Lecture 4

Globalized Robust Counterparts of
Uncertain Linear and Conic
Problems

In this lecture we extend the concept of Robust Counterpart in order to gain certain control on
what happens when the actual data perturbations run out of the postulated perturbation set.

4.1 Globalized Robust Counterparts — Motivation and Defini-
tion

Let us come back to Assumptions A.1 — A.3 underlying the concept of Robust Counterpart
and concentrate on A.3. This assumption is not a “universal truth” — in reality, there are
indeed constraints that cannot be violated (e.g., you cannot order a negative supply), but also
constraints whose violations, while undesirable, can be tolerated to some degree, (e.g., sometimes
you can tolerate a shortage of a certain resource by implementing an “emergency measure” like
purchasing it on the market, employing sub-contractors, taking out loans, etc.). Immunizing
such “soft” constraints against data uncertainty should perhaps be done in a more flexible
fashion than in the usual Robust Counterpart. In the latter, we ensure a constraint’s validity
for all realizations of the data from a given uncertainty set and do not care what happens when
the data are outside of this set. For a soft constraint, we can take care of what happens in this
latter case as well, namely, by ensuring controlled deterioration of the constraint when the data
runs away from the uncertainty set. We are about to build a mathematically convenient model
capturing the above requirements.

4.1.1 The Case of Uncertain Linear Optimization
Consider an uncertain linear constraint in variable x
L L
[0+ ¢ < [0+ )7 ) (4.1.1)
/=1 (=1

where ( is the perturbation vector (cf. (1.3.4), (1.3.5)). Let Z4 be the set of all “physically
possible” perturbations, and Z C Z, be the “normal range” of the perturbations — the one for
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180 LECTURE 4: GLOBALIZED RCS OF UNCERTAIN PROBLEMS

which we insist on the constraint to be satisfied. With the usual RC approach, we treat Z as
the only set of perturbations and require a candidate solution z to satisfy the constraint for all
¢ € Z. With our new approach, we add the requirement that the violation of constraint in the
case when ¢ € Z,\ Z (that is a “physically possible” perturbation that is outside of the normal
range) should be bounded by a constant times the distance from { to Z. Both requirements
— the validity of the constraint for ( € Z and the bound on the constraint’s violation when
¢ € Z,\Z can be expressed by a single requirement

L L
[a® + Z Ca1 e — [0 + Z CbY] < adist(¢, 2) V¢ e 24,
=1 =1
where a > 0 is a given “global sensitivity.”
In order to make the latter requirement tractable, we add some structure to our setup.
Specifically, let us assume that:

(G.a) The normal range Z of the perturbation vector ¢ is a nonempty closed convex
set;

(G.b) The set Z; of all “physically possible” perturbations is the sum of Z and a
closed convex cone L:

Zi=Z+L={C={+{":{ ez " eL}; (4.1.2)

(G.c) We measure the distance from a point ¢ € Z to the normal range Z of the
perturbations in a way that is consistent with the structure (4.1.2) of Z, specifically,

by
dist(¢, 2 | £) = inf {[I¢ = ¢l :¢' € Z,¢ — ¢ e £}, (4.1.3)
where || - || is a fixed norm on RZ.
In what follows, we refer to a triple (Z,L, | - ||) arising in (G.a—) as a perturbation structure

for the uncertain constraint (4.1.1).

Definition 4.1 Given o > 0 and a perturbation structure (Z,L,]|-||), we say that a vector x is
a globally robust feasible solution to uncertain linear constraint (4.1.1) with global sensitivity c,
if T satisfies the semi-infinite constraint

L L

[0+ Ga T — 7+ Gb'] < adist((, Z|L) V(€ 2y = Z+ L. (4.1.4)
=1 =1

We refer to the semi-infinite constraint (4.1.4) as the Globalized Robust Counterpart (GRC) of

the uncertain constraint (4.1.1).

Note that global sensitivity & = 0 corresponds to the most conservative attitude where the
constraint must be satisfied for all physically possible perturbations; with o = 0, the GRC
becomes the usual RC of the uncertain constraint with Z, in the role of the perturbation set.
The larger «, the less conservative the GRC.

Now, given an uncertain Linear Optimization program with affinely perturbed data

L
{mmin {ch : Ax < b} :[A, 0] = [AO, bo] + ZC@[AK, be]} (4.1.5)
/=1
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(w.lo.g., we assume that the objective is certain) and a perturbation structure (Z, L, || - ||), we
can replace every one of the constraints with its Globalized Robust Counterpart, thus ending up
with the GRC of (4.1.5). In this construction, we can associate different sensitivity parameters
a to different constraints. Moreover, we can treat these sensitivities as design variables rather
than fixed parameters, add linear constraints on these variables, and optimize both in z and
«a an objective function that is a mixture of the original objective and a weighted sum of the
sensitivities.

4.1.2 The Case of Uncertain Conic Optimization

Consider an uncertain conic problem (3.1.2), (3.1.3):

min {c’z +d: Az —b € Qi 1 <i<m}, (4.1.6)

where Q; C R* are nonempty closed convex sets given by finite lists of conic inclusions:
Qi ={ueR" : Quu—qy €Kiy, £ =1,..,L;}, (4.1.7)

with closed convex pointed cones K;¢, and let the data be affinely parameterized by the pertur-
bation vector (:

L
(C7 da {Ala bl};il) = (co7d07 {A?, b? ;);1) + ZC[(C{ dza {Af’ bf zil) (418)
/=1

When extending the notion of Globalized Robust Counterpart from the case of Linear Optimiza-
tion to the case of Conic one, we need a small modification. Assuming, same as in the former
case, that the set Z, of all “physically possible” realizations of the perturbation vector ( is of the
form Z, = Z+ L, where Z is the closed convex normal range of ( and L is a closed convex cone,
observe that in the conic case, as compared to the LO one, the left hand side of our uncertain
constraint (4.1.6) is vector rather than scalar, so that a straightforward analogy of (4.1.4) does
not make sense. Note, however, that when rewriting (4.1.1) in our present “inclusion form”

L L
@+ Ga T ="+ leQ=R, (+)
/=1 /=1

relation (4.1.4) says exactly that the distance from the left hand side of (*) to Q does not exceed
adist(¢, Z|L) for all ( € Z+ L. In this form, the notion of global sensitivity admits the following
multi-dimensional extension:

Definition 4.2 Consider an uncertain convex constraint

L L
[Po+> Py — "+ ' €q, (4.1.9)
=1 =1
where Q is a nonempty closed convex subset in RE. Let || -||q be a norm on R*, |||z be a norm

on RE, Z ¢ RL be a nonempty closed convex normal range of perturbation ¢, and £ C€ R be a
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closed convex cone. We say that a candidate solution y is robust feasible, with global sensitivity
a, for (4.1.9), under the perturbation structure (|| - |o, | -z, Z, L), if

L L
dist([Fo + Zl CPy —[P° + X '], Q) < adist(¢, Z[L£)

= =1
ez =Z2+L (4.1.10)
dist(u, Q) = min{[ju —v[lg:v e Q}
dist(C. Z16) = win{|C—ollz:ve ZC—vel) |

Sometimes it is necessary to add some structure to the latter definition. Specifically, assume
that the space RY where ¢ lives is given as a direct product:

RY = RY x .. x REs

and let 2% C REs, £5 C R, || - ||s be, respectively, closed nonempty convex set, closed convex
cone and a norm on R, s =1,....8. For ¢ € RE, let ¢*, s = 1,...,, be the projections of ¢
onto the direct factors REs of RE. The “structured version” of Definition 4.2 is as follows:

Definition 4.3 A candidate solution y to the uncertain constraint (4.1.9) is robust feasible with
global sensitivities a5, 1 < s < S, under the perturbation structure (|| - ||, {2, L%, || - Is}5_1), if

L

L S
dist([Fo + KZ CePry — [p° + EZ ], Q) < Zlasdist(Csa Z°1L7)
=1 =1 s=

VeeZ, =2 x .. xZ9+ L x .. x L7
D —
— ) (4.1.11)

z
dist(u, Q) = min{|lu—v|g:ve Q}
v
dist(¢%, Z%|1£%) = min{||(° —v®||s : v® € Z5,(* —v® € L%}.
/l)s
Note that Definition 4.2 can be obtained from Definition 4.3 by setting S = 1. We refer
to the semi-infinite constraints (4.1.10), (4.1.11) as to Globalized Robust Counterparts of the

uncertain constraint (4.1.9) w.r.t. the perturbations structure in question. When building the
GRC of uncertain problem (4.1.6), (4.1.8), we first rewrite it as an uncertain problem

L L
[Poo +/§1 CePoely— [PS-‘-[ZI Ceng)

L L
CT$+d—tE[CO—FZQCZ]TJZ-F[CZO—FZQCZZ]—tEQOER_

rr%in) t: Lz:1 I =1

=(x,t

! Aiw = b = [A+ 3" Al — )+ Gt € Qi 1 <i<m
=1 (=1

L L
[Pio+ 3 CePuely=lpd+ 3 Gevf]

with certain objective, and then replace the constraints with their Globalized RCs. The under-
lying perturbation structures and global sensitivities may vary from constraint to constraint.
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4.1.3 Safe Tractable Approximations of GRCs

A Globalized RC, the same as the plain one, can be computationally intractable, in which case
we can look for the second best thing — a safe tractable approximation of the GRC. This notion
is defined as follows (cf. Definition 3.2):

Definition 4.4 Consider the uncertain convexr constraint (4.1.9) along with its GRC (4.1.11).
We say that a system S of convex constraints in variables y, o = (a1, ...,ag) > 0, and, perhaps,
additional variables u, is a safe approximation of the GRC, if the projection of the feasible set
of § on the space of (y,«) variables is contained in the feasible set of the GRC:

V(o = (a1, .., a8) > 0,y) :
(Fu: (y,a,u) satisfies S) = (y,a) satisfies (4.1.11).

This approximation is called tractable, provided that S is so, (e.g., S is an explicit system of
CQIs/LMIs of, more general, the constraints in S are efficiently computable).

When quantifying the tightness of an approximation, we, as in the case of RC, assume that
the normal range Z = Z! x ... x Z% of the perturbations contains the origin and is included in
the single-parametric family of normal ranges:

Z,=pZ, p>0.

As a result, the GRC (4.1.11) of (4.1.9) becomes a member, corresponding to p = 1, of the
single-parametric family of constraints

L L S
dist([Po+ Y_ CePrly — [P° + X0 ¢p'], Q) < 3 audist (¢, 25(L°)
/=1 /=1 s=1
VeeZl =p(Z' x . x 29+ L x .o x L5
L
Zp

(GRC,)

in variables y, . We define the tightness factor of a safe tractable approximation of the GRC
as follows (cf. Definition 3.3):

Definition 4.5 Assume that we are given an approzimation scheme that associates with (GRC))
a finite system S, of efficiently computable convex constraints on variables y, o and, perhaps,
additional variables u, depending on p > 0 as a parameter. We say that this approzimation
scheme is a safe tractable approximation of the GRC tight, within tightness factor ¢ > 1, if

(i) For every p > 0, S, is a safe tractable approximation of (GRC,): whenever (y,a > 0)
can be extended to a feasible solution of S,, (y, ) satisfies (GRC));

(ii) Whenever p > 0 and (y,a > 0) are such that (y,«) cannot be extended to a feasible
solution of S,, the pair (y,91a) is not feasible for (GRCy,).

4.2 Tractability of GRC in the Case of Linear Optimization

As in the case of the usual Robust Counterpart, the central question of computational tractability
of the Globalized RC of an uncertain LO reduces to a similar question for the GRC (4.1.4) of
a single uncertain linear constraint (4.1.1). The latter question is resolved to a large extent by
the following observation:
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Proposition 4.1 A vector x satisfies the semi-infinite constraint (4.1.4) if and only if x satisfies
the following pair of semi-infinite constraints:

T
(a) [ao - i Cga£:| z < [bo + i Qb‘] V(e Z
=1 =1 (4.2.1)

L T L
(b) [Z Agaq x < [Z Agbg] +aVAeZ={AcL:|A| <1}
(=1 (=1

Remark 4.1 Proposition 4.1 implies that the GRC of an uncertain linear inequality is equiva-
lent to a pair of semi-infinite linear inequalities of the type arising in the usual RC. Consequently,
we can invoke the representation results of section 1.3 to show that under mild assumptions on
the perturbation structure, the GRC (4.1.4) can be represented by a “short” system of explicit
convex constraints.

Proof of Proposition 4.1. Let x satisfy (4.1.4). Then x satisfies (4.2.1.a) due to dist(¢, Z|£) =

0 for ¢ € Z. In order to demonstrate that z satisfies (4.2.1.b) as well, let ( € Z and A € £ with

|A|l < 1. By (4.1.4) and since £ is a cone, for every ¢ > 0 we have (; := ( +tA € Z + L and

dist(¢y, Z1L) < |[tA]| < t; applying (4.1.4) to ¢ = (;, we therefore get
L 1T L T L

[ao + @af] x+t [Z Aga£:| z < [bo + 3 ng"] +t [

=1 —

L
> Agb£:| + at.
/=1 =1 =

/=1

Dividing both sides in this inequality by ¢ and passing to limit as ¢ — oo, we see that the
inequality in (4.2.1.b) is valid at our A. Since A € Z is arbitrary, z satisfies (4.2.1.b), as
claimed.

It remains to prove that if = satisfies (4.2.1), then x satisfies (4.1.4). Indeed, let z satisfy
(4.2.1). Given ¢ € Z + L and taking into account that Z and £ are closed, we can find { € Z
and A € £ such that ( + A = ¢ and t := dist((, Z|£) = ||A||. Representing A = te with e € L,
lle]] < 1, we have

L T L
[ao + 3 ggaf] T — [bo + 3 @bf]
/=1

(=1

r 77 L L T L
= |a® +Zgaf] z— (04 G|+ DDAkt x| A
=1 =1 =1 =1
<0 by (4.2.1.a) L T L
=t {E €gaZ:| x— {Z egbZ:|
=1 =1
< ta by (4.2.1.h)
<ta = adist(¢, Z|L).
Since ¢ € Z 4 L is arbitrary, x satisfies (4.1.4). O
Example 4.1 Counsider the following 3 perturbation structures (Z, L, | - |):
(a) Zisabox {C: || <on1<l<L} L=Rland|-| ="
L
(b) Z is an ellipsoid {¢: Y. (Z/o? <O?}, L=RY and |- || = - |2
=1

L
(c) Z is the intersection of a box and an ellipsoid: Z = {¢ : || < o, 1 < € < L, Y (2/o? < O},
=1

L=RE ="l
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In these cases the GRC of (4.1.1) is equivalent to the finite systems of explicit convex inequalities as
follows:
Case (a):
L
(a) [a)Tz+ > ogl[a’]Tz — b <0
=1
b)) Ja)Tz-b|<a,f=1,.. L
Here (a) represents the constraint (4.2.1.a) (cf. Example 1.4), and (b) represents the constraint (4.2.1.b)
(why?)
Case (b):
L

1/2
(@ [aO]Txm(zU?([af]Txbfv) <0
/=1

. 1/2
() (Z max?[[a‘]Tx — be70]> <a.
=1
Here (a) represents the constraint (4.2.1.a) (cf. Example 1.5), and (b) represents the constraint (4.2.1.b).

Case (c¢):

L

L 1/2

al) [Tz + o¢lze] + Q2 o2w? <H
(=1 (=1 e

(a.2) zg+we=[a"]Te b 0=1,..,L

L
(b) Zgl [a“]T2 — b < a.

Here (a.1-2) represent the constraint (4.2.1.a) (cf. Example 1.6), and (b) represents the constraint
(4.2.1.b).

4.2.1 Illustration: Antenna Design

We are about to illustrate the GRC approach by applying it to the Antenna Design problem
(Example 1.1), where we are interested in the uncertain LP problem of the form

fmin (7 = DU + Ding{CYyoll < 75 €l < 0} (422

here D is a given m x L matrix and d € R™ is a given vector. The RC of the problem is
equivalent to
Opt(p) = min {Fx<p> ~ max [ld- D1+ Diag{<}>xroo} (RC,)
coSp

For a candidate design x, the function Fj(p) of the uncertainty level p has a very transparent
interpretation: it is the worst-case, over perturbations ¢ with ||([|c < p, loss (deviation of
the synthesized diagram from the target one) of this design. This clearly is a convex and
nondecreasing function of p.

Let us fix a “reference uncertainty level” p > 0 and equip our uncertain problem with the
perturbation structure

Z={C: Kl <2} L=RE =1 [l (4.2.3)

With this perturbation structure, it can be immediately derived from Proposition 4.1 (do it!)
that a pair (7, x) is a robust feasible solution to the GRC with global sensitivity « if and only if

L
_ . d
T2 F(p) & 02 ale) = Jim TF(E) = mex YDl
]:
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Figure 4.1: Bound (4.2.5) with py = 0.01 (blue) on the loss Fy(p) (red) associated with the
optimal solution x to (RCp1). The common values of the bound and the loss at pp = 0.01 is
the optimal value of (RCy 7).

Note that the best (the smallest) value a(x) of global sensitivity which, for appropriately chosen
7, makes (7, z) feasible for the GRC depends solely on z; we shall refer to this quantity as to
the global sensitivity of x. Due to its origin, and since F(p) is convex and nondecreasing, «(x)
and a value of F,(-) at a particular p = py > 0 imply a piecewise linear upper bound on F,(-):

. Fx(pO)a P < po
Yoz 0: Filp) < { Fa(po) +alz)[p—pol, p=po (4.2.4)

Taking into account also the value of F}, at 0, we can improve this bound to

%Fx(o) + p%Fx(pO)v P < po

Fo(po) + (@) — pol. p> po (4.2.5)

VPZ():Fa:(p)S{

In figure 4.1, we plot the latter bound and the true F,(-) for the robust design built in section
1.4.1 (that is, the optimal solution to (RCp1)), choosing pg = 0.01. When designing a robust
antenna, our “ideal goal” would be to choose the design x which makes the loss Fy(p) as small
as possible for all values of p; of course, this goal usually cannot be achieved. With the usual
RC approach, we fix the uncertainty level at p and minimize over x the loss at this particular
value of p, with no care of how rapidly this loss grows when the true uncertainty level p exceeds
our guess p. This makes sense when we understand well what is the uncertainty level at which
our system should work, which sometimes is not the case. With the GRC approach, we can, to
some extent, take care of both the value of F, at p = p and of the rate at which the loss grows
with p, thus making our design better suited to the situations when it should be used in a wide
range of uncertainty levels. For example, we can act as follows:

e We first solve (RCp), thus getting the “reference” design Z with the loss at the uncertainty
level p as small as possible, so that Fz(p) = Opt(RCp);

e We then increase the resulting loss by certain percentage § (say, 6 = 0.1) and choose, as
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Figure 4.2: Red and magenta: bounds (4.2.4) on the losses for optimal solutions to (4.2.6) for
the values of 0 listed in table 4.1; the bounds correspond to pp = 0. Blue: bound (4.2.5) with
po = 0.01 on the loss F,(p) associated with the optimal solution x to (RCp 7).

§ | 0o ] 02 | 03 | 04 | 05 |
B.(0) | 2.6 x 10° | 3.8134 | 1.9916 | 0.9681 | 0.9379 |

Table 4.1: Tolerances ¢ and quantities 3.(d) (the global sensitivities of the optimal solutions to
(4.2.6)). Pay attention to how huge is the global sensitivity 3.(0) of the nominal optimal design.
For comparison: the global sensitivity of the robust design built in section 1.4.1 is just 3.0379.

the actual design, the solution to the minimization problem
min{a(z) : Fz(p) < (14 6)Opt(RCp)} .

In other words, we allow for a controlled sacrifice in the loss at the “nominal” uncertainty
level p in order to get as good as possible upper bound (4.2.4) on the loss in the range

p = p-

In figure 4.2 and in table 4.1, we illustrate the latter approach in the special case when p = 0.
In this case, we want from our design to perform nearly as well as (namely, within percentage
9 of) the nominally optimal design in the ideal case of no actuation errors, and optimize under
this restriction the global sensitivity of the design w.r.t. the magnitude of actuation errors.
Mathematically, this reduces to solving a simple LP problem

L
B+(d) = min maXZ|Dij]\xj| ||d — Dz||oo < (14 6)min||d — Dulleo p - (4.2.6)
x i<m = u
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4.3 Tractability of GRC in the Case of Conic Optimization

4.3.1 Decomposition
Preliminaries

Recall the notion of the recessive cone of a closed and nonempty convex set Q:

Definition 4.6 Let Q C R* be a nonempty closed convex set and T € Q. The recessive cone
Rec(Q) of Q is comprised of all rays emanating from T and contained in Q:

Rec(Q) = {h € R* : 4+ th € Qvt > 0}.

(Due to closedness and convexity of Q, the right hand side set in this formula is independent of
the choice of T € Q and is a nonempty closed convex cone in RF.)

Example 4.2

(i) The recessive cone of a nonempty bounded and closed convex set Q is trivial: Rec(Q) = {0};

(ii) The recessive cone of a closed convex cone Q is Q itself;

(iii) The recessive cone of the set Q = {z : Az — b € K}, where K is a closed convex cone, is the set
{h: Ah € K};

(iv.a) Let Q be a closed convex set and e; — e, i — oo, t; > 0, t; — 00, i — 00, be sequences of
vectors and reals such that t;e; € Q for all 5. Then e € Rec(Q).

(iv.b) Vice versa: every e € Rec(Q) can be represented in the form of e = lim;_,, e; with vectors e;
such that ie; € Q.
Proof. (iv.a): Let Z € Q. With our e; and t;, for every t > 0 we have T +te; —t/t;z = (t/t;)(tie;) + (1 —
t/t;)Z. For all but finitely many values of i, the right hand side in this equality is a convex combination
of two vectors from Q and therefore belongs to Q; for i — oo, the left hand side converges to T + te.
Since Q is closed, we conclude that Z + te € Q; since t > 0 is arbitrary, we get e € Rec(Q).
(iv.b): Let e € Rec(Q) and Z € Q. Setting e; =i~ (Z + ie), we have ie; € Q and ¢; — e as i — oo. 0O

The Main Result

The following statement is the “multi-dimensional” extension of Proposition 4.1:

Proposition 4.2 A candidate solution y is feasible for the GRC (4.1.11) of the uncertain con-
straint (4.1.9) if and only if x satisfies the following system of semi-infinite constraints:

P(y,{)

(@ [P+Y Py -+, Gr'leQ
VWeZ=2Zx..x 25
@(y)EsC®
(b) dist(Y [Py~ p (B Ree(Q) < o,

VCS € E‘s‘ns = {CS S ES : ||<8H5 S 1}7 s = 17 '“757

(4.3.1)

where Es is the natural embedding of RFs into RF = R x ... x RS and dist(u, Rec(Q)) =

min u—vl|lo.
yehim | ls;
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Proof. Assume that y satisfies (4.1.11), and let us verify that y satisfies (4.3.1). Relation
(4.3.1.a) is evident. Let us fix s < S and verify that y satisfies (4.3.1.bs). Indeed, let ( € Z
and (° € Ems. For i = 1,2,..., let ¢; be given by ¢/ = (", r # s, and ¢§ = (* + iC®, so that
dist(¢;, Z7|L") is 0 for r # s and is < i for r = s. Since y is feasible for (4.1.11), we have

L

dist([Po+ > _(C)ePly — [0° + D (C)ep'], Q) < e,

/=1 /=1

~

P(y,i)=P(y,0)+i®(y) EsC®

that is, there exists ¢; € Q such that

[Py, C) +i®(y) EsC* — qillg < asi.

From this inequality it follows that ||g;||o/¢ remains bounded when i — oo; setting ¢; = ie; and
passing to a subsequence {i,} of indices i, we may assume that e;, — e as v — oo; by item
(iv.a) of Example 4.2, we have e € Rec(Q). We further have

[@(y)EsC® —eillo = i, @) EC —aillQ
i 1Py, Q) + @) EsC® — aillg + i3 1 Py, O)llo]
as +i, [Py, Ollo

IA A

whence, passing to limit as v — oo, ||®(y)Es(* —el|g < as, whence, due to e € Rec(Q), we have
dist(®(y) EsC®, Rec(Q)) < ag. Since (* € Ly, is arbitrary, (4.3.1.bs) holds true.

Now assume that y satisfies (4.3.1), and let us prove that y satisfies (4.1.11). Indeed, given
¢ € Z+ L, we can find (* € Z° and 6° € £° in such a way that ¢ = (* + 6% and ||6%||s =
dist(¢*, Z°|L£%). Setting ¢ = (¢',...,¢”) and invoking (4.3.1.a), the vector @ = P(y, () belongs to
Q. Further, for every s, by (4.3.1.b,), there exists 0u® € Rec(Q) such that ||®(y)Ed° —du’|lg <

as||0%||s = asdist(¢5, Z5|L%). Since P(y,¢) = P(y, () + Y. ®(y)Es6°, we have

1P(y, ) — [+ ;auﬂ lo < 1Py.C) —allg+ Y |2y)E:d® —u’ll;

—_—— =0 * o <audist(ce,z|L0)

v

since u € Q and du® € Rec(Q) for all s, we have v € Q, so that the inequality implies that

dist(P(y,C), Q) < 3 andist(¢*, 2°1£°).
Since ( € Z + L is arbitrary, y satisfies (4.1.11). O

Consequences of Main Result

Proposition 4.2 demonstrates that the GRC of an uncertain constraint (4.1.9) is equivalent to the
explicit system of semi-infinite constraints (4.3.1). We are well acquainted with the constraint
(4.3.1.a) — it is nothing but the RC of the uncertain constraint (4.1.9) with the normal range
Z of the perturbations in the role of the uncertainty set. As a result, we have certain knowledge
of how to convert this semi-infinite constraint into a tractable form or how to build its tractable
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safe approximation. What is new is the constraint (4.3.1.b), which is of the following generic
form:

We are given

e an Euclidean space E with inner product (-,-)g, a norm (not necessarily the Euclidean

one) || - ||z, and a closed convex cone K¥ in F;
e an Euclidean space F' with inner product (-, ), norm || - ||z and a closed convex cone K%'
in F.

These data define a function on the space L(E, F) of linear mappings M from FE to F', specifically,
the function
U(M) = max {dist.|,(Me, K¥) e € K ||e|]| g <1},
e

ity (1K) = i 1 — gl (432
isty - (f, K7) = min [1f —gllr
Note that U(M) is a kind of a norm: it is nonnegative, satisfies the requirement W(AM) =
AU(M) when A > 0, and satisfies the triangle inequality ¥ (M + N) < U(M) + ¥(N). The
properties of a norm that are missing are symmetry (in general, ¥(—M) # ¥(M)) and strict
positivity (it may happen that ¥(M) = 0 for M # 0). Note also that in the case when

K = {0}, K¥ = B, Y(M) = max | Me||r becomes the usual norm of a linear mapping
e:lle|| L1

induced by given norms in the origin and the destination spaces.
The above setting gives rise to a convex inequality

U(M) < a (4.3.3)

in variables M, . Note that every one of the constraints (4.3.1.b) is obtained from a convex
inequality of the form (4.3.3) by affine substitution

M — Hy(y), a — as

where Hy(y) € L(Es, Fy) is affine in y. Indeed, (4.3.1.bs) is obtained in this fashion when
specifying

e (E,(-,-)g) as the Euclidean space where Z° £* live, and || - ||g as || - ||s;
e (F,(-,-)r) as the Euclidean space where Q lives, and || - || as || - [|@;

e K% as the cone £, and K" as the cone Rec(Q);

e H(y) as the linear map (* — ®(y)FE(°.

It follows that efficient processing of constraints (4.3.1.b) reduces to a similar task for the
associated constraints

\Ps(Ms) < ay (Cs)
of the form (4.3.3). Assume, e.g., that we are smart enough to build, for certain 9 > 1,
(i) a v-tight safe tractable approximation of the semi-infinite constraint (4.3.1.a) with Z, =

pZ1 in the role of the perturbation set. Let this approximation be a system S7 of explicit
convex constraints in variables y and additional variables u;

(ii) forevery s =1,...,.S a ¥-tight efficiently computable upper bound on the function ¥¢(M;),
that is, a system S of efficiently computable convex constraints on matrix variable Mg,
real variable 75 and, perhaps, additional variables u® such that

(a) whenever (Mg, 75) can be extended to a feasible solution of §*, we have ¥4 (My) < 75,
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(b) whenever (M, 7s) cannot be extended to a feasible solution of S®, we have
IW( M) > 5.

In this situation, we can point out a safe tractable approximation, tight within the factor ¢
(see Definition 4.5), of the GRC in question. To this end, consider the system of constraints in
variables y, aq, ..., ag, u, ul, ..., u° as follows:

(y,u) satisfies Sy and {(Hs(y), as, u”) satisfies S°, s = 1,..., S}, (Sp)

and let us verify that this is a ¥-tight safe computationally tractable approximation of the GRC.
Indeed, S, is an explicit system of efficiently computable convex constraints and as such is
computationally tractable. Further, S, is a safe approximation of the (GRC,). Indeed, if (y, «)
can be extended to a feasible solution of S,, then y satisfies (4.3.1.a) with Z, in the role of
Z (since (y,u) satisfies S7) and (y, as) satisfies (4.3.1.b5) due to (ii.a) (recall that (4.3.1.bs) is
equivalent to U (Hs(y)) < ag). Finally, assume that (y,«) cannot be extended to a feasible
solution of (S,), and let us prove that then (y,9~'a) is not feasible for (GRCy,). Indeed, if
(y, @) cannot be extended to a feasible solution to S,, then either y cannot be extended to a
feasible solution of S7, or for certain s (y, as) cannot be extended to a feasible solution of &°.
In the first case, y does not satisfy (4.3.1.a) with Zy, in the role of Z by (i); in the second
case, UV lay < Wy(Hy(y)) by (ii.b), so that in both cases the pair (y,9 ') is not feasible for
(GRCy,).

We have reduced the tractability issues related to Globalized RCs to similar issues for RCs
(which we have already investigated in the CO case) and to the issue of efficient bounding of
U(-). The rest of this section is devoted to investigating this latter issue.

4.3.2 Efficient Bounding of U(-)
Symmetry

We start with observing that the problem of efficient computation of (a tight upper bound on)
U(-) possesses a kind of symmetry. Indeed, consider a setup

= E F

== (E7<"'>E7” ) HEvK ;F7<‘7'>F7|| : HFaK )
specifying W, and let us associate with = its dual setup

= F E

S = (Fv <'7‘>F7 H : H;WK* B, <'7 ‘>E’ H : H*EaK* )7
where

*

e for a norm || - || on a Euclidean space (G, (-, -)q), its conjugate norm || - ||* is defined as

[Jul|* = Hlf}X{(u,v)G S|l < 1}

e For a closed convex cone K in a Euclidean space (G, (-, -)q), its dual cone is defined as

K,={y:(y,h)¢ >0 VheK}.
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Recall that the conjugate to a linear map M € L(E, F) from Euclidean space E to Euclidean
space F'is the linear map M* € L(F, F) uniquely defined by the identity

<Meaf>F: <67M*f>E V(€€E,f€F);

representing linear maps by their matrices in a fixed pair of orthonormal bases in E, F', the
matrix representing M* is the transpose of the matrix representing M. Note that twice taken
dual/conjugate of an entity recovers the original entity: (K,). = K, (||-[*)* = |||, (M*)* = M,
(Ex)s =E.

Recall that the functions W(-) are given by setups Z of the outlined type according to

‘IJ(M) = \IIE(M) = rneai?({dIStH HF(Me K ) e c KE, ||€||E < 1} .

The aforementioned symmetry is nothing but the following simple statement:
Proposition 4.3 For every setup E = (E,...,KT) and every M € L(E, F) one has

v

[1]

(M) = ¥z, (M").

Proof. Let H, (-, -}y be a Euclidean space. Recall that the polar of a closed convex set X C H,
0€ X,istheset X ={ye€ H:(y,z)g <1 V€ X}. We need the following facts:

(a) If X C H is closed, convex and 0 € X, then so is X°, and (X°)° = X [87];

(b) If X C H is convex compact, 0 € X, and K H — H is closed convex cone, then X + KH
is closed and

(X + KT = Xon (-KH).

Indeed, the arithmetic sum of a compact and a closed set is closed, so that X + K is closed,
convex, and contains 0. We have

feX+KM°s1> sup (fiz+h)yg=sup(f,x)g + sup (f,h)m;
zeX,heKH zeX heKH

since K is a cone, the concluding inequality is possible iff f € X° and f € —K.

(c) Let || - || be a norm in H. Then for every a > 0 one has ({z : ||z]| < a})° = {x : ||z||* <
1/a} (evident).
When a > 0, we have

HVe e KE Ne: el <1}
Mee{f:|flr <a}+KF

1
g Veec KPn{e: |le|lg <1} :

3

[by definition]

s

Me e [[{f: Ifllr < a} + KF)]° by (@]
Yec KEn{e:|e||lg <1}:
(Me, fyrp <IVFe[{f:Iflr <at+ K by (b), (c)]

:{fillfll}éoﬁl}ﬁ(—K* )

-
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{VeEKEﬂ{e:HeHEgl}:
(e M f)p <1VYfe{f:[IfI} <a™'}N(=KT)
Vec KEn{e:|le|l|lg <a'}:

& <67M[*f(>E §E§ ]Vf [E{{f” HHfH} S}l}j N (—KF) [evident]
Ve e [—(—K7 ) N[{e: el < a}]:

“ (e,M*f>E§1w‘e{f;Hﬂ;gl}m(_[{f) [by ()]
Ve e [(~KE)+{e: |||t < a}]”:

= (M*f[,e>E§1v]fe{ff;||f”;}§ 1} N (—KF) [by (b)]

(M*f,e)p < 1Ve € [(—KP) +{e: |le|l} < a}]°

Vf e {f : ||f||}i“ < 1} N (7Kf) : [b (a)]
M*f e (—KE) +{e: |elly < a} Y
Ve Kpn{f:Iflp <1}

=
Mf e KE T {e’ |elly < )

{
{
{
N {Vfé{lelfll*pél}ﬂ(—Kf):
{
{
v

-

Good GRC setups

Proposition 4.3 says that “good” setups = — those for which Wz(-) is efficiently computable or
admits a tight, within certain factor 9, efficiently computable upper bound — always come in
symmetric pairs: if = is good, so is Z,, and vice versa. In what follows, we refer to members of
such a symmetric pair as to counterparts of each other. We are about to list a number of good
pairs. From now on, we assume that all components of a setup in question are “computationally
tractable,” specifically, that the cones K, K and the epigraphs of the norms || - ||z, || - |F
are given by LMI representations (or, more general, by systems of efficiently computable convex
constraints). Below, we denote by Br and B the unit balls of the norms ||-|| g, ||| r, respectively.
Here are several good GRC setups:

A: K¥ = {0}. The counterpart is

A*: K =F.
These cases are trivial: U=(M) = 0.

B: K¥ = E, Bg = Conv{el,...,eN}, the list {e! fll is available. The counterpart is the case

B*: KI'={0}, Br = {f : (f}, f)r <1,i=1,..., N}, the list {f*}}¥, is available.
Standard example for B is £ = R™ with the standard inner product, K% = E, |le| = |[le[1 =
> lej|. Standard example for B* is ' = R™ with the standard inner product, ||f||r = || f|lcc =

m]ax | f5l.
The cases in question are easy. Indeed, in the case of B we clearly have

JE— 1 ) F
\I/(M) = 1%aé)§vdlst||.“F(M€z7K )7

and thus U(M) is efficiently computable (as the maximum of a finite family of efficiently com-
putable quantities dist ~(Mei, K F )). Assuming, e.g., that E, F are, respectively, R™ and
R"™ with the standard inner products, and that K, || - || are given by strictly feasible conic
representations:

KF={f:3u:Pf+QuecK!',

{t>|fllr} < {Jv:Rf +tr+ SveK?}
the relation

U(M) <«
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can be represented equivalently by the following explicit system of conic constraints

(a) Pfi+QuieK' i=1,..,N
() RWMe' — fy+ar+Sv'eK? i=1,..,N

in variables M, o, u’, f*, v’. Indeed, relations (a) equivalently express the requirement f* € K E
while relations (b) say that |[Me’ — f||r < a.

C: K¥ = E, K¥ = {0}. The counterpart case is exactly the same.
In the case of C, ¥(-) is the norm of a linear map from E to F' induced by given norms on the
origin and the destination spaces:

V(M) = max {[[Mel|F : [lellp <1}

Aside of situations covered by B, B*, there is only one generic situation where computing the
norm of a linear map is easy — this is the situation where both || - || and || - || are Euclidean
norms. In this case, we lose nothing by assuming that £ = ¢4 (that is, £ is R™ with the standard

inner product and the standard norm |lells = /> €?), F' = ¢4, and let M be the m x n matrix
i

representing the map M in the standard bases of E and F. In this case, (M) = || M||,2 is the
maximal singular value of M and as such is efficiently computable. A semidefinite representation
of the constraint ||M|22 < ais

al, | MT ] 0.

M |aol, | —

Now consider the case when E = £} (that is, E is R™ with the standard inner product and the
norm

RmXTL

and FF = /0" 1 <r,p<oo. Here again we can naturally identify L(F, F') with the space
of real m x n matrices, and the problem of interest is to compute

[M|pr = max {[[Mel], - [lefl, <1}

The case of p = r = 2 is the just considered “purely Euclidean” situation; the cases of p = 1
and of r = oo are covered by B, B*. These are the only 3 cases when computing || - ||, is
known to be easy. It is also known that it is NP-hard to compute the matrix norm in question
when p > r. However, in the case of p > 2 > r there exists a tight efficiently computable upper
bound on || M|, due to Nesterov [97, Theorem 13.2.4]. Specifically, Nesterov shows that when
oo >p>2>r > 1, the explicitly computable quantity

1 Diag{u M
or00) = g i { iz, +1 - [P e =0

vER™

~
s

-1
is an upper bound on || M||,,, and this bound is tight within the factor ¢ = [M — %} ~

2.2936: 1
2V3 2
[M|lpr < Wp,r (M) < [W - 3] | M|,
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(depending on values of p,r, the tightness factor can be improved; e.g., when p = co,r = 2, it

is just /7/2 ~ 1.2533...).

It follows that the explicit system of efficiently computable convex constraints

Diag{p} | M"
M ‘ Diag{v}

1
[ =0, 5 [z, + 112 ] < (43.4)

in variables M, a, u, v is a safe tractable approximation of the constraint
[M]lpr < e,

which is tight within the factor . In some cases the value of the tightness factor can be improved;
e.g., when p = 0o, r = 2 and when p = 2, r = 1, the tightness factor does not exceed m

Most of the tractable (or nearly so) cases considered so far deal with the case when K%' = {0}
(the only exception is the case B* that, however, imposes severe restrictions on || - ||g). In the
GRC context, that means that we know nearly nothing about what to do when the recessive
cone of the right hand side set Q in (4.1.6) is nontrivial, or, which is the same, Q is unbounded.
This is not that disastrous — in many cases, boundedness of the right hand side set is not
a severe restriction. However, it is highly desirable, at least from the academic viewpoint, to
know something about the case when K" is nontrivial, in particular, when K is a nonnegative
orthant, or a Lorentz, or a Semidefinite cone (the two latter cases mean that (4.1.6) is an
uncertain CQI, respectively, uncertain LMI). We are about to consider several such cases.

D: F =702, KT is a “sign” cone, meaning that K = {u el :u >0,i € I,u; <
0,i € I_,u; = 0,i € Iy}, where I, I_, Iy are given non-intersecting subsets of the index set
i={1,...,m}.

The counterpart is

D*: E=0" KE={ve:v;,>0,j€J4,v,<0,j€J_,v;=0,j€ Jo}, where J, J_,
Jo are given non-overlapping subsets of the index set {1,...,m}.

In the case of D*, assuming, for the sake of notational convenience, that J, = {1,...,p}, J_ =

{p+1,....q}, Jo={r+1,..,m} and denoting by e’ the standard basic orths in ¢1, we have

B {ve KP:|jv||g <1} = Conv{el,...,eP, —ePTl .. —ed +edTl .. te'}

Conv{g!,...,g°}, s =2r —q.

Consequently,
U(M) = 112?%(Sdlstu.||F(Mg ,KT)

is efficiently computable (cf. case B).

m—1
E: F=( KE=L"={felf:fn>]Y fAL,E=0, KFE=E.
=1

The counterpart is
E*: F =0, KI'={0}, E=0, KF =1L™.
In the case of E*, let D = {e € KT : ||e|l2 < 1}, and let

B={ecE:e?+.. +e | +2e2 <1}

Let us represent a linear map M : £5* — /4 by its matrix M in the standard bases of the origin
and the destination spaces. Observe that

B C D, = Conv{D U (-D)} C \/3/2B (4.3.5)
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(L

Figure 4.3: 2-D cross-sections of the solids B, 1/3/2B (ellipses) and Dy by a 2-D plane passing
through the common symmetry axis e; = ... = e;,—1 = 0 of the solids.

(see figure 4.3). Now, let Br be the unit Euclidean ball, centered at the origin, in F' = ¢5'. By
definition of ¥(-) and due to K = {0}, we have

UYM)<as MD CaBp < (MDU(-MD)) C aBr & MD;s C aBp.

Since Ds C +/3/2B, the inclusion M(1/3/2B) C aBp is a sufficient condition for the validity
of the inequality ¥(M) < «, and since B C Dy, this condition is tight within the factor /3/2.
(Indeed, if M(y/3/2B) ¢ aBr, then MB ¢ \/2/3aBp, meaning that ¥(M) > 1/2/3a.) Not-
ing that M(,/3/2B) < « if and only if | MA||s2 < a, where A = Diag{+/3/2,...,1/3/2,/3/4},
we conclude that the efficiently verifiable convex inequality

[MA[l22 < a

is a safe tractable approximation, tight within the factor y/3/2, of the constraint ¥(M) < a.

F: F=8"||lp=|"ll22, K" =87, E=1(%, K¥ = E.
The counterpart is

Fr: F =0 KI'={0}, E=S™, |le|g = 3 |\i(e)], where A\1(e) > Aa(e) > ... > A\p(e) are
i=1

the eigenvalues of e, K¥ = ST
In the case of F, given M € L(¢%,S™), let €', ..., e" be the standard basic orths of £, and let
B ={vell : ||ullec <1}. We have

{I(M) <a} & {Vv € BV = 0 : max |\;(Mv — V)| < a}

< {Y € B : Mv+ al, = 0}. Z
Thus, the constraint

¥(M) < a (+)
is equivalent to .
al +) vi(Me) = 0V (v : [[v]lo < 1).
i=1

It follows that the explicit system of LMIs

Y= 4+Me, i=1,..,n

n
ol =35, (4.3.6)

=1
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in variables M, a, Y1, ...,Y, is a safe tractable approximation of the constraint (). Now let

O(M) = I(u(M)), p(M) = max Rank(Me),

where ¥(p) is the function defined in the Real Case Matrix Cube Theorem, so that J(1) = 1,
9(2) = 7/2, 9(4) = 2, and I(u) < 7y/p/2 for u > 1. Invoking this Theorem (see the proof of
Theorem 3.4), we conclude that the local tightness factor of our approximation does not exceed
©(M), meaning that if (M, «) cannot be extended to a feasible solution of (4.3.6), then

O(M)T(M) > a.

4.3.3 Illustration: Robust Least Squares Antenna Design

We are about to illustrate our findings by applying a GRC-based approach to the Least Squares
Antenna Design problem (see p. 104 and Example 1.1). Our motivation and course of actions
here are completely similar to those we used in the case of || - ||« design considered in section
4.2.1. At present, we are interested in the uncertain conic problem

{win (7 10~ H(7+ Ding(cY)as ] € L} - [l < )

where H = WD € R™*% and h = Wd € R™ are given matrix and vector, see p. 104. We equip
the problem with the same perturbation structure (4.2.3) as in the case of || - ||oo-design:

Z={CeR" ¢l < 7}, L=R", [I¢] = ¢l

and augment this structure with the || - ||2-norm on the embedding space R™*! of the right hand
side Q := L™*! of the conic constraint in question. Now the robust properties of a candidate
design x are fully characterized by the worst-case loss

Fa(p) = dnax [H (I + Diag{C})z — hll2,
coSp

which is a convex and nondecreasing function of p > 0. Invoking Proposition 4.2, it is easily
seen that a par (7, z) is feasible for the GRC of our uncertain problem with global sensitivity «
if and only if

Fpx) <7 & o> a(r) :=max, {dist||.H2([D[:z:]C;0],Lm+1) oo < 1}
D[r] = HDiag{x} € R™*L.

Similarly to the case of || - ||o-synthesis, the minimal possible value a(z) of a depends solely on

x; we call it global sensitivity of a candidate design x. Note that F,(-) and a(z) are linked by

the relation similar, although not identical to, the relation a(z) = lim d%Fx(p) we had in the
p—00

case of || - ||co-design; now this relation modifies to

d
Ck(ﬂ?) =27 1/2 pEToo %Fx (p)
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Indeed, denoting f(x) = hrf %Fw(p) and taking into account the fact that F,(-) is a
p—-+oo

nondecreasing convex function, we have §(z) = lim F(p)/p. Now, from the structure of F’
p—00

it immediately follows that lim Fy(p)/p = max {IID[z]¢]l2 : I¢lloo < 1}. Observing that the
p—>00

—1/2‘

|| - |l2-distance from a vector [u;0] € R™T! to the Lorentz cone L™*! clearly is 2 [ul|2

and looking at the definition of a(z), we conclude that a(z) = 2-1/28(x), as claimed.

Now, in the case of || - ||o-synthesis, the quantities F(p) and a(z) were easy to compute,
which is not the case now. However, we can built tight within the factor y/7/2 tractable upper
bounds on these quantities, namely, as follows.

We have
F.(p) = max ||h— H(1+ Diag{(})x|]s = max |[h— Hx+ Dlz|¢
()= o, I~ A {hzlle = max | ()¢ ll2
= max_ b~ Ho + pDleln],
llEm]lloo <1

and the concluding quantity is nothing but the norm of the linear map [t : (] — [h —

Hzx; pD[x]][t; (] induced by the norm || - || in the origin and the norm || - ||2 in the destina-
tion spaces. By Nesterov’s theorem, see p. 194, the efficiently computable quantity
5 gl + v 28 | [h— Haz, pDl[x]]
F, = : = 4.3.
o) =i (P | g Dy = (437)

is a tight within the factor /m/2 upper bound on F(p); note that this bound, same as F,(-)
itself, is a convex and nondecreasing function of p.
Further, we have

a(z) = max disty., ([D]z QO,LmH =272 max ||D[x )
(@) = s disty ([DlelG: 0L E™*1) = 27/% o 1DLLC]

that is, a(x) is proportional to the norm of the linear mapping ¢ — D[z]|¢ induced by the

|| - []oo-norm in the origin and by the || - ||2-norm in the destination spaces. Same as above, we
conclude that the efficiently computable quantity
oty {Lre [t | D] )
o(xr) = min : : =0 4.3.8
@ =min | | BT ey | = (435)

is a tight within the factor \/7/2 upper bound on a(z). Note that F,(-) and &(z) are linked by
exactly the same relation as F(p) and a(z), namely,

d ~
a(z) =27Y% lim —F
a(x) Pl z(p)
(why?). R
Similarly to the situation of section 4.2.1, the function F,(-) (and thus the true loss F,(p))
admits the piecewise linear upper bound

BILE(0) + g Fa(po), 0= p<po,
Fy(po) +2'2a(x)p — pol, p > po,

po > 0 being the parameter of the bound.
We have carried out numerical experiments completely similar to those reported in section
4.2.1, that is, built solutions to the optimization problems

B.(5) = min {&(x)  Fo(0) < (14 6) min | Hu — hHg} : (4.3.10)

(4.3.9)

the results are presented in figure 4.4 and table 4.2.
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Figure 4.4: Red and magenta: bounds (4.3.9) on the losses for optimal solutions to (4.3.10) for
the values of ¢ listed in table 4.2; the bounds correspond to pp = 0. Blue: bound (4.2.5) with
po = 0.01 on the loss F;(p) associated with the robust design built in section 3.3.1.

§ | 0o ] 025 | 050 | 075 | 1.00 | 1.25 |
3.(5) | 9441.4 | 14.883 | 1.7165 | 0.6626 | 0.1684 | 0.1025 |

Table 4.2: Tolerances § and quantities (,(5) (tight within the factor 7/2 upper bounds on
global sensitivities of the optimal solutions to (4.3.10)). Pay attention to how huge is the global
sensitivity (> 23, (0) /) of the nominal Least Squares-optimal design. For comparison: the
global sensitivity of the robust design z;, built in section 3.3.1 is < a@(z;) = 0.3962.
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4.4 Illustration: Robust Analysis of Nonexpansive Dynamical
Systems

We are about to illustrate the techniques we have developed by applying them to the problem of
robust nonexpansiveness analysis coming from Robust Control; in many aspects, this problem
resembles the Robust Lyapunov Stability Analysis problem we have considered in sections 3.4.2
and 3.5.1.

4.4.1 Preliminaries: Nonexpansive Linear Dynamical Systems

Consider an uncertain time-varying linear dynamical system (cf. (3.4.22)):

z(t) = Aw(t) + Beu(t)

y(t) = Cua(t) + Dyul(t) (4.4.1)

where z € R" is the state, y € RP is the output and u € R? is the control. The system is
A: | B

assumed to be uncertain, meaning that all we know about the matrix »; = [ C’t Dt ] is that
t | Dt

at every time instant ¢ it belongs to a given uncertainty set U.
System (4.4.1) is called nonexpansive (more precisely, robustly nonexpansive w.r.t. uncer-
tainty set U), if

/ yT(s)y(s)ds < j 7 (s)u(s)ds
0 0

for all £ > 0 and for all trajectories of (all realizations of) the system such that z(0) = 0. In
what follows, we focus on the simplest case of a system with y(¢) = z(¢), that is, on the case of
Cy =1, Dy =0. Thus, from now on the system of interest is

.%'(t) = At.%'(t) + Btu(t)
[A¢, Bi] € AB C R™™™ Vit, (4.4.2)
m=n-+q=dimz + dimu.

Robust nonexpansiveness now reads

/J:T(s)x(s)ds < /uT(s)u(s)dS (4.4.3)
0 0

for all t > 0 and all trajectories z(-), (0) = 0, of all realizations of (4.4.2).
Similarly to robust stability, robust nonexpansiveness admits a certificate that is a matrix

X € St. Specifically, such a certificate is a solution of the following system of LMIs in matrix
variable X € S™:

(a) X =0

(b) V[A,B]e€ AB:
—I,—-ATX - XA|-XB

A(A,B; X) = —BTY > 0.

(4.4.4)
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The fact that solvability of (4.4.4) is a sufficient condition for robust nonexpansive-
ness of (4.4.2) is immediate: if X solves (4.4.4), z(-), u(-) satisfy (4.4.2) and z(0) = 0,

then
uT(s)u(s) — xT(S)x(s) — d% [mT(s)Xx(s)] = uT(s)u(s) — xT(s)x(s)
—[2T(8)Xx(s) + 2T (5) X i(s)] = ul (s)u(s) — 2T (s)z(s)
—[Asz(s) + Bsu(s)|T Xx(s) — 27 (s) X [Asx(s) + Bsu(s)]
= |z (s),u" (s z(s)
— [ (6] Al B ) | 20| 20
whence

t>0= Of[uT(s)u(s) — 2T (s)x(s)]ds > 2T (t) X2 (t) — 27(0) X x(0)
= 2T (t)Xx(t) > 0.

It should be added that when (4.4.2) is time-invariant, (i.e., AB is a singleton) and
satisfies mild regularity conditions, the existence of the outlined certificate, (i.e., the
solvability of (4.4.4)), is sufficient and necessary for nonexpansiveness.

Now, (4.4.4) is nothing but the RC of the system of LMIs in matrix variable X € S™:

(@) X=0

(b) A(A,B;X) € ST, (4.4.5)

the uncertain data being [A, B] and the uncertainty set being AB. From now on we focus on the
interval uncertainty, where the uncertain data [A, B] in (4.4.5) is parameterized by perturbation
¢ € RE according to

L
[A’ B] = [AO BC] = [Anv Bn] + Z CEerZT; (4'4'6)
(=1
here [A™, B"| is the nominal data and e; € R™, f, € R™ are given vectors.
Imagine, e.g., that the entries in the uncertain matrix [A, B] drift, independently of each other, around
their nominal values. This is a particular case of (4.4.6) where L=nm, { = (i,j), 1 <i<n,1<j<m,
and the vectors e, and f, associated with ¢ = (i, j) are, respectively, the i-th standard basic orth in R"

multiplied by a given deterministic real d; (“typical variability” of the data entry in question) and the
j-th standard basic orth in R™.

4.4.2 Robust Nonexpansiveness: Analysis via GRC

The GRC setup and its interpretation

We are about to consider the GRC of the uncertain system of LMIs (4.4.5) affected by interval
uncertainty (4.4.6). Our “GRC setup” will be as follows:

1. We equip the space R where the perturbation ¢ lives with the uniform norm ||¢|e =
maxy |(¢|, and specify the normal range of ¢ as the box

Z={CeR" ¢l <r} (4.4.7)

with a given r > 0.
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2. We specify the cone £ as the entire F = R%, so that all perturbations are “physically
possible.”

3. The only uncertainty-affected LMI in our situation is (4.4.5.b); the right hand side in this
LMTI is the positive semidefinite cone S”+m that lives in the space 8™ of symmetric m X m
matrices equipped with the Frobenius Euclidean structure. We equip this space with the
standard spectral norm || - || = || - ||2,2.

Note that our setup belongs to what was called “case F” on p. 196.

Before processing the GRC of (4.4.5), it makes sense to understand what does it actually
mean that X is a feasible solution to the GRC with global sensitivity a. By definition, this
means three things:

A. X =0

B. X is a robust feasible solution to (4.4.5.b), the uncertainty set being

AB, = {[A¢,be] : I€loe <73,

see (4.4.6); this combines with A to imply that if the perturbation ¢ = ¢! underlying [A;, By]
all the time remains in its normal range Z = {( : ||(||cc < 7}, the uncertain dynamical system
(4.4.2) is robustly nonexpansive.

C. When p > r, we have

V(¢ lIClloo < p) : dist(A(A¢, Be; X), 8T) < adist(C, Z|1£) = alp — 1),
or, recalling what is the norm on S,
V(G lIClloo < p) : A(Ag, Bg; X) = —alp — 1) Im. (4.4.8)

Now, repeating word for word the reasoning we used to demonstrate that (4.4.4) is sufficient for
robust nonexpansiveness of (4.4.2), one can extract from (4.4.8) the following conclusion:

(!) Whenever in uncertain dynamical system (4.4.2) one has [A, Bt] = [A¢t, Bet] and
the perturbation ¢! remains all the time in the range ||¢!||s < p, one has

t t
(1—af /xT s)ds < (1 + /uT (4.4.9)
0 0

for all t > 0 and all trajectories of the dynamical system such that x(0) = 0.

We see that global sensitivity « indeed controls “deterioration of nonexpansiveness” as the
perturbations run out of their normal range Z: when the || - || distance from ¢* to Z all the
time remains bounded by p — r € [0, é), relation (4.4.9) guarantees that the Lo norm of the
state trajectory on every time horizon can be bounded by constant times the Lo norm of the

1/2
control on the this time horizon. The corresponding constant <%> is equal to 1 when

p = r and grows with p, blowing up to +o0o as p — r approaches the critical value a~!, and the
larger «, the smaller is this critical value.
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Processing the GRC
Observe that (4.4.4) and (4.4.6) imply that

A(A¢, B X) = A(A™ B X) — S5, ¢ [L](X) Ry + RT Lo(X)]

(4.4.10)
L} (X) = [Xeg; Om—nn], R = fo.

Invoking Proposition 4.2, the GRC in question is equivalent to the following system of LMIs in
variables X and a:

(a) X =0
(0) V(G oo < 7)

A(A™, BY X))+ S0 Co [LF (X)Re + RFLo(X)] = 0
(€) V(G lIKlloo < 1) = 300y Ce [LE(X) Re + R Le(X)] = =l

(4.4.11)

Note that the semi-infinite LMIs (4.4.11.b, ¢) are affected by structured norm-bounded uncer-
tainty with 1 x 1 scalar perturbation blocks (see section 3.5.1). Invoking Theorem 3.13, the
system of LMIs

(a) X =0

(b.1) Y= £ [LE(X)Re+ RILy(X)], 1 <4< L
(b:2) A(AL,BYX) —r Y, V= 0

(c1) Zy=+[LT(X)Re+ R Ly(X)],1<¢<L
(c2) al, -k ,Zi=0

in matrix variables X, {Y, Zg}ngl and in scalar variable « is a safe tractable approximation of
the GRC, tight within the factor 7. Invoking the result stated in (!) on p. 106, we can reduce
the design dimension of this approximation; the equivalent reformulation of the approximation
is the SDO program

min «
s.t.
X =0
[ AAY, B X) —r S MRFR | LT(X) - LT(X)
Ll(X) )\1/7"
- ‘ =0 (4.4.12)
L . LL(X) )\L/r
aly =S/ wRIR | LT(X) - LT(X)
Li(X
1(‘ ) M1 =0
L Li(X) I3

in variable X € S™ and scalar variables «, {A, ,ug}é::l. Note that we have equipped our (ap-
proximate) GRC with the objective to minimize the global sensitivity of X; of course, other
choices of the objective are possible as well.
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Numerical illustration

The data. In the illustration we are about to present, the state dimension is n = 5, and the
control dimension is ¢ = 2, so that m = dimz + dimw = 7. The nominal data (chosen at
random) are as follows:

[A%, B
—-1.089 -0.079 -0.031 -0.575 —0.387| 0.145 0.241
—-0.124 —-2.362 -2.637  0.428 1.454 | —0.311 0.150
=M :=| —-0.627 1.157 —-1.910 —-0.425 —-0.967 | 0.022  0.183
—-0.325 0.206 0.500 —-1.475  0.192 0.209 —0.282
0.238 —-0.680 —0.955 —0.558 —1.809 | 0.079  0.132

The interval uncertainty (4.4.6) is specified as

5 7
[Ag b = M+ G [Mislai £
i=1 j—1 T

where g;, f; are the standard basic orths in R® and R7, respectively; in other words, every entry
in [A, B] is affected by its own perturbation, and the variability of an entry is the magnitude of
its nominal value.

Normal range of perturbations. Next we should decide how to specify the normal range
Z of the perturbations, i.e., the quantity r in (4.4.7). “In reality” this choice could come from
the nature of the dynamical system in question and the nature of its environment. In our
illustration there is no “nature and environment,” and we specify r as follows. Let r, be the
largest r for which the robust nonexpansiveness of the system at the perturbation level r, (i.e.,
the perturbation set being the box B, = {( : [|(]lcc < r}) admits a certificate. It would be
quite reasonable to choose, as the normal range of perturbations Z, the box B, , so that the
normal range of perturbations is the largest one where the robust nonexpansiveness still can be
certified. Unfortunately, precise checking the existence of a certificate for a given box in the role
of the perturbation set means to check the feasibility status of the system of LMIs

(a) X=0
(0) V(¢ l¢lloo <7) 2 A(A¢g, Bi; X) = 0

in matrix variable X, with A(-, ;) given in (4.4.4). This task seems to be intractable, so that we
are forced to replace this system with its safe tractable approximation, tight within the factor
/2, specifically, with the system

X =0
AAY, B X) —r S p  MRFR | LT (X) - LT(X)
L1§X) A1/ - (4.4.13)
LL(X) )\L/T'

in matrix variable X and scalar variables A; (cf. (4.4.12)), with R;(X) and Ly given by (4.4.10).
The largest value 71 of r for which the latter system is solvable (this quantity can be easily found
by bisection) is a lower bound, tight within the factor pi/2, on r., and this is the quantity we
use in the role of r when specifying the normal range of perturbations according to (4.4.7).
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Applying this approach to the outlined data, we end up with
r=1ry = 0.0346.

The results. With the outlined nominal and perturbation data and r, the optimal value in
(4.4.12) turns out to be
acrc = 27.231.

It is instructive to compare this quantity with the global sensitivity of the RC-certificate Xrc
of robust nonexpansiveness; by definition, Xgc is the X component of a feasible solution to
(4.4.13) where r is set to 1. This X clearly can be extended to a feasible solution to our safe
tractable approximation (4.4.12) of the GRC; the smallest, over all these extensions, value of
the global sensitivity « is

arc = 49.636,

which is by a factor 1.82 larger than agrc. It follows that the GRC-based analysis of the
robust nonexpansiveness properties of the uncertain dynamical system in question provides us
with essentially more optimistic results than the RC-based analysis. Indeed, a feasible solution
(a,...) to (4.4.12) provides us with the upper bound

_J L O<p<r
Ci(p) < Calp) = L) < pcrtal (4.4.14)
l1—a(p—r)’ —

(cf. (4.4.9)) on the “existing in the nature, but difficult to compute” quantity
Ci(p) = inf {C : fg 2T (s)x(s)ds < C’fg u' (s)u(s)ds¥(t > 0,z(-),u()) :
(0) = 0, (5) = Agra(s) + Beu(s) ¢ < p¥s

responsible for the robust nonexpansiveness properties of the dynamical system. The upper
bounds (4.4.14) corresponding to arc and agrc are depicted on the left plot in figure 4.5 where
we see that the GRC-based bound is much better than the RC-based bound.

Of course, both the bounds in question are conservative, and their “level of conservatism” is diffi-
cult to access theoretically: while we do understand how conservative our tractable approximations to
intractable RC/GRC are, we have no idea how conservative the sufficient condition (4.4.4) for robust
nonexpansiveness is (in this respect, the situation is completely similar to the one in Lyapunov Stability
Analysis, see section 3.5.1). We can, however, run a brute force simulation to bound Ci(p) from below.
Specifically, generating a sample of perturbations of a given magnitude and checking the associated ma-
trices [A¢, B¢] for nonexpansiveness, we can build an upper bound p; on the largest p for which every
matrix [A¢, Be] with [[{]lcc < p generates a nonexpansive time-invariant dynamical system; p; is, of
course, greater than or equal to the largest p = p; for which C.(p) < 1. Similarly, testing matrices A, for
stability, we can build an upper bound 5., on the largest p = ps for which all matrices A¢, ||(|loo < ps
have all their eigenvalues in the closed left hand side plane; it is immediately seen that C\(p) = co when
p > poo- For our nominal and perturbation data, simulation yields

Py = 0.310, P, = 0.7854.

These quantities should be compared, respectively, to r; = 0.0346, (which clearly is a lower bound on
the range p; of p’s where Ci(p) < 1) and roo = 71 + O‘(_;%{C (this is the range of values of p where the
GRC-originating upper bound (4.4.14) on C,(p) is finite; as such, r, is a lower bound on p.,). We see
that in our numerical example the conservatism of our approach is “within one order of magnitude”:
P1/r1 ~ 8.95 and P, /reo ~ 11.01.
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Figure 4.5: RC/GRC-based analysis: bounds (4.4.14) vs. p for a = agrc (solid) and a = agrc
(dashed).

4.5 Exercises

Exercise 4.1 Consider a situation as follows. A factory consumes n types of raw materials,
coming from n different suppliers, to be decomposed into m pure components. The per unit
content of component ¢ in raw material j is p;; > 0, and the necessary per month amount of
component ¢ is a given quantity b; > 0. You need to make a long-term arrangement on the
amounts of raw materials x; coming every month from each of the suppliers, and these amounts
should satisfy the system of linear constraints

The current per unit price of product j is ¢;; this price, however, can vary in time, and from the
history you know the volatilities v; > 0 of the prices. How to choose x;’s in order to minimize
the total cost of supply at the current prices, given an upper bound « on the sensitivity of the
cost to possible future drifts in prices?

Test your model on the following data:

n=32,m=_8,pj; =1/m,b; = 1.e3,
c; =08+0.2/((j —1)/(n—1)),v; =0.1(1.2 — ¢;),

and build the tradeoff curve “supply cost with current prices vs. sensitivity.”

Exercise 4.2 Consider the Structural Design problem (p. 122 in section 3.4.2).

Recall that the nominal problem is

min{T:teT[QT I ]>0er]—'} (SD)
tr AR | T

where 7 is a given compact convex set of admissible designs, F C R™ is a finite set of
loads of interest and A(t) is an m x m symmetric stiffness matrix affinely depending on .
Assuming that the load f “in reality” can run out of the set of scenarios F and thus can be
treated as uncertain data element, we can look for a robust design. For the time being, we
have already considered two robust versions of the problem. In the first, we extended the set
F of actual loads of interest was extended to its union with an ellipsoid E centered at the



4.5. EXERCISES 207

origin (and thus we were interested to minimize the worst, with respect to loads of interest
and all “occasional” loads from E, compliance of the construction. In the second (p. 154,
section 3.6.2), we imposed an upper bound 7, on the compliance w.r.t. the loads of interest
and chance constrained the compliance w.r.t. Gaussian occasional loads. Along with these
settings, it might make sense to control both the compliance w.r.t. loads of interest and its
deterioration when these loads are perturbed. This is what we intend to consider now.

Consider the following “GRC-type” robust reformulation of the problem: we want to find a
construction such that its compliance w.r.t. a load f + pg, where f € F, ¢ is an occasional load
from a given ellipsoid E centered at the origin, and p > 0 is a perturbation level, never exceeds
a prescribed function ¢(p). The corresponding robust problem is the semi-infinite program

(1) Given ¢(-), find ¢t € 7 such that

20(p) | [f + pg]”
f+pg| Al)

~0vY(feF,geE).

1. Let us choose ¢(p) = 7+ ap — the choice straightforwardly inspired by the GRC methodol-
ogy. Does the corresponding problem (!) make sense? If not, why the GRC methodology
does not work in our case?

2. Let us set ¢(p) = (/7 + py/a)?. Does the corresponding problem (!) make sense? If yes,
does (!) admit a computationally tractable reformulation?

Exercise 4.3 Consider the situation as follows:

Unknown signal z known to belong to a given ball B = {z ¢ R": 272 < 1}, Q = 0,
is observed according to the relation

y=Az+¢,

where y is the observation, A is a given m X n sensing matrix, and £ is an observation
error. Given y, we want to recover a linear form f7z of z; here f is a given vector.
The normal range of the observation error is = = {£ € R™ : ||£]|2 < 1}. We are
seeking for a linear estimate f(y) =gTy.

1. Formulate the problem of building the best, in the minimax sense (i.e., with the minimal
worst case, w.r.t. € B and £ € E, recovering error), linear estimate as the RC of an
uncertain LO problem and build tractable reformulation of this RC.

2. Formulate the problem of building a linear estimate with the worst case, over signals z
with ||z]|2 < 14 p. and observation errors £ with ||{[|2 < 1+ pg, risk for all p,, pe > 0, risk
admitting the bound 7 + . p. + agpe with given 7, a;, a,i; thus, we want “desired perfor-
mance” 7 of the estimate in the normal range B x Z of [z;¢] and “controlled deterioration
of this performance” when z and/or & run out of their normal ranges. Build a tractable
reformulation of this problem.

Exercise 4.4 Consider situation completely similar to the one in Exercise 4.3, with the only
difference that now we want to build a linear estimate Gy of the vector Cz, C being a given
matrix, rather than to estimate a linear form of g.
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1. Formulate the problem of building the best, in the minimax sense (i.e., with the minimal

worst case, w.r.t. z € Band £ € E, || - ||2-recovering error), linear estimate of C'z as the RC
of an uncertain Least Squares inequality and build a tight safe tractable approximation of
this RC.

2. Formulate the problem of building a linear estimate of C'z with the worst case, over signals
z with ||z]|2 < 14 p. and observation errors { with [|£||2 < 1 + pg, risk admitting for all
Pz, pe > 0 the bound 7 + a.p. + agpe with given 7, ., a,i. Find a tight safe tractable
approximation of this problem.





