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Abstract. In this paper we consider iterative methods for stochastic variational inequalities
(s.v.i.) with monotone operators. Our basic assumption is that the operator possesses both smooth
and nonsmooth components. Further, only noisy observations of the problem data are available. We
develop a novel Stochastic Mirror-Prox (SMP) algorithm for solving s.v.i. and show that with the
convenient stepsize strategy it attains the optimal rates of convergence with respect to the prob-
lem parameters. We apply the SMP algorithm to Stochastic composite minimization and describe
particular applications to Stochastic Semidefinite Feasability problem and Eigenvalue minimization.
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1. Introduction. Let Z be a convex compact set in Euclidean space £ with
inner product (-, ), || - || be a norm on E (not necessarily the one associated with the
inner product), and F': Z — £ be a monotone mapping:

(1.1) V(z,2/ € Z): (F(2) — F(2),z = 2') 2 0)
We are interested to approximate a solution to the variational inequality (v.i.)
(1.2) find z, € Z : (F(2),2.. —2) <0 VzeZ

associated with Z, F. Note that since F' is monotone on Z, the condition in (1.2) is
implied by (F(z.),z — z.) > 0 for all z € Z, which is the standard definition of a
(strong) solution to the v.i. associated with Z, F. The inverse — a solution to v.i. as
defined by (1.2) (a “weak” solution) is a strong solution as well — also is true, provided,
e.g., that F' is continuous. An advantage of the concept of weak solution is that such
a solution always exists under our assumptions (F' is well defined and monotone on a
convex compact set 7).
We quantify the inaccuracy of a candidate solution z € Z by the error

(1.3) Erry;(2) := Tea%((F(u), Z—u);

note that this error is always > 0 and equals zero iff z is a solution to (1.2).
In what follows we impose on F', aside of the monotonicity, the requirement

(1.4) V(2 € Z) 1 () = F() | < Lllz — 2/l + M
with some known constants L > 0, M > 0. From now on,

(1.5) 1€]l« = max (£, 2)

zi|z]|<1
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is the norm conjugate to || - ||.

We are interested in the case where (1.2) is solved by an iterative algorithm based
on a stochastic oracle representation of the operator F(-). Specifically, when solving
the problem, the algorithm acquires information on F' via subsequent calls to a black
box (“stochastic oracle”, SO). At i-th call, i = 0,1, ..., the oracle gets as input a
search point z; € Z (this point is generated by the algorithm on the basis of the
information accumulated so far) and returns the vector Z(z;, (;), where {¢; € RV},
is a sequence of i.i.d. (and independent of the queries of the algorithm) random
variables. We suppose that the Borel function Z(z, () is such that

(1.6) Vze Z: E{E(z,(1)} = F(2), E{|2(z,¢) - F(z)||i} <ok

We call a monotone v.i. (1.1), augmented by a stochastic oracle (SO), a stochastic
monotone v.i. (s.v.i.).

To motivate our goal, let us start with known results [6] on the limits of perfor-
mance of iterative algorithms for solving large-scale stochastic v.i.’s. To “normalize”
the situation, assume that Z is the unit Euclidean ball in &€ = R™ and that n is
large. In this case, the rate of convergence of a whatever algorithm for solving v.i.’s

cannot be better than O(1) [% + Mj{"] In other words, for a properly chosen pos-

itive absolute constant C, for every number of steps ¢, all large enough values of n
and any algorithm B for solving s.v.i.’s on the unit ball of R™, one can point out
a monotone s.v.i. satisfying (1.4), (1.6) and such that the expected error of the
approximate solution z; generated by B after ¢ steps , applied to such s.v.i., is at least

c [% + Mﬁ”} for some ¢ > 0. To the best of our knowledge, no one of existing algo-

rithms allows to achieve, uniformly in the dimension, this convergence rate. In fact,
the “best approximations” available are given by Robust Stochastic Approximation
(see [3] and references therein) with the guaranteed rate of convergence O(l)%\/lf"
and extra-gradient-type algorithms for solving deterministic monotone v.i.’s with Lip-
schitz continuous operators (see [7, 10, 11, 12]), which attains the accuracy O(1)% in
the case of M =0 =0 or O(l)% when L =0 =0.

The goal of this paper is to demonstrate that a specific Mirror-Prox algorithm [7]
for solving monotone v.i.’s with Lipschitz continuous operators can be extended onto
monotone s.v.i.’s to yield, uniformly in the dimension, the optimal rate of convergence

o(1) [% + Mﬁ”} . We present the corresponding extension and investigate it in details:

we show how the algorithm can be “tuned” to the geometry of the s.v.i. in question,
derive bounds for the probability of large deviations of the resulting error, etc. We also
present a number of applications where the specific structure of the rate of convergence
indeed “makes a difference”.

The main body of the paper is organized as follows: in Section 2, we describe
several special cases of monotone v.i.’s we are especially interested in (convex Nash
equilibria, convex-concave saddle point problems, convex minimization). We single
out these special cases since here one can define a useful “functional” counterpart
Errn(-) of the just defined error Erry;(-); both Erry and Erry; will participate in
our subsequent efficiency estimates. Our main development — the Stochastic Mirror
Prox (SMP) algorithm — is presented in Section 3. Some general results obout the
performance of the SMP are presented in Section 3.2. Then in Section 4 we present
SMP for Stochastic composite minimization and discuss its applications to Stochastic
Semidefinite Feasability problem and Eigenvalue minimization. All technical proofs
are collected in the appendix.
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Notations. In the sequel, lowercase Latin letters denote vectors (and sometimes
matrices). Script capital letters, like £, ), denote Euclidean spaces; the inner product
in such a space, say, £, is denoted by (-,-)¢ (or merely (-,-), when the corresponding
space is clear from the context). Linear mappings from one Euclidean space to an-
other, say, from £ to F, are denoted by boldface capitals like A (there are also some
reserved boldface capitals, like E for expectation, R for the k-dimensional coordi-
nate space, and S* for the space of k x k symmetric matrices). A* stands for the
conjugate to mapping A: if A : £ — F, then A* : F — £ is given by the identity
(f,Ae)r = (A*f,e)g for f € F,e € £&. When both the origin and the destination
space of a linear map, like A, are the standard coordinate spaces, the map is identified
with its matrix A, and A* is identified with AT. For a norm || - || on &, || - ||« stands
for the conjugate norm, see (1.5).

For Euclidean spaces &1, ...,Em, £ = &1 X ... X &, denotes their Euclidean direct
product, so that a vector from & is a collection u = [ug;...; U] (“MATLAB notation”)
of vectors uy € &, and (u,v)e =Y ,(u¢,ve)e,. Sometimes we allow ourselves to write
(U, vy Upy ) instead of [u1;...; Um).

2. Preliminaries.

2.1. Nash v.i.’s and functional error. In the sequel, we shall be especially
interested in a special case of v.i. (1.2) —in a Nash v.i. coming from a convex
Nash Equilibrium problem, and in the associated functional error measure. The Nash
Equilibrium problem can be described as follows: there are m players, i-th of them
choosing a point z; from a given set Z;. The loss of i-th player is a given function
¢i(z) of the collection z = (z1,...,2m) € Z = Z1 X ... X Z,, of player’s choices. With
slight abuse of notation, we use for ¢;(z) also the notation ¢;(z;, 2%), where z¢ is the
collection of choices of all but the i-th players. Players are interested to minimize their
losses, and Nash equilibrium Z is a point from Z such that for every i the function
¢i(z;,2") attains its minimum in z; € Z; at z; = Z; (so that in the state z no player
has an incentive to change his choice, provided that the other players stick to their
choices).

We call a Nash equilibrium problem convex, if for every i Z; is a compact convex
set, ¢i(zi,2") is a Lipschitz continuous function convex in z; and concave in 2%, and
the function ®(z) = >, ¢i(2) is convex. It is well known (see, e.g., [9]) that setting

F(z)=[F'(2);...; F™(2)], F'(2) € 9.,¢i(2,2"), i = 1,....m

where 0., ¢;(z;, 2%) is the subdifferential of the convex function ¢;(-, 2*) at a point z;,
we get a monotone operator such that the solutions to the corresponding v.i. (1.2)
are exactly the Nash equilibria. Note that since ¢; are Lipschitz continuous, the
associated operator F' can be chosen to be bounded. For this v.i. one can consider,
along with the v.i.-accuracy measure Erry;(z), the functional error measure

Errn(z) = Z [(bz(Z) — min ¢i(wz’72i)

=1 w;€Z;

This accuracy measure admits a transparent justification: this is the sum, over the
players, of the incentives for a player to change his choice given that other players
stick to their choices.

Special cases: saddle points and minimization. An important by its own right
particular case of Nash Equilibrium problem is an antagonistic 2-person game, where
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m = 2 and ®(z) = 0 (i.e., ¢2(2) = —¢1(2)). The convex case of this problem
corresponds to the situation when ¢(z1,22) = ¢1(21,22) is a Lipschitz continuous
function which is convex in z; € Z; and concave in zy € Zs, the Nash equilibria are
exactly the saddle points (min in 27, max in 29) of ¢ on Z; X Zs, and the functional
error becomes

Errn(z1,22) = max  [¢(z1,u1) — d(u, 22)] -
(u1,u2)€Z
Recall that the convex-concave saddle point problem min,, ¢ z, max,,cz, ¢(z1, 22) gives
rise to the “primal-dual” pair of convex optimization problems
(P): min ¢(z1), (D) : max ¢(z2),

z1€2Z1 22€Z2 —

where

P(z1) = max P(z1,22), ¢(22) = min P(z1, 22).
The optimal values Opt(P) and Opt(D) in these problems are equal, the set of saddle
points of ¢ (i.e., the set of Nash equilibria of the underlying convex Nash problem)
is exactly the direct product of the optimal sets of (P) and (D), and Errx(z1, 22) is
nothing but the sum of non-optimalities of z1, zo considered as approximate solutions
to respective optimization problems:

Errn (21, 22) = [¢(21) — Opt(P)] + [Opt(D) — ¢(22)] -

Finally, the “trivial” case m = 1 of the convex Nash Equilibrium is the problem of
minimizing a Lipschitz continuous convex function ¢(z) = ¢1(z1) over the convex
compact set Z = Z7, In this case, the functional error becomes the usual residual in
terms of the objective:

Errn(z) = ¢(2) — mZin 0.

In the sequel, we refer to the v.i. (1.2) coming from a convex Nash Equilibrium
problem as Nash v.i., and to the two just outlined particular cases of the Nash v.i. as
the Saddle Point and the Minimization v.i., respectively. It is easy to verify that in
the Saddle Point/Minimization case the functional error Errn(z) is > Erry;(2); this
is not necessary so for a general Nash v.i.

2.2. Prox-mapping. We once for ever fix a norm || - || on &; || - ||« stands for the
conjugate norm, see (1.5). A distance-generating function for Z is, by definition, a
continuous convex function w(-) : Z — R such that

1. if Z° be the set of all points z € Z such that the subdifferential dw(z) of w(-)
at z is nonempty, then the subdifferential of w admits a continuous selection
on Z°: there exists a continuous on Z° vector-valued function w’(z) such that
W' (2) € dw(z) for all z € Z°;

2. for certain a > 0, w(-) is strongly convex, modulus «, w.r.t. the norm || - ||:

(2.1) V(2,2 € Z°): (W'(2) —W'(2)), 2 — 2') = al|z — 2|

In the sequel, we fix a distance-generating function w(-) for Z and assume that w(-)
and Z “fit” each other, meaning that one can easily solve problems of the form

(2.2) Izllelél [w(z)+ (e, 2)], eck&.
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The prox-function associated with the distance-generating function w is defined

Vi(z,u) = w(u) —w(z) — (W(2),u—2): Z2°x Z - R™.
We set
(2.3) (a) O(z) = maxuezV(z,u) [z€Z°; (b) 2z = argmingw(z);

(¢) 0 = 0O(z); d) Q@ = /20/a.
Note that z. is well defined (since Z is a convex compact set and w(-) is continuous

and strongly convex on Z) and belongs to Z° (since 0 € dw(z.)). Note also that due
to the strong convexity of w and the origin of z. we have

(2.4) Y(ue Z): g||u — ze|]* € © < maxw(2) — w(z);
2 z€Z

in particular we see that
(2.5) Z C{z: ]z — 2| < Q}.

Prox-mapping. Given z € Z°, we associate with this point and w(-) the prox-
mapping

P(z,¢) = argerréin {w(u) + (€ — W' (2),u)} = argmin {V (z,u) + (&, u)} : € — Z°.

ue”z

We illustrate the just-defined notions with three basic examples.

Ezxample 1: Euclidean setup. Here € is RN with the standard inner product,
|| - ||2 is the standard Euclidean norm on RY (so that || - ||, = |- ||) and w(z) = 127=
(ie., Z° = Z, a« = 1). Assuming for the sake of simplicity that 0 € Z, z. = 0,

Q = max.cz ||z]|2 and © = %QQ. The prox-function and the prox-mapping are given

by V(z,u) = 3z — ull3, P(2,€) = argmin, ¢y [|(z = £) — ull>-

Ezxample 2: Simplex setup. Here € is RN, N > 1, with the standard inner prod-
uct, ||z]] = ||z]1 == Ejvzl |zj| (so that ||£]|« = max; |;]), Z is a closed convex subset
of the standard simplex

N
Dy={z€RN:2>0) z =1}
j=1

containing its barycenter, and w(z) = Ejvzl zjInz; is the entropy. Then
Z°={2€Z:2>0} and w'(2) =[14+1nz;..;1+Inzy, z€ Z°
It is easily seen (see, e.g., [3]) that here
a=1, z=[1/N;..;1/N], © <In(N)

(the latter inequality becomes equality when Z contains a vertex of Dy ), and thus
Q <+v2InN. The prox-function is

N
V(z,u) = Z wjIn(u;/z;),

and the prox-mapping is easy to compute when Z = Dy

N 1
(P(2,€)); = <Z zi eXP{_ﬁ&) zj exp{—&;}.
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Example 3: Spectahedron setup. This is the “matrix analogy” of the Simplex
setup. Specifically, now £ is the space of N x N block-diagonal symmetric matrices,
N > 1, of a given block-diagonal structure equipped with the Frobenius inner product
(a,byp = Tr(ab) and the trace norm |a|; = vazl [Ai(a)|, where A1(a) > ... = An(a)
are the eigenvalues of a symmetric N x N matrix a; the conjugate norm |a|s is the
usual spectral norm (the largest singular value) of a. Z is assumed to be a closed
convex subset of the spectahedron S = {z € £ : z = 0, Tr(z) = 1} containing the
matrix N~'Iy. The distance-generating function is the matrix entropy

w(z) = Z)\j(z) InA;(z),

so that Z° ={z€ Z:z» 0} and ©'(z) = In(z). This setup, similarly to the Simplex
one, results in @ = 1, 2 = N" 'y, © = InN and Q = vV2In N [2]. When Z = S,
it is relatively easy to compute the prox-mapping (see [2, 7]); this task reduces to
the singular value decomposition of a matrix from £. It should be added that the
matrices from S are exactly the matrices of the form

a = H(b) = (Tr(exp{b})) " exp{b}

with b € £. Note also that when Z = S, the prox-mapping becomes “linear in matrix
logarithm”: if z = H(a), then P(z,§) = H(a — &).

3. Stochastic Mirror-Prox algorithm.

3.1. Mirror-Prox algorithm with erroneous information. We are about to
present the Mirror-Prox algorithm proposed in [7]. In contrast to the original version
of the method, below we allow for errors when computing the values of F' — we assume
that given a point z € Z, we can compute an approximation F(z) € £ of F(z). The
t-step Mirror-Prox algorithm as applied to (1.2) is as follows:

ALGORITHM 3.1.

1. Initialization: Choose ro € Z° and stepsizes v >0, 1 < 7 < t.
2. Stepr, T=1,2,...,t: Given r,_1 € Z°, set

~

we = P(rr1,7%-F(rr1)),
(3.1) { rr = P(ri_1,vF(w;))

. When T < t, loop to step t + 1.
3. At step t, output

t -1y
(3.2) Z = [Z%] Z%wT.
T=1 T=1

The preliminary technical result on the outlined algorithm is as follows.
THEOREM 3.2. Consider t-step algorithm 3.1 as applied to a v.i. (1.2) with a
monotone operator F satisfying (1.4). For 7 =1,2, ..., let us set

A, = F(w;) — F(w,);
for z belonging to the trajectory {ro, wi, r1, ..., wy, r¢} of the algorithm, let

e = |F(z) = F(2)]|.,
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and let {y, € Z°}._, be the sequence given by the recurrence

(3'3) Yr = P(yf—la'YTA‘r)a Yo = To-

Assume that

a
(34) < e
Then

¢ -1
(3.5) Erry;(2) < (Z %) (1),

=1
where Erry;(Z;) is defined in (1.3),
(3.6) (1) = 26(ro) + Xt: e [MQ b (ersy ) 4
= 2 T s

t

+ Z<’VTA7W Wr — y‘r—1>

T=1

and ©(-) is defined by (2.3).
Finally, when (1.2) is a Nash v.i., one can replace Erry;(Z;) in (3.5) with Errn(Z;).

3.2. Main result. From now on, we focus on the case when Algorithm 3.1 solves
monotone v.i. (1.2), and the corresponding monotone operator F' is represented by
a stochastic oracle. Specifically, at the i-th call to the SO, the input being 2z € Z,
the oracle returns the vector F' = Z(z,(;),, where {¢; € RV}, is a sequence of
i.i.d. random variables, and Z(z,¢) : Z x RY — & is a Borel function. We refer
to this specific implementation of Algorithm 3.1 as to Stocastic Mirror Prox (SMP)
algorithm.

In the sequel, we impose on the SO in question the following assumption, slightly
milder than (1.6):

Assumption I: With some u € [0,00), for all z € Z we have

@ [E{E(0) - P}, <u
3.7 ) B{2(¢) - FOIE) <o

In some cases, we augment Assumption I by the following
Assumption II: For all z € Z and all i we have

(3.8) E {exp{|[E(z,G) — F(2)[I2/0%}} < exp{1}.
Note that Assumption II implies (3.7.b), since
exp{E {|E(2,G) — F(2)|12/0” }} < E{exp{||E(2, ¢;) — F(2)[}/0%}}

by the Jensen inequality.

From now on, assume that the starting point r¢ in Algorithm 3.1 is the minimizer
ze of w(+) on Z. Further, to avoid unnecessarily complicated formulas (and with no
harm to the efficiency estimates) we stick to the constant stepsize policy v, = 7,
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1 < 7 < t, where t is a fixed in advance number of iterations of the algorithm. Our
main result is as follows:

THEOREM 3.3. Let v.i. (1.2) with monotone operator F satisfying (1.4) be solved
by t-step Algorithm 3.1 using a SO, and let the stepsizes v = v, 1 < 7 < t, satisfy
0<vy< ﬁ Then

(i) Under Assumption I, one has

0?2
(3.9 E{Erry;(z)} < Ko(t) = O;T + ;—Z[MQ + 202 | + 2uQ,

where M is the constant from (1.4) and Q is given by (2.3).
(ii) Under Assumptions I, II, one has, in addition to (3.9), for any A > 0,

(3.10)  Prob{Erry;(%) > Ko(t) + AK1(t)} < exp{—A?/3} + exp{—At},

where

To%y n 200
. 2a Vi
In the case of a Nash v.i., Erry;(-) in (3.9), (3.10) can be replaced with Erry(-).
When optimizing the bound (3.9) in 7, we get the following

COROLLARY 3.4. In the situation of Theorem 3.3, let the stepsizes v. = 7y be
chosen according to

2

[0}
A1 = mi Q
(3 ) Y min [\/g[/a 7t(M2+202)

Then under Assumption I one has

(3.12) E {Erry; (%} < Kj(t) = max [ZQ,’ZL + 79,/1\42;302} + 2482,
(see (2.3)). Under Assumptions I, II, one has, in addition to (3.12), for any A > 0,
(3.13) Prob {Err;(2) > K§(t) + AK;(t)} < exp{—A?/3} + exp{—At}

with

180
2.t
In the case of a Nash v.i., Erry;(-) in (3.12), (3.13) can be replaced with Errn(-).
REMARK 3.5. Observe that the upper bound (3.12) for the error of Algorithm 3.1
with stepsize strategy (3.11), in agreement with the lower bound of [6], depends in the
same way on the “size” o of the perturbation Z(z, ;) — F(z) and on the bound M for
the non-Lipschitz component of F'. From now on to simplify the presentation, with
slight abuse of notations, we denote M the mazximum of these quantities. Clearly, the

latter implies that the bounds (3.7,b) and (3.8), and thus the bounds (3.12) — (3.14)
of Corollary 3.4 hold with M substituted for o.

(3.14) Ki(t)
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3.3. Comparison with Robust Mirror SA Algorithm. Consider the case
of a Nash s.v.i. with operator F' satisfying (1.4) with L = 0, and let the SO be
unbiased (i.e., u = 0). In this case, the bound (3.12) reads

QM
3.15 E {Erry(Z;} < ———,
(3.15) {Errn (2} i
where

M? =max | sup [F(z) - F (<)l SlellgE{llE(Z,Ci)—F(Z)llf}

z,2'€
The bound (3.15) looks very much like the efficiency estimate
OM
Vi

(from now on, all O(1)’s are appropriate absolute positive constants) for the approx-
imate solution Z; of the t-step Robust Mirror SA (RMSA) algorithm [3]Y). In the
latter estimate, Q) is exactly the same as in (3.15), and M is given by

(3.16) E {Errn(2)} < O(1)

—92 .
M™ = max |sup || F(2)|%; SUIZ)E{H:(ZaCi)_F(Z)Hz} :
z zZ€

Note that we always have M < 2M, and typically M and M are of the same order of
magnitude; it may happen, however (think of the case when F' is “almost constant”),
that M < M. Thus, the bound (3.15) never is worse, and sometimes can be much
better than the SA bound (3.16). It should be added that as far as implementation
is concerned, the SMP algorithm is not more complicated than the RMSA (cf. the
description of Algorithm 3.1 with the description

~

Tt = P(thlaF(thl))y

t -1y
> | D e
T=1 T=1

Zr =

of the RMSA).

The just outlined advantage of SMP as compared to the usual Stochastic Ap-
proximation is not that important, since “typically” M and M are of the same order.
We believe that the most interesting feature of the SMP algorithm is its ability to
take advantage of a specific structure of a stochastic optimization problem, namely,
insensitivity to the presence in the objective of large, but smooth and well-observable
components.

We are about to consider several less straightforward applications of the out-
lined insensitivity of the SMP algorithm to smooth well-observed components in the
objective.

4. Application to Stochastic Approximation: Stochastic composite mi-
nimization.

1) In this reference, only the Minimization and the Saddle Point problems are considered. How-
ever, the results of [3] can be easily extended to s.v.i.’s.
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4.1. Problem description. Consider the optimization problem as follows (cf.

[6]):
(4.1)

where

min ¢(z) := (¢1(x), ..., dm(x)),

reX

. X C X is a convex compact; the embedding space X is equipped with a

norm | - ||z, and X — with a distance-generating function w, (x) with certain
parameters a,, ©,,Q, w.r.t. the norm || - ||;

¢e(x) : X — &, 1 < £ < m, are Lipschitz continuous mappings taking values
in Euclidean spaces & equipped with norms (not necessarily the Euclidean
ones) || - [|(¢ with conjugates || - [|(s,«) and with closed convex cones K,. We
suppose that ¢, are K;-convex, i.e. for any z,2’ € X, A € [0,1],

¢e(Az + (1= N)a') <k, Ade() + (1= N)e(2'),

where the notation a <x b < b >k a means that b —a € K.
In addition to these structural restrictions, we assume that for all v,v" €
X, he X,

(4.2) (@) h(v) = ¢4 (0)Alle) < [Lallv — 0'[le + Me][|A]]
' 0)  l@e()lhlle) < [LaQe + Mc][B].

for certain selections ¢}(z) € 9%¢¢,(x), * € X?) and certain nonnegative
constants L, and M,,.

Functions ¢(+) are represented by an unbiased SO. At i-th call to the oracle,
2z € X being the input, the oracle returns vectors fy(x,{;) € & and linear
mappings Ge(z, ;) from X to &, 1 < £ < m ({¢;} are i.i.d. random vectors)
such that for any x € X and i = 1,2, ...,

(a) E{fu(z,G)}=¢u(x), 1<L<m
) B 1o, 6) - 0l b < D20
m

() 1<l<m
43) (¢) E{Gu(x,G)} =¢)(x), 1<L<m,
(

4) EY max |[Ge<x,<i>—¢z<x>]h%@} <ML 1<t<m

Thlle<1

®(-) is a convex function on £ = &; x ... X &, given by the representation

m
(4.4) D(ug, ..., Upy) = Max {Z(ug, Ay +b)e, — Q*(y)}
vey i
for ug € &, 1 < £ < m. Here
(a) Y C Y is a convex compact set containing the origin; the embedding
Euclidean space Y is equipped with a norm ||-||,,, and Y - with a distance-
generating function w,(y) with parameters a,,©,,, w.r.t. the norm

- llys

2) For a K-convex function ¢ : X — £ (X C X is convex, K C & is a closed convex cone) and
x € X, the K-subdifferential 3% ¢(z) is comprised of all linear mappings h +— Ph : X — &£ such that
d(u) =g ¢(x) + P(u —2) for all w € X. When ¢ is Lipschitz continuous on X, 8% ¢(z) # 0 for
all z € X; if ¢ is differentiable at « € int X (as it is the case almost everywhere on int X), one has

992) ¢ 9K ().
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(b) The affine mappings y — Apy+0be : Y — & are such that Ayy+b, € K}
for all y € Y and all ¢; here K is the cone dual to Ky;

(¢) ®@.(y) is a given convex function on Y such that

(4.5) 12%(y) = LYy« < Lylly = o'lly + M,

for certain selection @/ (z) € 0P, (y), y € Y.
Example: Stochastic Matrix Minimax problem (SMMP). For 1 < ¢ < m, let & = SP¢
be the space of symmetric py X p, matrices equipped with the Frobenius inner product
(A,B)r = Tr(AB) and the spectral norms | - o, and let K, be the cone S of
symmetric positive semidefinite p;, X py; matrices. Consider the problem

i >\m'1x ? P
TR 2 (Z ol ) "

where Pj, are given py x ¢; matrices, and Apax(A) is the maximal eigenvalue of a

symmetric matrix A. Observing that for a symmetric ¢ x ¢ matrix A one has
Amax(A) = grg}s}; Tr(AS)

where §; = {S € 8% : Tr(S) = 1}. When denoting by Y the set of all symmetric

positive semidefinite block-diagonal matrices y = Diag{ys, ..., yx } with unit trace and

diagonal blocks y; of sizes ¢; x ¢;, we can represent (P) in the form of (4.1), (4.4)
with

(I)(u) = 112382( Amax (ZPZUZ )
- T P,
> (3 y)

y= Dlag{yh - —
= Tr Uy
E E Eyk
y= Dlag{yl yk}GY
m
= E uE;AZy
y= Dldg{"]h ,wc}EYe

(we put Ayy = ZJ 1 gy]P ). The set Y is the spectahedron in the space S9 of
symmetric block- dlagonal matrices with k diagonal blocks of the sizes ¢; x g;, 1 < j <

k. When equipping Y with the spectahedron setup, we get oy =1, O, = ln(2§:1 q;)

and Q, = 21n(2§:1 g;), see Section 2.2.
Observe that in the simplest case of k = m, p; = ¢;, 1 < j < m and Pj; equal to
I, for j = ¢ and to 0 otherwise, the SMMP problem becomes

(16) min [ s D002

rzeX [1<4<m

If, in addition, p; = ¢; = 1 for all j, we arrive at the usual (“scalar”) minimax problem

(4.7) min [ max ¢ (x )]

zeX [1<l<m
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with convex real-valued functions ¢,.
Observe that in the case of (4.4), the optimization problem (4.1) is nothing but
the primal problem associated with the saddle point problem

(4.8) min max [ Z x), Ay + be)g, (9)1

zeX yeYy
=1

and the cost function in the latter problem is Lipschitz continuous and convex-concave
due to the Kj-convexity of ¢p(-) and the condition Ay + by € K} whenever y € Y.
The associated Nash v.i. is given by the domain Z and the monotone mapping

m

(4.9)  F(z)=F(zy) = [Z[a%( ' [Awy +bd; =Y Ajdu(x) + ¥L(y)] -
=1

(=1

The advantage of the v.i. reformulation of (4.1) is that F is linear in ¢y(-), so that
the initial unbiased SO for ¢, induces an unbiased stochastic oracle for F', specifically,
the oracle

m

(4.10)  E(x,y,¢) = [ZG x, G)[Aey + bel; ZAzfz z,G) + PL(y)|

We are about to use this oracle in order to solve the stochastic composite minimization
problem (4.1) by the SMP algorithm.

4.2. Setup for the SMP as applied to (4.9). In retrospect, the setup for SMP
we are about to present is a kind of the best — resulting in the best possible efficiency
estimate (3.12) — we can build from the entities participating in the description of the
problem (4.1). Specifically, we equip the space £ = X x Y with the norm

(=, 9)ll = \/Ilwlli/Qi + llllg /93

the conjugate norm clearly is

1 mle = \JO2UEZ,. + 2l

Finally, we equip Z = X X Y with the distance-generating function
1 1
w(z,y) = mwx(x) + mwy(y)

The SMP-related properties of our setup are summarized in the following
LEMMA 4.1. Let

(4.11) A= max ZHAZZJH (), B= ZHbeH (%)

yeV:llylly <1y
(i) The parameters of the just defined distance-generating function w w.r.t. the
just defined norm || - || are a =1, @ =1, Q = /2.
(ii) One has

(4.12) V(z,2' € Z): |F(z) = F(2")||« < L||z = 2| + M,
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where

L =540,y [ Ly + M) + B L, + Q. Ly,
M = [2AQ, + ||b||1] QM + Q, M,

Besides this,

(113)  V(z€ Zi): B{E(=.0)} = F(2);  B{|E(z,¢) ~ F(2)[2} < A

Furethermore, if relations (4.3.b,d) are strengthened to
B {esp { e 100,60 - an(o) I /007 b} < expfa),
(4.14) o
E exp{ max |[[Ge(x) — ¢y (2)]nl, /MQ}} <exp{l}, 1<l<m,
e

[Pz <1

then

(4.15) E {exp{|[2(z,¢:) — F(2)[2/M?}} < exp{1}.

Combining Lemma 4.1 with Corollary (3.4) we get explicit efficiency estimates for the
SMP algorithm as applied to the Stochastic composite minimization problem (4.1).

4.3. Application to Stochastic Semidefinite Feasibility problem. Assume
we are interested to solve a feasible system of matrix inequalities

(4.16) () 20, 0=1,...m &z € X,

where m > 1, X C X is as in the description of the Stochastic composite problem,
and 1(+) take values in the spaces & = SP¢ of symmetric py X p; matrices. We equip
& with the Frobenius inner product, the semidefinite cone K, = S%* and the spectral
norm || - ||y = | - |eo (recall that |A]o is the maximal singular value of matrix A). We
assume that 1, are Lipschitz continuous and K, = S’}f—convex functions on X such
that for all z,2’ € X and for all £ one has

[p(2) = Yip(a)hloo < Lellx — 2|l + My,

hex, Hh\lz<1
4.17
(4.17) (@) hloo < Lo + My

hex, Hh\lz<1
for certain selections v} (z) € 0K¢ypy(z), z € X, with some known nonnegative con-
stants Ly, M.
We assume that 9,(-) are represented by an SO which at i-th call, the input being

z € X, returns the matrices fy(z,(;) € SP* and the linear maps Gy(x,(;) from X to
&Er such that for all x € X it holds

(a) E ﬁ(x,g)}:we(x), E{éé(xag)}:%(x),lgégm
wiy O B mex R0 - vk @) <1

1<l

() BY{ max [ém,ci)—wz(x)]mzo/w}<1,1<6<m.

Ihlle<1

Given a number ¢ of steps of the SMP algorithm, let us act as follows.
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A. We compute the m quantities pu, = 917\/%2 + My, £=1,...,m, and set

p/t
Q

Note that by construction 8y > 1 and L, /Ly > B¢, M, /My > B, for all £, so that the
functions ¢, satisfy (4.2) with the just defined L,, M,. Further, the SO for v,(-)’s
can be converted into an SO for ¢y(-)’s by setting

fo(x,¢) = Befe(2,¢), Golx,¢) = Gz, Q).

By (4.18), this oracle satisfies (4.3).
B. We then build the Stochastic Matrix Minimax problem

(4.19) p= max g, [B¢= i,m(d = Bete(-), Ly =

1<e<m

, My = p

(4.20) gg)l(l 121;2’;1 Amax (¢i()),

associated with the just defined ¢, ..., ¢.,,, that is, the Stochastic composite problem
(4.1) associated with ¢1, ..., ¢,, and the outer function

m
CD(ulv 7um) - 121;25”4 )\max(uf) - I%g;@z,yeﬁa

Y = {y = Diag{y1, ..., ym} € Y =8P x ... x SP™ : y > 0, Tr(y) = 1}
CY =8P x..x8m,

Thus in the notation from (4.4) we have Ay = yy, by =0, P, = 0. Hence L, = M, =
0, and Y is a spectahedron. We equip ) and Y with the Spectahedron setup, arriving
at

C. We have specified all entities participating in the description of the Stochastic
composite problem. It is immediately seen that these entities satisfy all conditions
of Section 4.1. We can now solve the resulting Stochastic composite problem by
t-step SMP algorithm with the setup presented in Section 4.2. The corresponding
convex-concave saddle point problem is

zeX yeyYy

minmax Y B(ve(x), ye) r;
=1

with the monotone operator and SO, respectively,

F(z) = Flx,y) = [Z Be[vp(2)]"ye; — Diag {191 (@), ..., amwm(w)}] ;
=1

E((m,y),() = [Z ﬂ@az(xaC)yfa 7Dlag{a1.]?1(xa<)a aame(‘T’<))}‘| .
=1

Combining Lemma 4.1, Corollary 3.4 and taking into account the origin of the quan-
tities Ly, My, and the fact that A =1, B =0 2), we arrive at the following result:

3) See (4.11) and note that we are in the case when by = 0 and || - l(e,«) is the trace norm; thus,
Yormy MAeyll e,y = 2202 lyelt = [yl = llylly-
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PROPOSITION 4.2. With the outlined construction, the resulting s.v.i. reads
(4.21) find z. € Z=X XY : (F(2),z2 —2z.) 20 Vz € Z,

for the monotone operator F' which satisfies (1.4) with

Qup;

=10 lanpg

Beside this, the resulting SO for F satisfies (4.13) with the just defined value of M.
Let now

Qpu(VE+1), [11121)@

-1

1
v = 10[311(12”] Qou(Vt+1) | ,1<7<¢.

When applying to (4.21) the t-step SMP algorithm with the constant stepsizes vy, =y
(cf. (3.11) and note that we are in the situation « = © = 1), we get an approzimate
solution zy = (Tt, Yr) such that

N

In 22":1 pe)® p
NG

(cf. (3.12) and take into account that we are in the case of Q = /2, while the optimal
value in (4.20) is nonpositive, since (4.16) is feasible).
Furthermore, if assumptions (4.18.b,c) are strengthened to

(4.22) E{ max ﬁp)\max(wg(xt))} < 8097”[

1<l<m

B max e(17ie.6) o)/ (@M} < expl1)
{x{ ax (Gl ) — ()H/Me}} exp{1}, 1<l<m,

heX, HhHTgl

then, in addition to (4.22), we have for any A > 0:

(7 pe)]* Qopr | (15 IS pr]® qu}

PrOb{1I<neaén 6ﬁ>\max(¢€($t)) > 80 \/E \/Z

< exp{—A?/3} + exp{—At}.

Discussion. Imagine that instead of solving the system of matrix inequalities
(4.16), we were interested to solve just a single matrix inequality 1y(z) < 0, z € X.
When solving this inequality by the SMP algorithm as explained above, the efficiency
estimate would be

Q.L, M,

E {443} <0() [ln(pe + 1]/ 0, [ n ﬁ} ~ 0(1) In(pe-+ D] 0, 22

18ap
\/1*; )

= 0(1) ln(pe + 1)]"? 87
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(recall that the matrix inequality in question is feasible), where Z¢ is the resulting
approximate solution. Looking at (4.22), we see that the expected accuracy of the
SMP as applied, in the aforementioned manner, to (4.16) is only by a logarithmic in
> ¢ pe factor worse:

1/2
Qmﬂé

(4.23) E{¢y(7)} < O(1) N

anpg

=1

m 1/2
1 Qep
anm] 1=k = o)
= Vi

Thus, as far as the quality of the SPM-generated solution is concerned, passing from
solving a single matrix inequality to solving a system of m inequalities is “nearly
costless”. As an illustration, consider the case where some of ¢, are “easy” — smooth
and easy-to-observe (M, = 0), while the remaining v, are “difficult”, i.e., might be
non-smooth and/or difficult-to-observe (L, = 0). In this case, (4.23) reads

m 1/2 Q2 .
O(1) [In 3y, pe] / %, Py is easy,

O() I, p)'/? LMo 4, s difficult.

E{to(Z:)} < {
Vit

In other words, the violations of the easy and the difficult constraints in (4.16) converge
to 0 as t — oo with the rates O(1/t) and O(1/+/t), respectively. It should be added
that when X is the unit Euclidean ball in X = R™ and X, X are equipped with the
Euclidean setup, the rates of convergence O(1/t) and O(1/+/t) are the best rates one
can achieve without imposing bounds on n and/or imposing additional restrictions
on y’s.

4.4. Eigenvalue optimization via SMP. The problem we are interested in
now is

Opt = min f(2) := Amax(Ao + 2141 + ... + 2, A,),
(4.24) P miy /(@) (: H )
X = {ze€R":220,), ,z; =1},

where Ag, Ai,...,A,, n > 1, are given symmetric matrices with common block-
diagonal structure (p1,...,pm). Le., all A; are block-diagonal with diagonal blocks
AL of sizes pg X pp, 1 < £ < m. We denote

X

m
p) = ;p?, £=1,2,3 p =maxpy A = max. |40
Setting
n
Gr: X = E =8P, ¢y(x) =A€+Z$jz4§, 1<l<m,
j=1

we represent (4.24) as a particular case of the Matrix Minimax problem (4.6), with
all functions ¢y (x) being affine and X being the standard simplex in X = R™.

Now, since A; are known in advance, there is nothing stochastic in our problem,
and it can be solved either by interior point methods, or by “computationally cheap”
gradient-type methods; these latter methods are preferable when the problem is large-
scale and medium accuracy solutions are sought. For instance, one can apply the ¢-step



STOCHASTIC MIRROR-PROX ALGORITHM 17

(deterministic) Mirror Prox algorithm DMP from [7] to the saddle point reformulation
(4.8) of our specific Matrix Minimax problem, i.e., to the saddle point problem
min ma.

A " A
(425) reX ye})f( <y’ 0+ E]Zl Ly J>F7
Y = {y =Diag{y1, ..., ym} : yr € ST, 1 <L <m, Tr(Y) =1}.
The accuracy of the approximate solution Z; of the DMP algorithm is [7, Example 2]

o) VIn(n) In(p(M) A, .

t

(4.26) f(&) — Opt <

This efficiency estimate is the best known so far among those attainable with “com-
putationally cheap” deterministic methods. On the other hand, the complexity of
one step of the algorithm is dominated, up to an absolute constant factor, by the
necessity, given x € X and y € Y,
1. to compute the matrix AO+Z?:1 x;A; and the vector [Tr(Y A;);...; Tr(Y A,)];
2. to compute the eigenvalue decomposition of y.
When using the standard Linear Algebra, the computational effort per step is

(4.27) Caer = O(L)[np! + p¥)]

arithmetic operations.

We are about to demonstrate that one can equip the deterministic problem in
question by an “artificial” SO in such a way that the associated SMP algorithm, under
certain circumstances, exhibits better performance than deterministic algorithms. Let
us consider the following construction of the SO for F' (different from the SO (4.10)!).
Observe that the monotone operator associated with the saddle point problem (4.25)
is

(4.28) F(z,y) = | [Tr(yAr);...; Tr(yA,)]; —Ao — Z:lejAj ]

Fr(z,y)

Fy(z,y)

Given z € X, y = Diag{y1, ...,ym} € Y, we build a random estimate = = [2%; Z¥] of
F(z,y) = [F*(z,y); FY(z,y)] as follows:
1. we generate a realization j of a random variable taking values 1,...,n with
probabilities z1,...,x, (recall that € X, the standard simplex, so that x
indeed can be seen as a probability distribution), and set

(4.29) SV =Ag+ A;

2. we compute the quantities v, = Tr(ys), 1 < £ < m. Since y € Y, we have
vy > 0 and Zznzl vy = 1. We further generate a realization 2 of random
variable taking values 1, ..., m with probabilities vy, ..., vy, and set

(4.30) 27 = [Tr(Aig); s Te(AL5)), 4 = (Tr(,)) ™'y

The just defined random estimate = of F'(z,y) can be expressed as a deterministic
function Z(zx,y,n) of (x,y) and random variable 7 uniformly distributed on [0, 1].
Assuming all matrices A; directly available (so that it takes O(1) arithmetic operations
to extract a particular entry of A; given j and indexes of the entry) and given z,y and
n, the value Z(z,y, &) can be computed with the arithmetic cost O(1)(n(p™**)2 4 p(?))
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(indeed, O(1)(n + p*)) operations are needed to convert 7 into z and 7, O(1)p(?
operations are used to write down the y-component —Ay — A, of Z, and O(1)n(p™**)?
operations are needed to compute Z*). Now consider the SO’s Zj (k is a positive
integer) obtained by averaging the outputs of & calls to our basic oracle E. Specifically,
at the i-t call to the oracle g, z = (z,y) € Z = X x Y being the input, the oracle
returns the vector

?rM—‘

k
E EZThs

where ¢; = [ni1;..; 1] and {7is}1<i, 1<s<k are independent random variables uni-
formly distributed on [0, 1]. Note that the arithmetic cost of a single call to =, is

Cx = O(Lk(n(p™™)* +p®).

The Nash v.i. associated with the saddle point problem (4.25) with the stochastic
oracle = (k being the first parameter of our construction) specify a Nash s.v.i. on
the domain Z = X x Y. Let us equip the standard simplex X and its embedding
space X = R™ with the Simplex setup, and the spectahedron Y and its embedding
space Y = SP* x ... x SPm with the Spectahedron setup (see Section 2.2). Let us next
combine the z- and the y-setups, exactly as explained in the beginning of Section 4.2,
into an SMP setup for the domain Z = X x Y — a distance-generating function w(-)
and a norm || || on the embedding space R™ x (SP* x ... x SP¢) of Z. The SMP-related
properties of the resulting setup are summarized in the following statement.

LEMMA 4.3. Letn >3, p(Y) > 3. Then

(i) The parameters of the just defined distance-generating function w w.r.t. the
just defined norm || - || are a =1, © =1, Q = /2.

(ii) For any z,%' € Z one has

(4.31) IF(2) = F(z) |« < Lz = 2|, L =2[ln(n) +2In(p")]Ae
Besides this, for any (z € Z, i =1,2, ...,

(a) E{Ek(z,G)} = F(2);
(4.32) () E{exp{||=(z,G) — F(2)[2/M?}} < exp{1},
M = 27[In(n) + In(pM)]As /VE.

Combining Lemma 4.3 and Corollary 3.4, we arrive at the following
PROPOSITION 4.4. With properly chosen positive absolute constants O(1), the
t-step SMP algorithm with constant stepsizes

mln 1 \k
= 1<1< =
¥ =0 AL ln(np(l))A STSt Ao = L2, [4jloe]

as applied to the saddle point reformulation of problem (4.24), the stochastic oracle
being 2y, produces a random feasible approximate solution Ty to the problem with the
error

E(Zr\t) = Amax AO + Z[/‘r\t}jAj - Opt
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satisfying
E {e(Z;)} < O1)In(np™M) A [% + \/%} 7
(4.33) VA > 0: Prob {e(@) > O(1) In(np™M) Aug [% 4 A]\/%} }

< exp{—A?/3} + exp{—At}

Assuming all matrices A; directly available, the overall computational effort to com-
pute T; 1s

(4.34) ¢ = OVt [k(n(p™>)? +p) + p |

arithmetic operations, where O(1)k(n(p™)? 4 p®?)) opemtz'ons per step is the price
of two calls to the stochastic oracle Zj, and O(1)(n + p®)) operations per step is the
price of computing two proxr mappings.

Discussion. Let us find out whether randomization can help when solving a large-
scale problem(4.24), that is, whether, given quality of the resulting approximate solu-
tion, the computational effort to build such a solution with the Stochastic Mirror Prox
algorithm SMP can be essentially less than the one for the deterministic Mirror Prox
algorithm DMP. To simplify our considerations, assume from now on that p, = p,
1 < £ < m, and that In(n) = O(1) In(mp). Assume also that we are interested in a
(perhaps, random) solution Z; which with probability > 1 — ¢ satisfies €(Z;) < €. We
fix the tolerance § < 1 and the relative accuracy v = W < 1 and look what
happens when (some of) the sizes m, n,p of the problem become large.

Observe first of all that the overall computational effort to solve (4.24) within
relative accuracy v with the DMP algorithm is

CPMP(v) = O(1)m(n + p)p*v™"

operations (see (4.26), (4.27)). As about the SMP algorithm, let us choose k which
balances the per step computational effort O(1)k(n(p™*)? + p®)) = O(1)k(n +m)p?
to produce the answers of the stochastic oracle and the per step cost of prox mappings

O(1)(n+mp?), that is, let us set k = Ceil ( ) With this choice of k, Proposition

4.4 says that to get a solution of the requlred quality, it suffices to carry out
(4.35) t=0(1) [v ! +In(1/6)k™ v 7]

steps of the method, provided that this number of steps is > 1/In(2/d). The latter
assumption is automatically satisfied when the absolute constant factor in (4.35) is
> 1 and v4/In(2/9) < 1, which we assume from now on. Combining (4.35) and the
upper bounds on the arithmetic cost of an SMP step stated in Proposition 4.4, we
conclude that the overall computational effort to produce a solution of the required
quality with the SMP algorithm is

CSMP (1, 6) = O(1)k(n + m)p? [+ In(1/8)k v 2]

operations, so that

_ PPy m(n + p)
= s, 5y = ow) (n+m)(k +In(1/5)r1) [k = Ceil (m+n)]
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We see that when v, § are fixed and both m% and n/p are large, then R is large
as well, that is, the randomized algorithm outperforms significantly its deterministic
counterpart.

Another interesting observation is as follows. In order to produce, with probability
> 1 — 4, an approximate solution to (4.24) with relative accuracy v, the just defined
SMP algorithm requires ¢ steps, with ¢ given by (4.35), and at every one of these steps
it “visits” O(1)k(m+n)p? chosen at random entries in the data matrices Ag, A1, ..., A,.
The overall number of data entries visited by the algorithm is therefore NSMP —
O(1)tk(m+n)p* = O(1) [kv=" 4+ In(1/6)v=2] (m +n)p?. At the same time, the total
number of data entries is N*t = m(n + 1)p?. Therefore

NSMP

V= Ntot

= 0(1) [kv™" +In(1/86)r 2] [; - le] [k = Ceil (ﬁfn

)]

We see that when §, v are fixed and m, n and n/p are large, ¥ is small, i.e., the
approximate solution of the required quality is built when inspecting a tiny fraction
of the data. This sublinear time behaviour [13] was already observed in [3] for the
Robust Mirror Descent Stochastic Approximation as applied to a matrix game (the
latter problem is the particular case of (4.24) with p; = ... = p,, = 1 and Ay = 0).
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5.1. Proof of Theorem 3.2. We start with the following simple observation:
if . is a solution to (2.2), then dzw(r.) contains —e and thus is nonempty, so that
r. € Z°. Moreover, one has

(5.1) (W(re) —e,u—re) = 0Vu € Z.

Indeed, by continuity argument, it suffices to verify the inequality in the case when
u € rint(Z) C Z°. For such an u, the convex function

ft) =wlre +t(u—re)) + (re +t(u—re),e), t€]0,1]
is continuous on [0,1] and has a continuous on [0, 1] field of subgradients
9(t) = (W'(re + t(u —re)) + €;u —re).

It follows that the function is continuously differentiable on [0, 1] with the derivative
g(t). Since the function attains its minimum on [0,1] at ¢ = 0, we have g(0) > 0,
which is exactly (5.1).

At least the first statement of the following Lemma is well-known:

LEMMA 5.1. For every z € Z°, the mapping & — P(z,§) is a single-valued
mapping of £ onto Z°, and this mapping is Lipschitz continuous, specifically,

(5.2) 1P(2,¢) = P(z.n)ll < @ H[IC = mll Y¢,m e &
Besides this,

(a) Y(ueZ):V(P(z(),u)

(Z’u) + <<7u - P(Z’C»Q_ V(Z,P(Z,C))
(b) ¢l

(53) (2,0) + (¢ u— =) + L&,

|4
V

NN

Proof.
Let v € P(2,(), w € P(z,n). As V/(z,u) = w'(u) — w'(z), invoking 5.1, we have
v,w € Z° and

(5.4) (W'(v) —w(z)+¢v—u) <0 YueZ.

(5.5) (W' (w) — ' (2) +mw—u) <O Vu€ Z.
Setting u = w in (5.4) and u = v in (5.5), we get
(W' (v) =w'(2) + (v —w) <0, (W' (w) —w'(2) + 1,0 —w) >0,
whence (o' (w) — w'(v) + [n — ¢],v —w) > 0, or
I = Cllllo = wll = 7 — ¢ v —w) = (W' (v) — w'(w), v — w) > allv—w?,

and (5.2) follows. This relation, as a byproduct, implies that P(z, ) is single-valued.
To prove (5.3), let v = P(z,(). We have

V(v,u) = V(zu) = [wu) = (@' ©),u—v) = w@)] - [w) - ('(2),u - 2) - w(z)]

= (W'(v) —w'(2) + (v —u) + (G u—v) — [w(v) = (W(2),v = 2) —w(2)]
(due to (5.4)) < (C,u—v)—V(z,0),
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as required in (a) of (5.3). The bound (b) of (5.3) is obtained from (5.3) using the
Young inequality:

2|2 (e

<C7Z_U>< 2 9

Indeed, observe that by definition, V(z, ) is strongly convex with parameter o, and
V(z,v) = |z — v||?, so that

(Gu—v) =V(z,v) =(Cu—2)+(¢,z—v) = V(zv) < <C,U—Z>+%-

We have the following simple corollary of Lemma 5.1:
COROLLARY 5.2. Let&y,&o, ... be a sequence of elements of £. Define the sequence
{yr 122, in Z° as follows:

Yr = P(y‘rfhg‘r)a Yo € Z°.

Then y, is a measurable function of yo and &1, ...,&, such that

(56) (V’U/ S Z 2577 y07 + Z CT)

with

(5.7) |G| < rl|érll« (here r=max||ul]); ¢ < —{(&,yr_1) + H&”i
ueZ b T X T3 T 2a

Proof. Using the bound (b) of (5.3) with ¢ = & and z = y;—1 (so that y; =
P(y¢—1,&:) we obtain for any u € Z:

V(yt7u) - V(ytfhu) - <£t7u> < _<€t7yt> - V(ytflayt) = Ct-

Note that
Ct max[ <€ta > (yt 1,V )]
so that

=7l < = (&t yi—1) < G < 7[[Ee[s

Further, due to the strong convexity of V,

2
Go = (€)= = 1) — Vi1, 90) < (o) + 1o

When summing up from 7 = 1 to 7 =t we arrive at the corollary. O
We also need the following result.
LEMMA 5.3. Let z € Z°, let ¢, n be two points from &, and let

w = P(z,(), ry = P(z,n)
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Then for all w € Z one has

(@) Jw=ril<a ¢ —nl.

(58) ol e
(B) Vreu) = V(zu) < (0 u—w)+ E50 — 8w — 2|2,

Proof. (a): this is nothing but (5.2).
(b): Using (a) of (5.3) in Lemma 5.1 we can write for u = ry:
V(w,ry) < V(z,ry) + (¢ ry —w) = V(z,w).
This results in
(5.9) Viz,ry) 2 V(w,ry) + V(z,w) + (Cw —ry).

Using (5.3) with n substituted for ¢ we get

Virem) SV +(nu=rs) =Visry)
= V(eyu) + (= w) + {nw —ry) = V(zr)

by (39)] <V(zu)+ u—w)+ - Cw=r) = V(zw) = Vwrs)
<V(zu)+ (nu—w) + (- Gw —r+>—%[||w—zu2+||w—r+||2],

due to the strong convexity of V. To conclude the bound (b) of (5.8) it suffices to
note that by the Young inequality,

n—dlif @
<77_C7w_r+>< H 20 || +§Hw—r+||2
a
We are able now to prove Theorem 3.2. By (1.4) we have that
||ﬁ(w7) - ﬁ(r'r—l)Hi < (Llfrr—r —we [+ M + 6, + GwT)Q
(5.10) <3L2||lwy — rr_1 || +3M? + 3(er,_, + 6w, )

Let us now apply Lemma 5.3 with z =r,_1, { = 7713(7"7,1), n= %ﬁ(wr) (so that
w = w,; and r4 = r;). We have for any u € Z

(e F(wy), wy — )+ V(rp,u) = V(re—1,u)
72 - fa 2 « 9
< 22 F(uw,) = Flrr)|2 = Sl — 1o

3’y2L2 a
[by (5.10)] < [lwr = rr—al? + M2 + (e, , +€w,)?] = 3 llwr = rr®

by (3.4)] < ?;—a (M2 4 (e, + e, )]

When summing up from 7 = 1 to 7 =t we obtain

t

t
~ 32
> Fwe), we =) < Viro,uw) = Vireu) + 3 55 [M? 4 (er, L, + )]

T7=1 =1
t 3 2
<O(ro) + > ST M2+ (er, , +€w,)?]

2
=1
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Hence, for all u € Z,

t

Z<’YTF(U)7—),U)7— —u)

=1
t
< O(rg) + Z 321: [M2 + (ér._, + ewT)Q] + Z(yTAT,wT —u)
T=1 =1
t 32 .
(5.11)  =0©(ro) + Z 2—; [M?+ (er,_, +€w,)’] + Z(vTAﬁwT — Y1)
=1 T=1
t
+ Z<’VTA7" Yr—1 —u),

T=1

where y, are given by (3.3). Since the sequences {y,}, {{&; = 7-A,} satisfy the

premise of Corollary 5.2, we have

(Vu e Z) ZLN%AT,% 1—u) < (7'07 W)+ i ElA?
(TO) =+ 27— 1 2a w,.
and thus (5.11) implies that for any u € Z

t t

(512> Z<FYTF(U}T)7U}T - ’Z,L> < 2@(T0) + Z<’YTAT7U)T - y'r—1>

=1 =1

:
3 €
+z 2 [ (e e

3

To complete the proof of (3.5) in the general case, note that since F' is monotone,

(5.12) implies that for all u € Z,

> v (F(u), wr —u) <T(b),

37

: €
(t) =26(ro) + Z 20 [M2 + (er,_, + wa)2 + gf] + Z<’YTAT7UJT —Yr-1)

T=1
(cf. (3.6)), whence

—1

Y(ue Z): (F(u),% —u) < lz %] I(t).

When taking the supremum over u € Z, we arrive at (3.5).

In the case of a Nash v.i., setting w, = (wr 1, ..., Wrm) and v = (uy, ...,

Up,) and

recalling the origin of F, due to the convexity of ¢;(z;, 2%) in 2;, for all u € Z we get

from (5.12):

m

Z%Z[fbi(wﬁ Bi(uiy (wr))] <D 9r Y (Fi(wy), (wr); —ug) <T(2).

i=1
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Setting ¢(z) = >iv ;| ¢i(z), we get

Z’VT [Qs(w‘r) - Z ¢i(wi, (w‘r>l)‘| < I(1).

Recalling that ¢(-) is convex and ¢;(u;, -) are concave, i = 1, ..., m, the latter inequality
implies that

[Z %] [wt) o @)i)] )
T=1 i=1

or, which is the same,

Z [¢l Zt Z¢z Us s Zt ]

-1

Z %1 L(t).

This relation holds true for all u = (u1, ..., uy,) € Z; taking maximum of both sides
in u, we get

-1

Errn(Z:) lz 771 (). [

5.2. Proof of Theorem 3.3. In what follows, we use the notation from Theo-
rem 3.2. By this theorem, in the case of constant stepsizes v, = v we have

(5.13) Erry; (%) < [ty T(1),
where
3,)/2 ) ) 62 t
I'(t) =20+ — M ” w e A, wy — Yre
(1) =26+ ag[ +(e”+67)+3}+v;< wr = Y1)

t t
(5.14) <20+ Lela > [MQ +e2 + efﬂf} +9 > (A wr = yra).

T=1 T=1

For a Nash v.i., Erry,; in this relation can be replaced with Erry.

Note that by description of the algorithm r,_; is a deterministic function of
¢V =1 and w, is a deterministic function of ¢(M(7) for certain increasing sequences
of integers {M (1)}, {N(7)} such that N(r — 1) < M(7) < N(7). Therefore ¢,__, is
a deterministic function of ¢(N("=D+1 and €,, and A, are deterministic functions of
¢M(M)+1 Denoting by E; the expectation w.r.t. ¢;, we conclude that under assumption
I we have

(5.15) En(r-1)41 {672«7,1} < 0%, Epryr1 {€ } <02 [[Epryg1 {A - <

and under assumption II, in addition,

(5.16) En(r-1)+1 {exp{ei_l 2}} exp{1},
EM(T)JF]- {eXp{ei;TU 2}} 5 eXp{l}.
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Now, let
77
To(t) = % 3 [M2 v 4
T=1
We conclude by (5.15) that
7y2t
(5.17) E{To(t)} < “LE[M2 + 202).

2c
Further, y,_; clearly is a deterministic function of ¢M("=D+1 whence w, — y,_1 is a

deterministic function of ¢™(7). Therefore

EM(T)+1 {<A7—7U}7— - y‘f*1>} = <EM(T)+1 {Ar}va - y7‘71>
(5.18) < pllwr —yr || < 2u82,

where the concluding inequality follows from the fact that Z is contained in the || - ||-
ball of radius Q = /20 /« centered at z., see (2.5). From (5.18) it follows that

t
E {VZMT,wT - yr1>} < 2p7t2.

T=1

Combining the latter relation, (5.13), (5.14) and (5.17), we arrive at (3.9). (i) is
proved.
To prove (ii), observe, first, that setting

t
Jt = E |:O'7263‘T_1 + 0'726,3)7_i| 5
=1
we get

M2 Ty20°
St LU A

(5.19) Lo(t) =~ e

At the same time, we can write
2t
Jt = Zgﬁ
j=1

where §; > 0 is a deterministic function of ¢'G) for certain increasing sequence
of integers {I(j)}. Moreover, when denoting by E; conditional expectation over
¢t I+L 16 =1 being fixed, we have

Ej {exp{¢;}} < exp{l},
see (5.16). It follows that

k+1 k
ES exp{d ¢} ¢ =E{ EpprQexp{)_ & exp{&ui}
j=1 j=1
k k
(5.20) =E exp{z & Bk {exp{&ry1}} ) <exp{l}E exp{z &}

Jj=1 Jj=1
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Whence Elexp{J}] < exp{2t}, and applying the Tchebychev inequality, we get

VA > 0: Prob{J > 2t + At} < exp{—At}.
Along with (5.19) it implies that

2
(5.21) VA >0:Prob {Fo(t) > %[MQ +20%] + A
0}

T30t
2c

} < exp{—At}.

Let now & = (A, w; — yr—1). Recall that w, — y,41 is a deterministic function of
¢M(7), Besides this, we have seen that ||w, — y,_1|| < D = 2Q. Taking into account
(5.15), (5.16), we get

(5 22) (a) E]\/[(T)Jrl {57'} <Sp= /~‘LD7
' () En(ry41 {exp{€2R7?}} <exp{l}, with R=0D.

Observe that exp{z} < x+exp{922/16} for all z. Thus (5.22.b) implies for 0 < s < %
(5.23)  Enr(r)+1 {exp{sé}} < sp + exp{9s°R*/16} < exp{sp + 9s*R*/16}.

Further, we have s&; < %52R2 + %ngfz, hence for all s > 0,

262 3s°R* 2
Epr(r)+1 {exp{sé-}} < eXp{352R2/8}EM(T)+1 {exp { 3;2 }} < exp { 5 + 3} .

When s > %, the latter quantity is < 3s2R?/4, which combines with (5.23) to imply

that for s > 0,

(5.24) Enr(ry 1 {exp{s&; }} < exp{sp +35°R*/4}.

Acting as in (5.20), we derive from (5.24) that

t
s20=E {exp{stT}} < exp{stp + 3s°tR? 4},

T=1

and by the Tchebychev inequality, for all A > 0,

t
Prob {Z & >tp+ AR\/%} < II>lf(; exp{3s°tR?/4 — sARV/t} = exp{—A?/3}.

T=1
Finally, we arrive at

t

(5.25)  Prob {’y Z(AT,wT —Yr_1) > 2y [ut + AO’\/E} Q} < exp{—A?/3}.

T=1

for all A > 0. Combining (5.13), (5.14), (5.21) and (5.25), we get (3.10). [ |

5.3. Proof of Lemma 4.1.
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Proof of (). We clearly have Z° = X° x Y°, and w(-) is indeed continuously
differentiable on this set. Let z = (z,y) and 2’ = (2/,¢’), 2,2’ € Z. Then

1

W(2) = (), = #) = gz Who) = @) = ) + — s W W)y o)

vy
1
> g lle =213+ oz lly = y'lI5 = Il — 2y’ — 9]l
02 v (22 ¥ =
Thus, w(-) is strongly convex on Z, modulus o = 1, w.r.t. the norm || - ||. Further,
the minimizer of w(-) on Z clearly is z. = (z¢, y.), and
O = 0, + : 0,=1
= amﬁz yﬂi y — L

so that © = 1, whence Q = /20/a = V2.
Proof of (ii). 1°. Let z = (z,y) and 2’ = (2/,%') with 2,2’ € Z. Observe that
ly —¢'|ly <29, and thus

(5.26) 1y'1ly < 29,
dueto 0 €Y.
On the other hand, we have from (4.9) F(2') — F(z) = [Ag; A,], where
=D _[#1(a") = G (@) ATy +bd + D [0p(@)]" Adly’ — ],
=1 =1
== Ajle(x) = de(@)] + BL(y) - PL(y).
=1

We have

18cllee = _max (b3 [[64(a') = 6i(@)) [ALY + bl + (6@ Acly' o]

=1

N\
NE

i hEX,||h|ls<1
LlAlle<1 hlle<

max (h, [9}(a") — ¢4 ()] [ALY +be)x +  max (b, [¢(2)]" Adly’ — y])X}

~
Il
—

I
Ms

max ([¢;(z') — ¢y (2)]h, ALY +be)x + _ max <[¢2(x)}h7Ae[y’—y]>X]

heX,||h|l=<1
Lilhlle<1 o

~
Il
—

N
NgE

[9e(2") — de()]hll o)l Aey” + bell e.4)

hex Hh\lxsl

~
Il
-

max ¢y (x)hl o) | Acly” — ylll e, |-

heX ||h|ls<1

Then by (4.2),

3

[Ballas < | Lallzr = @'lle + Mol Acy ey + 10l 6] + [LaS2 + Mol Acly = o]l er
=1
= [Lollz = @'llc + Ma] YAy ey + belle,m] + [LeQu + Ma] Y [ Acly — 5/l e)
=1 =1

< [Lellw = a'llo + Ma][Ally'lly + B] + [LaQa + Ml Ally — 3/ |1y,
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by definition of A and B. Next, due to (5.26) we get by definition of || - ||

[As]le,s < [Lolle — 2|z + Ma][2AQy + B] + [LaQa + M) Ally — o[l
< [LaQullz — 2| + M,][2AQ + B + [LoQu + M,]JAQ, ||z — 2|,

what implies

(@) [|Agllae < [[2AQy + BlLy + 240 [LoQy + M,]] |12 — 2| + 249, + B]M,

Further,

max (n,— > Aj[pe(z) — pe(z')] + PL(y") — PL(y))y

n€Y,lInlly<1 —

[Aylly.

m

< max Y (0, Alfde(x) — ¢e(@)))y + | PL(Y) — PL(y)lly.s

, <1
ne.linlly <14~

m

= max Yy (Am,¢e(x) = de(a’))e, + |9L(Y) — BL(Y)ly.s

neY,lInlly <1 —1

< Z [Aenll e, l|e(x) = de(”) o) | D% (Y") — PL(y)lly,

ney, HnHyél

< max Z A 6,0 [LaQe + Ma]llz — 2" llo[Lylly — y'lly + M,],

neV,lnlly <1 £~
by (4.2.0) and (4.5). Now

1Ay [y < A[LeQ + My]llz — 2" ||lo + [Lylly = y'lly + My),
and we come to

®) : 1Aylly,s < [QA[LQe + M) + QyuLy] |2 = 2| + M,
From (a) and (b) it follows that

1F7(2) = F(2)ll+ < QallAsllax + QyllAylly.«
< [Q2[2AQy + B]Ly + 3AQ,Qy[LoQy + M,] + L,Q2] ||z — /||
+Q4[2AQ,, + B|M, + Q, M,
We have justified (4.12)

29, Let us verify (4.13). The first relation in (4.13) is readily given by (4.3.a,c).
Let us fix z = (x,y) € Z and 4, and let

A = F(z)-E(2G)

Yo m
(5:27) = D _[0h(x) = Gulw, )" [Aey + bel; = > Aflde(w) — folx,¢)).-
=1 =1
A, Ay

As we have seen,

(5.28)

) <240, + B
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Besides this, for u, € £ we have

m m

ZA*W =  max ZA*W n max ZW Ay

Hezl el ney,\ln\|y<1<e:1 ety = =

< max > el 1Al e,
neYslnlly <ty o2,
5.29 < max | max [u ) = A g el
( ) = ey, Inll, <1 L<Z<m” E”(Z)} 1<4<m KKm” o
X=X

Hence, setting uy = ¢¢(x) — fo(x, ;) we obtain

(5:30) [ Ayllye = 1Y AZlde(w) = fol, Ollly < A max [[¢e(x) = fela, )l -

1<0<m
=1
£=£(Gi)
Further,

Aaz T,k hv G 1
8elle = B a1 2I04) = Gl G

= hEXI,IhE}L)\TZSIZZ:q(bZ( x) — Gy(z,G)]h, Vo) x

< o(z) — ;

< hexﬁﬁzﬁmgl ; [[#%(%) = Ge(z, G)I Rl o) 1Pl ,%)

ZheX ax 1[¢%(x) — Gelz, C)lhll o 10ell ce,0)

=

Pe
§e=80(Ci)
Invoking (5.28), we conclude that
(5.31) 1Aalles < pee,
=1

where all pp >0, >, pr < 2AQ, + B and

Eo="2E(G) =  max |[[gp(x) — Ge(z, ()Rl )

heX, ||hlls<1

Denoting by p?(n) the second moment of a scalar random variable 71, observe that
p(+) is a norm on the space of square summable random variables representable as
deterministic functions of (;, and that

p(&) < My, p(&) < M,
by (4.3.b,d). Now by (5.30), (5.31),

[E{lAIZ}]? = [E{Q2AZ . + 514,17 .3] 2
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P (| Aslloe + 18, ],.) <p (9 S pete+ QyAs>

(=1

< Q. Zpgmaxp(fg)—FQ Ap(€)

[zAQ + BIM,, + Qy AQ, M, ,

and the latter quantity is < M, see (4.12). We have established the second relation
n (4.13).

30, It remains to prove that in the case of (4.14), relation (4.15) takes place. To
this end, one can repeat word by word the reasoning from item 2° with the function
pe(n) =inf {t > 0: E {exp{n?/t*}} < exp{1}} in the role of p(n). Note that similarly
to p(+), pe(*) is a norm on the space of random variables 1 which are deterministic
functions of ¢; and are such that p.(n) < occ. [ ]

5.4. Proof of Lemma 4.3. Item (i) can be verified exactly as in the case of
Lemma 4.1; the facts expressed in (i) depend solely on the construction from Section
4.2 preceding the latter Lemma, and are independent of what are the setups for X, X
and Y, ).

Let us verify item (ii). Note that we are in the situation

(@, 9)ll = V]z]7/2In(n)) + [yl3 /(41n(p(1))),
(5.32) : ekt
57 Ml = V2In(m)[[€]2 + 4n(pM)[nl%
For z = (x,y),2’ = (2/,y') € Z we have
F(2)=F() = | Ay = [Tr((y — y)A1); s Tr((y — v ) A Z x; —
whence
[Az]leo <y =911 121Ja<xn [Ajloe < v/2In(n)As||z — 2|,
|Ayloo < lz = 2']loo max [Aj]e < 24/In(pM)Accllz — 2/,
1<j<n
and

1A, A)ll- < [21n(n) + 4In(pD)| A2 = 2/,

as required in (4.31). Further, relation (4.32.a) is clear from the construction of Zj.
To prove (4.32.b), observe that when (x,y) € Z, we have (see (4.29), (4.30))

B < |G oo <Aoo,
=2yl < [ s 431 < A
and, since F*(z,y) = E{=%(z,y,(},

Clearly,

(5.34) =¥ (2, y,m) — F¥(2,9)|0 = |4, — Zx]A oo < 240
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Applying [4, Theorem 2.1(iii), Example 3.2, Lemma 1], we derive from (5.33) and
(5.34) that for every (z,y) € Z and every ¢ = 1,2, ... it holds

E {exp{||Z} (2,4, () — F*(2,9) |2/ Ni o} } < exp{1},
Niw =240 (2 exp{1/2}/In(n) + 3) /2

and
E {exp{||E}(z,y,¢) — F¥(2,y) 12 /N7 .} } < exp{1},

Nk,y = QAOO (2 eXp{l/Q} ]n(p(l)) + 3) k_1/2,

Combining the latter bounds with (5.32) we conclude (4.32.b). [ |



