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1 Introduction

In this paper, we focus on the nonparametric regression problem as follows:
Given noisy observations

yt = f(xt) + σet, t = (t1, ..., td) ∈ Zd, 0 ≤ tj ≤ m (1)

of a “signal” f : [0, 1]d → C taken along the equidistant grid Γn = {xt = m−1t :
0 ≤ t1, t2, ..., td ≤ m} on the unit d-dimensional cube [0, 1]d with n = (m+1)d

observation points, we are interested to recover f on the observation grid.
In (1), {et} are independent of each other standard complex-valued Gaussian
noises; the adjective “standard” means that <(et) and =(et) are independent
of each other N(0, 1) random variables.
The problem we are interested in is investigated in a huge number of studies.
The traditional setting of the problem, which forms the frame of a vast ma-
jority of these studies, is as follows:
A. We intend to recover the signal both on and outside the observation grid
and measure the risk of recovering f on a cube B ⊂ [0, 1]d by the standard
integral Lq-norms;
B. The estimation routines are aimed at recovering smooth signals, and their
quality is measured by their maximal risks, the maximum being taken over f
running through natural families of smooth signals, e.g., Hölder and Sobolev
balls;
C. The focus is on the asymptotic, as the volume of observations n goes to
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infinity, behavior of the estimation routines, with emphasis on asymptotically
minimax (nearly) optimal estimates – those with the (nearly) best possible
rate of convergence of the risks to 0 as n → ∞, the risks being taken on the
classes mentioned in B.
Initially, the research was focused on recovering smooth signals with a priori
known smoothness parameters and the estimation routines were tuned to these
parameters (see, e.g., [31,43,48,32,4,45,40,49,30,46,29,34]). Later on, there was
a significant research on adaptive estimates [44,11,16,17,38,33,5,12,27]. Adap-
tive estimation routines are free of a priori assumptions on the smoothness
parameters of the signal to be recovered, and the emphasis is on developing
routines which exhibit asymptotically optimal behavior on a wide variety of
families of smooth signals. For a comprehensive overview of results on smooth
nonparametric regression estimation, see [42] 3 .
The traditional focus on recovering smooth signals ultimately comes from
the fact that such a signal locally can be well-approximated by a polynomial
of a fixed order ν, and such a polynomial is an “easy to estimate” entity.
Specifically, for every integer T ≥ 0, the value of a polynomial p at an ob-
servation point xt can be recovered via (2T + 1)d neighboring observations
{xτ : |τj − tj| ≤ T, 1 ≤ j ≤ d} “at a parametric rate” – with the expected
squared error Cσ2(2T+1)−d inverse proportional to the amount (2T+1)d of the
observations used by the estimate; the coefficient C depends solely on the order
and the dimensionality d of the polynomial. The corresponding estimate p̂T (xt)
of p(xt) is pretty simple: it is given by a “time-invariant filter”, that is, by con-
volution of observations with an appropriate discrete kernel q(T ) = (q(T )

τ )τ∈Zd

vanishing outside the box OT = {τ ∈ Zd : |τj| ≤ T, 1 ≤ j ≤ d}:

p̂(xt) =
∑

τ∈OT

q(T )
τ yt−τ .

On the other hand, one can observe that the space of algebraic polynomials
p(x) =

∑
0≤τj≤ν

cτx
τ1
1 ...xτd

d of a given order ν is not the only “easy to estimate”

parametric family. For example, replacing algebraic polynomials with expo-
nential polynomials p(x) =

∑
ν=(ν1,...νd)

0≤ν1,...,νd≤m

cνx
ν1
1 xν2

2 ...xνd
d exp{iωT (ν)x} with fixed

“frequencies” ω(ν) ∈ Cd, we still have a possibility to recover p(xt) at a para-
metric rate from noisy observations of p(·) taken at (2T +1)d neighboring to xt

observation points xτ , τ ∈ t−OT , and the recovering routine is still given by
a time-invariant filter. Consequently, in principle we have essentially the same
possibilities to recover smooth signals f(x) – those which locally can be well-

3 Our “super-short outline” of Nonparametric Regression would be severely in-
complete without mentioning a novel approach aimed at recovering nonsmooth sig-
nals possessing sparse representations in properly constructed functional systems
[10,12,13,18–24,26,9,47,25,15]. This promising approach is completely beyond the
scope of our paper.
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approximated by specific “easy to estimate” signals (algebraic polynomials),
as the possibilities to recover “modulated signals” f(x) cos(ωT x) with smooth
f and ω ∈ Rd. Indeed, a modulated signal locally can be well-approximated
by an exponential polynomial, and the latter is as easy to estimate as an
algebraic polynomial of the same order. At the same time, the family of mod-
ulated signals is much wider than the family of smooth signals and contains
“highly oscillating” signals which, from the traditional viewpoint, are difficult
to recover.

In light of these observations, where the unique role played in the traditional
non-parametric regression by smooth signals comes from? The answer is as
follows: what is crucial in the traditional context is not the existence of time-
invariant filters which recover algebraic polynomials at a parametric rate, but
rather the fact that we know these filters in advance (they are readily given
by the order of polynomial, d and T ). By contrast, in most of the cases where
it would be natural to work with “modulated” signals, the corresponding fre-
quencies are not known in advance. Since time-invariant filters which recover
well exponential polynomials depend on the corresponding frequencies, the
nonparametric recovering routines based on these filters are essentially mean-
ingless – in order to use them, one should first identify the frequencies, which
by itself is a pretty difficult problem. The main goal of this paper is to demon-
strate that, in a sense, there is no necessity to solve this difficult problem at
all. Essentially, we show that
(i) whenever a discrete time signal (that is, a signal defined on a regular dis-
crete grid) is well-filtered, i.e., can be recovered from its noisy observations at
a parametric rate by a linear time-invariant filter, we can recover this signal at
a “nearly parametric” rate without a priori knowledge of the associated filter;
(ii) whenever a “continuous time” signal f : [0, 1]d → C, restricted onto the
observation grid, can be locally well-approximated by a well-filtered signal, f
can be recovered on the observation grid basically as well as if the well-filtered
approximation were known to be an algebraic polynomial of a given order (i.e.,
as well as if f were smooth with known in advance smoothness parameters).
In particular, we demonstrate that a modulated signal f(x) cos(ωT x) with
smooth f and unknown in advance (and perhaps high) “frequency” ω ∈ Rd

can be recovered on the observation grid with basically the same quality as
the smooth signal f itself.
In connection with (ii), it should be stressed that in our setting, in contrast to
the traditional one aimed at recovering smooth signals, all we are interested
in is to recover f on the observation grid only (and therefore we measure risks
by discrete analogues of the integral Lq-norms). This is quite natural, since we
intend to handle, along with others, also highly oscillating signals, and such
a signal, in general, cannot be recovered well outside the observation grid.
Indeed, a highly oscillating signal can merely vanish on the observation grid
and be arbitrarily large outside it (which is impossible for smooth signals).
The rest of our paper is organized as follows. In Sections 3, 4 we focus on item
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(i). Specifically, in Section 3 we give a formal definition of a well-filtered signal
on a d-dimensional regular grid (the latter, w.l.o.g., is normalized to be Zd)
and demonstrate that such a signal can be recovered at a nearly parametric
rate without a priori knowledge of the corresponding “good filter” (Theorem
2). The estimation routine underlying Theorem 2 (“Algorithm A”, Section
3.2) is a substantial extension of the procedure proposed in [39]. In Section
3.4, we demonstrate that the family of well-filtered signals is pretty wide – it
contains a wide spectrum of “basic functions” (for example, exponential poly-
nomials) and is closed with respect to a number of basic operations, including
modulation, taking linear combinations and tensor products. In Section 4 we
present the “prediction” versions of the results of Section 3; now we are in-
terested in recovering of a discrete time signal at a point t ∈ Zd via noisy
observations taken at the points {τ ∈ Zd : tj − T ≤ τj ≤ tj − κ} “preceding”
the point t, with a given in advance “forecast horizon” κ ≥ 0. In Section 5 we
develop adaptive versions of estimates given by Algorithms A, B. Finally, in
Section 6 we focus on item (ii) – recovering continuous time signals which can
be locally well-approximated by well-filtered signals. Our main results here
are stated in Theorem 22. This theorem extends onto wide classes of locally
well-filtered signals the results of [44,11,16,17,38,33,27] on spatial adaptive es-
timates of smooth signals and can be treated as a substantial generalization
of the results of [41,28] on estimating univariate signals satisfying differential
inequalities with unknown in advance linear differential operators.
To make the exposition more readable, all proofs are collected in the appendix.

2 Preliminaries

Fields over Zd. Let C(Zd) be the linear space of complex-valued fields
r = {rτ : τ ∈ Zd} over Zd.
• Given nonnegative integer T and p ∈ [1,∞], we define semi-norms | · |T,p

on C(Zd) by |r|T,p =

(
∑
|τ |≤T

|rτ |p
)1/p

, |τ | = max{|τ1|, ..., |τd|}, with the stan-

dard interpretation of the right hand side when p = ∞, and we set |r|p =
limT→∞ |r|T,p ∈ R ∪ {+∞}. A field r ∈ C(Zd) with finitely many nonzero
entries rτ is called a filter, and the smallest T such that rτ = 0 whenever
|τ | > T , is called the order ord(r) of a filter r; we write CT (Zd) = {r ∈
C(Zd) | ord(r) ≤ T}. We identify a filter r with the multivariate Laurent sum
r(z1, ..., zd) =

∑
τ

rτz
τ1
1 ...zτd

d .

• We call a filter r polynomial, if the corresponding Laurent sum is a polyno-
mial (i.e., if the only entries rτ which can be nonzero are those with τ ≥ 0).
The set of all polynomials is denoted P (Zd). For integers k, T , 0 ≤ k ≤ T , we
denote by P k

T (Zd) the subspace of P (Zd) formed by polynomials r for which
the only nonzero entries rτ can be those for which k ≤ τj ≤ T , j = 1, ..., d.
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•We denote by ∆j, j = 1, ..., d, the “basic shift operators” on C(Zd): (∆jr)τ1,...,τd
=

rτ1,...,τj−1,τj−1,τj+1,...,τd
.

• Finally, we define the output of a filter r, the input to the filter being a
field x ∈ C(Zd), as the field r(∆)x ≡ r(∆1, ∆2, ..., ∆d)x, so that (r(∆)x)t =∑
τ

rτxt−τ .

Fourier transform. Let T be a nonnegative integer, let ΓT be the set of
roots of 1 of the degree 2T + 1, and let C(Γd

T ) be the space of complex-valued
functions on Γd

T ≡ (ΓT )d.
• We define the Fourier transform FT : C(Zd) → C(Γd

T ) as (FT r)(µ) =
1

(2T+1)d/2

∑
|τ |≤T

rτµ
τ1
1 ...µτd

d ≡ 1
(2T+1)d/2 r(µ), r ∈ CT (Zd), where µ ∈ Γd

T . Note that

rτ = 1
(2T+1)d/2

∑
µ∈Γd

T

(FT r)(µ)µ−τ1
1 ...µ−τd

d , ∀(τ : |τ | ≤ T ). The Fourier transform

allows to equip C(Zd) with semi-norms coming from the standard p-norms on
C(Γd

T ):

|r|∗T,p = |FT r|p ≡



∑

µ∈Γd
T

|(FT r)(µ)|p



1/p

,

with the standard interpretation of the right hand side for p = ∞.

3 Main result

Let F = (Ω, Σ, P ) be a probability space. We consider the problem of recov-
ering unknown random field (sτ = sτ (ξ)) τ∈Zd

ξ∈Ω

over Zd from noisy observations

yτ = sτ + eτ . (2)

It is convenient for us to assume that both the signal (sτ ) and the noises
are complex-valued. Besides this, we assume that the field (eτ ) of observa-
tion noises is independent of (sτ ) and is of the form eτ = σετ , where (ετ ) are
independent of each other standard Gaussian complex-valued variables; the
adjective “standard” means that <(ετ ), =(ετ ) are independent of each other
N(0, 1) random variables.
Posed informally, the question we are interested in is as follows:
(?) We know that the random field (sτ )τ∈Zd ≡ (sτ (ξ)) τ∈Zd

ξ∈Ω

underlying obser-

vations (2) can be recovered from these observations “at a parametric rate”
by “linear time-invariant filtering”: for a given T , there exists (unknown in ad-
vance) filter q ∈ CT (Zd) (i.e., a filter which recovers sτ via O(T d) observations
around the point τ) such that

E
{
|sτ − (q(∆)y)τ |2

}
≤ O(σ2T−d). (3)
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Can we mimic this filter?
To make this question precise, we should specify our a priori knowledge of the
constant factor hidden in O(·) and on the ranges on values of T and τ where
(3) holds true.

3.1 Well-filtered signals

Since the observation noises are independent of (sτ ), we have

E
{
|sτ − (q(∆)y)τ |2

}
= 2σ2|q|22 + Eξ

{
|sτ (ξ)− (q(∆)s(ξ))τ |2

}
; (4)

therefore in order to ensure (3), both terms in the right hand side of the latter
inequality should be of order of T−d. This observation motivates the following

Definition 1 Let θ ≥ 0, ρ ≥ 1 be reals, let L be a nonnegative integer or
+∞, and let t ∈ Zd. Finally, let (sτ )τ∈Zd ≡ (sτ (ξ)) τ∈Zd

ξ∈Ω

be a random field on

Zd.
(1) [T -well-filtered signals] Let T be a nonnegative integer. We say that (sτ )
is T -well-filtered, with the parameters θ, ρ, L, at the point t (notation: (sτ ) ∈
St

L(θ, ρ, T )), if there exists a filter q = q(T ) ∈ CT (Zd), |q|2 ≤ ρ
(2T+1)d/2 , which

reproduces (sτ ) in the box {τ : |τ − t| ≤ L} with the mean square error not
exceeding θ(2T + 1)−d/2:

max
τ :|τ−t|≤L

[
E

{
|sτ − (q(∆)s)τ |2

}]1/2 ≤ θ(2T + 1)−d/2. (5)

(2) [well-filtered signals] We say that (sτ ) is well-filtered, with the parameters
θ, ρ, L, at the point t (we use the notation: (sτ ) ∈ Ft

L(θ, ρ)), if, for every
integer T , 0 ≤ T ≤ L, (sτ ) is T -well-filtered, with the parameters θ, ρ, L, at t.

In the sequel, we refer to filters q(T ) associated, in the sense of the above
definition, with a well-filtered signal (sτ ) as to filters certifying the “well-
filterability” of the signal.
We are about to demonstrate that with the interpretation of (?) suggested
by Definition 1, the answer to the question is affirmative: for a T -well-filtered,
with parameters θ, ρ, L = 3T , at a point t signal can be recovered at this point
“at a nearly parametric rate” with no a priory knowledge of the correspond-
ing “good filter”; all we should know in advance is ρ and T . We start with
presenting the recovering routine.
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3.2 The estimator

The estimator we intend to use is as follows:
Algorithm A: Given a setup (ρ ≥ 1, T ) and a point t ∈ Zd, we build an
estimation ŝt[T, y] of st via observations (yτ ), |τ − t| ≤ 4T , as follows:
(1) When T = 0, we merely set ŝt[0, y] = yt

(2) When T > 0, we set ŝt[T, y] = (φ̂t(∆)y)t, where φ̂t ∈ C2T (Z2) is an optimal
solution to the following optimization problem:

min
φ∈C2T (Zd)

{
|∆−t1

1 ...∆−td
d (1− φ(∆))y|∗2T,∞︸ ︷︷ ︸

J(φ,yt
4T )

: |φ|∗2T,1 ≤ 2d/2ρ2(2T + 1)−d/2
}
,(6)

where yt
L = {yτ : |t− τ | ≤ L} .

Note that the objective in (6) is affected only by observations yt
4T , so that our

algorithm recovers st via (8T + 1)d observations “around” the point t.

3.3 Main result: de-noising

Theorem 2 Assume that the signal (sτ ) underlying observations (2) is T -
well-filtered, with parameters θ, ρ, L ≥ 3T : (sτ ) ∈ St

L(θ, ρ, T ) with L ≥ 3T .
Then the mean square error of the estimate ŝt[T, ·] of st yielded by Algorithm
A with setup (ρ, T ) can be bounded from above as follows:

(
E

{
|ŝt[T, y]− st|2

})1/2 ≤ c(d)ρ3
θ + σρ

√
ln(2T + 1) + 1

(2T + 1)d/2
,

c(d) = 3(2d + 23d−1).

(7)

In particular, if (sτ ) is well-filtered, with the parameters θ, ρ, L, at a point t,
then for every integer T , 0 ≤ T ≤ bL/3c, the accuracy of the estimate ŝt[T, y]
of st yielded by Algorithm A can be bounded by (7). Finally, in the case of
deterministic (s), we have

|st − ŝt[T, y]| ≤ c(d)ρ3 [θ + σρΘt
T ] (2T + 1)−d/2,

Θt
T = σ−1 max

τ :|τ |≤2T
|∆τ1−t1

1 ...∆τd−td
d e|∗2T,∞.

(8)

Comments: note that Theorem 2 indeed gives an affirmative answer to the
question (?). Indeed, let a signal (sτ ) admit, for some T , a filter-type estimate
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s̄τ = (q∗(∆)y)τ with “window width” T (i.e., with q∗ ∈ CT (Zd)) and with
the mean square error which, in an O(T )-neighborhood of a point t, is of the

“parametric” order O
(
σ(2T + 1)−d/2

)
:

max
τ :|τ−t|≤3T

E
{
|sτ − s̄τ |2

}
≤ κ2 ≡ σ2µ2

(2T + 1)d/2
(9)

with some known µ ≥ 1. We do not know what is this estimate, although do
know that it exists (i.e., know the associated T, µ), and we want to recover
st from observations yt

4T nearly as well as if we were using our hypothetic
estimate s̄t. Theorem 2 says that Algorithm A basically achieves this goal.
Indeed, from (4), (9) it follows that |q∗|2 ≤ µ

(2T+1)d/2 and (sτ ) ∈ St
3T (σµ, µ, T ).

Applying Theorem 2 with ρ = µ, θ = σµ, L = 3T , we conclude that with the
estimate yielded by Algorithm A, the mean square error of recovering st does

not exceed O(1)µ3
[
1 +

√
ln(2T + 1)

]
κ. We see that as far as the dependence

on “observation time” T d is concerned, the estimate yielded by Algorithm A is
just by a logarithmic in T factor worse than the estimate s̄t we wish to mimic.
In the literature on nonparametric estimation the bounds as in Theorem 2 are
often referred to as oracle inequalities. Since the pioneering work [1] a number
of oracle inequalities have been established for a wide variety of estimation
problems (cf. the papers [35], [2], [6], [7], [11], [14], [8] among many others). In
that context one refer to the filter q, which certifies the well-filterability of the
signal, as the oracle, and the bound (7) describes the ability of a particular
adaptive method (Algorithm A above) to reproduce the oracle. We complete
this upper bound with the following result:

Theorem 3 For any m ∈ N+, positive σ and T ∈ N large enough, one can
point out a family FT

m of real signals on [−4T − 1, 4T + 2] such that
• for each signal s ∈ FT

m there exists a filter q∗ ∈ CT (Z) with |q∗|2 = ρ√
2T+1

,

ρ =
√

m, such that max−3T−1≤τ≤3T+2 (E|(q∗(∆)y)−sτ |2)1/2
= θ√

2T+1
with θ =

σρ.
• There is c0 > 0 such that for any estimate ŝ of s0 from the observations (2)
it holds

inf
ŝ

sup
s∈FT

m

(
E|ŝ− s0|2

)1/2 ≥ c0θρ
√

ln(2T + 1). (10)

The lower bound (10) states that the factor ρ
√

ln(2T + 1) is an unavoidable
“price” for adaptation. When comparing the result of Theorem 2 to that of
Theorem 3, we observe an extra factor ρ2 ≥ 1 in the corresponding upper
bound (7). By now we do not know if this extra factor can be completely
eliminated. Nevertheless, in light of these results, we can claim that recover-
ing of signals with certifying filter of large l2-norm is a rather desperate task

8



– the price for adaptation is then proportional to ρ À 1 in this case.
When applying Algorithm A and Theorem 2, the crucial question is how to
recognize well-filterability. We are about to give a partial answer to this ques-
tion.

3.4 Calculus of well-filtered signals

Our current goal is to understand how wide is the family of well-filtered signals,
and our plan is as follows: (a) we list a number of operations which preserve
the property of well-filterability, and (b) we present a list of examples of well-
filtered signals. Applying to “raw materials” from (b) operations from (a), one
can produce a wide variety of well-filtered signals.

3.4.1 Operations preserving well-filterability

I. “Scale” of well-filtered signals. We start with the following evident ob-
servation: ρ′ ≥ ρ, θ′ ≥ θ, L′ ≤ L ⇒ Ft

L(θ, ρ) ⊂ Ft
L′(θ

′, ρ′).
II. Taking linear combinations. Our next observation is that a linear com-
bination of well-filtered signals is again well-filtered, with properly updated
parameters:

Proposition 4 Let (sj
τ ) ∈ Ft

L(θj, ρj), and let λj ∈ C be random variables
independent of (sj) and such that E{|λj|2} < ∞, j = 1, ..., m. Then

(sτ ≡
m∑

j=1
λjs

j
τ ) ∈ Ft

L+(θ+, ρ+),

θ+ = (2m− 1)d/22m−1ρ1...ρm

m∑
j=1

θj [E{|λj |2}]1/2

ρj
,

ρ+ = (2m− 1)d/22mρ1...ρm, L+ = bL/2c.

(11)

In the case of m = 1, one can set ρ+ = ρ1, θ+ = |λ1|θ1, L+ = L.
The filters certifying the well-filterability of (sτ ) can be chosen to be indepen-
dent of the coefficients λj.

III. Modulation and conjugation. Our next observation is that the families
of well-filtered signals are closed w.r.t. “modulation” and conjugation:

Proposition 5 Let (sτ ) ∈ Ft
L(θ, ρ).

(i) Let ω ∈ Rd, φ ∈ R be deterministic. Then the signal (ŝτ = exp{i[ωT τ +
φ]}sτ )τ∈Zd belongs to Ft

L(θ, ρ) along with (sτ ).
(ii) The signal (s̄τ = sτ )τ (a is the complex conjugate of a ∈ C) belongs to
Ft

L(θ, ρ).
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IV. Lifting. We are about to demonstrate that a well-filtered signal in a di-
mension d ≤ d+ can be viewed as a well-filtered signal, with properly updated
parameters, in a dimension d+ > d:

Proposition 6 . Let 1 ≤ d ≤ d+, and let (sτ )τ∈Zd be a signal which is well-
filtered, with parameters θ, ρ, L, at a point t ∈ Zd. Then the signal (s+

τ1,...,τd+
=

sτ1,...,τd
) is well-filtered, with the parameters θ+ = (2L + 1)(d+−d)/2θ, ρ+ = ρ,

L+ = L at every point t+ ∈ Zd+
such that (t+1 , ..., t+d ) = t.

V. “Tensor product”. Let d = d′ + d′′ with positive integers d′, d′′, so that
Zd = Zd′×Zd′′ . Given random fields (s′τ ′(ξ)) τ ′∈Zd′

ξ

∈ Ft′
L(0, ρ′), (s′′τ ′′(ξ)) τ ′′∈Zd′′

ξ

∈
Ft′′

L (0, ρ′′), we define their tensor product as the field

(sτ (ξ) = s′τ ′(ξ)s
′′
τ ′′(ξ)) τ=(τ ′,τ ′′)∈Zd

ξ

.

Proposition 7 In the situation in question, one has (sτ ) ∈ F
(t′,t′′)
L (0, ρ′ρ′′).

3.5 Examples of well-filtered signals

I. Exponential and algebraic polynomials. Let us define an exponential
polynomial (sτ ) on Zd as a finite sum of exponential monomials cτα exp{ωT τ} ≡
cτα1

1 ...ταd
d exp{ωT τ} with nonnegative multi-indices α and ω ∈ Cd:

sτ =
M∑

`=1

c`τ
α(`) exp{ωT (`)τ}, (12)

where ω(`) and α(`) are deterministic, and c` may be random. Given an ex-
ponential polynomial (sτ ) on Zd, we define its partial sizes Nj, j = 1, ..., d,
as follows: let mj be the maximum of the degrees αj(`), ` = 1, ..., M , of the
variable τj in the monomials of the sum (12), and Mj be the number of dis-
tinct from each other complex numbers among the “partial frequencies” ωj(`):
Mj = CardOj, Oj = {ωj(`) : 1 ≤ ` ≤ M}. The j-th partial size Nj(s) of
exponential polynomial (12) is, by definition, the integer (mj + 1)Mj. For ex-
ample, with all frequencies equal to 0, an exponential polynomial becomes an
algebraic polynomial, and its j-th size is by 1 larger than the degree of the
polynomial w.r.t. j-th variable τj.

Proposition 8 Let (sτ ) be an exponential polynomial on Zd of partial sizes
N1, ..., Nd. Then for all t ∈ Zd one has

(sτ ) ∈ Ft
∞(0, ρd(N1, ..., Nd)), ρd(N1, ..., Nd) =

d∏

j=1

[(2Nj − 1)1/223Nj/2], (13)
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and the filters q(T ) certifying this inclusion can be chosen to be depending
solely on T and on the collection of d sets Oj = {ωj(`) : 1 ≤ ` ≤ M} of
partial frequencies.

Remark 9 A shortcoming of (13) is in a dramatic growth of ρd(N,N, ..., N)
with N and d. In several important cases, better bounds for ρ can be found.
For example, an algebraic polynomial of degree m in every variable

pτ =
∑

α≥0,|α|≤m

cατα (14)

belongs to Ft
∞(0, (16m)d) for every t, and the filters q(T ) certifying this inclu-

sion can be chosen to depend solely on T, d, m.

II. Solutions to homogeneous difference equations and harmonic
functions. Consider a difference operator D:

(Df)τ =
k∑

`=1

w`fτ−α(`); (15)

here α(1), ..., α(k) ∈ Zd and w1, ..., wk ∈ C. For a positive integer N and
t ∈ Zd, let

Bt
N = {τ ∈ Zd | |τ − t| ≤ N}, Bt

N(D) = {τ ∈ Bt
N | τ + α(`) ∈ Bt

N , ` = 1, ..., k},
Ht

N(D) = {(s) ∈ C(Zd) | sτ = (Ds)τ ∀τ ∈ Bt
N(D)}.

For example, with

(Df)τ =
1

2d

∑
i=1,...,d

ε=±1

fτ1,...,τi−1,τi+ε,τi+1,...,τd
, (16)

the linear space Ht
N(D) is the space of fields which are “discrete harmonic” on

Bt
N , that is, sτ = 1

2d

∑
i=1,...,d

ε=±1

sτ1,...,τi−1,τi+ε,τi+1,...,τd
for all τ with |τ − t| ≤ N − 1.

Let us call a difference operator D regular, if it possesses the following prop-
erties:
R.1 The vectors {α(`)}1≤`≤k span the entire Rd;
R.2 The coefficients w` = ρ` exp{iφ`} (ρ` ≥ 0, φ` ∈ R) are nonzero, and

(a)
k∑

`=1
ρ` ≤ 1; (b)

k∑
`=1

ρ`α(`) = 0. (17)

For example, the averaging operator (16) and its degrees are regular.
It turns out that the solutions of homogeneous difference equations with reg-
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ular difference operators are well-filtered:

Proposition 10 Let D be a regular difference operator. Then there exists a
constant c = c(D) > 0 such that

∀N > 0 : Ht
N(D) ⊂ Ft

bcNc(0, c
−1). (18)

As a nontrivial application example for Proposition 10, consider the families
of random fields defined as follows. Let d ≤ 4, M be a positive integer, and R
be a positive real. Consider the family H+(M) of all deterministic continuous
functions f on Rd which are harmonic in the interior of the box D0

2M = {x ∈
Rd : |xj| ≤ 2M, j ≤ d}:

(
d∑

j=1

∂2

∂x2
j

)
f(x) = 0, x ∈ intD0

2M . Now let H+(M,R)

be the family of random functions f such that all realizations of a function
belong to H+(M) and, besides this, E{‖f‖2

∞,2M} ≤ R2, where ‖f‖∞,2M is the
uniform norm on D0

2M . Restricting functions f from H+(M,R) on Zd, we get
a family of random fields H(M, R) on Zd.

Proposition 11 Let d ≤ 4, M be a positive integer and R > 0 be a real. For
an appropriately chosen absolute constant c > 0, for all deterministic fields
(sτ ) ∈ H(M,R) one has

|t| ≤ cM, L ≤ cM ⇒ (sτ ) ∈ Ft
L(c−1R, c−1), (19)

and the filters q(T ) certifying the above inclusion can be chosen depending solely
on d, T .

4 Prediction

Above, we were focusing on the case of de-noising – recovering a well-filtered
signal (s) at a point t ∈ Zd via a given number observations “around” this
point. Now we intend to focus on the case of prediction, where the goal is to
recover st via observations yτ “preceding by a given horizon κ ∈ Z+” the point
t, i.e., observations with τj ≤ tj − κ, j = 1, ..., d. It turns out that the above
theory admits straightforward prediction version, which is as follows.

Definition 12 Let θ ≥ 0, ρ ≥ 1 be reals, let T0 ≥ κ be nonnegative integers,
L be a nonnegative integer or +∞, and let t ∈ Zd. Finally, let (sτ )τ∈Zd ≡
(sτ (ξ)) τ∈Zd

ξ∈Ω

be a random field on Zd.

(1) [T -well-predicted signals] Let T be a nonnegative integer. We say that (sτ )
is T -well predicted with the parameters θ, ρ, κ, L, at the point t (notation:
(sτ ) ∈ Qt

κ,L(θ, ρ, T )), if there exists a filter q = q(T ) ∈ P κ
T (Zd), |q|2 ≤ ρ

(2T+1)d/2 ,

12



which reproduces (sτ ) in the box {τ : |τ − t| ≤ L} with the mean square error
not exceeding θ(2T + 1)−d/2:

max
τ :|τ−t|≤L

[
E

{
|sτ − (q(∆)s)τ |2

}]1/2 ≤ θ(2T + 1)−d/2. (20)

(2) [well-predicted signals] We say that (sτ ) is well-predicted, with the param-
eters θ, ρ, κ, T0, L, at the point t (notation: (sτ ) ∈ Pt

κ,T0,L(θ, ρ)), if, for every
integer T , T0 ≤ T ≤ L, (sτ ) is T -well-predicted, with the parameters θ, ρ, κ, L,
at t.

Remark 13 Note that the quantitative description of a well-predicted field,
as compared with the description of a well-filtered field, involves an extra pa-
rameter T0 – the smallest “window width” starting with which a possibility to
predict st is postulated. In the case of well-filtered fields, this width is just 0,
in full accordance with the fact that in the de-noising problem every signal is
0-well-filtered, at every point t, with parameters θ = 0, ρ = 1, L = ∞ due to
the existence of the trivial “single-point” filter q(z) ≡ 1.

4.1 The predictor

The predictor we intend to use is as follows:
Algorithm B: Given a setup (ρ ≥ 1, κ, T ) and a point t ∈ Zd, we build a
prediction ŝt[κ, T, y] of st via observations (yτ ), κ ≤ tj − τj ≤ 4T , j = 1, ..., d,

as ŝt[κ, T, y] = (ψ̂t(∆)y)t, where ψ̂t ∈ P κ
2T (Z2) is an optimal solution to the

following optimization problem:

min
ψ∈Cκ

2T (Zd)

{
|∆−t1

1 ...∆−td
d (1− ψ(∆))y|∗2T,∞︸ ︷︷ ︸

J(ψ,yt
κ,4T )

: |ψ|∗2T,1 ≤
2d/2ρ2

(2T + 1)d/2

}
; (21)

where yt
κ,L = {yτ : κ ≤ tj − τj ≤ L, j = 1, ..., d} .

Note that the objective in (21) is affected only by observations yt
κ,4T , so that

our algorithm recovers st via (4T −κ+1)d observations “around” the point t.

4.2 Main result: prediction

Theorem 14 Assume that the signal (sτ ) underlying observations (2) is T -
well-predicted, with parameters θ, ρ, κ, L ≥ 3T : (sτ ) ∈ Qt

κ,L(θ, ρ, T ) with
L ≥ 3T . Then the mean square error of the estimate ŝt[κ, T, ·] of st yielded by

13



Algorithm B with setup (ρ, κ, T ) can be bounded from above as follows:

(
E

{
|ŝt[κ, T, y]− st|2

})1/2 ≤ c(d)ρ3
θ + σρ

√
ln(2T + 1) + 1

(2T + 1)d/2
,

c(d) = 3(2d + 23d−1).

(22)

In particular, if (sτ ) is well-predicted, with the parameters θ, ρ, κ, T0, L, at
a point t, then for every integer T , T0 ≤ T ≤ bL/3c, the accuracy of the
estimate ŝt[κ, T, y] of st yielded by Algorithm B can be bounded by (22).
Finally, in the case of deterministic (s), we have

|st − ŝt[T, y]| ≤ c(d)ρ3 [θ + σρΘt
T ] (2T + 1)−d/2,

Θt
T = σ−1 max

τ :|τ |≤2T
|∆τ1−t1

1 ...∆τd−td
d e|∗2T,∞.

(23)

Proof is identical to that of Theorem 2.

4.3 Calculus of well-predicted signals

The “calculus” of well-predicted signals (and its justification) is completely
similar to those for well-filtered signals.

4.3.1 Operations preserving well-predictability

I. “Scale” of well-predicted signals.

ρ′ ≥ ρ, θ′ ≥ θ, κ′ ≤ κ, T ′
0 ≥ T0, L

′ ≤ L ⇒ Pt
κ,T0,L(θ, ρ) ⊂ Pt

κ′,T ′0,L′(θ
′, ρ′).

II. Taking linear combinations.

Proposition 15 Let (sj
τ ) ∈ Pt

κj ,T j
0 ,L

(θj, ρj), j = 1, ..., m, and let λj ∈ C be

random variable independent of (sj) and such that E{|λj|2} < ∞, j = 1, ..., m.
Then

(sτ ≡
m∑

j=1
λjs

j
τ ) ∈ Pt

κ+,L+(θ+, ρ+),

θ+ = (2m− 1)d/22m−1ρ1...ρm

m∑
j=1

θj [E{|λj |2}]1/2

ρj
,

ρ+ = (2m− 1)d/22mρ1...ρm, κ+ = min
1≤j≤m

κj, T+
0 = m max

1≤j≤m
T j

0 ,

L+ = bL/2c.

(24)

14



In the case of m = 1, one can set ρ+ = ρ1, θ+ = |λ1|θ1, κ+ = κ, T+
0 = T0,

L+ = L. The filters certifying the well-predictability of (sτ ) can be chosen to
be independent of the coefficients λj.

III. Modulation and conjugation.

Proposition 16 Let (sτ ) ∈ Pt
κ,T0,L(θ, ρ).

(i) Let ω ∈ Rd, φ ∈ R be deterministic. Then the signal (ŝτ = exp{i[ωT τ +
φ]}sτ )τ∈Zd also belongs to Pt

κ,T0,L(θ, ρ).
(ii) The field (s̄τ = sτ )τ (a is the complex conjugate of a ∈ C) belongs to
Pt

κ,T0,L(θ, ρ).

IV. Lifting.

Proposition 17 . Let 1 ≤ d ≤ d+, and let (sτ )τ∈Zd be a signal which is well-
predictable, with parameters θ, ρ, κ, T0, L, at a point t ∈ Zd. Then the signal
(s+

τ1,...,τd+
= sτ1,...,τd

) is well-predictable, with the parameters

θ+ = (2L + 1)(d+−d)/2θ, ρ+ = (2κ + 1)(d+−d)/2ρ, κ+ = κ, T+
0 = T0, L+ = L,

at every point t+ ∈ Zd+
such that (t+1 , ..., t+d ) = t.

V. “Tensor product”. Let d = d′ + d′′ with positive integers d′, d′′, so
that Zd = Zd′ × Zd′′ , and let (s′τ ′(ξ)) τ ′∈Zd′

ξ

∈ Pt′
κ,T0,L(0, ρ′), (s′′τ ′′(ξ)) τ ′′∈Zd′′

ξ

∈
Pt′′

κ,T0,L(0, ρ′′).

Proposition 18 In the situation in question, the tensor product (sτ (ξ) =

s′τ ′(ξ)s
′′
τ ′′(ξ)) τ=(τ ′,τ ′′)∈Zd

ξ

. of the fields (s′), (s′′) belongs to P
(t′,t′′)
κ,T0,L(0, ρ′ρ′′).

4.4 Basic example of well-predicted signal: quasi-stable exponential polyno-
mial

Let us define a quasi-stable exponential polynomial (sτ ) on Zd as an exponen-
tial polynomial

sτ =
M∑

`=1

c`τ
α(`) exp{ωT (`)τ} (25)

where all partial frequencies ωj(`) satisfy the restriction <(ωj(`)) ≤ 0. For
example, an algebraic polynomial (partial frequencies are zero) and a trigono-
metric polynomial (partial frequencies are imaginary) are quasi-stable.
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Proposition 19 Let (sτ ) be a quasi-stable exponential polynomial on Zd of
partial sizes N1, ..., Nd. Then for every integer κ ≥ 0 and all t ∈ Zd one has

(sτ ) ∈ Pt
κ,T0,∞(0, ρκ,d(N1, ..., Nd)),

ρκ,d(N1, ..., Nd) =
d∏

j=1
[(2Nj − 1)1/22Nj (max[2, 2κ + 1])Nj/2],

T0 = κ max
1≤j≤d

Nj

, (26)

and the filters q(T ) certifying this inclusion can be chosen to be depending solely
on T, κ and on the collection of d sets Oj = {ωj(`) : 1 ≤ ` ≤ M} of partial
frequencies.

4.5 Numerical illustration

Here we present a numerical illustration for Algorithm B as applied to predic-
tion/filtration of a time series which is a linear combination of a given number
of harmonic oscillations; both amplitudes and frequencies of these oscillations
are not known in advance. The (randomly generated) signal to be considered
in our illustration is

st = −0.7191 cos(0.0017 t) + 1.5200 cos(0.0025 t)

+0.6041 cos(0.3526 t)− 0.0676 cos(0.8303 t)

−0.1892 cos(3.2371 t).

(27)

We used Algorithm B to predict st+∆t via 2T = 512 noisy observations yτ =
sτ + 0.2ξτ , ξτ ∈ N(0, 1), τ = t − 511, t − 510, ..., t. On Fig. 1 we display the
observations and the prediction made at instant t = 991 for the prediction time
∆t = 5. On Fig. 2, we compare the quality of prediction given by Algorithm
B with the quality of the “ideal least squares prediction” corresponding to the
case where the frequencies ωj, j = 1, ..., 5 participating in (27) are known in
advance:

f ∗t+∆t =
512∑
τ=0

q∗τyt−τ ,

q∗ = argmin
q





512∑
τ=0

q2
τ :

5∑
τ=0

12qτ cos(ωj(t− τ)) = cos(ωj(t + ∆t))

∀t ∈ Z ∀j = 1, ..., 5




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dots: observations; o: s996; ∗: the prediction

Fig. 1. Prediction of s996 via 512 observations y480, y481, ..., y991. The curve on the
picture is the “continuous time” extension of (sτ )

5 Adaptive versions of the estimates

5.1 The goal

In the estimates we have considered so far, the “window width” T was given in
advance, and we were able to recover st at a “nearly parametric rate”, provided
that f is well-filtered with parameters ρ, θ, L ≥ 3T at the point t and ρ is
known in advance. Under the latter assumption, the best way to recover st

would be to use the estimate associated with the largest possible window
width T compatible with the assumption, that is, with T = T∗ ≡ bL/3c. In
order to act so, we, however, should know in advance the value of L. What
to do if this value is unknown, and all we have is an upper bound L∞ < ∞
on L? Can we still recover st as well as if we knew L? It turns out that in
the case of deterministic signal f , in order to get an affirmative answer to the
above question it suffices to know (upper bounds on) both θ and ρ. Under
this assumption, the desired estimate can be obtained by applying the famous
Lepskii’s adaptation routine [36,37] to the estimates given by Algorithms A,
B. Our goal in this section is to present and to analyze the resulting adaptive
(to L) estimate.
Below, the signal to be recovered is assumed to be deterministic (however, the
construction and the results can be easily extended to the case when this signal
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∆t = 0, MSE(B) = 0.09 = 0.45σ, MSE(I) = 0.024 = 0.12σ
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−0.2

∆t = 5, MSE(B) = 0.066 = 0.33σ, MSE(I) = 0.036 = 0.18σ

dots: observations; o: signal; ∗: prediction, Algorithm B; ♦: ideal prediction

Fig. 2. “Ideal” prediction (♦) vs. Algorithm B (∗). MSE(I), MSE(B) – mean square
errors of the forecasts taken over 17 predictions shown on the picture.
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is Gaussian (i.e., all sτ , τ ∈ Zd, are Gaussian)). For the sake of definiteness,
we restrict ourselves with the de-noising problem and Algorithm A; the case
of the prediction problem is completely similar.

5.2 The adaptive estimate

The “design parameters” of the estimate we intend to build are θ ≥ 0, ρ ≥ 1
and a positive integer L∞ (and, of course, a point t ∈ Zd where we want to
recover f).

5.2.1 Preliminaries

Let

T∞ = bL∞/3c, Θt = max
0≤T≤T∞

Θt
T (28)

(see (8)). Note that by its origin, Θt is the maximum of O(Ld
∞) standard

Gaussian random variables; applying Lemma 23, we have

∀w ≥ 1 : Prob
{
Θt > Cw

√
ln(2L∞ + 1)

}
≤ exp

{
−w2 ln(2L∞ + 1)

2

}
,(29)

where C > 0 depends solely on d.

Let us fix a “safety factor” ω in such a way that the event Θt > ω
√

ln(2L∞ + 1)
is “highly un-probable”, namely,

Prob
{
Θt > ω

√
ln(2L∞ + 1)

}
≤ (2L∞ + 1)−2d; (30)

by (29), the required ω may be chosen as a function of d only.
“Good” realizations of noise. Let us define the set of “good realizations
of noise” as

Ξ = {ε | Θt ≤ Cω
√

ln(2L∞ + 1)} (31)

(see (29)).
The “ideal” window width. Let us define the ideal window width T∗ as
the largest T ≥ 0 such that 3T ≤ L∞ and (sτ ) ∈ Ft

3T (θ, ρ). Note that these
requirements are clearly satisfied for T = 0, so that T∗ is well-defined.
Recall that the goal stated at the beginning of this section is to recover st as if
we knew T∗ and were using the estimate given by Algorithm A with the setup
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(ρ, T∗). Note that (8) implies the following “conditional bound” on the quality
of estimates ŝt[T, y] yielded by Algorithm A with the setup (ρ, T ≤ T∗):

0 ≤ T ≤ T∗, ε ∈ Ξ ⇒ |st − ŝt[T, y]| ≤
γ(T )︷ ︸︸ ︷

c(d)ρ3 [θ + σρκ] (2T + 1)−d/2,

κ = Cω
√

ln(2L∞ + 1).

(32)

Normal window widths. Given observations, let us say that a window width
T is normal, if 0 ≤ T ≤ L∞/3 and the estimate ŝt[T

′, y], 0 ≤ T ′ ≤ T , in the
sense that

0 ≤ T ′ ≤ T ⇒ |ŝt[T, y]− ŝt[T
′, y]| ≤ γ(T ) + γ(T ′). (33)

Note that normal window widths do exist (e.g., T = 0) and that the property of
a window width to be normal “is observable” – it is expressed solely in terms of
the observations. It is also clear that among the normal window widths, there
exists the largest one Tmax = Tmax(y). By construction, the adaptive estimate
ŝt(y) of st is the estimate ŝt[Tmax, y]. Note that the only design parameters of
this estimate are θ, ρ (these quantities specify the function γ(·)) and L∞.
Quality of the adaptive estimate.

Theorem 20 Let (sτ ) be a deterministic signal, and let T∗ be the correspond-
ing ideal window width. The risk of the adaptive estimate ŝt(y) can be bounded
as follows:

(
E

{
|st − ŝt|2

})1/2 ≤ C(d)ρ3
[
θ + σρ

√
ln(2L∞ + 1)

]
(2T∗ + 1)−d/2 (34)

with C(d) depending solely on d.

Note that bound (34) differs from our “target” bound, namely, the bound (7)
with T = T∗, only in the logarithmic term.

6 Applications to nonparametric regression estimation

6.1 Recovering locally well-filtered regression functions of unknown local struc-
ture: motivation

Now let us pass to the Nonparametric Regression problem. As it was explained
in Introduction, in this problem observations (2) come from a function (“sig-
nal”) f of continuous argument (which we assume to vary in the d-dimensional
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unit cube [0, 1]d); this function is observed in noise along an n-point equidis-
tant grid in [0, 1]d, and the problem is to recover f via these observations.
We are about to demonstrate that the results of Section 3 on recovering well-
filtered signals of unknown structure can be applied to recovering nonpara-
metric signals which admit well-filtered local approximations. The universe
of these signals is much wider than the one of smooth signals (the latter
correspond to the very particular case when the local approximations in ques-
tion are algebraic polynomials of fixed order). In particular, we can handle
“modulated smooth signals” – sums of a fixed number of products of smooth
functions and multivariate harmonic oscillations of unknown (and arbitrarily
high) frequencies. As it was explained in Introduction, such an extension has
an unavoidable price – now we cannot hope to recover the signal well outside
of the observation grid. As a result, in what follows we are interested in re-
covering the signals along the observation grid only and, consequently, replace
the integral Lq risk measures by their grid analogies, see Section 6.4.
The estimates to be developed will be “double adaptive”, that is, adaptive
with respect to both the unknown in advance structures of well-filtered ap-
proximations of our signals and to the unknown in advance “approximation
rate” – the dependence between the size of a neighborhood of a point where
the signal in question is approximated and the quality of approximation in
this neighborhood (in the case of smooth signals, this approximation rate is
exactly what is given by the smoothness parameters). The results to follow
can be seen as extensions of the results of [41,28] (see also [42]) dealing with
the particular case of univariate signals satisfying differential inequalities with
unknown differential operators.
Now let us pass to a formal treatment of the regression problem.

6.2 The regression problem

Let m be a positive integer, n = (m + 1)d, and let Γn = {x = m−1α : α ∈
Zd, 0 ≤ α, |α| ≤ m}. We associate with a signal f ∈ C([0, 1]d) its observations
along Γn:

y ≡ yn
f (ε) = {yτ ≡ yn

τ (f, ε) = f(m−1τ) + eτ , eτ = σετ}0≤τ,|τ |≤m, (35)

where {ετ}τ∈Zd are independent standard Gaussian complex-valued random
noises. Our goal is to recover f |Γn

from observations (35). In what follows, we
write

fτ = f(m−1τ) [τ ∈ Zd,m−1τ ∈ [0, 1]d]
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6.3 Classes of locally well-filtered signals

Notation. Below we use the following notation. We set

Γo
n = Γn ∩ (0, 1)d = {m−1t : t ∈ Zd, t > 0, |t| < m}.

For a set B ⊂ [0, 1]d, we denote by Z(B) the set of all t ∈ Zd such that
m−1t ∈ B. Let x = m−1t ∈ Γo

n. We say that a nonempty open cube

Bh(x) = {u | |ui − xi| < h/2, i = 1, ..., d}

centered at x is admissible for x, if Bh(x) ⊂ [0, 1]n. For such a cube, Th(x)
denotes the largest nonnegative integer T such that Z(B) ⊃ {τ ∈ Zd : |τ−t| ≤
4T}. For a cube B = {x ∈ Rd : |xi− ci| ≤ h/2, i = 1, ..., d}, D(B) = h stands
for the edge of B. For γ ∈ (0, 1) and a cube B = {x ∈ Rd : |xi− ci| ≤ h/2, i =
1, ..., d},

Bγ = {x ∈ Rd : |xi − ci| ≤ γh/2, i = 1, ..., d}
is the γ-shrinkage of B to the center of B.
Families of locally well-filtered signals. Let B ⊂ [0, 1]d be a cube, k be a
positive integer, ρ ≥ 1, R ≥ 0 be reals, and let p ∈ (d,∞]. The collection B,
k, ρ, R, p specifies the family Fk,ρ,p(B, R) of locally well-filtered on B signals
f defined by the following requirements:
(1) f ∈ C([0, 1]d);
(2) There exists a nonnegative function F ∈ Lp(B), ‖F‖p,B ≤ R, such that
for every x = m−1t ∈ Γn ∩ intB and for every admissible for x cube Bh(x)
contained in B there exists a field φ ∈ C(Zd) such that φ ∈ St

3Th(x)(0, ρ, Th(x))
and

∀τ ∈ Z(Bh(x)) : |φτ − fτ | ≤ hk−d/p‖F‖p,Bh(x). (36)

In the sequel, we use for Fk,ρ,p(B; R) also the shortened notation F[ψ], where
ψ stands for the collection of “parameters” (k, ρ, p, B,R).
Motivating example: Modulated smooth signals. Let a cube B ⊂ [0, 1]d,
p ∈ (d,∞], positive integers k, ν and a real R ≥ 0 be given. Consider a
collection of ν functions g1, ..., gν ∈ C([0, 1]d) which are k times continuously

differentiable and satisfy the requirement
ν∑

`=1
‖Dkg`‖p,B ≤ R. Let ω(`) ∈ Rd,

and let f(x) =
ν∑

`=1
g`(x) exp{iωT (`)x}. By standard argument [3], whenever

x = m−1t ∈ Γn ∩ intB and Bh(x) is admissible for x, the Taylor polynomial
Φx

` (·), of order k − 1, taken at x, of f` satisfies the inequality u ∈ Bh(x) ⇒
|Φx

` (u) − f`(u)| ≤ c1h
k−d/p‖F`‖p,Bh(x), F`(u) = |Dkf`(u)|; here and in what

follows, ci are positive constants depending solely on d, k and ν. It follows
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that if Φ(u) =
µ∑

`=1
Φx

` (u) exp{iωT (`)u} then

u ∈ Bh(x) ⇒ |Φ(u)− f(u)| ≤ hk−d/p‖F‖p,Bh(x),

F = c2

ν∑
`=1

F` [⇒ ‖F‖p,B ≤ c3R].
(37)

Now observe that the exponential polynomial φ(τ) = Φ(m−1τ) belongs to
Ft
∞(0, c4) (Proposition 8). Combining this fact with (37), we conclude that

f ∈ Fk,ρ(ν,k,d),p(B, c(ν, k, d)R).

6.4 Accuracy measures

Let us fix γ ∈ (0, 1). Given an estimate f̂n of f |Γn
based on observations (35)

(i.e., a Borel real-valued function of x ∈ Γn and y ∈ Cn) and ψ = (k, ρ, p, B,R),
let us characterize the quality of the estimate on the set F[ψ] by the worst-case
risks

R̂q

(
f̂n;F[ψ]

)
= sup

f∈F[ψ]

(
E

{
‖f̂n(·; yf (ε))− f |Γn

(·)‖2
q,Bγ

})1/2
,

where ‖ · ‖q,B′ is the discrete analogy of the standard Lq-norm on a cube B′,
so that

‖g‖q,Bγ = m−d/q


 ∑

τ∈Z(Bγ)

|gτ |q



1/q

.

6.5 The estimate

The recovering routine we are about to build is aimed at estimating functions
from classes Fk,ρ,p(B,R) with unknown in advance parameters k, ρ, p, B,R.
The only design parameters of the routine is an a priori upper bound µ on the
parameter ρ and a γ ∈ (0, 1).

6.5.1 Preliminaries

From now on, we denote by Θ = Θ(n) the deterministic function of observation
noises defined as follows. For every cube B ⊂ [0, 1]d with vertices in Γn, we
consider the Fourier transform of the observation noises reduced to B ∩ Γn,
and take the maximum of modules of the resulting Fourier coefficients, let it
be denoted θB(e). By definition,

Θ ≡ Θ(n) = σ−1 max
B

θB(e), (38)
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where the maximum is taken over all cubes B of the indicated type. Note that
by the origin of Θ(n) and Lemma 23, we have

∀w ≥ 1 : Prob
{
Θ(n) > Cw

√
ln n

}
≤ exp

{
−w2 ln n

2

}
, (39)

where C > 0 depends solely on d.

6.5.2 Building blocks: window estimates

To recover a signal f via n = md observations (35), we use point-wise window
estimates of f defined as follows. Let us fix a point x = m−1t ∈ Γo

n; our goal
is to build an estimate of f(x). Let Bh(x) be an admissible window for x.
We associate with this window an estimate f̂h

n = f̂h
n (x; yn

f (ε)) of f(x) defined
as follows. If the window is “very small”, specifically, h ≤ m−1, so that x
is the only point from the observation grid Γn in Bh(x), we set Th(x) = 0
and f̂h

n = yt. For a larger window, we choose the largest nonnegative integer
T = Th(x) such that Z(Bh(x)) ⊃ {τ : |τ − t| ≤ 4T} and apply Algorithm A,
the design parameters of the algorithm being (µ, Th(x)), to build the estimate
of ft = f(x), let the resulting estimate be denoted by f̂h

n = f̂h
n (x; yn

f (ε)).

To characterize the quality of the estimate f̂h
n = f̂h

n (x; yn
f (ε)), let us set

Φµ(f, Bh(x)) = min
p

{
max

τ∈Z(Bh(x))
|pτ − fτ | : p ∈ St

3Th(x)(0, µ, Th(x))

}
.

Lemma 21 One has

(fτ ) ∈ St
3Th(x)(θ, µ, Th(x)), θ =

Φµ(f, Bh(x))(1 + µ)

(2T + 1)d/2
. (40)

Assuming that h > m−1 and combining (40) with (8), we come to the following
upper bound on the error of estimating f(x) by the estimate f̂h

n (x; ·):

|f(x)− f̂h
n (x; yf (ε))| ≤ C1

[
Φµ(f,Bh(x)) +

σ√
nhd

Θ(n)

]
(41)

(note that (2Th(x) + 1)−d/2 ≤ C0(nhd)−1/2); from now on, C (perhaps with
sub- or superscripts) are positive quantities depending on d, µ, γ only. Note
that (41) by evident reasons holds true for “very small windows” (those with
h ≤ m−1) as well.
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6.5.3 The adaptive estimate

We are about to “aggregate” the window estimates f̂h
n into an adaptive esti-

mate, applying Lepskii’s adaptation scheme (cf. Section 5) in the same fashion
as in [38,27,28].
Let us fix a “safety factor” ω in such a way that the event Θ(n) > ω

√
ln n is

“highly un-probable”, namely,

Prob
{
Θ(n) > ω

√
ln n

}
≤ n−4(µ+1); (42)

by (39), the required ω may be chosen as a function of µ, d only.
“Good” realizations of noise. Let us define the set of “good realizations
of noise” as

Ξn = {ε | Θ(n) ≤ ω
√

ln n}. (43)

Note that (41) implies the “conditional” error bound

ε ∈ Ξn ⇒ |f(x)− f̂h
n (x; yf (ε))| ≤ C1 [Φµ(f, Bh(x)) + Sn(h)] ,

Sn(h) =
σ√
nhd

ω
√

ln n.
(44)

Observe that

(*) As h grows, the “deterministic term” Φµ(f, Bh(x)) does not decrease,
while the “stochastic term” Sn(h) decreases.

The “ideal” window. Let us define the ideal window B∗(x) as the largest
admissible window for which the stochastic term dominates the deterministic
one:

B∗(x) = Bh∗(x)(x),

h∗(x) = max{h | h > 0, Bh(x) ⊂ [0, 1]d, Φµ(f, Bh(x)) ≤ Sn(h)}.
(45)

Note that such a window does exist, since Sn(h) → ∞ as h → +0. Besides
this, since the cubes Bh(x) are open, the quantity Φµ(f, Bh(x)) is continuous
from the left, so that

0 < h ≤ h∗(x) ⇒ Φµ(f,Bh(x)) ≤ Sn(h). (46)

Thus, the ideal window B∗(x) is well-defined for every x possessing admissible
windows, i.e., for every x = Γo

n = {m−1t : t ∈ Zd, 0 < t, |t| < m}.
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Normal windows. Assume that ε ∈ Ξn. Then the errors of all estimates
f̂h

n (x; y) associated with admissible windows smaller than the ideal one are
dominated by the corresponding stochastic terms:

ε ∈ Ξn, 0 < h ≤ h∗(x) ⇒ |f(x)− f̂h
n (x; yf (ε))| ≤ 2C1Sn(h) (47)

(by (44) and (46)). Let us fix an ε ∈ Ξn (and thus – a realization y of the
observations) and let us call an admissible for x window Bh(x) normal, if
the associated estimate f̂h

n (x; y) differs from every estimate associated with a
smaller window by no more than 4C1 times the stochastic term of the latter
estimate, i.e.

Window Bh(x) is normal

m



Bh(x) is admissible

∀h′, 0 < h′ ≤ h : |f̂h′
n (x; y)− f̂h

n (x; y)| ≤ 4C1Sn(h′) [y = yf (ε)]

(48)

Note that if x ∈ Γo
n, then x possesses a normal window, specifically, the window

Bm−1(x). Indeed, this window contains a single observation point, namely, x
itself, so that the corresponding estimate, same as every estimate correspond-
ing to a smaller window, by construction coincides with the observation at x,
so that all the estimates f̂h′

n (x; y), 0 < h′ ≤ m−1, are the same. Note also that
(47) says that

(!) If ε ∈ Ξn, then the ideal window B∗(x) is normal.

The adaptive estimate f̂n(x; y). The property of an admissible window
to be normal is “observable” – given observations y, we can say whether a
given window is or is not normal. Besides this, it is clear that among all
normal windows there exists the largest one B+(x) = Bh+(x)(x). The adaptive

estimate f̂n(x; y) is exactly the window estimate associated with the window
B+(x).
Note that from (!) it follows that

(!!) If ε ∈ Ξn, then the largest normal window B+(x) contains the ideal
window B∗(x).

By definition of a normal window, under the premise of (!!) we have

|f̂h+(x)
n (x; y)− f̂h∗(x)

n (x; y)| ≤ 4C1Sn(h∗(x)),

and we come to the conclusion as follows:
(*) If ε ∈ Ξn, then the error of the estimate f̂n(x; y) ≡ f̂h+(x)

n (x; y) is dominated
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by the error bound (44) associated with the ideal window:

ε ∈ Ξn ⇒ |f̂n(x; y)− f(x)| ≤ 5C1

[
Φµ(f, Bh∗(x)(x)) + Sn(h∗(x))

]
. (49)

Thus, the estimate f̂n(·; ·) – which is based solely on observations and does
not require any a priori knowledge of the “parameters of well-filterability of
f” – possesses basically the same accuracy as the “ideal” estimate associated
with the ideal window (provided, of course, that the realization of noises is
not “pathological”: ε ∈ Ξn).
Note that the adaptive estimate f̂n(x; y) we have built depends solely on “de-
sign parameters” µ, γ (recall that C1 depends on µ, γ), the volume of obser-
vations n and the dimension d.

6.6 Quality of estimation

Our main result is as follows:

Theorem 22 Let γ ∈ (0, 1), µ ≥ 1 be an integer, let F = Fk,ρ,p(B; R) be a
family of locally well-filtered signals associated with a cube B ⊂ [0, 1]d with
mD(B) ≥ 1, ρ ≤ µ and p > d. For properly chosen P ≥ 1 depending solely
on µ, d, p, γ and nonincreasing in p > d the following statement takes place:
If the volume n = md of observations (35) is large enough, namely,

P−1n
2k−2dπ+d

2d ≥ R

σ̂n

≥ PD− 2k−2dπ+d
2 (B)


σ̂n = σ

√
ln n

n
, π =

1

p


 (50)

(D(B) is the edge of the cube B), then for every q ∈ [1,∞] the worst case,
with respect to F, q-risk of the adaptive estimate f̂n(·, ·) associated with the
parameter µ can be bounded as follows:

R̂q

(
f̂n;F

)
≡ sup

f∈F

(
E

{
‖f̂n(·; yf (ε))− f(·)‖2

q,Bγ

})1/2

≤ PR
(

σ̂n

R

)2β(p,k,d,q)
Ddλ(p,k,d,q)(B),

β(p, k, d, q) =

{
k

2k+d
, θ ≥ π d

2k+d
k+dθ−dπ
2k−2dπ+d

, θ ≤ π d
2k+d

, θ = 1
q
,

λ(p, k, d, q) =

{
θ − dπ

2k+d
, θ ≥ π d

2k+d

0, θ ≤ π d
2k+d

;

(51)

here Bγ is the concentric to B γ times smaller in linear sizes cube.
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Note that the rates of convergence to 0, as n →∞, of the risks R̂q

(
f̂n;F

)
of

our adaptive estimate on the families F = Fk,ρ,p(B; R) are exactly the same
as those stated by Theorem 3.3.1 from [42] in the case of recovering non-
parametric smooth regression functions from local Sobolev balls. It is well-
known (see, e.g., [42]) that in the smooth case the latter rates are optimal
in order, up to logarithmic in n factors. Since the families of locally well-
filtered signals are much wider than local Sobolev balls (smooth signals are
trivial examples of modulated smooth signals!), it follows that the rates of
convergence stated by Theorem 22 also are nearly optimal.

7 Appendix: proofs

7.1 Preliminaries

Norm relations. Let us list several evident relations between the introduced
semi-norms on C(Zd).
• [Parseval equality]:

(r, s)T ≡
∑

t:|t|≤T

rtst =
∑

µ∈Γd
T

(FT r)(µ)(FT s)(µ) ≡ 〈FT r, FT s〉T , (52)

where a is the complex conjugate of a ∈ C; in particular,

|r|T,2 = |r|∗T,2; (53)

A useful corollary of Parseval’s equality combined with the fact that |q|∗T,p =
|q̄|∗T,p is the relation

∣∣∣∣∣∣
∑

|t|≤T

atbt

∣∣∣∣∣∣
≤ |a|∗T,1|b|∗T,∞. (54)

• [Norms of convolutions of filters]

r, s ∈ C(Zd) ⇒ |r(z1, ..., zd)s(z1, , ..., zd)|p ≤ |r|1|s|p; (55)

• [Relations between | · | and | · |∗]: for p, q ∈ [1,∞] one has

|r|∗T,p ≤ (2T + 1)d[(1/p−1/2)++(1/2−1/q)+] |r|T,q, a+ = max[a, 0]; (56)

ord(r) + ord(s) ≤ T ⇒ |r(z1, ..., zd)s(z1, ..., zd)|∗T,p ≤ |r|1|s|∗T,p. (57)
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Useful fact. In the sequel, we need the following simple and well-known fact:

Lemma 23 Let fj = ξj + iηj, 0 ≤ j < N , be a sequence of N standard Gaus-
sian complex-valued random variables, not necessarily independent of each
other. Then

[E{ max
0≤j<N

|fj|2}]1/2 ≤ √
2 ln N + 2;

P{ max
0≤j<N

|fj| > u +
√

2 ln N} ≤ exp{−u2/2} ∀u ≥ 0.
(58)

We have

ψ(r) ≡ P{ max
0≤j<N

|fj| > r} ≤ min[1, N exp{−r2/2}] ⇒
P{ max

0≤j<N
|fj| > u +

√
2 ln N} ≤ N exp{−(u +

√
2 ln N)2/2} ≤ exp{−u2/2};

E{ max
0≤j<N

|fj|2} = −
∞∫
0

r2dψ(r) = 2
∞∫
0

rψ(r)dr ≤ 2

√
2 ln N∫
0

rdr

+2N
∫

√
2 ln N

r exp{−r2/2}dr = 2 ln N + 2.

7.2 Proof of Theorem 2

Preliminaries W.l.o.g., we may assume that t = 0. We denote by q∗ the filter
associated with (sτ ) via the description of the inclusion (sτ ) ∈ S0

3T (θ, ρ, T ).
Let us set

|q∗|2 = ρ̂(2T + 1)−d/2; κ = θ(2T + 1)−d/2 [ρ̂ ≤ ρ] , (59)

so that

s̄ = q∗(∆)s ⇒ max
τ :|τ |≤3T

E{|sτ − s̄τ |2} ≤ κ2. (60)

Finally, let

ΘT = max
τ :|τ |≤2T

|∆τ1
1 ...∆τd

d e|∗2T,∞, (61)

and let φ̂ be the optimal solution, used in Algorithm A, of the optimization
problem (6).
10. We start with simple technical lemma:
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Lemma 24 Let r(z1, ..., zd) = (q∗(z1, ..., zd))
2. Then r ∈ C2T (Zd) possesses

the following properties:

|r|2 ≤ |r|∗2T,1 ≤ 2d/2ρ̂2(2T + 1)−d/2; (62)

|r|1 ≤ ρ̂2; (63)
[
E{|(1− r(∆))s|22T,2}

]1/2 ≤ κ(ρ̂ + 1)(4T + 1)d/2; (64)

|(1− r(∆))y|∗2T,∞ ≤ |(1− r(∆))s|2T,2 + (1 + ρ̂2)ΘT (65)

[
E

{(
|(1− r(∆))y|∗2T,∞

)2
}]1/2

≤ σ(1 + ρ̂2)
√

4d ln(4T + 1) + 2

+κ(ρ̂ + 1)(4T + 1)d/2.
(66)

(67)

Proof. (62): We have

|r|∗2T,1 =
∑

µ∈Γd
2T

|r(µ)|
(4T+1)d/2 =

∑
µ∈Γd

2T

|q∗(µ)|2
(4T+1)d/2 = (4T + 1)d/2 ∑

µ∈Γd
2T

∣∣∣ q∗(µ)

(4T+1)d/2

∣∣∣
2

= (4T + 1)d/2(|q∗|∗2T,2)
2 = (4T + 1)d/2|q∗|22T,2 ≤ 2d/2ρ̂2(2T + 1)−d/2.

Since |r|2 = |r|2T,2 = |r|∗2T,2 ≤ |r|∗2T,1, (62) follows.

(63): We clearly have |r|1 ≤ |q∗|21 ≤ ((2T + 1)d/2|q∗|2)2 = ρ̂2.
(64): Let h = (1− q∗(∆))s, so that by virtue of (sτ ) ∈ S0(θ, ρ, T ) and in view
of the origin of q∗ we have

max
τ :|τ |≤3T

E{|hτ |2} ≤ κ2. (68)

Setting g = (1− r(∆))s, we have

gτ = ((1 + q∗(∆))(1− q∗(∆))s)τ = ((1 + q∗(∆))h)τ = hτ + (q∗(∆)h)τ

⇒ |gτ | ≤ |hτ |+ |q∗|2|∆−τ1
1 ...∆−τd

d h|T,2

⇒ (E{|gτ |2})1/2 ≤ (E{|hτ |2})1/2
+ |q∗|2

(
∑

τ ′:|τ ′−τ |≤T
E{|hτ−τ ′|2}

)1/2

;

applying (68) and taking into account that |q∗|2 = ρ̂(2T + 1)−d/2, we come to

max
τ :|τ |≤3T

E{|((1− r(∆))s)τ |2} ≤ [κ(ρ̂ + 1)]2 , (69)
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and (64) follows.
(65), (66): We have

|(1− r(∆))y|∗2T,∞ ≤ |(1− r(∆))s|∗2T,∞ + |(1− r(∆))e|∗2T,∞

≤ |(1− r(∆))s|∗2T,2 + |(1− r(∆))e|∗2T,∞ = |(1− r(∆))s|2T,2 + |(1− r(∆))e|∗2T,∞

≤ |(1− r(∆))s|2T,2 + |e|∗2T,∞ +
∑

τ :|τ |≤2T
|rτ ||∆τ1

1 ...∆τd
d e|∗2T,∞

≤ |(1− r(∆))s|2T,2 + (1 + |r|1) max
τ :|τ |≤2T

|∆τ1
1 ...∆τd

d e|∗2T,∞.

The resulting inequality combines with (63) to yield (65). Further, from the
resulting inequality and (64) it follows that

(
E

{(
|(1− r(∆))y|∗2T,∞

)2
})1/2

≤ κ(ρ̂ + 1)(4T + 1)d/2 + (1 + |r|1)
(
E

{ (
max

τ :|τ |≤2T
|∆τ1

1 ...∆τd
d e|∗2T,∞

)2

︸ ︷︷ ︸
Θ2

T

})1/2

≤ κ(ρ̂ + 1)(4T + 1)d/2 + (1 + ρ̂2) (E{Θ2
T})1/2

(we have used (63)). To derive (66) from the resulting inequality, it remains
to note that

(
E{Θ2

T}
)1/2 ≤ σ

√
4d ln(4T + 1) + 2. (70)

Indeed, the coordinates of the Fourier transform of ∆τ1
1 ...∆τd

d e are, up to fac-
tor σ, standard complex-valued Gaussian random variables, so that σ−2Θ2

T is
the maximum of squared modulae of (4T + 1)2d of these variables; therefore
E{Θ2

T} ≤ σ2(4d ln(4T + 1) + 2) by Lemma 23. 2

20. We now study the properties of the solution φ̂ of problem (6).

Lemma 25 One has

|φ̂|2T,2 ≤ 2d/2ρ2(2T + 1)−d/2; (71)

|(1− φ̂(∆))e|∗2T,∞ ≤ (1 + 2dρ2)ΘT ; (72)
[
E

{(
|(1− φ̂(∆))e|∗2T,∞

)2
}]1/2

≤ σ(1 + 2dρ2)
√

4d ln(4T + 1) + 2; (73)

|(1− φ̂(∆))s|∗2T,∞ ≤ |(1− r(∆))s|2T,2 + 2(1 + 2dρ2)ΘT ; (74)
[
E

{(
|(1− φ̂(∆))s|∗2T,∞

)2
}]1/2

≤ 2σ(1 + 2dρ2)
√

4d ln(4T + 1) + 2

+κ(ρ̂ + 1)(4T + 1)d/2.
(75)
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Proof. (71): |φ̂|2T,2 = |φ̂|∗2T,2 ≤ |φ̂|∗2T,1 ≤ 2d/2ρ2(2T + 1)−d/2, (the concluding

inequality comes from the fact that φ̂ is feasible for (6)).
(72), (73): We have

|(1− φ̂(∆))e|∗2T,∞ ≤ (1 + |φ̂|2T,1) max
τ :|τ |≤2T

|∆τ1
1 ...∆τd

d e|∗2T,∞

≤
(
1 + (4T + 1)d/2|φ̂|2T,2

)
max

τ :|τ |≤2T
|∆τ1

1 ...∆τd
d e|∗2T,∞

≤ (1 + 2dρ2) max
τ :|τ |≤2T

|∆τ1
1 ...∆τd

d e|∗2T,∞

(we have used (71)). The resulting inequality implies that

[
E

{(
|(1− φ̂(∆))e|∗2T,∞

)2
}]1/2

≤ (1 + 2dρ2)

[
E

{
max

τ :|τ |≤2T

(
|∆τ1

1 ...∆τd
d e|∗2T,∞

)2
}]1/2

≤ (1 + 2dρ2)σ
√

4d ln(4T + 1) + 2

(we have used (70)).
(75), (75): Note that the polynomial r defined in Lemma 24 is a feasible
solution of the optimization problem (6) by the first relation in (62), so that
the optimal value in the problem does not exceed J(r, y0

4T ). It follows that

(a) J(φ̂, y0
4T ) ≤ J(r, y0

4T )

⇒ (b) |(1− φ̂(∆))y|∗2T,∞ ≤ |(1− r(∆))y|∗2T,∞

⇒ (c) |(1− φ̂(∆))s|∗2T,∞ ≤ |(1− φ̂(∆))e|∗2T,∞ + |(1− r(∆))y|∗2T,∞

⇒ (d)
[
E

{(
|(1− φ̂(∆))s|∗2T,∞

)2
}]1/2

≤
[
E

{(
|(1− φ̂(∆))e|∗2T,∞

)2
}]1/2

+
[
E

{(
|(1− r(∆))y|∗2T,∞

)2
}]1/2

Relation (74) follows from (c) combined with (65) and (72) (recall that ρ̂ ≤ ρ).
Relation (75) follows from (d) combined with (73) and (66). 2

30. Our next step is to prove

Lemma 26 One has

∣∣∣
(
(1− r(∆))(1− φ̂(∆))s

)
0

∣∣∣ ≤ |((1− r(∆))s)0|
+2d/2ρ2(2T + 1)−d/2 |(1− r(∆))s|2T,2 ;

(76)

[
E

{∣∣∣
(
(1− r(∆))(1− φ̂(∆))s

)
0

∣∣∣
2
}]1/2

≤ κ(ρ̂ + 1)(2dρ2 + 1). (77)
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Proof. We have

∣∣∣
(
(1− r(∆))(1− φ̂(∆))s

)
0

∣∣∣ ≤ |((1− r(∆))s)0|+
∣∣∣
(
φ̂(∆)(1− r(∆))s

)
0

∣∣∣

≤ |((1− r(∆))s)0|+ |φ̂|2T,2 |(1− r(∆))s|2T,2

≤ |((1− r(∆))s)0|+ 2d/2ρ2(2T + 1)−d/2 |(1− r(∆))s|2T,2 [see (71)]

as required in (76). From the resulting inequality it follows that

[
E

{∣∣∣
(
(1− r(∆))(1− φ̂(∆))s

)
0

∣∣∣
2
}]1/2

≤
[
E

{
|((1− r(∆))s)0|2

}]1/2

+2d/2ρ2(2T + 1)−d/2
[
E

{
|(1− r(∆))s|22T,2

}]1/2

≤ κ(ρ̂ + 1) + 2d/2ρ2(2T + 1)−d/2
[
E

{
|(1− r(∆))s|22T,2

}]1/2
[see (69)]

≤ κ(ρ̂ + 1) + 2d/2ρ2(2T + 1)−d/2κ(ρ̂ + 1)(4T + 1)d/2 [see (64)]

and (77) follows. 2

40. Now we are able to complete the proof of Theorem 2. The error of the
estimate ŝ at the point t = 0 is

s0 − ŝ0 = s0 − (φ̂(∆)y)0 =
(
(1− φ̂(∆))s

)
0
−

(
φ̂(∆)e

)
0
≡ ε

(1)
0 + ε

(2)
0 ,

ε(1)
τ =

(
(1− φ̂(∆))s

)
τ
, ε(2)

τ =
(
φ̂(∆)e

)
τ
.

(78)

Setting fτ = e−τ , we have

|ε(2)
0 | =

∣∣∣∣∣
∑

τ :|τ |≤2T
φ̂τe−τ

∣∣∣∣∣ ≤ |φ̂|∗2T,1|f |∗2T,∞ [see (54)]

≤ 2d/2ρ2(2T + 1)−d/2|f |∗2T,∞, [since φ̂ is feasible for (6)]

whence, by definition of ΘT ,

|ε(2)
0 | ≤ 2d/2ρ2(2T + 1)−d/2ΘT . (79)

Applying (70), we derive from the latter inequality that

[
E

{
|ε(2)

0 |2
}]1/2 ≤ 2d/2σρ2(2T + 1)−d/2

√
2d ln(4T + 1) + 2. (80)
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We further have

|ε(1)
0 | =

∣∣∣
(
(1− φ̂(∆))s

)
0

∣∣∣ ≤
∣∣∣
(
r(∆)(1− φ̂(∆))s

)
0

∣∣∣

+
∣∣∣
(
(1− r(∆))(1− φ̂(∆))s

)
0

∣∣∣ ≤︸︷︷︸
a

|r|∗2T,1|(1− φ̂(∆))s|∗2T,∞

+
∣∣∣
(
(1− r(∆))(1− φ̂(∆))s

)
0

∣∣∣ ≤︸︷︷︸
b

2d/2ρ2(2T + 1)−d/2|(1− φ̂(∆))s|∗2T,∞

+
∣∣∣
(
(1− r(∆))(1− φ̂(∆))s

)
0

∣∣∣

(81)

(a is given by (54), b by feasibility of φ̂ for (6)), whence

[
E

{
|ε(1)

0 |2
}]1/2 ≤ 2d/2ρ2(2T + 1)−d/2

[
E

{(∣∣∣(1− φ̂(∆))s
∣∣∣
∗
2T,∞

)2
}]1/2

+
[
E

{∣∣∣
(
(1− r(∆)(1− φ̂(∆))s

)
0

∣∣∣
2
}]1/2

≤ 2d/2ρ2(2T + 1)−d/2

[
2dσ(1 + 2dρ2)

√
4d ln(4T + 1) + 2

+κ(ρ̂ + 1)(4T + 1)d/2

]
+ κ(ρ̂ + 1)(2dρ2 + 1)

(82)

(see (75), (77)). Combining (78), (80), (82), we finally get

[
E

{
|s0 − ŝ0|2

}]1/2 ≤ 2d/2σρ2(2T + 1)−d/2
√

2d ln(4T + 1) + 2

+2d/2ρ2(2T + 1)−d/2

[
2dσ(1 + 2dρ2)

√
4d ln(4T + 1) + 2

+κ(ρ̂ + 1)(4T + 1)d/2

]
+ κ(ρ̂ + 1)(2dρ2 + 1).

(83)

Recalling that ρ̂ ≤ ρ, κ = θ(2T + 1)−d/2 and that ρ ≥ 1, (7) follows.
Now assume that (s) is deterministic. In this case, from (81) combined with
(74) and (76) implies that

|ε(1)
0 | ≤ 21+d/2ρ2(2T + 1)−d/2|(1− r(∆))s|2T,2

+21+d/2ρ2(1 + 2dρ2)(2T + 1)−d/2ΘT + |((1− r(∆))s)0| ,
(84)

while from (64), (69) it follows that

|(1− r(∆))s|2T,2 ≤ κ(ρ̂ + 1)(4T + 1)d/2 ≤ 2d/2θ(1 + ρ),

|((1− r(∆))s)0| ≤ κ(1 + ρ̂) ≤ θ(1 + ρ)(2T + 1)−d/2.
(85)
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Therefore (84) implies that

|ε(1)
0 | ≤ 33+dρ3 [θ + ρΘT ] (2T + 1)−d/2. (86)

Combining this relation with (79) and (78), we arrive at (8). 2

7.3 Proof of Theorem 3

Consider the following construction. Let us fix an integer m ≤ (2T + 1)α,
α < 1/2. For the sake of simplicity we suppose that 2T + 1 = lm for some
l ∈ N. Note that l ≥ (2T + 1)1−α. We set

β = 2σ
√

(1− 2α) ln(2T − 1). (87)

Let r = (r1, ..., rm)T be a vector with integer components such that each
rj, j = 1, .., m, takes value in [l(j − 1) + 1, lj]. Consider now the signals

s(r)
τ = β√

2T+1

∑m
j=1 exp

(
2πrj

2T+1
τ
)
, τ = −4T − 1, ...4T + 2. Note that

s(r)(0) =
mβ√
2T + 1

, for any r. (88)

We consider the family FT
m which contains signals (s(r)

τ ) along with (s(0)
τ ) ≡ 0

(we set r = 0 in this case). Suppose now that a signal s ∈ FT
m is observed in

the noise:

yτ = sτ + σeτ , τ = −4T − 1, ..., 4T + 2, (89)

where (eτ ) is a sequence of i.i.d. standard complex-valued Gaussian random
variables.

Lemma 27 For each s(r) ∈ FT
m there exists a linear filter q∗ ∈ CT (Z) such

that |q∗|2 =
√

m
2T+1

and
[
E

{
(q∗(∆)y)τ − s(r)

τ

}2
]1/2

≤ |q∗|2σ for −3T − 1 ≤
τ ≤ 3T + 2.

Proof: One can easily verify that the requirements are satisfied by the filter
q∗r given by q∗r(k) = 1

2T+1

∑m
j=1 exp

(
2πrj

2T+1
k
)
. 2

Our objective now is to show that that given the observations (89), one cannot

construct an estimate ŝ of s
(r)
0 such that its quadratic risk is less than

c2
0

ln(2T + 1)

2T + 1
σ2m2 ≥ c1σ

2|q∗|42 ln(2T + 1).
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uniformly over FT
m. To this end we introduce a related Bayesian estimation

problem on FT
m, obtained from (89) as follows: let F8T+4 be the Fourier trans-

form on [−4T − 1, 4T + 2]. When applied to (s(r)
τ ) it gives

(F8T+4s
(r))k =

1

2
√

2T + 1

4T+2∑

τ=−4T−1

s(r)
τ exp

(
− 2πikτ

8T + 4

)

=
β

2(2T + 1)

4T+2∑

τ=−4T−1

m∑

j=1

exp
(

2πirjτ

2T + 1

)
exp

(
− 2πikτ

8T + 4

)
=

β

2
δk,4rj

, (90)

where δj,k =





0, j 6= k

1, j = k
is the Kronecker symbol. On the other hand,

zj = (F8T+4y)j = (F8T+4s
(r))j + σξj, (91)

where ξj are orthogonal (and thus independent) standard complex-valued
Gaussian random variables.
Let us now construct an a priori probability measure on FT

m. Let ζ ∈ {0, 1}
be a random variable such that P (ζ = 1) = P (ζ = 0) = 1/2. We set r = 0
if ζ = 0 and if not, the entries rj, j = 1, ..., m of r are mutually independent
(and independent of (ξk)) and uniformly distributed over [`(j− 1)+1, `j]. We
denote PB the corresponding probability on FT .
Let the parameter θ take the value θ0 = 0 if s ≡ 0 is realized and θr = mβ
if s = s(r) for some r 6= 0. Due to (88) on can easily see that in order to ob-
tain bound (10) for the original problem it suffices to show the following lower
bound for the Bayesian risk of estimation of the parameter θ from observations
(91):

r(T,m) ≡ inf
θ̂

EB

{
Er

{
(θ̂ − θr)

2
}}
≥ c2σ

2m2 ln(2T + 1) (92)

for some c2 > 0 (here EB {·} stands for the expectation with respect to the
probability PB).
We proceed as follows. Note that

r(T, m) = 1
2
EB

{
Er

{
(θ̂ − θr)

2
}

+ E0

{
θ̂2

}}

= 1
2
E0

{
EB

{
(θ̂ − θr)

2Zr

}
+ θ̂2

}
,

(93)

where Zr =
∣∣∣dPr

dP0

∣∣∣ is the likelihood ratio. Observe now that θ∗ = EBθrZr

1+EBZr
is the

minimizer of r(T, m) with respect to θ̂. When substituting θ̂ = θ∗ into (93)
we obtain
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2r(T,m) ≥ E0

{
EB{θ2

rZr} − (EB{θrZr})2

1 + EB{Zr}

}
≥ E0

{
EB{θ2

rZr}
1 + EB{Zr}

}

= β2m2E0

{
EB{Zr}

1 + EB{Zr}

}
. (94)

Now let us study the properties of the likelihood ratio Zr. We have the fol-
lowing simple lemma:

Lemma 28 For T large enough one has P0{1
2
≤ EB{Zr}s ≤ 4e} ≥ 1

16e .

Proof. Let ηk = <(ξk). Note first that Zr =
∏m

j=1 exp
(

η4rj
β

2σ
+ β2

8σ2

)
since the

Fourier transform of s(r) is real (cf. (90)). Then

EB{Zr} =
m∏

j=1

`j∑

k=`(j−1)+1

exp

(
η4kβ

2σ
− β2

8σ2

)
1

`
.

By evident reasons, E0{EB{Zr}} = 1. On the other hand,

E0 {(EB{Zr})2} =
∏m

j=1 E0

{[∑`j
k=`(j−1)+1 exp

(
η4kβ
2σ

− β2

8σ2

)
1
`

]2
}

=
∏m

j=1 Ij.
(95)

Let us estimate a term in the product above:

Ij = (1− `−1) + `−2
`j∑

k=`(j−1)+1

E0

{
exp

(
η4kβ

σ
− β2

4σ2

)}

= 1 + `−2
`j∑

k=`(j−1)+1

(
exp

(
β2

4σ

)
− 1

)
= 1 + `−1

(
exp

(
β2

4σ2

)
− 1

)

≤ exp

[
`−1 exp

(
β2

4σ2

)]
.

When substituting this bound into (95) we get

E0

{
(EB{Zr})2

}
≤

m∏

j=1

exp

(
1

l
exp{ β2

4σ2
}
)

= exp

(
2T + 1

`2
exp{ β2

4σ2
}
)

.

Due to the choice of β in (87), 2T+1
`2

exp{ β2

4σ2} ≤ 1, and so E0 {(EB{Zr})2} ≤ e
for all large enough values of T .
Now let a positive random variable X satisfy E{X} = 1, E{X2} < ∞.

Then for every R > 1 one has
RE{X2}∫

0
xµ(dx) ≥ 1− 1/R and

RE{X2}∫
1/2

xµ(dx) ≥
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1 − 1
R
−

1/2∫
0

xµ(dx) ≥ 1
2
− 1

R
. We conclude that µ

{
x : 1

2
≤ x ≤ RE{X2}

}
≥

1
2
− 1

R

RE{X2} . For R = 4 we get µ
{
x : 1

2
≤ x ≤ 4E{X2}

}
≥ 1

16E{X2} . Specifying here

X = EB{Zr}, we obtain P0

{
1
2
≤ EB{Zr} ≤ 4e

}
≥ 1

16e
. 2

Let A = {ω : 1/2 ≤ EB{Zr} ≤ 4e}. By Lemma 28, relation (94) implies that

2r(T, m) ≥ β2m2E0

{
EB{Zr}
1+EBZr

1A

}
≥ β2m2

2(1+4e)
P0 {A} ≥ β2m2

32e(1+4e)

≥ c2σ
2m2 ln(2T + 1),

as required in (92). 2

7.4 Proof of Proposition 4

The case of m = 1 is evident. Now let m ≥ 2, let T+ be an integer, 0 ≤ T+ ≤
L+, and let T = bm−1T+c. Since sj ∈ Ft

L(θ, ρ) and clearly T ≤ L, there exist
filters qj such that

(a) : ord(qj) ≤ T ; (b) : |qj|2 ≤ ρj(2T + 1)−d/2;

(c) : |qj|1 = |qj|T,1 ≤ (2T + 1)d/2|qj|2 ≤ ρj;

(d) : [E {|sj
τ − (qj(∆)sj)τ |2}]1/2 ≤ θj(2T + 1)−d/2 ∀(τ : |τ − t| ≤ L).

(96)

Now let filter q be defined by

1− q(z) =
m∏

j=1

(1− qj(z)), z = (z1, ..., zd).

Observe that

ord(q) ≤ mT ≤ T+. (97)

Note that

|q|2 ≤ 2mρ1...ρm(2T + 1)−d/2 ≤ (2m− 1)d/22mρ1...ρm(2T+ + 1)−d/2. (98)
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Indeed, we clearly have

|q(z)|2 =

∣∣∣∣∣
m∑

`=1
(−1)`+1 ∑

1≤j1<j2<...<j`≤m
qj1(z)qj2(z)...qj`(z)

∣∣∣∣∣
2

≤ m∑
`=1

∑
1≤j1<j2<...<j`≤m

|qj1(z)qj2(z)...qj`(z)|2 ≤︸︷︷︸
a

m∑
`=1

∑
1≤j1<j2<...<j`≤m

ρj1
ρj2

...ρj`

(2T+1)d/2

≤ [(1 + ρ1)...(1 + ρm)− 1](2T + 1)−d/2 ≤︸︷︷︸
b

2mρ1...ρm(2T + 1)−d/2

(a is by (96.b− c) since |u(z)v(z)|2 ≤ |u|1|v|2, |u(z)v(z)|1 ≤ |u|1|v|1], b is due
to ρj ≥ 1), as required in (98). Further, by (96.c), for the filters

Qj(z) =




j−1∏

`=1

(1− q`(z))







m∏

`=j+1

(1− q`(z))




one has

|Qj|1 ≤ (1 + ρ1)...(1 + ρj−1)(1 + ρj+1)...(1 + ρm) ≤ 2m−1ρ1...ρm

ρj

. (99)

Now let τ ∈ Zd be such that |τ − t| ≤ L+. We have

[
E

{
|(1− q(∆))s)τ |2

}]1/2
=


E





∣∣∣∣∣
m∑

j=1
λj (1− q(∆))sj)τ

∣∣∣∣∣
2







1/2

≤ m∑
j=1

[
E

{
|λj (1− q(∆))sj)τ |2

}]1/2
=︸︷︷︸
a

m∑
j=1

[E{|λj|2}]1/2
[
E

{
|(1− q(∆))sj)τ |2

}]1/2

≤ m∑
j=1

[E{|λj|2}]1/2
[
E

{
|(Qj(∆)(1− qj(∆))sj)τ |2

}]1/2

≤︸︷︷︸
b

m∑
j=1

[E{|λj|2}]1/2|Qj|1 max
τ ′:|τ ′−τ |≤(m−1)T

[
E

{
|((1− qj(∆))sj)τ ′|2

}]1/2

≤ 2m−1ρ1...ρm(2T + 1)−d/2
m∑

j=1

θj [E{|λj |2}]1/2

ρj

≤
[
(2m− 1)d/22m−1ρ1...ρm

m∑
j=1

θj [E{|λj |2}]1/2

ρj

]
(2T+ + 1)−d/2

where a is due to independence of λj and (sj) and b is by (99), (96.d) and since
|τ ′ − τ | ≤ (m− 1)T, |τ − t| ≤ L+ ⇒ |τ ′ − t| ≤ L+ + T+ ≤ L. Combining the
resulting inequality, (97), (98) and taking into account that T+ ∈ {0, 1, ..., L+}
is arbitrary, we conclude that s ∈ Ft

L+(θ+, ρ+). Note that by construction, the
filters certifying the latter inclusion are independent of λj. 2
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7.5 Proof of Proposition 5

(i): Let T ≤ L, and let q be such that

ord(q) ≤ T, |q|2 ≤ ρ
(2T+1)d/2 ,

max
τ :|τ−t|≤L

[
E

{
|((1− q(∆))s)τ |2

}]1/2 ≤ θ
(2T+1)d/2 .

(100)

Let us set q̂τ = exp{iωT τ}qτ , τ ∈ Zd. Then ord(q̂) ≤ T , |q̂|2 = |q|2 and

((1− q̂(∆))ŝ)τ = exp{i[ωT τ + φ]}sτ

−∑
τ ′

(exp{iωT τ ′}qτ ′)(exp{i[ωT (τ − τ ′) + φ]}sτ−τ ′)

= exp{i[ωT τ + φ]} ((1− q(∆))s)τ ,

so that (100) remains valid when q, (s) are replaced with q̂, (ŝ). Thus, (ŝ) ∈
Ft

L(θ, ρ). (i) is proved; (ii) is evident. 2

7.6 Proof of Proposition 6

Let T ≤ L, and let q = (qτ )τ∈Zd be such that ord(q) ≤ T , |q|2 ≤ ρ(2T +1)−d/2,

[
E

{
|((1− q(∆))s)τ |2

}]1/2 ≤ θ(2T + 1)−d/2 ∀(τ ∈ Zd : |τ − t| ≤ L).

Setting q+
τ1,...,τd+

= (2T +1)−(d+−d)qτ1,...,τd
, we clearly have ord(q+) ≤ T , |q+|2 ≤

ρ(2T + 1)−d+/2 and

[
E

{∣∣∣
(
(1− q+(∆))s+

)
τ

∣∣∣
2
}]1/2

≤ θ(2T + 1)−d/2 ∀(τ ∈ Zd+

: |τ − t+| ≤ L).

It remains to note that θ(2T + 1)−d/2 ≤ θ+(2T + 1)−d+/2 for 0 ≤ T ≤ L. 2

7.7 Proof of Proposition 7

Let T ≤ L, and let q′ ∈ CT (Zd′), q′′ ∈ CT (Zd′′) be such that

(a) : |q′|2 ≤ ρ′(2T + 1)−d′/2, |q′′|2 ≤ ρ′′(2T + 1)−d′′/2,

s′τ ′(ξ) =
∑
ν′

s′τ ′−ν′q
′
ν′ , |τ ′ − t′| ≤ L,

s′′τ ′′(ξ) =
∑
ν′′

s′′τ ′′−ν′′q
′′
ν′′ , |τ ′′ − t′′| ≤ L

. (101)
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Let q(z1, ..., zd) = q′(z1, ..., zd′)q
′′(zd′+1, ..., zd), so that

q ∈ CT (Zd), |q|2 = |q′|2|q′′|2 ≤ ρ′ρ′′(2T + 1)−d/2 (102)

(see (101.a)). Now let τ = (τ ′, τ ′′) be such that |τ − (t′, t′′)| ≤ L. We have

(q(∆)s(ξ))τ =
∑

(ν′,ν′′)∈Zd′×Zd′′
s′τ ′−ν′(ξ)s

′′
τ ′′−ν′′(ξ)q

′
ν′q

′′
ν′′ =

∑
ν′∈Zd′

s′τ ′−ν′q
′
ν′s

′′
τ ′′(ξ)

= s′τ ′(ξ)s
′′
τ ′′(ξ) = s(τ ′,τ ′′),

which combines with (102) to yield that (sτ ) ∈ F
(t′,t′′)
L (0, ρ′ρ′′). 2

7.8 Proof of Proposition 8

We start with the following two evident facts:

Lemma 29 Let (sj) ∈ C(Zd) be deterministic fields belonging to Ft
L(θ, ρ),

j = 1, 2, ... such that sj
τ → sτ , j →∞, for every τ ∈ Zd. Then (s) ∈ Ft

L(θ, ρ).

Indeed, for every T , 0 ≤ T ≤ L, the filters qj,T ∈ CT (Zd) which certify the
inclusions (sj) ∈ Ft

L(θ, ρ) satisfy |qj,T |2 ≤ ρ(2T + 1)−d/2 and therefore have a
limiting point qT ∈ CT (Zd) with |qj|2 ≤ ρ(2T + 1)−d/2. The filters {qT}0≤T≤L

clearly certify the inclusion (s) ∈ Ft
L(θ, ρ). 2

Lemma 30 For every t ∈ Z, the univariate exponential field (sτ = exp{ωτ}),
ω ∈ C, belongs to Ft

∞(0,
√

2).

Indeed, assuming <(ω) ≥ 0 and given T ≥ 0, let us set q(z) = 1
T+1

[1 +

exp{−ω}z−1 + exp{−2ω}z−2 + ... + exp{−Tω}z−T ]. Then q ∈ CT (Z), |q|2 =
(T+1)−1/2 ≤ 21/2(2T+1)−1/2, while clearly q(∆)s ≡ s. In the case of <(ω) < 0,
the same reasoning holds true for q(z) = 1

T+1
[1+ exp{ω}z +exp{2ω}z2 + ...+

exp{Tω}zT ]. 2

To complete the proof, we need the following fact:

Lemma 31 Let (sτ ) be a “simple” exponential polynomial – a deterministic

exponential polynomial of the form (sτ ) =
M∑
`=1

c` exp{ωT (`)τ}. Then

∀t ∈ Zd : (sτ ) ∈ Ft
∞(0, ρd(N1, ..., Nd)), (103)

where ρd(·, ..., ·) is given by (13) and N1, ..., Nd are the partial sizes of the
polynomial. Besides this, the filters q(T ) certifying the above inclusion can be
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chosen to depend solely on T and on the collection of the d sets Oj = {ωj(`) :
` = 1, ..., M}.

Lemma 31 ⇒ Proposition 8: Assume first that the coefficients c` in (12) are
deterministic. Since every one of the univariate functions f(t) = tk, 0 ≤ k ≤ m,
is, uniformly on compact sets, the limit, as ε → +0, of appropriate linear com-
binations of the m + 1 exponents exp{−kε}, the exponential polynomial (12)
is the pointwise, on Zd, limit, as i → ∞, of simple exponential polynomi-
als (si

τ ) with extended sets of “frequencies” {ωj(`)}j,`: in the approximating
polynomials, every one of these frequencies is replaced by (mj + 1) frequen-
cies ωj(`) − kεi, 0 ≤ k ≤ mj. Note that by the definition of partial sizes
of exponential polynomials, the approximating polynomials have exactly the
same partial sizes as the original polynomial (sτ ). Combining Lemmas 31 and
(29), we immediately conclude that the exponential polynomial (12) belongs
to Ft

∞(0, ρd(N1, ..., Nd)). Since the filters q(T ),i certifying well-filterability of
the approximating polynomials (si

τ ) can be chosen to depend solely on T
and the sets of partial frequencies of these approximating polynomials, from
the proof of Lemma 29 it follows that the filters q(T ) certifying the inclusion
(sτ ) ∈ Ft

∞(0, ρd(N1, ..., Nd)) can be chosen to depend solely on T and the sets
of partial frequencies of (sτ ), as required in Proposition 8. We have proved
Proposition 8 for the case of a deterministic exponential polynomial; since the
filters certifying well-filterability of such a polynomial are independent of the
coefficients c`, the result is valid for random polynomials as well. 2

Proof of Lemma 31. Proof is by induction in d.
Base d = 1 is readily given by Lemma 30 combined with Proposition 4.
Step 1 ≤ d ⇒ d + 1: Let sτ =

∑
`

c` exp{ωT (`)τ} be a simple exponential poly-

nomial on Zd+1 with partial sizes Nj and the sets of partial frequencies Oj,
j = 1, ..., N . Let T ≥ 0, and let t ∈ Zd+1. By the inductive hypothesis, there
exist filters g(T ) ∈ CT (Zd), h(T ) ∈ CT (Z) (depending solely on T and on
O1,...,Od+1) such that

(a) : |g(T )|2 ≤ ρd(N1, ..., Nd)(2T + 1)−d/2,

(a′) : |h(T )|2 ≤ ρ1(Nd+1)(2T + 1)−1/2,

(b) : rτ =
∑

ν∈Zd

rτ−νg
(T )
ν ∀τ ∈ Zd ∀(rτ ) ∈ E(O1, ...,Od),

(b′) : pτ =
∑

ν∈Z
pτ−νh

(T )
ν ∀τ ∈ Z ∀(pτ ) ∈ E(Od+1),

(104)

where E(O1, ...,Om) is the space of all simple exponential polynomials on Zm

with the sets of partial frequencies O1, ...,Om. Setting q(T )
τ = g(T )

τ1,...,τd
h(T )

τd+1
, τ ∈
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Zd+1, we clearly have

q(T ) ∈ CT (Zd+1), |q(T )|2 = |g(T )|2|h(T )|2 ≤ ρd(N1, ..., Nd)ρ1(Nd+1)

= ρd+1(N1, ..., Nd+1)
(105)

(see (104.a, a′). Further, for every (sτ ) ∈ E(O1, ...,Od+1) we have, setting
τ = (τ ′, τ ′′) with τ ′ ∈ Zd, τ ′′ ∈ Z:

∑
ν∈Zd+1

q(T )
ν sτ−ν =

∑
ν′∈Zd

g
(T )
ν′

(
∑

ν′′∈Z
h

(T )
ν′′ sτ ′−ν′,τ ′′−ν′′

)
=︸︷︷︸
a

∑
ν′∈Zd

g
(T )
ν′ sτ ′−ν′,τ ′′

=︸︷︷︸
b

sτ ′,τ ′′

(a is by (104.b′) since (sτ ′−ν′,µ)µ∈Z ∈ E(Od+1), b is by (104.b) since (sµ,τ ′′)µ∈Zd ∈
E(O1, ...,Od)), which combines with (105) to imply that

(sτ ) ∈ St
∞(0, ρd+1(N1, ..., Nd+1), T ).

Thus, the filters q(T ) (which depend solely on T and O1,...,Od+1) certify the
inclusion (sτ ) ∈ Lt

∞(0, ρd+1(N1, ..., Nd+1). The inductive step is completed. 2

7.9 Proof of statement in Remark 9

It suffices to prove that for every nonnegative integer T and every m, d there
exists a filter q(T ), ord(q(T )) ≤ T , depending solely on T, m, d, such that

(a) q(T )(∆)p = p for every polynomial (14),

(b) |q(T )|2 ≤
(

16m√
2T+1

)d ≡ Θd.
(106)

This well-known fact can be proved by induction in d completely similar to
the one used to prove Lemma 31; the only difference is in the Base, which now
should be replaced with the following statement:

Lemma 32 Let p(τ) =
m∑

`=0
p`τ

` be a deterministic univariate algebraic polyno-

mial of degree m. Then for every T ≥ 0 there exists a filter q ∈ CT (Z), depend-
ing solely on T,m, with |q|2 ≤ 16m(2T +1)−1/2 such that p(t) =

∑
ν

q(T )
ν p(t−ν)

for all t ∈ Z.
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Proof. By evident reasons, it suffices to prove that for a given T ≥ 0 there
exists a collection of weights qt, −T ≤ t ≤ T , such that

T∑

t=−T

qt = 1,
T∑

t=−T

qtt
i = 0, i = 1, ..., m,

T∑

t=−T

q2
t ≤ Θ2 ≡ 256m2

2T + 1
.

By the standard separation arguments, this is the same as to prove that for
every real algebraic polynomial r(t) of degree ≤ m such that r(0) = 1 one

has
T∑

t=−T
r2(t) ≥ 2T+1

256m2 , or, which is the same, that for the real trigonometric

polynomial ρ(φ) = r(T sin(φ)) one has

T∑

t=−T

ρ2(φt) ≥ 2T + 1

256m2
, φt = asin(t/T ). (107)

Note that the degree of the trigonometric polynomial ρ(·) is ≤ m and that
ρ(0) = 1. Besides this, ρ(φ) = ρ(π − φ); due to the latter fact,

M ≡ max
φ
|ρ(φ)| = max

|φ|≤π
2

|ρ(φ)| ≥ |φ(0)| = 1.

By Bernstein’s Theorem on trigonometric polynomials, we have |ρ′(φ)| ≤ mM .
Now let φ∗ ∈ [−π/2, π/2] be a point such that |ρ(φ∗)| = M , let ∆̂ be the
segment of the length 1

m
centered at φ∗, and ∆ be the part of this segment

in [−π/2, π/2]. Note that the length of ∆ is at least 1
2m

and that for φ ∈ ∆
one has |ρ(φ)| ≥ |ρ(φ∗)| − 1

2m
(mM) ≥ M/2. Let n be the minimum number

of points φt belonging to a segment δ ⊂ [−π/2, π/2] of the length 1/(2m), the
minimum being taken over all positions of δ in [−π/2, π/2]. It is immediately
seen that n ≥ (1− sin(π/2− 1/(2m)))T − 2 ≥ T

16m2 − 2, whence

T∑

t=−T

ρ2(φt) ≥
∑

t:φt∈∆

ρ2(φt) ≥ M2

4
n ≥ M2

4

[
T

16m2
− 2

]
≥ 1

4

[
T

16m2
− 2

]
.

When T ≥ 64m2, the latter quantity is ≥ 2T+1
256m2 , and in any case

T∑
t=−T

ρ2(φt) ≥

ρ2(φ0) = 1. Thus, we always have
T∑

t=−T
ρ2(φt) ≥ 2T+1

256m2 , as required in (107). 2

7.10 Proof of Proposition 10

In the proof to follow, ci stand for positive constants depending solely on D.
10. We start with the following evident observation:
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Lemma 33 There exists c1 such that for every polynomial p(t) of one variable
satisfying the relation p(1) = 1 one has

M ≤ c1N, deg(p) ≤ c1N,

(s) ∈ Ht
N(D) ⇒ sτ = (p(D)s)τ ∀(τ : |τ − t| ≤ M).

(108)

20. Let us fix a positive integer N , and let

δ(ω) =
k∑

`=1
w` exp{iωT α(`)} : [−π, π]d → C,

Ωd
N =

{
ω ∈ Rd | ωj ∈

{
qπ

2N+1

}
|q|≤N

, j = 1, ..., d
}

,
(109)

and let ν be the normalized counting measure on Ωd
N : ν({ω}) = (2N+1)−d, ω ∈

Ωd
N . Observe that in view of R.2 the function δ(·) maps Ωd

N into the unit disk
D = {ζ ∈ C | |ζ| ≤ 1}. Let µ be the distribution of values of δ|Ωd

N
, so that µ is

the measure supported by the finite set M = {ζ | ∃ω ∈ Ωd
N : ζ = δ(ω)}, and

µ({ζ}) =
∑

ω∈Ωd
N :δ(ω)=ζ

ν({ω}). Let also F (α) = µ ({ζ | <(ζ) ≥ 1− α}) , α ≥ 0.

Lemma 34 There exists c2 ∈ (0, 1) such that

M ⊂ M̂ =
{
ζ | |ζ| ≤ 1, |=(ζ)| ≤ c−1

2 (1−<(ζ))3/2
}

, (110)

F (α) ≤ c−1
2 [αd/2 + N−d], 0 ≤ α ≤ 2. (111)

Proof. (110), (111) are evident when
k∑

`=1
ρ` < 1, since then |δ(ω)| ≤ 1 − c2

for properly chosen c2 and all ω. Thus, in the sequel we focus on the case of
k∑

`=1
ρ` = 1 (recall that

k∑
`=1

ρ` ≤ 1 by R.2).

20.1) Let K = {ω ∈ [−π, π]d : δ(ω) = 1}. Since ρ` > 0,
∑
`

ρ` = 1 and

δ(ω) =
∑
`

ρ` exp{iφ` + ωT α(`)}, a point ω ∈ K must satisfy the equations

exp{i[φ` + ωT α(`)]} = 1 ∀(1 ≤ ` ≤ k), (112)

whence φ` +ωT α(`) ∈ 2πZ ∀(1 ≤ ` ≤ k). Since Rank{α(`) : 1 ≤ ` ≤ k} = d,
the latter system of equations implies that K belongs to a set of the form
r + AZd with certain d × d nonsingular matrix A (depending solely on D).
The cardinality of the intersection of latter set with the cube [−π, π]d does
not exceed certain c3. Thus, CardK ≤ c3.
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20.2) Let ω ∈ K, and let dω ∈ Rn be such that |dω| ≤ 1. Then

δ(ω + dω) =
k∑

`=1
ρ` exp{i[φ` + ωT α(`)]} exp{i(dω)T α(`)}

=︸︷︷︸
a

k∑
`=1

ρ` exp{i(dω)T α(`)}

⇒ |δ(ω + dω)| =
∣∣∣∣∣

k∑
`=1

ρ` exp{i(dω)T α(`)}
∣∣∣∣∣

≤︸︷︷︸
b

∣∣∣∣∣
k∑

`=1
ρ`

(
1 + i(dω)T α(`)− 1

2

(
(dω)T α(`)

)2
)∣∣∣∣∣ + c4|dω|3

=︸︷︷︸
b

∣∣∣∣∣
k∑

`=1
ρ`

(
1− 1

2

(
(dω)T α(`)

)2
)∣∣∣∣∣ + c4|dω|3 ≤︸︷︷︸

c

1− c5|dω|2 + c4|dω|3

(for a, see (112), b is by (17.b), c is due to Rank ({α(`)}`) = d). It follows that
with properly chosen c6 one has

∀(ω ∈ [−π, π]d, |δ(ω)− 1| ≤ α) ∃ω̄ ∈ K : |ω − ω̄| ≤ c−1
6

√
α. (113)

Since Card (K) ≤ c3 by 20.1) and |δ(ω)| ≤ 1 for all ω, we conclude that

ν
(
{ω ∈ Ωd

N : |δ(ω)− 1| ≤ α}
)
≤ c7[α

d/2 + N−d] ∀α ≤ 2. (114)

20.3) Now we can complete the proof of (110), (111). Let ω̄ ∈ K, dω ∈ Rd,
|dω| ≤ 1. We have

δ(ω̄ + dω) =
k∑

`=1
ρ` exp{i[φ` + ω̄T α(`)]} exp{i(dω)T α(`)}

=︸︷︷︸
a

k∑
`=1

ρ` exp{i(dω)T α(`)} =
k∑

`=1
ρ`

(
1 + i(dω)T α(`)

−1
2

(
(dω)T α(`)

)2 − i
6

(
(dω)T α(`)

)3
+ r`(ω, dω)

)
,

[|r`(ω, dω)| ≤ c10|dω|4]
=︸︷︷︸
b

k∑
`=1

ρ`

(
1− 1

2

(
(dω)T α(`)

)2 − i
6

(
(dω)T α(`)

)3
+ r`(ω, dω)

)

(115)

(for a, see (112), for b, see (17)). Taking into account that
∑
`

ρ` = 1 and

c11|dω|2 ≤ ∑
`

ρ`

(
(dω)T α(`)

)2 ≤ c12|dω|2, we conclude from (113) combined

with (115) that for properly chosen c13 one has

ω ∈ [−π, π]d ⇒ |=(δ(ω))| ≤ c13(1−<(δ(ω)))3/2,

and (110) follows. By (110) one has |1 − δ(ω)| ≤ c14(1 − <(δ(ω))), so that
(111) follows from (114). 2
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30. Let n be a positive integer, and let Tn(ζ) be the Tschebyshev polynomial
of degree n. Recall that this polynomial is defined as follows:

Tn(ζ) =
wn + w−n

2
, where w = ζ + i

√
1− ζ2. (116)

In (116), the choice of the branch of
√· affects the value of w, but does not

affect the value of wn + w−n; since we intend to work with ζ from the unit
disk, so that <(1−ζ2) > 0, in the calculations to follow we deal with the main
branch of

√· in the closed right half-plane. On the segment [−1, 1] of the real
axis one has Tn(ζ) = cos(n acos(ζ)), whence Tn(1) = 1, T ′

n(1) = n2. From

these relations it follows that the function Pn(ζ) = 1−Tn(ζ)
n2(1−ζ)

is a polynomial of

degree n− 1, and Pn(1) = 1.

Lemma 35 One has

pn(α) ≡ max
ζ
{|Pn(ζ)| : ζ ∈ M̂,<(ζ) = 1− α}

≤ qn(α) =

{
c15, 0 ≤ α ≤ 1

n2

c15(1+c15α)n

n2α
, 1

n2 ≤ α ≤ 2
.

(117)

Proof. Let ζ = 1− α + iβ ∈ M̂, so that

|β| ≤ c16α
3/2. (118)

We have

w ≡ ζ + i
√

1− ζ2 = 1− α + iβ + i
√

2α− α2 − 2i(1− α)β + β2

= 1− α + iβ + i
√

2α
√

1− 0.5α + [0.5β − i(1− α)](β/α)

= 1 + i
√

2α + r1(ζ), |r1(ζ)| ≤ c17α

(119)

(since |β/α| ≤ c16

√
α by (119)). Note that completely similar considerations

demonstrate that

w−1 = ζ − i
√

1− ζ2 = 1− i
√

2α + r2(ζ), |r2(ζ)| ≤ c17α. (120)
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30.1) Assume, first, that 0 ≤ α ≤ 1
n2 . In this case from (119) it follows that

|1− w| ≤ √
2n−1, whence, taking into account (119),

|wn − (1 + n(w − 1) + n(n−1)
2

(w − 1)2)| ≤ c17(n|w − 1|)3 ≤ c18n
3α3/2,

|w−n − (1− n(w − 1) + n(n+1)
2

(w − 1)2)| ≤ c17(n|w − 1|)3 ≤ c18n
3α3/2

⇒
∣∣∣wn+w−n

2
− 1

∣∣∣ ≤ n2

2
|w − 1|2 + c18n

3α3/2 ≤ c19(n
2α + n3α3/2) ≤ c20n

2α.

Thus, one has |Pn(ζ)| =
∣∣∣wn+w−n

2
−1

∣∣∣
n2|α−iβ| ≤ c15, as required in (117) for the case of

0 ≤ α ≤ 1
n2 .

30.2) Now consider the case of 1
n2 ≤ α ≤ 2. From (119), (120) it follows that

|w| ≤ 1 + c21α, |w−1| ≤ 1 + c21α, whence |Pn(ζ)| =

∣∣∣wn+w−n

2
−1

∣∣∣
n2|α−iβ| ≤ c22(1+c21α)n

n2α
,

as required in (117). 2

40. Let Q(ζ) = 1+ζ
2

. It is immediately seen that

ζ = 1− α + iβ ∈ M̂ ⇒ |Q(ζ)| ≤ 1− c23α [c23 <
1

2
]. (121)

Now let c24 be a positive integer which is ≥ c15
c23

(see (117)). Consider the
polynomial Sn(ζ) = Pn(ζ)Qc24n(ζ).

Lemma 36 For every positive integer n, the polynomial Sn(ζ) possesses the
following properties:

(a) : deg(Sn) ≤ c25n; (b) : Sn(1) = 1;

(c) : max
ζ
{|Sn(ζ)| : ζ ∈ M̂, <(ζ) = 1− α} ≤ c15 min

[
1

n2α
; 1

]
.

(122)

Proof. Relations (122.a − b) are evident (take into account that Pn(1) = 1
and deg(Pn) ≤ n). To verify (122.c), note that if ζ = 1− α + iβ ∈ M̂, then in
view of (117) one has

0 ≤ α ≤ 1
n2 ⇒ |Sn(ζ)| ≤ |Pn(ζ)||Q(ζ)|c24n ≤ |Pn(ζ)| ≤ c15;

1
n2 ≤ α ≤ 2 ⇒ |Sn(ζ)| ≤ |Pn(ζ)||Q(ζ)|c24n ≤︸︷︷︸

a

c15
(1+c15α)n

n2α
(1− c23α)c24n

≤ c15
exp{c15nα}

n2α
exp{−c23c24nα} ≤︸︷︷︸

b

c15
n2α

(for a, see (121), b is due to c23c24 ≥ c15). 2

50. Now we are ready to complete the proof of Proposition 10. Given a positive
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integer n, let us set Rn(ζ) = Sd
n(ζ). In view of (122) one has

(a) : deg(Rn) ≤ c26n; (b) : Rn(1) = 1;

(c) : max
ζ
{|Rn(ζ)| : ζ ∈ M̂, <(ζ) = 1− α} ≤ rn(α)

≡ c26 min
[

1
n2dαd ; 1

]
.

(123)

Consider the filters q(n)(z) given by q(n)(∆) = Rn(D), n = 0, 1, ... By (123.b)
and Lemma 33 we have

T ≤ c27N

1 ≤ n(T ) ≡ bc27T c
(s) ∈ Ht

N(D)




⇒





ord(q(n(T ))) ≤ T,

sτ = (q(n(T ))(∆)s)τ ∀(τ : |τ − t| ≤ c27N).
(124)

By Parseval’s equality, we have also (in what follows, n = n(T ))

|q(n)|22 =
∫

Ωd
N

|Rn(δ(ω))|2ν(dω) =
∫

M

|Rn(ζ)|2µ(dζ) ≤︸︷︷︸
a

2∫

0

r2
n(α)︸ ︷︷ ︸
ρn(α)

dF (α) (125)

with a given by (123.c), (110) and the definition of F (·). Let γ be the measure
on [0, 2] defined by G(α) ≡ γ([0, α]) = c−1

2 (αd/2 + N−d), so that

F (α) ≤ G(α) ≡ γ([0, α]) ∀α ∈ [0, 2] (126)

(see (111)). We have

2∫

0

ρn(α)dF (α) = ρn(2)−
2∫

0

ρ′n(α)F (α)dα ≤︸︷︷︸
a

ρn(2)

−
2∫

0

ρ′n(α)G(α)dα = ρn(2)− ρn(2)G(2) +

2∫

0

ρn(α)γ(dα)

≤︸︷︷︸
b

2∫

0

ρn(α)γ(dα) =︸︷︷︸
c

c−1
2

[
c28

2∫

0

min2
[
n−2dα−d, 1

]
α

d
2
−1dα

+ρn(0)N−d

]
≤︸︷︷︸
d

c30

[
N−d + n−d

]
≤ c31(2T + 1)−d

(127)

(a holds since ρn(·) is nonincreasing, see (123.c), and by (126), b holds since
c2 ∈ (0, 1), see Lemma 34, c is by (123.c) and (125), d is due to n = n(T ) =
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bc27T c). Combining (125) and (127), we conclude that

|q(n(T ))|2 ≤ c32(2T + 1)−d/2. (128)

From (124) and (128) we conclude that if L = bc33Nc and T ≤ L is such that
n(T ) ≡ bc27T c ≥ 1, then

∃q(T ) ∈ CT (Zd) :




|q(T )|2 ≤ c32(2T + 1)−d/2,

sτ = (q(T )(∆)s)τ ∀(τ, |τ − t| ≤ L, (s) ∈ Ht
N(D))

(129)

(indeed, one can choose, as a required q(T ), the filter q(n(T ))). Setting q(T )(z) ≡
1 for T < 1

c27
, we enforce the validity of (129) for all T , 0 ≤ T ≤ L. Thus,

Ht
N(D) ⊂ Ft

bc29Lc(0, c34). 2

7.11 Proof of Proposition 11

Lemma 37 Let f ∈ H+(M) be a deterministic function, let N ≤ M/2, and
let t ∈ Zd, |t| ≤ N . Consider the “discrete box” Bt

N = {τ ∈ Zd : |τ − t| ≤ N},
and let φ be a deterministic function on Bt

N which coincides with f on the
“discrete boundary” ∂Bt

N ≡ {τ ∈ Zd : |τ − t| = N} of Bt
N and is “discrete

harmonic”: τ ∈ Zd, |τ − t| < N ⇒ φτ = 1
2d

∑
ε=(ε1,...,εd)

|ε1|=...=|εd|=1

φτ+ε. Then

τ ∈ Bt
N ⇒ |f(τ)− φτ | ≤ c1‖f‖∞,2MN−2 (130)

(from now on, ci are positive absolute constants).

Proof. First, we should prove that the “discrete harmonic” function φ on
Bt

N which coincides with f on ∂Bt
N does exist. This fact is well known; we

present here its proof just for the sake of completeness. Let ψ be a function
on ∂Bt

N . Consider the following random walk on Bt
N : arriving for the first

time at a point τ from ∂Bt
N , we pay penalty ψ(τ) and terminate; from an

“interior point” τ ∈ intBt
N ≡ Bt

N\∂Bt
N we make a random step of length 1

along one of the coordinate axes, choosing every one of 2d possible steps with
probability 1/(2d). It is immediately seen that the expected penalty payed at
the termination, treated as a function of the initial state, is a discrete harmonic
function with the boundary values ψ.
Now, since |t| ≤ N and 2N ≤ M , the function f is harmonic in the “continuous
box” Dt

2N = {τ ∈ Rd : |τ−t| ≤ 2N}, and the uniform norm of f in this square
does not exceed ‖f‖∞,2M . From the standard results on harmonic functions it
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follows that

∀(τ ∈ Dt
N) :

∣∣∣∣∣
∂κ

∂xκ
j

f(τ)

∣∣∣∣∣ ≤ c2‖f‖∞,2MN−κ, κ = 1, 2, 3, 4, j = 1, ..., d. (131)

Consequently, for the basic orths ej, j = 1, ..., d we have

τ ∈ Dt
N , |s| ≤ 1 ⇒

∣∣∣∣∣f(τ + sej)−
3∑

κ=0

1

κ!

∂κ

∂xκ
j

f(τ)sκ

∣∣∣∣∣ ≤ c3|s|4‖f‖∞,2MN−4.

Since f is harmonic, we conclude that

|(Df)τ | ≤ c4‖f‖∞,2MN−4, τ ∈ Bt
N . (132)

Now let h = f |Zd − φ ∈ C(Bt
N) and let h±τ = hτ ± 2c4‖f‖∞,2M

N4

d∑
j=1

(τj − tj)
2.

Taking into account (132) and the fact that φ is discrete harmonic, we have
for τ ∈ intBt

N :

(Dh+)τ = (Dh)τ +
2c4‖f‖∞,2M

N4
> 0, (Dh−)τ = (Dh)τ − 2c4‖f‖∞,2M

N4
< 0,

whence both the maximum of h+ and the minimum of h− over Bt
N are attained

at ∂Bt
N . Since at the discrete boundary of Bt

N we have f = φ and therefore
h+ ≤ 4c4‖f‖∞,2MN−2, we conclude that τ ∈ Bt

N ⇒ hτ ≤ h+
τ ≤ max

τ∈∂Bt
N

h+
τ ≤

2dc4‖f‖∞,2MN−2. By similar reasons, τ ∈ Bt
N ⇒ hτ ≥ h−τ ≥ min

τ∈∂Bt
N

h−τ ≥
−2dc4‖f‖∞,2MN−2. 2

Now let |t| ≤ M/8 and L ≤ M/8. Given T , 0 ≤ T ≤ L, and applying
Proposition 10, we can build filter q(T ) ∈ CT (Zd) such that

|q(T )|2 ≤ c5(2T + 1)−1, φτ =
∑

|ν|≤T

φτ−νq
(T )
ν ∀(τ : |τ − t| ≤ L) (133)

for every φ which is discrete harmonic in the discrete box Bt
2L. Now let

f ∈ H(M,R). Applying Lemma 37, we can find function φ which is dis-
crete harmonic in the box Bt

2L and such that |φτ − fτ |2 ≤ c2
6‖f‖2

∞,2ML−4 for
τ ∈ Bt

2L. From (133) it now follows that

∀(τ : |τ − t| ≤ L) :

[
E

{
|fτ − ∑

|ν|≤T
fτ−νq

(T )
ν |2

}]1/2

≤ c6 [E{‖f‖2
∞,2M}]1/2

︸ ︷︷ ︸
≤R

L−2(1 + |q(T )|1) ≤ c6RL−2(1 + |q(T )|2(2T + 1)d/2)

≤ c8RL−2 ≤ c9R(2T + 1)−d/2
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(recall that d ≤ 4). 2

7.12 Proof of Theorem 20

10. We start from the following observation:

ε 6∈ Ξ ⇒ |st − ŝt(y)| ≤ 3c(d)ρ3
[
θ + σρΘt

]
. (134)

Indeed, assume that ε 6∈ Ξ. By construction, ŝt(y) is certain estimate ŝt[T, y]
corresponding to a normal window width T ; by the definition of normality, we
have |ŝt(y)− ŝt[0, y]| = |ŝt[T, y]− ŝt[0, y]| ≤ γ(T ) + γ(0) ≤ 2γ(0). Taking into
account that ŝt[0, y] = yt (see the description of Algorithm A), we conclude
that |ŝt(y)−st| ≤ |ŝt(y)− ŝt[0, y]|+ |ŝt[0, y]−st| ≤ 2γ(0)+ |et| ≤ 2γ(0)+σ|εt|,
so that

|ŝt(y)− st| ≤ 2γ(0) + σΘt. (135)

Recalling the definition of γ(·) (see (32)), we arrive at

γ(0) ≤ c(d)ρ3
[
θ + Cσρω

√
ln(2L∞ + 1)

]
; (136)

since ε 6∈ Ξ, we have Cω
√

ln(2L∞ + 1)) ≤ Θt, so that (135), (136) imply (134).

20. Now we are ready to complete the proof of Theorem 20. Assume first that
ε 6∈ Ξ. In this case from it follows from (32) that the window width T = T∗
is normal, and consequently the largest normal window width T+(y) is ≥ T∗.
Since T+(y) is a normal window width, (32) is applicable with T = T+(y), T ′ =
T∗, so that |ŝt(y) − ŝt[T∗, y]| ≤ γ(T+(y)) + γ(T∗) ≤ 2γ(T∗).Itfollowsthatε ∈
Ξ ⇒ |ŝt(y)− st| ≤ 2γ(T∗) + |ŝt[T∗, y]− st|. The latter relation combines with
(134) to imply that

|ŝt(y)− st| ≤ 2γ(T∗) + |ŝt[T∗, y]− st|+ 3c(d)ρ3 [θ + σρΘt] χε6∈Ξ

= 2c(d)ρ3
[
θ + Cσρω

√
ln(2L∞ + 1)

]
(2T∗ + 1)−d/2 + |ŝt[T∗, y]− st|

+3c(d)ρ3 [θ + σρΘt] χε6∈Ξ

(137)
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Denoting by ci positive quantities depending solely on d (which is the case for
C and ω), we conclude from (137) that

(
E

{
|ŝt(y)− st|2

})1/2 ≤ c1ρ
3

[
θ + σρ

√
ln(2L∞ + 1)

]
(2T∗ + 1)−d/2

+

J︷ ︸︸ ︷(
E

{
|ŝt[T∗, y]− st|2

})1/2
+c1ρ

3θProb{ξ 6∈ Ξ}
+c1ρ

4σ (E {(Θt)2χε6∈Ξ})1/2
.

(138)

We have

J ≤ c(d)ρ3
θ + σρ

√
ln(2T∗ + 1)

(2T∗ + 1)d/2
≤ c(d)ρ3

θ + σρ
√

ln(2L∞ + 1)

(2T∗ + 1)d/2

by Theorem 2 (recall that (s) ∈ Ft
3T∗(θ, ρ) and T∗ ≤ L∞ by the definition of

T∗), and therefore (138) implies that

(
E

{
|ŝt(y)− st|2

})1/2 ≤ c2ρ
3

[
θ + σρ

√
ln(2L∞ + 1)

]
(2T∗ + 1)−

d
2

+c1ρ
3θProb{ξ 6∈ Ξ}+ c1ρ

4σ (E {(Θt)2χε6∈Ξ})1/2

≤︸︷︷︸
a

c2ρ
3

[
θ + σρ

√
ln(2L∞ + 1)

]
(2T∗ + 1)−

d
2 + c1ρ

3θ(2L∞ + 1)−2d

+c1ρ
4σ (E {(Θt)2χε6∈Ξ})1/2 ≤ c3ρ

3
[
θ + σρ

√
ln(2L∞ + 1)

]
(2T∗ + 1)−

d
2

+c1ρ
4σ (E {(Θt)2χε6∈Ξ})1/2 ≤ c3ρ

3
[
θ + σρ

√
ln(2L∞ + 1)

]
(2T∗ + 1)−

d
2

+c1ρ
4σ

[
(E {(Θt)4})1/2

(E {χε 6∈Ξ})1/2
]1/2

≤︸︷︷︸
b

c3ρ
3

[
θ+σρ

√
ln(2L∞+1)

]

(2T∗+1)
d
2

+ c4ρ
4σ

√
ln(2L∞+1)

(2L∞+1)−
d
2
≤︸︷︷︸
c

c5ρ
3

[
θ+σρ

√
ln(2L∞+1)

]

(2T∗+1)
d
2

(for a, see by (30), for b, see (29), (30), for c, take into account that T∗ ≤ L∞),
as required in (34). 2

7.13 Proof of Theorem 22

7.13.1 Preliminaries

Proof of Lemma 21. To save notation, let B = Bh(x) and T = Th(x). Let
p ∈ C(Zd) be such that p ∈ St

3T (0, µ, T ) and |pτ − fτ | ≤ Φµ(f, Bh(x)) for all
τ ∈ Z(Bh(x)). Since p ∈ St

3T (0, µ, T ), there exists a filter q ∈ CT (Zd) such
that |q|2 ≤ µ(2T + 1)−d/2 and (q(∆)p)τ = pτ whenever |τ − t| ≤ 3T . Setting
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δτ = fτ − pτ , we have

|τ − t| ≤ 3T ⇒ |fτ − (q(∆)f)τ | ≤ |δτ |+ |pτ − (q(∆)p)τ |+ |(q(∆)δ)τ |
≤ Φµ(f, Bh(x)) + |q|1 max{|δν | : |ν − τ | ≤ T} ≤ Φµ(f, Bh(x))

+|q|2(2T + 1)d/2Φµ(f, Bh(x)) max{|δν | : |ν − τ | ≤ T}
[note that |τ − t| ≤ 3T , |ν − τ | ≤ T implies |ν − t| ≤ 4T ]

≤ Φµ(f, Bh(x))(1 + µ) = Φµ(f,Bh(x))(1+µ)

(2T+1)d/2 (2T + 1)−d/2

as required in (40). 2

7.13.2 Proof of Theorem 22

10. In the main body of the proof, we focus on the case p, q < ∞; the case of
infinite p and/or q will be considered at the concluding step 40.
Let us fix a family of well-filtered signals F = Fk,ρ,p

d (B; R) with the parameters
satisfying the premise of Theorem 22 and a function f from this class.
Recall that by the definition of F there exists a function F ≥ 0, ‖F‖p,B ≤ R,
such that

∀ (x = m−1t ∈ (intB) ∩ Γn) ∀ (h,Bh(x) ⊂ B) :

Φµ(f, Bh(x)) ≤ P1h
k−dπΩ(f, Bh(x)), Ω(f, B′) =




∫

B′

F p(u)du




1/p

;
(139)

from now on, P (perhaps with sub- or superscripts) are quantities ≥ 1 de-
pending on µ, d, γ, p only and nonincreasing in p > d.
20. Our central auxiliary result is as follows:

Lemma 38 Assume that

n
k−dπ

d

√
ln n ≥ P1(µ + 3)k−dπ+d/2 R

σω
. (140)

Given a point x ∈ Γn ∩Bγ, let us choose the largest h = h(x) such that

(a) : h ≤ (1− γ)D(B), (b) : P1h
k−dπΩ(f,Bh(x)) ≤ Sn(h). (141)

Then h(x) is well-defined and

h(x) ≥ m−1. (142)
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Besides this, the error at x of the adaptive estimate f̂n as applied to f can be
bounded as follows:

(a) : in the case of ε ∈ Ξn : |f̂n(x; y)− f(x)| ≤ C2Sn(h(x));

(b) : in the case of ε 6∈ Ξn : |f̂n(x; y)− f(x)| ≤ C2σΘ(n).
(143)

Proof of Lemma. a0. The quantity h(x) is well-defined, since for small
positive h the left hand side in (141.b) is close to 0, while the right hand
side one is large. Besides this, let h− = m−1. From (140) it follows that
h− satisfies (141.a), so that Bh−(x) ⊂ B. Moreover, (140.b) implies that
P1h

k−dπ
− R ≤ Sn(h−); the latter inequality, in view of Ω(f, Bh−(x)) ≤ R, says

that h− satisfies (141.b) as well. Thus, h(x) ≥ h−, as claimed in (142).
b0. Consider the window Bh(x)(x). By (141.a) it is admissible for x, while from
(141.b) combined with (139) we get Φµ(f,Bh(x)(x)) ≤ Sn(h). It follows that
the ideal window B∗(x) of x is not smaller than Bh(x)(x).
c0. Assume that ε ∈ Ξn. Then, according to (49), we have

|f̂n(x; y)− f(x)| ≤ 5C1

[
Φµ(f, Bh∗(x)(x)) + Sn(h∗(x))

]
. (144)

Now, by the definition of an ideal window, Φµ(f, Bh∗(x)(x)) ≤ Sn(h∗(x)), and
the right hand side in (144) does not exceed 10C1Sn(h∗(x)) ≤ 10C1Sn(h(x))
(recall that, as we have seen, h∗(x) ≥ h(x)), as required in (143.a).
d0. Now let ε 6∈ Ξn. Note that f̂n(x; y) is certain estimate f̂h(x; y) associated
with a centered at x and admissible for x cube Bh(x) which is normal and
such that h ≥ m−1 (the latter – since the window Bm−1(x) always is normal,
and Bh(x) is the largest normal window centered at x). Applying (48) with
h′ = m−1 (so that f̂h′

n (x; y) = f(x) + σεt), we get |(f(x) + σεt) − f̂n(x; y)| ≤
4C1Sn(m−1), whence

|f(x)− f̂n(x; y)| ≤ σ|εt|+ 4C1Sn(m−1) ≤ σΘ(n) + 4C1σω
√

ln n ≤ C2Θ(n)

(recall that we are in the situation ε 6∈ Ξn, whence ω
√

ln n ≤ Θ(n)). We have
arrived at (143.b). 2

30. Now we are ready to complete the proof. Assume that (140) takes place,
and let us fix q, 2k+d

d
p ≤ q < ∞.

30.a) Note that for every x ∈ Γn ∩Bγ

either h(x) = (1− γ)D(B), (a)

or P1h
k−dπ(x)Ω(f, Bh(x)(x)) = Sn(h(x))︸ ︷︷ ︸

⇔ h(x) =

(
σ̂n

P1Ω(f, Bh(x)(x))

) 2
2k+d−2dπ

(b)
(145)
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Let U, V be the sets of those x ∈ Bn
γ ≡ Γn∩Bγ for which the first, respectively,

the second of this possibilities takes place. If V is nonempty, let us partition
it as follows.
1) We can choose x1 ∈ V (V is finite!) such that h(x) ≥ h(x1) ∀x ∈ V. After
x1 is chosen, we set V1 = {x ∈ V | Bh(x)(x) ∩Bh(x1)(x1) 6= ∅}.
2) If the set V \V1 is nonempty, we apply the construction from 1) to this
set, thus getting x2 ∈ V \V1 such that h(x) ≥ h(x2) ∀x ∈ V \V1, and set
V2 = {x ∈ V \V1 | Bh(x)(x) ∩ Bh(x2)(x2) 6= ∅}. If the set V \(V1 ∪ V2) still is
nonempty, we apply the same construction to this set, thus getting x3 and V3,
and so on.
The outlined process clearly terminates after certain step (since V is finite).
On termination, we get a collection of M points x1, ..., xM ∈ V and a partition
V = V1 ∪ V2 ∪ ... ∪ VM with the following properties:
(i) The cubes Bh(x1)(x1), ..., Bh(xM )(xM) are mutually disjoint;
(ii) For every ` ≤ M and every x ∈ V` we have h(x) ≥ h(x`) and Bh(x)(x) ∩
Bh(x`)(x`) 6= ∅.
We claim that also
(iii) For every ` ≤ M and every x ∈ V` one has

h(x) ≥ max [h(x`); ‖x− x`‖∞] . (146)

Indeed, h(x) ≥ h(x`) by (ii), so that it suffices to verify (146) in the case when
‖x− x`‖∞ ≥ h(x`). Since Bh(x)(x) intersects Bh(x`)(x`), we have ‖x− x`‖∞ ≤
1
2
(h(x) + h(x`)), whence h(x) ≥ 2‖x − x`‖∞ − h(x`) ≥ ‖x − x`‖∞, which is

what we need.
30.b) Let us set Bn

γ = Γn∩Bγ. Assume that ε ∈ Ξn. Then (below D = D(B))

‖f̂n(·; y)− f(·)‖q
q,Bγ

≤︸︷︷︸
a

Cq
2m

− d
q

∑
x∈Bn

γ

Sq
n(h(x)) = Cq

2m
− d

q
∑

x∈U
Sq

n(h(x))

+Cq
2m

− d
q

M∑
`=1

∑
x∈V`

Sq
n(h(x)) =︸︷︷︸

b

Cq
2m

− d
q

∑
x∈U

[
σ̂n

((1−γ)D)d/2

]q

+Cq
2m

− d
q

M∑
`=1

∑
x∈V`

Sq
n(h(x)) ≤︸︷︷︸

c

Cq
3 σ̂

q
nm

− d
q

M∑
`=1

∑
x∈V`

(max [h(x`), ‖x− x`‖∞])−
dq
2

+Cq
3 σ̂

q
nD

d(2−q)
2 ≤︸︷︷︸

d

Cq
4 σ̂

q
n

M∑
`=1

∫
(max [h(x`), ‖x− x`‖∞])−

dq
2 dx

+Cq
3 σ̂

q
nD

d(2−q)
2 ≤ Cq

5 σ̂
q
n

M∑
`=1

∞∫
0

rd−1 (max [h(x`), r])
− dq

2 dr + Cq
3 σ̂

q
nD

d(2−q)
2

≤︸︷︷︸
e

Cq
6 σ̂

q
n

M∑
`=1

[h(x`)]
d(2−q)

2 + Cq
3 σ̂

q
nD

d(2−q)
2 =︸︷︷︸

f

+Cq
6 σ̂

q
n

M∑
`=1

[
σ̂n

P1Ω(f,Bh(x`)
(x`))

] d(2−q)
2k−2dπ+d

+Cq
3 σ̂

q
nD

d(2−q)
2 =︸︷︷︸

g

Cq
3 σ̂

q
nD

d(2−q)
2 + Cq

6 σ̂
2β(p,k,d,q)q
n

M∑
`=1

[
P1Ω(f,Bh(x`)(x`))

] d(q−2)
2k−2dπ+d

56



In this computation, a is by (143.a), b is since h(x) = (1 − γ)D for x ∈ U , c
is given by (146), d is due to h(x) ≥ m−1, see (142). To justify e, note that
dq
2
− d + 1 ≥ 2k+d

2
p− d + 1 ≥ d2/2 + 1 in view of q ≥ 2k+d

d
p, k ≥ 1 and p > d,

f is given by f by (145.b), and g is by definition of β(p, k, d, q).

Now note that d(q−2)
2k−2dπ+d

≥ p in view of q ≥ 2k+d
d

p, so that

M∑
`=1

[
P1Ω(f,Bh(x`)(x`))

] d(q−2)
2k−2dπ+d ≤

[
M∑
`=1

(
P1Ω(f, Bh(x`)(x`))

)p
] dq−2d

p(2k−2dπ+d)

≤ [P p
1 Rp]

d(q−2)
p(2k−2dπ+d)

(see (139) and take into account that the cubes Bh(x`)(x`), ` = 1, ...,M , are
mutually disjoint by (i)). We have arrived at

ε ∈ Ξn ⇒ ‖f̂n(·; yf (ε))− f(·)‖q,Bγ ≤ C7σ̂nD
d(2θ−1)

2 (B)

+P2σ̂
2β(p,k,d,q)
n R

d(1−2θ)
2k−2dπ+d = C7σ̂nD

d(2θ−1)
2 (B) + P2R

(
σ̂n

R

)2β(p,k,d,q) (147)

30.c) Now assume that ε 6∈ Ξn. In this case, by (143.b), |f̂n(x; y) − f(x)| ≤
C2σΘ(n) ∀x ∈ Bn

γ , whence, taking into account that mD(B) ≥ 1,

‖f̂n(·; y)− f(·)‖q,Bγ ≤ C2σΘ(n)D
d
q (B). (148)

30.d) Combining (147) and (148), we get

√
E

{
‖f̂n(·; y)− f(·)‖2

q,Bγ

}

≤ C8 max
[
σ̂nD

d(2θ−1)
2 (B); P4R

(
σ̂n

R

)2β(p,k,d,q)
, J

]
,

J =

√
E

{
χε6∈ΞnC2σ2Θ2

(n)

}
≤ C2σ

√
Prob

1
2{ε 6∈ Ξn}

(
E

{
Θ4

(n)

}) 1
2

≤ C2σProb
1
4{ε 6∈ Ξn}

(
E

{
Θ4

(n)

}) 1
4 ≤ C9σn−(µ+1)

√
ln n

(149)

(we have used (39) and (42)). Thus, under assumptions (140) for all d < p < ∞
and all q, 2k+d

d
p ≤ q < ∞ we have

√
E

{
‖f̂n(·; y)− f(·)‖2

q,Bγ

}

≤ C8 max
[
σ̂nD

d(2θ−1)
2 (B), P4R

(
σ̂n

R

)2β(p,k,d,q)
, C9σn−(µ+1)

√
ln n

]
.

(150)

Now, it is easily seen that if P ≥ 1 is a properly chosen function of µ, d, γ, p
nonincreasing in p > d and (50) takes place, then, first, assumption (140) is
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satisfied and, second, the right hand side in (150) does not exceed the quantity

PR
(

σ̂n

R

)2β(p,k,d,q)

= PR
(

σ̂n

R

)2β(p,k,d,q)

Ddλ(p,k,d,q)(B)

(see (51) and take into account that we are in the situation q ≥ 2k+d
d

p, so that
λ(p, k, d, q) = 0). We have obtained bound (51) for the case of d < p < ∞,
∞ > q ≥ 2k+d

d
p; passing to limit as q → ∞, we get the desired bound for

q = ∞ as well.
40. Now let d < p < ∞ and 1 ≤ q ≤ q∗ ≡ 2k+d

d
p. By Hölder inequality

and in view of mD(B) ≥ 1 we have ‖g‖q,Bγ ≤ C9‖g‖q∗,Bγ |Bγ|
1
q
− 1

q∗ , whence

R̂q

(
f̂n;F

)
≤ C9R̂q∗

(
f̂n;F

)
Dd( 1

q
− 1

q∗ )(B). Combining this observation with

the (already proved) bound (51) associated with q = q∗, we see that (51) is
valid for all q ∈ [1,∞], provided that d < p < ∞. Passing in the resulting
bound to limit as p → ∞, we conclude that (51) is valid for all p ∈ (d,∞],
q ∈ [1,∞]. 2
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