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Abstract
We develop a long-step surface-following version of the method of analytic centers
for the fractional-linear problem

min {t0 | t0B(x)−A(x) ∈ H, B(x) ∈ K, x ∈ G} ,

where H is a closed convex domain, K is a convex cone contained in the recessive
cone of H, G is a convex domain and B(·), A(·) are affine mappings. Tracing a two-
dimensional surface of analytic centers rather than the usual path of centers allows
to skip the initial “centering” phase of the path-following scheme. The proposed
long-step policy of tracing the surface fits the best known overall polynomial-time
complexity bounds for the method and, at the same time, seems to be more attractive
computationally than the short-step policy, which was previously the only one giving
good complexity bounds.

1 Introduction

In this paper we develop a long-step path-following method for linear-fractional optimization
problem:

(P ) min {t0 | t0B(x)−A(x) ∈ H, B(x) ∈ K, x ∈ G} , (1)

where

• B(x) = βx+ b and A(x) = αx+ a are affine mappings from Rn to Rm;

• H ⊂ Rm is a closed convex domain which does not contain lines and K is a closed convex
cone with a nonempty interior in Rm which is contained in the recessive cone of H:

H +K = H;

• G is a closed convex domain in Rn.

Problem (1) covers a lot of applications, e.g., as follows:
Example 1: Convex problems. Let m = 1, K = H = R+, B(x) ≡ 1, A(x) = aTx; under

these assumptions (1) becomes a problem of minimizing a linear objective over a closed convex
domain G, which is a universal, in the natural sense, form of a convex program.

Example 2: Simple linear-fractional problem. Let, as above, m = 1, K = H = R+ and
let B(x) be a linear form which is positive on G; now (1) becomes the problem of minimizing
the linear-fractional objective A(x)/B(x) over G. This is the simplest problem of quasiconvex
programming.
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Example 3: von Neumann problem of economic growth. Let B and A be m× n matrices
with nonnegative entries, letK = H = Rm

+ and letG be the standard simplex {x ≥ 0,
∑
i xi = 1}

in Rn+1 (G is regarded as a subset of its affine hull). Then (1) with B(x) = Bx, A(x) = Ax is
the well-known von Neumann problem of finding the largest rate of economic growth: find the
largest α such that for some nonzero nonnegative x one has Bx ≥ αAx.

Examples 2, 3 are related to the case when K = H is the nonnegative orthant in Rm; a
general problem (1) associated with this cone is as follows:

Example 4: minimize the maximum of m linear-fractional functions over a given closed
convex domain where all denominators are nonnegative.
This is a universal form of the generalized concave fractional problem

max
x∈S

min
j≤m

gj(x)
hj(x)

(S ⊂ Rn is convex, gj(·) are concave and nonnegative on S, and hj(·) are convex and positive on
S). For applications of the latter problem in economics, see [3, 7, 19, 20, 22] and the references
therein. The standard methods for solving the problem are Dinkelbach’s algorithm [6] and its
variants, see [20].

Now, nonpolyhedral cones K also lead to interesting problems, especially the cone of positive
semidefinite matrices. If K = H is the cone of positive semidefinite symmetric matrices of a
given order, then (1) becomes:

Example 5. Generalized eigenvalue problem: given two symmetric matrices B(x) and A(x)
of the same size with entries affinely depending on a vector x of design variables, minimize over
x ∈ G, under additional restriction that B(x) is positive semidefinite, the largest generalized
eigenvalue of the pencil (B,A), i.e., the smallest λ = λ(x) such that A(x) ≤ λB(x) (the inequal-
ities between symmetric matrices are always understood in the operator sense, i.e., as positive
semidefiniteness of the corresponding difference). The problem of minimizing the largest gen-
eralized eigenvalue of a matrix pencil possesses a lot of applications in modern Control Theory
(see [5]).

The development of polynomial-time interior-point methods for Linear and Convex Pro-
gramming, started by the landmark paper of Karmarkar [12], initiated activity in Fractional
Programming as well. To the best of our knowledge, the very first paper on an interior-point
polynomial-time algorithm for fractional problems was the one of Anstreicher [1] (Example 2, G
is a polytope). A Karmarkar-like algorithm for general fractional problems (including those in
Examples 4 and 5) was recently developed by Nesterov and Nemirovski [17]. In what follows we
deal with another interior-point method for (1) – the method of analytic centers. The method
is as follows: we associate with G, H and K appropriate barriers – interior penalty functions
ΨG(x), ΨH(y) and ΨK(y), respectively, - and trace the path

x∗(t0) = argmin
x

Ft0(x), Ft0(x) ≡ ΨG(x) + ΨH(t0B(x)−A(x)) + ΨK(B(x)),

as t0 approaches from above the optimal value of the problem. This is a quite traditional scheme;
its potential in the context of interior-point methods for convex problems (cf. Example 1) was
discussed by Sonnevend [21], although without any polynomial-time results. The results for this
latter type of scheme were first established in the seminal paper of Renegar [18] for the case of
Linear Programming (Example 1, G is a polytope); the polynomial-time results for the method
were then extended by several authors to more general classes of convex problems. As far as
quasiconvex problems (i.e., with nonconstant B(·)) are concerned, this case seems to have been
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studied significantly less. Boyd and El Ghaoui [4] were the first to suggest using the method of
analytic centers for the generalized eigenvalue problem; in their important paper, however, they
do not establish an overall polynomial-time efficiency estimate. Polynomial-time complexity of
the method was proved by Ye [23] (for the von Neumann economic growth problem), Freund
and Jarre [8, 9] (K = H = Rm

+ , cf. Example 4) and Nemirovski [13]; the complexity bound of
the latter paper extends to the general case the bound established in [23] and seems to be the
best known so far.

Locally quadratically convergent methods for the Generalized eigenvalue problem were de-
veloped in [10, 11], although without any global convergence analysis.

From the practical viewpoint, the main disadvantage of the known polynomial-time results on
the method of analytic centers for fractional problems is that they relate to a short-step version
of the method, where the steps in the parameter t0 are subject to certain a priori restrictions
based on theoretical worst-case analysis. In practical computations, it is highly desirable to
use “long-step” tactics, but the current theoretical understanding of the method, as far as we
know, does not provide a practitioner with theoretically justified (i.e., consistent with known
complexity bounds) tools for long steps.

In what follows we develop a long-step version of the method of analytic centers for fractional
problems; our approach is mainly based on the recent long-step path-following schemes for
convex optimization problems [14, 15]. In fact, we are developing a method which traces a two-
parameter surface of analytic centers rather than a single-parameter path; this approach has its
origin in [15] and avoids the need to come close to the usual path of analytic centers, which, in
the traditional schemes, is the goal of a special initial phase of the method.

The paper is organized as follows. Section 2 contains prerequisites on self-concordant func-
tions and barriers, the basic tools we use in our construction. In Section 3 we introduce the
notion of the surface of analytic centers associated with problem (1), present the generic scheme
of tracing the surface and motivate the advantages of tracing a surface rather than the usual
path of analytic centers. In Section 4 we develop duality-based techniques which underlie the
“long-step” tracing of the surface of analytic centers, and Section 5 contains the main results
underlying the complexity analysis of the proposed method. These sections deal with “tactics”
of tracing the surface of analytic centers: we explain how one can move around the surface, not
where to move. The latter issue is discussed in the concluding Section 6, which contains also
the overall polynomial time complexity results.

2 Self-concordant functions and barriers

In this section we present the basic facts from [16] which underlie all our further constructions.
Let Q be a nonempty open convex domain in Rk. A function F : Q → R is called strongly
self-concordant (s.s.-c.) on Q, if it is convex, C3-smooth, Q is the natural domain of F (i.e.,
F (xi) → ∞ along any sequence of points xi ∈ Q converging to a boundary point of Q) and F
satisfies the following differential inequality:

|D3F (x)[h, h, h]| ≤ 2(D2F (x)[h, h])3/2, x ∈ Q,h ∈ Rk

(DlF (x)[h1, ..., hl] is l-th differential of F taken at x along the directions h1, ..., hl).
Let P be a closed convex subset in Rk with a nonempty interior Q, and let ϑ ≥ 1. A function

F is called a ϑ-self-concordant barrier (ϑ-s.-c.b.) for P , if it is s.s.-c. on Q, and

|DF (x)[h]| ≤ ϑ1/2(D2F (x)[h, h])1/2, x ∈ Q,h ∈ Rk.
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For explicit self-concordant barriers for a wide variety of convex domains arising in convex
optimization, see [16]; several important examples of these barriers will be given in Section 4.
In what follows we heavily exploit the following results on self-concordant functions/barriers:

P.0 [[16], Propositions 2.1.1, 2.3.1] If αi ≥ 1, Fi are s.s.-c. on convex domains Qi ⊂ Rk,
i = 1, ..., q, and the intersection Q of these domain is nonempty, then the function F =

∑
i αiFi

is s.s.-c. on Q; if, in addition, Fi are ϑi-s.-c.b.’s for clQi, then F is a (
∑
i αiϑi)-s.-c.b. for clQ.

If F is s.s.-c. on a convex domain Q ⊂ Rk and A is an affine mapping from Rq to Rk with
the image intersecting Q, then F+(·) = F (A(·)) is s.s.-c. on the inverse image Q+ of Q under
the mapping A; if, in addition, F is ϑ-s.-c.b. for clQ, then F+ is a ϑ-s.-c.b. for clQ+.

P.1 [[16], Theorem 2.1.1, Proposition 2.3.2] Let Q be a convex domain in Rk which does
not contain lines and F be s.s.-c. on Q. Then the Hessian F ′′(x) of F at any point x ∈ Q is
non-singular, the Dikin ellipsoid of F centered at x ∈ Q

WF (x) = {y ∈ Rk | |y − x|x ≡ [(y − x)TF ′′(x)(y − x)]1/2 ≤ 1}

belongs to clQ, and in the interior of this ellipsoid F ′′ is “ almost proportional” to F ′′(x),
namely,

r ≡ |y − x|x < 1⇒ (1− r)2F ′′(x) ≤ F ′′(y) ≤ (1− r)−2F ′′(x);

it follows, in particular, that

|y − x|x < 1⇒ F (y) ≤ F (x) + (y − x)TF ′(x) + ρ(|y − x|x), ρ(s) = − ln(1− s)− s.

If, in addition, F is ϑ-s.-c.b. for clQ, then F attains its minimum on Q if and only if Q is
bounded, and the minimizer of F is unique.

P.2 [[16], Section 2.2.3] Let Q be a bounded convex domain in Rk and let F be s.s.-c. on Q.
Given y0 ∈ Q, consider the damped Newton minimization of F starting at y0, i.e., the process

yi+1 = yi − 1
1 + λ(F, yi)

[F ′′(yi)]−1F ′(yi), (2)

where the Newton decrement λ(F, x) is given by

λ(F, x) = [(F ′(x))T (F ′′(x))−1F ′(x)]1/2.

The process (2) is well-defined (i.e., keeps the iterates in Q) and, for any κ ∈ (0, 0.2], generates
a point yi with λ(F, yi) ≤ κ in no more than

N = O(1)([F (y0)−min
Q

F ] + ln ln(1/κ))

steps, O(1) being an absolute constant.

P.3 [[16], Corollary 2.3.1] Let P be a closed convex domain in Rn, F be a s.-c.b. for P , let
y ∈ int P and h be a recessive direction for P : P + R+h = P . Then

−hTF ′(y) ≥ (hTF ′′(y)h)1/2
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P.4 [[16], Section 2.4.2] Let Q ⊂ Rn be an open convex domain, and let F be a s.s.-c. function
on Q with nondegenerate Hessian. Then the domain DomF ∗ of the Legendre transformation

F ∗(u) = sup
x∈Q
{uTx− F (x)}

of F (by definition, the domain is comprised of those u for which the right hand side in the
latter expression is finite) is an open convex set and F ∗ is s.s.-c. on DomF ∗.

P.5 [[16], Proposition 2.3.2] Let F be a ϑ-s.-c.b. for a bounded convex domain P , and let x∗

be the minimizer of F on P . Then

P ∈ {y | |y − x∗|x ≤ 1 + 3ϑ}

(it was proved by F. Jarre that 1 + 3ϑ in the latter inclusion can be replaced with ϑ+ 2
√
ϑ).

3 Surface of analytic centers and basic updating scheme

3.1 Assumptions and notation

Given problem (1), we set

GK = cl{x ∈ Rn | B(x) ∈ int K};

from now on we assume that

A. The intersection D of GK and G is a solid (closed and bounded convex set
with a nonempty interior), and we are given in advance a starting point x# ∈ int D.

B. We are given self-concordant barriers ΦH for H, FK for GK and FG for G,
parameters of the barriers being ϑH , ϑK , ϑ, respectively. It is assumed that

ϑ ≥ max{ϑH , ϑK , 10}

(this latter assumption does not restrict generality, since a ϑ-s.-c.b. is also ϑ′-s.-c.b.
for any ϑ′ ≥ ϑ. Note also that the only goal of the restriction ϑ ≥ 10 is to reduce
absolute constants coming from terms with ϑ−1 in the forthcoming estimates).

From now on we set
ΩH = ϑ/ϑH , ΩK = ϑ/ϑK .

3.2 Surface of Analytic Centers

Let c be a nonzero vector from Rn, and let t = (t0, t1)T be 2-dimensional “parameter” vector.
We denote by T the set of all values of t for which the domain

Dt = cl{x ∈ int D | t0B(x)−A(x) ∈ int H, cTx < t1}

is nonempty. If x ∈ int D, then, by construction of D, B(x) ∈ int K, so that B(x) is a recessive
direction of H; it follows that T is a monotone (t ∈ T, t′ ≥ t ⇒ t′ ∈ T ) subset of R2, and
Dt ⊂ Dt′ whenever t ∈ T and t′ ≥ t; T is clearly open and nonempty. We denote by T+ the set
of all primal feasible pairs (t, x), i.e., those with t ∈ T and x ∈ int Dt. Now, for t ∈ T let

Ft(x) = −ϑ ln(t1 − cTx) + ΩHΦH(t0B(x)−A(x)) + ΩKFK(x) + FG(x) : int Dt → R. (3)
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In view of P.0 Ft is a ϑ∗-s.-c.b. for the domain Dt, with

ϑ∗ = 4ϑ;

since D (and, consequently, Dt) is bounded, this barrier attains its minimum at a unique point
x∗(t) of the domain Dt (see P.1). Thus, we come to the surface of analytic centers

S = S(c) = {(t, x∗(t)) | t ∈ T, x∗(t) = argmin
x∈Dt

Ft(x)}.

Let
t∗0 = inf{t0 | t ∈ T};

this quantity is the greatest lower bound of those t0 for which the system of strict inclusions

x ∈ int G, B(x) ∈ int K, t0B(x)−A(x) ∈ int H

is solvable. We call t∗0 the regularized optimal value in (1), and we shall see that under reasonable
regularity assumptions this regularized optimal value is the same as the actual optimal value in
(1).

By origin of t∗0, one can travel along the surface S(c) in a way which enforces the coordinate
t0 to tend to t∗0, thus obtaining feasible solutions with the value of the objective converging to
the regularized optimal value of the problem. This is exactly what we are going to do in order to
solve the problem, except the fact that we shall generate strictly feasible pairs which are close,
in a sense, to the surface rather than on the surface exactly. Note that the traditional method
of analytic centers acts in the same way, but it traces a single-parameter path S0 given by

x(t0) = argmin{ΩHΦH(t0B(x)−A(x)) + ΩKFK(x) + FG(x)},
not a two-parameter surface. Before coming to detailed description of the method, let us explain
what are the advantages of tracing a surface instead of a single-parameter path.

In order to approximate t∗0, it is, of course, sufficient to trace the path S0, but to trace
the path, one should first come close to it. The standard way to do this is as follows. Given
a starting point x# ∈ int D, one chooses t#0 , t#0 B(x#) − A(x#) ∈ int H, and then traces, as
t1 → ∞, the auxiliary path t0 = t#0 at the surface S(c), starting with t1 = t#1 ; here c, t#1 are
readily given by the requirement ((t#0 , t

#
1 ), x#) ∈ S(c), e.g., as

c = −ϑ−1
(
ΩH∇ΦH(t#0 B(x#)−A(x#)) + ΩK∇FK(x#) +∇FG(x#)

)
, (4)

t# = (t#0 , c
Tx# + 1) (5)

(from now on ∇ acts with respect to x). It is clearly seen that with this choice of c, t# the
starting pair (t#, x#) belongs to S(c).

As t1 →∞, the auxiliary path t0 = t#0 on S(c) converges to the point t0 = t#0 on the “target”
path S0; thus, tracing the auxiliary path, we eventually come close to the target one and can
switch to tracing this latter path. Note that in this traditional two-phase path-following scheme
we in fact all the time are traveling along the surface S(c) (the target path clearly belongs to
the closure of the surface). After this is realized, we ask: why should we restrict ourselves to
this particular route, where, in the first phase, we disregard the objective? We see that it is
reasonable to investigate our abilities to trace surfaces of analytic centers; this is the issue we
now examine.
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3.3 Basic updating scheme

Let κ ≤ 0.2 be a fixed positive tolerance. We say that a pair (t, x) is close to S, if the pair
satisfies the following predicate

Pκ(t, x) : (t, x) ∈ T+ & λ(Ft, x) ≤ κ;

recall that the Newton decrement λ(F, x) of a function F twice continuously differentiable at a
point x and possessing a nonsingular Hessian at x is the quantity

λ(F, x) =
(
(∇F (x))T [∇2F (x)]−1∇F (x)

)1/2
.

It is assumed that we are given a surface S ≡ S(c) of analytic centers and a starting pair
(t#, x#) which is close to S, and our goal is to trace the surface, staying close to it, in order
to approach a certain “target” point belonging to the closure of the surface. To this end we
consider

Basic updating scheme: given a pair (t, x) close to S, replace it by a new pair (t+, x+), also
close to S, according to the following rules:

1) Choose a direction δt in the plane of parameters, and form the associated primal search
ray

X = {X(r) ≡ (t(r), x(r)) = (t, x+ dx(t, x)) + r(δt, δx) | r ≥ 0}, (6)

where
dx(t, x) = −[∇2Ft(x)]−1∇Ft(x) (7)

and δx is given by the relation

(δt, δx) ∈ Π(t, x) = {(dt, dx) | [
∂

∂t
∇Ft(x)]dt+∇2Ft(x)dx = 0}. (8)

Note that

δx = −[∇2Ft(x)]−1
{
−ϑ(t1 − cTx)−2δt1c+ ΩHδt0β

TΦ′H(t0B(x)−A(x))

+ΩHδt0(t0β − α)TΦ′′H(t0B(x)−A(x))B(x)
}
.

(9)

2) [predictor step] Choose a stepsize r̄ > 0 along the primal search ray and form the forecast

(t+, x̄) = X(r̄);

the forecast should belong to T+ (this is a restriction on the stepsize).
3) [corrector step] Apply the damped Newton minimization

yi+1 = yi − 1
1 + λ(Ft+ , yi)

[∇2Ft+(yi)]−1∇Ft+(yi), y0 = x̄, (10)

until the pair (t+, yi) satisfies Pκ; then, set x+ = yi, thus forming the updated pair (t+, x+)
which satisfies Pκ.

This is the natural two-parameter analogy to the usual predictor-corrector scheme. The
origin of relations from item 1) is clear: the surface {(τ, x∗(τ))} of analytic centers is given by
the equation ∇Fτ (·) = 0; linearizing the equation at (t, x), we get x∗(t+rδt) ≈ x+dx(t, x)+rδx,
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with dx(t, x) and δx given by (7), (9) (these relations make sense, since ∇2Ft is nonsingular, see
P.1 and A).

Note that from P.2 it follows that process (10) is well-defined, keeps the iterates yi in the
interior of Dt+ and terminates in no more than O(1)(V (t+, x+) + ln ln(1/κ)) Newton iterations
yi 7→ yi+1; from now on O(1) are positive absolute constants and

V (τ, y) = Fτ (y)− min
u∈int Dτ

Fτ (u) ≡ Fτ (y)− f∗(τ).

In order to bound from above the Newton complexity (number of Newton iterations) of a
corrector step, we fix certain constant κ̂ ≥ 7 and impose on rule 2) the following restriction

R: the stepsize r̄ is such that V (t+, x̄) ≤ κ̂ .
In order to choose the largest possible r̄ satisfying R, one could use a line search. The

difficulty is, however, that the left hand side in the latter inequality involves the implicitly defined
quantity f∗(t+), so that we need certain “ computationally cheap” technique for bounding V (·, ·)
from above. To this end we intend to use dual bounds, which we now discuss.

4 Dual bounds

To get an upper bound on the quantity V (τ, y) is the same as to get a lower bound on the
quantity f∗(τ) = miny Fτ (y). This latter problem would be absolutely trivial if we knew the
Legendre transformation of Fτ (·) – the value of this transformation at 0 is exactly −miny Fτ (y).
Of course, we have no hope of knowing explicitly the Legendre transformation of Fτ (since
otherwise we would immediately know not only the optimal value, but also the minimizer of Fτ
– it is the gradient of the Legendre transformation at 0). Nevertheless, in many cases we have
certain partial information on the Legendre transformation of Fτ – namely, we can represent
Fτ (y) as a superposition of an affine mapping y 7→ u = πτy+pτ and a function F(u) with known
Legendre transformation F∗:

(∗) Fτ (y) = F(πτy + pτ ).

It is possible “to see” miny Fτ (y) in F∗: if s ∈ DomF∗ is such that πTτ s = 0, then

−miny Fτ (y) = supy[sTπτy −F(πτy + pτ )]
= supy[sT [πτy + pτ ]−F(πτy + pτ )− sT pτ ]
≤ supu[sTu−F(u)− sT pτ ]
= F∗(s)− sT pτ ,

so that every s ∈ DomF∗ such that πTτ s = 0 generates a lower bound on miny Fτ (y); it is easily
seen that for properly chosen s this bound is exact. This is the way we intend to use in order
to generate lower bounds on f∗(·), and we start with the assumptions on the barriers Φ, FK , FG
which ensure the possibility of representing Fτ in the form of (*).

4.1 Structural assumptions on the barriers

From now on we make the following assumptions on the barriers ΦH , FK and FG under consid-
eration:
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C.1. There exist closed convex domains G+
K ⊂ RmK and G+ ⊂ RmG that do not

contain lines, self-concordant barriers ΦK and ΦG for these domains, parameters of
the barriers being ϑK and ϑ, respectively, and affine mappings

x 7→ πKx+ pK : Rn → RmK , x 7→ πGx+ pG : Rn → RmG

such that

G = cl{x ∈ Rn | πGx+ pG ∈ int G+}, GK = cl{x ∈ Rn | πKx+ pK ∈ int G+
K}

and
FK(x) = ΦK(πKx+ pK), FG(x) = ΦG(πGx+ pG);

C.2 We know the Legendre transformations Φ∗H(·), Φ∗K(·), Φ∗G(·) of the functions
ΦH , ΦK , ΦG.
“ We know” means that, given a vector s of the corresponding dimension, we may
check whether the vector belongs to the domain of the Legendre transformation in
question, and if it is the case, we can compute the value of the transformation at s.

Let us demonstrate that the aforementioned assumptions on the barriers are satisfied in a
number of interesting and important particular cases.

First of all, our assumptions are “stable with respect to intersections”: if, say, we can
represent the domain G as an intersection ∩ki=1G

i of finitely many domains in such a way that
every Gi admits a s.-c.b. of the type Φi(πix+ pi), where Φi is a ϑi-s.-c.b. with known Legendre
transformation, we may take as ΦG the function

ΦG(u1, ..., uk) = Φ1(u1) + ...+ Φk(uk)

(which results in ϑ =
∑
i ϑi; note that the Legendre transformation of ΦG is the “direct sum”

of those of Φi) and set

FG(x) = ΦG(πCx+ pC), πCx+ pC = (π1x+ p1, ..., πkx+ pk);

of course, we can similarly handle FK .
Further, our assumptions are “stable with respect to affine substitutions of variables”: if,

say, we can represent G (similarly for GK) as an inverse image of a domain Ḡ:

G = cl{x | A(x) ∈ int Ḡ}

under affine mapping A and Ḡ admits a barrier F̄C(u) = ΦG(π̄Cu + p̄C), ΦG being a ϑ-s.-c.b.
with known Legendre transformation, then G itself admits a desired barrier

FG(x) = ΦG(πCx+ pC),

the affine mapping x 7→ πCx + pC being the superposition of the mappings x 7→ A(x) and
u 7→ π̄Cu+ p̄C .

Thus, the family of “good” domains – those possessing barriers of the required type – is closed
with respect to the basic operations such us taking intersections and inverse images under affine
mappings (and, as it is immediately seen, taking direct products).

Now let us indicate several “building blocks” which can be used, as G+ and Φ, in the
aforementioned combination rules (for justifications, see [16], Chapter 5):
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1. The nonnegative half-axis G+ = R+:

Φ(u) = − lnu, Φ∗(s) = − ln(−s)− 1 [ϑ = 1];

due to the combination rules, this example in fact covers all our needs in the case when K =
H = Rm

+ and G is a polytope;
2. The second-order cone G+ = {u ∈ Rq | uq ≥ (

∑q−1
i=1 u

2
i )

1/2}:

Φ(u) = − ln(u2
q −

q−1∑

i=1

u2
i ), Φ∗(s) = − ln(s2

q −
q−1∑

i=1

s2
i )− 2 + 2 ln 2 [ϑ = 2];

due to the combination rules, this observation covers convex quadratic quadratically constrained
problems (since the Lebesgue set {x | f(x) ≤ 0} of a convex quadratic form f can be represented
as an inverse image of a second-order cone under affine mapping) and even more general family
of convex programs (e.g., we may handle the hyperbolic domain of the type

∑n−1
i=1 x

2
i + 1 ≤

x2
n, xn > 0).

3. The epigraph of the exponent G+ = {(t, x) ∈ R2 | t ≥ exp{x}}:

Φ(t, x) = − ln(ln t− x)− ln t, Φ∗(s, ξ) = (ξ + 1) ln
(
ξ + 1
−s

)
− ξ − ln ξ − 2 [ϑ = 2];

due to the combination rules, this observation covers Geometrical Programming in the expo-
nential form.

4. The cone of positive semidefinite matrices G+ in the space of m×m symmetric matrices:

Φ(u) = − ln Det u, Φ∗(s) = − ln Det (−s)−m [ϑ = m];

due to the combination rules, this example allows to handle Linear Matrix Inequality constraints
given by the requirement that a symmetric matrix A(x) affinely depending on the design vector
is positive semidefinite (cf. Introduction, Example 5).

Thus, our assumption on the structure of barriers ΦH , FK and FG is compatible with a wide
spectrum of important fractional problems.

4.2 Dual bounds

From now on we set

F(u) ≡ F(u1;uH ;uK ;uG) = −ϑ ln(u1) + ΩHΦH(uH) + ΩKΦK(uK) + ΦG(uG),

so that
Ft(x) = F(U(t, x)), U(t, x) = σt1 + t0[ξx+ p] + πx+ q, (11)

where

σt1 = (t1; 0; 0; 0); (12)
ξx+ p = (0;βx+ b; 0; 0); (13)
πx+ q = (−cTx;−αx− a;πKx+ pK ;πGx+ pG). (14)

10



Let F∗ be the Legendre transformation of F :

F∗(s) ≡ F∗(s1; sH ; sK ; sG)
= −ϑ ln(−s1) + ΩHΦ∗H(sH/ΩH) + ΩKΦ∗K(sK/ΩK) + Φ∗G(sG) + ϑ(lnϑ− 1).

Note that, in view of P.4, F∗ is s.s.-c. on its domain.
Let us make the following simple observation:

Lemma 4.1 Let s belong to DomF∗ and satisfy, for some τ0, the linear homogeneous equation

Eτ0 [s] ≡ [τ0ξ + π]T s = 0.

Then, for all τ1 such that τ = (τ0, τ1) ∈ T , one has

f∗(τ) ≥ fs(τ) ≡ sT [στ1 + τ0p+ q]−F∗(s).

Proof. Let y be such that (τ, y) ∈ T+. Since F is convex and closed, it is the Legendre
transformation of F∗, so that from (11) it follows that

Fτ (y) ≥ sTU(τ, y)−F∗(s) = sT [στ1 + τ0[ξy + p] + πy + q]−F∗(s)
= fs(τ) + sT [τ0ξ + π]y = fs(τ).

Thus, any vector s satisfying, with respect to a given τ0, the premise of the above lemma
(let us call such s dual feasible w.r.t. τ0) induces lower bounds on the quantities f∗(τ0, ·) =
minx Fτ0,·(x), and these are the bounds we intend to use at the predictor step in order to ensure
R. Let us present a systematic way to form these dual feasible vectors.

4.3 Dual search parabola

Let (t, x) ∈ T+ be close to the surface S, δt be a direction in the parameter space and

X = {X(r) ≡ (t(r) = t+ rδt, x(r) = x+ ∆x(r)), ∆x(r) = dx(t, x) + rδx | r ≥ 0}

be the corresponding primal search ray (see (6)-(8)). The mapping (τ, y) 7→ U(τ, y) (see (11))
transforms this ray into the parabola

U(X(r)) = U(t, x) + ∆u(r) + δu(r),

where

∆u(r) = rσδt1 + rδt0[ξx+ p] + [t0ξ + π]∆x(r), (15)
δu(r) = rδt0ξ∆x(r). (16)

Our goal is to associate with these “primal” entities a dual one – the dual search parabola

S = {(t(r) = t+ rδt, s(r)) | r ≥ 0}

which will provide us with dual feasible vectors. To define S, we first define the matrix

Q(x) = ΩKπ
T
KΦ′′K(πKx+ pK)πK + πTGΦ′′G(πGx+ pG)πG

11



and then set

s = F ′(U(t, x)), (17)
∆s(r) = F ′′(U(t, x))∆u(r), (18)
ŝ(r) = s+ ∆s(r), (19)
ε(r) = −rδt0Q−1(x)ξT∆s(r), (20)
δs(r) = (0; 0; ΩKΦ′′KπKε(r); Φ′′G(πGx+ pG)πGε(r)), (21)
s(r) = ŝ(r) + δs(r) = s+ ∆s(r) + δs(r). (22)

Note that the construction is well defined, since the matrix Q(x) is positive definite (indeed, it
is the Hessian at x of the s.-c.b. ΩKFK(·) + FG(·) for bounded domain D).

In what follows, given a positive semidefinite symmetric matrix Q and a vector u of the
corresponding dimension, we denote by |u|Q the Euclidean seminorm

|u|Q = (uTQu)1/2.

Our local goal is to demonstrate that s(r) is, for small r, dual feasible w.r.t. t0 + rδt0.

Lemma 4.2 Let (t, x) ∈ T+ be close to S. Then

Et0+rδt0 [s(r)] ≡ 0. (23)

Furthermore,
|∆s(r)|F ′′∗ (s) = |∆u(r)|F ′′(U(t,x)); (24)

in particular,

|∆s(0)|F ′′∗ (s) = |∆u(0)|F ′′(U(t,x)) = |dx(t, x)|∇2Ft(x) = λ(Ft, x) ≤ κ, (25)

and s(0) is dual feasible w.r.t. t0.

Proof. To simplify notation, let us omit explicit arguments in F , F∗ and Ft; in what follows,
these arguments are, respectively, U(t, x), s = F ′(U(t, x)) and x.

Let us first verify that

e(r) ≡ Et0+rδt0 [ŝ(r)] = rδt0ξ
T∆s(r). (26)

To this end, note that (8) can be rewritten as

[t0ξ + π]TF ′′[σδt′ + δt0[ξx+ p] + [t0ξ + π]δx] = −δt0ξTF ′, (27)

while (7) means that

[t0ξ + π]TF ′′[t0ξ + π]dx(t, x) = −[t0ξ + π]TF ′. (28)

Multiplying (27) by r and adding (28), we have

[t0ξ + π]T∆s(r) ≡ [t0ξ + π]TF ′′∆u(r) = −[(t0 + rδt0)ξ + π]TF ′ ≡ −[(t0 + rδt0)ξ + π]T s, (29)

whence Et0+rδt0 [s+ ∆s(r)] = rδt0ξ
T∆s(r), as required in (26).

12



Now let us prove (23):

Et0+rδt0 [s(r)] = Et0+rδt0 [ŝ(r)] + Et0+rδt0 [δs(r)] [(22)]
= e(r) + Et0+rδt0 [δs(r)] [origin of e(r)]
= e(r) + [(t0 + rδt0)ξ + π]T δs(r) [origin of E ]
= e(r) + ΩKπ

T
KΦ′′K(πKx+ pK)πKε(r)

+πTGΦ′′G(πGx+ pG)πGε(r) [(13),(14),(21)]
= e(r) +Q(x)ε(r) [origin of Q(x)]
= 0. [(20),(26)]

Further, F ′′∗ = [F ′′]−1, since the argument in the left-hand side is the gradient of F at the point
involved into the right-hand one; this observation, in view of ∆s(r) = F ′′∆u(r), immediately
results in (24).

Last, we have ∆u(0) = [t0ξ + π]dx(t, x), and from (11) it follows that ∇2Ft = [t0ξ +
π]TF ′′[t0ξ + π]; therefore |∆u(0)|2F ′′ = |dx(t, x)|2∇2Ft

= |∇Ft|2[∇2Ft]−1 = λ2(Ft, x) (the second
equality is given by (7)), as required in (25). It remains to note that since (t, x) is close to S,
we have λ(Ft, x) ≤ κ < 1, and (25) implies that s(0) belongs to the open Dikin ellipsoid of the
(as we know, s.s.-c.) function F∗, the ellipsoid being centered at s = F ′ ∈ DomF∗; therefore
s(0) ∈ DomF∗, and since Et0 [s(0)] = 0 by (23), s(0) is dual feasible w.r.t. t0.

4.3.1 Acceptability test

Lemma 4.2 states that, for small r, the point s(r) is close to the point s(0) from the domain
of F∗ and, consequently, itself belongs to this domain; besides this, s(r) satisfies the equation
Et0+rδt0 [·] = 0. Thus, at least for small r the point s(r) is dual feasible w.r.t. t0(r) = t0 + rδt0.
This observation underlies the sufficient condition for R that we are about to present.

Acceptability test: given a primal search ray {X(r) = (t, x+ dx(t, x)) + r(δt, δx) | r ≥ 0}
((t, x) satisfies Pκ, (δt, δx) ∈ Π(t, x)), and a candidate stepsize r, act as follows:

a) check whether X(r) ∈ T+; if not, reject r;
b) compute s(r) according to (17)-(22), and check whether s(r) ∈ DomF∗; if not, reject r;
c) compute the quantity (see Lemma 4.1)

V (r) = Ft+rδt(x+ dx(t, x) + rδx)− fs(r)(t+ rδt)
= Ft+rδt(x+ dx(t, x) + rδx) + F∗(s(r))− [s(r)]T [σ(t1 + rδt1) + (t0 + rδt0)p+ q].

If V (r) > κ̂, reject r.
If r was not rejected, claim that r satisfies R.
An immediate consequence of Lemmas 4.1, 4.2 is the following

Proposition 4.1 The Acceptability test is valid: if a stepsize r passes the test, then (t+rδt, x+
dx(t, x) + rδx) ∈ T+ and

Ft+rδt(x+ dx(t, x) + rδx)− min
u∈int Dt+rδt

Ft+rδt(u) ≤ κ̂ .

5 Main Propositions

In this section we formulate the main results underlying our policy of tracing the surface of
analytic centers and the complexity analysis of the resulting method. The corresponding proofs
are given in Appendix.
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Acceptable steps. The above constructions give a possibility of implementing the basic
scheme for tracing the surface S in a way which ensures a fixed Newton complexity of the
corrector step; in view of P.3 and Proposition 4.1, to this end it suffices to choose as the stepsize
r̄ a quantity passing the Acceptability test. To derive polynomial time complexity bounds, we
should, of course, know that the test is “reasonable”, i.e., that it for sure accepts stepsizes of
certain “not too small” length. The corresponding statement is:

Theorem 5.1 Let (t, x) ∈ T+ satisfy Pκ, and let ω ≤ 0.05 be a positive real. Assume that a
direction δt satisfies the assumptions

ϑδt2i ≤ (t1 − cTx)2ω2, (30)

µ(t, x)|δt0| ≤ ω

√
ΩK

Ω2
H + ΩHΩK

, µ(t, x) = −BT (x)Φ′H(t0B(x)−A(x)), (31)

and let δx be defined by δt in such a way that (δt, δx) ∈ Π(t, x). Then any stepsize r ∈ [0, 1]
passes the Acceptability test.

Growth of the potential. The next statement is the key to complexity analysis of the
method:

Theorem 5.2 The function

f∗(τ) = min
y∈int Dτ

Fτ (y) : T → R

is nonincreasing in τ0, and if (t, x) satisfies Pκ and

∆t0 = −ω
√

ΩK

Ω2
H + ΩHΩK

µ−1(t, x), 0 < ω ≤ 1
20
, (32)

(see (31)), then t+ = (t0 + ∆t0, t1) ∈ T and

f∗(t+) ≥ f(t) +
ω

16

√
ΩHΩK

ΩH + ΩK
. (33)

6 Tracing the surface

We have developed a technique which allows, given a pair (t, x) close to the surface and a direction
δt in the plane of parameters, to perform something like the largest predictor step compatible
with the predicate R (and thus ensuring an a priori bound on the Newton complexity of the
subsequent corrector step). Thus, we know how to travel along the surface, but we did not
discuss where to travel. In the usual path-following scheme the latter question does not arise
at all – the only reasonable strategy is to decrease t0, the only parameter of interest. This is
not the case with a two-parameter surface, since here there are many candidate strategies for
traveling from the starting point to the desired optimal solution.

Recall that we have associated with problem (P ) equipped with a starting point x# ∈ int D
(D = GK ∩ G, GK = cl{x | B(x) ∈ int K}) and with a starting value t#0 of the parameter
t0, t#0 B(x#) − A(x#) ∈ int H, two-parameter surface S = S(c) (see (5)). This surface which
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passes through the point x#, the corresponding value of the parameter vector t = (t0, t1) being
t# = (t#0 , t

#
1 ), see (6). In order to solve the problem, it suffices to travel along S, starting from

(t#, x#), in a way which ensures that the “parameter of interest” t0 approaches the regularized
optimal value t∗0 of (P ). As for the “centering” parameter t1, we should make it large enough,
since with too small values of the parameter the artificial constraint cTx ≤ t1 may change the
optimal value of t0 we actually are interested in. In fact all we need is to make the artificial
constraint redundant, i.e, to ensure that

t1 > max{cTx | x ∈ Dt};

then, of course, the quantity
t∗0(t1) = inf{t0 | (t0, t1) ∈ T}

coincides with the regularized optimal value

t∗0 = inf{t0 | (t0, τ) ∈ T}

of (P ). Consequently, after redundancy is detected, we may fix the value of the centering
parameter and completely focus on decreasing the parameter of interest. Thus, at the initial
phase, before the redundancy is detected, we decrease t0 and increase t1, and at the main phase,
after the redundancy is detected, we decrease t0 and keep t1 constant.

To implement this idea, we need, first, a test for detecting redundancy, and, second, a “safe”
strategy for the initial phase, to ensure a reasonable duration of the phase. These are the issues
we now discuss.

6.1 Detecting redundancy

To detect redundancy, one can use the following
Redundancy test: given an iterate (t, x) satisfying Pκ, compute the quantity

ψ =
(
cT [∇2Ft(x)]−1c

)1/2

and check whether
7ϑψ ≤ t1 − cTx; (34)

if it is the case, claim that redundancy is achieved.

Lemma 6.1 Let κ ≤ 0.2. Then the aforementioned test is correct: if (t, x) satisfies Pκ, then
(34) implies that

D(τ,t1) = {x ∈ D | τB(x)−A(x) ∈ H} ∀τ ∈ (t∗0, t0], (35)

t∗0 being the regularized optimal value in (P ).

Proof. For the sake of brevity, let us write F instead of Ft. Let x∗ be the minimizer of F ; we
have

λ(F, x) ≤ κ ≤ 1
5
.

This relation, in view of [16], Theorem 2.2.2.(iii), implies that
√

(x− x∗)TF ′′(x)(x− x∗) ≤ 1− (1− 3κ)1/3 ≤ 0.27. (36)
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In view of this latter fact and P.1 we have

F ′′(x∗) ≥ (0.73)2F ′′(x). (37)

Furthermore, since F is a (4ϑ)-s.-c.b. for Dt, ϑ ≥ 10 and x∗ is the minimizer of the barrier, P.5
implies that √

(y − x∗)TF ′′(x∗)(y − x∗) ≤ 4.9ϑ, y ∈ Dt.

Thus, (36) - (37) imply that
√

(y − x)TF ′′(x)(y − x) ≤ 0.27 + (4.9/0.73)ϑ < 7ϑ, y ∈ Dt, (38)

which combined with the definition of ψ and (34) results in

max
y∈Dt

cT y < cTx+ 7ψϑ ≤ t1.

Thus, (34) does imply the equality in (35) for τ = t0 and, consequently, for all τ ∈ (t∗0, t0], as
claimed.

6.2 The method

Now we are able to summarize the description of the method for solving (P ). Our strategy will
be as follows: given a starting point x# ∈ int D, we first define a surface of analytic centers S(c)
which passes through x# for some explicitly defined value t# of the parameter vector. Then
we use the basic updating scheme equipped with the Acceptability test in order to generate a
sequence of (close to S) pairs (ti, xi) ((t1, x1) = (t#, x#)) with ti0 converging to the regularized
optimal value of the problem. In this process, we all the time decrease the “parameter of interest”
t0 and never decrease the “centering parameter” t1. The centering parameter is increased at the
initial phase, until the constraint cTx ≤ ti1 becomes redundant in the description of the domain
Dti , and is kept constant at the subsequent main phase. At the main phase, the parameter of
interest is decreased as fast as it is allowed by the Acceptability test; this is not the case at
the initial phase, where our policy is aimed to ensure reasonable duration of the phase; to this
end we choose the directions δti in a way which guarantees “fast decrease” of the quantities
f∗(ti) = minx Fti(x) with i, which is a convenient implicit way to make t1 redundant.

The implementation of the outlined strategy is as follows.
Initialization. Given x# ∈ int D, choose t#0 such that

t#0 B(x#)−A(x#) ∈ int H (39)

and
ΩH∇2ΦH(t#0 B(x#)−A(x#)) ≤ ∇2 (ΩKΦK(πKx+ pK) + ΦG(πGx+ pG)) (40)

and define c and t#1 according to (5)-(6), thus defining the 2-parameter surface S ≡ S(c) of

analytic centers and a pair (t#, x#), t# = (t#0 , t
#
1 ), belonging to the surface.

Remark 6.1 We shall demonstrate that (39) is satisfied for all large enough
values of t#0 and that ∇2ΦH(t0B(x#) − A(x#)) → 0, t0 → ∞, so that it is easy to
ensure (39)-(40); it suffices to start with an arbitrary trial value τ of t#0 and to test
the values, say, τ + 2k, k = 0, 1, ... until the required relations are satisfied.
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i-th iteration, i ≥ 1. Given a pair (ti, xi) satisfying Pκ ((t1, x1) = (t#, x#)), act as follows:
0) compute the quantities µ(ti, xi), ψ∗(ti, xi), where

µ(t, x) = −BT (x)Φ′H(t0B(x)−A(x)); ψ∗i (t, x) = max{z | (t0 − z)B(x)−A(x) ∈ H};

1) choose a direction δti = (δti0, δt
i
1) in the plane of parameters as

δti = 0.05





( ti1−cT xi√
ϑ

, −min
[
µ−1(ti, xi)

√
ΩK

Ω2
H+ΩHΩK

; 0.5ψ
∗(ti,xi)√

ϑ

]
), initial phase

( 0 , −µ−1(ti, xi)
√

ΩK
Ω2
H+ΩHΩK

), main phase
(41)

2) Apply to the pair (ti, xi) and the direction δti the basic updating scheme 3.3 equipped
with the Acceptability test in order to ensure R, the corresponding stepsize ri being subject to
the restrictions

1 ≤ ri ≤ Ri,
where

Ri =
{

0.5
√
ϑ, initial phase

+∞, main phase

The new iterate (ti+1, xi+1) is the result given by the basic updating scheme.

Remark 6.2 From (41) and Theorem 5.1 it follows that the stepsize ri = 1
passes the Acceptability test, so that 2) is consistent; moreover, the “ short-step”
version of the method (ri ≡ 1) does not require any line search and dual bounding.

To get a “practical” algorithm, it is, of course, reasonable to use a line search
to get the largest possible stepsize ri ∈ [1, Ri] accepted by the Acceptability test;
note that this line search is computationally inexpensive compared to our natural
“complexity unit” – the arithmetic cost of a Newton step.

3) At the initial phase, subject (ti+1, xi+1) to the Redundancy test; if the pair passes the
test, switch to the main phase. Loop.

6.3 Complexity Analysis

To present complexity analysis of the method, we need an additional regularity assumption as
follows:

D. (P ) is solvable and there exists an optimal solution (t0 = τ∗, x = x∗) to the
problem such that

B(x∗) ∈ int K.

Assumption D can be interpreted as “well-posedness” of (P ); when it is violated, it seems to
be impossible to bound the complexity of solving (P ). Indeed, consider the following example:
G is a solid in Rn, H = K = R2

+, B(x) = (bTx, 1), A(x) = (bTx, 0), where the vector b is such
that min{bTx | x ∈ G} = 0. In this example, the optimal value in (P ) is 0 and is achieved at
the set of minimizers of bTx on G; outside this set the inclusion t0B(x)−A(x) ∈ H implies that
t0 ≥ 1. Thus, to solve the indicated fractional program within accuracy, say, 1/2, i.e., to find a
feasible pair (t0, x) with t0 ≤ 1/2, is the same as to solve the program exactly; this can be done
with finite computational effort only for a very restricted family of solids G.
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Theorem 6.1 Let problem (P ) satisfying assumptions A, B, C be solved by the method pre-
sented in 6.2. Then

(i) The duration of the initial phase does not exceed

Nini = O(1)
√
ϑ ln(ϑ[D : x#]) (42)

iterations; here and in what follows all O(1)’s are absolute constants, and

[D :x#] = max
{
α | ∃h : x# − h 6∈ D,x# + αh ∈ D

}

is the asymmetry coefficient of D with respect to x#

(ii) Let (tm, xm) be the pair which starts the main phase of the method, and let ε ∈ (0, 1).
The number of iterations of the main phase which results in a pair (ti, xi) such that

ti ≤ τ∗ + ε(tm − τ∗)
does not exceed the quantity

N (ε) = O(1)
√
ϑ(ϑH + ϑK) ln

(
1 +

Θ
ε

)
, (43)

where
Θ = min{s ≥ 0 | sB(x∗)−B(x∗(tm)) ∈ K}

and x∗(t) = argminx∈int Dt Ft(x).
(iii) The Newton complexity (number of Newton iterations) of any corrector step of the

method does not exceed
O(1)(κ̂+ ln ln(1/κ)).

Proof. Let us start with proving correctness of the initialization rule for t0; as it was explained
in Remark 6.1, to this end it suffices to verify that t0B(x#)−A(x#) ∈ int H for all large enough
t0 (this is evident, since B(x#) ∈ int K and K is contained in the recessive cone of H) and that

R(t0) ≡ ∇2ΦH(t0B(x# −A(x#))→ 0, t0 →∞. (44)

To prove the latter relation, let us choose t∗0 in such a way that y = t∗0B(x#)−A(x#) ∈ int H,
and let U be a convex symmetric neighbourhood of the origin in Rm such that B(x#) +U ⊂ K.
Since K is contained in the recessive cone of H, for z ≥ 0 we have

y(z) + zU ⊂ H, y(z) = (t∗0 + z)B(x#)−A(x#).

It remains to note that (44) is an immediate consequence of the latter relation due to the
following general fact:

(*) Let P be a closed convex domain, F be a γ-self-concordant barrier for P , y
be an interior point of P and V be a convex symmetric neighbourhood of the origin
such that y + V ⊂ P . Then

zT∇2F (y)z ≤ (1 + 5γ)2 ∀z ∈ V.
The proof is immediate: to simplify notation, let y = 0. The function Ψ(x) =
F (x) + F (−x) is 2γ-s.-c.b. for the convex domain P ′ = P ∩ (−P ), and 0 is the
minimizer of the Ψ on P ′. From P.5 it follows that

zT (2∇2F (0))z ≤ (1 + 6γ)2 ∀z ∈ P ′ ⊃ V,
and (*) follows.
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Let us prove (i).
(i.1)0. Let us first verify that the quantities fi = Fti(xi) “quickly decrease” during the initial

phase: if step i belongs to the phase, then

fi − fi+1 ≥ O(1)
√
ϑ. (45)

Indeed, we have
fi − fi+1 =

{
Fti(xi)− Fti+1(xi)

}
I

+
{
Fti+1(xi)−minx Fti+1(x)

}
II

+ {minx Fti+1(x)− fi+1}III .
(46)

The quantity {·}II is nonnegative. Further, since λ ≡ λ(Fti+1 , xi+1) ≤ κ ≤ 0.2, we have

{·}III ≥ −ρ(λ) ≥ −0.024 (47)

([16], Theorem 2.1.1). It remains to evaluate {·}I . Taking into account the structure of Ft,
dropping index i (r = ri, δt = δti, and so on), setting y = t0B(x)−A(x), dy = δt0B(x), we have

{·}I = ϑ ln
(
1 + rδt1

t1−cT x
)

+ ΩH [ΦH(y)− ΦH(y + rdy)]
= ϑ ln(1 + 0.05rϑ−1/2) + ΩH [ΦH(y)− ΦH(y + rdy)].

(48)

Now, since 0 > δt0 ≥ −0.025ϑ−1/2ψ∗(t, x) by (41), we have y+ 40ϑ1/2dy ∈ H (definition of ψ∗).
Now let us use the following fact ([16], Proposition 2.3.2):

(**) let F be a ϑ-s.c.b. for a domain P , let y ∈ int P , and let y+Rdy ∈ P . Then

F (y + tdy) ≤ F (y)− ϑ ln(1− r/R), 0 ≤ r < R.

Applying (**) to the barrier ΩHΦH for P = H and our y and dy (R = 40ϑ1/2), we get

ΩH [ΦH(y)− ΦH(y + rdy)] ≥ ϑ ln(1− 0.025ϑ−1/2r),

so that (48) results in
{·}I ≥ ϑ ln(1 + g − 2g2), g = 0.025rϑ−1/2.

Since at the initial phase 1 ≤ r ≤ 0.5ϑ1/2, we have 2g2 ≤ 0.025g, so that {·}I ≥ ϑ ln(1 + 0.975g).
Summarizing our observations, we conclude from (46) that

fi − fi+1 ≥ ϑ ln(1 + 0.024ϑ−1/2r)− 0.024 ≥ 0.5ϑ ln(1 + 0.024ϑ−1/2r)

(we have taken into account that ϑ ≥ 10 and r ≥ 1), and (45) follows.
(i.2)0. Now we are able to bound from above the duration of the initial phase. To simplify

notation, in the below reasoning we assume that x# = 0 (which, of course, does not restrict
generality). Assume that step i belongs to the phase and is not the final step of it. Setting

Ψτ (x) = ΩHΦH(τB(x)−A(x)) + F (x), F (x) = ΩKΦK(πKx+ pK) + ΦG(πGx+ pG),

we conclude from (45) that

ϑ ln(ti+1 − cTxi+1) ≥ O(1)ϑ1/2i+ Ψti+1
0

(xi+1)−Ψ
t#0

(0)
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(we have taken into account that t#1 − cTx# = 1 by (6)). Since ti+1
0 ≤ t#0 and Ψτ (x) clearly

is nonincreasing in τ whenever x ∈ int D is such that τB(x) − A(x) ∈ int H (see P.3 and take
into account that B(x) is a recessive direction for H when x ∈ int D), we have Ψti+1

0
(xi+1) ≥

Ψ
t#0

(xi+1), and we come to

ϑ ln(ti+1 − cTxi+1) ≥ O(1)ϑ1/2i+ Ψ(xi+1)−Ψ(0), Ψ(·) ≡ Ψ
t#0

(·). (49)

Now let
W = {y | yT∇2F (0)y ≤ 1}, W ′ = {y | yT∇2Ψ(0)y ≤ 1}

be the Dikin ellipsoids, centered at x# = 0, of the barriers F and Ψ, respectively, and let
D′ = D ∩ (−D) be the symmeterization of D. By definition of the asymmetry coefficient
α ≡ [D :x#], we have D ⊂ αD′, while by (*) we have D′ ⊂ (1 + 15ϑ)W ; thus,

D ⊂ 16αϑW ⊂ 32αϑW ′ (50)

(the concluding inclusion follows from W ⊂ √2W ′, see (40)). Now, the function Ψ(x) is 3ϑ-s.-c.b
for the domain

P = {x ∈ D | t#0 B(x)−A(x) ∈ H},
and both xi+1 and W ′ are contained in this domain; setting y = xi+1, dy = x#− xi+1 = −xi+1,
we get y ∈ int P , y+ [1 + (32αϑ)−1]dy ∈ P (the latter inclusion follows from (50) and W ′ ⊂ P ).
Applying (**), we get

Ψ(0) ≤ Ψ(xi+1) + 3ϑ ln(1 + 32αϑ),

so that (49) implies that

ln(ti+1 − cTxi+1) ≥ O(1)ϑ−1/2i− 3 ln(1 + 32αϑ). (51)

On the other hand, we know that redundancy was not detected at the step i, i.e., that

7ϑ
(
cT [∇2Fti+1(xi+1)]−1c

)1/2
> ti+1

i − cTxi+1. (52)

The quantity 2
(
cT [∇2Fti+1(xi+1)]−1c

)1/2
is the variation (i.e., maximum minus minimum) of

the linear form cTx on the Dikin ellipsoid, centered at xi+1, of the barrier Fti+1 ; this ellipsoid,
say V , is contained in Dti+1 and, consequently, in D. Taking into account (50), we conclude that

the variation of cTx on V is at most 32αϑ times the variation 2
(
cT [∇2Ft#(0)]−1c

)1/2
, the latter

quantity clearly being ≤ 2
(
cT [∇2Ψ(0)]−1c

)1/2
. From (5) and from the fact that Ψ is 3ϑ-s.-c.b.

it follows that
(
cT [∇2Ψ(0)]−1c

)1/2 ≤ 2ϑ−1/2. Combining our observations, we come to

(
cT [∇2Fti+1(xi+1)]−1c

)1/2 ≤ 64α
√
ϑ,

so that (52) results in
O(1)αϑ3/2 ≥ ti+1

1 − cTxi+1.

This inequality, combined with (51), immediately implies upper bound on i required in (i).
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Now let us prove (ii). From Theorem 5.2 it follows that if N(i) is the number of iterations
of the main phase preceding an iteration i of the phase, then

γi ≡ min
x∈int Dti

Fti(x) ≥ γi∗ +O(1)N(i)

√
ΩHΩK

ΩH + ΩK
. (53)

On the other hand, let x̃ = x∗(tm) be the analytic center of the domain Dtm . Given ε ∈ (0, 1),
set

q =
ε

ε+ Θ
, xq = (1− q)x∗ + qx̃.

Then xq ∈ int Dtm . For τ = τ∗ + ε(tm0 − τ∗) we have

uq ≡ τB(xq)−A(xq) = yq + ηq,
yq = (1− q)(τ∗B(x∗)−A(x∗)) + q(tm0 B(x̃)−A(x̃)),
ηq = (1− q)(τ − τ∗)B(x∗)− q(tm0 − τ)B(x̃).

(54)

The vector yq clearly belongs to H. By definition of Θ one has δ ≡ ΘB(x∗)−B(x̃) ∈ K, whence

ηq = (1− q)(τ − τ∗)B(x∗)− q(tm0 − τ)B(x̃)
= [(1− q)(τ − τ∗)− q(tm0 − τ)Θ]B(x∗) + q(tm0 − τ)δ
= pB(x∗) + p′δ,

p > 0, p′ ≥ 0. Thus,
ηq ∈ int K, (55)

and since we already know that yq ∈ H, (54) implies that τB(xq) − A(xq) ∈ int H, so that
xq ∈ D(τ,tm1 ).

Now let

F (x, y) = −ϑ ln(tm1 − cTx) + ΩHΦH(y) + ΩKΦK(πKx+ pK) + ΦG(πGx+ pG);

then F is a 4ϑ-s.-c.b. for the domain D̄ = {(x, y) | x ∈ D, y ∈ H, tm1 ≥ cTx}. We have

z̃ ≡ (x̃, tm0 B(x̃)−A(x̃)) ∈ int D̄, z∗ ≡ (x∗, τ∗B(x∗)−A(x∗)) ∈ D̄.

Let
zq = (1− q)z∗ + qz̃ = (xq, yq).

From (55) it follows that uq − yq ∈ K, whence, in view of P.3, ΦH(uq) ≤ ΦH(yq) and, conse-
quently,

F (xq, uq) ≤ F (xq, yq) = F (zq).

One clearly has F(τ,tm1 )(xq) = F (xq, uq), whence

f∗(τ, tm1 ) ≤ F (zq);

on the other hand, zq is a convex combination of a pair of points from D̄ with the coefficients q
and 1− q, and from [16], Proposition 2.3.2.(ii) it follows that

F (zq) ≤ F (z̃) + 4ϑ ln(1/q) = Ftm(x̃) + 4ϑ ln(1/q) = f∗(tm) + 4ϑ ln(1/q).

Thus, we come to
f∗(τ, tm1 )− f∗(tm) ≤ 4ϑ ln(1/q).
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Now, if i is such that at the iteration i belonging to the main phase one has ti0 ≥ τ = τ∗+ε(tm0 −
τ∗), then, in view of the monotonicity of f∗(·, t1) (see Theorem 5.2) and (53) the left hand side
of the latter inequality is ≥ O(1)N(i)

√
ΩHΩK(ΩH + ΩK)−1, and we come to the inequality

N(i) ≤ O(1)ϑ

√
ΩH + ΩK

ΩHΩK
ln(1/q) = O(1)

√
ϑ(ϑH + ϑK) ln(1/q);

since 1/q = 1 + Θ/ε, we come to (43).
(iii) is an immediate consequence of R, which, as we know, is ensured by our construction,

and P.2.

7 Appendix

Proof of Theorem 5.1. To simplify notation, in what follows we omit explicit arguments to
the functions involved in the calculation; all quantities related to F , ΦH , ΦK , ΦG are taken at
the points U(t, x), t0B(x) − A(x), πKx + pK , πGx + pG, respectively; we also write B instead
of B(x) and u instead of U(t, x). Similarly, all quantities related to F∗ are taken at the point
s = F ′.

10. Let us start with the following observation:

Lemma 7.1 If (t, x) satisfies the premise of Theorem 5.1, then µ(t, x) > 0, and for all z ∈ Rn,
v ∈ Rm one has

|zTβTΦ′H | ≤ µ(t, x)|z|∇2FK(x), FK(x) = ΦK(πKx+ pK), (56)
B|Φ′′H ≤ µ(t, x), (57)
|βz|Φ′′H ≤ 3µ(t, x)|z|∇2FK(x), (58)

|βT v|Q−1(x) ≤ 3
µ(t, x)√

ΩK
|v|[Φ′′H ]−1 , (59)

|βTΦ′H |Q−1(x) ≤
µ(t, x)√

ΩK
. (60)

Proof. Let us start with (56) and (57). Let z be such that |z|∇2FK(x) ≤ 1; then, due to the
origin of FK and P.1, B(x+ z) ∈ K, so that the direction B+ βz is a recessive direction for the
domain H; in view of P.3 it follows that

−(B + βz)TΦ′H ≥ |B + βz|Φ′′H . (61)

Thus, the affine form −(B + βz)TΦ′H is nonnegative at the (centered at the origin) ellipsoid
given by |z|∇2FK(x) ≤ 1, and the value of the form at the origin is nothing but µ = µ(t, x), which
immediately implies (56). From (61) it follows that |B|Φ′′H ≤ µ, as required in (57).

Since x ∈ int D ⊂ int GK , we have B ∈ int K, and, consequently, B 6= 0; since H does
not contain lines, Φ′′H is positive definite (see P.1), and we conclude that µ > 0. Now, under
assumption |z|∇2FK(x) ≤ 1, the left-hand side of (61), in view of (56), does not exceed 2µ,
and from (61), (57) and the triangle inequality it follows that, for the indicated z, one has
|βz|Φ′′H ≤ 3µ, which immediately results in (58).

It remains to prove (59) and (60). We have

|βT v|Q−1(x) = max{wTβT v | wTQ(x)w ≤ 1}; (62)
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since one clearly has Q(x) ≥ ΩK∇2FK(x), from wTQ(x)w ≤ 1 it follows that |w|∇2FK(x) ≤
Ω−1/2
K , and consequently, in view of (58), |βw|Φ′′H ≤ 3µΩ−1/2

K ; thus,

wTQ(x)w ≤ 1⇒ wTβT v = [βw]T v ≤ |βw|Φ′′H |v|[Φ′′H ]−1 ≤ 3µΩ−1/2
K |v|[Φ′′H ]−1 ,

and (59) follows. To prove (60), let us set in (62) v = Φ′H ; according to (56), |wTβTΦ′H | ≤
µ|w|∇2FK(x) ≤ µΩ−1/2

K |w|Q(x), and (60) follows from (62). Lemma 7.1 is proved.
20. Now let us formulate the main estimates we need. In what follows δt is fixed and satisfies

(30) - (31), and δx is such that (δt, δx) ∈ Π(t, x).

Lemma 7.2 For (t, x) satisfying the premise of Theorem 5.1 one has

|[t0ξ + π]δx|F ′′ = |δx|∇2Ft(x) ≤ 3ω, (63)
|[t0ξ + π]dx(t, x)|F ′′ = |dx(t, x)|∇2Ft(x) ≤ κ; (64)

|δt0βδx|Φ′′H ≤ 9Ω−1/2
H (ΩH + ΩK)−1/2ω2, (65)

|δt0βdx(t, x)|Φ′′H ≤ 9Ω−1/2
H (ΩH + ΩK)−1/2ωκ, (66)

|∆s(r)|F ′′∗ = |∆u(r)|F ′′ ≤ 2ω + 3(κ+ ω), 0 ≤ r ≤ 1; (67)

|δu(r)|F ′′ ≤ 9(ΩH + ΩK)−1/2ω(ω + κ), 0 ≤ r ≤ 1; (68)
|δs(r)|F ′′∗ ≤ 3(ΩH + ΩK)−1/2ω(4ω + κ), 0 ≤ r ≤ 1. (69)

Proof. To simplify notation, in what follows we write F instead of Ft and d instead of (t1 −
cTx)−1.

a) The equality in (63) is evident (see (11)). We have

δx = −[∇2F ]−1
[
−ϑd2δt1c+ ΩHβ

TΦ′Hδt0 + ΩH(t0β − α)TΦ′′HBδt0
]
,

whence
|δx|2∇2F = |[∇2F ]δx|2[∇2F ]−1

≤ 3
{
ϑ2d4δt21c

T [∇2F ]−1c
}
I

+3
{

Ω2
Hδt

2
0(Φ′H)Tβ[∇2F ]−1βTΦ′H

}
II

+3
{
δt20Ω2

HB
TΦ′′H [t0β − α][∇2F ]−1[t0β − α]TΦ′′HB

}
III

.

(70)

We clearly have ∇2F ≥ ϑd2ccT , which immediately implies that

{·}I ≤ ϑd2δt21 ≤ ω2. (71)

(the concluding inequality is nothing but (30)).
We also evidently have ∇2F ≥ Q(x), so that from (60) it follows that

{·}II ≤ δt20Ω2
Hµ

2(t, x)Ω−1
K ≤ ω2 (72)

(the concluding inequality is an immediate consequence of (31)).
Finally, ∇2F ≥ ΩH [t0β − α]TΦ′′H [t0β − α], so that

{·}III ≤ δt20ΩH |B|2Φ′′H ≤ δt
2
0ΩHµ

2(t, x) ≤ ω2 (73)
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(the second inequality follows from (57), the third - from (31)).
Combining (70) - (73), we come to the inequality required in (63).
b) The equality in (64) is evident (see (11)), and the inequality is given by (25).
c) In view of (58) and ∇2F ≥ ΩK∇2FK we have

|βδx|Φ′′H ≤ 3µ(t, x)|δx|∇2FK ≤ 3µ(t, x)Ω−1/2
K |δx|∇2F ≤ 9µ(t, x)Ω−1/2

K ω

(the concluding inequality follows from (63)), which combined with (31) implies (65). (66) is
given by similar reasoning, with (64) playing the role of (63).

d) Equality in (67) is given by (24). To prove the inequality, note that in view of (16) one
has

|∆u(r)|F ′′ ≤ |rσδt′|F ′′ + |rδt0[ξx+ p]|F ′′ + |[t0ξ + π]∆x(r)|F ′′
=
√
ϑd|rδt1|+ |r||δt0|Ω1/2

H |B|Φ′′H + |[t0ξ + π](dx(t, x) + rδx)|F ′′
[structure of F ]

≤ |r|ω + |r||δt0|Ω1/2
H µ(t, x) + 3(κ+ |r|ω) [(30),(57),(63),(64)]

≤ 2ω + 3(κ+ ω), 0 ≤ r ≤ 1, [(31)]

as claimed in (67).
e) To prove (68), note that in view of (17) and (13) one has

|δu(r)|F ′′ = Ω1/2
H |rδt0β∆x(r)|Φ′′H

= Ω1/2
H |rδt0β[dx(t, x) + rδx]|Φ′′H

≤ 9(ΩH + ΩK)−1/2ω(ω + κ), 0 ≤ r ≤ 1, [(65),(66)]

as required in (68).
f) It remains to prove (69). From (17)-(22) it follows that

δs(r) = F ′′ζ, ζ = (0; 0;πKε(r);πGε(r)),

and since F ′′∗ = [F ′′]−1, we come to

|δs(r)|2F ′′∗ = |ζ|2F ′′
= ΩK [πKε(r)]TΦ′′KπKε(r) + [πGε(r)]TΦ′′GπGε(r)
= εT (r)

[
ΩKπ

T
KΦ′′KπK + πTGΦ′′GπG

]
ε(r)

= εT (r)Q(x)ε(r) [origin of Q(x)]
= [Q(x)ε(r)]TQ−1(x)[Q(x)ε(r)]
= |rδt0|2|ξT∆s(r)|2Q−1(x) [(20)]

= |rδt0|2
∣∣∣βT [ΩHΦ′′H ][rδt0B + [t0β − α](dx(t, x) + rδx)]

∣∣∣
2

Q−1(x)

[(17)-(22),(13)]
≤ 9Ω−1

K µ2(t, x)|rδt0|2 |ΩHΦ′′H [rδt0B + [t0β − α](dx(t, x) + rδx)]|2[Φ′′H ]−1 [(59)]

= 9Ω2
HΩ−1

K µ2(t, x)|rδt0|2 |rδt0B + [t0β − α](dx(t, x) + rδx)|2Φ′′H ,
whence

|δs(r)|F ′′∗ ≤ 3ΩHΩ−1/2
K µ(t, x)|rδt0|

[
|rδt0B|Φ′′H + |[t0β − α](dx(t, x) + rδx)|Φ′′H

]

≤ 3ΩHΩ−1/2
K µ(t, x)|rδt0|

[
|rδt0|µ(t, x) + Ω−1/2

H |dx(t, x) + rδx|∇2Ft

]

[(57) and evident relation Ω1/2
H |[t0β − α]h|Φ′′H ≤ |h|∇2Ft(x)]

≤ 3(ΩH + ΩK)−1/2ω(4ω + κ),
[(31),(63),(64); note that 0 ≤ r ≤ 1]
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as required in (69). Lemma 7.2 is proved.
30. Let us fix r ∈ [0, 1] and set

u = U(t, x),
u+ = U(X(r)) = U(t+ rδt, x+ dx(t, x) + rδx),
s+ = s(r),
t+ = t+ rδt,
x+ = x+ dx(t, x) + rδx.

From (67), (68) and (69) it follows that

|u+ − u|F ′′ , |s+ − s|F ′′∗ ≤ ζ ≡ 2ω + 3 max{(1 + 3ω)(κ+ ω), κ+ ω + ω(4ω + κ)} < 0.9 (74)

(the concluding relation follows from ω ≤ 0.05, κ ≤ 0.2). In view of P.1 as applied to s.s.-c.
functions F and F∗, we conclude that u+ ∈ DomF , and, consequently, (t + rδt, x + dx(t, x) +
rδx) ∈ T+, s+ ∈ DomF∗, and, besides this,

F(u+) ≤ F(u) + sT [u+ − u] + ρ(ζ), F∗(s+) ≤ F∗(s) + [s+ − s]Tu+ ρ(ζ), ρ(ζ) = − ln(1− ζ)− ζ
(we have taken into account that s = F ′(u), whence also u = F ′∗(s)).

Since s = F ′(u), we have

F(u+) + F∗(s+) ≤ F(u) + F∗(s) + sT [u+ − u] + [s+ − s]Tu+ 2ρ(ζ)
= sTu+ sT [u+ − u] + [s+ − s]Tu+ 2ρ(ζ)
= [s+]Tu+ + 2ρ(ζ)− [s+ − s]T [u+ − u].

(75)

Now, u+ = σt+1 + t+0 [ξx+ + p] + πx+ + q and, as we know, [t+0 ξ + π]T s+ = 0, whence

[s+]Tu+ = [s+]T [σt+1 + t+0 p+ q],

and in view of (75) we come to

V (r) ≡ Ft+(x+) + F∗(s+)− [s+]T [σ(t+)′ + t+0 p+ q]
= F(u+) + F∗(s+)− [s+]Tu+

≤ 2ρ(ζ)− [s+ − s]T [u+ − u].

Thus, to prove that r passes the Acceptability test it suffices to demonstrate that the right hand
side of the latter inequality is ≤ κ̂. This is immediate:

2ρ(ζ)− [s+ − s]T [u+ − u] ≤ 2ρ(ζ) + |s+ − s|F ′′∗ |u+ − u|F ′′
(since F ′′∗ = [F ′′]−1), and the concluding quantity, in view of (74), is ≤ 2ρ(ζ) + ζ2 ≤ 6.02 ≤ κ̂.

Proof of Theorem 5.2. If (τ, y) ∈ T+, and τ+ ≥ τ differs from τ only in the zero coordinate,
then, as we know, Dτ ⊂ Dτ+ , and B(y) is a recessive direction for H; in view of P.3 we have
B(y)TΦ′H(τ0B(y) − A(y)) ≤ 0, whence ∂

∂τ0
Fτ (y) ≤ 0 and Fτ+(y) ≤ Fτ (y). Since the latter

inequality holds for all y ∈ Dτ ⊂ Dτ+ , we conclude that f∗(τ+) ≤ f(τ), so that f∗(τ) is
nonincreasing in τ0.

Now let (t, x) satisfy Pκ, let x∗ = x∗(t) ≡ argminFt(·) and let dt be the direction defined by
dt1 = 0 and dt0 given by (32) as applied to the pair (t, x∗):

dt0 = −ω
√

ΩK

Ω2
H + ΩHΩK

µ−1(t, x∗).
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Let
s+(l) = (s1(l); sH(l); sK(l); sG(l)), 0 ≤ l ≤ 1,

be the vectors associated with the pair (t, x∗), the direction dt and stepsize l by our Acceptability
test. From Theorem 5.1 it follows that t + ldt ∈ T and that s+(l) is dual feasible with respect
to t0 + ldt0. In view of Lemma 4.1 we have (note that dt1 = 0)

f∗(t+ ldt) ≥ [s+(l)]T [σt1 + (t0 + ldt0)p+ q]−F∗(s+(l)). (76)

As in the proof of Theorem 5.1 we have (we use the same short notation as in the indicated
proof, but x, κ are now replaced by x∗, 0; below s = F ′(U(t, x∗)))

F∗(s+(l)) ≤ F∗(s) + [s+(l)− s]TU(t, x∗) + ρ(|s+(l)− s|F ′′∗ )
= −Ft(x∗) + sTU(t, x∗) + [s+(l)− s]TU(t, x∗) + ρ(|s+(l)− s|F ′′∗ )
≤ −Ft(x∗) + [s+(l)]T [σt1 + t0(ξx∗ + p) + πx∗ + q] + ρ(5lω + 12l2ω2)

[(67),(69) as applied with κ = 0, r = 1, δt = ldt, which allows
replacing ω by lω]

= −Ft(x∗) + [s+(l)]T [σt1 + (t0 + ldt0)(ξx∗ + p) + πx∗ + q]
−ldt0[s+(l)]T (ξx∗ + p) + ρ(6lω)
[since 5lω + 12l2ω2 ≤ 6lω due to 0 ≤ l ≤ 1 and 0 < ω ≤ 0.05]

= −Ft(x∗) + [s+(l)]T [σt1 + (t0 + ldt0)p+ q]− ldt0[s+(l)]T (ξx∗ + p) + ρ(6lω).
[since s+(l) is dual feasible w.r.t. t0 + ldt0].

Combining this inequality, (76) and taking into account that Ft(x∗) = f∗(t), we come to

f∗(t+ ldt) ≥ f∗(t)− ρ(6lω) + ldt0[s+(l)]T (ξx∗ + p) = f∗(t)− ρ(6lω) + ldt0s
T
H(l)B(x∗). (77)

Furthermore, from relations defining s+(l) (see (16), (17)-(22)) it follows that

sH(l) = ΩHΦ′H + (∆s(l))H (78)

and, as we know from (67) (applied to r = 1, κ = 0, δt = ldt, which allows to replace ω by lω),

|(∆s(l))H |[ΩHΦ′′H ]−1 ≤ |∆s(l)|F ′′∗ ≤ 5lω. (79)

Combining (77) and (78), we come to

f∗(t+ ldt)− f∗(t) ≥ −ρ(6lω) + ldt0ΩHB
T (x∗)Φ′H − l|dt0||(∆s(l))H |[ΩHΦ′′H ]−1 |B(x∗)|ΩHΦ′′H

≥ −ρ(6lω) + l|dt0|
[
ΩHµ(t, x∗)− 5lωΩ1/2

H µ(t, x∗)
]

[origin of µ(t, x∗), (79),(57)]
= −ρ(6lω) + l|dt0|µ(t, x∗)ΩH(1− 5lω)
≥ −ρ(6lω) + 3

4 l|dt0|µ(t, x∗)ΩH

= −ρ(6lω) + 3
4 lω

√
ΩHΩK

ΩH+ΩK
. [(32)]

Thus, we have

f∗(t+ ldt)− f∗(t) ≥ 3
4
lω

√
ΩHΩK

ΩH + ΩK
− ρ(6lω), 0 ≤ l ≤ 1. (80)

Since ρ(u) = − ln(1− u)− u and ω ≤ 1
20 , for 0 ≤ l ≤ 1 we have

ρ(6lω) ≤ 2
3

(6lω)2 = 24l2ω2,
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and (80) implies that

f∗(t+ ldt)− f∗(t) ≥ 1
4
lω

√
ΩHΩK

ΩH + ΩK
, 0 ≤ l ≤ 1

4
. (81)

Since (t, x) satisfies Pκ, we have (see (36))

|x∗ − x|∇2Ft(x) ≤ 0.27; (82)

consequently,
|x∗ − x|∇2FK(x) ≤ Ω−1/2

K θ, FK(y) = ΦK(πKy + pK), (83)

whence, in view of the origin of FK and P.1,

B(x± Ω1/2
K θ−1[x∗ − x]) ∈ K,

and, consequently,

B(x∗)−
√

ΩK − θ√
ΩK

B(x) ≡ B(x∗)− νB(x) ∈ K. (84)

Since [−Φ′H(t0B(x∗)−A(x∗))]Tu is nonnegative for all recessive directions u of H (see P.3) and,
in particular, for all directions from the cone K, we conclude from (84) that

µ(t, x∗) = −BT (x∗)Φ′H(t0B(x∗)−A(x∗)) ≥ −νBT (x)Φ′H(t0B(x∗)−A(x∗)). (85)

Now let u = t0B(x) − A(x), u∗ = t0B(x∗) − A(x∗) and d = u∗ − u; from (82) it immediately
follows that

|d|Φ′′H(u) ≤ Ω−1/2
H θ ≤ 0.27Ω−1/2

H ,

whence, in view of P.1,

Φ′′H(u+ τd) ≤ (0.73)−2Φ′′H(u), 0 ≤ τ ≤ 1,

so that
|Φ′H(u∗)− Φ′H(u)|[Φ′′H(u)]−1 ≤ 2|d|Φ′′H(u) ≤ 2Ω−1/2

H θ.

Consequently,

|BT (x)(Φ′H(u)− Φ′H(u∗))| ≤ |B(x)|Φ′′H(u)|Φ′H(u)− Φ′H(u∗)|[Φ′′H(u)]−1 ≤ 2µ(t, x)Ω−1/2
H θ

(we have used (57)), so that

−BT (x)Φ′H(u∗) ≥ µ(t, x)(1− 2Ω−1/2
H θ) ≥ 0.46µ(t, x).

From the latter inequality and (85) we conclude that

µ(t, x∗) ≥ 0.46νµ(t, x) ≥ 0.3µ(t, x).

It follows that |dt0| ≤ |4∆t0|, so that t + ldt ≥ t+ whenever 0 ≤ l ≤ 1/4; thus, (81), in view of
already proved monotonicity of f∗, implies the desired relation

f∗(t+)− f(t) ≥ f∗(t+
1
4
dt)− f∗(t) ≥ ω

16

√
ΩHΩK

ΩH + ΩK
.
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