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Abstract Robust Optimization is a rapidly developing methodology for
handling optimization problems affected by non-stochastic “uncertain-but-
bounded” data perturbations. In this paper, we overview several selected
topics in this popular area, specifically, (1) recent extensions of the basic
concept of robust counterpart of an optimization problem with uncertain
data, (2) tractability of robust counterparts, (3) links between RO and tradi-
tional chance constrained settings of problems with stochastic data, and (4) a
novel generic application of the RO methodology in Robust Linear Control.
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1 Introduction

The goal of this paper is to overview recent progress in Robust Optimization
— one of the methodologies aimed at optimization under uncertainty. The
entity of interest is an uncertain optimization problem of the form

ngigl{t:fo(x,C)—tSO,fi(x,C) eK;i=1,..,m} (1)

where € R™ is the vector of decision variables, ¢ € R? is the vector of prob-
lem’s data, fo(x,() : R"xR? — R, fi(z,() : R"xR? — R¥,1 <i < m,are
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given functions, and K; C R are given nonempty sets. Uncertainty means
that the data vector ( is not known exactly at the time when the solution
has to be determined. As a result, it is unclear what does it mean “to solve”
an uncertain problem. In Stochastic Programming — historically, the first
methodology for handling data uncertainty in optimization — one assumes
that the data are of stochastic nature with known distribution and seeks for
a solution which minimizes the expected value of the objective over candidate
solutions which satisfy the constraints with a given (close to 1) probability.
In Robust Optimization (RO), the data is assumed to be “uncertain but
bounded”, that is, varying in a given uncertainty set Z, rather than to be
stochastic, and the aim is to choose the best solution among those “immu-
nized” against data uncertainty. The most frequently used interpretation of
what “immunized” means is as follows: a candidate solution to (1) is “im-
munized” against uncertainty if it is robust feasible, that is, remains feasible
for all realizations of the data from the uncertainty set. With this approach,
one associates with the uncertain problem (1) its Robust Counterpart (RC)
— the semi-infinite problem

Hg}ltn {t : fo(l‘,() < t,fi(l‘,g) eK;,i=1,....m, VC S Z} (2)

of minimizing the guaranteed value supcz fo(z,() of the objective over ro-
bust feasible solutions. The resulting optimal solutions, called robust optimal
solutions of (1), are interpreted as the recommended for use “best immunized
against uncertainty” solutions of an uncertain problem. Note that the uncer-
tainty set plays the role of “a parameter” of this construction. The outlined
approach originates from Soyster ([62], 1973). Associated in-depth develop-
ments started in mid-90’s [5,6,34,35,7,9] and initially were mainly focused
on motivating the approach and on its theoretical development, with empha-
sis on the crucial issue of computational tractability of the RC. An overview
of these developments was the subject of the semi-plenary lecture “Robust
Optimization — Methodology and Applications” delivered by A. Ben-Tal at
XVII ISMP, Atlanta, 2000, see [13]. Since then, the RO approach has been
rapidly gaining popularity. Extensive research on the subject in the recent
years was aimed both at developing the basic RO theory (see [10,14-17,
19,23,24,26,40,44,32,61] and references therein) and at applications of the
RO methodology in various areas, including, but not restricted to, Discrete
optimization [2,3,21,22,48], Numerical Linear Algebra [37], Dynamic Pro-
gramming [43,54], Inventory Management [18,25,1], Pricing [1,55], Portfolio
selection [11,36,39], Routing [53], Machine Learning [27,47], Structural de-
sign [5,45], Control [31,20,38,46], Signal processing and estimation [4,29,
33]%. It would be impossible to outline, even briefly, this broad research in
a single paper; our intention here is to overview several selected RO-related
topics, primarily, those related to (a) extensions of the RO paradigm, (b)
its links with Stochastic Optimization, and (c) computational tractability of
RO models. In the sequel we restrict our considerations solely to the case of

! More information on RO-related publications can be found in the references
in cited papers and in the section “Robust optimization” at www.optimization-
online.org.



convex bi-affine uncertain optimization problems, that is, problems (1) with
closed convex K; and f;(x,(), i =0,...,m, bi-affine in = and in (:

filz,¢) = fiolz) + ZZZICéfié(l’) = dio(¢) + Z::1$j¢ij(C)7 1=0,...,m,
(3)

where all fio(z), ¢u(() are affine scalar (i = 0) or vector-valued (i > 0)
functions of z, (, respectively. The reason for this restriction comes from the
fact that at the end of the day we should be able to process the RC numeri-
cally and thus want it to be computationally tractable. At our present level
of knowledge, this sine qua non ultimate goal requires, generically, at least
convexity and bi-affinity of the problem?. Note that the bi-affinity require-
ment is satisfied, in particular, by conic problems min, {CTIE Az —be€ K},
K being a closed convex cone, with the “natural data” (c, A4,b) affinely pa-
rameterized by ¢. Thus, our bi-affinity restriction does not rule out the most
interesting generic convex problems like those of Linear, Conic Quadratic
and Semidefinite Programming.

The rest of the paper is organized as follows. Section 2 is devoted to
two recent extensions of the RO paradigm, specifically, to the concepts of
affinely adjustable and globalized Robust Counterparts. Section 3 is devoted
to results on computational tractability of Robust Counterparts. Section 4
establishes some instructive links with Chance Constrained Stochastic Opti-
mization. Concluding Section 5 is devoted to a novel application of the RO
methodology in Robust Linear Control.

2 Extending the scope of Robust Optimization: Affinely
Adjustable and Globalized Robust Counterparts

2.1 Adding adjustability: motivation

On a closest inspection, the concept of Robust Counterpart of an uncer-
tain optimization problem is based on the following three tacitly accepted
assumptions:

A.1. All decision variables in (1) represent “here and now” decisions
which should get specific numerical values as a result of solving the problem
and before the actual data “reveal itself”;

A.2. The constraints in (1) are “hard”, that is, we cannot tolerate viola-
tions of constraints, even small ones;

A.3 The data are “uncertain but bounded” — we can specify an appro-
priate uncertainty set Z C R of possible values of the data and are fully
responsible for consequences of our decisions when, and only when, the actual
data is within this set.

2 In some of the situations to be encountered, bi-affinity can be weakened to
affinity of f;, ¢ = 1,...,m, in ¢ and convexity (properly defined for i > 0) of these
functions in x. However, in order to streamline the presentation and taking into
account that the extensions from affine to convex case, when they are possible, are
completely straightforward, we prefer to assume affinity in x.



With all these assumptions in place, the only meaningful candidate so-
lutions of the uncertain problem (1) are the robust feasible ones, and the
RC (2) seems to be the only possible interpretation of “optimization over
uncertainty-immunized solutions”. However, in many cases assumption A.1
is not satisfied, namely, only part of the decision variables represent “here and
now” decisions to be fully specified when the problem is being solved. Other
variables can represent “wait and see” decisions which should be made when
the uncertain data partially or completely “reveal itself”, and decisions in
question can “adjust” themselves to the corresponding portions of the data.
This is what happens in dynamical decision-making under uncertainty, e.g.,
in multi-stage inventory management under uncertain demand, where the
replenishment orders of period ¢ can depend on actual demands at the pre-
ceding periods. Another type of “adjustable” decision variables is given by
analysis variables — those which do not represent decisions at all and are
introduced in order to convert the problem into a desired form, e.g., the LP
one. For example, consider the constraint

I
> lafw—b| <t (4)
1=
along with its LP representation
—yi <afw—b <y, 1<i<L Y y <t (5)
K2

With uncertain data ¢ = {a;,b;}!_, varying in given set Z and x,t repre-
senting “here and now” decisions, there is absolutely no reason to think of y;
as of here and now decisions as well: in fact, y;’s do not represent decisions
at all and as such can “adjust” themselves to the actual values of the data.

2.2 Adjustable and Affinely Adjustable RC

A natural way to capture the situations where part of the decision variables
can “adjust” themselves, to some extent, to actual values of the uncertain
data, is to assume that every decision variable z; in (1) is allowed to depend
on a prescribed portion P;¢ of the uncertain data, where P; are given in
advance matrices. With this assumption, a candidate solution to (1) becomes
a collection of decision rules z; = X;(P;() rather than a collection of fixed
reals, and the natural candidate to the role of (2) becomes the Adjustable
Robust Counterpart (ARC) of (1):

; . f(Xl(PIC)w-an(PnOvo_tSO
{ngl}?lzl,t {t C (X1 (PiQ), s X (Pr(), Q) € K, 1 <0 < m} vee Z} ’

(6)
The nature of candidate solutions to the ARC (decision rules rather than
fixed vectors) and the constraints in this problem resembles those of a multi-
stage Stochastic Programming problem; essentially, the only difference is that
in (6) we intend to minimize the worst case value of the objective rather than
its expectation w.r.t. a given distribution of (. While in our current “deci-
sion environment” the ARC seems to be a completely natural entity, there



are pretty slim chances to make this concept “workable”; the problem is
that the ARC usually is “severely computationally intractable”. Indeed, (6)
is an infinite-dimensional problem, and in general it is absolutely unclear
even how to store candidate solutions to this problem, not speaking of how
to optimize over these solutions. Seemingly the only optimization technique
which under appropriate structural assumptions could handle ARC’s is Dy-
namic Programming; this technique, however, heavily suffers from “course of
dimensionality”.

Note that the RC of (1) is a semi-infinite problem and as such may also
be computationally intractable; there are, however, important generic cases,
most notably, uncertain Linear Programming with computationally tractable
uncertainty set (see below), where this difficulty does not occur. In contrast
to this, even in the simplest case of uncertain LP (that is, bi-affine problem
(1) with K; = R—, @ = 1,...,m), just two generic (both not too interest-
ing) cases where the ARC is tractable are known [42]. In both these cases,
there are just two types of decision variables: “non-adjustable” (those with
P; = 0) and “fully adjustable” (P; = I), and the problem has “fixed re-
course”: for all 7 with P; # 0 all the functions ¢;;({) in (3) are independent
of ¢ (“coeflicients of all adjustable variables are certain”). In the first case,
the uncertainty set is the direct product of uncertainty sets in the spaces
of data of different constraints (“constraint-wise uncertainty”); here, under
mild regularity assumptions (e.g., when all the variables are subject to fi-
nite upper and lower bounds), the ARC is equivalent to the RC. The second
case is the one of “scenario uncertainty” Z = Conv{(¢?,..., (S}. In this case,
assuming w.l.o.g. that the non-adjustable variables are x1,...,xx and the
adjustable ones are xy41, ..., Tn, the ARC of (1) is equivalent to the explicit
convex problem

k n
$00(¢*) + Z zi0; (C°)+ D, dojai —t <0
. j=1

4 1<:<1T
tmin t: k J_:H :1gle
ek, <s<
B Gio(CT) + 20 70 (C) + 30 dia) € K,
j=1 J=k+1

(for notation, see (3)); this equivalence remains valid for the case of general
(convex!) sets K; as well.

Finally, to give an instructive example to the dramatic increase in com-
plexity when passing from the RC to the ARC, consider the uncertain
{1-approximation problem where one is interested to minimize ¢ in t,x
linked by the constraint (4) (both x and ¢ are non-adjustable) and the data
¢ = {ai, bi}i=1 runs through a pretty simple uncertainty set Z, namely, a;
are fixed, and b = (b1, ...,bI)T runs through an ellipsoid. In other words,
we are speaking about the uncertain Linear Programming problem of min-
imizing t under the constraints (5) on variables xz,t,y where z,¢ are non-
adjustable and y; are fully adjustable. The ARC of this uncertain problem
is clearly equivalent to the semi-infinite convex program

1
Optzmin{tzz |a¢Tm—bi|StV(szu,uTugl)}.
i=1

x,t

This simple-looking problem is NP-hard (one can reduce to it the well-
known MAXCUT problem); it is even NP-hard to approximate Opt within
a close enough to 1 absolute constant factor. In contrast to this, the RC of
our uncertain LP (5) with the outlined uncertainty set is clearly equivalent
to the explicit LP program

min {t -y < a,Ta: < ynZ_(Zﬁ +d;) < t} , d;i = max{(Qu); : uTu < 1}

z,t,y



and is therefore easy.

The bottom line is as follows: when the decision variables in (1) can “adjust
themselves”, to some extent, to the actual values of the uncertain data, the
RC (2) of the uncertain problem cannot be justified by our “decision-making
environment” and can be too conservative. A natural remedy — passing to the
ARC (6) — typically requires solving a severely computationally intractable
problem and thus is not an actual remedy. The simplest way to resolve the
arising difficulty is to restrict the type of decision rules we allow in the ARC,
and the “strongest” restriction here (aside of making the decision rules con-
stant and thus coming back to the RC) is to enforce these rules to be affine:

aj =00+ 0 P, j=1,..n. (7)

With this dramatic simplification of the decision rules, (6) becomes an op-
timization problem in the variables n?,7; — the coefficients of our decision
rules. The resulting problem, called the Affinely Adjustable Robust Coun-
terpart (AARC) of (1), is the semi-infinite problem

b00(C) + 27— 160 (C)[1) +n] Pi¢] =t <0
min  {t: gio(C) + 351, 0i(C)nf +mj Pic] € K; veeZ,. (8)
{"7j7"7j}7t 1 S : S m

(cf. (3)). In terms of conservatism, the AARC clearly is “in-between” the
RC and the ARC, and few applications of the AARC reported so far (most
notably, to Inventory Management under uncertainty [18]) demonstrate that
passing from the RC to the AARC can reduce dramatically the “built-in”
conservatism of the RO methodology. Note also that with P; = 0 for all j,
the AARC becomes exactly the RC.

Note that the RC of (1) is the semi-infinite problem

boo(¢) + 220160 (Q)x; —t <0
min ¢ t: ¢io(C) + 325, 0i5(Q)z; € K V(e Z s, 9)
{zj}vt 1 é l S m

and its structure is not too different from the one of (8) — both problems
are semi-infinite convex programs with constraints which depend affinely on
the respective decision variables. The only — although essential — difference
is that the constraints of the RC are affine in the uncertain data ¢ as well,
while the constraints in AARC are, in general, quadratic in (. There is,
however, an important particular case where this difference disappears; this
is the previously mentioned case of fixed recourse, that is, the case where
the functions ¢;;(¢), i =0, 1,...,m associated with adjustable variables z; —
those with P; # 0 — are in fact constants. In this case, both ARC and AARC
are of exactly the same structure — they are semi-infinite convex programs
with bi-affine constraints. We shall see in Section 3 that bi-affinity makes
both RC and AARC computationally tractable, at least in the case where all
K; are polyhedral sets given by explicit lists of linear inequalities (“uncertain
Linear Programming”).



In principle, the AARC (8) always can be thought of as a semi-infinite bi-
affine convex problem; to this end, is suffices to “lift” quadratically the data

T
— to treat as the data the matrix Z(¢) = é CCCT]
that the left hand sides of the constraints of both RC and AARC can be
thought of as bi-affine functions of the corresponding decision variables and
Z((), and this bi-affinity implies that the RC and the AARC remain intact
when we replace the original uncertainty set Z in the space of “actual data”
¢ with the uncertainty set Z = Conv{Z(() : ¢ € Z}. Note, however, that in
order for a semi-infinite convex problem of the form

rather than ( itself. Note

min{cTy s Fo(y,u) € Qe £=1,...,LVu € U}
y

(the sets Q¢ are closed and convex, Fy(-,-) are bi-affine) to be computa-
tionally tractable, we need more than mere convexity; “tractability results”
here, like those presented in Section 3, require from the sets Conv (i) and
Q¢ to be computationally tractable, and, moreover, somehow “match” each
other. While the requirement of computational tractability of @, and of
the convex hull Conv{Z} of the “true” uncertainty set Z are usually non-
restricting, the quadratic lifting Z — Z generally destroys computational
tractability of the corresponding convex hull and the “matching” property.
There are, however, particular cases when this difficulty does not occur,
for example, the trivial case of finite Z (“pure scenario uncertainty”). A
less trivial case is the one where Z is an ellipsoid. This case immediately
reduces to the one where Z is the unit Euclidean ball {¢ : ¢T¢ < 1}, and
here Conv{é’\} = Conv{Z(¢) : ¢T¢ < 1} is the computationally tractable
set {Z eS8 Zi =1, ZZI;ZM < 1}. Whether this set “matches” @Q, or
not, this depends on the geometry of the latter sets, and the answer, as we
shall see, is positive when @, are polyhedral sets given by explicit lists of
linear inequalities.

Convention. From now on, unless it is explicitly stated otherwise, we restrict
attention to the case of fixed recourse, so that both the RC (9) and the AARC
(8) of the uncertain problem (1) (which always is assumed to be bi-affine with
convex K;) are bi-affine semi-infinite problems. In this case, due to bi-affinity
of the left hand sides in the constraints of RC and AARC and to the convexity
of K;, both the RC and the AARC remain intact when the uncertainty set
Z is extended to its closed convex hull. By this reason, from now on this set
is assumed to be closed and convex.

2.3 Controlling global sensitivities: Globalized Robust Counterpart

The latest, for the time being, extension of the RO paradigm was proposed
in [19] and is motivated by the desire to relax, to some extent, assumptions
A.2, A.3. Specifically, it may happen that some of the constraints in the
uncertain problem are “soft” — their violation, while undesirable, can however
be tolerated. With respect to such constraints, it does not make much sense
to follow the “black and white” policy postulated in assumption A.3; instead
of taking full care of feasibility when the data is in the uncertainty set and



not bothering at all what happens when the data is outside of this set, it is
more natural to ensure feasibility when the data is in their “normal range”
and to allow for controlled violation of the constraint when the data runs
out of this normal range. The simplest way to model these requirements is
as follows. Consider a bi-affine “soft” semi-infinite constraint

N
f@,0= 00O+ 6(Qu €K [6;(0) =65+ 2;¢, 0<j < N,

(10)

where y are the design variables, ¢;(¢), j = 0,..., N are affine in ¢ € R?

vector-valued functions taking values in certain R, and K is a closed convex

set in R*. In our context, this constraint may come from the RC (9) of

the original uncertain problem, or from its AARC (8) 3, this is why we

choose “neutral” notation for the design variables. Assume that the set of all

“physically possible” values of ( is of the form

ZL=Z+L,

where Z C R% is a closed and convex set representing the “normal range” of
the data, and £ € R? is a closed convex cone. Let us say that y is a robust
feasible solution to (10) with global sensitivity « > 0, if, first, y remains
feasible for the constraint whenever ( € Z, and, second, the violation of the
constraint when ¢ € ZL£\Z can be bounded in terms of the distance of ¢ to
its normal range, specifically,

dist(f(y,¢), K) < adist(¢, Z|£) V¢ € 2L = Z + L; (11)

here

dist(u, K) = vme% lu —v||x, dist(¢, Z|L) = mz1n{||C —z|z: Z EZZG E}
and || - ||k, || - ||z are given norms on the respective spaces. In the sequel, we
refer to the setup of this construction — the collection (Z, L, || - ||k, || | z) — as
to the uncertainty structure associated with uncertain constraint (10). Note
that since K is closed, (11) automatically ensures that f(y,() € K whenever
¢ € Z, so that the outlined pair of requirements in fact reduces to the single
requirement (11).

We refer to (11) as to Globalized RC (GRC) of uncertain constraint (10)
associated with the uncertainty structure in question. Note that with £ =
{0}, the GRC recovers the usual RC/AARC.

In order to build the Globalized RC (Globalized AARC) of uncertain
problem (1), we replace the semi-infinite constraints of the RC (9), resp.,
those of the AARC (8), with their modifications (11). In general, both the
global sensitivity and the uncertainty structure can vary from constraint to
constraint.

The following simple statement is the key to successful processing of glob-
alized robust counterparts; the assumption on £ to be a cone rather than an
arbitrary convex set is instrumental in achieving this goal.

3 Recall that we have once for ever postulated fixed recourse



Proposition 1 [19] The semi-infinite constraint (11) is equivalent to the
pair of semi-infinite constraints (see (10))

N
f,0) = o(Q) + Y #i(Qy; € K V(€ 2, (12)

N
dist([Po + > ;@51 ¢, Ree(K)) = min, R 1 2WIC — ullic < o

(13)
VCe Ly, ={¢CeL][Cllz <1},

where Rec(K) is the recessive cone of K.

Dy]

Remark 1 Sometimes (e.g., in Control applications to be considered in Section
5) it makes sense to add some structure to the construction of Globalized RC,

specifically, to assume that the space R? where ¢ lives is given as a direct product:
R =R% x...xR%, and both Z, £ are direct products as well: Z = Z! x ... x 2V,
L =LY% ... x LY, where Z¢, L' are closed convex sets/cones in R%. Given norms
Il - lzi on R%,i=1,...,v, we can impose requirement (11) in the structured form

dist(f(y, ¢), K) < Zlf_laidist(ci’ ZULYVC € ZL = Z 4+ L, (14)

where ¢* is the projection of ¢ onto R%, dist(¢*, Z*|£) is defined in terms of || || 7,
and a; > 0 are “partial global sensitivities”. The associated “structured” version of
Proposition 1, see [19], states that (14) is equivalent to the system of semi-infinite
constraints

F.Q) =00+ 6i(QueKVCeZ,
dist(@[y]|Fi(*, Rec(K)) < a; Vi V(' € E\Z\'Hzi ={¢C el ||z <1},

where F; is the natural embedding of R% into R = R™ x ... x R%™.

3 Tractability of robust counterparts

Here we address the crucial issue of computational tractability of robust coun-
terparts of an uncertain problem. The “tractability framework” we use here
(what “computational tractability” actually means) is standard for continu-
ous optimization; its description can be found, e.g., in [12]. In our context, a
reader will lose nearly nothing when interpreting computational tractability
of a convex set X as the fact that X is given by semidefinite representation
X ={z: Ju: A(z,u) = 0}, where A(z,u) is a symmetric matrix affinely
depending on z,u. “Computational tractability” of a system of convex con-
straints is then the fact that we can point out a semidefinite representation
of its solution set. “Efficient solvability” of a convex optimization problem
ming ey ¢’ = means that the feasible set X is computationally tractable.

As we have seen in the previous section, under our basic restrictions (bi-
affinity and convexity of the uncertain problem plus fixed recourse when
speaking about affinely adjustable counterparts) the robust counterparts are
semi-infinite convex problems with linear objective and bi-affine semi-infinite
constraints of the form

fly, Q) =fly) + Fy)C € QY EU, (15)
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where f(y), F(y) are vector and matrix affinely depending on the decision
vector y and @, U are closed convex sets. In order for such a problem to
be computationally tractable, it suffices to build an explicit finite system St
of efficiently computable convex constraints, e.g., Linear Matrix Inequalities
(LMTI’s) in our original design variables y and, perhaps, additional variables
u which represents the feasible set Y of (15) in the sense that

Y ={y: 3Ju: (y,u) satisfies S¢}.

Building such a representation is a constraint-wise task, so that we can focus
on building computationally tractable representation of a single semi-infinite
constraint (15). Whether this goal is achievable, it depends on the tradeoff
between the geometries of () and U: the simpler is U, the more complicated
Q@ can be. We start with two “extreme” cases which are good in this respect.
The first of them is not too interesting; the second is really important.

3.1 “Scenario uncertainty”: Z = Conv{(!, ..., (%}

In the case of scenario uncertainty, (15) is computationally tractable, pro-
vided that @ is so. Indeed, here (15) is equivalent to the finite system of
tractable constraints

fW)+Fy)C e, s=1,..,5

3.2 Uncertain Linear Programming: @ is a polyhedral set given by an
explicit finite list of linear inequalities

In the case described in the title of this section, semi-infinite constraint (15)
clearly reduces to a finite system of scalar bi-affine semi-infinite inequalities
of the form

f)+FT(y)¢ <ov¢el. (16)

with real-valued f and vector-valued F affinely depending on y, and all we
need is computational tractability of such a scalar inequality. This indeed
is the case when the set U is computationally tractable. We have, e.g., the
following result.

Theorem 1 [7] Assume that the closed convex set U is given by conic rep-
resentation

U={¢:Tu:P(+Qu+peK}, (17)
where K is either (i) a nonnegative orthant R%, or (ii) a direct product of

the Lorentz cones L = {x € RF : 2, > Zf;lle}, or (iii) a semidefinite
cone Sﬁ_ (the cone of positive semidefinite k x k matrices in the space S* of
symmetric k x k matrices equipped with the Frobenius inner product (A, B) =

strictly feasible: PC + Qu + p € intK for certain C,u. Then the semi-infinite
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scalar constraint (16) can be represented by the following explicit and tractable
system of convex constraints

PTw+ F(y) =0,Q"w =0,p"w+ f(y) <0,w € K (18)
in variables y and additional variables w.

Proof. We have

{y satisfies (16)} < {maxc., {FT(y)¢: P(+Qu+pe K} < —f(y)}
& {FweK: PTw+ Fy) =0,QTw = 0,p"w + f(y) < 0}

where the concluding < is given by LP/Conic Duality. O

Corollary 1 The RC (9) of an uncertain Linear Programming problem (1)
(i.e., problem with bi-affine constraints and polyhedral sets K; given by ex-
plicit finite lists of linear inequalities) is computationally tractable, provided
that the uncertainty set Z is so. In particular, with Z given by representation
(17), the RC is equivalent to an explicit Linear Programming (case (1)) or
Conic Quadratic (case (ii)), or Semidefinite (case (iii)) problem.

In the case of fized recourse, the same is true for the AARC (8) of the
uncertain problem.

Now consider the Globalized RC/AARC of an uncertain LP with computa-
tionally tractable perturbation structure, say, with the normal range Z of
the data and the set L., see (13), satisfying the premise of Theorem 1. By
Proposition 1, the Globalized RC is tractable when the semi-infinite inclu-
sions (12), (13) associated with the uncertain constraints of (1) are tractable.
In the situation in question, tractability of (12) is readily given by Theorem
1, so that we may focus solely on the constraint (13). Tractability of the semi-
infinite inclusion (13) coming from i-th constraint of the uncertain problem
depends primarily on the structure of the recessive cone Rec(K;) and the
norm || - ||k, used to measure the distance in the left hand side of (11). For
example,

e Invoking Theorem 1, the semi-infinite inclusion (13) is computationally
tractable under the condition that the set {u : Jv € Rec(K;) : ||lu—v| k, < a}
in the right hand side of the inclusion can be described by an explicit finite
list of linear inequalities. This condition is satisfied, e.g., when |||k, = || ||
and the recessive cone Rec(K;) C R* of K; is given by “sign restrictions”,
that is, is comprised of all vectors with given restrictions on the signs of every
one of the coordinates (“> 07, “< 0", “= 0", or no restriction at all).

e Another “good case” is the one where K; C R¥ is bounded, the as-
sociated cone L is the entire space R and the norms || - ||z, || - ||x, form
a “good pair” in the sense that one can compute efficiently the associated
norm ||Allzx, = max{||AC||k; : ||¢llz < 1} of a k; x d matrix. Indeed, in the
case in question (13) becomes the efficiently computable convex constraint

[P0 + ZJ.%%HZ& <a.

Examples of “good pairs” of norms include (a) ||- ||z = || |l1, || ||k, efficiently
computable, (b) || - ||z efficiently computable, || - &, = || - ||co, and (c¢) both
Il “1lz, Il - |k, are Euclidean norms on the respective spaces.
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We have presented sufficient tractability conditions for the Globalized
RC of uncertain LP’s; note that the first of these conditions is automatically
satisfied in the case of “LP proper”, where all K; are one-dimensional. Note
also that in the case of fixed recourse, exactly the same conditions ensure
tractability of the Globalized AARC.

3.3 Uncertain Conic Quadratic Programming

Now let us pass to uncertain Conic Quadratic problems (also called Second
Order Conic problems). These are problems (1) with bi-affine objective and
left hand sides of the constraints, and with the right hand sides sets K; in
the constraints given by finitely many conic quadratic inequalities:

K, = {U S Rki : ||Aiuu + biV”Q < CZTVU + diy,V = 1, ,Nl} .

Here the issue of computational tractability of the RC clearly reduces to
tractability of a single semi-infinite conic quadratic inequality

IA[Cly + blclllz < €T[cly + d[¢] V¢ € 2, (19)

where A[(],...,d[(] are affine in (. Tractability of the constraint (19) depends
on the geometry of Z and is a “rare commodity”: already pretty simple
uncertainty sets (e.g., boxes) can lead to intractable constraints. Aside from
the trivial case of scenario uncertainty (Section 3.1), we know only two generic
cases where (19) is computationally tractable [34,6,15]:

e the case where Z is an ellipsoid. Here (19) is computationally tractable,
although we do not know a “well-structured”, e.g., semidefinite, representa-
tion of this constraint;

e the case of “side-wise” uncertainty with ellipsoidal uncertainty set for
the left hand side data. “Side-wise” uncertainty means that the uncertainty
set is given as Z = ZI x 2T, the left hand side data A[¢],b[¢] in (19) depend
solely on the ZI—Component of ¢ € Z, while the right hand side data ¢[¢], d[(]

depend solely on the Z¥-component of . If, in addition, Zlisan ellipsoid, and
ZT is a set satisfying the premise in Theorem 1, the semi-infinite constraint
(19) can be represented by an explicit system of LMI's [34,6]; this system
can be easily extracted from the system (22) below.

A natural course of actions in the case when a constraint in an optimiza-
tion problem is intractable is to replace this constraint with its safe tractable
approximation — a tractable (e.g., admitting an explicit semidefinite repre-
sentation, see the beginning of Section 3) constraint with the feasible set
contained in the one of the “true” constraint. When some of the constraints
in the RC (9) are intractable, we can replace them with their safe tractable
approximations, thus ending up with tractable problem which is “on the safe
side” of the RC — all feasible solutions of the problem are robust feasible
solutions of the underlying uncertain problem. Exactly the same approach
can be used in the case of affinely adjustable and globalized RC’s.

Now, there exist quite general ways to build safe approximations of semi-
infinite conic (in particular, conic quadratic) inequalities [26]. These general
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techniques, however, do not specify how conservative are the resulting ap-
proximations. Here and in the next section we focus on a more difficult case
of “tight” approximations — safe approximations with quantified level of con-
servatism which is (nearly) independent of the size and the values of the data.
We start with quantifying the level of conservatism.

3.3.1 Level of conservatism

A simple way to quantify the level of conservatism of a safe approxima-
tion is as follows. In applications the uncertainty set Z is usually given as
Z = (4 +AZ, where (, is the nominal data and AZ > 0 is the set of “data per-
turbations”. Such an uncertainty set can be included in the single-parametric
family

Z,="C(n+ pAZ (20)

where p > 0 is the level of perturbations. In this case, a semi-infinite bi-affine
constraint with uncertainty set Z

Allly+bl{JeQ V(e 2

(A[], 0[] are affine in ¢, @ is convex) becomes a member of the parametric
family

AlCly+b[Cl e Q V¢ e 2, =+ pAZ, (U,)

both the original uncertainty set and the original constraint corresponding to
p = 1. Note that the feasible set Y, of (U,) shrinks as p grows. Now assume
that the family of semi-infinite constraints (U,), p > 0, is equipped with safe
approximation, say, a semidefinite one:

Ap(y,u) = 0 (45)

where A, (y,u) is a symmetric matrix affinely depending on y and additional
variables u. The fact that (A4,) is a safe approximation of (U,) means that
the projection Y, = {y : Ju : A,(y,u) > 0} of the feasible set of (A,) onto the
space of y-variables is contained in Y,. We now can measure the conservatism
of the approximation by its tightness factor defined as follows:

Definition 1 Consider a parametric family of semi-infinite constraints (U,),
and let (A,) be its safe approximation. We say that the approximation is tight
within factor ¢ > 1, if, for every uncertainty level p, the feasible set }/}p of the
approximation is in-between the feasible set Y, of the true constraint and the
feasible set Yy, of the true constraint with increased by factor ¥ uncertainty
level:

Yy, CY,CY, ¥p>0,

in which case we refer to ¥ as to level of conservatism (or tightness factor)
of the approximation.



14

3.8.2 Tight tractable approximations of semi-infinite conic quadratic
constraints

To the best of our knowledge, the strongest known result on tight tractable
approximation of semi- infinite conic quadratic constraint (19) is as follows.

Theorem 2 [15] Consider the semi-infinite conic quadratic constraint with
side-wise uncertainty

1 1 T, 1 r
Il A[¢TTy + B¢ [l2 < ¢ [¢My +d[¢7] V(CF—C£+ACT,ACr€pAZr

=cl+ad ade pAZk)
wrmacl  Saw T @A

(21)
where A[-],...d[-] (and, consequently, p(-),...,r(-)) are affine in their argu-
ments. Assume that the left hand side perturbation set is the intersection of

ellipsoids centered at 0:

azl = {d (et <1, 0=1,., L) [Qe = 0,52,Q¢ - 0]

while the rTight hand side perturbation set is given by strictly feasible semidef-
inite representation by an N x N LMI:

AZ"={¢":Fu:C"+Du+ FE = 0}.

Consider the following system of semidefinite constraints in variables T €
R, A€ RV esh y:

=N 0 [P (y)

0 ZEAEQE PPT(y) = 07 A > 07 (22)
ply) | pPly) | 71
cV = T’(y),D*V =0,7< Q(y) - TI‘(VE), V=0

where V +— C*V, V +— D*V are the linear mappings adjoint to the mappings
¢t — CC*, u v Du, respectively. Then (22) is a safe approzimation of (21),
and the tightness factor ¥ of this approximation can be bounded as follows:

1. In the case L = 1 (simple ellipsoidal uncertainty) the approzimation is
exact: ¢ = 1;

2. In the case of box uncertainty in the left hand side data (L = dim(l and
(KNTQuct = (¢h2, ¢ =1,...,L) one has ¥ = 5

i 2,
3. In the general case, one has ¥ = (2 In (GZgleank(Qg))) .

Theorem 2 provides sufficient conditions, expressed in terms of the ge-
ometry of the uncertainty set, for the RC of an uncertain conic quadratic
problems to be tractable or to admit tight tractable approximations. In the
case of fixed recourse, exactly the same results are applicable to the AARC’s
of uncertain conic quadratic problems. As about the Globalized RC/AARC,

4 'With recent results on large deviations of vector-valued martingales from [50],

this bound on ¥ can be improved to ¥ = 1/O(1) In(L + 1).
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these results cover the issue of tractability /tight tractable approximations
of the associated semi-infinite constraints of the form (12). The remaining
issue — the one of tractability of the semi-infinite constraints (13) — has to do
with the geometry of the recessive cones of the sets K; rather than these sets
themselves (and, of course, with the geometry of the uncertainty structure).
The sufficient conditions for tractability of the constraints (13) presented at
the end of Section 3.2 work for uncertain conic quadratic problems (same as
for uncertain semidefinite problems to be considered in the Section 3.4).

Back to uncertain LP: tight approximations of the AARC in absence of fized
recourse. When there is no fixed recourse, the only positive tractability result
on AARC is the one where the uncertainty set is an ellipsoid (see the discus-
sion on quadratic lifting in Section 2.2). What we intend to add here, is that
the AARC of uncertain LP without fixed recourse admits a tight tractable
approximation, provided that the perturbation set AZ is the intersection of
L ellipsoids centered at 0 [17]. Specifically, the semi-infinite constraints com-
prising the AARC of an uncertain LP with uncertainty set (20) are of the
form

AT () AC+ 29" (1) A < e(y) V¢ € pAZ (23)
with I'(+), v(+), ¢(-) affine in the decision vector y of the AARC. Assuming

AZ={AC: ACTQUACS T, (=1, L} Q=03 Q=0 (24)

and applying the standard semidefinite relaxation, the system of LMI’s

SE MQ p(y)m N 2L
= =0, Ao+ E Ae < c(y), Ao,y AL >0,
—T(y) ‘ Ao o =17 ®): %o k

in variables Ag, ..., AL, ¥y, is a safe approximation of (23). By the S-Lemma,
this approximation is exact when L = 1, which recovers the “quadratic lift-
ing” result. In the case of L > 1, by “approximate S-Lemma” [15], the tight-
ness factor of the approximation is at most ¢ = 2In(6)_,Rank(Q/)); here
again [50] allows to improve the factor to ¢ = O(1) In(L+1). Thus, with per-
turbation set (24), the AARC of uncertain LP admits a safe approximation
with “nearly data-independent” level of conservatism O(In(L + 1)).

3.4 Uncertain Semidefinite problems

Finally, consider uncertain semidefinite problems — problems (1) with con-
straints having bi-affine left hand sides and the sets K; given by explicit finite
lists of LMI’s:

Ki={ueR": Ayu—B;, =0,v=1,.,N;}.

Here the issue of tractability of the RC reduces to the same issue for an
uncertain LMI

Ay, ) =0V € Z, = Cu +pAZ. (25)
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Aside from the trivial case of scenario uncertainty (see Section 3.1), seem-
ingly the only generic case where (25) is tractable is the case of unstructured
norm-bounded perturbation, where

Az ={AC e RP*" : |AC|| <1},
A(y, ¢+ ACQ) = Au(y) + [LTACR(y) + R (y) ACTL];

here || - || is the usual matrix norm (maximal singular value), and A, (y),
R(y) are affine in y. This is a particular case of what in Control is called a
structured norm-bounded perturbation, where

AZ = {AC = (Al .., ACp) € RN x . x RIPXdr 1 [|AG| < 1,
p:1,...,P,SAC,,=5,,Idp,p€IS}, (26)
Ay, G+ ACQ) = An(y) + > [LEACRL(y) + RE (y) ACT L]

Note that uncertain semidefinite problems with norm-bounded and struc-
tured norm-bounded perturbations are typical for Robust Control applica-
tions, e.g., in Lyapunov Stability Analysis/Synthesis of linear dynamical sys-
tems with uncertain dynamics (see, e.g., [28]). Another application comes
from robust settings of the obstacle-free Structural Design problem with un-
certain external load [5,8]. The corresponding RC has a single uncertainty-
affected constraint of the form

Ay) + [e¢T + ¢eT] = 0 V(¢ € 2),

where ( represents external load and Z = AZ is an ellipsoid.

To the best of our knowledge, the strongest result on tractability/tight
tractable approximation of a semi-infinite LMI with norm-bounded struc-
tured perturbation is the following statement:

Theorem 3 ([16]; see also [14]) Consider semi-infinite LMI with structured
norm-bounded perturbations (25), (26) along with the system of LMI’s

Y, = \LTL, RT

An(y) = pYp1Yp = 0

=0,pgIs

(27)
in variables Y,, Ap,y. Then system (27) is a safe tractable approzimation of
(25), (26), and the tightness factor § of this approximation can be bounded
as follows:

1. in the case of P =1 (unstructured norm-bounded perturbation), the ap-
proximation is exact: 9 =1 2;
2. In the case P > 1, let

|0, I is empty or d, =1 for all p € I
= max{d, : p € I}, otherwise :

Then ¥ < ¥.(u), where ¥.(p) is a certain universal function satisfying

(0) =7/2,0.(2) =2, 0> 2 = 0 (p) < m\/11/2.
® This fact was established already in [28].
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In particular, if P > 1 and there are no scalar perturbation blocks (I = 0),
the tightness factor is < /2.

For extensions of Theorem 3 to the Hermitian case and its applications in
Control, see [14,16].

4 Robust Optimization and Chance Constraints
4.1 Chance constrained uncertain LP

Robust Optimization does not assume the uncertain data to be of stochastic
nature; however, if this is the case, the corresponding information can be
used to define properly the uncertainty set for the RC and the AARC of
the uncertain problem, or the normal range of the data for the Globalized
RC/AARC. We intend to consider this issue in the simplest case of “uncertain
LP proper”, that is, the case of uncertain problem (1) with bi-affine left hand
sides of the constraints and with the nonpositive rays R_ in the role of Kj;.
Assume that we solve (1) in affine decision rules (7) (which includes as special
case non-adjustable x; as well). Assuming fixed recourse, the constraints of
the resulting uncertain problem are of the form

Fol) + 3, Celialy) < 0,1=0,.m, (28)

where the real-valued functions f;(y) are affine in the decision vector y =
(t,{nf,m;}j=1) (see (1), (7)). Assuming that the uncertain data ¢ are ran-
dom with a partially known probability distribution P, a natural way to
“immunize” the constraints w.r.t. data uncertainty is to pass to the chance
constrained version of the uncertain problem, where the original objective ¢
is minimized over the feasible set of chance constraints

d
Prob¢.p {fi(](y) + Zzzlgfig(y) < 0} >1—¢ i=0,...mVPeP, (29)

where € << 1 is a given tolerance and P is the family of all probability
distributions compatible with our a priori information. This approach was
proposed as early as in 1958 by Charnes et al [30] and was extended further
by Miller and Wagner [49] and Prékopa [57]. Since then it was discussed in
numerous publications (see Prékopa [58-60] and references therein). While
being quite natural, this approach, unfortunately, has a too restricted field
of applications, due to severe computational difficulties. First, in general it
is difficult already to check the validity of a chance constraint at a given
candidate solution, especially when € is small (like 1.e-4 or less). Second, the
feasible domain of a chance constraint, even as simple looking as (29), is
usually nonconvex. While these difficulties can sometimes be avoided (most
notably, when P is a Gaussian distribution), in general chance constraints
(29), even those with independent (, and with exactly known distributions,
are severely computationally intractable. Whenever this is the case, the nat-
ural course of actions is to replace the chance constraints with their safe
tractable approximations. We are about to consider a specific Bernstein ap-
proximation originating from [56] and significantly improved in [51].
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4.1.1 Bernstein approzimations of chance constraints

Consider a chance constraint of the form of (29):

d
Probe-r { o) + Y0 G 0} 2 1-e vPEP ()

and let us make the following assumption

B.1. P ={P = P, X ... x Py : P, € Py} (that is, the components
(1, ..., (4 of ¢ are known to be independent of each other with marginal
distributions P, belonging to given families Py of probability distribu-
tions on the axis), where every Py is a *-compact convex set, and all
distributions from P, have a common bounded support.

Replacing, if necessary, the functions f(-) with their appropriate linear com-
binations, we can w.l.0.g. normalize the situation by additional assumption

B.2. The distributions from P, are supported on [—1, 1], that is, s
are known to vary in the range [—1,1], 1 < ¢ <d.

Let us set

PePy
It is shown in [51] that the function

() = foly) + 13, At~ fo(y)) + tin(1/e)

is convex in (¢ > 0,y), and the Bernstein approximation of (30) — the convex
inequality

Ag(2) = max In ( / exp{zs}dPg(S)) ‘R—R.

i <
nfw(t,y) <0 (31)

— is a safe approximation of the chance constraint: if y satisfies (31), then
y satisfies the chance constraint. Note that this approximation is tractable,
provided that Ay(-) are efficiently computable.

Now consider the case when

2
Ag(z) < max(py z, pf 2] + %zf, =1,..,d (32)

with appropriately chosen parameters —1 < p,” < uz," <1, o¢ > 0. Then the
left hand side in (31) can be bounded from above by

infy=0 [fo(y) + Sy maxuy fo(y), wf o)) + 50,02 2 (y) + tIn(1/ 6)}
1/2
= folu) + iy maxlpg o). i Folw)] + /(170 (S, 2 2w)

so that the explicit convex constraint

d d 1/2
Joly) + ), maxug fe(y), uf fe(y)] + v/2In(1/e) (Ze_ o?f?(y)) <0

1
(33)
is a safe approximation of (30), somewhat more conservative than (31).
In fact we can reduce slightly the conservatism of (33):
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Proposition 2 Let assumptions B.1-2 and relation (32) be satisfied. Then,
for every e € (0,1), the system of constraints

d

d 1/2
Jo(y) + 52 [zl + Z max|p, we, i1 we] + +/21n(1/e) (Z; ggw3> <0,

=1
fe(y) = 2z + wy, s 1 ~d
(34)
in variables y, z,w is a safe approximation of the chance constraint (30).

Note that (34) is less conservative than (33); indeed, whenever y is feasible
for the latter constraint, the collection y, {2y = 0,wy = fi(y)}%_, is feasible
for the former system of constraints.

Proof of Proposition 2. Let y, z,w be a solution to (34). For P = P; X
.. X Py € P we have

Probep { foly) + Xy Cefely) > 0}
= Probep { foly ) +L G+ S Cowe > 0}
< Prob¢p{ [foly Z |zl +320_ Cowe > 0} [by B.2]

On the other hand, from (34) it follows that

4 1/2
wo + Z max|pu, we, pf wel + +/21n(1/e) (Zzzla?w?) <0

(cf. (33)), whence Probe.p {wo + Z;f:l@wg > O} < € by arguments preced-
ing the formulation of the proposition. 0O

Corollary 2 Given € € (0,1), consider the system of constraints

fo(y) + Z?:ﬂzz\ + 2?21 max|u, we, pf we] + /2dn(1/e) fg}fd‘”'wd <0,

fe)=ze+we, £=1,...,d

(35)
in variables y, z,w. Under the premise of Proposition 2, this system is a safe
approximation of the chance constraint (30).

Indeed, for a d-dimensional vector e we clearly have ||e|s < v/d||e||s0, S0 that
the feasible set of (34) is contained in the one of (34).

4.2 Approximating chance constraints via Robust Optimization

An immediate follow-up to Proposition 2 is the following observation (we
skip its straightforward proof):
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Proposition 3 A given y can be extended to a solution (y,z,w) of (34) iff

o [ 1) + 37 gefe)] <0, (36)

ceZ

where

Z=BN[M+¢] (37)
and B is the unit box {¢ € R? : ||¢|lec < 1}, M s the box {C : p; < ¢ <

pf 1< 0<d}, and € is the ellipsoid {¢ : Y5_,(2 /0% < 2In(1/€)}.
Similarly, y can be extended to a feasible solution of (35) iff y satisfies
(36) with
Z=BN[M+7D], (38)

where B, M are as above and D is the scaled || - ||1—-ball {C : Z?:1|Cg|/ag <

V2d1n(1/e€)}.

In other words, (34) represents the RC of the uncertain constraint

folw) + 30 Gefely) <0 (39)

equipped with the uncertainty set (37), and (35) represents the RC of the
same uncertain constraint equipped with the uncertainty set (38).

4.2.1 Discussion

A. We see that in the case of uncertain LP with random data ( satisfying
B.1-2 and (32), there exists a way to associate with the problem an “artifi-
cial” uncertainty set Z (given either by (37), or by (38)) in such a way that
the resulting robust solutions — those which remain feasible for all realizations
¢ € Z — remain feasible for “nearly all”, up to probability e, realizations of
the random data of every one of the constraints. Note that this result holds
true both when solving our uncertain LP in non-adjustable decision vari-
ables and when solving the problem in affine decision rules, provided fixed
recourse takes place. As a result, we get a possibility to build computation-
ally tractable safe approximations of chance constrained LP problems in the
forms of RC’s/AARC’s taken with respect to a properly defined simple un-
certainty sets Z. By itself, this fact is not surprising — in order to “immunize”
a constraint (39) with random data ¢ against “(1 — e)—part” of realizations
of the data, we could take a convex set Z such that Prob{¢ € Z} > 1 —¢
and then “immunize” the constraint against all data ( € Z by passing to the
associated RC. What is surprising, is that this naive approach has nothing in
common with (37), (38) — these relations can produce uncertainty sets which
are incomparably smaller than those given by the naive approach, and thus
result in essentially less conservative approximations of chance constraints
than those given by the naive approach.

Here is an instructive example. Assume that all we know on the random
data ¢ is that (1, ..., (4 are mutually independent, take their values in [—1, 1]
and have zero means. It is easily seen that in this case one can take in (32)
uzt =0,0,=1,¢=1,...,d. With these parameters, the set Z; given by
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(37) is the intersection of the unit box with the (centered at the origin)
Euclidean ball of radius 2 = 1/21In(1/¢) (“ball-box” uncertainty, cf. [7,9]),
while the set Z;1 given by (38) is the intersection of the same unit box and
the || - |[1-ball of the radius £2v/d (“budgeted uncertainty” of Bertsimas and
Sim). Observe that when, say, ¢ is uniformly distributed on the vertices of
the unit box (i.e., (¢ take, independently of each other, the values +1 with
probabilities 0.5) and the dimension d of this box is large, the probability
for ¢ to take its value in Z; or Zjr is exactly zero, and both Z; and Z;r
become incomparably smaller, w.r.t. all natural size measures, than the
natural domain of ¢ — the unit box.

B. A natural question arising in connection with the safe tractable approxi-
mations (34), (35) of the chance constraint (30) is as follows: since the argu-
ment used in justification of Corollary 2 shows that the second approximation
is more conservative than the first one, then why should we use (35) at all?
The answer is, that the second approximation can be represented by a short
system of linear inequalities, so that the associated safe approximation of the
chance constrained LP of interest is a usual LP problem. In contrast to this,
the safe approximation of the chance constrained problem given by (34) is
a conic quadratic program, which is more computationally demanding (al-
though still tractable) than an LP program of similar sizes. For this reason,
“budgeted uncertainty” may be more appealing for large scale applications
than the “ball-box” one.

C. A good news about the outlined safe approximations of chance constrained
LP’s is that under assumptions B.1-2, it is usually easy to point out explic-
itly the parameters ui, o, required by (32). In Table 1, we present these
parameters for a spectrum of natural families P,.

5 An application of RO methodology in Robust Linear Control

This section is devoted to a novel application of the RO methodology, recently
developed in [19,20], to Robust Linear Control.

5.1 Robust affine control over finite time horizon

Consider a discrete time linear dynamical system

To =%
Ti41 = Atl't + Btut + tht s t= 07 1, (41)
Yy = Cyxy + Dydy

where z; € R™, ux € R™, y+ € R™ and d; € R"™ are the state, the
control, the output and the exogenous input (disturbance) at time ¢, and
Ay, By, Cy, Dy, Ry are known matrices of appropriate dimensions.

A typical problem of (finite-horizon) Linear Control associated with the
“open loop” system (41) is to “close” the system by a non-anticipative affine
output-based control law

¢
Ut = g¢ + ZT:OGtryr (42)
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[ P is given by [ pg [1] o |

supp(P) C [-1,1 —1]1 0
supp(P) C [-1,1 e

P is uniomodal w.r.t. 0 —1/2\1/2 1/12
supp(P) C [-1,1]

P is uniomodal w.r.t. 0 0|0 1/3

P is symmetric w.r.t. 0
supp(P) C [-1,1] = |t | B, 1t 1), see (40.a)

[—1 <] p~ <Mean[P] < put [<1]|| * |V

supp(P) C [—1,1]

[-v <] w” < Mean[P] < p [S || p= |t |Zi(p, 1t v), see (40.a)

Var[P] <v® [< 1

supp(P) C [-1,1

P is symmetric w.r.t. 0 0 |0 Yo(v), see (40.b)

Var[P] <v? [< 1

supp(P) C [-1,1

P is symmetric w.r.t. 0

P is unimodal w.r.t. 0
Var[P] < v? [< 1/3]

0 |0 Y3(v), see (40.c)

Table 1 Parameters ,ujf, oy for “typical” families P,. For a probability distribution
P on the axis, we set Mean[P] = fsdP(s) and Var[P] = fstP(s). The functions
X¢(-) are as follows:

(a) Z1(p~, T, v) = min {c >0: hyo(t) < max[p™t, utt] + %tQ v (”E[”;’”ﬂ)} )

(12 exp {422 14 (12— u2) exp{t}

, t>0
hp,,u(t) —1n 172#+1,2 =
(bm)? exp{t 4 (2 —p e {1} g
1+2p+02 ] VU=
(b) Y5 (v) = min, {c >0:1ln (1/2 cosh(t) +1 — 1/2) < %tQ Vt}
(c) 23(y):min{02011n R e %Rw}
(40)

(where the vectors g; and matrices Gy, are the parameters of the control law)
in order for the closed loop system (41), (42) to meet prescribed design spec-
ifications. We assume that these specifications are represented by a system
of linear inequalities

AwT < b, (43)

on the state-control trajectory w? = (Z0, ey TT41,UQ, ---, UT ) OVEr a given

finite time horizon t =0,1,...,7.

An immediate observation is that for a given control law (42), the dy-
namics (41) specifies the trajectory as an affine function of the initial state
z and the sequence of disturbances d? = (dy, ..., d7):

w’ =wg Y]+ WThH¢, €= (2,d7),

where v = {gt, G¢r,0 < 7 < ¢t < T}, is the “parameter” of the underlying
control law (42). Substituting this expression for w? into (43), we get the
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following system of constraints on the decision vector ~:
Afwg Y]+ WThIC] <. (44)

If the disturbances d” and the initial state z are certain, (44) is “easy” — it
is a system of constraints on v with certain data. Moreover, in the case in
question we lose nothing by restricting ourselves with “off-line” control laws
(42) — those with G = 0; when restricted onto this subspace, let it be called
I, in the y-space, the function wd [y] + W7 [y]¢ turns out to be bi-affine in
v and in ¢, so that (44) reduces to a system of explicit linear inequalities on
v € I'. Now, when the disturbances and/or the initial state are not known in
advance (which is the only case of interest in Robust Control), (44) becomes
an uncertainty-affected system of constraints, and we could try to solve the
system in a robust fashion, e.g., to seek for a solution v which makes the
constraints feasible for all realizations of ¢ = (z,d” ) from a given uncertainty
set ZDT, thus arriving at the system of semi-infinite scalar constraints

Alwg ] +WThI¢] <b V¢ e ZDT. (45)

Unfortunately, the semi-infinite constraints in this system are not bi-affine,
since the dependence of wOT , W7 on # is highly nonlinear, unless ~ is re-
stricted to vary in I'. Thus, when seeking for “on-line” control laws (those
where Gy, can be nonzero), (45) becomes a system of highly nonlinear semi-
infinite constraints and as such seems to be severely computationally in-
tractable. A good news is, that we can overcome the resulting difficulty, the
remedy being an appropriate re-parameterization of affine control laws.

5.2 Purified-output-based representation of affine control laws and efficient
design of finite-horizon linear controllers

Imagine that in parallel with controlling (41) with the aid of a whatever non-
anticipating output-based control law u; = Ui(yo, ..., ¥+), we run the model
of (41) as follows:

To=0

Zip1 = A2y + Bruy
S e 46
Yy = Cyy (46)
Ut =Yt — Yt

Since we know past controls, we can run this system in an “on-line” fashion, so
that the purified output v; becomes known when the decision on u; should be
made. An immediate observation is, that the purified outputs are completely
independent of the control law in question — they are affine functions of the
initial state and the disturbances dy, ...,d;, and these functions are readily
given by the dynamics of (41). Now, it was mentioned that v, ...,v; are
known when the decision on u; should be made, so that we can consider
purified-output-based (POB) affine control laws

t
up = hy + ZTZOH”UT' (47)
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A simple and fundamental fact proved in [19] (and independently, for the
special case when y; = x4, in [41]) is that (47), (42) are equivalent rep-
resentations of non-anticipating affine control laws: for every controller of
the form (41), there exists controller (42) which results in exactly the same
state-control behaviour of the closed loop system (e.g., exactly the same de-
pendence of w? on the initial state and the disturbances), and vice versa.
At the same time, the representation (47) is incomparably better suited for
design purposes than the representation (42) — with controller (47), the state-
control trajectory w? becomes bi-affine in ¢ = (z,d”) and in the parameters
n={hy, Hi;,0 <7 <t < T} of the controller:

w? =wT [y + 27 )¢ (48)

with vector- and matrix-valued functions w” [n], 227 [] affinely depending on
1 and readily given by the dynamics (41). Substituting (48) into (43), we
arrive at the system of semi-infinite bi-affine scalar inequalities

AT+ Q7] <b (49)

in variables 77, and can use the tractability results from Section 3.2 in order to
solve efficiently the robust counterpart of this uncertain system. For example,
we can process efficiently the GRC setting of the semi-infinite constraints (48)

al [wT[n] + Q7 [)(z,d7)] — b; < adjzdist(z, Z) + o dist(d”, D7) 50

V(z,d7)Vi=1,..,1 (50)
where Z, DT are “good” (e.g., given by strictly feasible semidefinite represen-
tations) closed convex normal ranges of z, d7, respectively, and the distances
are defined via the || - ||co-norms (this setting corresponds to the structured
GRC, see Remark 1). By the results presented in Section 3.2, system (50) is
equivalent to the system of constraints

(a) a] + Q7 [)(z,d7)] —b; <0V(z,d7) € Z x DT (51)
®) llaf 27 llh < ol (o) llaf 27 [n)]lx < o,

where 27[n] = [27[n], 27 [n]] is the partition of the matrix £27[n] cor-
responding to the partition ¢ = (z,d?). Note that in (51), the semi-infinite
constraints (a) admit explicit semidefinite representations (Theorem 1), while
constraints (b — c¢) are, essentially, just linear constraints on 7 and on a?, .
As a result, (51) can be thought of as a computationally tractable system of
convex constraints on 7 and on the sensitivities ai, 0427 and we can minimize
under these constraints a “nice” (e.g., convex) function of 1 and the sensitiv-
ities. Thus, after passing to the POB representation of affine control laws, we
can process efficiently specifications expressed by systems of linear inequali-
ties, to be satisfied in a robust fashion, on the (finite-horizon) state-control
trajectory.
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5.2.1 Example: controlling finite-horizon gains

Natural design specification pertaining to finite-horizon Robust Linear Con-
trol are bounds on finite-horizon gains z2x7, z2u”, dQXT, d2u” defined as
follows: with a linear (i.e., with h; = 0) control law (47), the states x; and
the controls u; are linear functions of z and d7 :

xe = X7z + X nld", we = U]z + Ufn)d”

with matrices X7[n],...,Uf[n] affinely depending on the parameters 7 of the

control law. Given t, we can define the z-to-z; gains and the finite-horizon

z-to-z gain as z2x;(n) = max{||X7[n)zllee : |2llee < 1} and z2x7 () =
z

Jmax_ 22x,(n). The definitions of the z-to-u gains z2u,(n), z2u? (n) and the
st<

“disturbance-to-z/u” gains d2x;(n), d2x”(n), d2us(n), d2u”(n) are com-
pletely similar, e.g., d2u;(n) = rréf%x{HUtd [d7 [|oe = 1d7 ||lso < 1} and d2u” (n)

Jmax d2u;(n). The finite-horizon gains clearly are non-increasing functions

of the time horizon 7 and have a transparent Control interpretation; e.g.,
d2x” (n) (“peak-to-peak d-to-z gain”) is the largest possible perturbation in
the states x¢, t = 0,1,...,7, caused by a unit perturbation of the sequence
of disturbances d?, both perturbations being measured in the || - || o norms
on the respective spaces. Upper bounds on 7-gains (and on global gains
like d2x™(n) = supgysod2x” (1)) are natural Control specifications. With
our purified-output-based representation of linear control laws, the finite-
horizon specifications of this type result in explicit systems of linear con-
straints on 1 and thus can be 7plrocessed routinely via LP. Indeed, an upper
bound on, say, dQXT—gain d2x”* (n) < X is exactly equivalent to the require-
ment Zj|(Xf[n])ij| < Afor all i and all t < T; since X¢ is affine in 7, this is
just a system of linear constraints on 1 and on appropriate slack variables.
Note that imposing bounds on the gains can be interpreted as passing to the
GRC (50) in the case where the “desired behaviour” merely requires w? = 0,
and the normal ranges of the initial state and the disturbances are the origins
in the corresponding spaces: Z = {0}, D7 = {0}.

5.3 Handling infinite-horizon design specifications

One might think that the outlined reduction of (discrete time) Robust Linear
Control problems to Convex Programming, based on passing to the POB
representation of affine control laws and tractable reformulations of semi-
infinite bi-affine scalar inequalities is intrinsically restricted to the case of
finite-horizon control specifications. In fact our approach is well suited for
handling infinite-horizon specifications — those imposing restrictions on the
asymptotical behaviour of the closed loop system. Specifications of the latter
type usually have to do with time-invariant open loop system (41) — system
of the form

o = Z

Ti41 = Axt—|—But +Rdt, t:(),l,... (52)
yr = Cxy + Dd,
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The presentation to follow is based on [20]. From now on we assume that the
open loop system (52) is stable, that is, the spectral radius of A is < 1 (in
fact this restriction can be somehow circumvented, see [20]). Imagine that
we “close” (52) by a nearly time-invariant POB control law of order k, that
is, a law of the form

k—1
ug = hy + ZUZOH’EWFV’ (53)

where hy = 0 for t > 7, and H! = H, for t > 7, for certain stabilization
time 7,; from now on, all entities with negative indices are set to 0. While the
“time-varying” part {h;, H.,0 < ¢ < T,} of the control law can be used to
adjust the finite-horizon behaviour of the closed loop system, its asymptotical
behaviour is as if the law were time-invariant: hy = 0 and H! = H, for all
t > 0. Setting 6, = z; — &y, H" = [H{,...,H}_|], H = [Hy, ..., H,_1], the
dynamics (52), (46), (53) for ¢ > k — 1 is given by

Wit Ay [HY]
t t t
el A|BHC BH!C ... BH!_,C
Op41 A
0t _ A we
Ot—kt2 A
Ry[H"] (54)
R|BH,D BH!D ... BH!_,D7 [d; Bh,
R di 0
i R di—1 4 0 7
R di—ky1 0

ue = he+ Y e g HE[COiy + Ddy ).

We see, in particular, that starting with time 7., dynamics (54) is exactly
as if the underlying control law were the time invariant POB law with the
parameters h, = 0, H® = H. Moreover, since A is stable, we see that system
(54) is stable independently of the parameter H of the control law, and the
resolvent Ry (s) := (sl — AL[H])~! of A [H] is the affine in H matrix

Ral(s) RA(S)%HEC)'RA(S) Ra(s)BHICRA(S)|...|Ra(s)BHr_1CRa(s)
a(s

Ra(s)

Ra(s)

(55)
where Ra(s) = (sI — A)~! is the resolvent of A.

Now imagine that the sequence of disturbances d; is of the form d; =
std, where s € C differs from 0 and from the eigenvalues of A. From the
stability of (54) it follows that as ¢ — oo, the solution w; of the system,
independently of the initial state, approaches, as ¢ — oo, the “steady-state”
solution &; = s'H(s)d, where H(s) is certain matrix. In particular, the state-

control vector w; = [zi} approaches, as t — oo, the steady-state trajectory
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Wy = 8'Hyu(s)d. The associated disturbance-to-state/control transfer matrix
Hwu(s) is easily computable:

- Ha(s) -

k—1
Ra(s) |R+)  s7"BH,[D+CRa(s)R]

[ZIZ—;SVHVJ D+ CRa(s)H]

Ha(s) i

The crucial fact is that the transfer matrix H,,,(s) is affine in the param-
eters H = [Hy, ..., H,—1] of the nearly time invariant control law (53). As
a result, design specifications representable as explicit convex constraints on
the transfer matrix Hg,,(s) (these are typical specifications in infinite-horizon
design of linear controllers) are equivalent to explicit convex constraints on
the parameters H of the underlying POB control law and therefore can be
processed efficiently via Convex Optimization.

5.8.1 Example: Discrete time Ho, control

Discrete time H, design specifications impose constraints on the behaviour
of the transfer matrix along the unit circumference z = exp{1¢}, 0 < ¢ <
27, that is, on the steady state response of the closed loop system to a
disturbance in the form of a harmonic oscillation. A rather general form of
these specifications is a system of constraints

|Qi(s) — Mi(8)Hazu(8)N;(8)|| <7 V(s =exp{w}:w € A;), (57)

where Q;(s), M;(s), N;(s) are given rational matrix-valued functions with
no singularities on the unit circumference {s : |s| = 1}, A; C [0,2n] are
given segments, and || - || is the standard matrix norm (the largest singular
value). From the results of [52] on semidefinite representation of the cone of
Hermitian-matrix-valued trigonometric polynomials which are > 0 on a given
segment it follows that constraints (57) can be represented by an explicit
finite system of LMD’s (for details, see [20]); as a result, specifications (57)
can be efficiently processed numerically.

We see that the purified-output-based reformulation of affine control laws,
combined with the results of RO on tractable reformulations of semi-infinite
bi-affine convex constraints, allow to handle efficiently design of linear con-
trollers for uncertainty-affected linear dynamical systems with known dy-
namics. The corresponding design problems can include rather general spec-
ifications on the finite-horizon state-control behaviour of the closed loop sys-
tems, and in the case of time-invariant open loop system these constraints
can be coupled with restrictions on the asymptotical behaviour of the state-
control trajectory, provided that these restrictions can be expressed by con-
vex constraints on the transfer matrix of the closed loop system. The out-
lined approach seems to be a valuable complement to the existing Con-
vex Optimization-based Control techniques. For instructive illustrations and
comparison with the usual time-invariant linear feedback controllers, see [20].
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