F(G), G = wr) s, (38)
st = (F((r), wr — 2741) — ’Y;lvzr (27+41)
< 3 [rllFGr) = FOm)llz =7 Hlwr =227 ()

with (%) given by (37). When summing up inequalities (38) over 7 and taking into
account that v; > v2 > ..., Vz(u) > 0 and V;, (u) = V, (u) < 12 by definition of 2, we
get
St (F(Gr)s G —w) S 24 300 [ ). (39)
On the other hand, taking into account that A is skew symmetric,
St {F(Gr). G —u) = 3oy {ah Al G — ) = Hao2' —u) =30 (A )
=t [(a, 2t — ) — (Azt,u>] =1t [(a, 2t —u) + (A2t 2 fu)] = t{F(zY), 2t — ).
Thus, for all u € Z it holds
t{F(2Y), 2" —u) < 2yt —‘,—ZT s +rr) = Y2+ S +Ry. (40)

Setting 2! = [2%;24] and w = [u1;us], we get from the definition of F(-) and the
bilinearity of the inner product (F(2!), 2" —u) = ¢(2}, uz) — ¢(u1, 25); the supremum
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of the latter quantity over u € Z is the s.p. residual egaq(z?). Since the right hand side
in (40) is independent of u, we arrive at the SMP-version of (30).

3Y. Now consider the case of SA. Applying Lemma 2 to v = 77, 2z = 21, £ = 0,
n = F(¢r), which results in w = zr and z4 = zr41, and acting exactly as in the case
of SMP, we arrive at the SA-version of (30).

4%, Let us prove (ii). The conditional to the “past” (the answers of the oracle prior to
the call for &o,) distribution of {; is Py, , which combines with the affinity of F' and
the facts that the linear part of F' is skew symmetric and the expectation of P, is z,
to imply that

E{(F(¢r), ¢ —wr)} = (a0, E{(r} — wr) + E{{(AGr, & — wr)} = —E{(A¢r, wr)}
= E{(A(wr — (), wr)} =0,

whence E{R;} = 0 for all ¢t. By completely similar reasoning, E{R;} = 0 in the case
of SA. To complete the proof (ii), we need to prove (35). We have

0 < BIF@) = PO = 5w = x> [see (31)
1
< G UIF@) = Pl +1F(@) = Fwolle + 17(n) = Pl = 5w -z
3 1 3
< [53ter— o ho=s + 33 (1@ = Pl + 1P - FE]
—_— ——
<0 by (34)

It remains to note that || F(Ct) — F (we) |2+ || F(ne) — F(2¢)||2 < 2M2 since (¢, we, ne, 2 €
Z and that the expectations of ||F(¢t) — F(wy)||2 and ||[F(n:) — F(zt)||?, conditional
over the respective pasts, do not exceed o2 O

The bound of Proposition 2 allows to easily conceive stepsize policies. Let us start
with offline policies, where 7; are chosen in advance deterministic reals. If the number

of steps N is fixed in advance, one can use constant stepsizes 71 = ... = 7y = 7. In
particular, when choosing
F%q / % , in the case of SA (a)
v = (41)
min {é«/%, ﬁ} , in the case of SMP (b)

(by (32), (24) this choice implies that E{S;} < £2/7v¢, 1 <t < N), Proposition 2 implies
the efficiency bound

Fiy/ %, in the case of SA (a)

max {204/%, 2‘/5#} , in the case of SMP (b)

When the number of steps is not fixed in advance, one can use the decreasing stepsizes

Fl* . % , in the case of SA,

vt > 17 Yt = 1 0 1 (43)
min < —4/ g, V3L [ in the case of SMP,

E{caa(z")} < (42)
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which result in the accuracy bound

. 2F % , in the case of SA (a)
Vt > 1, E{eaq(z")} < (44)
* max {20’\ / %, 2\/5#} , in the case of SMP (b)

completely similar to (42).

3.3.1 Online stepsize policies

From theoretical viewpoint, the main advantage of the offline stepsize policies (41)
and (43) is that in the framework of our approach they result in the best possible (and
in fact — the best known under circumstances) efficiency estimates (42), (44). While
they may appear attractive also from the practical viewpoint because of their apparent
simplicity, their use may present several disadvantages: the quantity o involved in the
stepsize computation may not be available at hand and should be evaluated. Besides
this, these policies are offline and worst-case oriented; we would prefer more flexible
online adjustable stepsizes.

A natural way to adjust the stepsizes online would be to choose at each step t > 1
the largest v¢ < ~;—1 ensuring the balance 2/ > S, and thus the bound (33).
This idea cannot be implemented “as is,” since the stepsize policy should be non-
anticipative, while s is not yet available when ~; is computed. This difficulty can be
easily circumvented by using instead of s; its a priori upper bound, which is either
1t Fy for the SA algorithm or %Mf for the SMP, see (31). Specifically, consider the
online policy of choosing ~¢, t > 1 as follows:

t—1 —1 2 .
97;2 _ { 227_ 1'yT [ }+ + F; . in the case of SA, (45)
227_ 1'77 7]+ + 802L* in the case of SMP,

where we set Z?_:l'y;l[sT]Jr = 0. With this policy, one clearly has v; > v2 > ....

Proposition 3 Let positive stepsizes v, t = 1,2, ... of the Basic SA/SMP implemen-
tation be chosen according to (45). Then the approzimate solution 2t satisfies

L+V2)2 R

(
6sad(:’:t) < v P (46)

As a consequence, we have

2
w (F2+Z 1IIF(¢)I% ) Y + R’ , in the case of SA (a)
1/2
esad (2') < M(Emﬁuz 1<T) i (47)

< % + % + (1+f)\ﬁ ZT 167, in the case of SMP (b)
where
=3 [IF(G) = Fwnll2 + IF ) - F0)I2] (48)

Recalling that E{R;} = 0 and E{¢} < 602 (see (36)), we arrive at
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Corollary 1 Under the premise of Proposition 3, for the SMP algorithm one has

E{esa(2")} < 19 + 622, (49)

Proof of Proposition 3. Observe that (45) implies that v3 > 2 > ...
1%, Let us verify first that with the choice (45) of v+, 7 = 1,2,... we have for all
t=1,2,...,

V2023, > Sy (50)
Indeed, for t = 2,3,... we have (with 25y = F? in the case of SA and 25y = 8(252,
> M2 by (23), in the case of SMP)

2 t—1
Yie1  Dop—12[s7]+/vr + 250 <14 2[st—1]+/71-1 <9

= - < < (51)
v STa20sr )/ + 280 250
(recall that 2s¢/yr < 2S¢ by (32)). On the other hand
_ - s
72 - ’Yt721 = [(iini]1+’ (52)

and

= 2 300 - ) = gt 2 Bl 5 VAt -] 2 sl
(53)
where the second inequality follows from ;1 < v/2v; as implied by (51). By summing
up the resulting inequalities in (53), we get

V202y; > S s + V20 (54)

In the case of SMP, we have v = (2\/§£)71, whence \/5(271_1 =40L > 'yle > %M*z
(see (23)), whence V2024, 1 > s; in view of (31), and (54) implies (50). In the case
of SA, we have vy; = \/E/F*7 whence ﬂQ’yl_l = V2V QF, > ’ylFE > 'thf7 whence
ﬂ(hl_l > s¢ by (31), and (50) again is given by (54).

2%, Tnvoking (30), (50) implies (46). Now, by (31) in the case of SA we have 2[s+] 4 /7yr <
| F(¢)||2. In the case of SMP we have

rle < F(G) = Fr) 12 = 77 2w — 1% [see (31)]

<[IFCr) = Fwn)lle + [1F(wr) = F(ze) |« + 1F(zr) = Fno)ll]? = 97 2 lwr — 212
<3[IFC) = Fwn) 2+ IF(zr) = Fno)l12] + [3IF (wr) = F(zn)l2 =37 *llwr — 20 1?]
<3[IF(C) = Fwn)|2 + [IF () = Fnr) 2] [by (22) due to 77! = 2v/2£]

=Sr

Invoking (45), we get

1/2
(F*2 + Zf__:llHF(CT)HE) , in the case of SA

<l (55)

SQL2 t—1 1/2 .
+> 6 , in the case of SMP

which combines with (46) to imply (47). O

Note that the bounds (47.a) and (49) within an absolute constant factor coincide
with the respective bounds in (44), that is, our online stepsizes policy (which, in con-
trast to (43), does not require knowledge of o) is not worse that the “theoretically
optimal” stepsize policies underlying (44).
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3.8.2 Discussion

By definitions of Fx and o we have o < 2F% (see (24), (36)). As a result, the SA
efficiency estimate (44.a) for large t (and even for all ¢, provided that F is of order of
VOL) can be better than the SMP efficiency estimate (44.b) by at most an absolute
constant factor, and becomes much worse than the SMP estimate when ¢ is large and
o < VL. Besides this, when the noise level o of the oracle is small enough (specifi-
cally, 02 = O (QTﬁ) ), the efficiency estimate of SMP satisfies E{egaq(2%)} < O(l)%,
which, modulo expectation of the residual instead of the residual itself, coincides with
the best known so far efficiency estimate of the deterministic first order algorithms for
solving BSP problems. In addition to this, we do have a possibility to make o small.
The trivial way to do so is to use P, = J, which results in ¢ = 0 and makes SMP a
version of the Deterministic Mirror Prox algorithm (DMP) proposed in [13]. Another,
more attractive, option to control o is as follows. Given the family of distributions
P, supported on Z and such that E¢.p,{C} = 2, and a positive integer k, we can
convert P, into the family of distributions Pz(k)7 also supported on Z and satisfying
Ecop, {¢} = z, as follows. In order to generate a random vector ¢ ~ Pz(k) and to com-
pute F({), we draw a k-element sample §1, ey (k from the distribution P, compute
F(¢Y), .y F(CP) and then set ¢ = 135 ¢, so that F(¢) = +3°F | F(¢Y). If, as in
the examples of Section 2, drawing Ci ~ P, and computing F ({Z) is much cheaper
than computing F'(z), the outlined procedure with a “reasonably large” value of k is
still significantly cheaper than the direct computation of F(z). At the same time, for
“good enough” norms || - ||+, passing from P, to Pz(k) can significantly reduce the noise
level o. Specifically, given a norm || - ||« on a finite-dimensional Euclidean space E,
one can associate with it its regularity parameter 3 > 1 (see section A.2) to ensure
the following: whenever k£ > 0 is an integer and §1, ey §k are independent vectors from
E with E{¢'} = 0 and E{||¢||?} < a? and o = max; a;, then for £ = %Zlegi the
following holds
E{||§||z} < min [%, k%] Zlea? < min [1, %] o2

Suppose now that when running SMP we sample (¢, ¢ from the distributions Pz(k) for
some k > 0. It follows that if ||- ||« is se-regular with certain s¢, then, passing from P, to
pPr = Pz(k), we can reduce the “original” value of o to the value ot = min][1, \/%]a.
We shall see in a while that in the applications we have mentioned so far, s is “small”
— at most logarithmic in dim Z. The bottom line is that there is a tradeoff between the
computational cost of a call to a stochastic oracle and the noise level . Consequently,
in the case of SMP, it is possible to tradeoff the computational effort per iteration and
the iteration count to obtain an approximate solution of the desired expected quality,
and we can use this tradeoff in order to save on the overall amount of computations.
This option (which is the major advantage of SMP as compared to SA) is especially
attractive when among the two components of our computational effort per iteration
— one related to computing 0, (¢, F(nt) F((t), and the other aimed at computing the
prox mappings — the second component is essentially more significant than the first
one. In such a situation, we basically can only gain by passing from P, to Pz(k) with k
chosen to balance the outlined two components of the computational effort.
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3.8.8 Large deviations

In the above efficiency estimates, say, in (49), we upper-bounded the expected inac-
curacy of approximate solutions z'. In fact, one can get exponential upper bounds on
probabilities of large deviations for the inaccuracy of the approximate solution. Though
we do not need such bounds to access the inaccuracy of solutions, they are still useful
to provide theoretical guarantees for the complexity of our algorithms (cf. Theorem 1
in the next section).

For the sake of definiteness, when presenting large deviation results, we restrict our-
selves to the SMP algorithm and the stepsize strategy (45). We can easily bound from
above the probability of esad(zt) to be larger than the bound (49) on its expectation
using the Markov inequality. Moreover, let us fix the number ¢ of iterations, run the
algorithm m times and select the best, in terms of €5,4(-), of the resulting approximate
solutions. The probability that for this solution eg,q(-) is worse than, say, twice the
right hand side of (49) is at most 27" and thus can be made negligibly small for quite
moderate values of m.

We also have the following bound on the deviations of the algorithm without
restarts:

Proposition 4 Assume we are solving problem (S) by Basic implementation of SMP

where ¢, Mt are sampled from the distributions Pz(k), k > 1 being a parameter of the
construction. Assume also that the norm ||-||« is s¢-regular, and the online stepsize policy
(45) is used. Then there are absolute constants Ko, Ki such that the approrimate
solution z' satisfies for allt > 1 and A\, A >0

Prob {esad(zt) > Ko {% + % + @FM/%]} <e My (56)

where s« (k, A) = \/minlk, (5 + A)]. In particular, one has for all £ > 0:
Prob{egaq(z") > e} < e N 4 e for N > Ne, where
22 4,2 252 57
Ne = K71 Ceil (max [92£8_1, = (kA)O7L”  F.O >‘D (57)

ke? ’ o ke?

For proof, see section A.3.

3.4 Efficiency estimates for Advanced implementation

The efficiency of Advanced implementations of SA and SMP stem from the following
result (we use the notation from section 3.1):

Proposition 5 Let the BSP problem (S) be solved by the advanced-step SA or SMP
algorithms. Then for every t > 1, for both SA and SMP one has

t t
ad ) ST+ R+ S)=I7 (@Y 4 Y s (59)

where
t

Iy = ZT:lfyT’

[ w(F(Ct), (e — z) in the case of SA
T n{F(Ct), ¢t — we) in the case of SMP

o — [ve(F(Ct), 2t — zt41) — Ve, (2e41)], in the case of SA
K [ve(F(Ct), we — zt41) — Vz, (2¢41)] , in the case of SMP
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with r+ <0 and

2 2
ory 2 o 2 -
5 < { T F(C)lls < FFf, in the case of SA (59)

2 2
BNF () — Fn)llz — llwe — 21> < % MZ, in the case of SMP.

Proof of Proposition 5 is completely similar to the one of Proposition 2 and is omitted.

In order to extract from (58) explicit efficiency estimates, we need to specify a
stepsize policy. In this respect, the advanced implementations offer more freedom than
the basic ones. With the advanced implementation, at each iteration ¢, we ensure that
rt < 0 and thus Ry < 0. This fact removes a technical complication from the analysis
of the basic algorithm, namely we no longer need to ensure neither the martingale
property of the random sums R, nor the monotonicity of the stepsizes. Therefore the
step sizes in the advanced implementation can be far less restrictive than in the basic
implementation. One option here is to use constant stepsize policy

242 %, in the case of SA
=1\ = i 1<t<N.
g V N { ﬁ> in the case of SMP * =~ — " —
As it is easily seen, with this policy, (58) results in efficiency estimate (cf. (44))

. Fiy/ % , in the case of SA  (a)
vt > 1, E{Esad(z )} <0(1) (60)
RL %7 in the case of SMP (b)

Our preliminary experiments, however, suggest to equip the advanced implementations
of SA and SMP with the online stepsize policy as follows. Let us set
2
=9, Sf=%'_6: [£O%(1+In1)] (61)
and let us choose v according to the “greedy” rule (the larger, the better) under the
restriction that for all ¢ = 1,2, ... it holds

Ry + S < 5%, (*¢)

see (58). Specifically, assume that we have already carried out ¢t — 1 steps of the
algorithm ensuring the relations (xr), 7 < ¢t — 1, and are about to define 4 in order
to carry out step ¢ and to ensure (x¢). When deciding on the value of ¢, we already
know the values of Ry_1 < 0 and S;_1. Moreover we know in advance that whatever
be our choice of v¢ > 0, we would have

F2 .
. in the case of SA
Ri—Ri1 =7 <0, S¢—Si—1=st <7, 0= e 9o
5= < 2L7R7, in the case of SMP

(see (59)). Thus, we can be sure that S; + Rt < [St_1 + R¢_1] + 6~7, meaning that
when choosing

vt =/[S} — S¢—1 — Re—1]/0 (62)
we guarantee the validity of () and the inequality v > /d¢/6. This observation
combined with (58) and (*p) implies that
©%/2+ Ry + Sy - 0(1)@%*(1+InN)

N - t
D r=1V0r/0 > r=1V0r/0
@F*Nfl/Q, in the case of SA,
Q”RLIN*UQ, in the case of SMP.

VN >1: esad(ZN) <

<O0(1)(1+InN) { (63)
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Observe that (63) is, within the logarithmic in N factor O(1)(1 + In N), the same as
the bound (60). In fact, we could somehow reduce this logarithmic gap by modifying
S7, but we do not think this is necessary; we may hope (and the experiments to be
reported in Section 5 fully support this hope) that “in reality” the rule (62) is much
better than it is stated by the above worst-case analysis. The rationale behind this
hope is that while we indeed are conservative when thinking how large could St — S¢_1
be, we account, to some extent, for the “past conservatism:” when S;_1 + R;_1 is
essentially less than S{_1, vt as given by (62) is essentially larger than its lower bound
used in the complexity analysis.

Finally, we remark that the major theoretical disadvantage of the efficiency estimate
(63) as compared to (44) is much more serious than an extra log-factor. While with
the basic implementation, in course of N steps the stochastic oracle is called O(1)N
times, the number of oracle calls in course of N steps of the advanced implementation is
random and can be much larger than O(1)N; it is unclear why it should be O(1)N even
on average. Though for the time being we cannot support the empirical evidence by a
solid theoretical complexity analysis, in our experiments the advanced implementation
by far outperformed its basic counterpart.

3.5 The Favorable Geometry Case

We are about to present the “favorable geometry” case where we can point out the
setup for SA/SMP which results in (nearly) dimension-independent efficiency esti-
mates. Specifically, assume that

[G.1] The domain Z of (S) is a subset of the direct product Z+ = By x .... x Bpyq of
r = p+ q “standard blocks” as follows:

— for 1 < i < p, B; is the unit Euclidean ball in F; = R™;

— for 1 < j < q, Bpyj is a subset of the space Fj,1j of npij X npyj (npy; > 1)
symmetric block-diagonal matrices of a given block-diagonal structure and is the
spectahedron of Fj,;, that is, the set of all positive semidefinite matrices from
F,4; with unit trace.

In particular, Bpy; can be the standard simplex {z € Rﬁ : Y gt = 1} (since the
space of diagonal k X k& matrices can be naturally identified with R” ).

We equip F; = R™, i < p, with the standard Euclidean structure and the associated

Euclidean norm || - [|(;), and Fp4; — with the Frobenius Euclidean structure and the
trace-norm (the sum of singular values of a matrix) [ - [|(,4 ;). In particular, the em-
bedding space £ = F} X ... X Fy of Z7T becomes equipped with the direct product of
the indicated Euclidean structures. Note that the norm || - [|; ») conjugate to || - ;) is
either the norm || - [|;) itself (this is so when i < p), or is the standard matrix norm
(maximal singular value of a matrix) (this is so when i > p). We denote a vector form
on F as ¢ = [z1;...;xr], where z, is the Fyp-component of z.

[G.2] The decomposition Z = Z; X Zy C E1 x E3 is compatible with the decomposition
Z = Bj1 X ... X By, that is, E; is the direct product of some of Fy, 1 < ¢ < p+ ¢, and
FE) is the direct product of the remaining Fy. Besides this, we assume that Z intersects
the relative interior of Z7.

We refer to this case as to the one of favorable geometry and associate with this
case the setup for SA and SMP as follows (cf. [13, Section 5]):
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— The skew-symmetric linear mapping A (see (3)) can be written down as
1 .
Alzy;..5ze] = [Z;ZIA Ty ...;Z;ZIA”%‘},
where AY is a linear mapping from Fj to F; and ‘[Aij]* = — A" We denote by L;;
an a priori upper bound on L, := maxg, {||A”x]-||(i,*) sl gy < 1} such that
Li; = Lji.s) We assume that the symmetric matrix [L;;] has no zero rows (this
always can be enforced by replacing some of zero L;;’s with small positive reals).
— Further, we set for 1 <i<pand 1< j <gq:
wi(@;) = 5o @5 ¢ B; - R, 2; =1,
prrj(prrj) = 2242_*1—] )\g(merj) ln()\g(prrj)) By = R, 2y = 21n(nj),
where A\p(u) are the eigenvalues of a symmetric matrix u taken with their multi-
plicities. It is known that wy(-) is a d.g.f. for By compatible with the norm || - ||¢,

1<e<r.
— Finally, we define the norm || - || on E and the d.g.f. w(-) for Z according to

_ 1 XL/ 28y o _ |y 2 _ v
W= 2 Loy llz1; szl = e;“‘“”““)’ w(l‘)—g;uewz(weh

(64)
which results in

N<1, R<OLV2, L= Z;‘AjzlLij 2;0; (65)
see [13, Section 5].

Remark 1 From the results of [9] (see also section A.2) it follows that the norm ||€]|« =

\/2221;%_1 HQH?Z 2 is se-regular (see discussion in Section 3.3) with nearly dimension-

independent s¢, namely, s = Tmax;<;<qIn(npy; +1) + 1.

Note that our motivating application of /1 minimization presented in Section 2.2.2 is of
favorable geometry. The same is true for the low dimension approximation problem of
Section 2.1.2; being a BSP rather than GBSP, this problem is well suited to illustrate
the results we have obtained so far.

3.6 Illustration: Low dimensional approximation via randomization
Passing in (9) from variable @ to variable R = d71/2Q, the problem reads

min,,.—xez,:=Ay MaAXzy.=ReZ, [d1/2T1" (RZ?Ll)\iUiU?)} , (66)

Zy={ReS":0=R=d "I, Tx(R) = d'/?}.
We equip the embedding space By = RN of Z; with || - ||1, and Z; = Ay — with
the entropy d.g.f. Further, we equip the embedding space E5 = S™ of Zs with the
Frobenius norm, and Zs (which clearly is a subset of the unit ball of this norm) —
with the Euclidean d.g.f. %Tr(z%) Taking into account that |lv;]l2 = 1 for all 4, it

5)The latter restriction is natural, since L7; = L%, due to [A7]* = — A"



O©CoO~NOOOITA~AWNPE

22

is immediately seen that we are in the Favorable Geometry case with 2; = 2In(N),
29 =1/2, L12 = Loy = Vd and Li1 = Lo =0.

Now assume that we want to solve (66) within a given accuracy e > 0. Consider
t-step Basic implementation of SMP utilizing the distributions P, k = Ceil(tIn(N))
(see section 3.3.2) induced by the distributions P, presented in section 2.1.2, the step-
sizes being given by (45). Taking into account Remark 1 and (65) we are in the situation
of Corollary 1 with 2 = O(1), L dIn(N), 0 < 0(1)\/In(N)/kL < O(1)L/Vt, so
that (49) implies that E{egaq(z } < O 1)y/dIn(N)/t. In partlcular setting

t = t(e) = Ceil (0(1% /dTa(N) /e) (67)

with properly chosen O(1), we ensure that E{egq(2)} < €/2. Thus in course of run-
ning our algorithm, a solution of the required accuracy e will be built with probability
> 1/2. Running our t(¢)-step randomized procedure several times, until the first ap-
proximate solution with eg,q(2") < € is built (recall that €5,4(27) is observable on-line),
we conclude that the probability not to find the desired approximate solution in mt(e€)
steps, m = 1,2, ..., is as small as 27",

Now let us look what, if any, is the gain of randomization. It is easily seen that in
the case in question computing a value of the prox-mapping within machine precision
costs O(n® + N) a.0. As a result, the best known so far complexity of solving (66)
within accuracy e by any deterministic algorithm is, up to log-factors, Cqet = [n3 +
nZN]\/a671 a.o. According to section 2.1.2, when sampling from P, after a “setup
cost” of O(n3 +dn?+ N) a.o. is paid, generating a sample ¢ ~ P, and computing F'(¢)
cost O(dnN) a.o. Thus, an iteration of the randomized method costs O(n® + dn? +
dnN[t(e) In(N)]) a.o., and the overall cost of an e-solution with this method, again

———

k
up to log-factors, is Crang = Vet [n3 + \/aeflan] a.0. Assuming N > n, we get
Crand/Caet < O(1)[nN~1 + e_1d3/2n_1]. For fixed e, this ratio tends to 0 as d,n, N
grow in such a way that n/d?’/2 — +o0 and N/n — +o0.

4 Solving the Generalized Bilinear Saddle Point Problem

Here we explain how a GBSP problem (11) — (12) can be reduced to a “small series” of
BSP problems; the strategy to follow originates from [11]. ;From now on we assume,
in addition to A.1-2, that we have an a priori upper bound p on the optimal value
p+ of (12). For example, it is immediately seen that when finding an e-solution to ¢;
minimization problem with ¢, fit (Section 2.2.2) in the only nontrivial case ||b||p > ¢
relation (15) implies that

p = l|Allp[lIblly = 87" > pu :=1/Opt, || All1p = max;]| 4;]lp, (68)

where A1, ..., An are the columns of A.

For the sake of definiteness, we assume that we are in the Favorable Geometry case,
and that the decomposition Z = Z11 X Z12 X Z2 C E, see (13), is compatible with the
decomposition £ = F} X ... X Fy, that is, the embedding spaces of Z11, Z12 and Zs are
products of some of Fy’s. To save space, we restrict ourselves with the SMP algorithm;
modifications in the case of SA are straightforward.
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The algorithm solves the problem of interest (12) by applying to SV(-) a Newton-type
root finding routine, with (approximate) first order information on SV at a point p given
by SMP as applied to the BSP problem specifying SV(p). Specifically, the algorithm
works stage by stage. At a stage s, we have at our disposal an upper bound ps on px
and a piecewise linear function £5_1(p) which underestimates SV (-):

SV(p) =2 £s—1(p) Vp = 0.
here p1 = p, lo = —oco. At a stage, we apply SMP to the BSP problem
SV(ps) = min,, ¢ z, max_, ¢ z,¢”* (21, 22) (Ss)

namely, act as follows.

A. We start stage s with building the setup for SMP as explained in Section 3.5. The
affine operator associated with (Ss) is

FPs(z1 = [z11; 212), 22) = P(21, 22) + ps¥ (21, 22)
= [[a11 + B*z2; ps(a12 + C*22)]; —b — Bz11 — ps(c+ Cz12)],

see (11), (13). In matrix A = As of the linear part of F”*, some blocks A% are
independent of ps, while the remaining blocks are proportional to ps. Consequently,
the Lipschitz constant of F'P* as given by (65) is

L=L(ps) =M+ psN, M,N2>0. (69)

Observe that by Remark 1, the regularity parameter of the norm || - ||« = || - ||§<S)

conjugate to the norm ||-|| = || - H(S) participating in the SMP setup for s-th stage does
not exceed

x=TIn(N+1)+1, (70)

where N is the largest size of the spectahedron blocks, if any (otherwise N = 0),
participating in Z.

B. We apply to (Ss) either the basic, or the advanced implementation of the SMP.
When running the basic SMP, we use the distributions Pz(k)7 see Section 3.3 (here

k > 1 is a parameter of the construction) and the online stepsize policy (45), where
we set L = Ls := M+ psN and 2 = 1 (see (65)). In addition, we restart the basic

SMP every
2
Na(pse) == Ceil <max [102&7 (27%5) ”D (71)
Ps€ Ps€ k

steps, see below; here s is given by (70). When (Ss) is solved by the advanced SMP,
we use the online stepsize policy (61) — (62), with © = v/2 in (61).

B.1. Let 2% = [24%, 2£*] be the approximate solution to (Ss) generated after ¢ steps of
stage s; recall that along with this solution, we have at our disposal the quantities

—ts
¢ = max,,cz,¢" (21°, 22) = v+ (a11, 243) + ps[x + (a12, 215)]
+ming, ¢ 7, (22, b + psc+ B2{§ + pC213),
Dts

. . 2
?ts = min,, ez, ¢”° (21, 255) =v+ (b, zés) +min,, ez, (a11 + B*zés, 211) (72)
dts

+ps {X + (¢, 25°) + min, , e 7,, (a12 + C*25°, z12>}
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(cf. (29) and see (11), (13)). We set

u'® = minTgtiT‘i 0 = maXTthm, les(p) = max[és_l(p), maxj<r<t [Prs + QTSPH~

Note that u'® is a nonincreasing in ¢ upper bound on SV (ps), %% is a nondecreasing in
t lower bound on SV(ps), and £;s(p) underestimates SV(p) for all p > 0. In addition,
Lis(ps) > 0. Note also that after ¢ steps we have at our disposal vectors wi® € Zy,

wh® € Zo such that
te te —ts . s te te ts
maX22€Z2¢ps (wlgVZZ) =u i S ¢ 7m1n21621¢p' (zlaw2g) =/ * 2 ? €7

meaning that w'® = [w!®; w] is a feasible solution to (Ss) and eguq(w'®) = ul® — 015 <
—ts

¢ - ?ts = 6sad(zts)'

B.2. We proceed with solving (Ss) until one of the following three situations occurs:
A) We get u'® < eps. In this case we terminate with the claim that ps,wis is the

desired e-solution to (11) — (12).

B) We get (5 > %uts. When it happens, we set

psi1 = max{p: les(p) < 0}, La(") = lea(") (73)

and pass to the stage s + 1.

C) The iteration count ¢ becomes a multiple of Ng(¢). When it happens and if the
basic implementation of SMP is used, we restart SMP and proceed to step t+41 of stage
s (that is, the next iterate of stage s will be z.,, the subsequent approximate solutions
will be weighted sums of the points w generated after the restart, etc.) If the advanced
implementation of SMP is used, we do not restart the algorithm and proceed as at all
other steps.

Theorem 1 When solving a Generalized Bilinear Saddle Point problem (11) — (12)
within the accuracy € > 0 by the outlined algorithm:
(i) The algorithm terminates in finite time with probability 1, and the resulting
solution is an e-solution, as defined in Section 2.2, to the GBSP problem in question;
(i1) The number of stages does not exceed the quantity O(1)In (% + 2),

where ||¢|loc = max,cz|d(2)], [|¥]|lco = max,cz|Y(2)|, px is the optimal value in the
problem (11) — (12), and p is an a priori upper bound on px«, see the beginning of section
4.

(iii) The (random) number Ns of steps at every stage s of the basic implementation
satisfies the relation

Prob{Ns; > mNs(pse)} <27, m=1,2, ... (74)
with Ns(pse) given by (71). Besides this,

L+ psN [1+%£+p*/\/]

N, <0(1
s(pse) < O(1) pre prck

(75)

with s given by (70).
The number of steps at every stage of the advanced implementation of the algorithm
does not exceed

2
Naav() = O(1) [MFe00526pe 1y (Mpdzep. )|, (76)

€Px €Px
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Proof. 1°. From the description of the method it follows that
Vi,s > 1, Vp>0: u'>SV(ps) > 0%, ls(p) <SV(p), €15 < lis(ps). (77)

Let us prove by induction in s that px < ps < p1. The base s = 1 is evident. Now let
px < ps < p1, and let stage s+ 1 take place. When passing from stage s to stage s+ 1,
we are in the case B) and thus have ut® > €Ps, ot > 3uts > eps, whence, in view of
(77),

Cs(ps) = Les(ps) > £ > § max[eps, SV (ps)]  thus £s(ps) > 0. (78)
¥) <

This combines with £5(px) < SV(p
ps+1 < ps. Induction is complete.
Since ps > ps, u'® is an upper bound on SV(ps) and u'® > d)p’( t5), we conclude
that if the algorithm terminates at stage s, then the result ps, wl is an e-solution to
the GBSP in question.
29, Let us prove (ii). The reasoning to follow goes back to [11]; we reproduce it here
to make the paper self-contained. Let s be such that the stage s 4+ 1 takes place, and
let us be the last bound u?® built at stage s. Observe that

0 and convexity of £;5(-) to imply that px <

%eps < %us < Us(ps) < SV(ps) < us. (79)

Since the convex function ¢s(p) is nonpositive at p = pg41 and is > %us > 0 at

p = ps > pst1, we have gs := ls(ps) > 0 and

Ps — Ps+1 = ls(ps)/gs > %US/QS- (80)

Now assume that s > 1 is an intermediate step, i.e., it is such that the stage s 4+ 1
also takes place. Applying (80) and (79) to s — 1 in the role of s, we get ps—1 — ps >

%us_l/gs_l and %us < 4s(ps), whence, by convexity of £s(-) and in view of (77), we
have

3us— 1
498 1

3
Us_1 > SV(ps—l) > gs(ps—l) > gs(ﬂs) +gs(ps—1 — Ps ) > Us + gs—

UsGs

4
S 3 whence m <

Consequently, %u571 > uerg;’:%;l, or equivalently %+gf%l
(1/4)(4/3)% = 4/9. Tt follows that

Visgs < (2/3)°7 1 Juigr. (81)

We have £s(p«) < SV(px) =0, £s(ps) > %Us (see (79)) and Ls(ps)—Ls(px) < gs(ps—p+)
(by convexity of s(+)), whence gs > %us(ps —ps) 7t > g ug, and (81) implies that

us < (2/3)* 1 /uigi/Ap1 /3. (82)

Now, g1 = £ (p1) and £1(p) < SV(p) < [Blloc + plltllcc, and g1 < [[$]loo, and clearly
w1 < ||@loo + p1l|t||co- At the same time, us > €ps > €px, so that (82) implies that
eps < (2/3)° " H||#lloo + p1][¥]|oc]. The resulting upper bound on s implies (ii).

3%, Let us prove (iii). Assume, first, that Basic SMP with stepsizes (45) is used. From
the description of the algorithm it follows that at every stage s, before termination of
the stage, the residual of current approximate solutions w®® is > 1epS (since u®® >
eps and 0% < i t$). Tt follows that in order to prove (74), it suffices to verify that
when applying to (Ss) N = Ns(pse)-step Basic SMP, we have esad(zN) < eps/4 with
probability > 1/2; to this end, it is enough to verify that the expectation of egq (")
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is < eps/8. By Corollary 1, this expectation is < a := 702Ls/N + 6/ 20 /v/N, where
=sup,cy ECNPz(k) {||.A(C - z)Hz} < %(2&;9)2 (see (36) and discussion in section

3.3.2), that is, 0 < 20Ls+/2/k. This inequality combines with the relations 2 = 1,
O = /202 and the definition (71) of N = N(pse) to imply the desired bound a < eps /8.
We have proved (74); (75) is readily given by (71) and the relation ps > px.

For the advanced implementation of SMP, similar reasoning based on the bound
(63) with £ = M + ps justifies (76).
4%, Combining (ii), (iii) and the concluding claim in item 1° above, we arrive at (i). [

The case of ¢1 minimization. In the case of /1 minimization problems with uniform
and {9 fits, Theorem 1 as applied to the basic implementation of SMP with k& = 1,
initialized according to (68), after completely straightforward computations implies the
complexity bounds stated in Proposition 1. The preprocessing mentioned in item (ii)
of Proposition 1 is as follows: we choose an m x m orthogonal matrix U with moduli
of entries not exceeding O(1)/+/m and such that multiplication of a vector by U takes
O(mlInm) operations (e.g., U can be the matrix of the Cosine Transform). We then
draw at random a +1 vector £ from the uniform distribution on the vertices of the unit
m-dimensional box and pass from the data [A,b] to the data

[A" = UDiag{¢} A, b’ = UDiag{¢}b],

thus obtaining an equivalent reformulation of the problem of interest. Note that this
preprocessing costs O(1)mn In(m) operations. We clearly have ||A’||1,2 = ||All1,2. Ap-
plying Hoeflding’s inequality (see [8]), it is immediately seen that for every tolerance
X € (0,1/2) with probability > 1—x one has ||A"||1,00 < O(l)\/ln(mn/x)m_l/QHAHLQ,
that is, I'(A") < O(1)4/In(mn/x), as stated in Proposition 1.

5 Numerical Results

Below we report on a series of numerical experiments aimed at comparing the perfor-
mances of the Stochastic Mirror Prox algorithm SMP (in its advanced implementation)
and its prototype — Deterministic Mirror Prox algorithm (DMP) proposed in [13]6).
The algorithms were tested on the GBSP problems of ¢; minimization with uniform
and /o fits, see Section 2.2.2.

Test problems we use originate from Compressive Sensing. Specifically, given the sizes
m,n of a test problem, we picked at random an m X n matrix B with i.i.d. entries
taking values 1 with probabilities 0.5, and a sparse (with Ceil(y/m) nonzero entries
randomly generated from standard Normal distribution) “true signal” zx normalized
to have ||z«||1 = 1, thus giving rise to the test problem

Optp = mxm{HmHl Az —yllp <0}, A= mfl/ij y=Axe+¢& (Pp)

where p = oo (uniform fit) or p = 2 (¢2 fit). The “observation noise” £ was chosen at
random (each entry is from an i.i.d. standard Normal distribution) and then normalized
to have ||€||p = 4, thus making sure that the true solution z is feasible to (Pp). Our

6)DMP is nothing but SMP with precise information (i.e., P, is the unit mass sitting at z)
and on-line stepsize policy described in [13, Section 6].
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goal is to solve (Pp) within accuracy ¢, i.e., to find zc satisfying [lzc|l1 < Opt, and

|[Aze — y|lp < 6 + €. In all our experiments, § = 0.005 and € = 0.0025 were used.

Implementation of the algorithms. The GBSP reformulations of problems (Pp) were
solved by SMP (in advanced implementation) and DMP according to the scheme pre-
sented in Section 4. In the case p = oo of uniform fit, both SMP and DMP used the
GBSP problem reformulation given by (19). In the case p = 2 of £ fit, SMP used the
GBSP reformulation (18), while DMP was applied to the GBSP problem stemming
directly from (16) with p = 2, namely, given by

P (21, 22) = 23 (Adnz1 — pb) — pb, Zy = Z11 = Aoy, Zo = {||22]|2 < 1}. (83)

The rationale here is that the GBSP given by (83) “by itself” is easier than the GBSP
given by (18): an e-solution to the latter problem induces straightforwardly an e-solution
to the former one, but not vice versa. As a compensation, the problem (18), in contrast
to (83), is better suited for randomization”). The latter fact, which is crucial for SMP,
is irrelevant for DMP, this is why we apply this algorithm to the GBSP given by (83).
In order to make a fair comparison, when running SMP for /2-fit, we terminate the
run based on the #9-residual of the solution.

In our implementations, we have tested different policies for choosing the starting
point at each stage and different choices of the distance generating function (d.g.f.)
for the simplexes. Specifically, along with the entropy d.g.f. discussed in Section 3.5,

we tested the power d.g.f. w(z) = ﬁzglx}""” {z e R} : Y 2 <1} - R,
with x = —; the theoretical complexity bounds associated with this choice of d.g.f.

In(n)’
coincide, Wigh)in absolute constant factors, with those for the entropy. The best policies
we ended up with are as follows:
— for SMP: entropy d.g.f., restarts from the w-center of Z (“COOE” implementation);
— for DMP, in the case of uniform fit: power d.g.f., restarts from the convex combina-
tion of the best (with the smallest €5,q4) point found so far and the w-center of Z, the
weights being 0.25 and 0.75, respectively (“B25P” implementation);
— for DMP, in the case of {a-fit: power d.g.f., restarts from the convex combination
of the last search point of the previous stage and the w-center of Z, the weights being
0.75 and 0.25, respectively (“L75P” implementation).

When implementing SMP, we utilized the option, discussed in Section 3.3, of build-
ing an estimate F(¢) of F(z) by generating k samples ¢¢ ~ P, £ =1, ..., k, and setting
¢= %2521& The “multiplicity” k was set to 40 for small instances and 100 for large
(those with at least 108 nonzeros in A) instances.

The MATLAB 7.10.0 implementation of the algorithms was executed on an eight-
core machine with two quad-core Intel Xeon E5345 CPU@2.33GHz, 8 MB L2 cache
per quad-core chip and 12GB FB-DIMM total RAM (the computations were running
single-core and single-threaded).

7)Indeed, in the second problem all nontrivial matrix-vector multiplications required to com-
pute FP(z) are multiplications of vectors from the ¢1-balls by A and AT since a vector from
£1-ball is the expectation of an extremely sparse (just one nonzero entry) random vector taking
values in the same ball, the required matrix-vector multiplications admit cheap randomized
versions. In the first problem, some of the required matrix-vector multiplications involve vec-
tors from the || - [|2-ball, and such a vector typically cannot be represented as the expectation
of a sparse random vector taking values in the ball.
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The results, I. In order to avoid too time-consuming experimentation, we primarily
dealt with “moderate size” test problems. These problems were split into four groups
according to the total number of nonzeros in A (2 - 10%, 8- 10%, 32109, 128 - 106).
Every group was further split into two subgroups according to the ratio n : m (8 and
2). For every one of the resulting pairs (m,n), we generated 5 instances of problem
(P2) and 5 instances of problem (P~ ) and solved them by DMP and SMP. Thus,
the methods were compared on totally 80 problem instances split into 16 series of 5
experiments each, with common for all experiments of a series sizes m, n and the value
of p. The results are presented in Tables 1 (uniform fit) and 2 (¢2 fit). For every series
of 5 experiments, we present the corresponding minimal, maximal and average values
of several performance characteristics, specifically

e CPU — the CPU time (sec) of the entire computation

e Calls — the total number of computations of the values of F’

e FCalls — the equivalent number of calls to the deterministic oracle for the
randomized algorithm. This quantity is defined as follows. For DMP, computing a value
of F' at a point reduces to a pair of matrix-vector multiplications, one involving A and
the other one involving AT; the cost of this computation is 2mn operations. For SMP
invoked with multiplicity & (see above), the computation of (an unbiased estimate of)
F(z) requires multiplying one vector with < k nonzero entries by A, and another vector
with < k nonzero entries by AT, the total cost of these two computations being k(m+n)
operations. Thus, the “deterministic equivalent” of the randomized computation of F’
used by SMP is % The quantity FCalls represents the equivalent number of
calls to the deterministic oracle that we could afford for the same total computational
cost involved with the queries to the stochastic oracle needed to solve the problem by
SMP.

The data in Tables 1, 2 suggest the following interpretations:

1. As the sizes of instances grow, the randomized algorithm eventually outperforms
its deterministic counterpart in terms of the CPU time, and the corresponding
“savings” grow with the size m x n of the instance, and for instances of a given size
— grow as the ratio n/m decreases. Both phenomena are quite natural: the larger
is mn and the smaller is n/m > 1 for a given mn, the smaller is the deterministic

equivalent kglntg of a randomized computation of F'.

2. Even for our “not too large” test problems, the savings stemming from randomiza-

tion can be quite significant: for the 8000 x 16000 instances, SMP is, at average,
nearly 4.6 times faster than the best version of DMP for problems with uniform fit
and 2.1 times faster than DMP for problems with ¢o fit.
When interpreting the CPU time data one should keep in mind that oracle calls of
DMP make use of very efficient MATLAB implementation of matrix-vector multi-
plication, while SMP relies upon much less efficient (with respect to, e.g., C lan-
guage) implementation of long DO loops.

3. The advantages, if any, of SMP as compared to DMP are more significant in the
case of uniform fit than in the case of {2 fit. This phenomenon is quite natural: as
we have already explained, in the case of /2 fit the methods are applied to different
GBSP reformulations of (P;), and the reformulation DMP works with is easier than
the one processed by SMP.

The results, II1. In order to get impression of what happens when the matrix A in (Pp)
is too large to be stored in RAM, we carried out two experiments where the goal was
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to solve the ¢; minimization problem with uniform and with ¢2 fits and fully dense
(m = 32000) x (n = 64000) matrix A given by a simple analytical expression. This
expression allows to compute a column/a row of A with a given index in O(m), resp.,
O(n) operations. Matrix A = Aj, was normalized to have ||A|1,, = 1. While the sizes
of A make it impossible to store the matrix in the RAM of the computer we used for
the experiments, we still can multiply vectors by A and AT by computing all necessary
columns and rows, and thus can run DMP and SMP. In our related experiments, we
generated at random a sparse (64 nonzeros) “true” signal z. € R%0%0 with ||z, =1,
computed y = Az + &, &, ||€]lp = & = 0.005, being observation noise, and ran DMP
and SMP in order to find an e-solution z¢, € = 0.0025, to the resulting problem (Pp);
in particular, we should have ||z¢|l1 < ||z«]l1 = 1 and ||Aze — b|| < § + € = 0.0075.
In every experiment, each of the methods was allowed to run at most 7200 sec®). The
results are as follows.

— In the allowed 7200 sec, the deterministic algorithms on every one of the two test
problems (p = 2 and p = c0) was able to carry out just about 30 steps with the total
of about 67 computations of F(+); this is by far not enough to get meaningful results,
see Table 3. In contrast to this, the numbers of steps and randomized computations
of F' carried out by the randomized algorithm in the same 7200 sec was in the range
of tens of thousands, which was enough to fully achieve the required accuracy for
both p = co and p = 2.

— While the quality of approximation of x« by the solution yielded by DMP is ba-
sically nonexisting, the SMP produced fairy reasonable approximations of x«, see
Table 3.

In our opinion, the preliminary numerical results we have reported suggest that “ac-
celeration via randomization” possesses a significant practical potential when solving
extremely large-scale convex programs of appropriate structure.

Acknowledgement. The authors wish to express their gratitude to the Associate Ed-
itor and anonymous referees for their constructive criticism which led to substantial
improvements of the paper.

A Appendix

A.1 Representing a vector from A,, 4 as a convex combination of extreme points

We use the notations of Section 2.1.2. The case of d = n is trivial, thus, let d < n. Let

. n
QEAn,d:{qGR:ﬁ: 0<gq; <1Vi, Z'_lqi:d}'

To represent q as a convex combination of n extreme points of 4A,, 4 we act as follows:

— Initialization: We set p® = [1;q], u® = 1. Note that p° € A = {p = [I;p1;...;pn] €
Api1,ds1)
— Stept =1,2,...: Given pt—1 = [1;p§71; ...;pifl] € A, we find the d + 1 largest among the

N L. . . t—1 t—1 t—1
entries p,~ *, i = 1,...,n, let their indexes be i1, ...,4441, where Py, > Pi, > .2 Piges:

a) It may happen that ple =1 for 1 < £ < d; since pt~! € A, rt := pt~! is a Boolean

8)The running time is compared with the limit of 7200 sec only at the end of an iteration,
thus, with termination due to CPU limit, the actual running time was larger than this limit.
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Table 1 Numerical Results for ¢1-minimization with || - ||co-fit
DMP SMP
[ Sizes | Calls [ CPU Calls | FCalls [ CPU [
500 Mean (COOE) |[ 2661.6 | 106.6 || 10511.0 | 2365 | 57.2 | 11.89 | 1.98

x 4000 || Min (COOE) || 1683.0 | 50.0 8159.0 | 183.6 | 34.0 || 6.91 | 1.16
Max (COOE) || 4395.0 | 179.4 || 11783.0 | 265.1 | 83.4 || 23.94 | 4.14
Mean (B25P) || 1453.4 | 104.1 6.15 | 1.89
1000 Mean (COOE) || 1830.8 | 64.0 || 10568.8 | 158.5 | 42.9 || 11.69 | 1.54
x 2000 || Min (COOE) || 1344.0 | 41.0 8434.0 | 1265 | 28.8 || 7.82 | 1.02
Max (COOE) || 2507.0 | 91.5 || 11576.0 | 173.6 | 70.4 || 15.83 | 2.02
Mean (B25P) || 1530.6 | 97.0 964 | 2.48

1000 Mean (COOE) || 2338.0 | 227.9 || 12406.6 | 139.6 | 113.2 || 16.68 | 1.99
x 8000 || Min (COOE) || 1453.0 | 119.4 || 11579.0 | 130.3 | 88.2 || 11.15 | 1.27
Max (COOE) || 2739.0 | 370.2 || 13895.0 | 156.3 | 168.9 || 18.99 | 2.39
Mean (B25P) || 1545.6 | 248.9 11.08 | 2.30
2000 Mean (COOE) || 2691.6 | 227.6 || 12922.8 | 96.9 | 745 | 27.93 | 3.10
x 8000 || Min (COOE) || 1132.0 | 97.7 || 10934.0 | 82.0 | 56.6 | 12.24 | 1.37
Max (COOE) || 3355.0 | 313.1 || 15632.0 | 117.2 | 88.8 || 35.46 | 4.25
Mean (B25D) || 1426.4 | 207.8 474 | 2.84

2000 Mean (COOE) 2384.6 | 494.2 13174.8 74.1 184.9 || 32.30 | 2.68
x 16000 Min (COOE) 2288.0 | 486.3 11735.0 66.0 174.4 || 29.78 | 2.53
Max (COOE) 2491.0 | 505.5 14729.0 82.9 195.3 || 34.66 | 2.84
Mean (B25P) 1575.2 533.7 21.41 | 2.89
4000 Mean (COOE) 2923.6 | 798.7 19750.2 74.1 228.4 || 39.42 | 3.30
x 8000 Min (COOE) 2032.0 | 407.6 17262.0 64.7 159.0 || 28.86 | 2.34
Max (COOE) 3895.0 | 1539.7 || 22945.0 86.0 343.1 || 48.61 | 4.49
Mean (B25P) 1554.6 | 576.2 21.12 | 2.63

4000 || Mean (COOE) || 2482.8 | 2054.3 || 11973.2 | 84.2 | 515.8 || 29.47 | 3.98
x 32000 || Min (COOE) || 1826.0 | 1448.9 || 11331.0 | 79.7 | 499.9 || 22.39 | 2.90
Max (CO0E) || 3479.0 | 2904.2 || 12715.0 | 89.4 | 525.0 || 42.65 | 5.70
Mean (B25P) || 16048 | 1736.3 10.19 | 3.36

8000 || Mean (COOE) || 2680.4 | 2227.7 || 12474.6 | 585 | 375.0 || 45.78 | 5.02
x 16000 || Min (COOE) || 2297.0 | 1890.1 || 11493.0 | 53.9 | 341.9 || 41.12 | 5.44
Max (CO0E) || 3177.0 | 2609.0 || 13759.0 | 64.5 | 408.8 || 49.26 | 6.48
Mean (B25P) || 1615.8 | 1752.7 27.57 | 4.63

t. Calls,DMP ;. CPU,DMP
‘ FCalls,SMP ‘' CPU,SMP

vector with exactly d + 1 entries equal to 1, and ¢* = [pifl; ...;pﬁfl] is an extreme point

of A, q. We set vy =1, pt = 0 and terminate.

t—1
Td41’
rt as Boolean (n + 1)-dimensional vector with d + 1 entries equal to 1, the indexes of the
entries being 0,41, ..., i4, set pt = [p'=t —yrt] /(1 — 1), ¢* = [rl;...;rL] (note that ¢® is an
extreme point of A,, 4) and pass to step t + 1.

b) When not all p’;;l, 1 < ¢ < d, are equal to 1, we set vy = min[l — p pZZl], define

Observe that the algorithm is well defined. Indeed, 0 < v < 1 by construction, and vy = 1 if
and only if pgd_jl =0 and pfd_l = 1, that is, when we terminate at step ¢ according to a). Thus,

pt is well defined at every non-termination step t. Moreover, from b) it is immediately seen

that at such a step we have pf =1, 0 < pf <1 for all s and > ;pI =d+ 1, that is, p* € A
for all t for which p? is well defined. Besides this, it is immediately seen that 0/1 entries in
pt~1 remain intact when passing from p*~! to p?, and that the total number of these entries
increases at every step of the algorithm by at least 1. The latter observation implies that the
algorithm terminates in at most n steps. Finally, by construction pt~! = (1 — ;)p* + vyrt,

whence, denoting by f the termination step, p°
coefficients p¢ readily given by vy, ...,vz. Discarding in r

is a convex combination of r!,... rt with
L ...,7t the entries with index 0, we
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Table 2 Numerical Results for ¢1-minimization with || - ||2-fit
DMP SMP
[ Sizes Calls [ CPU [ Calls [ FCalls [ CPU NG

500 Mean (COOE) |[ 579.8 | 21.0 || 4771.6 | 106.7 | 24.6 | 5.91 | 0.93
x 4000 || Min (COOE) || 410.0 | 14.5 || 3412.0 | 76.3 | 16.9 || 3.18 | 0.49
Max (COOE) || 722.0 | 40.3 || 6868.0 | 153.5 | 36.0 || 8.40 | 1.94

Mean (L75P) || 287.8 | 16.0 2.95 [ 0.70

1000 Mean (COOE) || 553.0 | 19.0 || 3910.8 | 54.8 | 13.6 || 10.73 | 1.47
x 2000 || Min (COOE) || 463.0 | 9.1 || 3315.0 | 464 | 11.5 | 568 | 0.52
Max (COOE) || 664.0 | 30.1 || 5890.0 | 825 | 17.4 || 13.56 | 2.34

Mean (L75P) || 282.4 | 14.1 544 | 1.07

1000 Mean (COOE) || 617.0 | 56.6 || 5148.8 | 57.5 | 50.7 || 11.25 | 1.17
x 8000 || Min (COOE) || 486.0 | 34.7 || 3745.0 | 41.9 | 36.1 || 7.68 | 0.74
Max (COOE) || 794.0 | 87.1 || 6050.0 | 67.6 | 64.8 | 18.35 | 1.93

Mean (L75P) || 318.8 | 40.9 5.84 | 0.86

2000 Mean (COOE) || 634.8 | 39.8 || 5853.6 | 41.0 | 47.2 | 15.94 | 0.86
x 8000 || Min (COOE) || 487.0 | 30.0 || 3926.0 | 27.5 | 33.1 || 11.17 | 0.59
Max (COOE) || 796.0 | 51.0 || 6869.0 | 48.1 | 54.0 || 20.49 | 1.12

Mean (L75P) || 318.8 | 25.9 8.05 [ 0.58

2000 Mean (COOE) || 531.8 | 150.7 || 5055.6 | 28.3 | 90.0 || 19.88 | 1.80
x 16000 || Min (COOE) || 438.0 | 108.3 || 3947.0 | 22.1 | 60.2 || 11.64 | 0.87
Max (COOE) || 608.0 | 180.3 || 6736.0 | 37.6 | 125.1 || 24.80 | 2.49

Mean (L75P) || 346.0 | 110.6 12.74 | 1.28

4000 Mean (COOE) || 675.2 | 1385 || 6504.6 | 22.8 | 101.7 || 29.71 | 1.36
x 8000 || Min (COOE) || 531.0 | 99.1 || 5868.0 | 20.5 | 83.3 || 22.71 | 0.99
Max (COOE) || 810.0 | 193.6 || 7143.0 | 25.0 | 113.9 || 34.52 | 1.70

Mean (L75P) || 346.4 | 86.3 15.21 | 0.85

4000 Mean (COOE) |[ 672.2 | 486.0 || 5613.4 | 39.2 | 287.2 || 17.66 | 1.74
x 32000 || Min (COOE) || 506.0 | 382.5 || 3418.0 | 23.9 | 197.2 | 12.08 | 1.26
Max (COOE) || 817.0 | 579.1 || 6611.0 | 46.2 | 336.4 || 22.57 | 2.15

Mean (L75P) || 355.4 | 311.6 939 | 1.12

8000 Mean (COOE) || 592.4 | 591.4 || 5815.0 | 25.4 | 177.6 || 24.15 | 3.51
x 16000 || Min (COOE) || 509.0 | 472.4 || 3765.0 | 16.5 | 117.3 || 16.56 | 2.36
Max (COOE) || 696.0 | 798.1 || 7038.0 | 30.8 | 214.1 || 30.90 | 5.06

Mean (L75P) || 329.8 | 360.2 1338 | 2.10

t. Calls,DMP_ ;. CPU,DMP
* FCalls,SMP - CPU,SMP

Table 3 Experiments with dense 32000 x 64000 matrix A. Percents: ||Z — z«||/||z«]|-

2 — @« [r

]

[
TAZ — b1, |

[ Method | p | Steps | Calls | FCalls | CPU | r = 1 r=2 [ r=o0 |
(CDgég) oo 30 71 71 7564 0.16018 (};14192) fgéé‘«f’) (()%g‘;)l)
(BD;\QE) oo 31 67 67 7363 0.15975 (}'3%%/})) (0551;76) ("68%5)
(23?];) s | 7501 | 22141 25.9 5352 0.00744 (2'592? ?'392? ?'4‘2%2
(CD%E) 2 29 67 67 7471 0.03653 (iﬁﬁ'}:) (08'1305) (Oég‘;s)
(E%E) 2 30 67 67 7536 0.02480 (09'2;76) (052;3) (043%2)
(goM()];) 2 2602 7749 8.5 2350 0.00715 (02'2%4) (01,;1(2%1) ‘f‘ﬂ}i;‘
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get extreme points ¢', ..., ¢* of A,, 4 such that ¢ = S°f_, yuqt. Finally, the computational effort
per step clearly does not exceed O(1)dn. In fact, when d > In(n), at each step we can first
sort the components of p!~! in nonincreasing order resulting in a complexity of O(1)nIn(n)
per iteration instead of O(1)dn complexity. That is, the total computational effort is at most

O(1) min{d, In(n) }n?.

A.2 sr-regular spaces

Due to space limitations, we present here a kind of “executive summary” which is fully sufficient
for our purposes. For underlying definitions and proofs, see [9]; in a slightly different form, this
material can be found also in [6,17]. Consider a finite-dimensional linear space E equipped
with a norm || - ||. The pair (E, || - ||) can be assigned with a well-defined regularity parameter
2 > 1in such a way that whenever £*,£7, ... are random vectors in E which form a martingale-
difference, one has
E{lg! + ..+ eV17} << ZLE{IEP) N =1,2, .

In addition, if o; are positive deterministic reals such that E|i_1{exp{H§i||2/0'i2}} < exp{1}
almost surely for all 7, where E|;_; stands for conditional, €1, ..., £~ 1 being fixed, expectation,
then

YV 2 172 0): Prob { €+ + €11 > VB + V11T, 07 b < exp{—?/3)
In addition,

1. (E,|-1]) is (dim E)-regular;

2. If (E,|| - ||) is s-regular, so is (E,|| - ||@), where Q is a linear authomorphism of E and
lzlle = llQz[;

3. (RN, || - ||2) is regular with 3 = 1;

4. Let E be the space of m X n block-diagonal matrices , m < n, of a given block-diagonal
structure, and let the norm on E be defined as |z|p, = ||o(z)||p, where p > 2 and o(z) € R™
is the vector of singular values of x. Then (E, |- ||p) is regular with s = O(1) min[p, In(m +
1)]. In particular, when n > 3, (R™, ]| - ||oc) is (2In(n))-regular (treat vectors as diagonals
of diagonal matrices), while the space R™"*™ of n x n matrices equipped with the spectral

norm (maximum singular value) is 6 In(n)-regular;
5. If (B1, || - 1), - (EK, || - |l ) are se-regular, the pair (E = F1 X ... X E, ||[z};..;2%]|| =

VK | |2k]2) is 2(3 4 1)-regular.

A.3 Proof of Proposition 4

19, Let us denote
r =802+ e, st =3[|F(G) = Fwo)|2 + |1F(ne) — F(z0)|12] (84)
(cf. (48)). Let us show that under the premise of Proposition 4

M 2k, A)} } < exp{—At}, (85)

YA>0: Prob {Cpt > 0(1) {952 +

where O(1) is an absolute constant factor. We use the following result (see, e.g., Theorem 2.1
(iii) of [9]): let £, ..., £ be k independent vectors from E with ||€%]|« < o and E{¢’} = 0, where

the norm || - ||« is s-regular, >« > 1. Then for any u > 0
Prob {11l > [V32 + uv2] ovE} < exp{—u?/2}. (86)

When rewriting the above bound for ¢ = F(¢%) — F(w) and ¢ = F(n') — F(z) and taking
into account that ||£*||« < M, we obtain

Vu>0: Prob {||z§:1§iuz > M2k(v/27 + \/iu)2} < exp{—u2/2}. (87)
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So, if we denote Prob: conditional probability over (1,m1,....,(t+—1,nt—1 being fixed, we get

2
Yu >0: Prob {Ct > 24£/I* (e + u)} < 2exp{—u/2}. (88)
When setting vy = %, we have for the conditional expectation E; over (1,11, ...., (te—1,Mt—1

being fixed and 0 < a < 1

<k

o0
E; {exp{gut}} <e + %/ e 2 Probi{vy > u}du

“‘x

b
a o0 1-— 1
+a exp{— (1= au }du = to exp{%}
2 -« 2

<e
2 1

When choosing ax = % we get By {exp{®57}} < exp{®* + 1}, so that

B{ow(y 550} = BB {on (T S5 e )

= E{en (307 S5 {ern (5 < exple( 557 4 1)

Hence, when applying the Tchebychev inequality we find
YA >0: Prob {23—:1’/7 >t <%+ %(1 + A))} < exp{—At}. (89)
When recalling that ¢ < 6Mf, we conclude that
2
VA>0: Prob{ t~l¢, > min {GMft, Mt (%+ 20+ A))} } < exp{—At}. (90)

Since » > 1, »+ %(l + A) < O(1)52(k, A), and we arrive at (85).

20, We have
R ox
YA>0: Prob{tt 20(1)&,/“} <e (91)

Indeed, since A is skew-symmetric, i.e. (Az,z) =0,
re = (F(Gt), ¢ — we) = (@ + AGt, G — wt) = (a + Awg, G — we) = (F(we), G — we).
Let ¢¢ be the i-th sample drawn when evaluating ¢(-. We conclude that

1

R 1t 1t 1t ko
Tt - Ez-r:l” = ;ZT:1<F(wT)7CT —wr) = 227:1 <F(w-r), Ezizlcf - w.r>
1 t k i 1 ¢ koo
= F 2 2 Pl Gmwn = 237 30 6

where ¢& := (F(wr), ¢ — w;) is a scalar martingale-difference with |¢2| < 2RFy < 20F, (cf.
(21)). Then by the Azuma-Hoeffding inequality [1],

VA>0: Prob{% > 20F. %} <e (92)
which implies (91). We are done — when substituting the bounds (85) and (91) into (47) we
get

2L [ 02 [ A
Prob {esad(zt) >0(1) - + My (k, A) P + OF, kt} } <e M peH,
which is (56) (recall that © = /202 and M. < 20L, see (23)). O
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Abstract

In this paper we propose randomized first-order algorithms for solving bilinear
saddle points problems. Our developments are motivated by the need for sublinear
time algorithms to solve large-scale parametric bilinear saddle point problems where
cheap online assessment of solution quality is crucial. We present the theoretical
efficiency estimates of our algorithms and discuss a number of applications, primarily
to the problem of ¢; minimization arising in sparsity-oriented Signal Processing. We
demonstrate, both theoretically and by numerical examples, that when seeking for
medium-accuracy solutions of large-scale £ minimization problems, our randomized
algorithms outperform significantly (and progressively as the sizes of the problem
grow) the state-of-the art deterministic methods.

1 Introduction

This paper is motivated by the desire to develop efficient randomized first-order methods
for solving well-structured large-scale convex optimization problems. Our primary (but
not the only) target is the ¢;-minimization problem

Opt, = min {||ul|, : ||Au —b[[, <} [A=[A, ..., A) € R™" m,n > 2], (1)

where p = oo (“uniform fit”) or p = 2 (“lo-fit”). We are interested in the large-scale case,
where the sizes m,n of (possibly dense) matrix A are in the range of thousands/tens of
thousands. Efficient solutions to the problems of this type are of paramount importance
for sparsity-oriented Signal Processing, in particular, in Compressed Sensing (see [2, 3, 6]
and references therein). To give an overview of our results, here is what our approach
yields for (1):
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Proposition 1.1 Assume that (1) is feasible, 8 is small enough, namely, 2m»§ < 116][-
Gien e € (0,30pt,||All1p]." let our goal be to find an e-solution to (1), that is, a point
Te satisfying

|zellr < Opt, & [[Aze — b, <6 +e

Then, for every tolerance x € (0,1/2], the outlined goal can be achieved with probability
>1-x
(i) in the case of p = oo (uniform fit) — in at most

VIn(m) n(n) || Al1.5Opt., . <\ /In(m) 1n(n)||AH1,oooptm>] ’
€ Y€

0(1)

steps of a randomized algorithm, with computational effort per step reduced to extracting
from A two columns and two rows, given their indezes, plus “computational overhead” of
O(1)(m + n) operations.

(ii) in the case of p =2 (ly fit) — in at most

hfl(W’L)/“f(A)||A||1,20Pt2h{l In(mn)r(A)||All120pty \ ]° K(A):\/”_”LHAHLoo
€ X€ ’ [All12

0(1) [

steps of a randomized algorithm with the same as in (1) computational effort per step.
Furthermore, there exists a randomized preprocessing of the data [A,b] of the problem
(1) of computational cost not exceeding O(1)mnln(m), which ensures with probability

> 1—x that k(A) < O(1)y/In(mn/x).

Note that the best known so far complexity of finding e-solution to a large-scale prob-

V/1n(m) In(n) || Al]1,00 Opt oo (p =

= 0) or

lem (1) by a deterministic algorithm is at least O(1)

v/ A . . . .
ln(n)HEHLQOth (p = 2) steps® with complexity of a step dominated by the necessity to

perform O(1) multiplications = +— Az, y — ATy. When A is dense, the resulting opera-

tions count is, up to logarithmic terms, of order of Ny, = =*, where v = can

All1,pOpt
be naturally interpreted as relative accuracy. For the randomized algorithrr!s ”ulidelflying
Proposition 1.1, this count, again, up to logarithmic terms, is of order of Nyanq = %52
(uniform fit) and Nyang = ’”I;" + mn ({5 fit). We see that when v < 1 is fixed and m,n
grow, the randomized algorithms eventually outperform the deterministic ones, becom-
ing more significant as the problem size grows. Numerical results presented in Section 5
demonstrate that this acceleration is not a purely academic phenomenon and can be of
real practical interest.

Our approach is based on saddle point reformulation of well-structured convex mini-
mization problems and is applicable when the resulting saddle point problems are bilinear;
in this respect, it goes back to the breakthrough paper of Nesterov [14]. The deterministic

saddle point prototypes of the randomized algorithms we develop here were proposed in

'Here and below || A1, = max |4, stands for the norm of the mapping = + Ax induced by the
j

norms | - |1 and || - ||, in the argument and the image spaces, respectively
2The indicated bounds are attainable, provided Opt,, is known in advance.
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[11] and [12] and the prototypes of our randomization scheme were proposed in [13, Sec-
tion 3.3] and [9]. In this paper, we demonstrate that in the case of a bilinear saddle point
problem, a better randomization is possible. The advantage of this new randomization
over those prototypes lies in the immediate possibility to assess, in a computationally
cheap fashion, the quality of the resulting approximate solutions. This possibility is in-
strumental when solving parametric bilinear saddle point problems. In particular many
important applications including the problems of the form (1) reduce to the class of
parametric bilinear saddle point problems which we introduce and study in Section 2.2.
In the hindsight, one can recognize utilizing a particular case of this randomization tech-
nique leads to the sublinear time randomized algorithm for solving matrix games due to
Grigoriadis and Khachiyan [7].

The main body of this paper is organized as follows. In Section 2, we present a
saddle-point-based framework for our developments together with a sample of interesting
optimization problems fitting this framework. This sample includes, along with ¢; mini-
mization, the (semidefinite relaxation of the) problem of low-dimensional approximation
to a collection of points in R¢ and a specific version of the Support Vector Machine prob-
lem. Randomized algorithms for the problems fitting to our framework are developed
and analyzed in Sections 3 and 4. Section 5 presents encouraging results of preliminary
numerical experiments aimed at comparing the performance of the proposed random-
ized algorithm and a state-of-the-art deterministic algorithm as applied to large-scale £
minimization problem. All proofs are relegated to the appendix.

2 Problems and Goals

We start with specifying and motivating two problems to be discussed in the paper and
our goals.

2.1 A Bilinear Saddle Point Problem
2.1.1 The problem
The first generic problem we are interested in is a Bilinear Saddle Point (BSP) problem
SV = Zrlnegll max (21, 22), ()
¢(21, 22) = v+ <CL1, Zl> + <a2,22) -+ <ZQ, BZl> : Z[: Zl X ZQ] — R,

where Z; are nonempty convex compact sets in Euclidean spaces F;, ¢ = 1,2. Recall that
(S) gives rise to two dual to each other convex optimization programs

OPU(P) = mind(z) = maso(z,2)  (P)
Opi(D) = max ()= min o(z1,%) (D) @

with Opt(P) = Opt(D) = SV, and to the variational inequality : find z, € Z := Z; X Z
such that

(F(2),z— 2 >0 forall z € Z, (3)

3
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where F': Z +— FE; X FEs, is an affine monotone operator given by

a¢(21722). _8¢(217 Z2)
821 ’ 822

B*
a = [a; —as), A:[—B ],

Flanz) = |Fi(z) = Fy(z) = ] — Al 2,

(here B* stands for the conjugate of B). Note that A is skew-symmetric: A* = —A and
<Z,AZ> =0Vze k= E1 XEQ. (4)

It is well known that the solutions to (S) — the saddle points of ¢ on Z; x Zy — are
exactly the pairs z = [21; 25] comprised of optimal solutions to problems (P) and (D) in
(2), same as are exactly the solutions to the variational inequality (3). We quantify the
accuracy of candidate solutions z = [21; 22] € Z to (S) by the saddle point residual

cuna(2) = B(z1) — 6(22) = [B(z1) — Opt(P)] + [Opt(D) — 9(=)]. (5)

/ (.

>0 >0

2.1.2 Assumptions and goal

When speaking about a BSP problem (S§), our goal is to solve the problem within a given
accuracy € > 0, that is, to find z¢ € Z such that eg,q(2¢) < e. Deterministic first order
algorithms achieve this goal by working with the values of the associated operator F' at
the iterates z;, t = 1,2, ..., generated by the method. When Z is simple and the problem is
large-scale, computing the values F'(z;) is the “leading term” in the computational effort.
Our goal in this paper is to replace relatively expensive (in the large scale case) exact
values F'(z) with their computationally cheap unbiased random estimates. Specifically,
we assume that

[P] every point z € Z is associated with a probability distribution P, such
that

e P, is supported on Z and E¢.p, {C} = 2;

e Given z, we can sample from the distribution P,.

Under these assumptions, in order to get an unbiased estimate of F'(z;), it suffices to draw
a (; ~ P, and to take F'((;) as a desired estimate of F'(z;). In order to make this approach
meaningful, the computational price of generating (; and subsequent computation of F'((;)
should be significantly less than the price of a straightforward computation of F(z;). This
requirement guided us in the selection of applications to be considered below as well as
in building the corresponding saddle point reformulations .

Note that the deterministic algorithms remain in the scope of our approach since we
always have an option to define P, as §, (the unit mass sitting at z).



O©CO~NOOOTA~AWNPE

2.1.3 Application example: low dimensional approximation

We consider the following problem (related to a dimension reduction problem in statistics,
see, e.g., []): let V = {vy,...,un} be a collection of unit vectors in R”, and d < n be
a positive integer. We want to find a linear subspace £ C R" of dimension d such that
the deviation §(V, F) of the collection from E — the maximal, over i, Euclidean distance
between v; and F — is as small as possible.

Letting I7¢ be the family of all orthogonal projectors of R™ onto d-dimensional linear
subspaces, the problem reads

Opt, = max min v Ilv;
Helld 1<iSN

and seems to be computationally intractable. It, however, admits the tractable relaxation

. T d n . _

Opt = gggg min v, Qui, P'={QeS": 0=2Q =1, Tr(Q)=d}. (6)
We refer to (6) as to the problem of low dimensional approximation. We clearly have
Opt, < Opt < 1, whence 6% := 1 — Opt < 62 := 1 — Opt,; note that 6, is the deviation of
V from the “ideal” d-dimensional space F, underlying Opt,. It is easily seen (see Lemma
A.1 of Section A.1) that if @), is an optimal solution to the relaxation (6) and E is spanned
by the d leading eigenvectors of Q., then §(V, E) < v/d + 1J,, that is, approximation (6)
admits some quality guarantees.

Now, (6) is nothing but the BSP problem:

on =g s -0 )] 8= e Tac)
1—Opt = Qnélgdirelii [1 Tr (inzl)\lvmi , Ay =1 e R} : Zz’)\’ =1:. (7)
In terms of (S), E; is the space S" of symmetric n X n matrices with Frobenius inner
product, Z; = P? C E;, B, = RY, Zy, = Ay. The associated operator F' is

F(z1,22) = F(Q,\) = [—Zilkiviv?; (0] Qui; ...; v Quy] |. (8)

g

Fi(z2) Fa(21)

Assuming that v; are dense, the arithmetic cost of computing the value of F' at a given
point is O(n?N). Now let us specify the distributions P,, z = (Q,\) € Z = Z; X Z,. In
order to generate ¢ ~ Fqg,)), we proceed as follows:

e Given Q € P¢, we build the eigenvalue decomposition Q = UDiag{q}UT. Note that
geN,g={qgeR": 0<¢q <1Vi, > ¢ = d}. The extreme points of A, 4
are Boolean vectors with exactly d nonzero entries. There exists a simple algorithm
(see Section A.1) which, given as input a vector ¢ € A,, 4, builds in O(1)dn? a.o. n
extreme points ¢/, 1 < j < n, of A, 4 along with weights p; > 0, Zj w; = 1, such
that ¢ = Zj p;q’. We run this algorithm to build {¢’, u; "y, pick g € {1,...,n} at
random, with Prob{y = j} = p;, j = 1, ...,n, and set (] = UDiag{¢’}U".

e Given A\ € Ay, we pick 2 € {1,..., N} at random, with Prob{s =i} = \;; 1 <i < N,
and set ¢} := e,, where ¢;, i = 1,..., N, are standard basic orths in RY.

5
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e Finally, we set ¢ = (7 := [({; (3] € P? x Ay.

The family of distributions Pg ) clearly satisfies [P]. The “setup costs” for sampling from
P, reduce to those of 1) computing the eigenvalue decomposition of @, 2) building
q's . @™, pi1, s i (this cost is O(n® + dn?) a.0.) and 3) computing the “cumulative
distributions” {p/ = >7_ p 37, and {A* = 370 A Y, (what amounts to O(n + N)
a.0.). After the setup cost is paid, a sample (z,) can be generated at the cost of just
O(In(n + N)) a.o. Now let us look at the cost of computing F'({¥) given z,). We have

F(¢Y) = [—UZUZT; {v]'UDiag{¢’Y U v, Z]\LJ .

Since ¢’ has just d nonzero entries, all equal to 1, let the indices of the entries be j, ..., 74,
we have v UDiag{¢’}UTv; = Z?Zl(U;iv,-)Z, where U; is j™ column of U. We see that
computing F(¢) costs O(n*+dnN) a.o. Thus, the total cost (including that of the setup)
of drawing a sample ¢ from P ) and computing F() is

O(n® 4+ dn* +n* +dnN) = O(n* + dnN) a.o.

When d < n < N, this cost is much smaller than the cost O(n?N) of computing F'(z)
at a “general position” point z = (Q,\) € Z.

2.2 A Generalized Bilinear Saddle Point Problem
2.2.1 The problem

Assume that we are given a single-parameter family of bilinear saddle point problems

SV(p) = min max ¢ (z1, 22) := @(21, 22) + p(21, 22), (9)
21€21 22€ 22
where p > 0 is a parameter and ¢(z1, 22), ¥(21, 22) are bi-affine in z; and z. The Gener-
alized Bilinear Saddle Point (GBSP) problem associated with this family is, by definition,
the optimization program

p« = max{p > 0:SV(p) <0} (10)

A highly desirable property of a GBSP problem, relative to our approach, is the convexity
of SV(p) as a function of p > 0. To ensure this property, we make from now on the
following assumption on the structure of (9):

[A.1] Z, = Z11 X Zy is the direct product of two convex compact sets, and
the bilinear functions ¢(z1, 22), (21, 22) in (9) are of the form

O(z1 = [z115 212, 22) = v+ (a1, 211) + (b, 22) + (22, Bz11), (11)
(21 = [z115 212], 22) = X+ (@12, z12) + (¢, 22) + (22, C212),

that is, ¢(z1, z2) and 1(z1, z3) as functions of z; depend each on its own “block”
of z1, and these blocks z11; and z15, independently of each other, run through
the respective convex compact sets Zy, and Zs.

6
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From now on, we denote by F”(z) = ®(z)+p¥(z) the affine monotone operator associated
with ¢ according to (3).

Lemma 2.1 In the case of A.1 the function SV (p) given by (9) is convez in p > 0.
From now on we assume, in addition to A.1, that

[A.2] Function SV(p) given by (9) is nonpositive somewhere on R ; and tends
to 400 as p — 400,

which implies solvability of (10) and positivity of p..
The goal. Given a GBSP problem (9) — (10) and a tolerance € > 0, our goal will be to
find an e-solution to the problem, that is, a pair p., z{ € Z; such that

pe > po and max (=5, ) < pee (12)
29€ 4o

We are about to point out several important application examples for GBSP problem.

2.2.2 Application example: ¢; minimization with ¢, fit
The problem of interest is

Opt = min { ] - | Az — b, <6} [A € R™") (13)

Different versions of this problem arise in sparsity-oriented Signal Processing and Com-
pressed Sensing. Setting z = pu, ||ull; < 1, we rewrite the problem equivalently as

1
—— = p, =maxqp: min |[Au—pb|l, —pd <0, 14
ou =+ = max{p: min fldu = o, b <0 (1)
or, which is the same as
1
— = p, = max () = min Au — pb — pov||ee <0 ¢
Oopt " {p (0= g By < 1 = b= 0l }

This is nothing but the GBSP problem (9) with SV (p) = ¢?(z), z € Z, given by

¢ (21(= [211; 212)), 22) = 23 L (Adpz1y — plb + d212])

Z1 = Agy, X i212 e R™ ZV||Z12||p < 1}/; Zy = Do, (15)
Z11 Z12

where we denote J, = [Ij, —I;], I} being k X k identity matrix. This problem satisfies
[A.1]; when [|b]|, > ¢ (otherwise the optimal solution to (13) is x = 0), the problem
satisfies [A.2] as well. The associated saddle value function is

_ - T 7T o
SV(p) N ergﬁé(m 211€A££1,1226212 [Z2 Jm (AJnZH p[b 6212])}
= max min min [w”(Au — plb+ d215))]

w=Jmz2, 22€QM2m u=Jnz1, 21€A2, 212€ 212

= max min min |w?(Au — p[b+ Jv])| = P(p).
[lwll1 <1 [Jul1 <1 [jv][p<1 [ ( /)[ D} (/))
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Suppose that we are given an e-solution p., 2§ = [2§;; 2],] to the problem (12), (15) with

1
e = em ». When setting x. = p-'J,25, and v. = 25, we get an approximate solution to
(13) such that

|zl < Opt & || Az — b, < [[6ve||p + |Az: — b — dv.||, < §+em'/? =8 +e.

Finally, we associate with z = [211; 219; 22) € Z = Z; X Z, distribution P, satisfying [P],
namely, as follows. Note that for z € Z, z1; and 2z are vectors from the standard simplices
and thus can be considered as probability distributions on the corresponding index sets
{1,...,2n}, {1,...,2m}. To generate ¢ = [(11;(12; (o] ~ P,, we draw at random index ¢
from the distribution z;; and make [(11], = 1 the only nonzero entry in (i;. (o is built
similarly, with z5 in the role of z11, and (y5 is nothing but z;5. It is immediately seen that
it takes just O(m+n) a.o. to generate a sample ¢ ~ P, and to compute the vector F*(().

It is worth to mention that in the important case p = oo the construction of the
GBSP which corresponds to (13) can be substantially simplified. Indeed, one can see
immediately that for p = co (14) is equivalent to the GBSP problem on the direct product

of just two unit ¢;-balls (since ||Az; — bl| = ”m”a><<1 2F(Az —b)). It is more convenient
22([1>

to pass from /¢;-balls to the standard simplexes, as it was done in the case of (15). The
resulting GBSP problem is given by

P (21, 29) = 28 JL Adpzy — p2d JED — pd,

16
7y = Zn = Do, Zia = {0}, Za = Agp, (16)

and satisfies [A.1] and [A.2] when 0 < ||b]|.

2.2.3 Application example: /; Support Vector Machine.

One of the “statistically solid” SVM models (see [4] and [16, Section 2.3.3|) is as fol-
lows. We are given a training sample — a matrix X € R™" with rows represent-
ing feature vectors, and a vector y € R™ with entries 1 representing labels. Setting
R = || X|« = max;; | X;;|, Y = Diag{y} and 1 = [1;...; 1] € R™, we want to solve the
margin optimization problem

Opt = max {p: [lwll; < 1,[[[p1 = V[Xw + 01l < B}, (17)

where [z]4 is the vector with coordinates [z;]4 := max][z;, 0]. We can convert this problem
into a GBSP one as follows. Observe first that

ol <1, [ull2<11<i<m

Opt = max<qp: min max [pl — Y[Xw + b1] — Rv]; < O}

p: min max u’ [pl — Y[Xw +b1] — Rv] < ()} .
[wl[1<1, [[v]l2<1,b uEARM

Assuming that the entries of y contain both 1 and —1 and setting AF = {u € A, : yTu =
0}, we have min max u’[pl — Y[Xw + b1] — Rv] = max u?(pl — Y Xw — Rv). Hence,
ue

m ueAl
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when setting w = J,s, we come to

Opt = max {p : min ~ max u’[pl — Y X J,s — Rv] < O}.

s€A2n, [[v||2<T ye At
We see that (17) is equivalent to the GBSP problem given by

¢ (21 = [211 = 83 212 = V], 20 = u) = u”[pl — Y X J,,s — Rv,
Zy = {[s;0] 15 € Doy, 0]l < 1}, Zo = A

Note that this problem clearly satisfies A.1 — 2. Besides this, v/m max;[z;]+ > ||[x]+]2,
so that an e-solution (p.,z{ = [s%v]) to the GBSP problem induces the approximate
solution (p., w® = J,s%, 6) to (17) such that

pe 2 Opt & [[[pcd = YV[Xw + b1)|i[l2 < R+ Vmpee,

whence (p.(1 — y/me), we, b%) is a feasible solution to (17) with the value of the objective
> (1 = y/me)Opt.

Finally, we associate with z = [217 = $; 2120 = v; 20 = u] € Z = Z; X Z5 a distribution
P, on Z = Z; x Zy defined as follows. To generate ¢ = [(11; C12; (2] ~ P., we pick at
random ¢ € {1,...,2n}, with Prob{s = i} = [z11];, 1 < i < 2n, and set (11 = e, ¢
being the basic orths in R?*". We always set (12 = v. To generate (y, we act as follows.
Let I = {i:y =1}, J={i:y; = —1}, and let p := >, ;u; = >, ;u; (recall that
>y = 0, that is, Y7, ;u; = > ;u;). Note that p < 1/2 due to 37", u; < 1. We
first flip a coin with probability 1 — 2p to get head; if head appears, we set (; = 0. If tail
appears, we pick at random ¢ € I with Prob{s = i} = w;/p, i € I, pick at random j € J
with Prob{y = j} = u;/p, j € J, and set {, = $[e, +¢,], e; being the basic orths in R™. Tt
is immediately seen that P, satisfies [P], and that it takes just O(m +n) a.o. to generate
a sample ¢ ~ P, and to compute the vector F*(().

3 Solving Bilinear Saddle Point Problem

We are about to present two randomized first order methods for solving BSPs and hence
will be utilized in solving GBSPs — the Stochastic Approximation (SA) and the Stochas-
tic Mirror Prox (SMP) algorithms, which are the randomized versions of the methods
proposed in [11] and [12] respectively. Both SA and SMP are directly applicable to a BSP
problem, and this is the situation we are about to consider here; the GBSP case will be
considered in Section 4.

3.1 The Setup

Both SA and SMP algorithms are aimed at solving a BSP problem (S). The setup for
these methods is given by

e anorm | - || on the Euclidean space E where the domain Z = Z; x Z, of (S) lives,
along with the conjugate norm ||(||. = max.j<i(¢, 2);

9
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e a distance-generating function (d.g.f.) w(z) which is convex and continuous on
Z, admits continuous on the set Z° = {z € Z : dw(z) # 0} selection w'(z) of
subgradient (here dw(z) is a subdifferential of w| ,, taken at 2), and is strictly convex
with modulus 1 w.r.t. || - |:

VY, 2" e Z° (W(X) — (), F =) > || - )R
We shall refer to the latter property as to compatibility of w(-) and || - ||.
A d.g.f. w gives rise to several important for us entities:
1. Bregman distance V,(u) = w(u) — w(z) — (W'(2),u — z), where z € Z° and u € Z;

2. Prox-mapping Prox,(§) = argmin, ., {({,w) + V.(w)} : E — Z°; here z € Z° is a
“prox center;”

3. “w-center” z, = argmin,., w(z) € Z° of Z and the quantities

Q=maxV, (z) < maxw(z) —minw(z), © = V2. (18)
z€Z zeZ zeZ
In the sequel, we set
R :=max]||z — z,| <6, (19)
z€Z
where the concluding inequality follows from the fact that for every z € Z one has
2z = zu]|* < V., (2) by strong convexity of w(-). We also denote by £ the (|| -], || - [|+)-
Lipschitz constant of F"
1F(2) = F(Z)l« = Az = )l < LIz = 2|l, V2,2 (20)
and set
M, = max |F(2) — F(2')|. <2RL < 20L, (21)
z'e
F. = max|F(). < lall. + M, < [all. +20L. (22)

3.2 The SA and SMP Algorithms

Assume we have access to an “oracle” O which, at i-th call (i = 1,2, ...), returns a vector
& € E (this vector can be random with distribution depending on previous calls and,
more generally, on the history of our computational process before the call). This oracle
gives rise to two conceptual algorithms:

(a) R T Rws {Zta gt} = {Zt-i-l = PrOXZt(’ytgt)a §t+l}a t= 1a 27
() 21 = 205 {26, S} > {wy = Proxe, (V1) S} > {2041 = Prox,, (Vebar), §ae11
t=1,2,..

(23)
here 71, 79,... are positive stepsizes defined in a non-anticipative fashion, that is,
depends on oracle’s answers obtained prior to step ¢ (i.e., 74 depends solely on &, ..., &1
in the case of (a), and solely on &, ..., {99 in the case of (b)). We refer to (23.a,b) as the
Stochastic Approximation (SA) and Stochastic Mirror Prox (SMP) schemes, respectively.
We will consider two implementations of these schemes, the basic and the advanced ones.

10
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3.2.1 Basic implementation

Recall that we have associated with (S) the affine operator F(z) : Z — E given by (3),
and with every point z € Z — a probability distribution P, supported on Z satisfying
E;.p.{C} = z. Suppose that

e the stepsizes 74 > 0 are chosen in a non-anticipating fashion such that v, > v > ...;
e in SA: (; is drawn at random from the distribution P,,, and & = F((,);

e in SMP: &, 1 = F(n) with n, drawn at random from the distribution P,,, and
& = F(() with ¢ drawn at random from the distribution P,,.

The approximate solution generated by the short-step SA/SMP in course of t =1, 2, ...
steps is

d=t") ¢ (24)
T=1

3.2.2 Advanced implementation

In Advanced implementation of SA and SMP, same as in the Basic one, the stepsizes
v; > 0 still are chosen in a non-anticipating fashion, but the restriction 7, > v > ... is
now lifted. To explain how the oracle is built, observe that if u € Z, then

Ecer {(F(C), ¢ —w} =0

(recall that F(z) = a + Az with skew symmetric A and that E..p, {(} = u). It follows

that given u and generating one by one independent samples n° ~ P,, s = 1,2, ..., one
with probability 1 eventually generates ( such that
(F(€),¢—u) <0. (25)

At step t of SA, in order to define &, the oracle draws one by one samples n° ~ P,,,
s = 1,2,..., until a sample (;, := n® satisfying (25) with u = z is generated; when it
happens, the oracle returns & = F'((;). At a step ¢t of SMP, the oracle is invoked twice,
first to generate £y, = F(n;), and then to generate &y = F((;). &1 is generated
exactly as in the basic implementation — by drawing a sample 7, ~ P,, and returning
&1 = F(n). To generate &y, the oracle draws one by one samples n® ~ P,,, s = 1,2, ...,
until a sample (; = n® satisfying (25) with u = w; is generated; when it happens, the
oracle returns & = F/(().

Finally, in the advanced implementation we replace the rule (24) for generating ap-
proximate solutions with the rule

t
1
RIS (26)
Zi:1 Yr ;

11



O©CO~NOOOTA~AWNPE

3.2.3 Quantifying quality of approximate solutions

Observe that by construction at a step 7 both (, and F((;) become known. Recalling
that F'is affine, it follows that after ¢ steps we have at our disposal both the approximate
solution z' = [21; z4] and the vector F(z'). As a result, with both Basic and Advanced
implementations of both SA and SMP, after ¢t = 1,2, ... steps we have at our disposal the
quantities

B24) = v+ (ar, 24) + max (s, ~Fa(a), 6(24) = v+ az, 4) + min (2, Fi(4) (27)
(see (3)) and consequently we know the residual egq(2!) = ¢(2') — ¢(z*) of the current
approximate solution zf. As we shall see in Section 4, this feature of our algorithms
becomes instrumental when solving GBSP problems.® This is in sharp contrast with the
prototypes of the SA and the SMP proposed, respectively, in [13, Section 3.3] and [9].
The approximate solutions z' of those algorithms were computed according to the formula
(26), but with 2, [13] or w, [9] in the role of (.. As a result, in the prototype algorithms
there is no computationally cheap way to quantify the quality of approximate solutions.

3.2.4 Efficiency estimates for Basic implementation

The accuracy bounds for Basic SA and SMP algorithms are given by the following

Proposition 3.1 Let the BSP problem (S) be solved by the short-step SA or SMP algo-
rithm with positive stepsizes vy, > Yo > ... chosen in a non-anticipative fashion. Then

(i) For everyt > 1, for both SA and SMP one has

t t
Esad(Zt) S t_l [fyt_lQ —+ Rt + Stj| s Rt = ZTT, St = ZST, (28)
T=1 =1
where
B (F(Ct), G — 2z) in the case of SA,
= (F(Ct), ¢ —wy) in the case of SMP,
B (F(&), 2 — ze41) — 7 'V (2i41),  in the case of SA,
S (F(Ct)7 Wy — Zt+1> - Vt_l‘[zt(ztﬂ)a in the case of SMP.
We have
. < LIF(CHIZ, in the case of SA, (20)
PO LF(G) - F(m)ll2 - %%Hwt — %]|?, in the case of SMP,
with
L2 in the case of SA
2 Lk )
St S { LM?, in the case of SMP. (30)

30f course, computing the quantities in (27) is not completely costless; note, however, that the cost
of this computation is dominated by the cost of computing the prox-mapping(s) at a step and thus is a
small fraction of the overall computational effort.

12
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In particular, if the stepsizes v, > 0 satisfy Sy < Q/y, t = 1,2, ..., then

caa() < 22 (31)
(ii) Further, E{R:} =0, and in the case of SMP, under additional assumption that
% < (V3L)T, (32)
we have
o< T 1A — w2 + [ Al — 2], (33)
so that E{s;} < 3v;02, where
7 = sup B, (A - DI} < M2 31
In particular, if the stepsizes v, > 0 satisfy E{S;} < Q/y fort =1, 2, ..., then
202
E{ena(2')} < T

The bound of Proposition 3.1 allows to easily conceive stepsize policies. Let us start
with offline policies, where 7; are chosen in advance deterministic reals. If the number
of steps N is fixed in advance, one can use constant stepsizes 1 = ... = yv = 7. In
particular, when choosing

1 /20 .
=\ W in the case of SA  (a)

T in<l /2 1 in th f SMP (b
min§ -1/3x5, 75z (> 0 the case o (b)

(by (30), (22) this choice implies that E{S;} < Q/v;, 1 <t < N), Proposition 3.1 implies
the efficiency bound

(35)

Fo /&, in the case of SA  (a)

E{Esad(zN)} <
max {20, 5L 2\/_%} , in the case of SMP (b)

(36)

When the number of steps is not fixed in advance, one can use the decreasing stepsizes

Fi\/g , in the case of SA,
YVt 2 1, Yt = ) (37)
min {%\/27 ﬁ} , in the case of SMP,
which result in the accuracy bound
2F /2, in the case of SA  (a)
Vi > 1, E{ena(z")} < (38)

max{QaM?, @} , in the case of SMP ()

completely similar to (36).

13
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3.2.5 Online stepsize policies

From theoretical viewpoint, the main advantage of the outlined versions of SA and SMP
with the “theoretically optimal” offline stepsize policies (35) and (37) are the explicit (and
in fact — the best known under circumstances) efficiency estimates (36), (38). While
they may appear attractive also from the practical viewpoint because of their apparent
simplicity, their use may present several disadvantages: the quantity o involved in the
stepsize computation may not be available at hand and should be evaluated. Besides this,
these policies are offline and worst-case oriented; we would prefer more flexible on line
adjustable stepsizes.

A natural way to adjust the stepsizes online would be to choose at each step ¢t > 1 the
largest 7; < 71 ensuring the balance Q/~, > S;, and thus the bound (31). This idea
cannot be implemented “as is,” since the stepsize policy should be non-anticipative, while
s; is not yet available when ~; is computed. This difficulty can be easily circumvented by
using instead of s, its a priori upper bound, which is either ¥ F, for the SA algorithm or
%Mf for the SMP, see (29). Specifically, consider the online policy of choosing ~;, t > 1
as follows:

2 .
02 — { 23" 1% s, |4 + F: in the case of SA, (39)

23 4 s,]s +8QL? in the case of SMP,

where we set S2°_, 77 ![s-]; = 0. With this policy, one clearly has v, > v, >

Proposition 3.2 Let positive stepsizes vy, t = 1,2, ... of the Basic SA/SMP implemen-
tation be chosen according to (39). Then the approximate solution z' satisfies

(1+\/§)Q+&‘

t
€sad(2) <
d( ) I t

(40)
As a consequence, we have

t

esaa(2!) < <1+f (895%27 s T) By (41)

t

< 0Ly My w\/ztﬁll G, in the case of SMP (b)

(1+\/5)\F (F2 + Z LILF(C )|| 1/2 + B in the case of SA  (a)
1/2

where

& =3 [|1F(G) = Flw)lZ + 1 F(ne) — F(z)I2] - (42)
Recalling that E{R;} = 0 and E{¢,} < 602 (see (34)), we arrive at
Corollary 3.1 Under the premise of Proposition 3.2, for the SMP algorithm one has

TOL 6\/50
E{€sa < — .

(el < 5+ 25
Note that the bounds (41.a) and (43) within an absolute constant factor coincide with the
respective bounds in (38), that is, our online stepsizes policy (which, in contrast to (37),
does not require knowledge of o) is not worse that the “theoretically optimal” stepsize

policies underlying (38).

(43)

14



O©CO~NOOOTA~AWNPE

3.2.6 Discussion

Since F, > RL > 0/2 (cf. (19)), the SA efficiency estimate (38.a) is at most within an
absolute constant factor better than the corresponding estimate for the SMP. Besides
this, the SMP bound (38.b) says that when the noise level o of the oracle is small enough

(specifically, 0% = O (QTEQ)), then E{eqa(2')} < O(1)2%, which, modulo expectation of

the residual instead of the residual itself, coincides with the best known so far efficiency
estimate of the deterministic first order algorithms solving bilinear saddle point problems.
On the other hand, we do have a possibility to make o small. The trivial way to do so
is to use P, = 0., which results in ¢ = 0 and makes SMP a version of the Deterministic
Mirror Prox algorithm (DMP) proposed in [12]. Another, more attractive, option to
control o is as follows. Given the family of distributions P, supported on Z and such that
E..p.{C} = z, and a positive integer k, we can convert P, into the family of distributions
P™ with the same property as follows: in order to generate a random vector ( ~ PP

and to compute F({), we draw a k-element sample (%, ..., ¢* from the distribution P.,
compute F(¢'), ..., F(¢*) and then set ¢ = 1 3% (7 so that

If, as in the examples of Section 2, drawing ¢* ~ P, and computing F(z") is much cheaper
than computing F(z), the outlined procedure with a “reasonably large” value of k is still
significantly cheaper than the direct computation of F'(z). At the same time, for “good

?vlr—‘

enough” norms || - ||, passing from P, to P¥) can significantly reduce the noise level
o. Specifically, given a norm || - ||, on a finite-dimensional Euclidean space F, one can
associate with it its regularity parameter s > 1 (see Section 2.2, [8] for details) to ensure
the following: whenever k > 0 is an integer and &', ..., ¥ are independent vectors from F
with E{¢'} = 0 and E{||¢'[[} < of and a = maxa;, for & = LS~ & it holds

k

I} < min |75 D <min[1. 7]

Suppose now that when running SMP we sample (;, 1, from the distributions PY for
some k > 0. It follows that if || - ||, is s~-regular with certain s, then, passing from P,
to Pt = P® | we can reduce the “original” value of ¢ to the value o+ = min[l, \/%|o
We shall see in a while that in the applications we have mentioned so far, s is “small”
— at most logarithmic in dim Z. The bottom line is that there is a tradeoff between the
computational cost of a call to a stochastic oracle and the noise level o. Consequently, in
the case of SMP, it is possible to tradeoff the computational effort per iteration and the
iteration count to obtain an approximate solution of the desired expected quality, and we
can use this tradeoff in order to save on the overall amount of computations. This option
(which is the major advantage of SMP as compared to SA) is especially attractive when
among the two components of our computational effort per iteration — one related to

15
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computing 1, (;, F'(n;) F((;), and the other aimed at computing the prox mappings — the
second component is essentially more significant than the first one. In such a situation, we
basically can only gain by passing from P, to P™ with k chosen to balance the outlined
two components of the computational effort.

3.2.7 Large deviations

In the above efficiency estimates, say, in (43), we upper-bounded the expected inaccuracy
of approximate solutions z'. In fact, one can get exponential upper bounds on probabilities
of large deviations for the inaccuracy of the approximate solution. Though we do not
need such bounds to access the inaccuracy of solutions, they are still useful to provide

theoretical guarantees for the complexity of our algorithms (cf. Theorem 4.1 in the next

section).

For the sake of definiteness, when presenting large deviation results, we restrict our-
selves to the SMP algorithm and the stepsize strategy (39). Note that one can easily
derive a deviation bound from the bound (43) on the expectation of €g,q(2") in the previ-
ous section. Indeed, let us fix the number ¢ of iterations, run the algorithm m times and
select the best, in terms of €g,q(-), of the resulting approximate solutions. The probability
that for this solution eg,q(-) is worse than, say, twice the right hand side of (43) is at
most 27 and thus can be made negligibly small with quite moderate values of m.

We also have the following bound on the deviations of the algorithm without restarts:

Proposition 3.3 Assume we are solving problem (S) by Basic implementation of SMP

where ¢, 1y are sampled from the distributions Pz(k), k > 1 being a parameter of the
construction. Assume also that the norm || - ||« is »-reqular, and the online stepsize policy
(39) is used. Then there are absolute constants Ko, Ky such that the approximate solution
2t satisfies for allt > 1 and X\, A >0

0L | (kA)OL
t Vit

Prob {esad(zt) > K,

A
+©([lall. +©L) E” <M (44)

where ».(k, ) = \/minlk, (3 + A)]. In particular, one has for all € > 0:

Prob{ea(zY) > e} < e ™™ 4 e for N > N., where
N. = K, Ceil (max [@255—1’ ”’%(k’A)@%Q, (”“|‘*+@£)2®2A]) . (45)

ke2 ke?

3.3 Efficiency estimates for Advanced implementations of SA
and SMP

The efficiency of Advanced implementations of SA and SMP stem from the following
result (we use the notation from section 3.1):
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Proposition 3.4 Let the BSP problem (S) be solved by the advanced-step SA or SMP
algorithms. Then for everyt > 1, for both SA and SMP one has

Q+ZTT+ZST], (46)

Esad(zt) S F [Q + Rt + St =

where

t
Iy = 2777
=1
Ye(F (), ¢ — 2) in the case of SA
Y(F(¢), ¢ —wy) in the case of SMP

6 — [V (F (), 2e — 2e01) — Vi (2e41)],  in the case of SA
' Vel F(¢),we — zg01) — Vi (2021)] s in the case of SMP

Tt

with r, <0 and

ﬁ 2 < ﬁ 2 .
s < { s IF (G < 5 F7, in the case of SA (47)

ZNF(G) — F)ll2 = Llwe — 2|2 < M2, in the case of SMP.

In order to extract from (46) explicit efficiency estimates, we need to specify a stepsize
policy. In this respect, the advanced implementations offer more freedom than the basic
ones, since now we should not ensure neither the martingale property of the random sums
R;, nor the monotonicity of the stepsizes. One option here is to use constant stepsize

policy
2Q) L in the case of SA
L o <t<
i N { Mi*, in the case of SMP ~ DS

As it is easily seen, with this policy, (46) results in efficiency estimate (cf. (38))

F, , in the case of SA  (a)

Vi >1, E{eaa(z)} <O(1)
RL %, in the case of SMP  (b)

(48)

Our preliminary experiments, however, suggest to equip the advanced implementations
of SA and SMP with the online stepsize policy as follows. Let us set

5t_—, 25 [< ©%(1 +1Int)] (49)

and let us choose 7, according to the “greedy” rule (the larger, the better) under the
restriction that for all t = 1,2, ... it holds

Rt ‘|— St S St*7 (*t)
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see (46). Specifically, assume that we have already carried out t—1 steps of the algorithm
ensuring the relations (x,), 7 < t — 1, and are about to define ; in order to carry out
step ¢ and to ensure (%;). At this time, we know R, ; < 0 and S;_;, same as know for
sure that whatever be our choice of v, > 0, we would have

F2 .
= the case of SA
Ri—R1=1<0, S;—S_1=5 <0+, 6= 2. mn
e Coom =T {—JVQ[E§2£2R2, in the case of SMP

(see (47)). Thus, we can be sure that S; + Ry < [S;_1 + Ry_1] + 677, meaning that when
choosing

= VISf = Si1 — RiA]/0 (50)
we guarantee the validity of (%;) and the inequality 7, > /0;/60. This observation com-
bined with (46) and (*y) implies that
©%/2+ Ry + Sy - O(1)e*(1+InN)

R SARRVCR A SANVER

OF,N~'2 in the case of SA,
< O)1+InN)- { ORLN-Y2  in the case of SMP.

YN >1: €na(2V)

(51)

Observe that (51) is, within the logarithmic in N factor O(1)(1 +1In N), the same as the
bound (48). In fact, we could somehow reduce this logarithmic gap by modifying s}, but
we do not think this is necessary; we may hope (and the experiments to be reported in
Section 5 fully support this hope) that “in reality” the rule (50) is much better than it is
stated by the above worst-case analysis. The rationale behind this hope is that while we
indeed are conservative when thinking how large could S; —S;_1 be, we account, to some
extent, for the “past conservatism:” when S;_; + R;_; is essentially less than S}, v; as
given by (50) is essentially larger than its lower bound used in the complexity analysis.

Finally, we remark that the major theoretical disadvantage of the efficiency estimate
(51) as compared to (38) is much more serious than an extra log-factor. While with the
basic implementation, in course of N steps the stochastic oracle is called O(1)N times,
the number of oracle calls in course of N steps of the advanced implementation is random
and can be much larger than O(1)N; it is unclear why it should be O(1)N even on
average. Though for the time being we cannot support the empirical evidence by a solid
theoretical complexity analysis, in our experiments the advanced implementation by far
outperformed its basic counterpart.

3.4 The Favorable Geometry Case

We are about to present the “favorable geometry” case where we can point out the setup
for SA/SMP which results in (nearly) dimension-independent efficiency estimates. Specif-
ically, assume that

[G.1] The domain Z of (S) is a subset of the direct product Z* = By X .... X B,y of
r = p+ q “standard blocks” as follows:

e for 1 <i < p, B;is the unit Euclidean ball in F; = R";
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o for 1 < j <gq, B, is asubset of the space Fj,,; of n,.; Xn,4; (n,4; > 1) symmetric
block-diagonal matrices of a given block-diagonal structure and is the spectahedron
of Fp,y;, that is, the set of all positive semidefinite matrices from Fj,;; with unit
trace.

In particular, B,; can be the standard simplex {z € R% : >~ , 2, = 1} (since the
space of diagonal k x k matrices can be naturally identified with RF).

We equip F; = R™, ¢ < p, with the standard Euclidean structure and the associated
Euclidean norm || - [|;), and Fp,;; — with the Frobenius Euclidean structure and the trace-
norm (the sum of singular values of a matrix) || - ||(p+;). In particular, the embedding
space B = I} x ... x F, of Z* becomes equipped with the direct product of the indicated
Euclidean structures. Note that the norm || - [/;.) conjugate to || - ||(; is either the norm
| - [|s) itself (this is so when ¢ < p), or is the standard matrix norm (maximal singular
value of a matrix) (this is so when ¢ > p). We denote a vector form on E as © = [z1; ...; 2],
where x; is the Fy-component of x.
G.2. The decomposition Z = Z; x Zy C E; x Fy is compatible with the decomposition
7 = By x ... x B,, that is, E; is the direct product of some of Fy, 1 < ¢ < p+ q, and E,
is the direct product of the remaining F;. Besides this, we assume that Z intersects the
relative interior of Zt.

We refer to this case as to the one of favorable geometry and associate with this case
the setup for SA and SMP as follows (cf. [12, Section 5]):

e The skew-symmetric linear mapping A (see (3)) can be written down as

Alzy; ..z ZA”:E],...;XT:A”%],
j=1

where A% is a linear mapping from Fj to F; and [A"]* = —A7". We denote by L;; an
a priori upper bound on L}; := maX{HA”%H @0 * ill) < 1} such that L;j; = Lj;.*

J

e Further, we set

<p

= ( )) By — R, Qp+]—21n(n]) 1<5<q

an Ae (xpﬂ) In

where A;(u) are the eigenvalues of a symmetric matrix u taken with their multi-
plicities. It is known that wy(-) is a d.g.f. for By compatible with the norm || - ||,
1< <r.

1
=
Wp+j (xpﬂ) (

e Finally, we define the norm || - || on £ and the d.g.f. w(-) for Z according to

1 Z] 1 Lej /8 - -

fte = cimll = D pellwel?y, wl@) = pewe(),
w ILUVQQ =1 =1

(52)

The latter restriction is natural, since Ly; = L; due to [AY]* = — A",
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which results in

Q<L R<O<VR L= Ly /%, (53)

1,7=1

see [12, Section 5].

Remark 3.1 From the results of [8] it follows that the norm |||, = \/Zzzl pg 1€l s

w-reqular (see discussion in Section 3.2.4) with nearly dimension-independent >, namely,
»x=3 max In(np;).

Note that the applications presented in Sections 2.2.2 and 2.2.3 are of favorable geometry;
the same is true for the low dimension approximation problem of Section 2.1.3 after passing
from the variable () to the variable R = d~'(Q.

4 Solving the Generalized Bilinear Saddle Point Prob-
lem

Here we explain how a GBSP problem (9) — (10) can be reduced to a “small series” of
BSP problems; the strategy to follow originates from [10]. From now on we assume, in
addition to A.1-2, that we have an a priori upper bound p on the optimal value p, of (10).
For example, it is immediately seen that when finding an e-solution to ¢; minimization
problem with £, fit (Section 2.2.2) in the only nontrivial case ||b||, > 0 relation (13) implies

that
1A

pi= o > pi= o,

1bllp =0 Opt

where A, ..., A, are the columns of A. In particular, when finding an e-solution to ¢,
minimization problem with the uniform fit in the only nontrivial case ||b||o > d we have

I 1
e R TR—— % T T, A 0o — AZ ;
P =T 2P o Al = max 4] (55)

1Al = max [ A;]],. (54)

For the sake of definiteness, we assume that we are in the Favorable Geometry case,
and that the decomposition Z = Zy; X Z15 X Zy C E, see (11), is compatible with the
decomposition £ = F; x ... x F,., that is, the embedding spaces of Zy;, Z15 and Z; are
products of some of F}’s. To save space, we restrict ourselves with the SMP algorithm;
modifications in the case of SA are straightforward.

The algorithm solves the problem of interest (10) by applying to SV(:) a Newton-
type root finding routine, with (approximate) first order information on SV at a point p
given by SMP as applied to the saddle point problem specifying SV(p). Specifically, the
algorithm works stage by stage. At a stage s, we have at our disposal an upper bound p,
on p, and a piecewise linear function ¢;_1(p) which underestimates SV(-):

SV(p) > Ls-1(p) Vp > 0.
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here p; = p, {y = —o0. At a stage, we apply SMP to the BSP problem
Sv(ps) = min max ¢” (Z17 Z2) (Ss>

21€21 22€ 22

namely, act as follows.

A. We start stage s with building the setup for SMP as explained in Section 3.4. The
affine operator associated with (S;) is

Frs(zy = (2113 212), 22) = P21, 22) + ps ¥ (21, 22)
= [lann + B*2; ps(a1a + C*23)] ; —b — Bzy1 — ps(c + Cz19)],

see (9), (11). In matrix A = Aj of the linear part of F*+, some blocks A” are independent
of ps, while the remaining blocks are proportional to ps. Consequently, the Lipschitz
constant of s as given by (53) is

L=L(ps) =M+ pN, M;N >0. (56)
An analogous decomposition holds for vector a = a:

||a'||* :M+psya ,U, v 2 O

B. We apply to (S;) either the basic, or the advanced implementation of the SMP. When
running the basic SMP, we use the distributions Pz(k), see Section 3.2.4 (here k > 1 is
a parameter of the construction) and use the online stepsize policy (39), where we set
L=M+ pN and Q =1 (see (53)). When (S) is solved by the advanced SMP, we use
the online stepsize policy (49) — (50), with © = /2 in (49).

B.1. Let 2" = [z, 2Y] be the approximate solution to (S;) generated after ¢ steps of
stage s; recall that along with this solution, we have at our disposal the quantities

—ts
¢ = IMaX,,ez, ¢ps (Zis7 22) =U+ <CL11, Zﬁ> + pS[X + <a127 Z%)]
+ minngZz <227 b + PsC + Bzisl + pCZ§S2>7

Pts
N

P = min, ez ¢P* (21, 25) = v+ (b, 25°) + min,, ez, (a1 + B2, 211)

(57)

qts
N

7 N

+ps [F 4 (e, 25°) +ming ez, (a2 + C725, 219)]
(cf. (27) and see (9), (11)). We set

ts TS gts TS o

u = 1’7I_1S11;l¢ ’ S If_l%g(? ) ets(ﬂ) - manS—l(p% lnglf_i%{t[st + QTsp]]

Note that u'® is a nonincreasing in ¢ upper bound on SV(ps), ¢** is a nondecreasing in
t lower bound on SV(ps), and f(p) underestimates SV(p) for all p > 0. In addition,
lis(ps) > (*. Note also that after ¢ steps we have at our disposal vectors w!* € Z,

wk € Zy such that

max ¢ (w®, ) = u’* < ¢, mi? ¢ (21, wy)

ts ts
> ¢,
290€Zo 21€21 -
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meaning that w' = [w!®; wk] is a feasible solution to (S;) and €gq(w') = u' — 1% <
—ts

¢ - ¢t$ = Esad(zts)-

B.2. We proceed with solving (S,) until one of the following two situations occurs:

A) We get u'* < eps. In this case we terminate with the claim that p,, w!® is the desired
e-solution to (9) — (10).

B) We get ¢ > 34, When it happens, we set

per = max{p: lis(p) < O}, £s(-) = lis(:) (58)

and pass to the stage s + 1.
Theorem 4.1 When solving a Generalized Bilinear Saddle Point problem (9) — (10) by
the outlined algorithm:

(i) The algorithm terminates in finite time with probability 1, and the resulting solution
s an €-solution, as defined in Section 2.2, to the GBSP problem in question;

(ii) The number of stages does not exceed the quantity O(1)In <W + 2) , where

[flloc = maxzez [¢(2)], [¢]lec = max.cz [2(2)], see (9).
(iii) The (random) number Ny of steps at every stage s of the basic implementation

satisfies for all € > 0 the relation
Prob{N, > N(e)} < e N 4 ¢,

where

N(e) = O(1)Ceil 0. ? 0. — 0.

k
The number of steps at every stage of the advanced implementation of the algorithm does
not exceed

2 2 2

(60)

M+ p N + 2¢p, W (M o N+ 2ep, \ 17
€Px €Px .

M) = 000 |

For proof, see Section A.4.

In the case of ¢; minimization problems with uniform and ¢, fits, Theorem 4.1 as
applied to the basic implementation of SMP with & = 1, initialized according to (55),
resp., (54), after completely straightforward computations implies the complexity bounds
stated in Proposition 1.1. The preprocessing mentioned in item (ii) of Proposition is as
follows: we choose an m x m orthogonal matrix U with moduli of entries not exceeding
O(1)/+/m and such that multiplication of a vector by U takes O(m Inm) operations (e.g.,
U can be the matrix of the Cosine Transform). We then draw at random a +1 vector
¢ from the uniform distribution on the vertices of the unit m-dimensional box and pass
from the data [A,b] to the data

[A" = UDiag{¢}A, V' = UDiag{¢}0],
thus obtaining an equivalent reformulation of the problem of interest. Note that this

preprocessing costs O(1)mn In(m) operations. We clearly have ||A’||12 = ||A||12. Applying
the Hoeffding inequality, it is immediately seen that with probability > 1 — y one has

A |l1.00 < O(1)y/In(mn/x)m=Y2|| A1, that is, ['(A") < O(1)4/In(mn/x), as stated in

Proposition 1.1.
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5 Numerical Results

Below we report on a series of numerical experiments aimed at comparing the perfor-
mances of the Stochastic Mirror Prox algorithm SMP (in its advanced implementation)
and its prototype — Deterministic Mirror Prox algorithm (DMP) proposed in [12]°. The
algorithms were tested on the GBSP problems of ¢/; minimization with uniform and /¢,
fits, see Section 2.2.2.

Test problems we use are of the “Compressive Sensing” origin. Specifically, given the
sizes m,n of a test problem, we picked at random an m x n matrix B with i.i.d. entries
taking values £1 with probabilities 0.5, and a sparse (with Ceil(y/m) nonzero entries)
“true signal” z, normalized to have ||z.||; = 1, thus giving rise to the test problem

Opt, = min {lal : [ A ~ yll, <8}, A=m™#B.y= Az +€  (B)

where p = oo (uniform fit) or p = 2 (¢y fit). The “observation noise” ¢ was chosen at
random and then normalized to have ||£||, = §. Our goal is to solve (P,) within accuracy
€, i.e., to find z, satisfying ||z.||; < Opt, and ||Az. —y||, < § + € In all our experiments,
0 = 0.005 and € = 0.0025 were used.

Implementation of the algorithms. The GBSP reformulations of problems (FP,) were
solved by SMP (in advanced implementation) and DMP according to the scheme presented
in Section 4. In the case p = oo of uniform fit, both SMP and DMP used the GBSP
problem reformulation given by (16). In the case p = 2 of ¢y fit, SMP used the GBSP
reformulation (15), while DMP was applied to the GBSP problem stemming directly from
(14) with p = 2, namely, given by

¢p(21722) = Zg(Aanl — pb) — p5, Zl = le = Agn, ZQ = {HZQHQ S 1} (61)

The rationale here is that the GBSP given by (61) “by itself” is easier than the GBSP
given by (15): an e-solution to the latter problem induces straightforwardly an e-solution
to the former one, but not vice versa. As a compensation, the problem (15), in contrast
to (61), is better suited for randomization®. The latter fact, which is crucial for SMP,
is irrelevant for DMP, this is why we apply this algorithm to the GBSP given by (61).
In order to make a fair comparison, when running SMP for /y-fit, we terminate the run
based on the ¢s-residual of the solution.

In our implementations, we have tested different policies for choosing the starting
point at each stage and different choices of the distance generating function (d.g.f.) for

°DMP is nothing but SMP with precise information (i.e., P, is the unit mass sitting at z) and on-line
stepsize policy described in [12, Section 6].

SIndeed, in the second problem all nontrivial matrix-vector multiplications required to compute F*(z)
are multiplications of vectors from the £;-balls by A and A”’; since a vector from ¢1-ball is the expectation
of an extremely sparse (just one nonzero entry) random vector taking values in the same ball, the required
matrix-vector multiplications admit cheap randomized versions. In the first problem, some of the required
matrix-vector multiplications involve vectors from the || - ||2-ball, and such a vector typically cannot be
represented as the expectation of a sparse random vector taking values in the ball.
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the simplexes. Specifically, along with the entropy d.g.f. discussed in Section 3.4, we tested
the power d.g.f. w(z) = 75 S {r e R Y <1 — R, with k = m(ln);
the theoretical complexity bounds associated with this choice of d.-g.f. coincide, within
absolute constant factors, with those for the entropy. The best policies we ended up with
are as follows:

— for SMP: entropy d.g.f., restarts from the w-center of Z (“COOE” implementation);
— for DMP, in the case of uniform fit: power d.g.f., restarts from the convex combination
of the best (with the smallest €g,q) point found so far and the w-center of Z, the weights
being 0.75 and 0.25, respectively ("B75P” implementation);

— for DMP, in the case of lo-fit: power d.g.f., restarts from the convex combination of
the last search point of the previous stage and the w-center of Z, the weights being 0.25
and 0.75, respectively ("L25P” implementation).

When implementing SMP, we utilized the option, discussed in Section 3.2.4, of building
an estimate F(() of F(z) by generating k samples (* ~ P,, ¢ = 1,....k, and setting
(= %Zif:l ¢’. The “multiplicity” k was set to 40 for small instances and 100 for large
(those with at least 10® nonzeros in A) instances.

The MATLAB 7.10.0 implementation of the algorithms was executed on an eight-core
machine with two quad-core Intel Xeon E5345 CPU@2.33GHz, 8 MB L2 cache per quad-
core chip and 12GB FB-DIMM total RAM (the computations were running single-core
and single-threaded).

The results, I. In order to avoid too time-consuming experimentation, we primarily
dealt with “moderate size” test problems. These problems were split into four groups
according to the total number of nonzeros in A (2-10°, 8-10°, 32106, 128 - 10°). Every
group was further split into two subgroups according to the ratio n : m (8 and 2). For
every one of the resulting pairs (m,n), we generated 5 instances of problem (FP) and 5
instances of problem (P, ) and solved them by DMP and SMP. Thus, the methods were
compared on totally 70 problems split into 14 series of 5 experiments each, with common
for all experiments of a series sizes m,n and the value of p. The results are presented in
Tables 1 (uniform fit) and 2 (¢5 fit). For every series of 5 experiments, we present the cor-
responding minimal, maximal and average values of several performance characteristics,
specifically

e CPU — the CPU time (sec) of the entire computation

e Calls — the total number of computations of the values of F’

e FCalls — the equivalent number of calls to the deterministic oracle for the ran-
domized algorithm. This quantity is defined as follows. For DMP, computing a value of
I at a point reduces to a pair of matrix-vector multiplications, one involving A and the
other one involving AT the cost of this computation is 2mn operations. For SMP in-
voked with multiplicity %k (see above), the computation of (an unbiased estimate of) F'(z)
requires multiplying one vector with < k nonzero entries by A, and another vector with
< k nonzero entries by AT, the total cost of these two computations being k(m + n) op-
erations. Thus, the “deterministic equivalent” of the randomized computation of F' used
by SMP is kmtn) = The quantity FCalls is the induced by this definition deterministic

2mn
equivalent of all randomized computations of F'in a run of the SMP.
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The data in Tables 1, 2 suggest the following interpretations:

1. As the sizes of instances grow, the randomized algorithm eventually outperforms
its deterministic counterpart in terms of the CPU time, and the corresponding
“savings” grow with the size m x n of the instance, and for instances of a given size
— grow as the ratio n/m decreases. Both phenomena are quite natural: the larger
is mn and the smaller is n/m > 1 for a given mn, the smaller is the deterministic

equivalent A2 of a randomized computation of F.

2. Even for our “not too large” test problems, the savings stemming from randomiza-
tion can be quite significant: for the 8000 x 16000 instances, SMP is, at average,
nearly 4.6 times faster than the best version of DMP for problems with uniform fit
and 2.0 times faster than DMP for problems with /5 fit.

When interpreting the CPU time data one should keep in mind that oracle calls of
DMP make use of very efficient MATLAB implementation of matrix-vector multipli-
cation, while SMP relies upon much less efficient (with respect to, e.g., C language)
implementation of long DO loops.

3. The advantages, if any, of SMP as compared to DMP are more significant in the
case of uniform fit than in the case of /5 fit. This phenomenon is quite natural: as
we have already explained, in the case of /5 fit the methods are applied to different
GBSP reformulations of (FP,), and the reformulation DMP works with is easier than
the one processed by SMP.

The results, II. In order to get impression of what happens when the matrix A in
(P,) is too large to be stored in RAM, we carried out two experiments where the goal
was to solve the ¢; minimization problem with uniform and with ¢, fits and fully dense
(m = 32000) x (n = 64000) matrix A given by a simple analytical expression. This
expression allows to compute a column/a row of A with a given index in O(m), resp.,
O(n) operations. Matrix A = A, was normalized to have ||A[[;, = 1. While the sizes
of A make it impossible to store the matrix in the RAM of the computer we used for
the experiments, we still can multiply vectors by A and AT by computing all necessary
columns and rows, and thus can run DMP and SMP. In our related experiments, we
generated at random a sparse (64 nonzeros) “true” signal x, € R with |z,||; = 1,
computed y = Az + &, &, ||£]|, = = 0.005, being observation noise, and ran DMP
and SMP in order to find an e-solution z., € = 0.0025, to the resulting problem (P,); in
particular, we should have ||z.|[; < ||z«|i =1 and ||Az. — || < d + € = 0.0075. In every
experiment, each of the methods was allowed to run at most 7,200 sec. The results are as
follows.

e In the allowed 7,200 sec, the deterministic algorithms on every one of the two test
problems (p = 2 and p = c0) was able to carry out just about 30 steps with the total
of about 67 computations of F'(-); this is by far not enough to get meaningful results,
see Table 3. In contrast to this, the numbers of steps and randomized computations
of F' carried out by the randomized algorithm in the same 7,200 sec was in the range
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Figure 1: DMP-based (left) and SMP-based (right) recovery of sparse signals in the

32,000 x 64,000 experiment, entries vs. their indexes. Circles: x,; crosses: recovery.

of tens of thousands, which was enough to fully achieve the required accuracy for

both p = 0o and p = 2.

e While the quality of approximation of x, by the solution yielded by DMP is basically
nonexisting, the SMP produced fairy reasonable approximations of x,, see Table 3

and Figure 1.

In our opinion, the preliminary numerical results we have reported suggest that “accelera-
tion via randomization” possesses a significant practical potential when solving extremely

large-scale convex programs of appropriate structure.
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DMP SMP
H Sizes H Calls | CPU | Calls \ FCalls \ CPU chgﬁ’s%%}; g{;gvggg H
500 x 4000 Mean (CO0E) || 2661.6 | 106.6 || 10511.0 | 236.5 | 57.2 11.25 1.87
Min (COOE) 1683.0 | 50.0 | 8159.0 | 183.6 | 34.0 9.17 1.47
Max (COOE) | 4395.0 | 179.4 || 11783.0 | 265.1 | 83.4 16.58 2.15
Mean (B25P) | 1453.4 | 104.1 6.15 1.82
1000 x 2000 || Mean (CO0E) | 1830.8 | 64.0 || 10568.8 | 158.5 | 42.9 11.55 1.49
Min (COOE) 1344.0 | 41.0 | 8434.0 | 1265 | 28.8 10.62 1.42
Max (COOE) | 2507.0 | 91.5 || 11576.0 | 173.6 | 70.4 14.44 1.30
Mean (B25P) | 1530.6 | 97.9 9.65 2.28
1000 x 8000 || Mean (CO0E) | 2338.0 | 227.9 || 12406.6 | 139.6 | 113.2 16.75 2.01
Min (COOE) 1453.0 | 119.4 | 11579.0 | 130.3 | 88.2 11.15 1.35
Max (COOE) | 2739.0 | 370.2 || 13895.0 | 156.3 | 168.9 17.52 2.19
Mean (B25P) || 1545.6 | 248.9 11.07 2.20
2000 x 8000 || Mean (COOE) || 2691.6 | 227.6 || 12922.8 | 96.9 | 74.5 2777 3.05
Min (COOE) 1132.0 | 97.7 | 10934.0 | 82.0 | 56.6 13.80 1.73
Max (COOE) | 3355.0 | 313.1 || 15632.0 | 117.2 | 888 98.62 3.53
Mean (B25P) || 14264 | 207.8 14.72 2.79
2000 x 16000 || Mean (COOE) || 2384.6 | 494.2 || 131748 | 74.1 | 184.9 32.18 2.67
Min (COOE) || 2288.0 | 486.3 | 11735.0 | 66.0 | 174.4 34.66 2.79
Max (COOE) | 2491.0 | 505.5 || 14729.0 | 82.9 | 195.3 30.07 2.59
Mean (B25P) || 1575.2 | 533.7 21.25 .89
4000 x 8000 || Mean (COOE) || 2923.6 | 798.7 | 19750.2 | 74.1 | 2284 39.48 3.50
Min (COOE) || 2032.0 | 407.6 || 17262.0 | 64.7 | 159.0 31.39 2.56
Max (COOE) | 3895.0 | 1539.7 || 22945.0 | 86.0 | 343.1 45.27 4.49
Mean (B25P) || 1554.6 | 576.2 20.99 2.52
4000 x 32000 || Mean (COOE) || 24828 | 2054.3 || 11973.2 | 84.2 | 515.8 29.49 3.08
Min (COOE) 1826.0 | 1448.9 || 11331.0 | 79.7 | 499.9 22.92 2.90
Max (COOE) | 3479.0 | 2904.2 || 12715.0 | 89.4 | 525.0 38.91 5.53
Mean (B25P) || 1604.8 | 1736.3 19.06 3.37
8000 x 16000 || Mean (COOE) || 2680.4 | 2227.7 || 12474.6 | 58.5 | 375.0 15.84 5.94
Min (COOE) || 2297.0 | 1890.1 || 11493.0 | 53.9 | 341.9 42.64 5.53
Max (CO0E) | 3177.0 | 2609.0 || 13759.0 | 64.5 | 408.8 49.26 6.38
Mean (D-B25P) || 1615.8 | 1752.7 || 12474.6 | 585 | 375.0 27.63 167
Table 1: ¢; minimization with | - || -fit.
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DMP SMP
| Sizes | Calls | CPU || Calls | FCalls | CPU | panp | cpusup |

500 x 4000 Mean (COOE) || 579.8 | 21.0 || 4771.6 | 106.7 24.6 5.44 0.85
Min (COOE) 410.0 | 14.5 3412.0 76.3 16.9 5.38 0.86

Max (COOE) 722.0 | 40.3 6868.0 | 153.5 36.0 4.70 1.12

Mean (L75P) || 287.8 | 16.1 2.70 0.66

1000 x 2000 Mean (COOE) || 553.0 | 19.0 3910.8 54.8 13.6 10.10 1.40
Min (CO0E) 463.0 9.1 3315.0 46.4 11.5 9.98 0.79

Max (COOE) 664.0 | 30.1 5890.0 82.5 17.4 8.05 1.73

Mean (L75P) || 2824 | 14.1 5.16 1.04

1000 x 8000 || Mean (COOE) || 617.0 | 56.6 5148.8 57.5 50.7 10.72 1.12
Min (COOE) 486.0 | 34.7 3745.0 41.9 36.1 11.61 0.96

Max (COOE) 794.0 | 87.1 6050.0 67.6 64.8 11.74 1.34

Mean (L75P) || 318.8 | 40.9 5.54 0.81

2000 x 8000 || Mean (COOE) || 634.8 | 39.8 5853.6 41.0 47.2 15.49 0.84
Min (COOE) 487.0 | 30.0 3926.0 27.5 33.1 17.72 0.91

Max (COOE) 796.0 | 51.0 6869.0 48.1 54.0 16.56 0.95

Mean (L75P) || 318.8 | 25.9 7.78 0.55

2000 x 16000 || Mean (COOE) || 531.8 | 150.7 || 5055.6 28.3 90.0 18.82 1.67
Min (COOE) 438.0 | 108.3 || 3947.0 22.1 60.2 19.85 1.80

Max (COOE) 608.0 | 180.3 || 6736.0 37.6 125.1 16.15 1.44

Mean (L75P) || 346.0 | 110.6 12.25 1.23

4000 x 8000 || Mean (COOE) || 675.2 | 138.5 || 6504.6 22.8 101.7 29.66 1.36
Min (COOE) 531.0 | 99.1 5868.0 20.5 83.3 25.85 1.19

Max (COOE) 810.0 | 193.6 || 7143.0 25.0 113.9 32.40 1.70

Mean (L75P) || 346.4 | 86.3 15.22 0.85

4000 x 32000 || Mean (COOE) || 672.2 | 486.0 || 5613.4 39.2 287.2 17.14 1.69
Min (COOE) 506.0 | 382.5 || 3418.0 23.9 197.2 21.19 1.94

Max (COOE) 817.0 | 579.1 || 6611.0 46.2 336.4 17.69 1.72

Mean (L75P) || 355.4 | 311.6 9.06 1.09

8000 x 16000 || Mean (COOE) || 592.4 | 591.4 || 5815.0 25.4 177.6 23.29 3.33
Min (COOE) 509.0 | 472.4 || 3765.0 16.5 117.3 30.90 4.03

Max (COOE) 696.0 | 798.1 || 7038.0 30.8 214.1 22.60 3.73

Mean (L75P) || 329.8 | 360.2 12.96 2.03

Table 2: ¢ minimization with || - ||-fit.

[ Method [l p [ Steps [ Calls | FCalls | CPU,sec [| [AZ—bllp | Iz —z«[l1 [ lz—a«ll2 | 7 —2sllc ||
DMP (CO0E) || oo || 30 71 71 7564 0.16018 || 1.406 (141%) | 0.143 (89%) | 0.041 (79%)
DMP (B25P) || o0 || 31 67 67 7363 0.15975 || 1.361 (136%) | 0.136 (85%) | 0.035 (69%)
SMP (COOE) || oo || 7501 | 22141 | 25.9 5352 0.00744 0.048 (5%) | 0.005 (3%) | 0.002 (4%)
DMP (COOE) || 2 29 67 67 TAT1 0.03653 || 1.455 (146%) | 0.135 (84%) | 0.035 (68%)
DMP (L75P) || 2 30 67 67 7536 0.02480 0.976 (98%) | 0.093 (58%) | 0.022 (42%)
SMP (CO0E) || 2 || 2602 | 7749 | 85 2350 0.00715 0.264 (26%) | 0.021 (13%) | 0.004 (7%)

Table 3: Experiments with dense 32,000 x 64,000 matrix A. Percents: ||Z — x.||/[|z.].
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A Appendix: Proofs

A.1 Low dimensional approximation

We use the notations of Section 2.1.3.

Lemma A.1 Let Q. be an optimal solution to (6), \y > Ay > ... >\, be the eigenvalues
of Q., €1, ..., e, be the corresponding eigenvectors of Q, and E = Lin(ey, ..., eq). Then for
anyv €V, dist(v, E) < d.v/d+ 1 (here dist(z, E) stands for the Euclidean distance from
vto E).

Proof. Note that 0 < A\; <1 and Zj Aj = d, so that \; < di+1 when 7 > d+ 1. Denoting

by y;(z) the coordinates of x in the eigenbasis {e;}, we have

dist*(v, E) = 1 — Z;l:l yi(v) <1— ijl Ajyi (v) [since A; < 1]
<1 =30 N (0) F Aarr Y g ¥3 (0) = 1= 0T Qu + Agyadist®(v, E)
= (1= Agey)dist®(v, B) <1 —97Qu <1—Opt <1 - Opt, =2

= dist*(v, B) < (d + 1)0? [since \g1 < #1]7

as claimed. O

Representing a vector from A, ; as a convex combination of extreme points.
The case of d = n is trivial, thus, let d < n. Let

i=1

qun,d:{qeRii OS%‘SlW,Zqi:d}.

To represent ¢ as a convex combination of n extreme points of A, ; we act as follows:

e Initialization: We set p° = [1;¢], u° = 1. Note that p® € A = {p = [1;p1;...;pa] €
Apirdi)-

e Stept =1,2,.... Given p~! = [1;p7;...; p!7!] € A, we find the d + 1 largest among
the entries pﬁ_l, 1 = 1,...,n, let their indexes be iy, ..., 7411, Where pfl_l > pgl >
ez pgd_:l.

a) It may happen that p{ ' = 1 for 1 < ¢ < d;since p'~' € A, 7' :=p

-1

1

t=1 is a Boolean

vector with exactly d + 1 entries equal to 1, and ¢' = [pi™";...;p’1] is an extreme
point of A, 4. We set 1, =1, p! = 0 and terminate.

b) When not all pﬁz_l, 1 < ¢ < d, are equal to 1, we set v, = min[l — pﬁd_:l,pﬁd_l],
define ' as Boolean (n + 1)-dimensional vector with d + 1 entries equal to 1, the
indexes of the entries being 0,11, ..., 14, set p' = [p'™' —vrt]/(1 — 1), ¢t = [rl; .57t ]
(note that ¢' is an extreme point of A, ;) and pass to step ¢ + 1.

Observe that the algorithm is well defined. Indeed, 0 < v, < 1 by construction, and
v, = 1 if and only if pgjl = 0 and p{' = 1, that is, when we terminate at step ¢
according to a). Thus, p is well defined at every non-termination step ¢t. Moreover, from
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b) it is immediately seen that at such a step we have ph =1, 0 < p! < 1 for all i and
St opi =d+1, that is, p' € A for all ¢ for which p’ is well defined. Beside this, it is
immediately seen that those entries in p'~! which are zeros and ones remain zeros and
ones in p' as well, and that the total number of these entries increases at every step of the
algorithm by at least 1. The latter observation implies that the algorithm terminates in
at most n steps. Finally, by construction p'~! = (1 — 14)p’ + 4!, whence, denoting by ¢
the termination step, p® is a convex combination of 7', ..., 7" with coefficients j, readily
given by v, ..., v Discarding in 7', ..., r! the entries with index 0, we get extreme points
q',....¢" of A, qsuch that ¢ = Zzzl 1¢q'. Finally, the computational effort per step clearly
does not exceed O(1)dn, that is, the total computational effort is at most O(1)dn?.

A.2 Proof of Lemma 2.1

We have
SV(p) = max min ¢*(zy, 22)

22€2Z2 21€241

= max min v+ px + (a1, z11) + (b, 22) + (22, Bz11)

22€22 211€211,212€ 212

‘|'p [(alg, 2’12> + <C, Zz> + <2’2, 0212>] :|

= max {U + px + (b, 22) + p(c, z2) + min [<a11, 211) + (22, Bz11)

22€42 z11€211
9(z2)
. *
+p min [(a;2 +C 22,212]]
z12€212
h(z2)

A

= max [v + px + (b, 22) + p(c, 22) + pg(z2) + Hgg [(a11, 211) + (22, B211)] |
Z11 11

= max [0+ (b, 20) + h(z) + p [ + {6, 20) + 9(22)]

290€ 4o

and thus SV(p) is the supremum of affine functions of p. O

A.3 Proofs for Section 3
We start with the following
Lemma A.2 [cf. [12], Lemma 3.1.(b)] Given z € Z°, v >0 and {,n € E, let us set

w = PI‘OXZ(’}/g) = argminveZ {<7£ - w/(2)7 U> + W(U)} )
2y = Prox.(yn) = argmin,c; {{yn — '(2),v) + w(v)}.

Then w, zy € Z°, and for every uw € Z one has

(@) v w—u) <Ve(u) = Ve, (u) +7(n,w— 2) = V2 (27)

(b) < Vz(u) - Vz+<u) + 7(77 —&w— Z+> - VZ(w> - VW<z+) (62)
() <Vi(w) = Vo, (u) +9lln = Ell:llw = 24 || = 5 [[lw = 2[* + [lw — 24 |]?]
(d) <Vi(u) = Vo, (u) + 5[Vl —&l1Z = [lw —2|1°].
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Proof. The inclusions w, z; € Z° are evident (a subgradient of w(-) at w, taken w.r.t.
Z, s, e.g., W' (2) — v&, and similarly for z, ). Now let u € Z. z, is an optimal solution of
certain explicit convex optimization problem; taking into account that w’(+) is continuous
on Z°, it is easily seen that the necessary optimality condition in this problem reads
(yn+w'(z4)—w'(2),u—24) > 0, whence y(n, w—u) < v(n, w—2z)+{w'(21) —w'(2), u—24),
and the latter inequality, after rearranging terms in the right hand side, becomes (a). By
similar reasons, 0 < (y§ + w'(w) — W'(2),v — w) for all v € Z; setting v = z,, summing
up the resulting inequality with (a) and rearranging terms in the right hand side of what
we get, we arrive at (b). (c) follows from (b) due to V,(b) > 1||a — b||* (recall that w
is strongly convex, modulus 1 w.r.t. || - ||, on Z). Finally, (d) follows from (¢) due to
pv — % u? < %1/2. U

A.3.1 Proof of Proposition 3.1

Let us prove the bound (28). Consider first the case of SMP. Applying Lemma A.2 to
z2=2z, 7 =", &= F(n;), n=F((), which results in w = w, and z, = 2,11, we get for
all u e Z:

77<F(CT>’ Wr — u> < VZT (u> - ‘/ZT+1(U‘) + [’YT<F(C7—)7 Wr — ZT+1> - VzT (ZT+1)]

whence for all v € Z

(F(¢r), G —u) < ’YT_l(VZT (u) — VZTH(U)) + 7+ 5.,
s; = (F(&),wr — 2e1) — Y7 Ve (2041) (63)
< helFG) = Fno)ll2 = v Hlwe = 2071, (%)
rr = <}7(CT)7<% _'ZUT>-

with (%) given by (62). When summing up inequalities (63) over 7 and taking into
account that 44 > vy, > ..., V(u) > 0 and V,, (u) =V, (u) < Q by definition of 2, we get

t

STUFG), G —u) <7+ sy + 1) (64)

=1 =1
On the other hand,

t t

D AF(G), G —u) = (a+ Al — u)

=1 =1
t

= t{a, 2" —u) — Z(A(T, u) [A is skew symmetric]
T=1
= t[{a,2" —u) — (A" u)] =t [{a, 2" — u) + (A", 2" — u)]
= H{F(2"), 2" —u).
Thus, for all © € Z it holds

t
HE(2), 2" —u) S Q'+ [sr +7,] =2 'Q+ S, + Ry (65)

T=1
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Setting 2! = [z}; 2] and u = [uq; ug), we get from (3) (F(2"), 2" —u) = ¢(24, uz) — P(uq, 24);
the supremum of the latter quantity over u € Z is nothing that the saddle point residual
€sad(2"). Since the right hand side in (65) is independent of u, we arrive at the SMP-version
of (28).

Now consider the case of SA. Applying Lemma A.2toy =v,, 2 = 2,, £ = 0,7 = F((,),
which results in w = 2, and 2z, = z,,1, and acting exactly as in the case of SMP, we
arrive at the SA-version of (28).

Let us prove (ii). The conditional to the “past” (the answers of the oracle prior to the
call for &, ) distribution of ¢, is P,_, which combines with the affinity of F' and the facts
that the linear part of F' is skew symmetric and the expectation of P, is z, to imply that

E{<F(<‘I‘)7 C‘r - w‘r)} = <CL, E{CT} - w'r) + E{<A<Ta C’r - w‘r)} = _E{<A<‘I‘7 w‘r>}
E{<A(w7' - CT)? w'r>} = 0,

whence E{R;} = 0 for all ¢. By completely similar reasoning, E{R;} = 0 in the case of
SA. To complete the proof (ii), we need to prove (33). We have
1

i
st < SIFG) = Fmll2 — 5—llwe — 2)* [see (29)]
2 2y
1

< % 1F(wy) — F(z)|ls + | F(G) = F(wy)|ls + | F(m) — F(z)]].)* — 2_%||wt )

34 1 3t
< |Ge- Q—%luwt P+ ZEG) ~ Pl + 1P ) ~ PR,

<0 by (32)

It remains to note that ||F(¢) — F(wy)||? + | F () — F(2)]|? < 2M2 since (;, wy, my, 2 € Z
and that the conditional, over the respective pasts, expectations of ||F((;) — F(wy)||?* and
| F(n:) — F(2)]|? do not exceed . O

A.3.2 Proof of Proposition 3.2

We start with observing that (39) v > 72 > ...
1%, Let us verify first that with the choice (39) of v,, 7 = 1,2,... we have for all
t=1,2, ..,

V20t > 8, (66)

Indeed, for t = 2,3, ... we have (with 25, = F? in the case of SA and 2S, = 8QL?, > M?
by (21), in the case of SMP)

2 t—1
W T 2se e/ + 250 25

T=1

(recall that 2s;/v, < 2S5y by (30)). On the other hand



O©CO~NOOOTA~AWNPE

and

Yt =t 2 R0 - ) = M > [St e = V200 = ] > (sl

where the second inequality in this chain follows from ~,_; < v/2v, which is implied by
(67). By summing up the resulting inequalities in the above chain, we get

—1
V2Qy, ! > Z s+ V20 (68)
=1

In the case of SMP, we have v, = (2v/2£)7", whence v/2Qy; ' = 4QL > v M2 > ~,M?
(see (21)), whence v/2Qy; ! > s, in view of (29), and (68) implies (66). In the case of SA,
we have 7, = VQ/F,, whence v2Qy; ' = V2VQF, > 1, F2 > 4, F2, whence V204! > s,
by (29), and (66) again is given by (68).

29, Invoking (28), (66) implies (40). Now, by (29) in the case of SA we have 2[s,]| /7, <
| F(¢)|I2. In the case of SMP we have

2[s

/v SNF(G) = Fe) 12 = 972 lwr — 2|17 [see (29)] )

< IF(G) = F(w) e+ 1 F(wr) = F(z0)lls + [1F(2) = F(e) 1" = 91 % Jwr — 217

<3 [||F(Cr) F(w) |2+ 1F(zr) = Fn) 2] + [BI F(wr) — F(z0) |2 = 1% lwr — 2 ]1?]

< ¢ =3 [|F(¢) = Fw,) |2+ |F(2:) = F(n) 2] [by (20) due to 77" = 2v/2L]
Invoking (39), we get

VLY, (F2+ 30 ||F(§T)|| 2) /2, in the case of SA (69)
' (80L? + S Sr) V2 , in the case of SMP

which combines with (40) to imply (41). O

A.3.3 Proof of Proposition 3.3

1°.  Let us denote .

o0 =80L+ > o,

=1
where ¢ = 3[||F(() — F(w)||? + [|[F(n:) — F(z)]]?] (cf. (42)). Let us show that under
the premise of Proposition 3.3

WA>0: Prob {got > 0(1) [952 ]‘ft (k. A)H < exp{—At}, (70)

where O(1) is an absolute constant factor. We use the following result (see, e.g., Theorem
2.1 (iii) of [8]): let &, ..., £¥ be k independent vectors from E with ||£]|. < o and E{¢'} = 0,
where the norm || - ||, is se-regular, > > 1. Then for any u > 0

k
Prob {|| ZSZH* > [\/ﬁ%—ux/ﬁ] O‘\/E} < exp{—u?/2}.
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When rewriting the above bound for ¢ = F(¢') — F(w) and £' = F(n') — F(z) and taking
into account that |||, < M, we obtain

k
Vu >0: Prob {H ZS’HE > M2k(V2 + \/§u)2} < exp{—u?/2}.
i=1

So, if we denote Prob, conditional probability over (i,m, ..., (;_1,m:—1 being fixed, we get

24 M?
Vu >0: Proby {gt > ’ - (%—i—u)} < 2exp{—u/2},
where ¢, = 3[|[F(¢) — F(w,)||2 + [|[F () — F(2)[Z] (. (42)). When setting v, = 534,
we have for the conditional expectation E; over (i,m,....,(;—1,m:—1 being fixed and 0 <

a <1

E; {exp{%ut}} < e 4 %/ e Prob {1, > u}du

o o ]_— 1
< ez +a/ exp{—%}du: lj_LZexp{O;—%}

When choosing a, = Egﬁ%: we get By {exp{252}} < exp{%Z + 1}, so that

E {exp{z O“;”T}} - E {E {exp{i “’;”T}exp{“;”t}}}

t—1

Uy QL

- E{exp{E B {exp{ 5
T=1

}}} < exp{t(“5- + 1)}

Hence, when applying the Tchebychev inequality we find

VA>0: Prob {zt: vy >t <%+ ai(l +A))} < exp{—At}.

T=1 *

When recalling that ¢, < 602, we conclude that

t—1

2
VA>0: Prob {Z ¢ > min [6Mft, % <%+ 3(1 + A))] } < exp{—At}.

Al

=1

Since » > 1, s+ O%(l + A) < O(1)s2(k,A), and we arrive at (70).

20, 'We have
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Indeed, since A is skew-symmetric, i.e. (Az,z) =0,

e = (F(G), G —w) = (a+ AG, G —wy) = (a+ Awy, ¢ —wy) = (Fwy), G — wy).
We conclude that

R, 1< 1< 1o 1 ¢~
7 = ; Tt:¥Z<F(wT>7CT_wT>:¥Z<F<wT)7EZC:'_/LUT>
=1

where ¢! := (F(w,), ¢! —w,) is a scalar martingale-difference with |¢!| < 2RF, < 20F,
(cf. (19)). Then by the Azuma-Hoeffding inequality [1],

VA>0: Probd 2t > 920, \/% <e
t kt
which implies (71).

Now we are done — when substituting the bounds )and (71) into (41) we get

Qt—EjLM%*k;A\/ +OF,/ ]}<e‘“ ,

which is (44) if we recall that © = v/2Q2 and F, < [Ja]|. +20L (cf. (22)). O

Prob {esad(zt) > 0(1)

A.3.4 Proof of Proposition 3.4

This proof is completely similar to the one of Proposition 3.1 and is omitted.

A.4 Proof of Theorem 4.1
1. From the description of the method it follows that

Vi,s > 1,p>0: u'* > SV(ps) > gts’ lis(p) < SV(ﬂ)vgts < lis(ps)- (72)

Let us prove by induction in s that p, < ps < p;. The base s = 1 is evident. Now let
P < ps < p1, and let stage s + 1 take place. When passing from stage s to stage s + 1,
we are in the case B) and thus have u'® > ep,, (' > 3u' > 3¢p,, whence, in view of (72),

£pe) = lalpe) > €0 > S maxlep., SV(p.)] & £(p.) > 0. (73)

This combines with ¢4 (p.) < SV(p,) < 0 and convexity of 4s(+) to imply that p, < psi1 <
ps- Induction is complete.

Since ps > p,, u'® is an upper bound on SV(p,) and u’* > ¢”* (w!*), we conclude that
if the algorithm terminates at stage s, then the result p,, w! is an e-solution to the GBSP
in question.
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29, Let us prove (ii). The reasoning to follow goes back to [10]; we reproduce it here to
make the paper self-contained. Let s be such that the stage s + 1 takes place, and let u,
be the last bound ' built at stage s. Observe that

3 3

1605 < JUs < Lls(ps) < SV(ps) < us. (74)
Since the convex function /,(p) is nonpositive at p = p,.1 and is > 2u, > 0 at p = p, >
Ps+1, we have gs := 0 (ps) > 0 and

3
Ps — Ps+1 Z gs(ps)/gs Z ZUS/gs- (75>

Now assume that s > 1 is such that the stage s + 1 takes place. Applying (75) and (74)
to s — 1 in the role of s, we get p,_; — ps > %us_l/gs_l and %us < ly(ps), whence, by
convexity of /4(-) and in view of (72), us—1 > SV(ps—1) > ls(ps—1) > ls(ps) + gs(ps—1 —
) > s gt 50 that s > B o 4 e <, whene 8 <

(1/4)(4/3)* = 4/9. Tt follows that

Vg < (2/3) Vg, (76)

We have £(p.) < SV(p.) = 0, Ly(ps) > Fus (see (74)) and £y(ps) — Ls(ps) < gs(ps — ps)
(convexity of £,(+)), whence g, > 2uy(ps — pu)~' > ﬁus, and (76) implies that

u, < (2/3)""urgr /30, 3. (77)

Now, g1 = £1(p1) and £i(p) < SV(p) < [[9llsc + pl[¢[lo, Whence g1 < [|¢)]|o, and clearly
ur < ||9)loo + p1llt||oo- At the same time, uy, > €ps > €p,, so that (77) implies that
epe < (2/3)° 7|9l + p1l[20]|0c]. The resulting upper bound on s implies (ii).

3% Let us prove (iii). From the description of the algorithm it follows that at every
stage s before termination of the stage the residual of current approximate solutions w®
is > feps (since u'* > ep, and £ < 3u'). In the case of short-step implementation we
use the result of Proposition (3.3) with € = eps. Let us denote N(e€) the corresponding
value of N; as in (45). We conclude that the number N of steps at stage s is finite
with probability 1 and satisfies Prob{N; > Ni(€)} < exp{—AN;(€)} + exp{—A}. As we
have seen, p, < ps for all s, and therefore Ny < N(e) for all s, provided that the absolute
constant O(1) in (59) is properly chosen.

For the aggressive-step implementation, similar reasoning based on the bound (51)
with £ = M+ p N justifies (60).

4° Combining (ii), (iii) and the concluding claim in item 1° above, we arrive at (i). [

36



O©CO~NOOOTA~AWNPE

References

1]

2]

[10]

[11]

Azuma, K., “Weighted sums of certain dependent random variables” Tékuku Math.
J., 19 (1967), 357-367.

Candes, E.J., Tao, T., “Decoding by linear programming” — IEEE Trans. Inform.
Theory, 51 (2006), 4203-4215.

Candes, E.J., “Compressive sampling”, Marta Sanz-Solé, Javier Soria, Juan Luis
Varona, Joan Verdera, Eds. International Congress of Mathematicians, Madrid
2006, Vol. III, 1437-1452. European Mathematical Society Publishing House,
(2006).

Cristiani, N., Shawe-Taylor, J., An Introduction to Support Vector Machines and
Other Kernel-Based Learning Methods, Cambridge University Press, (2000).

Dalalyan, A. S., Juditsky, A., Spokoiny, V., A New Algorithm for Estimating the
Effective Dimension-Reduction Subspace, J. of Machine Learning Res., 9 (2008),
1647-1678.

Donoho, D. Huo, X., “Uncertainty principles and ideal atomic decomposition” —
IEEE Trans. Inform. Theory, 47:7 (2001), 2845-2862.

Grigoriadis, M.D., Khachiyan, 1.G., “A sublinear-time randomized approximation
algorithm for matrix games” — Oper. Res. Lett., 18 (1995), 53-58.

Judistky, A., Nemirovski, A., (2008), Large Deviations of Vector-Valued Martin-
gales in 2-Smooth Normed Spaces.
E-print: http://www2.isye.gatech.edu/~nemirovs/LargeDevSubmitted.pdf

Juditsky, A., Nemirovski, A., Tauvel, C. (2008), “Solving variational inequalities
with Stochastic Mirror Prox algorithm” — submitted to SIAM Journal on Optimiza-
tion.

E-print: http://www2.isye.gatech.edu/~nemirovs/SMP_240408.pdf

Lemarechal, C., Nemirovski, A., Nesterov, Yu., “New variants of bundle methods”
- Mathematical Programming, 69:1 (1995), 111-148

Nemirovskii, A., “Efficient methods for large-scale convex problems” — Ekonomika
i Matematicheskie Metody (in Russian), 15 (1979).

Nemirovski, A., “Prox-method with rate of convergence O(1/t) for variational
inequalities with Lipschitz continuous monotone operators and smooth convex-
concave saddle point problems” — SIAM Journal on Optimization, 15 (2004), 229
251.

Nemirovski, A., Juditsky, A. Lan, G., Shapiro, A., “Stochastic Approximation Ap-
proach to Stochastic Programming” - STAM Journal on Optimization, 19:4 (2009),
1574-1609.

37



O©CO~NOOOTA~AWNPE

[14] Nesterov, Yu. “Smooth minimization of non-smooth functions” — CORE Discussion
Paper 2003/12, February 2003; Math. Progr., 103 (2005), 127-152.

[15] Nesterov, Yu. “Excessive gap technique in nonsmooth convex minimization” —

SIAM J. Optim., 16 (2005), 235-249.

[16] Rubinstein, E., Support Vector Machines via advanced optimization techniques,
M.Sc. Thesis, Technion, 2005.
E-print: http://www2.isye.gatech.edu/~nemirovs/Eitan.pdf

38



