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Exercises from Part [II

5.1 Elementaries

Exercise Mark in the following list the sets which are convex:

1.

10.

11.

12,

13.

14.

{reR?*:
Solution:
{reR?*:

Solution:

1,i=1,...

{reR?:
Solution:
{z € R?*:
Solution:
{x e R
Solution:
{reR?:
Solution:
{reR?:
Solution:
{reR":
Solution:
{reR":
Solution:
{reR":
Solution:
{reR":
Solution:
{reR":
Solution:
{reR":

Solution:

{reR":

142 <1,i=1,...,10}

convex

23 4 2z wo + 4203 < 1,i=1,...,10}

convex. Here is an equivalent description where convexity is evident: {z : |z1 + tz2| <
,10}.

23 4 iriwe + %23 < 1,i=1,...,10}

convex (it is the intersection of ellipses)

x5 + brixs + 423 <1}

nonconvex
cx? 4222 + 322 + ..+ 1022, < 1000z — 9992 + 9983 — ... + 992z9 — 991:010}

convex (ellipsoid)
exp{z1} < x2}
convex

exp{z1} > x2}

nonconvex

n

>oai =1}
i=1
nonconvex

n

> i <1}
=1
convex

n

x> 1}
=1

nonconvex

max x; < 1}
i=1,...,n

convex

max x; > 1}
i=1,...,n

nonconvex, except for n = 1

max x; = 1}
i=1,...,n

nonconvex, except forn =1

g{lin x; <1}

2 LN
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Solution: nonconvex, except for n =1
15. {x e R": l:I{unn x; > 1}

Solution: convex
16. {x e R™: n innxi =1}

Solution: nonconvex, except for n =1

Exercise [[.2] Mark by T those of the following claims which are always true:

The linear image Y = {Az : € X} of a linear subspace X is a linear subspace. Solution: T
The linear image Y = {Az : « € X} of an affine subspace X is an affine subspace. Solution: T
The linear image Y = {Axz : x € X} of a convex set X is convex. Solution: T

The affine image Y = {Az +b: x € X} of a linear subspace X is a linear subspace.

The affine image Y = {Az+b: 2 € X} of an affine subspace X is an affine subspace. Solution:
T

6. The affine image Y = {Ax +b: x € X} of a convex set X is convex. Solution: T

7. The intersection of two linear subspaces in R" is always nonempty. Solution: T

8. The intersection of two linear subspaces in R" is a linear subspace. Solution: T
9
0

arwNH

. The intersection of two affine subspaces in R"™ is an affine subspace.
. The intersection of two affine subspaces in R™, when nonempty, is an affine subspace. Solution:
T

11. The intersection of two convex sets in R™ is a convex set. Solution: T
12. The intersection of two convex sets in R™, when nonempty, is a convex set. Solution: T

Exercise Prove that the relative interior of a simplex with vertices 3°, ..., y™ is exactly the set

{iAiyi: Ai > 0, iAZ = 1}.
i=0 i—0

Solution: The claim is evident for the standard simplex A, := {x € R : Y, x; < 1}. Moreover, the
set A := Conv{y",...,y™} is the image of A,, under the affine mapping

m
z— A(z) = 0+ Zzz(yl - yo) R — Rdim(y),
i=1

which is a one-to-one affine correspondence between R™ and Aff{y°,...,y™}, and such a correspondence
clearly maps the relative interiors of convex sets in the argument space onto the relative interiors of their
images in the image space.

Exercise [[.4] Which of the following claims is true:

1. Theset X = {z: Az < b} is a cone if and only if X = {z : Az <0}.
2. Theset X = {z: Az < b} is a cone if and only if b = 0.

Solution: The claim in item 1 is correct, while the claim in item 2 is not. Let us show that the claim
in item 1 is correct. We immediately see that if X = {z : Az < 0}, then X is clearly a cone. To see
the other direction, suppose that the set X = {z : Az < b} is a cone. Then 0 € X, so that b > 0, and
therefore the set X := {z : Az < 0} is contained in X. Moreover, for any « € X, as X is a cone we have
that tz € X for all t > 0, and so Az < t~1b for all t > 0. Then, by taking the limit of both sides of this
latter inequality as t — +oo we conclude that Az < 0. Therefore, X C X, the bottom line being that
X =X = {z: Az <0}.

A counterexample for the claim in item 2 is, e.g., A = [1;1], b = [0;1], so that Az < b is the system of
two univariate linear inequalities x < 0, < 1; here the solution set is a cone, but b # 0.

Exercise @ Suppose K is a closed cone. Prove that the set X = {z : Az — b € K} is a cone if
and only if X = {z : Az € K}.

Solution: Follows the same argument as in Exercise [41.



4 Exercises from Part[]

Exercise Prove that if M is a nonempty convex set in R™ and € > 0, then for every norm | - ||
on R", the e-neighborhood of M, i.e., the set

= A — <
Mo={yeRr": inf Iyl <},

is convex.

Solution: Consider any y’,y"" € M. and any X € [0; 1]; we should prove that y := Ay’ + (1 —\)y” € M.
As y',y"” € M., using the definition of the set M¢ we deduce that for every § > 0 there exist §; € M
and z§ € X such that ||y’ — || < e+ 0 and ||y — || < e+ J. Hence,

ly — P+ (1= Nag] || = [IAly —25] + (1 = Ny — 5]l
—_
Z:I§
<Al =gl + @ =Ny =zl
<Ae+8) 4+ (1= N)(e+0)=c+4.

Also, as M is convex, x5 € M. Thus, we see that for every § > 0 there is a point x5 € M such that
lly — z5|| < e+ 4§, and since § > 0 is arbitrary, we conclude that inf ¢ [y — z|| < ¢, that is, y € M.

Exercise Which of the following claims are always true? Explain why/why not.

1. The convex hull of a bounded set in R" is bounded.

Solution: yes.

2. The convex hull of a closed set in R" is closed.

Solution: not necessarily. Consider the set X := {z € R? : 2 > |#1]|7!, 1 # 0}. Note that X is
closed yet its convex hull is the open half-plane {z € R? : z5 > 0}.

3. The convex hull of a closed convex set in R™ is closed.

Solution: yes. And the color of white horse of Alexander the Great is “white.”

4. The convex hull of a closed and bounded set in R"™ is closed and bounded.

Solution: yes, see Corollarym
5. The convex hull of an open set in R" is open.

Solution: yes

Exercise [I.8] Let A, B be nonempty subsets of R". Consider the following claims. If the claim
is always (i.e., for every data satisfying premise of the claim) true, give a proof; otherwise, give a
counter example.

1. If AC B, then Conv(A) C Conv(B).
Solution: evidently true.
2. If Conv(A) C Conv(B), then A C B.
Solution: evidently false. Consider n =1, A = {1,2,3}, B = {1, 3}.
3. Conv(AN B) = Conv(A) N Conv(B).
Solution: evidently false. Consider n = 1, A = {0, 2}, B = {1, 3}, resulting in Conv(AN B) = & and
Conv(A) N Conv(B) = [1,2].
4. Conv(AN B) C Conv(A) N Conv(B).
Solution: evidently true, since ANB C A, we have Conv(ANDB) C Conv(A). Similarly, Conv(ANB) C
Conv(B).
5. Conv(A U B) C Conv(A) U Conv(B).
Solution: evidently false. Consider n =1, A = {0}, B = {1}.
6. Conv(AU B) D Conv(A) U Conv(B).
Solution: evidently true: since A U B contains A, we have Conv(A U B) D Conv(A), and similarly
Conv(A U B) D Conv(B).
7. If Ais closed, so is Conv(A).
Solution: false, see Remark [.2.6]
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8. If Ais closed and bounded, so is Conv(A).
Solution: true, see Corollary [2.5]

9. If Conv(A) is closed and bounded, so is A.
Solution: evidently false. Consider A = [0,1/2) U {1}.

Exercise[l.9] Let A, B, C be nonempty subsets of R™ and D be a nonempty subset of R"™. Consider

the following claims. If the claim is always (i.e., for every data satisfying premise of the claim) true,

give a proof; otherwise, give a counter example.

1. Conv(A U B) = Conv(Conv(A) U B).
Solution: true. Since A C Conv(A) and B C B, we have (AU B) C (Conv(A)U B) and so Conv(AU
B) C Conv(Conv(A)U B). To see the other direction, note that the set Conv(AU B) clearly contains
both Conv(A) and B, that is, Conv(A U B) O (Conv(A) U B). Moreover, Conv(A U B) is convex,
implying Conv(A U B) D Conv(Conv(A) U B).

2. Conv(A U B) = Conv(Conv(A) U Conv(B)).

Solution: true. Applying the preceding part twice, we get
Conv(A U B) = Conv(Conv(A) U B) = Conv(B U Conv(A)) = Conv(Conv(B) U Conv(A)).

3. Conv(AUBUC) = Conv(Conv(AUB)UC).
Solution: true. Applying the first part of this exercise, we get

Conv(AUBUC) = Conv((AU B)UC) = Conv(Conv(AU B)UC).

4. Conv(A x D) = Conv(A) x Conv(D).

Solution: true. Indeed, A x D C Conv(A) x Conv(D). Moreover, Conv(A) x Conv(D) is convex,
implying that Conv(A x D) C Conv(A) x Conv(D). To see the reverse direction, consider a point
z € (Conv(A) x Conv(D)). Then, z = [}, \ia%; Z]. pjd’] for some weights \; > 0 summing up to 1
and a® € A, and for some weights pj > 0 summing up to 1 and d? € D. Hence, z = Z” it [a; d7],
and since A\;p; > 0 and Zm. Aiptj = 1, we see that z € Conv(A x D). Thus, Conv(A) x Conv(D) C
Conv(A x D).

5. When A is convex, to get the set Conv(A U B) (which is always the set of convex combinations
of several points from A and several points from B), it suffices to take convex combinations of
points with at most one of them taken from A, and the rest taken from B. Similarly, if A and
B are both convex, to get Conv(A U B), it suffices to add to AU B all convex combinations of
pairs of points, one from A and one from B.

Solution: Both claims are true. Indeed, Conv(A U B) is the set of all convex combinations of finite
_ : ierMia’ +
EjeJ b7, where I, J are sets of indices, A\; are nonnegative and a* € A, i € I, u; are nonnegative

collections of points, some from A and the rest from B. Consider such a collection z =)

and b7 € B, j € J, and the total sum of all A; and p; is 1. Justifying the first claim boils down to

iel )‘1 =0,

(-
Aia’t = aa,

verifying that when A is convex, we can restrict I to be of cardinality 0 or 1. Indeed, if )

z is convex combination of points from B, and if o := ) Ai > 0, we can write »

where a =37, ;
combination aa + ZiEJ 13b* of a collection where one point is from A, and all remaining points are

i€l iel
%a’ is a point from A (since A is convex), that is, z can be represented as convex

from B, as required.
Similarly, to justify the second claim, we should verify that when A and B are convex, the above
z is either a point from A, or from B, or a convex combination of two points, one from A and one
from B. When o := Y7, .; A =0or §:= 3, pu; =0, the initial representation of z is in fact the
representation of the point as convex combination of points from B, resp., from A, that is, either is a
point from B, or a point from A, or both. And when a > 0 and 8 > 0, we have, same as in the first
claim, z = aa + b with a € A, b € B, and of course ao + 8 = 1. That is, z is convex combination of
a point from A and a point from B.

6. Suppose A is a set in R". Consider the affine mapping x — Px +p: R" — R™, and the image
of A under this mapping, i.e., the set PA+p:= {Pz+p:x € A}. Then, Conv(PA + p) =
P Conv(A) + p.
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Solution: trivially true. Here is the justification:

Conv{PA +p} = {Z Xyt A >0, Z)\i =1, y* € PA+p, Vz}

7

S NPzt 4p): A >0, > Ni=1, 2" €A Vi
i i

=P(S; Mizi)+p

Z{Px-i-pl x:Zx\ixi,)\ZO, ZAi:l}

= P Conv(A) + p.

7. Consider an affine mapping y — P(y) : R™ — R"™ where P(y) := Py+p. Recall that given a set
X € R", its inverse image under the mapping P(-) is given by P71 (X) := {y ¢ R™ : P(y) €
X}. Then, Conv(P™*(A)) = P~ (Conv(A)).

Solution: clearly false. Consider m =n =1, Pz +p =0, and A = {—1,1}. Note that in this case as
0 ¢ A we have P71(A) = @ and so Conv(P~!(A)) = @. On the other hand, Conv(A4) = [—1,1] and
so 0 € Conv(A) and P~!(Conv(A)) = R™.

8. Consider an affine mapping y — P(y) : R™ — R where P(y) := Py+p. Then, Conv(P~*(A)) C
P~ (Conv(A)).

Solution: clearly true. Consider any z € Conv(P~1(A)); then z is a convex combination of points
from P~1(A), that is, Pz + p is a convex combination of points from A.

Exercise[l.10] Let X1, X2 € R" be two nonempty sets, and define Y := X1UX5 and Z := Conv(Y).
Consider the following claims. If the claim is always (i.e., for every data satisfying premise of the
claim) true, give a proof; otherwise, give a counter example.

1. Whenever X; and X> are both convex, so is Y.

Solution: Obviously false. Take n = 1, and X7 := {—1} and X5 := {+1}.
2. Whenever X; and X, are both convex, so is Z.

Solution: Obviously true by definition of Z.
3. Whenever X; and X2 are both bounded, so is Y.

Solution: Obviously true.
4. Whenever X; and X3 are both bounded, so is Z.

Solution: Obviously true.
5. Whenever X; and X> are both closed, so is Y.

Solution: Obviously true - closedness is preserved by taking finite unions.
6. Whenever X; and X are both closed, so is Z.

Solution: This is false as Z is not necessarily closed. Indeed, this claim is not valid even when X1, X2
are nonempty polyhedral, but not bounded, sets. For example, by selecting n = 2, X1 := {z € R2:
z1 > 0,z2 = 0} and Xa := {[0;1]}, we see that the set Conv(X; U X3) is not polyhedral, but its
closure is.

7. Whenever X; and X3 are both compact, sois Y.

Solution: Obviously true — Y is closed and bounded along with X; and Xbs.
8. Whenever X; and X2 are both compact, so is Z.

Solution: Obviously true — by previous item, Y is compact, so that Z is compact by Corollarym
9. Whenever X; and X3 are both polyhedral, so is Y.
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Solution: Obviously false. Take n =1, and X1 := {—1} and X5 := {+1}.
10. Whenever X7 and X5 are both polyhedral, so is Z.
Solution: This is false as Z is not necessarily closed, see solution to item 6, and closedness for a
polyhedral set is a must.
11. Whenever X; and X3 are both polyhedral and bounded, so is Y.
Solution: Obviously false. Take n =1, and X1 := {—1} and X5 := {+1}.
12. Whenever X, and X3 are both polyhedral and bounded, so is Z.

Solution: This claim is indeed true, see solution to Exercise [[22]2 for a proof.

Exercise [I.11] Consider two families of convex sets given by {F;}icr and {G;};e. Prove that the
following relation holds:

Conv < U (Fin Gj)) C Conv (U [G; N Conv(Uingi)]) .

i€l jed jeJ
Solution: Note that for all j € J and for all ' € I, we have
(Fyr NGy) C G N (UserFy)] C [Gj N Conv(User Fy)],
and so for all j € J
U (Fyr NGy ) C [Gj N Conv(U;e 1 F;)] -
el

By first taking the union of both sides over j € J and then taking the convex hull of the resulting sets,
we arrive at the desired relation.

Exercise [[.12] Let C1, C be two nonempty conic sets in R", i.e., for each i = 1,2, for any z € C;
and t > 0, we have t - x € C; as well. Note that C1, C> are not necessarily convex. Prove that

1. Cy + C3 # Conv(C1 U C2) may happen if either Cy or C5 (or both) is nonconvex.

Solution: Let C7 be the origin in R?, and C3 be the union of nonnegative rays of the coordinate
axes. Here both sets are nonempty and conic, their sum is Ca, and the convex hull of their union
(which is C3) is the first quadrant.

2. C1+ C2 = Conv(C1 U C2) always holds if C1,C> are both convex.

Solution: When C7,Cy are nonempty and convex, we have by Exercise 5 that Conv(Cy U Cy) =
{z=ay+(1—a)z:y € C1,z € Ca,a € [0,1]}, whence Conv(C1UC2) = C1UC2U{z = ay+(1—a)z :
y € C1,z € Ca,a € (0,1)} = C1 U Ca U (Uge(o,1y[2C1 + (1 — a)Ca]). When C1, Ca, in addition to
being nonempty and convex, are also conic, for a € (0,1) it holds aC1 + (1 — a)C2 = C1 + C2, so
that the above computation results in Conv(Cq UC2) = C1 UC2 U[C1 4+ C2]. The latter union is just
C1 + Cz, since C1 + C3 contains both C; and C2 (as a nonempty conic set contains the origin).

3. The equality C1NC2 = ](aCl N (1 — a)Cs) always holds if C, C> are both convex.

Solution: We have

Uag(o,1] [OéCl Nn(1-— 04)02} = [0 -Ci1N1l- CQ} @] [1 -C1NO0- CQ} @] (Uae(oyl)[acl N1 - Oc)CQ]),
and the set in parentheses () is just C1 N Cq due to the conicity of C1, C2. Besides this, as it was
mentioned when solving item 2, 0 € Cq N C2, so that [0-C1 NCa] =[C1NO-C2] = {0} C C1 NCo.
The bottom line is that Uggo,11[@C1 N (1 — @)Ca] = C1 N Ca, as claimed.

a€lo,1

Exercise [[.13] Let X C R"™ be a convex set with int X # @, and consider the following set
K:=cl{[z;t]: t>0,z/t € X}.
Prove that the set K is a closed cone with a nonempty interior.

Solution: K is what was in section [1.5| called closed conic transform of X; it was shown in section [1.5
that K is a closed cone. When T € int X, we clearly have [7;1] € int K, so that int K # & whenever
int X # @.
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5.2 Around ellipsoids

Exercise [[.14] Verify each of the following statements:

1. Any ellipsoid E € R"™ is the image of the unit Euclidean ball B, = {x € R" : ||z|]2 < 1} under a
one-to-one affine mapping. That is, £ C R™ can be represented as £ = {z : (z—¢c)' C(z—c) <
1} with C > 0 and ¢ € R" if and only if it can be represented as £ = {c+ Du : u € B,}
with nonsingular D, and in the latter representation D can be selected to be symmetric positive
definite.

Solution: Let E = {z: (x—c)' C(z—c) < 1} with C = 0. Then, by defining H := C/2 (sce section
ID.1.5) we have
E={z: (Hz-c¢) (Hz—c)<1l}={z=c+H 'u:u'u<1}
—— N~~~

=u
where D = H~1 = 0 as C » 0. For the other direction, given a nonsingular D, to say that z = c+ Du
with some u satisfying ||u|2 < 1, is the same as to say that |[D~!(z — c)||2 < 1, that is, the same as
to say that (z —¢)T D™ D7 (z — ¢) < 1 (by definition, DT = (D=1)T), and C := D~ "D~ ! is

[ —
=:C

symmetric positive definite since D~ is nonsingular.

2. Given C' =0, D = 0 and ¢,d € R", the ellipsoid Ec := {z : (z—c)"C(z—c) < 1} is contained
in the ellipsoid Ep := {x: (z —c)' D(x — ¢) < 1} if and only if C = D. If the ellipsoid Ec is
contained in the ellipsoid Fp, = {z : (z —d)" D(z — d) < 1}, then C = D.

Solution:  The first claim: Setting * = y + ¢, we should prove that with positive definite C, D,
the implication yTCy < 1 == y" Dy < 1 holds true if and only if C > D. By homogeneity, the
implication in question is the same as the relation

Y(s,y:s>0, y Oy < s): y' Dy <s,

which for C' > 0 is exactly the same as C > D.
The second claim: Suppose E¢c C Eb Then, using part 1,

wTu<l <= c+C Y2y Eg
B c+C’1/2u€Eb
= (CY2u+c—d)"DICV2u+c—-d)<1
= (u+ )T (V2D (ut f), fi=CM2(c—d).
| S —

=H
Applying the resulting inequality to —u in the role of u, we conclude that
wu<l = (f+u) H(f £u) <1,
whence

wlu<l = 1> ((f+w) Hf+uw)+ (f—w)  H(f —w) =u' Hu+ fTHf >u' Hu,

N | =

where the concluding inequality is due to H > 0 (implied by C, D > 0). Hence, we arrive at
I>H=C"Y?Dpc~1/2,
implying, after multiplying both sides from the right and from the left by the symmetric matrix

C1/2 that C > D, as claimed.

3. For a set U C R", let Vol(U) be the ratio of the n-dimensional volume of U and the n-
dimensional volume of the unit ball B,,. Then, for an n-dimensional ellipsoid E represented as
{z = c+ Du: |Jull2 < 1} with nonsingular D we have

Vol(E) = |Det(D)|,
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and when E is represented as {z : (z —¢)' C(z —¢) < 1} with C' = 0, we have
Vol(E) = Det /(0.

Solution: The first relation is evident — one-to-one affine transformation u — ¢ 4+ Du multiplies
n-dimensional volumes by |Det(D)|. Using item 1, we see that the second representation of E is

equivalent to the first representation with D := C~1/2, so that the second representation of Vol(E)

is readily given by the first one.

Exercise Given C > 0, an ellipsoid {2 : (z—a) " C(z—a) < 1} is the solution set of quadratic
inequality ' Cz — 2(Ca) "z + (a"Ca — 1) < 0. Prove that the solution set E of any quadratic
inequality f(z) := 2" Cxz — ¢ x + ¢ < 0 with positive semidefinite matrix C' is convex.

Solution: Let z,y € E and X € [0,1]. Then,

fQz+ (1= Ny)

= ()\QxTCx +A1 =Nz Cy+ A1 —-Ny Cx+ (1 — )\)QyTCy)
“Az—(1=Ncy+ro+(1—No

=AMz Cz—ce+o)+(1-Ny Cy—c'y+o) = A1 -N)((z—-y) Clz—y)

>0 due to C > 0

SAf(2)+(1=A) f(y) <O.
~—~
<0 <0

That is, Az + (1 — A)y € E.

5.3 Truss Topology Design

Exercise [First acquaintance with Truss Topology Design]

Preamble. What follows is the first exercise in a “Truss Topology Design” (TTD) series ((other
exercises in it are. The underlying “real life" mechanical story is simple enough
to be told and rich enough to illustrate numerous constructions and results presented in the main
body of our textbook — ranging from Caratheodory Theorem to semidefinite duality, demonstrating
on a real life example how the theory works.

Trusses. Truss is a mechanical construction, like railroad bridge, electric mast, or Eiffel Tower,
composed of thin elastic bars linked with each other at nodes — points from physical space (3D
space for spatial, and 2D space for planar trusses).

Figure 5.1. Pratt Truss Bridge

When truss is subject to external load — collection of forces acting at the nodes — it starts to deform,
so that the nodes move a little bit, leading to elongations/shortenings of bars, which, in turn, result
in reaction forces. At the equilibrium, the reaction forces compensate the external ones, and the truss
capacitates certain potential energy, called compliance. Mechanics models this story as follows.

e The nodes form a finite set p1, ..., px of distinct points in physical space R? (d = 2 for planar,
and d = 3 for spatial constructions). Virtual displacements of the nodes under the load are
somehow restricted by “support conditions;” we will focus on the case when some of the nodes
“are fixed” — cannot move at all (think about them as being in the wall), and the remaining “are
free” — their virtual displacements form the entire R%. A virtual displacement v of the nodal set
can be identified with a vector of dimension M = dm, where m is the number of free nodes;
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v is block vector with m d-dimensional blocks, indexed by the free nodes, representing physical
displacements of these nodes.

e There are N bars, i-th of them linking the nodes with indexes a; and §; (with at least one of
these nodes free) and with volume (3D or 2D, depending on whether the truss is spatial or planar)
t;.

e An external load is a collection of physical forces — vectors from R® — acting at the free nodes
(forces acting at the fixed nodes are of no interest — they are suppressed by the supports). Thus, an
external load f can be identified with block vector of the same structure as a virtual displacement
— blocks are indexed by free nodes and represent the external forces acting at these nodes. Thus,
displacements v of the nodal set and external loads f are vectors from the space V of virtual
displacements — M-dimensional block vectors with m d-dimensional blocks.

e The bars and the nodes together specify the symmetric positive semidefinite M x M stiffness
matrix A of the truss. The role of this matrix is as follows. A displacement v € V of the nodal
set results in reaction forces at free nodes (those at fixed nodes are of no interest — they are
compensated by supports); assembling these forces into M-dimensional block-vector, we get a
reaction, and this reaction is —Awv. In other words, the potential energy capacitated in truss
under displacement v € V of nodes is %’UTAU, and reaction, as it should be, is the minus gradient
of the potential energy as a function of UEI At the equilibrium under external load f, the total of
the reaction and the load should be zero, that is, the equilibrium displacement satisfies

Av=f ©.1)

Note that may be unsolvable, meaning that the truss is crushed by the load in question. As-
suming the equilibrium displacement v exists, the truss at equilibrium capacitates potential energy
%UTA”U; this energy is called compliance of the truss w.r.t. the load. Compliance is convenient
measure of rigidity of the truss with respect to the load, the less the compliance the better the

truss withstands the load.
Let us build the stiffness matrix of a truss. As we have mentioned, the reaction forces originate from

elongations/shortenings of bars under displacement of nodes. Consider i-th bar linking nodes with
initial — prior to the external load being applied — positions a; = po,; and b; = pg,, and let us set

di = ||bi — aill2, e; = [bi — ai]/d;.
Under displacement v € V of the nodal set,

e positions of the nodes linked by the bar become a; + v, b; + vPi  where v" is ~-th block in v
~—~ ~—~
da db
— the displacement of ~-th node
e as a result, elongation of the bar becomes, in the first-order in v approximation, e; [db— da], and
the reaction forces caused by this elongation by Hooke's LavxE] are

d;*Sieie] [db—da]  at node #
—d; ' Sieie] [db— da]  at node # ;
0 at all remaining nodes

where S; = t;/d; is the cross-sectional size of i-th bar. It follows that when both nodes linked
by i-th bar are free, the contribution of i-th bar to the reaction is

—tibib?v,

This is called linearly elastic model; it is the linearized in displacements approximation of the actual
behavior of a loaded truss. This model works the better the smaller are the nodal displacements as
compared to the inter-nodal distances, and is accurate enough to be used in typical real-life
applications.

Hooke’s Law says that the magnitude of the reaction force caused by elongation/shortening of a bar
is proportional to Sd~16, where S is bar’s cross-sectional size (area for spatial, and thickness for
planar truss), d is bar’s (pre-deformation) length, and ¢ is the elongation. With units of length
properly adjusted to bars’ material, the proportionality coefficient becomes 1, and this is what we
assume from now on.
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where b; € V is the vector with just two nonzero blocks:

— the block with index a; — this block is e;/d; = [bi — a;]/||b; — as|3, and

— the block with index B; — this block is —e;/d; = —[b; — ai]/||b: — ai|3.

It is immediately seen that when just one of the nodes linked by i-th bar is free, the contribution
of i-th bar to the reaction is given by similar relations, but with one, rather than 2, blocks in b;
— the one corresponding to the free among the nodes linked by the bar.

The bottom line is that The stiffness matrix of a truss composed of N bars with volumes t;,
1<i<N,is

A=A(t) =) tibib],

where b; € V = R™ are readily given by the geometry of nodal set and the indexes of nodes linked
by bar i.

Truss Topology Design problem. In the simplest Truss Topology Design (TTD) problem, one is
given

e a finite set of tentative nodes in 2D or 3D along with support conditions indicating which of
the nodes are fixed and which are free, and thus specifying the linear space V = R of virtual
displacements of the nodal set,

e the set of N tentative bars — unordered pairs of (distinct from each other) nodes which are
allowed to be linked by bars, and the total volume W > 0 of the truss,

e An external load f € V.

These data specify, as explained above, vectors b; € R™, i =1,..., N, and the stiffness matrix
N
A(t) = tibib] = BDiag{t:,...,tn}B" € 8" [B = [b1,...,bx]]
i=1

of truss, which under the circumstances can be identified with vector ¢t € RY of bar volumes. What
we want is to find the truss of given volume capable to “withstand best of all” the given load, that
is, the one that minimizes the corresponding compliance.

When applying the TTD model, one starts with dense grid of tentative nodes and broad list of
tentative bars (e.g., by allowing to link by a bar every pair of distinct from each other nodes, with at
least one of the nodes in the pair free). At the optimal truss yielded by the optimal solution to the
TTD problem, many tentative bars (usually vast majority of them) get zero volumes, and significant
part of the tentative nodes become unused. Thus, TTD problem in fact is not about sizing — it allows
to recover optimal structure of the construction, this is where “Topology Design” comes from.

To illustrate this point, here is a toy example (it will be our guinea pig in the entire series of TTD
exercises):
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Console design: We want to design a 2D truss as follows:

e The set of tentative nodes is the 9 x 9 grid {[p;q] € R* : p,¢ € {0,1,...,8}} with the
9 most-left nodes fixed and remaining 72 nodes free, resulting in M = 144-dimensional
space V of virtual displacements

e The external load f € V = R'* is a single-force one, with the only nonzero force
[0; —1] applied at the 5-th node of the most-right column of nodes.

e We allow for all pairwise connections of pairs of distinct from each other nodes, with
at least one of these nodes free, resulting in N = 3204 tentative bars

e The total volume of truss is W = 1000.

.
.
.
.
.
.
.
.
.
a) 9 x 9 nodal grid b) 3024 tentative bars
o: fixed nodes
c) optimal truss, 38 bars d) displacement under

compliance 0.1914 load of interest
Figure 4.1. Console. d): positions of the bars and nodes before and after (in gray) deformation.
The vertical segment starting at the right-most node: the external force.

Important: From now on, speaking about TTD problem, we always make the fol-
lowing assumption:

. N T
R =1 b;b; > 0.

Under this assumption, the stiffness matrix A(t) =", t;b;b; associated with truss ¢t > 0
is positive definite, so that such a truss can withstand whatever load f.

You can verify numerically that this is the case in Console design as stated above.
After this lengthy preamble (to justify its length, note that it is investment to a series of exercises,
rather than just one of them), let us pass to the exercise per se. Consider a TTD problem.

1. Prove that truss ¢t > 0 (recall that we identify truss with the corresponding vector of bar volumes)
is capable to carry load f if and only if the quadratic function

Fv)=fTv— %UTA(t)’U

is bounded from above, and that whenever this takes place,
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e the maximum of I over V is achieved

e the maximizers of F' are exactly the equilibrium displacements v — those with
A(t)v = f,

and for such a displacement, one has
1+ 1T
[max F' =] F(v) = 51} Aty = §v f

e the maximum value of F' is exactly the compliance of the truss w.r.t. the load f

Solution: Observe, first, that a quadratic function
T I T M
Glv)=g v Av:RY - R

with A > 0 attains its maximum if and only if it is bounded from above, and that the maximizers v of
G are exactly the solutions v to the Fermat equation

[VG(v) =] g— Av=0.

Indeed, invoking eigenvalue decomposition A = U Diag{A\}U " of A (here U is orthogonal, and A\; >
A2 > ... > Aps are the eigenvalues of A; note that Aps > 0 since A > 0) and representing v € RM by
the vector T = U T v of coordinates of v in the eigenbasis of A, we get

M
T 1 _ —
Gw=7v-3) At F=uTsl
i=
We conclude that G is bounded from above if and only if f; = 0 for all 4 such that \; = 0, and in this

case G attains its maximum, the maximizers being exactly v’s such that X\;7; = f, for all 4, or, which is
the same, all v’s such that Av = f. For such a v, if any,

— 1 1 1 1
G(v) = Z[fﬁi - gAﬁ?} =3 ZM@? = §UTAU = gva-
i i

It remains to note that by definition of the compliance of truss ¢ w.r.t. load f, this compliance is finite
if and only if the equation Av = f in variables f has a solution v = vy, in which case the compliance is
%v; Avy. |
Note: From the above analysis, it follows that our original definition of compliance indeed makes sense
— while the equilibrium displacement v — the one such that Av = f — when exists, not necessarily is
uniquely defined by A and f, the analysis we have just carried out shows that when v; exists, the

quantity %U}r Avy is uniquely defined by A and f.

2. Prove that a real 7 is an upper bound on the compliance of truss ¢ > 0 w.r.t. load f if and only
if the symmetric matrix

BDiag{t}B" | f
T | 27

is positive semidefinite. As a result, pose the TTD problem as the optimization problem

A:{ },B:[bl,...,bN]

, BDiag{t}B" | f
= : = > i = .
Opt HTIIP {T [ il | 57| = 0,t >0, El t w (5.2)

Prove that the problem is solvable.



14 Exercises from Part[]

Solution: As we have already seen, the compliance C of truss ¢t w.r.t. f does not exceet a real 7 iff
T > sup,, F'(v), that is, setting A = A(t) = B Diag{t}B,

T>C

> fTo— %’UTA’UV’U

T—fTo+ %'UTA'U >0V

27 —2fTv4+ v Av > 0Vo

2782 4+ 2sf Tu+u' Au> 0V(s # 0,u) [look at v = —u/s]
2782 4+ 2sf Tu +u' Au > 0V[u; s] € RM+1 [by continuity]

A
=

Prrees

To prove that the problem is solvable, note that BBT > 0, implying that every ¢ > 0 such that
Zi t; = W can be augmented by large enough 7 to yield a feasible solution. Thus, is feasible.
Since for every feasible solution to the problem 7 is nonnegative, the objective is below bounded on
the (nonempty!) feasible set, so that the infimum Opt of the value of s objective at feasible solutions
is nonnegative real. We can find sequence [t/,77] of feasible solutions with 77 — Opt as j — oo.
By feasibility, t/ form a bounded sequence, so that passing to a subsequence, we can assume that
lim;_, 0 [t7; 77] exists; clearly, this limit is a feasible solution, and the 7-component of this solution
is Opt, implying that this solution is optimal. |

3. [computational study]

3.1. Solve the Console problem numerically and reproduce the numerical results presented above.
3.2. Resolve the problem with the set of all possible tentative bars reduced to the subset of “short”
bars connecting neighboring nodes only:

Figure 5.3. 262 “short” tentative bars

and compare the resulting design and compliance to those in the previous item.

Solution: 3.2: Here are our results:

”Long-bar truss:” 38 bars, compliance 0.1914 ”Short-bar truss:” 128 bars, compliance 0.2903

The vertical segments starting at the right-mpst nodes: the external force.
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5.4 Around Caratheodory Theorem

Exercise [[.I7} Prove the following statement: Let X C R" be nonempty. Then

1. if a point x can be represented as a convex combination of a collection of vectors from X, then
the collection can be selected to be affinely independent.

2. if a point x can be represented as a conic combination of a collection of vectors from X, then
the collection can be selected to be linearly independent,

Note that the claims above are refinements, albeit minor ones, of the Caratheodory Theorem (plain
and conic, respectively). Indeed, when M = Aff(X) and m is the dimension of M, every affine
independent collection of points from X contains at most m + 1 points (Proposition , so that
the first claim implies that if + € Conv(X), then z is a convex combination of at most m + 1
points from X; however, the vectors participating in such a combination are not necessarily affinely
independent, so that the first claim provides a bit more information than the plain Caratheodory'’s
Theorem. Similarly, if L = Lin(X) and m = dim L, then every linearly independent collection of
vectors from X contains at most m < n points, that is, the second claim implies the Caratheodory’s
Theorem in conic form, and provides a bit more information than the latter theorem.

Solution: 1: For € Conv(X), let z = Zie[ A;x; be the shortest — with the minimum possible cardinality
of I — representation of x as a convex combination of points from X, and let us verify that the vectors z;
participating in this representation form an affinely independent collection. Assuming otherwise, there
exists a nontrivial collection of reals d;, 7 € I, such that ZZ d;x; = 0 and ZZ 6; = 0, and we can proceed
exactly as in the proof of Caratheodory’s Theorem: setting A;(t) = A; + td;, we have ), A;(t) = 1 and
> Ai(t)z; = « for all ¢, and since not all §; are zeros and their sum is 0, some of X;(t) for large ¢t become
negative, implying, due to A;(0) > 0Vi, that for some t* all \;(t*) are nonnegative, and some of them
vanish, contradicting the assumption that number of terms in our initial representation of x as a convex
combinations of points from X is the minimum possible.

2: Similarly, for z € Cone(X), let z = 37, ;
of points from X with the minimum possible number of terms, and let us prove that the vectors z;

Aixz; be the representation of x as a conic combination

participating in this representation form a linearly independent collection. This indeed is so when I = @.
Now let I be nonempty, and assume, for contradiction, that the vectors z;, ¢ € I, are linearly dependent,
so that ), 6;z; = 0 for a nontrivial collection d;,% € I. Passing, if necessary, from &; to —d;,7 € I, we
may assume that some of §; are strictly negative. Setting \;(t) = \; + td;, we have that ZZ Ailt)z; =
for all ¢, X;(0) > 0, ¢ € I, and some of \;(¢) become negative for large ¢. It follows that there exists the
largest t = ¢* for which all \;(¢) still are nonnegative, and for ¢ = t* some of \;(¢) vanish, implying that
T = Zie[ Ai(t*)x; is a representation of z as a conic combination of x; with some of the coefficients
equal to 0, contradicting the minimality of the original representation. |

Exercise Consider TTD problem, and let N be the number of tentative bars, M be the
dimension of the corresponding space of virtual displacements V, and f be an external load. Prove
that if truss ¢ > 0 can withstand load f with compliance < 7 for some given real 7, then there exists
truss ¢ of the same total volume as ¢ with compliance w.r.t. f at most 7 and at most M + 1 bars
of positive volume.

Solution: Denoting by v the equilibrium displacement of (nodes of) truss ¢ under load f, by the results
of Exercise [L16]1 we have
al 1
Zti [b:b/v]=Ff& —fTv<T
gi

Denoting w the volume of ¢ and assuming w.l.o.g. that w > 0, we see that f/w is a convex combination,
with coefficients t; /w, of vectors g; € RM. By Caratheodory Theorem, f/w is a convex combination
of the same vectors g; with coefficients s; such that at most M + 1 of these coefficients are positive. It
follows that setting t; = ws;, we get truss t of the same volume as ¢, with at most M + 1 bars of positive

4 Preceding exercise in the TTD series is
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volume, such that ), fibibz—-rv = f, so that v is the equilibrium displacement of truss ¢ under load f.
Consequently, the compliance of truss ¢ w.r.t. load f is %f—rv <. |

Exercise [L101

1. Prove that if a system of linear equations Az = b with n variables and m equations has a
nonnegative solution, it has a nonnegative solution with at most m positive entries.
Solution: Let Aj,..., Ay, be the columns of A. Nonnegative solutions to the system Ax = b are
exactly the vectors of coefficients in representation of b € R™ as a conic combination of Ay, ..., Ay.
Then, by conic version of Caratheodory’s Theorem (Fact [[.2.7)), if b admits such a representation, it

admits such a representation with at most m of A;’s involved.

2. Let V4,...,V, be n nonempty sets in R™, and define
Vi=Conv(Vi +Va+ ...+ Vp).

1. Prove that
1. Taking direct product commutes with taking convex hull:

Conv(V1 x ... x V3;) = Conv(V1) X ... X Conv(Vy,)

Solution: Applying induction in n, it suffices to verify that for nonempty U,V C R"™ it holds
Conv(U x V) = Conv(U) x Conv(V). When [u’;v!] € Ux V and A; > 0, >, A = 1, we
have >°, Ai[ub;vi] = [3°; Aut; >, Av?] € Conv(U) x Conv(V), implying that Conv(U x V) C
Conv(U) x Conv(V). Vice versa, if [u;v] € Conv(U) x Conv(V), then u = >, Aju’ with
u* € U, \; >0, Z?-)\i =1, anq v = Zj,ujvj vyith v eV, u; >0, Zj/‘j = 1, whence
[wsv] = [325 5 Aipguts D2, 5 Aipiv?] = 32, 5 Aipj[utsv?] € Conv(U x V) due to Ajp; > 0 and
>4 ity = 1. Thus, Conv(U) x Conv(V') C Conv(U x V).

2. Taking affine image commutes with taking convex hull: if V' C R" is nonempty and xz —
A(z) = Az +b: R" — R™ is an affine mapping, then define A(V) := {A(z) : z € V}
and show that

Conv (A(V) := {A(z) : « € V}) = A(Conv(V))

Solution: Evident.

3. Conclude from the previous two items that taking weighted sum of sets commutes with
taking convex hull:

Conv <)\1V1 ot Vni={v= Z)\ivi cv; € V1 < n}) = A1 Conv(V1)+...4An Conv(Vy,)
[Mi € R]
In particular,

V = Conv(V1) + ...+ Conv(V4,).

Solution: Note that A1Vi + ...+ AnVn = A(V1 X ... X Vi), where Afvl;..;0"] = 37, A0?, and
apply subsequently the first and the second of the preceding items.

Note: The last three claims remain true when convex hull is substituted with affine span
(but not when it is substituted with conic hull or linear span — compare Cone({1}) x
Cone({1}) and Lin({1}) xLin({1}) with Cone({1}x{1}) and Lin({1} x{1}), respectively.

2. Prove Shapley-Folkman Theorem:
Let x € V. Then, there exists a representation of x such that
xT=x14...+xn, x; € Conv(V;),
in which at least n — m of x;’s belong to the respective sets V;.

Comment: Shapley-Folkman Theorem says, informally, that when n > m, summing up n
nonempty sets in R™ possesses certain “convexification property” — every point from the
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convex hull V of the sum of our sets is the sum of points x; with all but m of them belonging
to V; rather than to Conv(V;), and only < m of the points belonging to V; “fractionally,”
that is, belonging to Conv(V;), but not to V;. This nice fact has numerous useful applications.

Solution: Let € V. Then, by the previous part, x = ?:1 (Zszl )\kazk) with some K,

ik € Vi, and A\; p > 0, Zle Aix = 1,4 < n. Hence, nK reals \; ; form a nonnegative solution
to the system of m + n linear equations

(a) Z,\i,kzl, 1<i<n
k

(b ZZAZMM=I
Pk

By the first item of this exercise, this system has a nonnegative solution with at most m + n
nonzero entries; let us denote this solution by {); ;}. We can partition the equations in (a)
into two groups, the ones in which exactly one of the variables participating in the equation
takes a positive value in the solution {};;}, and the equations in which two or more variables
participating in the equation take positive values in {Xm-}. Let d be the number of equations
in the latter set. Every one of the remaining n — d equations in (a) involves at most one, and
therefore exactly one, variable which at our solution gets positive value, and this positive values
is, of course, 1. Since every one of the variables \;  enters exactly one of the equations (a), we
conclude that the total number of positive X,L-,k’s (which, as we remember, is at most m + n) is
at least 2d + (n — d) = n + d, implying that d < m. Thus, for at least n — m values of 7 all but
one of X“Q’s, k=1,...,K, are zeros, and the remaining one equals to 1. In other words, all but
at most m of the n sums Zk X,-,kxiyk, i=1,...,n, are just points from the respective sets V;. It
remains to recall that @ = > | >~ X k@, k-

Exercise [[.20] Caratheodory’s Theorem in its plain and its conic forms are “existence” statements:
if a point z € R™ is a convex, respectively conic, combination of points z',... 2", then there
exists a representation of x of the same type which involves at most (m + 1), respectively, m, terms.
Extract from the proofs of the theorems algorithms for finding these “short” representations at the
cost of solving at most N solvable systems of linear equations with at most N variables and m
equations each.
Solution: For the sake of definiteness, consider plain Caratheodory Theorem (conic case can be treated
in exactly the same fashion). Proof of Theorem, on immediate inspection, is based on the following
observation:

Given representation x = Zfil Xzt with A\; > 0, ¢ < K and ZZ Ai = 1, in the case of

K > m+1 and finding a nontrivial solution ¢ to the homogeneous system of linear equations

K K
i=1 i=1

we can convert, by simple computation, the initial representation into a new one, of the same
form, which assigns positive weights to at most K’ < K — 1 of z?’s.

Recall that we are given representation of x as convex combination of K = N of z%’s. If K > m + 1,
we can apply the above construction to represent x as a convex combination of K/ < K of z%’s. If
K’ > m+ 1, we can iterate this update, with K’ in the role of K, to represent x as convex combination
of at most K" < K’ of *’s. Proceeding in this way, we in at most N steps will represent = as convex
combination of at most m + 1 of x*’s

Exercise [[.2I] Prove Kirchberger’s Theorem:

Consider two sets of finitely many points X = {xl, .. 7:ck} and Y = {yl7 AU y’"} in
R" such that %k +m > n + 2 and all the points z',...,z* y',... y™ are distinct.
Assume that for any subset S C X UY which contains n 4 2 points the convex hulls
of the sets X NS and Y NS do not intersect: Conv(X N.S) N Conv(Y NS) = &. Then,
the convex hulls of X and Y also do not intersect: Conv(X) N Conv(Y) = @.



18 Exercises from Part[]

Hint: Assume for contradiction that Conv(X) N Conv(Y') # &, so that
k . m .
S =S “
i=1 j=1

for certain nonnegative \;, >-¥ | A\; = 1, and certain nonnegative y;, >-i2y 1 =1, and look at the
expression of this type with the minimum possible total number of nonzero coefficients A;, p;.

Solution: Following the hint, assume for the contradiction that Conv(Y") and Conv(X) do intersect, so
that the relation (x) holds for appropriately chosen \;, u; satisfying

NiZ0, p 20, Y x=Y u=1 ()
i J

And, among the collection of weights A;, p1; satisfying () and (*x), let us select one that has the smallest
in the total number of positive A;, u;. Without loss of generality, we may assume that in this collection
of weights, the positive weights are the first p of A;’s and the first g of u;’s. Note that by the premise
of Kirchberger’s Theorem, p + g > n + 2. Now consider the following system of n + 2 equations with
p+ g > n+ 2 unknowns:

p q
Z&ixi — Zejyj =0,
i=1 j=1
Zéi =0,
i
> 0;=0.
J

As this is a homogeneous system of linear equations and the number of unknowns is greater than the
number of equations, the system has a nontrivial solution 6, 0. Setting X\;(t) = \; + td;, i« < p, and
wj(t) = pj + 05, j < q, we have for all ¢:

Sonme =Sy, SSAm =1, 3 1) =1
[3 J i J

For t = 0, all the coefficients A;(t), p;(t) are positive. Since > §; + > 0; = 0 and not all §;, 0; are zeros,
i J
among the reals §;,0; at least one should be negative.

Hence, for large enough ¢ > 0 some of the coefficients A\;(t), u;(¢) will be negative. Consequently,
there exists the largest ¢ = t. for which all \;(¢), p;(t) are nonnegative; among A; (t«), p;(t«), there
is clearly at least one zero, and we see that the coefficients \;(t.), p;(t+) satisfy (x), (*x), and the
total number of positive among them is < p + ¢, which is a contradiction.

Exercise m [Follow-up to Shapley-Folkman Theorem)]
1. Let X1,..., Xk be nonempty convex sets in R", and define X := ngK X5 Prove that

K K
Conv(X) = {sz)\kxk P A >0,2" € Xp, VES K, Y A = 1}.
k=1

k=1

Solution: Let X be the set on the right hand side. As X = Uk<K X}, based on the definition of X
it is clear that Conv(X) D X. So, all we need to show is that Con_v(X) C X. To this end consider any
z € Conv(X), and so z = Zle wsy® with us > 0, y* € X, s < S, and ZS ps = 1. We can clearly
split the index set {1,2,...,S} into K non-overlapping subsets Sk, k < K (some of these subsets can be
empty) in such a way that s € Sy implies that pus > 0 and y* € X}. For k with nonempty Sy, let us set
Ap = Zsesk ws and define z* := Zsesk f\t—:ys. By definition of A\; and the fact that y® € X} for all
s € Sy, we see that 2 is a convex combination of points from X}, and as X}, is a convex set we conclude
that z* € X},. For k with empty Sy, let us set A\, = 0 and select somehow z* in the (nonempty!) set
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Xj. As a result, we get x = Zf:l nsys = Zszl Apz® with 2F € X, A\, > 0, and Zi{:l Ar = 1. This
shows that € X as desired.

2. Let X, k < K, be nonempty bounded polyhedral sets in R™ given by polyhedral representations:
X, = {x €R": 3" € R™ such that Pyz + Quu® < rk} .

Define X := J, < Xk. Prove that the set Conv(X) is a polyhedral set given by the polyhedral
representation

JzF e R™, w* € R™, A\, €R, VE< K :
Pk:vk + Qkuk — AT < 0, k<K (a)
Ak > 07 Zszl Ak =1 (b)
x=37 2" (c)

Does the claim remain true when the assumption of boundedness of the sets Xys is lifted?

Conv(X)=<¢zeR":

Solution: Let us temporary denote by X the right hand side set in () and set X := Conv(X). We need
to show that X = X. Recall from item 1 that

K K
X:{x:Z)\kxk: A >0, 28 € Xy, Vk < K, Z,\kzl},
k=1 k=1

Let X be the set of all vectors representable as convex combinations, with positive coefficients, of vectors
from X71,...,Xx. Note that X C X.
Observe that

Jzk e R™, v* e R"F, A\, € R, VE< K :

= Pz E_\ere <0, k< K !
X=<zeR": kT +Q1;<u _krk* U= (a/) 0)
A>0, 8 A =1 (®)
K
7= 2t ()

Indeed, when z belongs to the right hand side set in (!), we have yk = A;lxk € X; due to Pyy* +
Qk[)\lzluk] <rpand =), Axy¥®. Vice versa, when z € X, we have z = >k Ary® with positive Ay
summing up to 1 and y* € Xj. The latter means that there exist v* such that PyyF + Qpov* < 4.
Setting 2% = \iy®, uP = A\yv¥, we ensure validity of (a’) — (¢’), so that = belongs to the right hand side
set in (!).

Next, we claim that X =dX. First, observe that X is dense in X, meaning that every point € X is the
limit of a sequence of points from X. Indeed, consider any = € X, ie., z = Zk Apz® with nonnegative

’\1’;";//;%'“, and the points in

the right hand side sequence belong to X. Now, observe that X is closed (it is polyhedrally representable
and thus polyhedral) and moreover X is dense in X. Indeed, by (!) we have X - X. On the other hand,
let us fix somehow Z* € X}, and A\, > 0 such that Zk A, = 1, and let @* be such that P,Z* +Q,a* < ry.
Given = € )/5, there exist ¥, u* and A, satisfying (a) — (c). For all i = 1,2, ..., setting

A summing up to 1 and z¥ € X}, for all k. Then, we have = lim;_, o Ek

B = (1 - 1/0)a" + (1/8)z",

uk = (1= 1/i)u” + (1/d)T",

Aki = (1= 1/9) Mg + (1/) X,
we ensure that Pyzh? + Quukt — AkiTe <0, A >0, ZZ Ak,; = 1, implying that 2D = Zk ki e X.
As i — oo, we clearly have 2(Y = 2, so that X indeed is dense in X. The latter combines with closedness
of X to imply that the X is the closure of X, and the latter set, due to the fact that X is dense in X,
is the same as the closure of X. Thus, X = cl X.
It remains to note that since X}, are bounded, X is closed. This is immediate: assuming that = =
lim; s o0 Zk Ak,izk’i with nonnegative Ay ;, Zk Ak, = 1, and z*? € X}, boundedness of Xj, k < K,
allows to find a subsequence i1 < iz < ... of indexes such that for some \; and z*, k < K, it holds
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Ak, — Ak and xkts — 2k for every k as s — oo. Since X, are polyhedral and thus closed, we have
z* € X}, and of course A\, > 0, Yop Ak =1, that is, z = lims 00 g, xlts = >k A\pzh e X.
Finally, Conv(Uk <k X&) is not necessarily polyhedral when X} are nonempty polyhedral, but un-
bounded, sets. For example, by selecting K = n = 2, X1 := {xr €R2:x1 >0, x3 =0} and X3 := {[0;1]},
we see that the set Conv(X; U X2) is not polyhedral, but its closure is. On inspection, the above rea-
soning demonstrates that when X are nonempty polyhedral sets given by polyhedral representations,
then the polyhedral set X defined as the right hand side set of () is the closure of Conv(|J,« x X&)

After two preliminary items above, let us pass to the essence of the matter. Consider the situation
as follows. We are given n nonempty and bounded polyhedral sets X; C R", j =1,...,n. We will
think of X; as the “resource set” of the j-th production unit: entries in x € X; are amounts of
various resources, and X; describes the set of vectors of resources available, in principle, for j-th
unit. Each production unit j can possibly use any one of its K; < oo different production plans. For
each j =1,...,n, the vector y; € RP representing the production of the j-th unit depends on the
vector x; of resources consumed by the unit and also on the production plan utilized in the unit.
In particular, the production vector y; € R? stemming from resources x; under k-th plan can be
picked by us, at our will, from the set

Vil = {y e R 2 = g —y) € VI,

where VJ’“ k < K, are given bounded polyhedral “technological sets” of the units with projections
onto the z;-plane equal to X, so that for every k < Kj it holds

z; € X; <= 3y, such that [z;; —y;] € VJ’c (5.3)

We assume that all the sets V]k are given by polyhedral representations, and we define

vi=J V"
k<K,

Let R € R" be the vector of total resources available to all n units and let P € R” be the vector
of total demands for the products. For j < n, we want to select z; € X, k; < Kj, and y; € Y7 [z;]

in such a way that
ijgR and ZijP.
J J

That is, we would like to find z; = [z;;v;] € Vj, j <n, in such a way that 3, z; < [R; —P]. Note
that the presence of “combinatorial part” in our decision — selection of production plans in finite sets
— makes the problem difficult.

3. Apply Shapley-Folkman Theorem (Exercise|l.19)) to overcome, to some extent, the above difficulty
and come up with a good and approximately feasible solution.

Solution: Let s := [R; —P), and observe that our problem reads

n
Find z; € Vj such that Zz]- <s. (P)
j=1

Note that given polyhedral representations of ij, based on item 2, we can build explicit polyhedral
representations of the convex hulls of the sets Vj, i.e., we can efficiently compute Vj, where

V, = Conv(V}).

Let us relax the problem of interest (P) to the problem

n
Find z; € V such that Z z; < s. (P)
j=1

By calculus of polyhedral representations, (P) is the problem of the form
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Given polyhedral representation of nonempty polyhedral set Z C R"P and vector s € R"tP,
find z € Z such that z < s.

Note that is an explicit Linear Programming feasibility problem. Thus, we can apply LP algorithms
to check whether (P) is solvable, and if it is the case — find a solution {z;,j < n} to (P). Applying
Shapley-Folkman Theorem, we can convert, in a computationally efficient fashion, this solution into

another feasible solution, {[x;;v;],j < n}, for which for all but at most
d:=min{r +p, n}

components [z;;v;] belong to Vj, that is, “are implementable” — for the corresponding j, one has z; € X
and y; = —v; € Y]kJ [xz;] with properly selected k; < K. Let J be the set of “bad” indices j, i.e., those for
which [z;;v;] € V;\Vj. Note that for each j € J we still have z; € X ;. We can correct the corresponding
yj, passing from [z;;v;] to [x;;7;] with 7; € ijl [x;], or, better, T; defined as the optimal solution to
the “best” — with the smallest optimal value — among the K; convex optimization problems

Hq}LH{H’Uj —ugll s [zjiue] €VF}, k<K,

where || - || is some norm. As a result, we get “fully implementable” solution {[z;;7;],j < n}, where
v; = v; for j & J, to problem (P). This solution, in general, may not be feasible when J # @. However,
by selecting somehow norm || - ||, defining

Dj:= max {[lv—2'|: [z;v] €V}, [¢'5v]€V;}, Vi<n and D :=maxDj,
z,v,x’ v’ J

and taking into account that Card(J) < d = min{r + p, n}, we have Zj [z5;75] < s+ 6, ||d]| < dD,
and Zj z; < R. In the case of “mass production”, when ||P|| is large, the violation of the constraint
Zj 7; < —P as quantified by ||d]| is a small fraction of the magnitude of P, and our implementable
solution has chances to be a good, from a “practical perspective,” surrogate of a feasible solution to (P).

5.5 Around Helly Theorem

Exercise[l.23] [Alternative proof of Helly Theorem] The goal of this exercise is to build an alternative
proof of Helly's Theorem, without using Radon’'s Theorem.

1. Consider a system a; © < b;, i < N, of N linear inequalities in variables 2 € R". Helly’s Theorem
applied to the sets A; := {x € R" : a/ = < b;} gives us that

(1) If a system a; < bi, i < N, of linear inequalities in variables z € R" is infeasible,
so is a properly selected sub-system composed of at most n + 1 inequalities from the
system.

Find an alternative proof of (!) without relying on Helly's or Radon’s Theorems.

Solution: Suppose that the system aiTm < b;, © < N, is infeasible. Then, by General Theorem of
the Alternative there exist nonnegative weights A; and a < 0 such that the vector [0;...;0;a] is a
conic combination, with coefficients \;, of vectors [a;;b;], i < N. Note that [a;;b;] € R™T1, and so by
Caratheodory’s Theorem in conic form it follows that the vector [0;...;0; ] is a conic combination
of at most n + 1 of the vectors [a;;b;], let I be the set of their indexes. By GTA, the subsystem
a;rx < by, © € I, of the original system is infeasible, and the number of inequalities in it is at most
n + 1, as desired.

2. Extract from item 1 Helly's Theorem for polyhedral sets: If A1,...,An, N > n+1, are polyhe-
dral sets in R™ and every n + 1 of these sets have a point in common, then all the sets have
a point in common.

Solution: Let A; := {z € R™: Pz < p;} for i < N. To justify the claim in question is the same
as to prove that if N;A; = &, then the intersection of properly selected & < n + 1 sets from the
collection is empty. Suppose that N; A; = &, that is, the system

Pz <p;,i <N (*)
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of linear inequalities in variables z € R™ has no solutions. By item 1, we can select from (%) k < n+1
inequalities to get an infeasible subsystem of (). Denoting by I the set of indices 4 of the blocks
P;z < p; of (%) containing the k selected inequalities, we conclude that k < n+ 1 sets A;, ¢ € I, have
no point in common.

3. Extract from item 2 Helly’s Theorem (Theorem |.2.10)).

Solution: Let Aj,...,An be a collection of convex sets in R™, N > n 4+ 1, such that every n + 1
sets from the collection have a point in common, and let us prove that all sets have a point in
common. For a collection ¢ = {11 < t2 < ... < tpy1} of n + 1 distinct from each other indices
from {1,2,..., N}, let z, be a point from the (nonempty!) set A,;, N A, N...N A, ., and let
Aj = Conv({z, : j €}). Note that A; is the convex hull of points from A; (since x, € A; whenever
j € 1), and thus Zj C Aj (as Aj is convex). The sets Ay, ..., Ay are convex hulls of finite sets and as
such are polyhedrally representable and therefore polyhedral. Every n + 1 sets Ayy, Auy, ...y Auyyys
int1- Then, by item 2, all the
sets Aj, j < N, have a point in common, and this point is a common point of Ay,..., Ay, since, as

t1 <t2 <...<tpny1 < N, have a point in common, namely, x,,..
we already know, A; C A;.

Exercise Ao, A1, ..., Am, m = 2025, are nonempty convex subsets of R?%%° and Ay is a
triangle (convex hull of 3 affinely independent vectors). Which of the claims below are always (that

is, for any Ao, ..., A, satisfying the above assumptions) true:

1. If every 3 among the sets Ao,..., A, have a point in common, all m + 1 sets have a point in
common.

2. If every 4 among the sets Ao,..., A have a point in common, all m + 1 sets have a point in
common.

3. If every 2001 among the sets Ao, ..., A, have a point in common, all m + 1 sets have a point
in common.

Solution: The true statements are the second and the third ones. To see that the second statement is
true, let us define A; := A; N Ag. Then, we get m + 1 convex sets such that every 3 of them intersect
(since the intersection of a triple of A-sets is the same as intersection of four of A-sets) and all of them
belong to the affine plane II of dimension 2 (namely, the affine span of the triangle Ag). Applying Helly’s
theorem to the sets A; (treated as the subsets of the 2-dimensional affine plane), we conclude that all
of them have a point in common, and this point, of course, is a common point of Ao, ..., Ap. Since the
second statement is true, so is the third (the third statement is true even without assumption that Ag
is a triangle).

To see that the first statement can be incorrect, consider the following 4 sets in R3: By is a triangle in
the plane L := {z € R®: 23 =0}, and B; := {x € R3: [x1,22] € By, 3 = % —Ni(z1,22)},1 <1 <3,
where \;(z1,x2) are the barycentric coordinates of [x1; 2] € L, that, is coefficients in the representation
of [z1;x2] as the linear combination of the 3 vertices of By with sum of coeflicients equal to 1. Note that
we have By := {[z1;22;23] : Ai(z1,72) > 0,¢ < 3, 3 = 0}. Let us check that every 3 of our 4 sets
By, B1, B2, B3 have a point in common. Indeed, if the triple of sets in question does not contain By, the
common point is [Z1;Z2; 3], where [Z1;Z2] is the barycenter of By (the average of its vertices), so that
Xi(Z1,%2)=1/3,1<i<3,and T3 = %
sets from the triple still have a point in common. By symmetry, it suffices to check this for the triple By,

— % Now let us verify that if triple of our sets includes By, the

Bi, Ba, for which the common point is [#1; Z2; 0], with A1 ([Z1; Z2]) = A2([Z1;Z2]) = %, A3([Z1;%2]) =0
(that is, [Z1; 2] is the midpoint of a properly selected side of the triangle Bp). Thus, every 3 of the four
sets By, B1, B2, B3 have a point in common, while all four sets have no such a point: indeed, such a
point = should have x3 = 0 (since it belongs to Bg) and therefore % — Ai(z1,22) = 0,4 =1,2,3 (since
this point belongs to Bi1, Bz, B3). Therefore, every 3 of the barycentric coordinates of [z1;z2] should be
equal to 1/2, which is impossible, since their sum must be 1.

To show that the first statement is not always true, it suffices to place our 3D sets By, B1, B2, B3 into
2000-dimensional space by augmenting 3 entries in point from R3 by 1997 zero entries; as a result, we

R2OOO

get 4 convex sets Ag, A1, Az, Az in such that the first of them is triangle, every 3 of the sets have

a point in common, but all 4 sets have no such a point. Augmenting the 4 sets A; we have built by 2021
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copies of one of them, say, Ag, we get a family of 2025 convex sets in R2000 such that every 3 of them
have a point in common, but the intersection of all sets is empty, which is a counterexample for the first
statement.

Exercise Let P:={z e R": Az <b;j}forie{l,...,m}and C:={zx € R": Dz >d}
be nonempty polyhedral sets. Suppose that for any n+1 sets, P;,,..., P; ,,, there is a translate of
C, i.e., the set C + u for some u € R", which is contained in all P;,,...,P;, . Prove that there
is a translate of C, which is contained in all of the sets Pi,..., Pn.

Solution: For every i = 1,...,m, we define the set C; := {u € R™ : P, O C' + u}. Note that C; is a
convex set for every . Indeed, if u+c¢ € P; and v+c € P; for all ¢ € C, then for A € [0,1] and ¢ € C one
has [Au+ (1 =A)v]+c = Au+c]+ (1 —X)[v+¢] € P; by convexity of P;, implying that Au+(1—X)v € C;.
From the statement of the problem we know that every n + 1 sets C; have a non-empty intersection.
From Helly’s Theorem, we deduce that all of them have a non-empty intersection. In other words, there
is a u € R™ such that P; O C + u for every ¢ € {1,...,m}.

Exercise A cake contains 300 g of raisins (you may think of every one of them as of a 3D ball

of positive radius). John and Jill are about to divide the cake according to the following rules:

e first, Jill chooses a point a in the cake;

e second, John makes a cut through a, that is, chooses a 2D plane II passing through a and takes
the part of the cake on one side of the plane (both II and the side are up to John, with the only
restriction that the plane should pass through a); all the rest goes to Jill.

1. Prove that it may happen that Jill cannot guarantee herself 76 g of the raisins.

Solution: Suppose there are 4 raisins, 75 g each, placed in the vertices of large tetrahedron; whatever
point Jill chooses, John can cut off 3 of the four raisins.
2. Prove that Jill always can choose a in a way which guarantees her at least 74 g of the raisins.
3. Consider n-dimensional version of the problem, where the raisins are n-dimensional balls, the

cake is a domain in R™, and “a cut” taken by John is defined as the part of the cake contained
in the half-space

{:EGR": eT(a:—a)ZO},

where e # 0 is the vector ( “inner normal to the cutting hyperplane”) chosen by John. Prove that

for every € > 0, Jill can guarantee to herself at least 2% — ¢ g of raisins, but in general cannot

n+1
300
guarantee to herself 275 + € g.

Solution:
(2-3): Let us consider the case of n = 3 (generalization to arbitrary n will be evident).
For every direction (that is, unit vector) d € R?2 consider the closed half-spaces

{(DERS: dnga},

and let us look at the mass of raisins outside of such a half-space. This mass is clearly a continuous
function of a (since the distribution of raisins’ mass has density) which is close to 300 when « is very
negative and close to 0 when « is very positive. It follows that there exists the largest & = «(d) such
that the mass of the raisins outside the half-space
Hy = {x eR?: dTz< a(d)}
is exactly 74 g. Note that
(1) If John takes himself the part of the cake in the half-space {x € R®: d"x < d'z} with

T € Hg (that is, d is exactly the outer normal to the cut chosen by John, and this cut passes
through Z), then Jill gets at least 74 g of raisins.

In view of (!), it suffices to prove that the intersection of all sets Hy is nonempty. Indeed, in this case
Jill can choose, as the point through which the cut should pass, a point in () Hg; then whatever John
d

will do, his cut will be as explained in (!) with certain d, and therefore Jill will get at least 74 g of raisins.
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To prove that (| Hy is nonempty, we can use Helly Theorem II. Let us check its assumptions: The sets
d

Hy indeed are closed and convex sets in R3. The intersection of every 4 sets Hy indeed is nonempty,
since, assuming the opposite, the complements of the 4 sets with empty intersection would together cover
the entire space; but every one of these complements contains 74 g of raisins, and therefore the union of
4 of them can contain at most 4 -74 = 296 g of raisins, while the entire space contains 300 g of raisins. It
remains to verify that one can choose among the sets H, finitely many sets with bounded intersection.
This is evident, since the intersection of He, and H_., (e1, e2, e3 are basic orth) is a stripe a; < z; < b;
with finite a;, b;, so that the intersection of the 6 sets He,, H_¢,, i = 1,2,3, is a bounded box.
Generalization to the n-dimensional case is evident.

Remarks:
300

1. With some minor effort, you can prove that Jill can find a point which guarantees her 27

- 300
raisins, and not 75 —e€ g.

2. If, instead of dividing raisins, John and Jill would divide in the same fashion uniform and convex
cake (that is, a closed and bounded convex body X with a nonempty interior in R", the reward
being the n-dimensional volume of the part a person gets), the results would change dramatically:
choosing as the point the center of masses of the cake

[ zdz
X

- Jdz’
X

g of

T

Jill would guarantee herself at least (HLH) ~ % part of the cake. This is a not so easy corollary
of the following extremely important and deep result:
Brunn-Minkowski Symmetrization Theorem: Let X be as above, and let [a, b]
be the projection of X on an axis ¢, say, on the last coordinate axis. Consider the “
symmetrization” Y of X, i.e., Y is the set with the same projection [a,b] on £ and
for every hyperplane orthogonal to the axis £ and crossing [a, b], the intersection of Y
with this hyperplane is an (n — 1)-dimensional ball centered at the axis with precisely
the same (n — 1)-dimensional volume as the one of the intersection of X with the same
hyperplane:
{z cR" ! [2;¢] € Y} = {z cR" ! Iz]]2 < p(c)}, Ve € [a,b], and
Vol,,—1 ({z eER": [z;¢] € Y}) = Vol,,_1 ({Z eR" [2;¢] € X}) , Ve€a,b].

Then, Y is a closed convex set.

5.6 Around Polyhedral Representations

Exercise [[.27] Justify the calculus rules for polyhedral representations presented in Section [33]
Solution: This is straightforward.

Exercise [[.28] Given two sets U,V C R™, we define
U+V={zeR":JueU,JveV suchthatz =u+v}.

Let D:={z€R": Az +b+ Qs C P, Vs € S} where the nonempty set P C R™ admits poly-
hedral representation, the nonempty set S C RF is given but arbitrary, and the nonempty sets
Qs C R™ are indexed by s € S.

1. Suppose that S is a finite set and for each s € S we have Q; = {gs}, i.e., is a single point. Then,
will the set D be polyhedrally representable?

2. State sufficient conditions on the structure of sets Q) and S that will guarantee that the resulting
set D is polyhedral. Here, the goal is to have conditions as general as possible. Among your
sufficient conditions, can you identify at least some of those that are necessary?
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Solution:

1. This part follows immediately from the next one.

2. Note that z € D if and only if Az + b+ g € P holds for all g € UseS Qs. Since P is polyhedrally
representable, let P = {y € R™ : Gy < g}. Then, z € D if and only if G(Az + b+ q) < g for all
q € Uses Qs, i.e., if and only if x satisfies

[GA]ZTI <inf {[(9 —-GOb+q)i: g€ U Qs} R for all rows i.
1 seS

Clearly this is a polyhedral representation of D without making any assumptions on the structure of

S or Qs.

Exercise @ For z € R™ and integer k, 1 < k < n, let sx(x) be the sum of k largest entries
in z. For example, s1(z) = max;{x:}, sn(x) = > 1, @4, $3([3;1;2;2]) =3 +2+2 = 7. Now let
1 < k < n be two integers. For any integer k = 1,...,n, define

Xin i ={[z;f] e R" xR : si(x) <t}.

Observe that Xy, is a polyhedral set. Indeed, si(xz) < t holds if and only if for every k indices
i1 < d2 < ... < 4 from {1,2,...,n} we have z;; + xi, + ...+ x;, < t, which is nothing but
a linear inequality in variables z,t. Since there are (Z) possible ways of selecting k indices from
{1,2,...,n}, the number of linear inequalities describing Xy » is (}), and these linear inequalities
give the polyhedral description of X}, ,,. The point of this exercise is to demonstrate that X}, ,, admits
a “short” polyhedral representation, specifically,

Xk’n—{[x;t]ERan: JzeR", IseRst.z; <z +s, Vi, 2>0, ZziJrksgt}. (*)

=1

Solution: Let X , be the right hand side set in (x), we will prove that (a) X, C Xk and (b)
Yk:,n g Xk,n-

(a): Observe first of all that both X, ,, and Yk,n are “permutationally symmetric in 2”7, meaning that
when [z;t] € X, ,, and Z is obtained from = by permuting entries, we have [Z;t] € X}, ,,, and similarly
[z;t] € Xk, implies [Z;t] € X n. It follows that in order to verify (a) it suffices to prove that if
[z;t] € Xk and 21 > @2 > ... > xp, then [z;t] € kan. This is immediate: set z; := x; — x} for
i <k and z; := 0 for ¢ > k, and s := z;. Taking into account that the entries in  form a non-ascending
sequence, we immediately see that z > 0, z; < 2; + s for all ¢, and si(z) = Zle T, = Zle zi + ks =
> 1 zi + ks. Recalling that [z;¢] € Xj ,, that is, sg(z) < ¢, we conclude that w,t,z,s satisfy all
inequalities participating in the description of Yk,n, that is, [z;t] € kan. (a) is proved.

(b): let x,t, z, s satisfy all inequalities in the description of kan. When i1 < 42 < ... < i is an ordered
collection of k indices from {1,...,n}, we have by the inequalities describing Yk,n that

n
Tig +Tip + .o+ xyy, Sks+zip +2ip o+ 2 §ks+2zi§t,

=1

where the second inequality is due to z > 0. The resulting inequality holds true for all ordered collections
of k indices i1,...,1x, implying that si(x) < ¢t. Thus, [z;t] € Yl,n implies [z;t] € X}, as claimed in

(b).

Exercise [1.30[ [Computational study: Fourier-Motzkin elimination as an LP algorithm] It was
mentioned in section [3:2.1] that Fourier-Motzkin elimination provides us with an algorithm for solving
LP problems that terminates in finitely many steps. This algorithm, however, is of no computational
value due to the potential rapid growth of the number of inequalities one may need to handle
when eliminating more and more variables. The goal of this exercise is to get an impression of this
phenomenon.
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Our “guinea pig"” will be transportation problem with n unit capacity suppliers and n unit demand
customers:

nz}}? {ti tz iicijxij, Zl’ij Z 1, VJ, ZZC” S 1, VZ, Tij 2 O,V’L,]} .
J

i=1 i=1 [

This problem has n? -+ 1 variables and (n + 1)? linear inequality constraints, and let us solve it by
applying the Fourier-Motzkin elimination to project the feasible set of the problem onto the axis
of the t-variable, that is, to build a finite system S of univariate linear inequalities specifying this
projection.

How many inequalities do you think there will be in S when n = 1,2, 3,47 Check your intuition by
implementing and running the F-M elimination, assuming, for the sake of definiteness, that ¢;; =1
for all 4, 5.

Solution: Our results are as follows (your numbers could be different, since the outcome depends on the
serial numbers assigned to the z-variables):

n | Mini Mfin
1 4 4

2 9 19

3 16 44,854
41 25 T

mini and mg, are the number of inequalities in the initial and the final systems

TWhen n = 4, we are supposed to eliminate n2 = 16 of 17 variables in a system with 25 linear inequality
constraints on these 17 variables. Eliminating the last 11 variables results in system of 974,236 constraints
with 6 variables. Eliminating in this system the last — the sixth — of the variables would result in a system
of 121,226,850 linear inequalities with 5 variables; building this system was terminated after the number
of assembled so far inequalities reached our a priori limit 223 = 8, 388, 608.

5.7 Around General Theorem on Alternative

Exercise [.311
1. Prove Gordan's Theorem on Alternative:

A system of strict homogeneous linear inequalities Ax < 0 in variables x has a solution
if and only if the system AT A =0, A\ > 0 in variables \ has only the trivial solution
A=0.

Solution: By GTA, the system has no solutions if and only if by using nonnegative aggregations
with weights X\ of the inequalities in the system we can derive a contradictory consequence inequality,
ie., [ATA]T2Q0, where Q@ = “ <” when A # 0 and Q = “ <” when A = 0. Note that the only two
possible contradictory linear inequalities are of the form either 07Tz < € with ¢ < 0 or 07 z < €/ with
¢/ < 0. In our case, when A = 0 and so Q = “ <7, the right-hand side of the consequence inequality
will be zero, so the second option cannot lead to any contradictory inequality. Thus, we deduce that

”

when given the system Az < 0, we can derive a contradictory inequality if and only if Q@ = “ <” and
AT\ =0 for some nonzero A > 0. Thus, Az < 0 has no solutions if and only if there exists a nonzero

vector A > 0 such that ATA = 0.
2. Prove Motzkin's Theorem on Alternative:

A system Ax < 0, Bx < 0 of strict and nonstrict homogeneous linear inequalities has
a solution if and only if the system A" X+ B =0, A >0, > 0 in variables A, u
has no solution with A # 0.
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Solution: Same as above, the infeasibility of the system is equivalent to the existence of nonnegative
weights A, u resulting in a contradictory consequence inequality [ATA + BTM]T$ Q0 with Q= “<?”
when XA # 0 and © = “ <” when A = 0. Because the given system of constraints is homogeneous,
the only one of these two options which can lead to a contradictory consequence inequality is that
ATA+BTp=0and X #0.

Exercise[[.32] For the systems of constraints to follow, write them down equivalently in the standard
form Az < b,Cx < d and point out their feasibility status (“feasible — infeasible”) along with the
corresponding certificates (certificate for feasibility is a feasible solution to the system; certificate
for infeasibility is a collection of weights of constraints which leads to a contradictory consequence
inequality, as explained in GTA).

1. <0 (z e R")
Solution: already in the standard form, feasible, feasibility certificate z = 0.

2. 2<0, and > " x>0 (x€R")
Solution: the standard form is given by — ZZ z; < 0, and z < 0, infeasible, infeasibility certificate
A=[l;...;1]] e R*H!

3. 1<z <1,1<i<n, Y zi>n(zeR")
Solution: the standard form is given by — > . x; < —n, = < [1;...;1], —z < [1;...;1], feasible,
feasibility certificate z = [1;...;1].

4. —1<2;<1,1<i<n, Yy zi>n(z€R")
Solution: the standard form is given by — >, x; < —n, = < [1;...;1], —z < [1;...;1], infeasible,
infeasibility certificate is A = [1;1;...;1;0;...;0] (n zeros).

5. —1<a;<1,1<i<n, Y0 iz > (z € R")
Solution: the standard form is given by — 3 ix; < —w, z < [1;...51], —= < [1;...;1],
feasible, feasibility certificate z = [1;...;1].

6. 1<z <1,1<i<n, S0r iz > "2 (z ¢ R")
Solution: the standard form is given by —3 . ix; < ,w, z < [1;...51], —= < [1;...;1],
infeasible, infeasibility certificate is A = [1;1;2;3;...;n;0;...;0] (n zeros).

7. 2 €R? |z1|+ 22 <1, 22 >0, 21 + 22 =1
Solution: the standard form is given by —z14+22 <1, x1+z2 <1, —29 <0, z1+22 < 1, —x1—22 <
—1, feasible, feasibility certificate x = [1;0].

8. = € R?, 1| +x2 <1, 22 >0, 21 +22>1
Solution: the standard form is given by —x1 +z2 < 1, 1 + 22 < 1, —22 <0, —21 — 22 < —1,
infeasible, infeasibility certificate is A = [0; 1;0; 1].

9. zeR* z > 0, the sum of two largest entries in  does not exceed 2, and 1 + x2 + 23 > 3
Solution: the standard form is given by —z <0, z; +2; <2, 1 <i<j <4, —21 —x2 — 3 < =3,
feasible, feasibility certificate x = [1;1;1;0].

10. z € R*, x> 0, the sum of two largest entries in = does not exceed 2, and z; + x2 + 3 > 3
Solution: the standard form is given by —2 <0, z; +x; <2, 1 <i<j <4, —x1 —x2 —x3 < —3,
infeasible, infeasibility certificate is as follows: sum up inequalities 1 +x2 < 2, zo4x3 < 2, z1+z3 < 2
with weights 1/2 and add the inequality —z1 — z2 — 23 < —3 with weight 1.

Exercise Let (S) be the following system of linear inequalities in variables = € R?
1 <1, z1+22<1, 21 +x2+23<1 S)

In the following list, point out which inequalities are/are not consequences of this system, and
certify your claims. To certify that a given inequality is a consequence of the given system, you
need to provide nonnegative aggregation weights A € R3 for the inequalities in (S) such that the
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resulting consequence inequality implies the given inequality. To certify that a given inequality is not
a consequence of the given system (S), you need to find a point = € R? that satisfies the given
system but violates the given inequality.

1. 321 4+ 2x2+x3 <4

Solution: This is a consequence of the system with the certificate A = [1;1;1], i.e., when taking
weighted sum of the inequalities from the system with weights A1, A2, A3, we get the inequality
3z1 + 2x2 + z3 < 3, which clearly implies the target inequality.

2. 3x1 + 222 + 23 <2

Solution: This is not a consequence of the system. A certificate for this is = = [1;0; 0] — this vector
is feasible to the system but does not satisfy the inequality 3z1 + 2z2 + z3 < 2.

3. 31+ 222 <3
Solution: This is a consequence of the system, the certificate being A = [1;2;0].
4. 3x1 + 222 < 2
Solution: This is not a consequence of the system, a certificate being x = [1;0;0].
5. 31+ 322 + 23 <3
Solution: This is a consequence of the system, a certificate being A = [0;2; 1].
6. 31 +3x2 +x3 <2
Solution: This is not a consequence of the system, a certificate being « = [1;0;0].
Make a generalization: prove that a linear inequality px1 + qz2 +rxzs < s is a consequence of (S)
ifandonlyifs>p>qg>r>0.
Solution: By Inhomogeneous Farkas Lemma, an inequality is a consequence of the (feasible!) system
(8) if and only if there exists a nonnegative vector A € R} such that A1[1;0; 0]+ X2[1;1;0] + A3[1; 1;1] =

[p;q; 7] and A1 + A2 + A3 < s, which is equivalent to p = A1 + A2+ A3, ¢ = A1 + A2, 7 = A3, p < s, which
in turn is equivalent to s > p >qg > 17 > 0.

Exercise [[.34] s the inequality z1 +z2 < 1 a consequence of the system z1 < 1,21 > 27 If yes, can
it be obtained by taking a legitimate weighted sum of inequalities from the system and the identically
true inequality 0Tz < 1, as it is suggested by the Inhomogeneous Farkas Lemma?

Solution: The given system is infeasible, and therefore every inequality is a consequence of the system.
The consequence in question cannot be obtained by aggregating inequalities from the system and the
identically true inequality 0"z < 1, since in every aggregation of this type the coefficient at z2 is zero.
There is no contradiction with the Inhomogeneous Farkas Lemma, since the latter deals with feasible
systems of inequalities and this is not applicable in our case.

Exercise [[.35] Certify the correct statements in the following list:

1. The polyhedral set X = {z € R*: z >[1/3;1/3;1/3], Z?:l z; < 1} is nonempty.
Solution: A certificate is z = [1/3;1/3;1/3] € X.

2. The polyhedral set X = {z e R®: = > [1/3;1/3;1/3], 30_, z; < 0.99} is empty.
Solution: A certificate is A = [—1; —1; —1; 1]: by taking weighted sum of the inequalities defining X
using these weights \ is legitimate and leads to the contradictory inequality 0T 2 < —0.01.

3. The linear inequality 1 + 2 + x3 > 2 is violated somewhere on the polyhedral set X =

{zeR®: «>[1/3;1/3;1/3], X7 = <1}.
Solution: A certificate is x = [1/3;1/3;1/3]: this point belongs to X but does not satisfy the given
inequality.

4. The linear inequality 1 + x2 + 3 > 2 is violated somewhere on the polyhedral set X =
{zeR®: z>[1/3;1/3;1/3], >0, = < 0.99}.
Solution: This statement is false: X is empty, and therefore every linear inequality is satisfied
everywhere on X.
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5. The linear inequality 1 + x2 < 3/4 is satisfied everywhere on the polyhedral set
X={zeR®: =>[1/3;1/3;1/3], 30_ z; < 1.05}.
Solution: A certificate is A = [0;0; —1;1] — taking weighted sum of the inequalities 1 > 1/3,
2 > 1/3, 23 > 1/3, x1 +x2 +x3 < 1.05 with the weights A1, ..., A4, we get the inequality z1 +z2 <
1.05—1/3 < 3/4.

6. The polyhedral set Y = {as ER?: a1 >1/3, x2>1/3, z3 > 1/3} is not contained in the
polyhedral set X = {z € R®: = > [1/3;1/3;1/3], >0, z; < 1}.

Solution: A certificate is = [1;1;1]: this point is contained in Y but it is not contained in X.

7. The polyhedral set Y = {z € R®: = >[1/3;1/3;1/3], 3.7 | x; < 1} is contained in the poly-

1=1

hedral set X = {a: eR®: 21422 < 2/3, xo+x3<2/3, r1+z3 < 2/3}.

Solution: It suffices to certify that every one of the constraints defining X is valid for Y, i.e., is
a consequence of the constraints defining Y. The inequality 1 + z2 < 2/3 can be obtained as the
weighted sum of the inequalities 1 > 1/3, x2 > 1/3, x3 > 1/3, 21 + z2 + z3 < 1 using the weights
0,0,—1,1, and thus it is valid for Y. Similarly, we can certify that the inequalities 1 + 23 < 2/3 and
z2 + x3 < 2/3 are valid for Y.

5.8 Around Linear Programming Duality

Exercise [1.36] Let the polyhedral set P = {z € R": Az < b}, where A = [af;...;a,,], be
nonempty. Prove that P is bounded if and only if every vector from R"™ can be represented as
a linear combination of the vectors a; with nonnegative coefficients where at most n coefficients are
positive. As a result, given A, all nonempty sets of the form {z € R" : Az < b} simultaneously
are/are not bounded.

Solution: P is bounded if and only if for every z € R™ the feasible LP program
T
: Az <b
max {z T z < }
is bounded and thus is solvable, or, which is the same by LP Duality Theorem, if and only if the dual of
this problem, i.e.,
min {b'A: A>0,ATA =2}
A
is solvable. Next, since the dual of this dual is feasible (P is nonempty!), the dual automatically is
bounded, so that its solvability is the same as its feasibility. We conclude that P is bounded if and only
if every x € R™ is a conic combination of a;’s.

Applying the Caratheodory Theorem in conic form, the latter is the same as the possibility to represent
every z € R™ as a conic combination of at most n vectors from the collection ai, ..., an,.

Exercise [[.37] Consider the linear program

Opt = max {z1: 21 >0, 22 >0, az1 + bz < ¢} (P)
zeR

where a, b, ¢ are parameters. Answer the following questions:
1. Let ¢ = 1. Is the problem feasible?

Solution: The problem is feasible; a certificate is a feasible solution, e.g., x = 0.
2. Leta=b=1, ¢ = —1. Is the problem feasible?

Solution: The problem is infeasible; a certificate for infeasibility is given by A = [—1; —1; 1]: summing
up the constraints 1 > 0, x2 > 0, z1 + 2 < —1 with weights —1, —1,1, we get the contradictory
inequality 072 < —1.
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3. Leta=b=1, ¢=—1. Is the problem bounded}?
Solution: The problem is bounded since it is infeasible; certificate of infeasibility was given in the
previous item.

4. Let a =b=c=1. Is the problem bounded?
Solution: The problem is bounded since the weighted sum of the constraints z; > 0, 2 > 0,

r1 + xz2 < 1, the weights being 0,—1,1, gives us the consequence inequality x1 < 1. Thus, the
objective max z is bounded from above on the feasible set.

5. Leta=1, b= —1, ¢=1. Is the problem bounded?
Solution: The problem is unbounded. Indeed, setting d = [1; 1], we get d1 > 0, d2 > 0, ady + bda =
di —d2 <0, [1;0]Td = d1 > 0, implying that the points x(t) := td are feasible when ¢ > 0; it remains
to note that the objective, as evaluated at z(t), tends to +oo as t — oco.

6. Let a =b=c=1.Is it true that Opt > 0.57
Solution: A certificate is a feasible solution with objective value > 0.5, e.g., the solution z = [0.5; 0.5].
7. Leta=b=1, ¢c= —1. Is it true that Opt < 17
Solution: The claim is true due to the fact that the problem is infeasible, for infeasibility certificate
see item 2, and thus Opt = —oco.
8. Let a=b=c=1.Is it true that Opt < 17

Solution: The claim is true, a certificate is the collection of weights (Lagrange multipliers) 0, —1, 1;
taking the corresponding weighted sum of the constraints 1 > 0, z2 > 0, x1 + z2 < 1, we get the
inequality 1 < 1. Thus, the objective does not exceed 1 on the feasible set.

9. Let a =b=c=1.Is it true that z. = [1; 1] is an optimal solution of (P)?
Solution: The claim is false since x« is infeasible (it violates the constraint z; + z2 < 1).
10. Let a =b=c=1. Is it true that z. = [1/2;1/2] is an optimal solution of (P)?
Solution: The claim is false since there exists a feasible solution x = [1;0] with larger objective value.
11. Let a = b= c = 1. Is it true that =, = [1;0] is an optimal solution of (P)?
Solution: The claim is true, the corresponding certificate is the collection of Lagrange multipliers
0, —1,1 associated with the constraints 1 > 0, zo > 0, 1 + x2 < 1. Indeed, the multipliers are of

proper signs, satisfy the complementary slackness condition and the KKT equation 0 X [1;0] — 1 x
0;1] + 1 x [1;1] = [1;0].

Exercise [[.38] Consider the LP program

X1 S O
max { —x2: —x1 < —1
T1,T2 To < 1

Write down the dual problem and check whether the optimal values are equal to each other.
Solution: The dual problem reads
Al — X =0

AHAIinA —A2+A3: Az =-1
1,A2,A3 A >0 1<i<3

Both problems are clearly infeasible, and their optimal values (—oo and +oo, respectively) differ from
each other.

Exercise [[.39] Write down the problems dual to the following linear programs:

5 Recall that a maximization problem is called bounded, if the objective is bounded from above on the
feasible set, which is the same as its optimal value being < oo
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r1 — 2 + a3 =0,
x1 + x2 — 23 > 100,
1. max < x1 +2x2+3x3: 1 <0,
zER3 ZEQEO,
43320

Solution: The dual problem is
A2 <0, A3 >0, A4 <0, A5 <0,
min { 100Ag : L T2 T A=

AERS “A1+ X2+ A =2,
A —A2+A5=3

2. max {cTac : Ax=0b, x> O}
zeR™

Solution: The dual problem is
Ag <0
min bTAe: "9 =7 ,
A=[Aemg]{ AT+ N = }
or, after eliminating A\g:
min {b" A : c < AT},
Ae

3. max {cTw: Ax =0, ggwgﬂ}
xR

Solution: The dual problem is

min {aT,\e +ulAg+b" A :

)‘Z Z 07 )‘g S 07
A=[AeiAgiAe]

M+Xg+ATAe =c
4. max{cTay: Az + By <b, <0, y >0}
z,y

Solution: The dual problem is

)‘Z,b Z 07 )‘E,O 2 07 )‘g S 07
N mi/\n NS bT)\g’b : AT/\zyb + )\g’o =c, ,
=[X¢,biXe,0:0g T
B )\475 + XAy =0

or, after eliminating Ay o and Ay,

min {b"Xept Aoy >0, ATApp <, BT Ay >0}
£,b

Exercise [[.40] Consider a primal-dual pair of linear programs given by
Opt(P) = min {ch 1 Ax > b} , (P)
Opt(D) = max {bTy cy>0, Aly = c} . (D)
Y

Suppose that both are feasible. Prove that the feasible set of at least one of these problems is
unbounded.

Solution: See solution to Exercise [[V.25]

Exercise [[.41] Consider the following linear program

Opt=  min 2 0> w20, 1<i<j<4, > wp+ Y x>, 1<i<4
{zijhi<icj<a 1<i<j<4 J>i j<i

1. Show that the optimum objective value is at most 20.
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Solution: The solution x34 = 4, x23 = 3, x12 = 2, and all other variables equal to 0 is a feasible
solution to this LP and has the objective value equal to 2(2+4344) = 18. Since this is a minimization
problem, we deduce that Opt < 18.

2. Show that the optimum objective value is at least 10.
Solution: The dual of this LP is given by

4
Y - ;> ) ; . < <7 ] < .
;Ielalgi{;lyz y; >0 Vi, yz+y]2,1z<34}

The solution y; = y2 = y3 = ya = 1 is feasible to the dual with an objective value of 1+2+344 = 10.
Therefore, by Weak LP Duality, we deduce that Opt > 10.

Exercise [[.42] We say that an n x n matrix P is stochastic if all of its entries are all nonnegative
and the sum of the entries of each row is equal to 1. Show that if P is a stochastic matrix, then
there is a nonzero vector a € R™ such that PTa = a and a > 0.

Solution: Consider the linear program

Irg}l{n” {OTQE: Px Zm+e},

where e is the all-ones vector in R™. Suppose that there is a feasible solution « to this LP, and let the index
i be such that x; = max; {a:]} We have that z;+1 < 22:1 Pi,kxk < 22:1 Pi’kl‘i =x; ZZ:l Pi,k =z,
which is a contradiction. Therefore, this LP is infeasible. This means that its dual is either infeasible
or unbounded. The dual problem is given by max,crn {eTy cy P=yl, y> 0}, Clearly, the solution
y = 0 is feasible for the dual; thus the dual must be unbounded. Therefore, there is an a # 0, such that
a"P=a" and a > 0.

Exercise Let A € R™ ™ be a symmetric matrix, i.e., A" = A. Consider the linear program
min{ch: Ax > ¢, © > 0}.
x

Prove that if Z satisfies Az = ¢ and > 0, then Z is optimal.

Solution: Note that the dual of this optimization problem is given by

max{cT/\: AN+ p=c, A>0, ,uZO},
A

where we used AT = A. The solution Z along with i = 0 such that AZ = ¢ and Z > 0 is thus feasible for
the dual problem, and Z is feasible for the primal one, with the same objective value. Therefore, by the
“zero duality gap” LP optimality condition, Theorem we deduce that Z is optimal for the primal
problem.

Exercise Let w € R™, and let A € R"™ " be a skew-symmetric matrix, i.e., AT = —A.
Consider the following linear program

Opt(P) = min {U}TZE Az > —w, x> 0},

zeR™
Suppose that the problem is solvable. Provide a closed analytical expression for Opt(P).

Solution: The dual problem is given by

Opt(D):maX{fwTu: ATu+v=w, u>0, v20}

u,v

= max{—w—ru ATy <w, u> 0}
u

max {—wTu D —Au<w, u > 0} [since AT = —A]
u

= mgx{—w—ru D Au > —w, u > 0}

— min {wTu P Au > —w, u > 0} = —Opt(P).
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We are given that the primal problem is solvable, thus Opt(P) = Opt(D) by LP Duality Theorem, and
at the same time, as we just have seen, Opt(D) = —Opt(P), implying that Opt(P) = 0.

Exercise [Separation Theorem, polyhedral version] Let P and @ be two nonempty polyhedral
sets in R" such that PN (Q = &. Suppose that the polyhedral descriptions of these sets are given as

P:={zeR": Az <b} and Q:={z€R": Dz >d}.
Using LP duality show that there exists a vector ¢ € R" such that
c'e<c'y, forallzePandyeQqQ.
Solution: Consider the following linear program
maX{DT:c : Az <b, Dx > d}7
x

together with its dual given by

min{prerTq: ATp+DTg=0,p>0, ¢< 0}.

D,q
Since PN Q = &, the primal problem is infeasible, therefore the dual problem can be either infeasible or
unbounded. But p = 0,g = 0 is a feasible solution to the dual problem therefore, we conclude that the

dual problem is unbounded, i.e., there exists, (zp, zq) such that Asz + DTzq =0,2p >0, 2zg <0 and
szp + dTZq < 0. Let ¢c:= Asz. Then, for any x € P and any y € Q, we have

ch:z;Angz;b [as zp > 0 and Az < b]
<—d'z las b7 2zp +d ' 24 < 0]
<z, (=Dy) [as 2y < 0 and Dy > d]
<cly, lasc= ATz, = =D 2]

and thus we have proved the result.
Exercise [[.46] Suppose we are given the linear program

min {CTx Az =b, x> O} (P)

x

and its associated Lagrangian function
L(z,\) :=c 4+ X (b— Az).
The LP dual to (P) is (replacing Ax = b with Az > b, —Axz > —b)

Opt(D) = max {bT[A+ A AT =A== A > 0,0 > 0} ,
Adgop

or, after eliminating p and setting A = Ap — A_,
Opt(D) = max {bT,\ CATA< b} . (D)

Now, let us consider the following game: Player 1 chooses some = > 0, and player 2 chooses some
A simultaneously; then, player 1 pays to player 2 the amount L(z, A). In this game, player 1 would
like to minimize L(x, A\) and player 2 would like to maximize L(z, \).
A pair (z*,\*) with ™ > 0, is called an equilibrium point (or saddle point or Nash equilibrium)
if
L(z",\) < L(z",\") < L(z,\*), Vx>0 and VA (%)

(That is, in an equilibrium no player is able to improve his performance by unilaterally modifying his
choice.)

Show that z* and A\* are optimal solutions to the problem (P) and to its dual, respectively, if and
only if (z*,\*) is an equilibrium point.
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Solution: First, suppose that * and A* are optimal solutions of (P) and (D), respectively. We will show
that they are in equilibrium. Since z* is primal feasible, we have Az* = b, and so L(z*,\) = ¢ z* =
L(x*, \*) which proves the left inequality in (). Moreover, as A* is dual feasible, we have c— AT \* > 0.
Hence, for every = > 0, we obtain

Lz, ) =(c—ATX) Tz +b" A > b X =cTa* = L(z*, \¥),

where the second equality follows from the LP Duality Theorem which gives us Opt(P) = Opt(D), i.e.,
cTz* = bT A\*. Justification of (%) is complete.

We now prove the reverse. Suppose that z* > 0 and A* are in equilibrium. The inequality L(z*,A) <
L(z*,\*) yields AT (b — Az*) < (\*)T (b — Az*) for all A\. This can happen only if Az* = b, which
establishes the primal feasibility of z*. Furthermore, the inequality L(z*, \*) < L(z, \*) leads to ¢ " z* <
(c— ATX*)Tz 4+ bTA*. Since this must be true for all z > 0, we get ¢’ z* < b A* (set x = 0) and
¢ — ATX* > 0 and therefore \* is dual feasible. By weak LP duality, we conclude that ¢’ z* = bT A*
and it follows that =* and A\* are optimal solutions of the primal and the dual problems, respectively.

Exercise Given a polyhedral set X = {:r ER": a]x < b, Vi= 1,...,m}, consider the
associated optimization problem

Opt(X) = ma;x{t : Boo(z,t) C X},
z,
where Boo(z,t) :={y € R" : |ly — z||c < t}. Is it possible to pose this optimization problem as a

linear program with a polynomial in m,n number of variables and constraints? If it is possible, give
such a representation explicitly. If not, argue why.

Solution:  Note that in order for (z,t) to be feasible to the given optimization problem, for every
i=1,...,m, we must have

b; > max a :aTz—i—t a;
T = yEBoo(a:,t){ (3 y} 7 ” ZHl’

where the last equality is evident. Hence, we arrive at
Opt(X) = max {t sal o4 tlagl <bg, i=1,... ,m} ,
which clearly is a formulation with polynomially many variables and inequalities.

Exercise [[.48] Consider the optimization problem

m%? {cT;r: G,z <b; forsomeda; € A;, i=1,...,m, xZO}, *)
z€R™
where A; = {@; + € : ||€i]loo < p} for i = 1,...,m. In this problem, we basically mean that the

constraint coefficient a;; (j-th component of the i-th constraint vector a;) belongs to the interval
uncertainty set [a;; — p, G:; + p|, where @;; is its nominal value. That is, in (%), we are seeking a
solution x such that each constraint is satisfied for some coefficient vector from the corresponding
uncertainty set.

Note that in its current form (x), this problem is not a linear program (LP). Prove that it can be
written as an explicit linear program and give the corresponding LP formulation.

Solution: This problem is equivalent to

min ¢’

st. min {ajz} <b; i=1,...,m
;€A
x > 0.

Note that when = > 0

min{d; =: a; =a; + €, |illoo < p} =3, & +min{e, : ||ei]loo < p}

n
_ =T
—aim—pg xj,
j=1
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where the last equality is evident. Then, the resulting LP formulation for problem in (x) is given by

min c¢'z
n
st. @ z— E r; <b; i=1 m
-Ue i P 7 > Ui =Ly
j=1

z > 0.

Exercise Let S = {a1,a2,...,a,} be a finite set composed of n distinct elements, and let f
be a real-valued function defined on the set of all subsets of S. We say that f is submodular if, for
every X,Y C S, the following inequality holds:

FX)+fY) 2 fF(XUY)+ f(XNY).
1. Give an example of a submodular function f.

Solution: A simple trivial example is the function f(X) = 0,VX C S. Here is another simple slightly
less trivial example: given a € Z", consider the function f(X) = max{a; : ¢ € X} for every X C S.
There are quite a lot of other examples of submodular functions; interested readers can refer to books
on submodularity and combinatorial optimization.

2. Let f: 29 — Z be an integer-valued submodular function such that f(@) = 0. Consider the
polyhedron

Py = {x eRF: S Ca < H(T), VT C S} :

teT
Consider

Tay, = f(ar,...,a1}) — far,...,a—1}), k=1,...,n.
Show that Z is feasible to Py.

Solution: To justify this claim, we need to show that ZteT Z; < f(T) for all subsets T of S. If
T = @, then by definition ZteT T = 0 = f(@). When T # &, we will show this by induction on
Card(T). To see the base case, suppose T is a singleton, i.e., T = {ay} for some k =1,...,n . Then,
since f is submodular, we always have

f{a1,...;ar}) — f{ar,...;ap—1}) < f({ar}), Vk=1,...,n.

Thus, by its definition Z,, < f({ar}) holds for all k = 1,...,n. Now, for the inductive hypothesis
suppose that ), 1, Z¢ < f(T") for all subsets T of S such that Card(T") < k for some k > 2, and
let us show that the inequality holds for all subsets T" of S of cardinality k& as well to complete the
induction. So, consider any T = {a.,, ..., a,, }, and define T" := T'\ {a,, }. Thus, Card(T’) =k — 1,
and by induction hypothesis we have 3, Z¢ < f(T”) and so

th :fmk + Z Zy < (f({al,u-,lhk}) _f({alw"vabk*l})) +f(T/)
teT teT’

Now, by defining the sets X :=T and Y := {a1,...,a,, -1}, we see that X UY = {a1,...,a,, } and
XNY ={ay,...,a,_,} =T Now, combining the previous inequality with the submodularity of
f applied to the sets X and Y, we obtain

> o# < (f(arsean}) = f{ar, . an 1)) + F(T)

teT
=f(XUuY)—fY)+ f(XNY)
<F(X) = f(1),

as desired. This completes the induction and so Z is in Py.
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3. Consider the following optimization problem associated with P;:
max {CTI RS Pf}.

Werite down the dual of this LP.
Solution: The dual of this LP is

min T : = Vi > T C
1 Z F(@yr Z?JT ¢, Vi€ S, yr 20, VI C S
T:TCS T>¢

4. Assume without loss of generality that cq, > cay > ... > ca,, . Identify a dual feasible solution
and using the LP Duality Theorem show that the solution Z specified in item 2 is optimal to the
primal maximization problem associated with P;.

Solution: The following is a feasible solution for the dual problem:

G = {cak—cakJr17 if T ={a1,...,ar} forsome k=1,...,n
=

0, otherwise,
where we define cq, ,, = 0. Indeed, as ca; > cay > ... > cq,,, we immediately see that g7 > 0 for
all T C S. Now, consider any ¢ € S, and suppose % is such that a; = ¢t. Note that the only dual
variables gr that may take positive values are the ones corresponding to the sets T'= {a1,...,ar}
for some k =1,...,n. And among such sets the only ones that contain the given t = a; are the sets
T; :=={a1,...,a;}, Tix1 :={a1,...,ai,ai41},.. ., Tn :={a1,...,an}. Thus, for any t € S, we have
n n
Sur =01, = Y (Cag — Capy1) = Ca; = Capyy = Ca; = ct,
T3t =i =i

where we used the fact that cq,,,, = 0.
Both of these solutions (Z and g) give the same objective value for their corresponding problems as

n

Tz = ankiak = ank (f({a1,...,ax}) — f{a1,...,ak_1}))
k=1

k=1

Z f({a1,...,axr}) (Cak - Cak+1)
k=1
Z F(D)yr.

T:TCS

Therefore, both solutions are optimal.

Remark. Note that when the submodular function f is integer-valued, we immediately see from
the characterization of the optimal primal solution Z that for all integer vectors ¢ € Z™ such that
there exists an optimum solution to the primal problem, there exists an optimum solution (e.g.
Z) where all variables take integer values. A system of linear inequalities Az < b with b € Z™ and
A € Q™" satisfying such a property (i.e., whenever c € Z™ is such that there is an optimal solution
to max,{c'z : Az < b} then there is an integer optimum solution) is called totally dual integral
(TDI). Thus, we conclude that the polyhedron P associated with an integer-valued submodular
function f is TDI. The TDI property is a well-known sufficient condition that guarantees that every
extreme point (see section of the associated polyhedron is integral. In particular, the TDI
property generalizes total unimodularity (TU), i.e., the other well-known sufficient condition for the
integrality of a polyhedron, which plays a key role in network-flow based optimization.



Exercises from Part [

8.1 Separation

Exercise @ Mark by “Y"/“N" those of the below listed cases where the linear form f'x
separates/does not separate the sets S and 7"

e S={0}CcR, T={0}CR, flz==z

Solution: N

e S={0}CR,T=[0,1CR, flz=x
Solution: Y

e S={0}CR,T=[-1,1]CR, flz=x
Solution: N

° S:{xERS:m:xg:xg},T:{:CGR?’::EgZ«/m%—i—m%},fo:xl—xg
Solution: N

° S:{JSERSZJL‘l:IQZCL‘g},T:{CL‘GRgll‘gZ'\/I%-‘rI%},fT:L‘:l‘g—:L‘Q
Solution: Y

° S:{xGRB:—lgmlSl},T:{wERB::p§24},fTw:x1
Solution: N

° S:{x€R2:m22mf,a¢120},T:{x€R2:x2:0},fT:r:—scg
Solution: Y

Exercise [[I.2] Consider the set

1+ T2+ ...+ 2200 > 1
x1 + 222 + 3x3...+ 2004x2004 > 10
M ={zeR*: z1 4 2222 + 323 ...+ 2004220004 > 102
21+ 220025, 4 32002, 44 90042902,00, > 102002
Is it possible to separate this set from the set {z1 = 22 = ... = 2004 < 0}7 If yes, what could be

a separating plane?

Solution: Separation is possible, and a separating plane is, e.g., {z : 1 + ... + z2004 = 1/2}, since the
linear form lez is > 1 on M and clearly is < 0 on the set {z1 = ... = 22004 < 0}.

Exercise Canthesets S={x € R®: 21 > 0,22 > 1/z1}and T = {x € R? : 1 < 0,22 >
—1/x1} be separated? Can they be strongly separated?

Solution: The sets are separated by the line {x € R? : 1 = 0} They cannot be strongly separated
since the distance between the sets is zero (take large t > 0 and look at the points [1/t;t] € S and
[—1/t;t) € T).

Exercise Let M C R"™ be a nonempty closed convex set. The metric projection Proj,,(z) of
a point z € R" onto M s the || - ||2-closest to = point of M, so that

Proj,, (z) € M & ||z — Proj,, (z)||5 = ;211\1}[ | — yll3. (*)

37
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1. Prove that for every z € R™ the minimum in the right hand side of (x) is achieved, and z4 is a
minimizer if and only if

zy €M &Yy EeM: [x—ai] [wr —y] > 0. @1

Derive from the latter fact that the minimum in (x) is achieved at a unique point, the bottom
line being that Proj,,(-) is well defined

2. Prove that when passing from a point z € R"™ to its metric projection x4+ = Proj,,(x), the
distance to any point of M does not increase, specifically,

vy € M:llzy —yll3 < o - yl3 - dist*(z, M),
dist(z, M) := minuewm ||z —ull2 = ||z — z+||2.

®2)

3. Let * € M, so that, denoting x4 = Proj,,(x), the vector e = ﬁ is well defined. Prove

II2
that the linear form e z strongly separates {2} and M, specifically,

VyeM:e'y<e'x—dist(x, M).

Note: The fact just outlined underlies an alternative proof of Separation Theorem, where the first
step is to prove that a point outside a nonempty closed convex set can be strongly separated
from the set. In our proof, the first step was similar, but with M restricted to be polyhedral,
rather than merely convex and closed.

4. Prove that the mapping = — Proj,,(z) : R" — M is contraction in || - ||2:

Vu,u' € R"™ : || Proj,, (u) — Proj,, (u')|l2 < |lu — /|2

5. Let M be the probabilistic simplex: M = {z € R" : « > 0,>_, x; = 1}, Justify the following
recipe for computing Proj,,(z):

Let 9(t) = > 0%, [xi — t]+. where [s]; = max[s,0]. ¥ is piecewise linear, with break-
points x1,Z2,...,%n, continuous function of ¢ € R. ¥(t) — +oo as t — —oo, and
P(t) = 0 as t — +oo. Consequently, there exists (and can be easily computed due to
piecewise linearity of ¢) ¢ € R such that )~ [x; —t]; = 1. The metric projection of x
onto M is nothing but the vector z; with coordinates [z; — t]+, 1 <i < n.

What is metric projection of the point x = [1;2;2.5] on the 3-dimensional probabilistic simplex?

Solution:

1: Let d = infy e pr ||z —y||2, so that there exists a sequence {y; € M};>1 such that lim; o [[z—y;ll2 = d.
Since d < oo, the sequence {y;} is bounded, so that we can extract from it a converging subsequence
{¥i,,is <ist1}s>1.Sincey;, € M, the limit 7 of the subsequence belongs to M, and since ||y;, —z|2 — d
as s — oo and || - |2 is continuous, we conclude that ||j —x||2 = d. Thus, the minimum in (*) is achieved.
Now let us prove that the closest to  points of M are exaclty the points satisfying (8.1)), Note that when
2+ € M and y € M, we have 4 +t(y —2) € M when 0 <t <1 due to convexity of M. It follows that
if 4 is a minimizer of ||z — y||2 over y € M, then the function ¢(t) = ||z — [z+ + t(y — v+ )]||3 attains
its minimum on the segment 0 <t < 1 at t = 0. We have

¢(t) = llz — 24 |13 — 2t[x — 24 ] Ty — 2] + ¢ ]ly — 21 |13;

since this smooth function achieves its minimum on [0,1] at the point ¢ = 0, we have ¢'(0) > 0,
which is the inequality in . As a byproduct, we see that ||y — z||3 = ¢(1) > ¢(0) + |ly — z+]|2 =
llz — 24|12+ |ly — 24|12, implying that if y € M and y # =, then ||z —y||2 > ||z — x4 |2, that is, z4 is the
unique minimizer of ||z —y||2 over y € M. It remains to prove that if x satisfies , then x4 minimizes
lly — CC||% over y € M. Indeed, assuming that x4 satisfies and given y € M, the associated with this
y function ¢(t) is quadratic in t and satisfies ¢(0) > 0, ¢'(0) > 0, ¢” > 0, implying that ¢(0) < ¢(t)
whenever ¢ > 0; in particular, ||z4 — z||2 = $(0) < ¢(1) = ||y — z||2. Thus, ||z4+ — 2|2 < |ly — =||2 for all
y € M and, in addition, x4+ € M, implying that 4 minimizes ||y — x||§ over y € M. |
2: Let x € R™, x4 = Proj,(z), and y € M. We have

Iz = z4] + [zg =913 = llz — 243 + llz4 = 9l3 +2[z — 24] Tzy — 9]
e =z 113 + llz+ — yli3,

lz — yll3

VAl
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where the concluding > is due to (8.1)).
3: Assuming x ¢ M, for y € M we have
T
1

w—ai] e —y] = [o— o] T [o — a4] + [ — 2] Tl — 9] > [l — 24 [3

with the inequality given by . Thus, [z —24]Ty < [v —24] Tz — ||z — 24 ||3. Recalling what e is, we
gete z>ely+|lz— a2 =ely+dist(z, M)Vy € M. |
4: Let uy = Projas(u), u/, = Projp (u'). Let us set e = u—uy, f = v/, —u’, so that [uy —u/, |+[e+f] =
u—u'and e fuy—u/ ] >0, fT[uy—u/ ] >0by as applied with 2 = v and with = «’. We conclude
that [lu— /|3 = s — o]+ e+ I3 = lus — oy I3+ 2le+ T fuy — ]+ e+ FI3 > flus — o/ 13 W
5: Invoking item 1, all we need is to verify that with x4 given by the construction in question,
holds true. Indeed, the inclusion x4 € M is evident. Besides this,

Vy €EM: [SC - x+]T[I+ - y] = Z'L:z,;gt z;Yi + Zi:zi>t t([xl - t] - yi)
= — >, min[z;, t]ys +tzi:zi>t[zi —t]=t—>, minfz;, tly; >t -ty y; =0,

where > is due to nonnegativity of y € M.
The metric projection of [1;2;2.5] on 3-dimensional probabilistic simplex is the vector
[0;0.25;0.75] = [[1 — 1.75] 1 ; [2 — 1.75] 4 [2.5 — 1.75] ¢ ]. ]

Exercise @ [Follow-up to Exercise Let p(2) = 2" + pn_12" ' + ... +p1z+po, n > 1
be a polynomial of complex variable z. By the Fundamental Theorem of Algebra, p has n roots
A, ..., A\n. Treating complex numbers as 2D real vectors, prove that all roots of the derivative
p(2) =nz""t + (n— D)pn_12""% + .. + p1 belong to the convex hull of A1, ..., \y.

Solution: Let C' = Conv{A1,...,An}, and let A be a root of p’. Assuming that A & C, let us lead this
assumption to contradiction. Indeed, let X = Projo(A) and e = A — A, so that eT[)\ -\ > eTe>0 by
Exercise 3. We have p(z) = [],(z — Ai), whence, setting f(z) = |p(2)|? =[], [z — A:[% : R? = R2,
one has

& o O te) = 2[eT[A = AalIA = A2 A = Anf2 4 A = A flaeT[A = MJIA = Agl|2. |2 — An?
o IA = A2[fA = Anca 3¢ TIA = Anl | > 0.

On the other hand, we have

. p(A+9) —p(N)
0=p'()\) = lim —/——————"~
p'(}) = lim 5 ;
(why?). Denoting by 2 the imaginary unit and setting A = a + b, p(z + wy) = u(z, y) + w(z,y) with real
a,b, x,y,u,v, and looking what happens when § — 0 stays (a) real, (b) purely imaginary, we get

19} 19} 1o} 19}
au(a, b) =0, av(a, b) =0 and a—yu(a, b) =0, a—y’u(a, b) =0,
whence
|z:a,y:bf(x + Zy) = V|z:a,y:b[u2(x9y) + ’UQ(‘Tv y)] =0,
so that % |t:0f()\ + te) = 0, which is a desired contradiction. |

Exercise [IT.6] Derive the statement in Remark from the Separation Theorem.

Solution: We already know that the solution set of a whatever system of nonstrict linear inequalities
is closed and convex, and all we need to prove is that a closed convex set M C R™ is a solution set of a
sequence of nonstrict linear inequalities a;ra: <b;,i=1,2,.... There is nothing to prove when M = R™
(take empty system, or, if you want, single inequality 0Tz < —1). Similarly, there is nothing to prove
when M = @ — take the system of inequalities 1 < —1, —x; < —1. Now let M be nonempty and smaller
than R™. The complement M€ of C' is a nonempty open set; note that the set of all rational vectors
from M*€ can be arranged into sequence cq, c2, . . ..
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Indeed, let us look at the set Ty of all rational vectors from M€ with the total of magnitudes
of numerators and denominators in representations of their (rational!) coordinates as fractions
does not exceed a given integer N; for every N, this set is finite. We now can list all vectors
from T4, then list all unlisted yet vectors from T%, then — all unlisted yet vectors from T3,
and so on; as a result, all rational vectors from M¢ will be arranged into a sequence.

Now let 7(z) = minye s ||z — y||2 be the distance from 2 € R™ to M; since M is closed and nonempty,
the minimum is achieved. Again invoking closedness of M, r(z) > 0 whenever x ¢ M. Besides this, the
function r(z) clearly satisfies the relation |r(z) —r(z’)| < ||z —2’||2 and is therefore continuous. Note also
that when « ¢ M, the open ball B(z) of radius r(x) centered at = does not intersect M. By Separation
Theorem, the balls B(c;) can be separated from M: for properly selected a; we have sup,¢ s a;rx <
inf,eB(c;) a;ry. We lose nothing by scaling a; to become a unit vector, in which case the “separation

inequality” becomes sup,c s a?x < b= aiTci — r(c;). We claim that M is exactly the solution set of
the resulting sequence of inequalities a;rx < b;, i = 1,2,.... Indeed, by construction, every point from

M solves this system. All we need to verify is that if Z solves the system, then Z € M. Assuming, on the
contrary, that this is not the case, £ € M¢ and therefore for some sequence i1 < iz < ... we have Ci; > T
as j — oo, whence a;; (Cij —Z) — 0 as j — oo. Due to the origin of Z, a;;i <b;; = a;; ci; — r(cij),
T
i
as j — oo. On the other hand, 7(-) is continuous and ¢;; — %, j — oo, implying that r(c;;) — r(Z) as
j — oo. The bottom line is that r(Z) = 0, which is not the case, since T ¢ M and M is closed. Thus,
assuming that M is not the solution set of the system aiTa: <b;,1=1,2,..., we arrive at contradiction.

whence a; (ci; — ) > r(ci;), which combines with a; (ci; —Z) — 0 as j — oo to imply that r(c;;) — 0
J

8.2 Extreme points

Exercise [II.7] Find extreme points of the following sets:

1. X:{x€R3:m1 +z2<lymp 423 <1l,z3+x31 <1}
2. X={zeR" 'zt <lLmotas<lzzst+aa <1,mg+a; <1}

Solution: 1: The set is polyhedral; by algebraic characterization of extreme point of polyhedral sets,
among the inequalities specifying the set, an extreme point w, if any, should make equalities 3 inequalities
with linearly independent vectors of coefficients, that is, w should make equalities all 3 constraints
specifying the set (their vectors of coefficients indeed are linearly independent). As a result, the only
extreme point is [0.5;0.5;0.5].

2: The same reasoning as in item 1 says that at an extreme point all constraints specifying the set
should be satisfied as equalities, and the vectors of coefficients of these constraints should be linearly
independent. The latter does not take place, so that there are no extreme points.

1] 1
T 1
Ezplanation: when n > 2, the n X n matrix A, = | . | . | . . | is nondegenerate when n is odd and
I
is degenerate, with kernel spanned by the vector [1; —1;1; —1;...; —1] when n is even. As a result, the set

Xnp={z € R": Apz < [1;...;1]} contains lines, and thus has no extreme point, when n is even, and has
exactly one extreme point [0.5;...;0.5] when n is odd. For odd n, z — y = A,z is a linear one-to-Oone
transformation of R™, and in y-variables X,, becomes the set {y € R™ : y < [1;...;1]}. Thus, for odd n,
Xn is just a translation of a polyhedral cone — the image of R} under one-to-one linear transformation.

Exercise Let M C R" be a nonempty closed convex set not containing lines, and f 'z be
a linear function of x € R™ achieving its maximum over X. Prove that among maximizers of this
function on M there are extreme points of M.

Solution: Let M = Argmax, s f Tz be the set of maximizers of fTx over € M. By assumption,
this set is nonempty; along with M, it is convex, closed, and does not contain lines. By item (i) of
Krein-Milman Theorem M has an extreme point z.; let us prove that z. is an extreme point of M.
Indeed, assuming = + h € M, we should have f[z. & h] < fT . (since x, is a maximizer of f 'z over
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x € M) which is possible only when f T [z, £ h] = f T2, Thus, . + h € M, implying that h = 0 (since
xx € Ext(M)). Thus, . is a desired extreme point maximizer of ' z over € M. |

Exercise Mark by T those of the below claims which always (i.e., for every data satisfying
premise of the claim) are true:

1. If Conv(A) = Conv(B), then A = B.
Solution: evidently false — take n =1, A = {0,1,2}, B = {0,2}.

2. If Conv(A) = Conv(B) is nonempty and A, B, Conv(A) are closed, then AN B # &.
Solution: false —taken =1, A= {2k+1}32___, B={2k}2 _ .

3. If Conv(A) = Conv(B) is nonempty and bounded, then AN B # &.
Solution: false; take A = {i}?:lu{l—i}?:p B= {Tarl}gozlu{l—
and Conv(A) = Conv(B) = (0,1).

4. If Conv(A) = Conv(B) is nonempty, closed and bounded, then AN B # @.

Solution: true. When Conv(A) is nonempty, closed, and bounded, by Krein-Milman Theorem,
Conv(A) possesses an extreme point v, and by Fact [[1.6.10| v € A. By the same token, Conv(A) =
Conv(B) implies that v € B, so that AN B is nonempty and, moreover, contains all extreme points

ﬁ}z‘;l, so that ANB =@

of Conv(A) = Conv(B). Applying Krein-Milman Theorem once more, we conclude that AN B is not
just nonempty, it is rich enough to ensure that Conv(A N B) = Conv(A) = Conv(B).

Exercise @ As is immediately seen, the only extreme point of the nonnegative orthant R? =
R xR x... xRy is the origin, that is, the vector from {0} x {0} x...x{0}; as we know, the extreme
points of n-dimensional unit box {z € R" : 0 < x; < 1,¢ < n} =[0,1] x [0,1] x ... x [0,1] are
zero/one vectors, that is, vectors from {0, 1} x{0,1} x...x {0, 1}. Prove the following generalization
of these observations:

Let X; € R", 1 < i < K, be closed convex sets. The set of extreme points of the
direct product X = X3 X ... X Xk of these sets is the direct product of the sets of
extreme points of Xj.

Solution: The vectors from X are the block vectors = [z1;...;z k]| with blocks z; € X;. If such an =
is an extreme point of X, that is, x +£ h € X implies h = 0, then for every i the relation z; + h; € X;
implies h; = 0, since otherwise, setting h = [0;...;0; h;;0;...;0] we would have x £ h € X and h # 0,
which is impossible; thus, z € Ext(X7) X ... X Ext(Xf). Vice versa, if z € Ext(X1) x ... X Ext(X ) and
z+h € X, then z; + h; € X; for all 4, implying that h; = 0 for all 4, that is, h = 0; thus, z € Ext(X). B

Exercise [[I.11] Looking at the sets of extreme points of closed convex sets like the unit Euclidean
ball, a polytope, the paraboloid {[z;t] : t > =z}, etc., we see that these sets are closed. Do you
think this always is the case? Is it true that the set Ext(M) of extreme points of a closed convex
set M always is closed ?

Solution: The claim is not true. Indeed, consider the set X in 3D which is the union of the segment
{[z1;0;0] : =1 < z1 < 1} and the arc {[0;z2;22],0 < z2 < 1}; this set is closed and bounded, and
therefore so is its convex hull M := Conv(X) (Corollary . We claim that when ¢ € (0, 1), the point
x¢ = [0;¢;t%] is an extreme point of M. Taking this claim for granted, we conclude that the point [0;0; 0]
is the limit, as t — 40, of extreme points x+ of M, but this limit clearly is not an extreme point — it is
the midpoint of the segment with the endpoints [£1;0;0] € M.

It remains to prove that x: is an extreme point of M. Observe first that x; is an extreme point of the
projection M_ of M onto the plane L = {z : z1 = 0} > x¢. Indeed, M_ clearly belongs to the convex
hull C of the projection of X onto L, that is, to the convex hull of the arc {[0;s;5%] : 0 < s < 1}. We
clearly have C = {z : 1 = 0,0 < 22 < 1,:(:% < z3 < x2}, and ¢ is an extreme point of C. Since this
point belongs to M_ C C, it is extreme point of M_ as well. Now, to prove that z; € Ext(M) is the
same as to prove that z; £ h € M implies h = 0. Indeed, let h be such that z; = h € M. Looking at the
projections of z¢ = h onto L and taking into account that x; is an extreme point of the projection of M
onto L, we see that ho = h3 = 0. Thus, we are in the situation [+h1;t;t?] € M, and should prove that
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h1 = 0. Recalling what M is, we conclude that [h1; t;t2] is convex combination of several points of the
type [5;0;0], s € [—1,1], and several points of the type [0;r;72] with 0 < r < 1. If the total weight of
the points of the first type in this combination is positive, then, projecting the combination onto L, we
conclude that x¢ is a convex combination of several points of the second type and the point [0;0; 0], the
weight of the latter point being positive. This is impossible — all points participating in the latter convex
combination belong to C, and, as we know, x; is an extreme point of this set, implying that all points
participating, with positive weights, in representation of x; as a convex combination of points from C
should be equal to x¢, see Fact The bottom line is that [hy;t;¢?] can be represented as a convex
combination of points of the second type only, that is, h;y = 0, that is, h = 0, as claimed. |

Exercise [I1.12}  Derive representation (x) in Exercise from Example in section[7.1.1

Solution: Given positive integers £k < n and = € R"™, consider the LP program

Opt = mgx{inui 0<u; <1,0 < n,Zui = k:}
1 1
Example [[T.7.1] in section [7.I.1] says that extreme points of the bounded feasible set of the problem are
0/1 vectors with exactly k entries equal to 1, implying that Opt = si(x). We now have

sp(xz) = maxy {d>, ziu; 10 <u; <1,6 < n,ziui =k}
min,+ g {ZZ z;r + ks : [zl+ —z | +s==z;i<n,zt > 0} [LP duality]

min, 4 {Zizj+ks c2t > 0,24 Sz?+s,i§n},

or, equivalently,

t > sp(x) <= 3(z,8) 1z < z; +sVi,z >0, Zzi-l—ksgt,

(3

which is equivalent form of the representation we are justifying. |

Exercise By Birkhoff Theorem, the extreme points of the polytope IT,, = {[z;;] € R**" :
zij > 0,% ;xi; = 1Vj, 37,25 = 1Vi} are exactly the Boolean (i.e., with entries 0 and 1) matrices
from this set. Prove that the same holds true for the “polytope of sub-doubly stochastic” matrices
Hmﬂz = {[CE”} c R™*™ . Tij > O,Zixij < 1VJ7 Z]-{Eij < 1VZ}

Solution:  First, every Boolean matrix [z;;] from Iy, , is extreme point. Indeed, we know that every
Boolean matrix is extreme point of the box Bm,n = {[zs;] € R™*™ : 0 < zy; < 1Vi, 5}, and it remains
to refer to the evident fact: When Y C X is a nested pair of convex sets, then every extreme point v
of X which happens to be in Y is an extreme point of Y. Indeed, were v the midpoint of a nontrivial
segment in Y, it would be the midpoint of a nontrivial segment in X, which is not the case.

Given that the set B of all Boolean matrices from Il , belongs to Ext(IL,,»), all we need to conclude
that B = Ext(Il;n,n) is to show that II,, » = Conv(B) (see Fact [[I.6.10). Our plan is as follows: given
a matrix & € Il pn, we will show that x can be made a North-Western m X n submatrix of k x k
doubly stochastic matrix Z, with properly selected k. This is all we need: by Birkhoff Theorem, T is
convex combination of k X k permutation matrices, implying that z is a convex combination of the m x n
North-Western submatrices of these permutation matrices, and these submatrices clearly are Boolean
matrices from Il n.

Thus, let a matrix € Il ,n be given; we want to extend it by adding several rows and columns to
a larger doubly stochastic matrix. First of all, by adding to  n — m zero rows (if n > m) or m —n
zero columns (if m > n), we can reduce the situation to the one where m = n, which we assume from
now on. Next, let S = Z;L,j:133ij~ Note that since the row sums in x are < 1, we have S < n, so that
Kk := n — S is nonnegative; let d be the smallest integer which is > «. This is how we can embed z,
as the North-Western n X n submatrix, into (n + d) X (n + d) doubly stochastic matrix. Denote by r;,
i < n, the sum of entries in i-th row of x, and by c;, j < n, the sum of entries in j-th column of z. Note
that 0 <r; <1,0<¢; <1land ) r IZjC]' = S. Let also p; =1 -1, 05 =1 — ¢y, so that p; > 0,
0j > 0,and Y ,p; = Zjaj = k. Now let p = [p1/d; p2/d;...; pn/d] and o = [o1/d;02/d;...;0n/d], so
that p and o are nonnegative vectors with sums of entries equal to x/d < 1. Setting 0 = (1 — x/d)/d
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zl I3 P
- o | ... 0

and specifying 7 as the (n + d) x (n + d) matrix . 1. , we, as is immediately seen, get
ST Tel 1 o

a doubly stochastic matrix, and this is the desired doubly stochastic extension of x. |

Exercise [Follow-up to Exercise [[I.13] Let m,n be two positive integers with m < n, and
Xm,n be the set of m x n matrices [z;;] with 3, |zi;] < 1 forall j < nand 3 |zi;] <1 for all

1 < m. Describe the set Ext(X,,,»). To get an educated guess, look at the matrices [ 10 0 }

0 0 -1
(00 ][5 02 0] eomxas
Solution: Ext(men) is the set of all m X n matrices with entries —1,0, 1 such that in every row there
is exactly one nonzero entry, and in every column there is at most one nonzero entry.

In one direction: Let & = [z;;] be m X n matrix with entries —1, 0, 1, at most one nonzero entry per column,
and exactly one nonzero entry per row; let us prove that * € Ext(X,,n). First, z clearly belongs to
Xm,n. It remains to prove that if th € Xy n, then h = 0. Indeed, in the situation in question, denoting
o (i) the index j of the column with z;; # 0 (for our x, such j exists for every i < m), we should have
Zj |zij £ hij| < 1. In particular, |25y £hig ;)| < 1, implying, in view of |z;,(;)| = 1 (all nonzero entries
in our z are of magnitude 1!) that h;,(;) = 0. Therefore 1 > >~ |vi;j£hij| = |zio()| + Zj¢a(i) |zi;E£hij],

=1

implying that h;; = 0 for j # o (7). Thus, i-th row in h is zero; since 4 < m is arbitrary, h = 0, as required.
In the opposite direction: Let © € Ext(Xm,n), and let us prove that  has all entries in {—1,0,1}, with
exactly one nonzero entry per row and at most one nonzero entry per column. Let &;; € {—1,1} be such
that &;x4; = |z44] for all 4,j, and let = be the one-to-one linear transformation of the space R™*™
of m X m matrices given by entrywise multiplication of a matrix by the matrix [£;;]. Linear one-to-one
transformation = maps the polytope X, , onto itself and thus maps onto itself the set Ext(Xm,n). In
particular, the matrix T = [|z;;|] composed of magnitudes of entries in « (this is the image of x under the
mapping =Z) is an extreme point of Xy, n. Note that T € Il n, where Il is the polytope of entrywise
nonnegative m X n matrices with all column and row sums not exceeding 1. Moreover, T is an extreme
point of Iy, n, since from T+ h € Il » it clearly follows T+ h € Xy n, and the latter implies that h = 0
— T is an extreme point of X, »! By the result of Exercise T has entries 0 and 1 only, implying
that all nonzero entries in  are £1. With this in mind, }_, |z;;] < 1, j < n, implies that z has at most
one nonzero entry per column, and Zj |zi;] <1, ¢ < m, implies that = has at most one nonzero entry
per row. It remains to verify that every row of = has a nonzero entry. Assume the opposite, say, that the
first row of x is zero, and let us lead this assumption to a contradiction. In the case in question x has at
most m — 1 nonzero entries (since, as we have already seen, there is at most one nonzero entry per row,
and the first row is zero). Consequently, among n > m — 1 columns of x there is a zero column, w.l.o.g.
let it be the first one. Thus, = has zero first column and zero first row, which combines with € X n
to imply that when h is m X n matrix with the only nonzero entry, equal to 1, in the cell 1,1, we have
z £ h € Xpm,n, contradicting = being an extreme point of Xy, n. |

Exercise [I1.15}  [follow-up to Exercise [I.13] Let x be an n X n entrywise nonnegative matrix with
all row and all column sums < 1. Is it true that for some doubly stochastic matrix T, the matrix
T — x is entrywise nonnegative?

Solution:  Yes. By the result of Exercise m r is a convex combination of Boolean matrices with
column and row sums < 1. Every matrix with the latter property clearly is obtained from appropriate
permutation matrix by replacing with zeros some of the unit entries. Thus, every Boolean matrix with
row and column sums < 1 is entrywise < a permutation matrix, and therefore a convex combination of
the matrices of the former class is entrywise < a convex combination of permutation matrices, which is
a doubly stochastic matrix. |

Exercise I.16] [Assignment problem] Consider the problem as follows:
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There are n jobs and n workers. When worker j is assigned to job i, we get profit c;;.
We want to assign every worker to a job in such a way that every worker is assigned to
exactly one job and every job is assigned to exactly one worker. Under this restriction,
we want to maximize the total profit.

1. Pose the Assignment problem as the Boolean (i.e., with the decision variables restricted to be
zeros and ones) Linear Programming problem.

Solution: Encoding a candidate assignment by n x n matrix = [z;;] with z;; = 1 when job i is
assigned to worker j and x;; = 0 otherwise, we end up with the problem

max Zcijxij P Zij > O,inj = 1Vi,z.1‘ij = 1V, Tij € {07 1} (')
j i

2% J
2. Think how to solve the problem from item 1 via plain Linear Programming

Solution: ~Removing in (!) the Boolean constraints x;; € {0,1}, we arrive at the LP problem of
maximizing a linear form over the polytope of doubly stochastic n X n matrices. The problem clearly
is solvable, and among its optimal solutions there are extreme points of the polytope. By Birkhoff
Theorem, these extreme points are permutation matrices. Thus, passing from (!) to the LP relaxation
of the problem, we preserve the optimal value, and every LP algorithm which produces extreme point
solutions will, as applied to relaxation, provide us with an optimal solution to (!).

3. [computational study] Consider the special case of Assignment problem where all profits c;; are
zeros or ones; you can interpret ¢;; = 1/0 as the fact that worker j knows/does not know how to
execute job j. In this situation Assignment problem requires from us to find an assignment which
maximizes the total number of executed jobs. Assume now that the matrix C' = [c;;] is generated
at random, with entries taking, independently of each other, value 1 with probability € € (0, 1) and
value 0 with probability 1 — €. For n € {4,8,16,32,64,128,256} and € € {1/2,1/4,1/8,1/16},
run 100 simulations per pair n, e to find the empirical mean of the ratio "number of executed
jobs in optimal assignment” /n and look at the results.

Solution: Our results are as follows:

[n=4]n=8]n=16]n=32[n=64]n=128n=25 |
¢ = 0.5000 || 0.8800 [ 0.9862 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
e =0.2500 || 0.6025 | 0.8187 | 0.9769 | 1.0000 | 1.0000 | 1.0000 | 1.0000
e=0.1250 || 0.3325 | 0.5650 | 0.8094 | 0.9719 | 0.9995 | 1.0000 | 1.0000
€ =0.0625 || 0.2250 | 0.3688 | 0.5387 | 0.7906 | 0.9723 | 0.9993 | 1.0000

The results allow to make an educated guess that with € fixed and n — oo, the probability to get all
n jobs executed in the optimal assignment goes to 1; this guess happens to be true.

Exercise Let v = (v1, ..., vk) with positive integer 1;, and let S¥ = S** x ... x S¥X be the
space of block-diagonal, with K diagonal blocks of sizes v; X v;, ¢ < K, symmetric matrices, let S%.
be the cone composed of positive semidefinite matrices from S”, and let E be an m-dimensional
affine plane in S” which intersects S’.. The intersection X = E N S is a closed nonempty convex
set not containing lines and thus possessing extreme points. Let W be such a point, W" be the
diagonal blocks of W, and r; be the ranks of v; X v; matrices W*. Prove that

K
ri(ri+1) <Y vl +1) = 2m.
i=1

i=1
What happens in the diagonal case v1 = ... =vg =17

Solution: Let W = UiAiUiT be eigenvalue decompositions of W%; w.l.o.g. we can assume that the
first 7; of eigenvalues of W are positive, and the remaining eigenvalues are zero. For every collection
of K symmetric 7; x r; matrices D?, denoting by D" the v; X v; matrices obtained by augmenting D*
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with zero rows and columns, and setting D = Diag{Ulﬁ1 UlT, ey UKﬁKU;}, we get W £ tD > 0 for
all small positive ¢t. Now let us impose on the matrices D’ the requirement

Del, O]
where L is the parallel to E linear subspace in S¥. Assuming that

codim L := Zl/i(l/i +1)/2—-m< R:= Zn(m +1)/2,

7 K3

relation (1), which is a system of codim L homogeneous linear equations on R variables {D;q,p <qg<
ri,4 < K}, has a nontrivial solution, implying that W £+ ¢D € X for some nonzero D and positive ¢,
which is impossible. Thus, codim L > R, as claimed. |
In the diagonal case, the result becomes the following fact (perfectly well known to everybody who
somehow dealt with the Simplex method in LP): The number of nonzero entries in any extreme point
of the feasible set of a feasible LP problem in the standard form max gk {cTx: Az = b,z > 0} does
not exceed the number of equality constraints (i.e., of rows in A).

Exercise [[T.18] Let M be a closed convex set in R™ and Z be a point of M.

1. Prove that if there exists a linear form a' z such that Z is the unique maximizer of the form on
M, then Z is an extreme point of M.

2. lIs the inverse of 1) true, i.e., is it true that every extreme point T of M is the unique maximizer,
over x € M, of a properly selected linear form?

Solution: 1: the answer is positive, Indeed, let Z be the unique maximizer over x € M of a linear form
f T . Assuming, on the contrary to what should be proved, that 4+ h € M for some h # 0, the linear
function f'x attains its maximum on the segment [ — h, Z + h] in the midpoint of this segment, which
for a linear function is possible only when the function is constant on the segment. Thus, all points on
the segment maximize f'z over z € M, contradicting the fact that Z is the unique maximizer of the
function on M.

2: The inverse is not true in general. For example, consider the set

z2 ,x <0
M={(z,y) eR*:y>{ 0 0<z<1 }
(z—-1)2 ,z>1

(draw picture). The origin clearly is an extreme point of the set, but there are no linear forms on R?2
attaining their maximum over M at the origin, and only at it.

Exercise [[T.19] Identify and justify the correct claims in the following list:
1. Let X C R" be a nonempty closed convex set, P be an m X n matrix, and Y = PX := {Pz:

z € X} CR". Then

e For every z € Ext(X), Pz € Ext(Y)

Solution: Wrong — look at the orthogonal projection of the planar triangle with vertices (0,0),
(1,1),(2,0) onto the first coordinate axis.

e Every extreme point of Y is Pz for some z € Ext(X)

Solution: Wrong — look what happens when X is the stripe 0 < z < 1 on the 2D plane and P is
the same as in the solution of item 1.

e When X does not contain lines, then every extreme point of Y is Pz for some z € Ext(X).
Solution: Correct. Indeed, let w € Ext(Y). Then the set X\, = {z € X : Pz = w} is nonempty,
convex, closed and does not contain lines, and thus has an extreme point . It suffices to verify
that T € Ext(X). Indeed, let d be such that T+ d € X, and let us prove that d = 0. We have
Pz £d] € Y, and since w = Pz € Ext(Y), we get Pd = 0, implying that T + d € X,,; since
T € Ext(Xy), we conclude that d = 0.
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Let X,Y be nonempty closed convex sets in R", and let Z = X + Y. Then
o If w € Ext(Z), then w =z + y for some z € Ext(X) and y € Ext(Y").
Solution:  Correct. Indeed, we have w = z + y for some z € X,y € Y. If z ¢ Ext(X), then

z+d e X for some d # 0, whence w+d = (x £d) +y € Z, contradicting w € Ext(Z). By similar
reasoning, y € Ext(Y).

o If x € Ext(X), y € Ext(Y), then z + y € Ext(Z).
Solution: Wrong — look what happens when X = [0,1] C R and Y = [2,3] C R.

Exercise [11.20l Let X = {z € R™ : a] < b;,i < m} be a nonempty polyhedral set and f'z be
a linear form of = € R™ which is bounded above on X:

Opt(f) = sup f 'z < oo
zeX

Prove that

1.

6

Opt(f) is achieved — the set Argmax f 'z := {z € X : f'x = Opt(f)} is nonempty.
zeX

Solution:  This is nothing but the claim that bounded and feasible LP program has a solution

(section or Theorem [I1.7.12)).

. The set Argmax f 'z is as follows: there exists an index set I C {1,2,...,m}, perhaps empty,

zeX
such that

Argmax f 'z = X; == {z: a; x < b;Vi, a; x = b; Vi € I}
rzeX
Solution: By Linear Programming Duality Theorem, the problem dual to primal problem Opt(f) =
max{f "z : aiTm < b;,1 < I} reads m)z\a,x {)\Tb X203, a0 = f} and is solvable with the optimal
x
value Opt(f) — the same as the one of the primal problem. Let A* be an optimal solution to the dual

problem, and let I = {i : A¥ > 0}. We claim that X, := Argmax fTz = X;. In one direction: when
rzeX
z € X4, we have x € X and

Opt(f) = fTo=[>_ NalTe =" AlaJal <3 Nbi=b" A = Opt(f),

where the inequality is due to A > 0, and the last equality — due to the fact that A\* is optimal
solution to the dual problem, and the dual optimal value is Opt(f). We conclude that the inequality
in the chain is equality, so that Ziel/\;" [bs — a;rx} = 0. The latter relation implies aiT:E =bj,i€1l
(since a;rx < b; for all i and A} > 0,4 € I). In addition, € X, and we conclude that € X. Thus,
X, C Xg. Vice versa, if z € X, then z € X and

T, _ * 1T . kp o p T oyk
o= Nalle=3  Aibi=b"\" = O0pt(f),

that is, z € X« |

. Vice versa, if I C {1,...,m} is such that the set X; = {z : a] x < b;Vi,a; x = b;Vi € I} is

nonempty, then X7 = X, := Argmax_ x fTa for properly selected f.

Note: Nonempty sets of the form X, I C {1,...,m}, are called faces of the polyhedral set X.
This definition is not geometric — according to it, whether a given set Y is or is not a face in
X, may depend not on X per se, but on its representation as the solution set of a finite system
of linear inequalities. ltems 2—3, taken together, state that in fact being a face of a polyhedral

set is a geometric property — faces are exactly the sets Argmax f '« of all maximizers of linear
zeX
forms bounded from above on X.

Solution: Indeed, given I C {1,2,...,n} such that X is nonempty, let us set f = Zielai ﬂ so that

for x € Xy one has fTa = Zelbi' On the other hand, for every € X we have fTa = Zieajx <
Zie[ b;. We conclude that Opt(f) = Zielbi and X; C X, := Argmax f ' z,. The same reasoning

zeX

recall that by our standard convention, > a; = 0.

1€ED
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as in the concluding part of the solution to the previous item (where A¥, i € I, should be set to 1)
demonstrates the opposite inclusion X, C X7. Thus, X; = Argmax, . x fla. |

4. Extreme points of a face of X are extreme points of X.

Solution: Assume that v is an extreme point of a face X7 of X; to prove that is an extreme point
of X as well, we should show that whenever v £ h € X, it holds h = 0. To this end, note that if
vEh € X, then aiT [v+ h] < b; for all 4; when ¢ € I, the inequalities aiT [v+ h] < b; imply that
a;r [v+£ h] = b; due to a;rv = b;. We see that in fact v £ h € X7; since v is extreme point of X, we
end up with the desired conclusion h = 0. |
5. Extreme points of X, if any, are exactly the faces of X which are singletons.

Note: As a corollary of 1—3, 5, we see that extreme points of polyhedral set X are exactly the
maximizers of those linear forms which achieve their maximum on X at a unique point.

Solution: In one direction: let v be an extreme point of X. By Theoremm there exists n-element
set I C {1,...,m} such that a;rv =b; for i € I and the n vectors a;, ¢ € I, are linearly independent.
Since, in addition, v € X, we conclude that v € X, and the latter set is a singleton due to linear
independence of a;, ¢ € I. In the opposite direction: let X7 = {v} for some I; then of course, v is an
extreme point of X7, which in view of item 4 implies that v is an extreme point of X.

Exercise [1.21]  [Follow-up to Exercise [[.20]
1. Let X C Y be nonempty closed convex sets in R™. Is it true that Ext(Y) N X C Ext(X) ?

Solution: The answer clearly is positive. Indeed, assuming that w € Ext(Y) N X is not an extreme
point of X, w is the midpoint of a nontrivial segment ACX and thus — a nontrivial segment A C Y
(since X C Y'), which is impossible.

2. Let X be a nonempty closed convex set contained in the polyhedral set {z : Az < b}. Assuming
that the set X = X N {x: Az = b} is nonempty, is it true that Ext(X) = Ext(X)N X ?

Solution: The answer is positive. Indeed, by item 1 it holds Ext(X) N X C Ext(X) due to X C X.
To prove the opposite inclusion, assume that an extreme point w of X is not extreme point of X,
and let us lead this assumption to a contradiction. Since w € X C X, we have w € X, and since
w is not an extreme point of X, there exists a nontrivial segment A = [z,7] C X with w as the
midpoint. By assumption, AT < b and Az < b, which combines with A%[g +Z] = Aw = b to imply
that Az = Az = b, that is, A C X. The bottom line is that w is the midpoint of a nontrivial segment
in X, which is he desired contradiction — w is an extreme point of X!

3. By the result of Exercise [I.13] the extreme points of the polytope I, ., = {[z;;] € R™*" :
zij > 0,3 2,wi; < 1Vj, 37 xi; < 1Vi} are exactly the Boolean matrices from this polytope. Now
let ﬁmm be the part of II,,,, cut off II,, by imposing on prescribed row and column sums of
m X n matrix x € I, », the requirement to be equal to 1, rather than to be < 1. Assuming

II,,,» nonempty, prove that the extreme points of this polytope are exactly the Boolean matrices
contained in it.

Solution: The fact that Boolean matrices contained in ﬁmyn are extreme points of this polytope
is readily given by item 1 — we have already mentioned that these matrices are extreme points of
the larger polytope Il . It remains to note that ﬁm,n is cut off I, by converting into equalities
several inequalities satisfied everywhere on Il n, and thus by item 2 extreme points of ﬁmﬂl are
extreme points of I, , and thus are Boolean matrices.

Exercise[l1.22] Let X C R™ be a nonempty polyhedral set, z — Pz +p: R™ — R™ be an affine
mapping, and Y be the image of X under this mapping. Mark by T the statements in the below list
which are always (i.e., for all X, P,p compatible with the above assumptions) true:

1. Y is a nonempty polyhedral set.

Solution: True, rule 4 in calculus of polyhedral representations, see section
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If X does not contain lines, so is Y.

Solution: False — take X = {[z;y] ER?: y> |x\} and consider the affine map Plz;y] + p = z.
Then, Y = R and is itself a straight line.

If X does contain lines, so does Y.

Solution: False — take X = {[x;y] € R? : |z| < 1} and P[x;y] + p = =, resulting in Y = [—1, 1].

If v is an extreme point of X, then Pv 4+ p is an extreme point of Y.

Solution: False — take X = {[z;y] € R? : |z|+ |y| < 1} and Plx;y] +p = z, resulting in Y = [—1, 1].
The image of the extreme point [0;1] of X under the affine mapping in question is not extreme for
Y.

If 2z is an extreme point of Y, then z = Pv + p for certain extreme point z of X.

Solution: False— take X = {[z;y] € R? : |z| < 1} and P[z;y] + p = =, resulting in Y = [-1,1]. Y
has extreme points, and X does not.

If z is an extreme point of Y and X does not contain lines, then z = Pv + p for certain extreme
point z of X.

Solution: True. By Exercise there is a linear form f Ty which attains its maximum over y € Y’
at z, and only at this point. It follows that the form g "z, g = P f, attains its maximum over z € X
exactly at the set X? = {z € X : Pz + p = z}. By Exercise|I1.20} X* is a face of X. Since X does
not contain lines, so is X?#, implying that X* has an extreme point, call it v. Since v € X?, we have
Pv+p = z, and since v is an extreme point of face of X, it is extreme point of X by Exercise 4‘
|

Exercise [T.23] Find extreme points of the following closed convex sets:

1.

Theset S, ={X €S": -1, <X <X1I,}

Solution: Ext(Sy) is the set of all matrices from S™ which are orthogonal, or, which is the same,
symmetric n X n matrices with eigenvalues +1.

In one direction: Let W be an orthogonal symmetric matrix; let us prove that this is an extreme
point. Indeed, assuming that W+ D € S, for some D, let us prove that D = 0. Otherwise there exists
z € R™ with Dz # 0; assuming w.l.o.g. that ||z||2 = 1, we have |Wz|2 = 1, and ||[W £+ Djz|]2 <1
(since the spectral norm [|[V||2,2 of a symmetric matrix V' € S, is the maximum of magnitudes of
eigenvalues of V' and is therefore < 1), On the other hand, assuming w.l.o.g. that [Dx]T [Wx] > 0,
we have [|[[W + D]z|[3 = [ W3 +2[Da]T [Wa] + | Dall3 > [IWall3 + | Del3 = 1+ ||Dz|3 > 1, which
is a desired contradiction.

In the opposite direction: Let W be an extreme point of S,, and W = U Diag{\}U T be the eigenvalue
decomposition of W; we should verify that X is a +£1 vector. We clearly have [|[A]|cc < 1, and if
IN £ d|joc < 1, then W 4 U Diag{d}UT € Sy, implying that d = 0. Thus, A is an extreme point of
the unit box {z € R" : ||z||oc < 1}, and these points are the +1 vectors. |

. Theset S ={Xe€S": 02X <1I,}

Solution: The extreme points are exactly the orthogonal projectors — symmetric n X n matrices with
eigenvalues 0 and 1. To see it, note that S is the image of S, under the one-to-one affine mapping
X LX 4+ 1] 8" — 8™

The set Dy, ={X € S" : [, = X = 0,Tr(X) = k}, where k is a positive integer < n.

Solution: The extreme points are exactly the orthogonal rank k projectors, or, which is the same,
the symmetric n X n matrices with k eigenvalues equal to 1 and the remaining eigenvalues equal to
0.

In one direction: let W € Ext(Dy, ), and let us prove that k eigenvalues of W are equal to 1, and
the remaining — to 0. Indeed, let W = U Diag{\}UT be the eigenvalue decomposition of W; since
W € Dy, we should have 0 < X\; < 1 for ¢ < n, and Zi i = k. If now d € R™ is such that
0<X+d; <1lfori<mnand), d; =0, then W= U Diag{d}U" € Dy, implying that d = 0 due to
W € Ext(Dy,»). Thus, A should be an extreme point of the set {r € R" : 0 < a; <1,i<n, >, N\ =
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k}. As we know from Example in section this implies that k entries in A\ are equal to 1,
and the remaining to 0.

In the opposite direction: Let W be symmetric n X n matrix with k eigenvalues equal to 1 and the
remaining eigenvalues equal to 0, and let us prove that W is an extreme point of Dy ,. Passing
to representations of matrices in the eigenbasis of W, we lose nothing when assuming that W =
Z?:l eie:, where ey, ...,e, are the standard basic orths in R™. To see that W € Ext(Dg ), we
should prove that if Zle eieiT +D € D, and D is symmetric, then D = 0. Indeed, for D satisfying
the premise of this claim, the diagonal entries of Z;“:l eie;r 4 D should be between 0 and 1 and
sum up to k, implying that D;; = 0 for all ¢ (the same Example we have already mentioned).
In other words, the diagonals of positive semidefinite symmetric matrices B = Zf 1 eieiT + D are

(1,..,1,0,...,0), implying that D;; = Dj; = Biij = BJ* = 0 whenever max([i, j] > k (since the 2 x 2
k
principal minors in B¥ should be nonnegative). Thus, all entries in D outside of the k X k angular
submatrix D of D are zeros. Next, the matrices I}, & D are angular submatrices E* of symmetric
matrices with eigenvalues between 0 and 1, implying by the Eigenvalue Interlacement Theorem that
the eigenvalues of the symmetric k X k matrices EE are between 0 and 1, so that EET € S,:'. From
item 2 we know that Ij is an extreme point of the latter set, implying that D = 0. The bottom line
is that D = 0, |

4. Theset M, ={X e R"*" : || X||2,2 < 1} (|| - |

Solution: The extreme points are exactly the orthogonal n X n matrices. To see that an orthogonal

2,2 is the spectral norm)

n X n matrix W is an extreme point of M,,, you can use exactly the same reasoning as in the proof
of the similar fact for Sy, with D € R"™*"™ rather than D € S,,. To see that if W is an extreme point
of My, then W is orthogonal, or, which is the same, with all singular values equal to 1, look at the
singular value decomposition W = U Diag{c}V T of W, From ||W||2,2 < 1 it follows that ||o|lec < 1,
and if certain singular value o; is < 1, then the singular values of the matrices W + tU[eiezT]VT
(e; is i-th basic orth) for small positive ¢ are < 1, implying that W + tU[eie;r]VT € My, which is
impossible, |

Exercise [11.24, Prove the following fact (which can be considered as a matrix extension of Birkhoff
Theorem):

For positive integers d,n, let 114, be the set of all n x n block matrices with d x d
symmetric blocks X*/ satisfying

X7 20,3 Tr(XY) =1vi,»_ Tr(X") = 1vj.
J @

The extreme points of I14,,, are exactly the block matrices [X*/]; ;< as follows: for certain
n X m permutation matrix P and unit vectors e;; € Rd, one has

ij _ T
X" = Pijeije;; Vi, 5.

Solution: In one direction: Let [W%] be an extreme point of Il;,, and P;; = Tr(W;;), so that P is
doubly stochastic. For every 4,5, W% should be an extreme point of the set D;; = {X € 8. X »
0, Tr(X) = P;;} (why?), whence, by item 3 of Exercise Wi = Py eije;rj for some unit e;;. Besides
this, P should be an extreme point of the polytope of doubly stochastic n X n matrices, since otherwise
P + D will be doubly stochastic for some nonzero D, implying that W + [Dijeije;';]i,jgn € Iy, for
—_————
. D
nonzero block-matrix D with symmetric blocks, contradicting the fact that W € Ext(Ilg ). Thus, by
Birkhoff Theorem, P is a permutation matrix, and W = [P;je;; e;rj] with unit e;; € RY. [ |
In the opposite direction: Let W = [Pijei]-ejj] with unit e;; and permutation matrix P, and let W &
[D¥] € 14y, for some block-matrix with symmetric blocks D*7; we should prove that D*? = 0 for all ¢, 5.
If 4, j are such that P;; = 1, then the d X d matrices eije;rj + D% are > 0 with trace not exceeding 1 (as
blocks in a matrix from Ilg ;,), whence both matrices are > 0, = I, and with trace 1 (the latter — due to
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Tr(eijeiTj) =1). Thus, €ije;; + DU ¢ D ,q; applying item 3 of Exercise [[1.23} we conclude that D =0.
And if P;j = 0, then W% + D% should be = 0, again implying that D"/ = 0 due to W% = P;je;jel; = 0.

Exercise Let k,n be positive integers with & < n, and let sx()\) for A € R™ be the sum of k
largest entries in A. From the description of the extreme points of the polytope X = {z ¢ R" : 0 <
xz; < 1,4 <, > " @i < k}, see Example|ll.7.2]in section it follows that when A € R, then

n

max Az = sk(N).
weX =1

Prove the following matrix analogy of this fact:

For k,n as above, let X = {(X1,...,X,) : X;: € S4,0 =< X; < I4,i < n, S X 2 klg}.
Then for A € R%} one has

(X1, Xn) €X = > AX; X sk(A)a,

1=1
with the concluding < being = for properly selected (X1, ..., X,) € X.

Solution: Assuming w.l.o.g. that A1 > Xa > ... > Ay, for X = (X1,...,, Xp) € &, setting S; = 23:1 X;,
we have S; < min[i, k]Iq. When k = n, we clearly have >.7 |, A\ X; < D0 | ANidg = sn(A)1g, with <

— Iy, i<k — R
being = when X; = I, i < n Now let k < n, and let X; = { Od’ Z; P S; = 22:1 X;; note that
, 4
S; = minfi, k]Ig = S;, i < n. We have
PANX = NS = Sica] = 20 S i — Xiga] + An Sn
——— =
>0 >0
= 200 i = Xi]Si + AnSn
=30 XilSi — Sica] = sp(M) g,
and the resulting inequality ZZ Xi X = sk (N)1g is equality when X; = X;, i < n. |

8.3 Cones and extreme rays

Exercise [IT.26] Let X be a nonempty closed and bounded set in R"™. Which of the following
statements are true?

1. Conv(X) is closed convex set.
Solution: True — see Corollary
2. Cone(X) is a closed cone.

Solution: Wrong in general. When X = {z € R? : 22 + (v2 — 1)2 < 1} (circle of unit radius
in the upper half-plane touching the zi-axis at the origin), Cone(X) is the open upper half-plane
{z = [z1;x2] : z2 > 0} with origin added; this cone is not closed

3. When X is convex, Cone(X) is closed cone.

Solution: Wrong in general, see example to item 2.

4. When 0 ¢ X, Cone(X) is a closed cone.
Solution: Wrong in general. When X = X+t UX~ with X = {[z1;22;1] € R3 : 22 + (22— 1)? < 1},
X~ ={[z1;22; 1] € R® : 22 + (w2 — 1)2 < 1}, Cone(X) contains the circle {z? + (z2 —1)2 < 1} in
the plane x3 = 0 and therefore contains the conic hull of this circle. As a result, cl Cone(X) contains
the tangent line {x2 = 0,23 = 0} to this circle, and this line clearly does not belong to Cone(X).

5. When 0 ¢ X and X is convex, Cone(X) is closed cone.
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Solution: True. The fact that Cone(X) is a cone holds true for every X; all we need is to prove
that under the circumstances this cone is closed. Since X is nonempty closed convex set and 0 ¢ X,
Separation Theorem applied to {0} and X says that these two sets can be strongly separated, so
that for properly selected e it holds 0 = e 0 < « := infyex e'z. Now let y = limy— 00 yr with
yt € Cone(X); we want to prove that y € Cone(X). We have y; = Zz‘glt AiiTe; with Ag; > 0 and
zy; € X. Setting A\e = Y, A¢s, we have

eTy = lim eTyt = lim E it eTacti .
t— oo t—00 4 N——"
* >a>0

implying that the sequence of nonnegative reals A\; is bounded. Therefore, passing to a subse-
quence, we may assume that A\¢ — X as t — oo. Taking into account that |y:]l2 < C)¢ with
C = maxzex ||z]|]2 < oo, we see that when XA = 0, one has y = 0, whence y € Cone(X). And when
X >0, y = lim¢ oo y¢ implies that y = Alim;—co Tt with Ty = /\;1 ZZ Atizyi (these points are well
defined for large enough t’s). Since X is convex, the points Z; belong to X, and since X is closed,
the point T := lim;—, o Tt belongs to X as well. Thus, y is a positive multiple of a point from X, so

that y € Cone(X). |
When X is polyhedral, Cone(X) is a closed cone.

Solution: True. By Krein-Milman Theorem, nonempty bounded polyhedral set is Conv{vi,...,un}
for a finite nonempty set {v1, ..., vn }, whence clearly Cone(X) = Cone({v1,...,vn}) = {y = >, \ijv;
Ai > 0,4 < N}. Thus, Cone(X) admits polyhedral representation and is therefore polyhedral, and
thus closed, set.

Exercise [[1.27] Let X C R" be a nonempty polyhedral set given by polyhedral representation:

X={x:3u:Az+Bu<r}

and let K = Cone(X) be the conic hull of X.

1.

Is it true that K is a closed cone?
Solution: Wrong in general. As every conic hull, K is a cone, but this cone not necessarily is closed.

For example, when X = {[z1;1] : #1 € R} C R?, Cone(X) is the union of the interior of the upper
half-plane and of the origin, and this cone is not closed.

Prove that K := cl K is a polyhedral cone and find polyhedral representation of K.

Solution: We claim that K admits polyhedral representation
K={z:3\u:X>0,A+ Bu— \r <0}

and is therefore a polyhedral cone. To justify the claim, denote the right hand side in the latter
relation by KT, so that KT is polyhedral (and thus closed) cone. To prove that K = K1 is the same
as to check that, first, K C KT and, second, K is dense in K.

To justify the first claim, note that € K is of the form Zl Aix; with A; > 0 and x; € X; the latter
means that for properly selected u; it holds Az;+ Bu; < r. Consequently, A[X;z;]+ B[Aju;]—Air; < 0.
Summing up these vector inequalities, we get

T =:u =:A

implying that € KT due to A=, A; > 0.

To justify the second claim, let us fix Z € X (X is nonempty!), so that Az + Bu — r < 0 for some .
Now let € K1, and let us prove that = € cl K. Indeed, € K+ means that Az + Bu — A\r < 0 for
some u and some X > 0, implying that for € > 0 one has

Alz+ ex]+Blu +eu] — [A+€r <0.
—— ——

=T >0
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Dividing both sides by [\ + €], we see that xe = [\ + €]z with ¢ = [\ + ¢ "'z € X Thus,
ze € K = Cone(X); since ze — = as € — +0, we conclude that = € cl K, as claimed.

3. Assume that X is given by plain — no extra variables — polyhedral representation: X = {z : Az <
b}. Build plain polyhedral representation of K := cl Cone(X).

Solution: By the previous item,
K={z:3X:1>0,Az — b\ <0},

and to get plain polyhedral representation of K, it suffices to subject the above polyhedral represen-

A| -b
K = {z:3X: Afz; \] < 0}. Denoting the transposes of the rows of A by [a;; 3;] with a; € R™ and
Bi € R and denoting by Io, I+, I— the sets of i’s with 8; =0, 8; > 0, 8; < 0, respectively, we have

tation to one step of Fourier-Motzkin elimination. To this end, let us set A = [ }, so that

K

{:c AN Az ] < 0}

alz<0Viel
o
(B, tai — Bty Te <OV(i € 11,5 € 1-)

and we end up with plain polyhedral representation of K.

Exercise[I.28] As we know, the extreme directions of the nonnegative orthant R} = Ry x Ry x
... x R4 are the vectors with single positive entry and remaining entries equal to 0. Prove the
following generalization of this observation:

Let X; € R", 1 < i < K, be closed, nontrivial, and pointed cones. The extreme
directions of the direct product X = X3 X ... x Xk of these cones, if any, are the block-
vectors d = [d1;...; dkx| with d; € R™ of the following structure: all but one blocks in
d are zero, and the only nonzero block is an extreme direction of the corresponding
factor X;.

Solution: In one direction: if d = [0;...; 0; d;; 0; ...; 0] with d; being extreme direction of X; and d = d'4-d?
with d',d? € X, then d is nonzero and d} = d? = 0 for j # i; indeed, for j in question d}, d? € X; and
djl + d? =d; =0, and X is pointed. From d; = d} + d? with d; being extreme direction of X; both
d} and d? are nonnegative multiples of d; (indeed, d% and d? belong to X; and sum up to the extreme
direction d; of X;). Combining our observations, we conclude that d! and d? are nonnegative multiples
of d, and we conclude that d is an extreme direction of X. In the opposite direction: let d = [d1;...; dk]
be an extreme direction of X implying, in particular, that d; € X; for all 4, and d # 0, so that d has
a nonzero block, say, di. Since d = [d1;0;...;0] 4+ [0; d2; d3; ...; di] and d is extreme direction of X, the
—_——— —,—,—,——
ex ex
vector [d1;0;...;0] must be nonnegative multiple of d; since di # 0, [d1;0;0;...;0] in fact is a positive
multiple of d, implying that d; = 0, i > 2. It remains to verify that the only nonzero block, di, in d is an
extreme direction of X;. Assuming the opposite, we can represent d; as d% +d% with vectors di‘, x =12,
belonging to X; and not both being nonnegative multiples of dy. But then d = [d1;0;...;0] = d* + d?,
with dX = [d’f; 0;...;0] € X, x = 1,2, and at least one of d',d? not being a nonnegative multiple of d,
which contradicts the fact that d is an extreme direction of X. |

Exercise [[1.29] Describe all extreme rays of

1. positive semidefinite cone S}

2. Lorentz cone L"

3. Lorentz cone L", n > 2, is the special case of the following construction: given a norm || - || on
R"™! (n > 2), we associate with it the set

Kij = {[z;t] € R" : t > ||z]|},

which is a pointed nontrivial cone with a nonempty interior (why?); note that L" = Ki.,-
Describe the extreme directions of K .

Solution:
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1. Extreme rays of S’ are nonnegative multiples R x ee’, e € R\ {0}, of positive semidefinite rank
1 matrices.
In one direction: When e € R™ \ {0}, in every representation ee' = d' 4 d? with d* = 0, d? > 0,
for every x orthogonal to e we should have 0 = ' [eeT |z = &' d'z +a ' d?z, that is, [R - €]l is in

—_—— ——
>0 >0

the kernel of both d' and d?, implying that the only eigenvector of d* with nonzero eigenvalue, if
any, is proportional to e. In other words, eigenvalue decomposition of d’ is A;ee! with nonnegative
X; (since )\; is an eigenvalue of d* = 0). Thus, d’, i = 1,2,, are nonnegative multiples of eel, so
that ee! is extreme direction of S%. In the opposite direction: let E € ST and E = Zi/\ieieiT be
eigenvalue decomposition of E. When the number of nonzero eigenvalues \; is > 1, say, A\; > 0 and
A2 > 0, then B = )\ elelT + Zi>2)\i6i€; is decomposition of E into sum of two positive semidefinite
matrices which are not proporti_onal to E, that is, positive semidefinite matrix of rank > 1 is not an
extreme direction of S7}. Since an extreme direction should be nonzero and positive semidefinite, it
must be of the form ee” with nonzero vector e. |

2. The extreme directions of L' = R are positive reals. When n > 1, the extreme directions of L™ are
exactly positive multiples of vectors [e; 1] with e € R™~1, |le||2 = 1, see solution to item 3.

3. Denoting by B = {x € R"~! : ||z|| < 1} the unit ball of norm || - ||, the extreme directions of Kﬁ\l
are positive multiples of vectors [z; 1] with € Ext(B). Indeed, the set

Yi={lr;1] e Kjj )} = Bx {1}

clearly is a base of the cone KWII’ see Definition [[1.6.37] By Fact [[1.6.38](iv), the extreme directions
of K’l’IL‘H are positive multiples of the vectors from Ext(Y"), and

Ext(Y) = Ext(B x {1}) = Ext(B) x {1} = {[z;1] : = € Ext(B)},

where the second equality is due to Exercise m |

8.4 Recessive cone

Exercise [I1.30} Let M be a convex set, and let Z and h be such that Rz := {Z +th:¢t >0} C M.
1. Is it always true that whenever z € M, the set R, = {z + th,t > 0} is contained in M ?

Solution: ~The answer is no, example being M = {[z1;22] € R? : 1 > 0,22 > 0} U {[0;0]}. This

set clearly is convex and contains the ray {[z1;1] : 1 > 0} (that is, the ray Rz corresponding to

z = [0;1] and h = [1;0]), but does not contain the parallel ray Rjp,o) = {[#1;0] : 1 > 0} emanating

from [0;0] € M. |

2. Let h be a recessive direction of M = cl M, and let Z be a point from the relative interior of M.
Is it always true that the set Rz = {Z + th : t > 0} is contained in M ?

Solution: The answer is yes. Indeed, by Lemma [[.1.30| the ray R = {Z + th : t > 0} is contained in M,
and since every point x = Z 4 th on this ray is of the form %:ﬁ + %m/ with 2z’ € R C cl M (you can take

a' =z + 2th), z € M by Lemma|[.1.30)

Exercise [.31] Let M C R" be a cone, not necessary closed; recall that pointedness of a cone
M means that the only vector x such that z € M and —z € M is the zero vector. Which of the
following statements are always true:

1. M is pointed if an only if the only representation of 0 as the sum of k > 1 vectors x; € M is the
representation with z; =0, ¢ < k.

Solution: This is true. Indeed, if M is not pointed, so that +a € M for some x # 0, then setting k = 2,
r] = x, 2 = —x, we get a representation of 0 as the sum of two nonzero vectors from M. On the other
hand, when M is pointed and 0 = z1 4 ... 4+ 2 with x; € M, then either k =1 and 1 =0, or &k > 1,
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and then for every ¢ < k we have 0 = z; + Z ,7&.%‘ implying that +x; € M, whence, by pointedness,
JF

eM
z;=0,i<k. [
2. M is pointed if and only if M does not contain straight lines (one-dimensional affine planes)
passing through the origin.
Solution: True. In one direction: if M contains straight line passing through the origin, that is, the set
{th : t € R} with some h # 0 is contained in M, then +h € M and h # 0, contradicting pointedness of
M. In the opposite direction: if M is not pointed, that is, £h € M for some h # 0, then M, being conic,
contains the straight line {th : t € R} passing through the origin. |
3. M is pointed if and only if M does not contain straight lines.

Solution: Wrong — take M = {[z1,22] € R? : z2 > 0} U {[0;0]}. This cone is pointed (since all nonzero
vectors from M have the second coordinate positive) and contains the line {[z1;1] : z1 € R}. |

4. Assuming M closed, M is pointed if and only if M does not contain straight lines.

Solution: True. By Lemma [[I.6.13] if a closed convex set contains a line, it contains all parallel lines
intersecting the set, so that a closed cone M contains lines if and only if it contains lines passing through
the origin, and it remains to use item 2. |

5. M is pointed cone if and only if the closure of M is so.

Solution: Wrong, the counter-example being the pointed cone M = {[z1;x2] € R? : 2 > 0} U {[0;0]}.
|

6. The closure of M is a pointed cone if and only if M does not contain straight lines.

Solution: True. If M contains a line, then this line is contained in the closed cone cl M, so that cl M is
not pointed by item 4. Vice versa, if ¢l M is not pointed, it contains a line {th : t € R} (h # 0) passing
through the origin by item 2, and therefore by the result stated in Exercise @ M contains all lines of
the form {z + th :t € R} with z € rint M [# &]. |

Exercise Literal interpretation of the words “polyhedral cone” is: a polyhedral set {z : Az <
b} which is a cone. An immediate example is the solution set {z : Az < 0} of homogeneous system
of linear inequalities. Prove that this example is generic: whenever a polyhedral set K = {z : Az < b}
is a cone, one has K = {x : Az <0}.

Solution: One way to prove the claim is to note that when the set K = {z : Az < b} is a cone, this
(clearly closed) set, as every closed cone, coincides with its recessive cone: K = Rec(K), and Fact
states that for a nonempty polyhedral set M = {z : Az < b} one has Rec(M) = {z : Az < 0}.

A “bare hands” proof of the claim in question can be found in solution to Exercise @

Exercise [[T.33] Prove the following modification of Proposition [[T.6.23}

(1) Let X ¢ R" be a nonempty closed convex set such that X C V 4 Rec(X) for
some bounded and closed set V, let x — A(z) = Az + b : RY — R™ be an affine
mapping, and let Y = A(X) :={y : 3z € X : y = A(z)} be the image of X under
this mapping. Let also

K ={heR":3g € Rec(X) : h = Ag}.

Then the recessive cone of the closure Y of Y is the closure K of K. In particular,
when K is closed (as definitely is the case when Rec(X) is polyhedral), it holds
Rec(Y) = K.

Solution: If y € Y and h € K, so that y = A(z) and h = Ag for some « € X and g € Rec(X), then
x+tg € X for all t > 0, so that y +th = A(x +tg) € Y C Y whenever ¢t > 0. Thus, h is a recessive
direction of Y, so that K C Rec(Y), and since the cone Rec(Y) is closed, K belongs to Rec(Y) along
with K.

Vice versa, under the premise of Proposition, let h € Rec(Y); we want to prove that h € K. Indeed,
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selecting somehow y € Y, we have y +ih € Y, i = 1,2,... Next, from X C V + Rec(X) is follows
that Y C ¥ := A(V) 4+ ARec(X) = A(V) + K, and therefore Y C cl(A(V) + K) = A(V) + K,
where the concluding equality is due to the fact that A(V) is a compact set along with V m Thus,
y+ih € YCA(V)+ K, implying that for every i there exists §; € R™, v; € V and g; € Rec(X) such that
y+ih = A(v;)+Ag; +6; and §; — 0 as i — co. Setting h; = i~ L Ag;, we have h = h; +i 1 [A(v;)+6; — ],
and the second term in the right hand side of this equality tends to 0 as ¢ — oo due to the boundedness of
V and of the sequence {;}. We conclude that h = lim;_, o h; with h; € K for all ¢ (due to g; € Rec(X)),
so that h € K. Recalling what h is, we conclude that Rec(Y) C K. The opposite inclusion has already
been verified, and we arrive at Rec(Y) = K. |

Exercise |11.34] [follow-up to Exercise [I1.33]
1. Let K1 C R", Ko C R" be closed cones, and let K = K; + Kb.

e |s it always true that K is a cone?

Solution: K clearly is a cone.

e |s it always true that K is closed?

Solution: The answer is negative, as is shown by the following example: K1 = {[z;y;2] € R3 :
Y,z > 0,yz > x2} (this, up to one-to-one linear substitution of variables, is the 3D Lorentz cone),
Ko = {[z;y;2] : ¢ =y = 0,z < 0} (just a ray). In this case K contains all lines £, = {[z;y; 2] :
y = a,z = 0} with a > 0; indeed, given a > 0 and z, the vector [z; a; x2/a] belongs to K1, and the
vector [0; 0; —z2 /a] belongs to K2, so that the sum [x; a; 0] of these vectors belongs to K, implying
that £, C K. On the other hand, the only vector of the form [z;0;0] belonging to K clearly is
the sum of some vector from K7 with the y-coordinate equal to 0 and a vector from Kas; the only
option for the first vector is to be of the form [0; 0; 2] with z > 0, and in this case, z must be zero.
We see that K contains all lines ¢, with a > 0, but does not contain the line £y C clUg>0¥q.-

e Let K5 be polyhedral. Is it always true that K is closed?

Solution: The answer is negative, as is shown by the example of the previous item, where Ks is

a ray.

e Let both K3 and K> be polyhedral. Is it always true that K is closed?

Solution: The answer is positive: by evident reasons, K admits polyhedral representation and

therefore is polyhedral.

2. Let X;, ¢ = 1,...,I, be closed convex sets in R™ with nonempty intersection. Is it true that
NiRec(X;) = Rec(Ni X;)?

Solution: The answer is positive: selecting € N; X;, we have h € Rec(N; X;) iff « + th € N; X; for
all t > 0, or, which is the same, iff h € Rec(X;) for every 1.

3. Let X1, X> be nonempty closed convex sets in R", let K1 = Rec(X1), K2 = Rec(X2), X =
Cl(Xl + Xz), K= Cl(Kl + Kz)

e Is it always true that K C Rec(X) ?

Solution: The answer is positive: selecting z; € X; and h; € Rec(X;), ¢ = 1,2, we have x1 + z2 +
t(h1 + h2) € X1 4+ Xg for all ¢ > 0, implying that h; + ho € Rec(Y). Thus, the cone K7 + Ko
belongs to the cone Rec(X), and since the latter cone is closed, K belongs to this cone as well.

e Is is always true that K = Rec(X) ?

7 We have used a nearly evident statement (prove it!): if A, B are nonempty sets in R™ and A is
bounded, then cl(A + B) = cl(A) + cl(B).
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Solution: The answer is negative: take X1 = {[z;t] : 22 < t
Then K1 = {[0;t] : t > 0}, K3 = {[0;t] : t < 0}, so that K = {
clearly have X1 + X2 = R?2, that is, Rec(X) = R2.

Y, Xo = X1 = {[z;t] : 22 < —t}.
[0;¢],t € R}. At the same time, we

o Assume that X; C V; + K for properly selected closed and bounded set V;, i = 1,2, Is it true
that K = Rec(X) ?
Solution: The answer is positive. Indeed, let Y = X1 x Xo, L = K1 X Ko, V =V} X V5. Then
clearly Y is a nonempty closed convex set, L = Rec(Y'), and V is a bounded and closed set such
that Y C V + L. Setting A(z1,2z2) = z1 + x2, we get a linear mapping acting from R™ x R™ to
R” such that X = cl A(Y) and K = cl A(L), so that K = Rec(X) by the result of Exercise

Exercise [I1.35| Let f(z) = ' Cz — ¢' « + o be quadratic form with C' > 0. By Exercise the
set E = {z: f(x) <0} is convex (and of course closed). Assuming E # &, describe Rec(E).

Solution: Let € E. Ray {Z + th : t > 0} is contained in E if and only if

Vit >0:t2hTCh+2tz ' Ch—tc h < —[z'Cz —c' T+ 0],
N——

>0 >0

which is possible if and only if AT Ch = 0 and ¢ h > 0. Recalling that for C > 0 relation h T Ch = 0 is
equivalent to h € KerC, we get

Rec(E) = {h € KerC : ¢" h > 0}.

8.5 Around majorization

Exercise [11.36L Let z € R™, let X|[z] be the convex hull of all permutations of z, and let X [x]
be the set of all vectors ' dominated by a vector form X|[z]:

Xila] = {y] 3z € X[e] :y < 2}.

1) Prove that X [x] is a polyhedral set.

2) Prove the following characterization of X [z]: X [z] is exactly the set of solutions of the
system of inequalities s;(y) < s;(z), j = 1,...,m, in variables y, where, as always s;(z) is the sum
of the j largest entries in vector z.

Solution: 1) The set X4 [z] is the sum of the polyhedral set X[z] and the polyhedral cone —RY

and therefore admits immediate polyhedral representation: denoting by ¥ the set of all m! permutation
matrices of size m X m, we have

X4 [x] :{y:EI{)\J,UEE},ZERm:)\ZO,Z)\[,:LzZO,y: Z/\g[ox]—z}
o oeX

and is therefore polyhedral. |
2) To justify the claim, let us fix =, and let X +[x] be the set of all solutions to the system of constraints
si(y) < sj(z), 1 < j < m. We want to prove that X*[z] = X[z]. First, if y € X4[z], then y < 7
for some y € X|[z]. By Majorization Principle, we have s;(7) < s;(z), j < m (in fact, the last of these
inequalities is equality, but this does not matter now). And since y < 7 and s;(z) is monotonically
nondecreasing in z, we have s;(y) < s;(@) < sj(z), 5 < m, so that y € XT[z]. We conclude that
X4[z] € XT[z]. To prove the inverse inclusion, let y € XT[z], that is, s;(y) < sj(z), 5 < m. Setting
A = sm(z) — sm(y), we get A > 0. Keeping all but the smallest entry in z intact and decreasing the
smallest entry by A, we get a vector T such that s;(z) = s;(Z) for j < m and s, (T) = sm(y). Thus,
sj(y) < s;(z) for all j, the inequality being equality when j = m. By Majorization Principle, y = D= for
some doubly stochastic matrix D, and since by construction = < z, we have Dz < Dz, whence y < Dz.
Since Dz, by Birkhoff theorem, belongs to X|[z], we conclude that y is dominated by some point from
X|z], that is, y € X4 [x]. Thus, X [z] C X4[z]. [ |
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8.6 Around polars

Exercise [T.37]  Justify the last three claims in Example [T:6.12}
Solution: 5: We have sup,cpx ¥ 2 = SUpgex ¥ ' Dz = supyecx[D ' y] T x. Thus, y € Polar (DX) if and

only if DTy € Polar (X). |

6: We have E = {z = C~ /24 : uTu < 1}, whence maxy 'z = max [C~1/2y]Tu = ||C~1/2y]|2, Thus,
zeE wiu T u<ll

Polar (B) = {y : [C™/?yll2 <1} = {y : [C7'/2y]T[C /2y <1} = {y:yC 1y < 1) u

7: This is evident.

Exercise [I1.38] [more on polars]

1. Recall that for U C R", Vol(U) stands for the ratio of the n-dimensional volume of U and the
volume of the n-dimensional unit Euclidean ball. Check that for a centered at the origin ellipsoid
E={z:2"Cx <1} (C = 0) we have Vol(E)Vol(Polar (E)) = 1.

2. Let C > 0 and let ellipsoid E = {z : (x —¢)"C(z — ¢) < 1} contain the origin. Compute

Polar (E).
3. Let Xi, k < K, be closed convex sets in R" containing the origin. Prove that
Polar (Conv(Ur X)) = NgPolar (Xy) (a)
Polar (NxXx) = clConv(UiPolar (X)) (b)

Solution: 1: By Example[I1.6.12}4, Polar (E) = {x : z T C~ 'z} , so that by the results of Exercise
one has Vol(E) = Det~1/2(C), Vol(Polar (E) = Det~1/2(C~1) = Det!/2(C).
2: We have

Polar (E) = {y: Max, . c—1/24:,Ty<1 yla < 1} ={y: cTy+ MAXy: ||y <1 uT[C_l/Qy] <1}
={y:VyCly<l-clyy CQR:={y:y Cly—[1 —cTy]* <0}
Let us prove that the C above is in fact equality. To this end note that @ is a sublevel set of inhomogeneous
quadratic form with the matrix

©:=C'—cc' =C 21 —dd")C™V/?,

where d,= C1/2¢, so that dTd = ¢T Cc < 1 due to 0 € E. We conclude that © > 0, implying that Q is
convex (Exercise . Now, to prove that the C in question is in fact equality is the same as to prove
that the linear function 1 — ¢!y is nonnegative everywhere on Q. Assuming that the latter is not the
case and observing that 0 € @, among the values taken on @ by the linear function in question there are
both positive and negative, and since Q is convex, there should be y € Q with ¢'y = 1, and the latter
clearly is forbidden by the definition of Q.

Thus, the polar of E is

Q={y:y Oy+2cTy <1}

Geometrically, this is

— either ellipsoid — this is the case when © > 0, or, which is the same, 0 € int F,

— or hyperparaboloid/elliptic cylinder — the set which in coordinates ¢t = Dz with properly selected
nonsingular D is given by yt1 > oo+ > ,[t; — 3;]° — this is what happens when 0 € bd E.

3: A linear form does not exceed a real a on the convex hull of the union of K nonempty convex sets if and
only if it does not exceed a on every one of these sets, resulting in (a). Setting Y} = Polar (X), k < K,
so that Xy, = Polar (Yy) by Proposition (recall that X, are closed, convex, and contain the origin)
and applying (a) to the sets Yy in the role of Xj, we get Polar (Conv(UgY%)) = NgPolar (Yy) = Nk Xk,
whence also Polar (cl Conv(UgY%)) = Nk X Since the set cl Conv(UgYy,) is closed, convex, and contains
the origin, it is the polar of its polar (Proposition , that is, clConv(U,Yx) = Polar (N Xy).
Recalling what Y} are, we arrive at (b). |

Exercise [[1.39] Let X C R" be a cone given by polyhedral representation
X={zeR":3u: Az + Bu<r}
Is the dual to X cone X, polyhedral? If yes, build a polyhedral representation of X..
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Solution: The fact that the cone dual to a polyhedral cone is polyhedral as well was explained in Remark
and Exercise An independent reasoning (which as a byproduct yields polyhedral representation
of X, and as such can be considered as an addition to the calculus of polyhedral representations, see
section , is as follows. We have

yeEXi <+ Yy a>0VzEX <= 0<mingu{y =:Az+Bu<r}
< 0<maxx{—r"A:A>0,ATA+y=0,B"A=0} [LP Duality]
= AI:rTAL0,A>0,ATA4+y=0,B"X=0,

and we end up with polyhedral representation of X.

Exercise [11.40|
1. Let X C R"™ be a nonempty polyhedral set given by polyhedral representation
X={zeR":Ju:Ax+ Bu<r}

Is the polar Polar (X) of X polyhedral? If yes, point out a polyhedral representation of Polar (X).
For non-polyhedral extension, see Exercise [IV.36|

Solution: We have

Polar (X) = {y:Opt(P):=maxs{y x: Az + Bu<r} <1}
= {y:Opt(D) := miny {TTA:)\ZO,AT)\:y,BT)\ZO} <1}
[by LP Duality; note that (P) is feasible due to X # @]
= {y:3IN:r"TA<1,A>0,y=ATN BT ) =0},
[since by the above, the dual problem is solvable when y € Polar (X)]

and we end up with polyhedral representation of Polar (X), implying polyhedrality of the polar.

2. Compute the polars of
1. probabilistic simplex A = {zx €e R" : 2 >0,> ., z; = 1}
Solution: Polar (A) ={y € R" :y < [1;...;1]}

2. convex hull of nonempty finite set of points a1, ...,an from R"

Solution: Polar (Conv{ai,...,an})={y:a]y <1,i <N}

3. theset {x e R" : 2 < b}

Solution: Polar({z:x <b})={y:y>0,y'b<1}

8.7 Miscellaneous exercises

Exercise [I1.41] Let X = {z € R" : Az < b} be a nonempty polyhedral set.

1. Prove that X is bounded if and only if every one of the vectors +e;, (e;, 1 < i < n, are the
standard basic orths) can be represented as conic combination of columns of AT.

Solution: A nonempty polyhedral set {x : Az < b} C R"™ is bounded if and only if the optimal
values in the 2n optimization problems maxm{:l:e;r:v : Az < b} are finite, and this, by LP Duality
Theorem, boils down to feasibility of their duals, the latter being exactly the possibility to represent
+e; as conic combination of the columns of AT.

2. Certify the statements:
e The polyhedral set X = {o € R® : = > [1/3;1/3;1/3], 3% 2; < 1} is bounded.
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Solution: The set is

{z: Az <b}, A=

-1 0 0 —1/3
0 -1 0 _ —1/3
0 o -1 | b=4 —1/3
1

1 1 1

It suffices to verify that every one of the vectors +e;, ¢ = 1,...,3, is a conic combination of the
columns of AT. The vectors —e; are among the columns of AT; to get e1, sum up all columns of
AT but the first one, and similarly for es and es.

e The polyhedral set X = {z € R®: 21 > 1/3, 22 > 1/3,2?:136,- < 1} is unbounded.

Solution: By Lemma a polyhedral set is unbounded if and only if it is nonempty and
its recessive cone is nontrivial. For the set in question, certificate of nonemptiness is, e.g., * =
[1/3;1/3;1/3], and a nonzero vector in Rec(X) = {x € R®: 21 > 0,22 > 0,71 + 22 + x3 < 0} is,
e.g., z = [0;0; —1].

Exercise [T.42] Prove the easy part of Theorem specifically, that every n x n permutation
matrix is an extreme point of the polytope II,, of n x n doubly stochastic matrices.

Solution: Let TI, be the set of all n x n matrices with entries from [0, 1]. As we know, the extreme
points of II,, are exactly the n X n matrices with zero and one entries. In view of this, the claim to be
proved is readily given by the following statement (evident due to geometric characterization of extreme
points): If X C Y are convex sets, then every extreme point of Y which happens to belong to X is an
extreme point of X.

Exercise [11.43] [robust LP] Consider an uncertain Linear Programming problem — a family

{ min {c z:[A+ ZfLICVAV]x <b+ Zi\;lgéy} :C € Z} (18.3)

zeR

of LP instances of common sizes (n variables, m constraints). The associated story is as follows: we
want to solve an LP program with the data not known exactly when the problem is being solved; what
we know at this time, is that the “true problem” belongs to the parametric family given, according
to , by the “nominal data” ¢, A, b, the “basic perturbations A, ,§,” and the perturbation set
Z through which run the data perturbations ( specifying particular instances in the family. In this
situation (quite typical for real life applications of LP, where partial data uncertainty is the rule rather
than the exception), one way to “immunize” decisions against data uncertainty is to look for robust
solutions — those remaining feasible for all perturbations of the data from the perturbation set — by
solving the Robust Counterpart (RC) of our uncertain problem — the optimization problem

mln{c x: [A+Z x<b—|—z (1,6 VCEZ)} (RC)

(RC) is not an LP program — it has finitely many decision variables and infinite (when Z is " massive” )
system of linear constraints on these variables. Optimization problems of this type are called semi-
infinite and are, in general, difficult to solve. However, the RC of an uncertain LP is easy, provided
that Z is a “computation-friendly” set, for example, nonempty set given by polyhedral representation:

Z={¢:3u:P(+Qu<r} E4)

Now goes the exercise per se:
Use LP duality to reformulate (RC), (8.4) as an explicit LP program.

Solution: The constraints of (RC) are of the form

maxy  GolAve =], < b Adlj, 1 <5 <m,
or, which is the same,

max{z [Avz — 0,] :PC+Qu§r}§[bfA:p}j,1§jgm‘
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Applying LP Duality, the constraints can be rewritten as

min

{TTAJ‘ S [PTNL, =22 -6,1<v<N
¥ ’

) . <[b— i 1<j<m.
Q"M =0,) >0 }_[b Axlj, 1<j<m (%)

We see that x is robust feasible (i.e., feasible for (RC)) if and only if « can be augmented by properly
selected A1, ..., \™ to satisfy system (*) of linear constraints on 2 and M’s. As a result, (RC) is equivalent
to the explicit LP program

Ayz—[PTM], =6,1<v<N
min ¢l QTN =0,M>0 ,7=1,...m
z, AL, am Thi
r' AN+ [A:D]j < bj

Exercise [I.44l. Consider scalar linear constraint

a'z<b (1)

with uncertain data a € R"™ (b is certain) varying in the set
U={a:lai—a}l/6; <1,1<i<ny Jai—aj|/6 <k} (2)
i=1

where aj are given “nominal data,” d; > 0 are given quantities, and k < n is an integer (in literature,
this is called “budgeted uncertainty”). Rewrite the Robust Counterpart

a'z<bVael (RC)

in a tractable LO form (that is, write down an explicit system (.S) of linear inequalities in variables
z and additional variables such that z satisfies (RC) if and only if z can be extended to a feasible
solution of (5)).

Solution: Let D be diagonal n X n matrix with diagonal entries d;, and let a; — a} = J;¢;, so that

U = {a=a"+De:-1<¢ <1Vi,y le| <k}
= {a=a"+De: —u<e<uu; <1V, u; <k}

x is robust feasible iff
b > max{xTa ta € Z/I} = max{xT[a* +De]: —u<e<u,u< 151> u < k}
a €,
= zla*+ max{[D:p}Te —u<e<uu < [15.051], 3w < k}
€,u

T % : T
= x'a*+ min [L;.51] " Xer +EXg g -
A, usAg,ushe 15Nk {

)‘Z,u 2 07>\Z,1 Z 07 /\K,k: 2 07>\_q,u S 0

)\Z,u + >\g,u = Dx }

Mo+ Agu+ A1+ A [l =0
[LO duality]

= z'a*+ min {[1§---§1}T>\Z,1+k>\2,k1

A1 20,0 20 }
Ao, 1o ek

=Ae,1 — Mgkl 5 1] <Dz < Ap1 + Ag k[l 1]
[eliminating Az o, Ag,u]

Thus, (RC) can be represented as the system of linear constraints

et > 0,005 >0,[a*] T+ [15..51] T Ag 1 + kAg i < b,
=Ae,1 — A k[ls 5 1] <Dz < Ag iy + Agg[l; -5 1],

in variables z, Ap 1, Ap k-

Exercise [computational study, follow-up to Exercise |I.43
Preliminaries. Consider oscillator transmitting harmonic wave with unit wavelength and placed at
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some point P in 3D. Physics says that the electric field generated by the oscillator, when measured
at a remote point A, is

ea(t) ~r " acos (wt — 27 + 0 + 21d cos(¢)) (%)

E4(t)
where

e tis time, w is the frequency,
e 7 is the distance from A to the origin O, d is the distance from P to the origin, ¢ € [0, 7] is the

L. —
angle between the directions O? and OA,
e « and 0 are responsible for how the oscillator is actuated.

2 and in all our

The difference between the left and the right hand sides in (%) of order of 7~
subsequent considerations can be completely ignored.
It is convenient to assemble o and @ into the actuation weight — the complex number w = e’

(2 is the imaginary unit); with this convention, we have

EA(t) — §R [WDP(¢)€ZWt727TT} ’ DP(d)) — 627r7,dcos(¢).

where R[] stands for the real part of a complex number. The complex-valued function Dp(¢) :
[0,7] — C, called the diagram of the oscillator, is responsible for the directional density of the
energy emitted by the oscillator: when evaluated at certain 3D direction €, this density is proportional

6

to |Dp(#)|?, where ¢ is the angle between the direction & and the direction OP. Physics says that
when our transmitting antenna is composed of K harmonic oscillators located at points P, ..., Pk
and actuated with weights w1, ..., wk, the directional density of energy emitted by the resulting
antenna array, as evaluated at a direction €, is proportional to |3, wx Dk (¢x(€))|*, where ¢y (€) is
the angle between the directions € and O—P;:

Consider the design problem as follows. We are given linear array of K oscillators placed at the
points P, = (k—1)de, k < K, where e is the first basic orth (that is, the unit vector “looking” along
the positive direction of the z-axis), and § > 0 is a given distance between consecutive oscillators.
Our goal is to specify actuation weights wi, & < K, in order to send as much of total energy as
possible along the directions which make at most a given angle v with e. To this end, we intend to
act as follows:

We want to select actuation weights wg, k& < K, in such a way that the magnitude
| D" (¢)| of the complex-valued function

K S
Dw(¢) — Zk:1wk62ﬂz(k71)5cos(¢))

of ¢ € [0,7] is “concentrated” on the segment 0 < ¢ < ~. Let us normalize the weights
by the requirement

D¥(0)=1
and minimize under this restriction the “sidelobe level”

max |D*(¢)|

YSPsT
over w.
To get a computation-friendly version of this problem, we replace the full range [0, 7] of values of
¢ with M-point equidistant grid
%3
I'={¢¢ = W —1 :0< < M -1},
thus converting our design problem into the optimization problem

K 2w (k—1)8 cos(m)' < tv(e . ¢ > )
Opt =min<t: D p=rwwe , - e
p £w { Zlewke27”(k71)6 -1

Wi ec,kgK} (P)

which is a convex problem in 2k real variables — real and imaginary parts of w1, ..., wk.
Your tasks are as follows:
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Process problem (P) numerically and find the optimal design w" = {wj},, k < K} along with the
optimal value Opt". Here and in what follows, recommended setup is

e number of oscillators K = 24, distance between consecutive oscillators § = 0.125
o y=m/12
e cardinality M of the equidistant grid I' is 512

Draw the plot of the modulus of the resulting diagram

K
Dn(¢) _ sze%'rz(kfl)é cos(¢)
k=1

and compute the corresponding “energy concentration” C*, with concentration of a diagram D(-)
defined as

_ Zz;wgv sin(¢e) | D(d0)[?
Soosy sin(e)|D(¢e)[2

— up to discretization of ¢, this is the ratio of the energy emitted in the “cone of interest” (i.e.,
along the directions making angle at most v with e) to the total emitted energy. Factors sin(¢¢)
reflect the fact that when computing the energy emitted in a spatial cone, we should integrate
|D(-)]* over the part of the unit sphere in 3D cut off the sphere by the cone.

Solution: Our computation yielded diagram with modulus as shown on Figure S2II.1.

Opt" = 0.053, C" = 74.8%
Figure S2II.1. Optimal diagram, dream — no actuation errors.

Now note that “in reality” the optimal weights wy,, k < K are used to actuate physical devices and
as such cannot be implemented with the same 16-digit accuracy with which they are computed;
they definitely will be subject to small implementation errors. We can model these errors by
assuming that the “real life" diagram is

K n ™ - CcOos
D(¢) :Zk:1wk(1+p§k)ez (k—1)§ cos()

where p > 0 is some (perhaps small) perturbation level and &, € C are “primitive” perturbations
responsible for the implementation errors and running through the unit disk {¢ : |¢| < 1}. It is not
a great sin to assume that & are independent across k random variables uniformly distributed on
the unit circumference in C. Now the diagram becomes random and can violate the constraints
of (P) , unless p = 0; in the latter case, the diagram is the “nominal” one given by the optimal
weights w", so that it satisfies the constraints of (P) with ¢ set to Opt®.

Now, what happens when p > 07 In this case, the diagram D(-) and its deviation v from the
prescribed value 1 at the origin, its sidelobe level [ = maxy.¢,~~ |D(¢¢)|, and energy concentration
become random. A crucial “real life” question is how large are “typical values” of these quantities.
To get impression of what happens, you are asked to carry out the numerical experiment as follows:

e select perturbation level p € {107%,1 < £ < 6}

o for selected p, simulate and plot 100 realizations of the modulus of the actual diagram, and
find empirical averages v of v, [ of [, and C of C.

Solution: Our experimental results are shown on Figure S2I1.2. To put the above concentration
numerics into proper perspective, note that with our setup, the surface of the “spherical hat” cut
off the unit sphere by our cone of interest is 1.7% of the total surface of the sphere, so that energy
concentration 1.7% we can get without any trouble by placing just one oscillator at the origin.



Exercises from Part[I]] 63

p=10"°%v=0.074,
[=0.16,C = 35.5%

2, p=10"27 = 690, p=10"",
[=1.3¢3,C=1.7% [

Figure S2I1.2. Nominal diagram — reality,

Magnitudes of 100 actual diagrams stemming from the optimal solution to (P)

Taking into account that in “real life” implementation errors in antenna weights hardly could be
less than 0.1% (corresponding to p = 1073), we would qualify the nominal design yielded by the
optimal solution to the nominal problem (P), same as the nominal optimal value, as wishful thinking
completely meaningless for actual antenna design.

Apply Robust Optimization methodology from Exercise to build “immunized against im-
plementation errors” solution to (P), compute these solutions for perturbation levels 107,
1 < ¢ < 6, and subject the resulting designs to numerical study similar to the one outlined
in the previous item.

Note: (P) is not a Linear Programming program, so that you cannot formally apply the results
stated in Exercise what you can apply, is the Robust Optimization “philosophy.”

Solution:

e With our model of implementation errors, the effect of these errors on the value of the actual
diagram D(-) as evaluated at a point ¢ € I is in adding to the value
k )
Dw(¢) — Zk:lwk62wz(k71)6 cos(¢)
of the “no-errors” diagram corresponding to candidate weights w a perturbation which can be
whatever complex number of the modulus not exceeding pzk |wg|. Thus, the “robust” — worst-

case w.r.t. implementation errors, the perturbation level being p — sidelobe level corresponding to
candidate weights w is

maxgig, | D (80| + oY Jwil,

and the robust counterpart of the system of inequality constraints in (P) is the constraint

6> maxeg, s DGl + Y wpl. (©)

As about the normalizing equality constraint in (P), formally its robust counterpart is contradic-
tory — we cannot select wy, such that the actual diagram as evaluated at ¢ = 0 will be exactly one,
whatever be the perturbations. It makes full sense to keep this constraint as is — in the presence
of implementation errors, it will be violated by at most sz |wg|, the same quantity which we
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p=107°%v =0.0019,
[=0.091,C = 55.3%
Opt(10~%) = 0.097
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1200 60°

1200 60"

p=10"3%,5=0.014,
1=0.26,C = 18.8%
Opt(1073) = 0.302

p=10"2,7 = 0.022,
1=0.42,C =10.3%
Opt(1072) = 0.488

180° o

2100 3300

p=10"",7 =0.068,
1=0.68,C =5.6%
Opt(10™1) = 0.834

Figure S2I1.3. Robust design.

Magnitudes of 100 actual diagrams stemming from optimal solutions to (R)

see in (C). Hopefully, this quantity will be made small by minimization over w of the right hand
side in (C).

With the outlined approach the robust w.r.t. implementation errors counterpart of (P) is the
convex optimization problem

| Yoy wge?m kD8 cos(@a)| 4 p 37 g < V(L1 ¢ > )
Opt(p) = 1%151 t: Z}?:l wie2™ (k=135 — 1 (R)
’ wy, €C, k<K

e The results of our experiments with robust designs yielded by (R) are shown in Figure S2I1.3.
Comparison with similar results for the nominal design speaks for itself loud and clear.

Exercise [[1.46] Prove the statement “symmetric”’ the Dubovitski-Milutin Lemma:

The cone M. dual to the arithmetic sum of k (closed or not) cones M* C R", i < k, is
the intersection of the k cones M dual to M*.
Solution: By evident reasons, a linear function f T can be nonnegative everywhere on the arithmetic
sum of k nonempty sets M1 + ... + M* if and only if it is nonnegative on every one of these sets.

Exercise [[T.47] Prove the following polyhedral version of the Dubovitski-Milutin Lemma:

Let M*, ..., M"® be polyhedral cones in R", and let M = M;M*. The cone M, dual to M
is the sum of cones M!, i < k, dual to M?, so that a linear form ¢ z is nonnegative on
M if and only it can be represented as the sum of linear forms e, « nonnegative on the
respective cones M.

Solution: This is immediate consequence of Proposition combined with the fact that by calculus
of polyhedral representations from section [3.3 and the result of Exercise[[I.39] intersections, sums, and
duals of polyhedral cones are polyhedral cones and therefore are closed.
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Exercise [follow-up to Exercise|ll.47] Let A € R™*™ be a matrix with trivial kernel, e € R",
and let the set

X={c:Az>0,e z=1} (*)
be nonempty and bounded. Prove that there exists A € R™ such that A > 0 and AT A =e.

Prove “partial inverse” of this statement: if KerA = {0} and e = AT A for some A > 0, the set
(*) is bounded.

Solution: Let E be the image space of A, and P be the orthogonal projector of R™ onto E. Since
KerA = {0}, there exists g € R"™ such that AT g = e, so that y € R™ is representable as Az with
e'z =1if and only if y € E and g "y = 1. Therefore

Yi={y=Az:2€X}={ycE:y>0,g"y=1}

Y is cut off the cone M = RT* N E by the linear equality constraint g"y = 1 and is nonempty and
bounded. Clearly M is pointed along with R’ and is nontrivial (since Y is nonempty). Treating M as
a cone in Euclidean space E equipped with the inner product (-,-) inherited from the standard inner
product on R™, and denoting by f the orthoprojection of g onto E, we have

Y={yeM:(fy =1}

since Y is nonempty and bounded, and M is closed, nontrivial and pointed, Fact iii states that
f € int M., where M, is the dual of the cone M C E. In other words, for some r > 0 and all f' € E,
lf" = fll2 < r, we have f’ € M. Now let X € int R be such that All2 < r, and let g = g — X and
f=Pg € E,sothat || f — f|ll2 < |lg —gll2 < r. The latter inequality, due to the origin of r, implies that

(f,y) > 0Vye M,

or, which is the same,

G y>0Vy e RTNE.
By polyhedral version of Dubovitski-Milutin Lemma (Exercise[[1.47), there exists X € (R)x = R and

pEE:={p:p u>0Vu € E} = E+ = [ImA]* = KerAT

such that g = A\ + p, implying that

g=g+x=[+N+n,

——
A>0
whence
e=ATg=ATA+ATpu=ATx\

We have found A > 0 with AT\ = e, as required.
To prove “partial inverse”, note that if A > 0, then the set

Z:{yERT:)\Ty:I}

is bounded; when ATA = e, X is the inverse linear image of Z under the linear embedding = — Ax :
R™ — R™, and therefore X is bounded along with Z.

Exercise Let E be a linear subspace in R", K be a closed cone in R", and {(z) : E — R be
a linear (linear, not affine!) function which is nonnegative on K N E. Which of the following claims
are always true:

1. 4(-) can be extended from E onto the entire R" to yield a linear function which is nonnegative
on K

2. Assuming int K N E # &, £(-) can be extended from E onto the entire R" to yield a linear
function which is nonnegative on K.
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3. Assuming, in addition to /(z) > 0 for x € K N E, that K = {z : Pz < 0} is a polyhedral cone,
£(-) can be extended from E onto the entire R™ to yield a linear function which is nonnegative
on K.

Solution: The first claim is wrong in general. The simplest counterexample is K = L3: take a generator of
K - an emanating from the origin ray on the boundary of the cone, say, R = {z € R3 : x5 = 21,22 = 0},
and let £ = {x € R3 : 1 = 23} be the 2D plane tangent to the surface of the cone along the ray R.
Linear function £(z) = z2 : E — R is nonnegative on K N E = R, but cannot be extended to a linear

T2 on R3 nonnegative on K; indeed, points z5 = [1; —6;1] with § > 0 are in E, so that

function f(z) =e
we should have f(zs) = £(z5) = —§; at the same time, x5 belongs to the plane E and ||zg — zsll2 = J;
since F is tangent to the boundary of K at xg, there are points x;r € K with ||zs — z}”g < 0(1)8?
(you can take zf = [1;—d;+/1+62]), so that f(a:;) < fzs) + ||e||2\|a:5+ —z5ll2 < =6+ O(1)|le||26,
that is, f(mg') < 0 for all small § > 0, which is a desired contradiction, since mg' € K, and f(z) on K is
nonnegative.

The second claim is true by Dubovitski-Milutin Lemma (DML). Indeed, in the notation of this Lemma,
set M1 = K and M2 = E, thus satisfying the premise of Lemma. Extend ¢(-) to a whatever linear form
e’z of x € R™; this form is nonnegative on Mj N My and therefore, by DML, can be represented as
g'xz + h'z with ¢gT z nonnegative for z € M; = K and h'z nonnegative when = € My = E, that is,
with hTx = 0 for z € E (E is a linear subspace!). The desired extension of £(z) from E to a nonnegative
on K linear form is z +— g .

The third claim is true. Indeed, F is a linear subspace and thus is a polyhedral cone. We can find a
vector e € R™ such that ¢(x) = e'x for x € E. Applying the result of Exercise to the polyhedral
cones M! = K and M? = E, we conclude that under the premise of item 3 we have e = e; + ez with
e1 € M} = K. and e3 € M2 = E*, implying that elTx is the desired linear form nonnegative on K and
equal to 4(z) on E. |

Exercise Let n > 1. Is the unit || - ||2-ball B, = {& € R" : ||z|]|]2 < 1} a polyhedral set?
Justify your answer.

Solution: The answer, of course, is "no”. Indeed, were B, polyhedral, the set of extreme points of
By, would be finite (Corollary [[T.7.2)), which contradicts the evident fact that Ext(Bn) = Sp := {z €
R™ : ||z|l2 = 1}, and this set is infinite when n > 1. To show that Ext(B,) = Sy is clearly the
same as to show that every point e € S), is extreme; to this end note that when e + h € B,,, we have
2|lel|2+2[|k||2 = |le+R||3+|le—h||3 < 2, and the resulting inequality implies that h = 0 due to |le||2 = 1.

It is worthy of mentioning that “for all practical purposes,” B, is a simple polyhedral set.
Specifically, it is known (see [Nem24l section 1.4]) that for every € € (0,1/2) and every n one
can explicitly write down system of O(1)nln(1/€) linear inequalities with O(1)nIn(1/€) variables
such that the projection of the solution set of this system onto the plane of the first n variables is
in-between B, and (1 4 €)B,,. When ¢ = 1.0e—17, usual computer does not distinguish between
1 and 1 + ¢, so that for all practical purposes B, admits explicit polyhedral representation; to get
€ = 1.e—17, this representation should involve ~ 79n linear inequalities on =~ 28n variables.

Exercise [II1.51] The unit box {z € R" : =1 < z; < 1,4 < n} is cut off R" by a system of m = 2n
linear inequalities and is a nonempty and bounded polyhedral set. However, when we eliminate any
inequality from this system, the solution set of the resulting system becomes unbounded. To see that
this situation is in a sense extreme, prove the following claim:

Consider the solution set of a system of m linear inequalities in n variables x, i.e., the
set

X:={zeR": Az < b},

where A = [alT; as;...; a:n]. Suppose that X is nonempty and bounded. Then, when-
ever m > 2n, one can drop from this system a properly selected inequality in such a

way that the solution set of the resulting subsystem remains bounded.

A provocative follow-up: Is it possible to cut off from R°%° a bounded set by using only a single
linear inequality?
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Solution:  Suppose X is nonempty and bounded, and let m > 2n. Recall from Fact that a
nonempty closed convex set is bounded if and only if its recessive cone is trivial. Then, as X is closed (it
is polyhedral!), we have Rec(X) = {0}. Moreover, based on Fact[[I.6.20| we have Rec(X) = {z : Az < 0}.
Thus, the closed cone K := {x: Az <0} is trivial, or, which is the same by Fact [I1.6.28] the dual
K, of this cone is the entire R™. On the other hand, as is explained immediately after Proposition

K, = Cone({—a1,...,—am}). Thus, Cone({—ai,...,—am}) = R™, implying, in particular, that
rank A = n (since the conic hull of —ay, ..., —am belongs to the linear span of the collection a1, ..., am).
Without loss of generality, we can assume that aj,...,a, are linearly independent. Hence, the vector
@ := Y ;a; belongs to K. = R™ and therefore @ is a conic combination of vectors —ai,..., —am.
Then, by conic version of Caratheodory’s Theorem (Fact we can select n vectors a;,,...,a;, from
the given m vectors a1, ..., am in such a way that @ is a conic combination of the vectors —a;,,..., —a;, -

As a result, all vectors of the form

n

S (1 = pi)as, where u >0, (%)
i=1
are conic combinations of vectors from the collection {—a1,—a2,...,—an, —ai;, —Qiy,..., —as, }. All

vectors » 1" | z;a; with ||z]jcc < 1 admit a representation of the form (x) and therefore, as we have just
seen, they belong to the cone Cone({—a1,—a2,...,—an, —ai,, —Qiy,...,—a;, }). Since a1,...,an are
linearly independent, the set of linear combinations of these vectors with coefficients of magnitude < 1
contains a neighborhood of the origin. Thus, the cone

Cone({—a1,—a2,...,—an, —Qi;, —Qiy, ..., —0j, })

contains a neighborhood of the origin and is therefore the entire R™. On the other hand, by the same
argument as above, this cone is dual to the cone

{x: a;rmg(],ign, a;-;xgo,jgn},
so that the latter cone is trivial. Thus, the recessive cone of the set
Xt .= {x: a;rxgbi,ign, a;;xgbij,jgn}

is trivial, and therefore this set is bounded. Thus, we conclude that we can extract a carefully selected
set of 2n constraints from the constraints aiT:L" < b;, i < m, such that they still result in a bounded set
in R". |
The answer to the follow-up question is positive: the insolvable linear inequality 0T 2z < —1 cuts off R1000
the empty set which of course is bounded.

Exercise [I1.52} [computational study] let w™ = (w1, ...,wn) be an N-element i.i.d. sample drawn
from the standard Gaussian distribution (zero mean, unit covariance) on R%. How many extreme
points are there in the convex hull of the points from the sample?

1. Consider the planar case d = 2 and think how to list extreme points of Conv{ws,...,wn}. Fill
the following table:

2418163264128

NS =

where U is the maximal, M is the mean, and L is the minimal # of extreme points observed
when processing 100 samples w” of a given cardinality.

Solution: The simplest way to check whether a point, say, w1, from N-element sample w™ of 2D
points is or is not extreme, is to look at N — 1 lines ¢;, j = 2, ..., N, linking w1 and w;. When no
triple of points from the sample belong to a common line (which happens with probability 1), wy is
M)

extreme point of Conv(w®) if and only if all points of the sample are on one side of one of these

lines.
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Here are our results:

[~N] 2 ] a4 | 8 [ 16 | 32 | 64 [ 128 |
Ul 2 [ 8] 14 [ 18 ] 2 [ 24 [ 2
M |[ 2.00 | 7.36 | 10.22 [ 12.60 | 14.72 [ 16.54 | 18.36
L 21 8 8 10 | 10 [ 10
E || 4 [730]1006 1237 [ 14.34 | 17.23 [ 17.77

(the E-row is the answer to the question of item 2).
2. Think how to upper-bound the expected number of extreme points in the set W = Conv(w™).
Solution: Similarly to the previous item, ignoring “degenerate” samples with total probability mass
0, wy is an extreme point of W if one can select d — 1 points wy,, ..., w;, with 2 <4g <3 < ... in such
a way that the entire sample is on one side of the hyperplane passing through w1, w;,,wig, ..., wi -
Probability 7 of this outcome clearly is independent of what is the collection iz < i3 < ... < iq and
can be reliably estimated via simulation, namely, as follows: we simulate M > 1 times d-element
sample w?, measure the Euclidean distance from the hyperplane containing this sample to the origin,

and recover the distribution P of this distance. We clearly have
oo
m [T + (= v ()
0

where 9 is the cumulative distribution function of N'(0,1) random variable, and we can estimate 7
by substituting the expectation w.r.t. P with expectation w.r.t. the empirical approximation of P.

After 7 is estimated, we can upper-bound the probability for w; to be an extreme point of W by the
N-1

a1 )7r7 resulting in the upper bound 6N on the expected number of extreme points

quantity 6 = (
of W.

Exercise |I1.53 [computational study] Given positive integers m, n, with n > 2, consider randomly
generated system Az < b of m linear inequalities with n variables. We assume that A, b are generated
by drawing the entries, independently of each other, from N(0, 1).

1. Consider the planar case n = 2. For m = 2,4, 8,16, generate 100 samples of m x 2 systems and
fill the following table:

[m][2]4[8]16]
F
B

where F'is the number of feasible systems, and U is the number of feasible systems with bounded
solution sets.

Solution: see item 3 below.

Intermezzo: related theoretical results originating from [Nem24l Exercise 2.23] are as follows. Given

positive integers m,n with n > 2, consider homogenous system Az < 0 of m inequalities with n
variables. We call this system regular, if its matrix A is regular, regularity of a matrix B meaning
that all square submatrices of B are nonsingular. Clearly, the entries of a regular matrix are
nonzero, and when a p x ¢ matrix B is drawn at random from a probability distribution on RP*?
which has a density w.r.t the Lebesgue measure, B is regular with probability 1.
Given regular m x n homogeneous system of inequalities Az < 0, let gi(z) = >°7_, Aijx;, i <m,
so that g; are nonconstant linear functions. Setting II; = {x : g;(z) = 0}, we get a collection of
m hyperplanes in R™ passing through the origin. For a point x € R", the signature of x is, by
definition, the m-dimensional vector o(x) of signs of the reals g;(z), 1 < i < m. Denoting by X
the set of all m-dimensional vectors with entries +1, for o € 3 the set C, = {z : o(z) = o} is
either empty, or is a nonempty open convex set; when it is nonempty, let us call it a cell associated
with A, and the corresponding o — an A-feasible signature. Clearly, for regular system, R" is the
union of all hyperplanes TI; and all cells associated with A. It turns out that
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The number N(m,n) of cells associated with a regular homogeneous m X n system
Az < 0 is independent of the system and is given by a simple recurrence:

N(1,2) = 2
m>2n>2 = N@mn)=Nm-1,n)+Nm—-1n-1) [N(m,1)=2,m>

Next, when A is drawn at random from probability distribution P on R™*™ which possesses
symmetric density p, that is, such that p([a{ ;a3 ;...;an]) = p([era] ; €205 ;...; €may,]) for all
A = [af;ad;...;a,,) and all ¢, = =£1, then the probability for a vector ¢ € ¥ to be an
A-feasible signature is

m(m,n) = N(m,n)/2™.

In particular, the probability for the system Az < 0 to have a solution set with a nonempty
interior (this is nothing but A-feasibility of the signature [—1;...; —1]) is w(m, n).

The inhomogeneous version of these results is as follows. An m x n system of linear inequalities
Az < bis called regular, if the matrix [A, —b] is regular. Setting gi(z) = >_7_, Aijz; —bi, i <m,
the [A, b]-signature of z is, as above, the vector of signs of the reals g;(z). For o € &, the set
Co = {z : o(x)) = o} is either empty, or is a nonempty open convex set; in the latter case, we
call C, an [A, b]-cell, and call o an [A, b]-feasible signature. Setting II; = {z : g:(z) = 0}, we get
m hyperplanes in R", and the entire R" is the union of those hyperplanes and all [A, b]-cells. It
turns out that

The number N(m,n) of cells associated with a regular m x n system Ax < b is
independent of the system and is equal to %N(m +1,n+1).

In addition, when m x (n + 1) matrix [A, b] is drawn at random from a probability distribution
on R"™*("+1) possessing a symmetric density w.r.t. the Lebesgue distribution, the probability
for every o € 3 to be [A, b]-feasible signature is

w(m,n) = N(m+1,n+1)/2™"",

In particular, the probability for the system Az < b to be strictly feasible is 7(m,n).

. Accompanying exercise: Prove that if A is m x n regular matrix, then the system Az < 0 has a
nonzero solution if and only if the system Az < 0 is feasible. Derive from this fact that if [A, b]
is regular, then the system Az < b is feasible if and only if it is strictly feasible, and that when
the system Az < 0 has a nonzero solution, the system Ax < b is strictly feasible for every b.

Solution: Let us start with the first claim. The only nontrivial part of it is that for regular A, the
existence of nonzero x such that Az < 0 implies feasibility of the system Ax < 0. Let us lead to
contradiction the assumption that A is an m X n regular matrix such that the system Az < 0 has a
nonzero solution Z, and at the same time the system Az < 0 is infeasible. By the General Theorem
of the Alternative, infeasibility of the system Az < 0 implies that a nontrivial linear combination of
rows of A with nonnegative coefficients is 0, or, which is the same, denoting by a;r the rows of A,
the origin in R™ is a convex combination of a;. W.l.o.g. we can assume that positive coefficients in
this combination are associated with a1, ..., ag, for some k < m. From the relations E;C:l Aia; =0,
i >0,i <k, and a] T < 0it follows that ' a; = 0,4 = 1,..., k. Since T # 0, it follows that a;, i < k,
belong to an (n — 1)-dimensional subspace of R™, so that the affine dimension of the affine span of
ai,...,ar is at most n — 1. Since 0 is a convex combination of a,.., ay, by Caratheodory Theorem 0 is
a convex combination of k& < min[k,n] of vectors from the collection a1, .., as, implying that properly
selected k rows in A are linearly dependent, contradicting regularity of A. As a corollary, if A is
regular and Az < 0 for some nonzero x, the system Az < 0 is solvable, which, of course, implies that
the system Az < b is solvable for every b. |
To justify the second claim, it suffices to verify that if the system Az < b is feasible and [A, ] is
regular, then the system is strictly feasible. To this end assume that the premise of this claim holds
true, so that for some Z it holds b := AZ < b. For small € > 0 and all e € R”, |le|loc < & we
have [A, —b;e ', —1][Z;1] = [AZ — b;eT & — 1] < 0. On the other hand, selecting e from the uniform
—

Ble] Yy
distribution of the box ||e]|lco < €, with 0 < € < &, it is easily seen that when € > 0 is small enough,
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the matrix Ble] is regular with probability 1. Thus, we may assume that Ble] is regular, and, as we
have seen, the system Ble]y < 0 in variables y has a nonzero solution . By the already proved first
claim, it follows that the system Ble]y < O has a solution y. As a result, for every A € (0, 1), the
vector yx = (1 — \)y + Ay satisfies Ble]yx < 0. For small positive A, yy is of the form [zy;ty] with
ty > 0; for such a A, relation Ble]yy < 0 implies that Azy — t\b < 0, whence A[zy/t)] < b < b, that
is, the system Axz < b is strictly feasible. |
Note: by Accompanying Exercise, in the situations described in Intermezzo, probability 7(m,n) for
an m X n system Az < b to be strictly feasible is the same as the probability to be feasible, and the
probability to have an unbounded feasible set (i.e., to be feasible and such that Ah < 0 for some
nonzero h) is the same as the probability m(m,n) for the signature [—1,..., —1] to be A-feasible.

3. Use the results from Intermezzo to compute the expected values of F' and B, see item 1.

Solution: Here are our results:

Lm [[2] 4 [ 8 [16]
F 100 | 72 18 0
E{F} || 100 | 68.75 | 14.45 | 0.21

B 0 18 15 0
E{B} 0 18.75 | 8.20 | 0.16

Exercise [computational study]

1. Forv=1,2,...,6, generate 100 systems of linear inequalities Az < b with n = 2" variables and
m = 2n inequalities, the entries in A, b being drawn, independently of each other, from N(0.1).
Fill the following table:

[ n [[2[4][8]16]32]64]
F

E{F}
B

F': # of feasible systems in sample;
B: # of feasible systems with bounded soultion sets

To compute the expected value of F', use the results from [Nem24| Exercise 2.23] cited in item
2 of Exercise [L53]
2. Carry out experiment similar to the one in item 1, but with m = n + 1 rather than m = 2n.

[ n [[2[4[8[16[32]64]
F
E{F}
B
E{B}

F': # of feasible systems in sample;
B: # of feasible systems with bounded soultion sets

Solution: Our results, rounded to 2 digits after the dot, are as follows:

1. m=2n:

L» I 2 [ 4 |8 w6 ] 3 [o]
F 74 [ 72 | 64 [ 57 [ 50 | 53
E{F} || 68.75 | 63,67 | 59.82 | 57.00 | 54.97 | 53.52
B 17 | 16 7 5 3 3
E{B} || 1875 | 13.67 | 9.82 | 7.00 | 4.97 | 3.52

F': # of feasible systems in sample;
B: # of feasible systems with bounded solution sets
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[ »~ [ 2 | 4 8 | 16 | 32 64 |
F 92 [ 96 [ 100 | 100 | 100 | 100
E{F} || 87.50 | 96.88 | 100.00 | 100.00 | 100.00 | 100.00
B 11 4 0 0 0 0
E{B} | 1250 | 3.13 [ 020 | 0.00 | 0.00 | 0.00

F: # of feasible systems in sample;
B: # of feasible systems with bounded solution sets

71



Exercises from Part [1]]

15.1 Around convex functions

Exercise [[IILI. Which of the functions below are convex on the indicated domains:
e f(zx)=1onR
Solution: convex
e f(x)=zonR
Solution: convex
e f(z)=lz|on R
Solution: convex
e f(x)=—|zlon R
Solution: nonconvex
o f(z)=—|zlonRy ={z€R: z >0}
Solution: convex
o f(z)=1]2z—3lon R
Solution: convex
o f(x)=|22> -3]on R
Solution: nonconvex
e exp{z} on R
Solution: convex
e exp{z’} on R
Solution: convex
e exp{—z?}on R
Solution: nonconvex
o exp{—z?}on {z € R: 2> 100}
Solution: convex
e n(z)on{zeR: z >0}
Solution: nonconvex
e —In(z)on{reR: x>0}

Solution: convex

Exercise [11.2]

1. Prove the following fact:

For every C; € ST, i < I, satisfying Y.._,Ci = I, and for every \; € R, we have

i€l

Tr (( iel)\iCi>2) sTr (Ziel)\?ci) ’

72
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Solution: Define ¢;; := Tr(C;Cj) so that ¢;; = ¢j; > 0 as S'" is a self-dual cone (see section ,
Thus,

1 (e 0)) = e et
2D DN DRV PNV
< (Zielzjg%/\?)l/? (Ziejzjel(mj/\?)l/
- Ziefzjefqﬁij)‘?
= ZielzjeITr(CiCj))\?
=3 (e, o) N
R L

2. Recall from Example|l11.10.4fin section|10.2|that for a; > 0, >, a; > 0 the function In(}", a; exp(A:))
is a convex function of A. Prove the following matrix analogy of this fact:

2

For every A; € S', 1 < ¢ < I such that Zl A; = 0, the function

F(A) = InDet (Z, exp()\i)Ai) ‘R' SR
is convex.

Solution: Invoking Examples C.7-8 from section we have

DIV = T ([Z;ehA] [ dheiay] )
[Bi =e¢*A; =0,B=Y,B; » 0,C; = B-/2B;B~1/2,
so that C; = 0,3, C; = In]
= Tr(B7'Y, Bid\i) =Tr (3, dAiCi)
D2f(N)[dX,d\)] = —Tr(B~1[Y,d\B;] B~ Y, d\iB;])
T (B Y, dx2B,)
—Tr (B=Y/2 [, d\iB;| B~ [3, dA\iBi| B~1/2)
1 (B2 [, ax2B,] B1/%)
= T (X,d00) - T ([, dACi)?),
> 0 [by item 1]

implying that f is convex (Corollary [I11.10.4)).
3. Let A;, ¢ < I, be as in item 2. Is it true that the function

g(z) = lnDet(Z‘xflAi) {zeR':z2>0l >R

is convex?

Solution: The answer is “yes.” Indeed, the function f from item 2 is convex and clearly is nonde-
creasing in \;; g is obtained from f by convex substitution of the argument A\; = —In(x;), ¢ < I.

4. Let B;, 1 < I, be m; x n matrices such that ZZ BiTBi = 0, and let
A={x:= (A1, ) M €S™ N = 0,8 < T}
Prove that the function

h()\) = In Det (ZiB;)\lei) ‘AR

is convex.
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Solution: We have

Ae A, t>h(N)
= FJV=0:V 1= B A\ "'B;,~InDet(V) <t
v-tI B/ |- | Bf
B1 | A
— JV=0: ) ] = 0,—InDet(V) < ¢
By A1

[by Schur Complement Lemma)]
< 3V > 0:—InDet(V) < t,Diag{\1,..., A\r} = [B1;...; Bf)JV[B] , ..., B]]
[by Schur Complement Lemma)

Taking into account that the function —InDet(V') : int ST — R is convex, we conclude that the
epigraph of h is the projection of a convex set in (¢, A, V')-space onto the subspace of (¢, \)-variables
and is therefore convex. |

5. Let B;,i < I, and A be as in the previous item. Prove that the matrix-valued function

F(\) = {Z B\ 'B;

is >-concave, that is, the >-hypograph
{AY):AeAY X F(\)}

-1

: A — int ST

of the function is convex.

Solution: The values of F' on A are positive definite, implying that the set in question is convex if
and only if the set

E={(NY): A€ ATV >=0:Y SV IF(\)}
is convex. When V' > 0 and A € A, one has

VFQ) < V' = [FO)]'=> B/ A 'B

(Exercise [D.5)), implying that
E={(AEAY):TV=0: Y XV FN}={A€AY): IV =0:Y IV,V-' =3, B\ 'B;}

vt | B |- B
B1 A

={AeEANY): VY =V, : ] > 0}, [Schur Complement Lemma]
By AL

={(A€AY):3V =0:V = Y,Diag{\1,..., A} = [B1;..; B/|V[B/,..., B] |}
[Schur Complement Lemma)]

We see that € is the projection of the convex set in the space of (A, Y, V)-variables onto the plane of
(A, Y)-variables, and thus £ is convex. |

Exercise [lI1.3] A function f defined on a convex set @ is called log-convex on @,

if it takes real positive values on @) and the function In f is convex on Q). Prove that

e a log-convex on (Q function is convex on

e the sum (more generally, linear combination with positive coefficients) of two log-convex functions
on @ also is log-convex on the set.

Solution: If f(x) = e"(®) and h is convex, then so is f, as superposition of a convex monotone function
e® and convex function h. If f(z) = A1 f1(z) + Aafe(z) with f;(z) = e"i(*) where h; are convex and
Xi > 0,0 = 1,2, then f(z) = e"®) with h(z) = In(eh1(@)+nA1 L gh2(z)+In X2y Gince In(e® + e?) is
convex and monotone function of u,v, we conclude that h is convex along with h1(z), ha(z). |
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Exercise [Law of Diminishing Marginal Returns] Consider optimization problem
Opt(r) = max{f(z) : G(z) <r & z € X} (PIr])

where X C R” is nonempty convex set, f(-) : X — R is concave, and G(z) = [g1(z);...; gm(x)] :

X — R™ is vector-function with convex components, and let R be the set of those r for which

(P[r]) is feasible. Prove that

1. R is a convex set with nonempty interior and this set is monotone, meaning that when r € R
and 7’ > r, one has ' € R.

Solution: we clearly have R = Uzex{r : r > G(z)}, and the right hand side set clearly has nonempty

interior and is monotone. To prove that R is convex, let r,r’ € R and A € [0, 1]. For properly selected
z,7’ € X we have G(z) < r, G(z’) < r’, which combines with convexity of X and G to imply that

Az + (1=XNz’ € X and G(Az+ (1 — N)z’) < Ar+ (1 = N)r/, so that Ar + (1 — \)r’ € R. |
2. The function Opt(r) : R — R U {400} satisfies the concavity inequality:
Y(r,r" € R,A €[0,1]) : Opt(Ar + (1 — A)r') > AOpt(r) 4 (1 — X)Opt(r’). "

Solution: Let r,r’, X satisfy the premise in (!). There is nothing to prove when A = 0 or when A = 1,
so let A € (0,1). Let us select s < Opt(r) and s’ < Opt(r’), so that there exist z,2’ € X such that
G(z) <r, f(z) >s. G(@') <7, f(z') > s'. Since X is convex, the components of G are convex, and f

is concave, we have
A+ (1= € X &GOxz+(1-N2) <A Ar+ 1= & fOz+(1—Nz') > As+ (1 - N)s,

implying that Opt(Ar + (1 — A)r’) > As + (1 — A)s’. In the resulting inequality, properly selecting
s < Opt(r) and s’ < Opt(r’), the right hand side can be made arbitrarily large when Opt(r) and/or
Opt(r’) are 400, and can be made arbitrarily close to AOpt(r) + (1 — A)Opt(r’) when both Opt(r) and
Opt(r’) are finite, and the concavity inequality follows. |
3. If Opt(r) is finite at some point 7 € int R, then Opt(r) is real-valued everywhere on R. Moreover,

when X = R"™ and f and the components of G are affine, so that (P[r]) is an LP program, we

can replace in the above claim the inclusion r € int R with the inclusion r € R: in the LP case,

the function Opt(r) is either identically 400 everywhere on R, or is real-valued at every point of
R.

Solution: Let Opt(r) be finite at a point 7 € int R and let r € R; we need to prove that Opt(r) < co.
There is nothing to prove when r = 7, thus assume that r # 7. For properly selected r— € R, the point
7 is a relative interior point of the segment [r_,r], which combines with the concavity inequality from
the previous item to imply that both Opt(r—) and Opt(r) are finite.

Now let X = R", f(z) = f'x and G(z) = Az — b. Assuming that 7 € R is such that Opt(7) < oo, we
conclude that when r =7, the LP program

max{f Tz : Az < b+7} (L[r])
x
is feasible and bounded. By LP duality, it means that the dual problem
min {(b+7]Ty:y>0,ATy = f}
y

is solvable and therefore feasible. But the feasible set of the LP dual to (L[r]) is independent of r,
implying by Weak Duality that problems (L[r]) are above bounded. Thus, in the situation in question
Opt(r) does not take value +oco at all and therefore is real-valued on R. |

Comment. Think about problem (P[r]) as about problem where r is the vector of resources you
create, and f(-) is your profit, so that the problem is to maximize your profit given your resources
and “technological constraints” x € X. Now let 7 € R and e be a nonnegative vector, and let us
look what happens when you select your vector of resources on the ray R = 7+ R e, assuming that
Opt(r) on this ray is real-valued. Restricted on this ray, your best profit becomes a function ¢(t) of
nonnegative variable t:

o(t) = Opt(7 + te).
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Since e > 0, this function is nondecreasing, as it should be: the larger ¢, the more resources you
utilize, and the larger is your profit. A not so nice news is that ¢(¢) is concave in t, meaning that the
slope of this function does not increase as ¢ grows. In other words, if it costs you $1 to pass from
resources T + te to resources T + (¢ + 1)e, the return ¢(t + 1) — ¢(¢) on one extra dollar of your
investment goes down (or at least does not go up) as ¢ grows. This is called The Law of Diminishing
Marginal Returns.

Exercise [follow-up to Exercise There are n goods j with per-unit prices ¢; > 0, per-unit
utilities v; > 0, and the maximum available amounts z;, j < n. Given budget R > 0, you want to
decide on amounts x; of goods to be purchased to maximize the total utility of the purchased goods,
while respecting the budget and the availability constraints. Pose the problem as LO program and
verify that the optimal value Opt(R) is piecewise linear function of R. What are the breakpoints of
this function? What are the slopes between breakpoints?

Solution: Denoting by x; the amount of good j we buy, maximizing the total utility becomes the LO
program

mgx Zvja:j :0<z; < Vj,Zc]-acj <R
J J

As is immediately seen (check it!), the optimal solution to the problem is given by the following procedure:
we sort the goods to make the ratios v;/c; (“utility per $1 investment”) nonincreasing. Assuming this
is the case from the very beginning, we start with buying good # 1 until either the available amount
of this good, or our budget becomes exhausted, whichever happens first. If this step does not exhaust
the budget, we start to buy the second product until either its available amount, or the budget, is
exhausted. Then, if we still have money, we start buying product # 3, and proceed in this fashion until
either all available goods are bought, or the budget becomes zero. With this strategy, the breakpoints
Ri < R2 < ... < Ry, of Opt(R) : [0,00) — R are given by the recurrence

Ry = Rp_1 +min[R — Ry_1,Tx/c], 1 <k <n,
where Rp = 0, and the slope of Opt(-) on (Ri_1, Rg) is vk /ck; to the right of Ry, the slope is zero.

Exercise Let 3 € R" be such that 81 > B2 > ... > B,. For x € R", let x(;) be the k-th
largest entry in x. Consider the function

F@) =" Brxw) = [B1 — Bals1(x) + [B2 — Bss2(x) + .. + [Bu1 — Bulsn—1(z) + Busn (),
k

where, as always, sx(z) = Zle x(;). As we know from Exercise the functions sk (z), k < n,
are polyhedrally representable:

t>sp(r) — 3220,8:1’1-§zi—|—s,i§n,Zzi+k’s§t,

3

and s, () is just linear:
sn(z) = le
i

As a result, f admits the polyhedral representation

t> f(:v) <— dZ = [Zm] S Rnx(nil),sk,tk,k <n:
V(i <n,k<n):zig > 0,2 < 2k + Sk,
Vk <n:tp > zik + ksk
t > 3021 [Br — Brralth + B Sy i
This polyhedral representation has 2n? — n linear inequalities and n? + n — 2 extra variables. Now
goes the exercise:

1. Find an alternative polyhedral representation of f with n? + 1 linear inequalities and 2n extra
variables.
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Solution: Let II, be the set of n x n doubly stochastic matrices. By Birkhoff Theorem, II,, is the
convex hull of n X n permutation matrices, implying that the set X = {Px : P € II,,} is the convex
hull of vectors obtained from x by permuting entries, which combines with 81 >,,,. > B, to imply
that

_ T
(=) = max 5 P,

that is, denoting by e the n-dimensional all-ones vector,

flz) = Pmﬁ)x : {,BTPJC :P;j >0,Pe =e, PTe= e}
=[Py
= m%n ] {eT[)\—&-u] cyij > 0,[eAT +peT]y —yi; = [BxT]i,1 <4,5 < n}
sy
[LP Duality]

= minfe"\+p]:[eAT +pel]y; > [Be ]y, 1 <ij <n}
e
Thus, f(z) admits the polyhedral representation
t>f(z) <= INpeER":t>e N +pl[eX” +pel]y; >[Bx]i;, 1<ij<n

and this representation has n? 4 1 linear inequalities and 2n extra variables.

2. [computational study] Generate at random orthogonal n x n matrix U and vector 8 with nonin-
creasing entries and solve numerically the problem

min {f(x) = Bwg ¢ Uzl < 1}
k

utilizing the above polyhedral representations of f. For n = 8,16,32,...,1024, compare the
running times corresponding to the 2 representations in question.

Solution: In our CVX experiments, U and [ were generated according to
[U,D,V]=svd(randn(n,n)) ;beta=-sort(randn(n,1))

and the ratio of the CPU time for the “long” polyhedral representation of f in use to the CPU time
for the “short” one was as follows:
n | 8 | 16 | 32 | 64 | 128 | 256 | 512 | 1024 |
CPU ratio | 1.67 | 1.35 | 1.71 | 1.92 | 4.26 | 6.39 | 8.19 | 10.29 |

Exercise [I1l.7, Let a € R™ be a nonzero vector, and let f(p) = In(||al|1/,), p € [0,1]. Moment
inequality, see section [I3.3.3} states that f is convex. Prove that the function is also nonincreasing
and Lipschitz continuous, with Lipschitz constant Inn, or, which is the same, that

1
7

1<p<p' <00 = llallp 2 llallyy > n?" "7 |la]l,.

Solution: By homogeneity, it suffices to prove the inequality assuming |la||, = 1, and by continuity

it suffices to consider the case when p < p’ < oco. Setting a; = |a;|P, we get 1 = |la|lp = [EZ oc,-]l/p,

! 1/p
llall,r = [ZZ a” ] . In terms of a; the goal is to prove that when a; > 0 sum up to 1, then

bl 1 a7
12 o/ z[np' } ,
[3

’
which is immediate: due to p’ > p the function g(a) = ZZ af /P is convex on the probabilistic simplex
{a € R : > ;i = 1} and therefore attains its maximum on this simplex at a vertex (Theorem
111.11.7), and attains its minimum on the simplex at the barycenter n—1 [1;...; 1] by Symmetry Principle
(Proposition [III.11.5| — permutations of coordinates are symmetries of the simplex and of g(-)). |
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Exercise [II.8] This Exercise demonstrates power of Symmetry Principle. Consider the situation as
follows: you are given noisy observations

w= Az +¢, A=Diag{a;,i <n}

of unknown signal = known to belong to the unit ball B = {x € R" : ||z||2 < 1}; here a; > 0 are
given, and & is the standard (zero mean, unit covariance) Gaussian observation noise. Your goal is
to recover from this observation the vector y = Bx, B = Diag{f;,7 < n} being given. You intend
to recover y by linear estimate

Yn(w) = Hw,

where H is an n x n matrix you are allowed to choose. For example, selecting H = BA™!' =
Diag{B;a; '}, you get an unbiased estimate:

E{yu(Az +¢) —y} =0.

Let us quantify the quality of a candidate linear estimate §x
— at a particular signal z € B - by the quantity

Err, () = /B{||j (Az + €) — Bal}3},

so that Err2(H) is the expected squared | - ||2-distance between the estimate and the estimated
quantity,
— on the entire set B of possible signals — by risk Risk[H] = maxyeB Err, (H).

1. Find closed form expressions for Err, (H) and Risk(H).

2. Formulate the problem of finding the linear estimate with minimal risk as the problem of mini-
mizing a convex function and prove that the problem is solvable, and admits an optimal solution
H* which is diagonal: H* = Diag{n;,: < n}.

3. Reduce the problem yielded by item 2 to the problem of minimizing easy-to-compute convex

univariate function. Consider the case when 3; = i™' and a; = [¢d®]7!, 1 < i < n, set
n = 10000 and fill the following table:
o 1.0 | 0.1 | 0.01 | 0.001 | 0.0001 | 0.00001 | 0.000001
Risk[H "]
Risk[BA 1]

where H* is the minimum risk linear estimate as yielded by the solution to univariate problem
you end up with, and Risk[BA™] is the risk of unbiased linear estimate.

You should see from your numerical results that minimal risk of linear estimation is much smaller
than the risk of the unbiased linear estimate. Explain on qualitative level why allowing for bias
reduces the risk.

Solution: 1: We have

Errf[H] = E{|H[Az+¢] - Bx|3} = B{||[HA - Blz + H¢|13}
= E{||[B - HAz|3 +2[H¢] T [HA — Bz + [HE] T[HE]}
= |[B—HAJz|3 +E{¢"H T HE}
= |[B-HAJz|3 +E{Tx(§TH HE)} =

(B — HAJz|3 + B{Tx(H " HET)}
= |[B— HA|3 + Tr(H " HE{¢£")} = [I[B —

Il
I[B — HAJz||3 + Te(H T H)
and

Risk?[H] = maxErt2(H) = Tr(H"H) + max ||[B— HAlz|2 = Te(H " H) + ||[B — HA]|?,
z€EB z,[lz]]2<1

where || - || is the spectral norm, see section

2: By the solution to item 1, the minimum risk linear estimate is yielded by an optimal solution to the

problem

Opt= min [R(H)=||[B - AH]|]> + Tx(H " H)]. 0
HERMXn
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the best achievable risk being /Opt. The objective tends to oo when ||H|| — co, implying the existence
of solution.

To prove that there exists an optimal solution H* which is diagonal, let us apply Symmetry Principle
(Proposition . Consider the set G of all linear transformations X +— G(X) := GXG : R**X™ —
R"X™ associated with 2" diagonal n X m matrices G with diagonal entries +1. This clearly is a group,
and its elements are symmetries of the feasible set R™*"™ of our optimization problem. Let us prove that
every transformation X — é(X)7 G € G, is a symmetry of the objective as well. To this end note that
multiplying a matrix from the left and/or from the right by orthonormal matrices, we clearly preserve
the spectral norm of the matrix. Therefore for G(-) € G we have

R(G(H)) = ||B-GHGA|?+ Tx([GHG]T[GHG))
= ||GBG — GHG[GAG]||?> + Tr(GHTG?HG)
[due to B = GBG and A = GAG — A and B are diagonal, and G = G "]
= ||G[B — HA]G||? + Tr(GH T HG) [due to G* = I,,]
= |[B-HA|>+Tr(HHT) = R(H)
[we have used orthonormality of G and the relation Tr(GH ' HG)
=Tr(H' HG?) = Tr(H " H) due to G2 = I,,]
By Symmetry Principle, the (solvable) convex problem in question has an optimal solution H* which
is G-symmetric: GH*G = H* for all diagonal G with diagonal entries 1. Observing that [GH*G];; =
G’“-H;}ij, we get that G“-Hi*jij = Hi*j for all 7,5 whenever Ggr = =1 for all k, implying that
Hfj = —H;‘j when i # j, that is, HZ*J = 0 when ¢ # j, so that H* is diagonal. |
3: By item 2, we do not spoil the optimal value in (!) when restricting ourselves with diagonal candidate
solutions H = Diag{n;}, thus arriving at the problem

Opt = min,, <, [max;[8; — nici]? + 3, n?]
= min, () [0° + 20,77 ¢ 1B — cinl < p)
) 2
= miny>, {p2 + 30, [medeslBildl] } ()
In the case when 3; =i~ ! and «; = [09%]71, 1 < i < n, and n = 10000 one has

o 1.0 0.1 0.01 0.001 0.0001 | 0.00001 | 0.000001
Risk[H*] 0.7071 | 0.28244 | 0.1124 | 0.04474 | 0.01781 | 0.00709 | 0.00282
Risk[BA™1] || 1.827e4 | 1.827e3 | 1.827¢2 | 1.827el | 1.827¢0 | 0.1827 | 0.01827

where H* is the minimum risk linear estimate as yielded by the solution to (), and Risk[BA™1] is the
risk of unbiased linear estimate.
Unbiased recovery in the case of diagonal B and A recovers an entry y; in y as

yi = %wi =yi+ (%_izv
We see that while the recovery is unbiased, it significantly amplifies the noise, provided that 8;/«; is
large (with our data, this ratio is o¢ and indeed is large when ¢ >> 1/0). On the other hand, we know
in advance that z is bounded by 1 in || - ||2, so that when $; is small for some ¢, the bias in recovering
y; will be small even when we recover y; by 0. The optimal linear estimate heavily utilizes our a priori
information ||z||2 < 1 to find optimal tradeoff between the bias and the stochastic component of the
recovery error y; — ¥;, this is why it not just beats the unbiased linear estimate (this always is the case —
the latter estimate is linear!), but may beat it by huge margin, For example, the above table shows that
unbiased estimate makes no sense when o > 1.e-4 — knowing in advance that ||z||2 < 1, we can estimate
2 by 0 with risk 1 (which does not require observations at all), which is better than the risk 1.82... of
the unbiased linear estimate when o = 1l.e—4 .
Exercise Given the sets of d-dimensional tentative nodes (d = 2 or d = 3) and of tentative
bars of a TTD problem satisfying assumption 0, let V = R be the space of virtual displacements
of the nodes, N be the number of tentative bars, and W > 0 be the allowed total bar volume, see
Exercise Let, next, C(t, f) : RY x V — RU{+0c0} be the compliance of truss ¢ > 0 w.r.t. load
f (we identify trusses with the corresponding vectors ¢ of bar volumes). Prove that
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C(t, f) is a convex Isc function, positively homogeneous of homogeneity degree 1, of [¢; f] with
RY, x V C DomC, where RY, = intRY = {t € R" : t > 0}. This function is positively
homogeneous, with degree -1, in t, when f is fixed, and positively homogeneous, of degree 2, in f
when ¢ is fixed. Besides this, C(t, f) is nonincreasing in t > 0:if 0 < ' < ¢, then C(¢t, f) < C(¥, f)
for every f.

Solution: As we know from Exercise [.16]2, the epigraph of C is

BDiag(t)BT | f oy

epi{C} :={[t; fi7] : T2 C@ N} =Lt f57] : t 2 0, A(t, f, 7) == f'r | or | &

with given by the data M x N matrix B satisfying BB > 0 (the latter is our default assumption
R). We see that epi{C} is closed convex set, implying that C is a convex lsc function (Proposition

I11.12.2). The inclusion Rf+ XV C DomC is readily given by positive definiteness of the matrix

A(t) = BDiag(t} BT for positive t’s; whenever A(t) = 0, the matrix A(t, f, ) is, for every f, positive
semidefinite whenever 7 is large enough by the Schur Complement Lemma. Positive homogeneity, of
degree 1, of C clearly follows from the fact that by the above description, epi{C} is a closed cone. By
(") combined with the Schur Complement Lemma, whenever [t; f; 7] € epi{C} and A > 0, u are reals,
we have [\t; uf; A~ p27] € epi{C}, implying the claims about homogeneity of C w.r.t. t and w.r.t. f.
Finally, by the same (!) when [¢/; f, 7] € epi{C} and t > t/, we have [t; f; 7] € epi{C} as well, implying
that C(¢,7) is nonincreasing in ¢ > 0. |

. The function Opt(W, f) = inf, {C(t, f) : ¢ > 0,3, ti = W} — the optimal value in the TTD

problem (5.2) — with W restricted to reside in Ry = {W > 0} is convex continuous function
with the domain R x V. This function is positively homogeneous, of degree -1, in W > 0 and
homogeneous, of homogeneity degree 2, in f:

Y(A>0,1) 1 Opt(AW, uf) = X~ i Opt(W, f), ¥(W, f) € Ry x V.
Moreover, the infimum in inf; {C(t, f) : t > 0,3, t; = W} is achieved whenever W > 0.

Solution: Consider the set

G={lt: /i W]: W = t;,t>0,A(t, f,7) = 0}

This set clearly is a closed convex cone, and the function

T, L fimWegG&W >0
400, otherwize

Pt ) = {
is convex and nonnegative on this set. We clearly have
,T

which combines with convexity and nonnegativity of F' and the rule on partial minimization (stability
of convexity w.r.t. partial minimization, section to imply that Opt(W, f) is convex (and of course
nonnegative) function of (W, f). Moreover, by Exercise 37 for every W >0
nf{C(t,f) : 1 >0, Zt =W}= t:tZO’in:lfti:Wm}n{T DAL, f,T) = 0}
7

is achieved, implying, first, the “Moreover” claim of the statement we are justifying, and, second, the
fact that Opt(W, f) is finite whenever W > 0. Thus, Opt(W, f) is convex real-valued function in the
domain R4 4+ X V, and since this domain is convex and open, Opt is continuous in this domain, as
claimed. Homogeneity properties of this function we have announced are immediate consequences of
the fact that G is a closed cone and that by Schur Complement Lemma for A > 0, 4 # 0 the matrices
A(t, f,7) and A\, pf, \"1u?7) simultaneously are/are not positive semidefinite. |

. When on certain bridge there is just one car, of unit weight, the compliance of the bridge does

not exceed 1, whatever be the position of the car. How large could the compliance of the bridge
when there are 100 cars of total weight 70 on it?
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Solution: The compliance is at most 4900. Indeed, a 100-force load with the total of forces’ magnitudes
1 is a convex combination of loads with single force of magnitude 1 EI As we know from item 1, the
compliance of a given truss is a convex function of the load, implying by Jensen’s inequality that
when our bridge is loaded by 100 (or any other number of) cars of total weight 1, the compliance does
not exceed the maximum of compliances caused by a single car of unit weight, the maximum being
taken over possible positions of this single car. For our bridge, this maximum is < 1, implying that
the compliance of the bridge loaded by a whatever number of cars of total weight 1 does not exceed
1. It remains to note that the compliance is positively homogeneous, of degree 2, function of load, so
that with the total weight of cars not exceeding 70, the compliance does not exceed 702 = 4900.

To formulate the next two tasks, let us associate with a free node p the set F? of all single-force
loads stemming from forces g of magnitude ||g||2 not exceeding 1 and acting at node p. For a set S
of free nodes, F7 is the set of all loads with nonzero forces acting solely at the nodes from S and
with the sum of || - ||2-magnitudes of the forces not exceeding 1, so that

F* = Conv(UpesFP)

(why?)

4. Let S = {p1,...,px} be a K-element collection of free nodes from the nodal set. Assume that
for every node p from S and every load f € F? there exists a truss of a given total weight W
such that its compliance w.r.t. f does not exceed 1. Which, if any, of the following statements
are true?

(i) For every load f € F¥, there exists a truss of total volume W with compliance w.r.t. f not
exceeding 1

(i) There exists a truss of total volume W with compliance w.r.t. every load from F5 not exceeding
1

(iii) For properly selected v depending solely on d, there exists a truss of total volume vKW with
compliance w.r.t. every load from F* not exceeding 1

Solution: The first and the third claims are correct, the second, in general, is wrong. Indeed, let
C(t, f) be the compliance of truss t w.r.t. load f; as we know from item 1, this is a convex function
of (¢, f).

To justify the first claim, given load f € F3, we can find its representation f = >k A f* as a
convex combination of loads f¥ € FPk. By assumption on S, for every k there exists truss t* of total
volume W such that C(t*, f¥) < 1, implying by convexity that C(t := >k ArtF, ) < 1. Since the
total volume of ¢ is W, t is the truss announced in claim 1.

To demonstrate that the second claim is wrong in general, consider planar sets of tentative nodes
and bars depicted on Figure S2III.1,

Fugure S2III.1. Tentative nodes and bars.

where bold circles are fixed nodes, and S = {a, b}. Denoting by 7 = {t € Rj‘r : > ti = W} the set
of all trusses of total volume W, we can assume w.l.o.g. that
max minC(¢, f) =1,
feEFateT ( f)
8 ”What is meant is not always put into writing” (?Boris Godunov” by Alexander Pushkin): we

tacitly assume that possible locations of cars are among the nodes of the bridge, modeled as a truss,
and that the stemming from cars forces acting at the bridge “look down.”
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note that by symmetry we also have

max minC(¢t, f) =1,
max min tf) =

so that we are in the situation postulated in item 4. Let f* € F! and f* € F2 be the “critical loads”
— those where the respective maxy are achieved. Clearly, there is no truss ¢ of total volume W with
C(t, f*) <1 and C(%, f°) < 1 — were it existing, with our TTD data there clearly would exist truss
t of total volume W/2 with compliance w.r.t one of the loads, f@ or f?, not exceeding 1. Tt would
imply the existence of truss of total volume W with compliance w.r.t. either f®, or f® not exceeding
1/2 (recall that C(¢, f) is homogeneous, of degree -1, with respect to ¢), which is not the case, since
both loads are critical.
To justify the third claim, note that for every integer u > d+1 the unit ||-||2-ball B in R¢ is contained
in the convex hull A = Conv({rq 9,1 < ¢ < d+ 1}) of pu vectors of the || - [|2-norm 74, each, g*
being unit normalizations of these vectors. For example, when d = 2, specifying A as p-side perfect
polygon circumscribed around the unit circle and the vectors g* as the unit length normalization of
the vertices of the polygon, we get 74, = 1/ cos(m/p).
Let us specify f5¢,1 < k < K,1 < ¢ < p as single-force load with force g* acting at k-th node, py, of S,
1<k<K,1<:<pu,sothat fk € FPk. Under the premise of item 4, there exist trusses t** of total
volume W each such that C(t**, f*+) < 1. Let t = Zk ,tkt. Since C(t, f) clearly is nondecreasing
in t > 0, we have C(t, f**) < 1 for all k, ¢, whence, by convex1ty of C(t, f) in f, C(¢, f) < 1 for all
f €U :=Conv({f*,k < K,. < u}). Due to the origin of g*, we have U D Tan —1 FPr vk < K, implying
that U D Conv(Ukrd FPr) = 7“71]-—5 Thus, C(t, f) < 1 for all f € ry 1]—'3 By homogeneity of
C(t, f) w.r.t. f and to t it follows that C( ubs f) <1forall fe F3, so that the compliance of the
truss t = T?l,ut w.r.t. every load from F5 does not exceed 1. It remains to note that the total volume

of tis T?l,uﬂ KW . We can now try different values of y in order to minimize the factor v over p (and

over geor’lletry of A). For d = 2, restricting ourselves with perfect u-side polygons A circumscribed
around the unit circle, the best u is 5, resulting in v = 5/ cos?(7/5) ~ 7.6393. When d = 3, we
restricted our search with Platonian solids A circumscribed around the unit 3D ball. The best solid
was the octahedron, resulting in 4 = 6 and v = 18. |

Prove the following statement:

In the situation of item 4 above, let v =4 when d = 2 and v = 7 when d = 3. For
every k < K there exists a truss t* of total volume YW such that the compliance of t
w.r.t. every load from FP* does not exceed 1. As a result, there exists truss t of total
volume yKW with compliance w.r.t. every load from fs not exceeding 1.

Solution: Given € € (0,1), let Te = {t € RY : >, t; = W, t; > eW/N Vi}.

1° Observe that for every f € FPk there exists truss ¢ € Te such that C(t,f) < (1 — ¢)~1. In-
deed, given f € JFPk, there exists truss tf of total volume W such that C(tf,f) < 1. Setting
t = ¢[W/N;W/N;..W/N] and = (1 — e)tf +t, we get a truss from 7¢ satisfying T > (1 — €)t7.
Since C(t, f) is nonincreasing and positively homogeneous, of degree -1, in ¢ > 0, we conclude that
C, f) < (1 —e)1, as claimed.

2° Let us fix a free node p of the nodal set, and let fy, g € R4, stand for single-force load where
force g acts at node p. Recall that vectors from the space V = RM of nodal displacements are block
vectors with d-dimensional blocks representing “physical displacements” of free nodes and indexed
by these nodes. Let I}, be the set of indexes of those entries in a vector of nodal displacements which
correspond to the block indexed by p.

When t € Te, the stiffness matrix A(t) = B Diag{t}B T of truss t is positive definite (assumption 3R),
so that the equilibrium displacement of truss ¢ under a load f is v = [A(t)] "1 f, and the compliance
is

Clt )= 5071 = 2T AT WS.
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As a result, for every g € R?% and every truss t € T; one has
1 _
C(t, fg) = igT[A l(t)]fpg’

where for Q = [Qi,j}i,]’SM € S]w, [Q][p = [Qij]i,jelp € 8% is the d x d principal submatrix of @
corresponding to rows and columns with indexes from I.

Next, let A = A(t), so that 0 < A < A(t) for every t € Tc due to t >t > 0. It follows that for all
t € T¢ it holds A=1(t) < A~1, whence

vt e Te: [Ail(t)}]p <Q:= [A’l}lp.
3¢ Let us associate with node p the set S, C Si given by
Sp={Qes?:IteT [A (), 2Q=Q}.

We claim that Sp, is a convex compact set in S‘i. The main component of verification is the following
simple observation to be justified at the end of the proof:

(@) Given symmetric positive definite M x M matrix A and a d-element subset I of its row
indexes and denoting by [C]r the d x d principal submatrix of C' € SM composed of rows and
columns with indexes from I, the set

ST ={QA) e8! x8M: A= A& Q= [A"]1}
is closed and convex.
By (@), the set
SF={@nHes'xT:Q=[A"'®)1,}

is closed and convex (as the inverse image of closed and convex set S'p under the linear mapping
(Q,t) — (Q, A(t)). Consequently, the projection S[p] of S{f onto the Q-space is convex, so that Sp
is convex as well — this is the intersection of S[p] with the convex set {Q : Q < Q}. Sp clearly is
bounded — it is contained in the set {0 < Q@ =< Q}. To see that S, is closed, let Q; € S, converge
to Q as i — oo, and let us prove that Q € Sp, that is, that Q@ < @ (which is evident) and that
Q = [A71(®)]1, for some t € Tc. To see that the latter is the case, recall that for every 4 there
exist t* € T such that Q; > [A_l(ti)}[p. Taking into account that 7 is compact and passing to a
subsequence we can assume that lim;_, o t* exists; this limit clearly can be taken as the desired t.
Thus, S, is convex compact set.

4° Now — the main step. Assume that p is a node from S and that we are under the premise of
item 4, that is, for every g € R¢ with ||g||2 < 1 there exists a truss ¢’ of total volume W such that
C(t', fg) < 1. Invoking 1°, we conclude that

V(g eRY |glla < )3t EeTe:Ct, fy) <(1—€) " (#)

Denoting B = {g € R% : ||g|]|]2 < 1}, consider the family of sets

il ={Q€ S 50T Qy<A(1-97)

parameterised by vectors g € B. By their origin, the sets from the family are convex and compact.
The crucial fact which we are about to prove is that

(1) Every ~ of sets from the family have a point in common.

To prove (!1), let g, € B, 1 < £ <+, and let us prove that the sets Q[gy], £ = 1,...,7, have a point
in common. For every ¢, by (#), there exists t* € T¢ such that C(t¢, fy,) < (1 — €)™}, implying that
setting

Qe =[A""(t);,,
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we get
—~ 1 1 - -
Qe=Q & 29 Quae = S fg, A7 (t) o, (17"

Now let t = %lel t! and Q = [A~1(t)]y,, so that t € Tc, (Q,t) € S, and Q =% @, implying that
Q € Sp. For every £ we have

t> 2t >0 = A(t) = TA(tY) = ATH(t) 1A
= Q=27Qr = 19/ Qo <79/ Quge <v(1—¢)7t

Thus, Q@ € Sp and
1 _
590 Qe <y(1 -7 Ve <y

implying that Q € Q[g,] for all £ < ~, that is, Ny<~,Q[ge] is nonempty, as claimed.

5° The rest of the proof is easy. Note that Q[g] are convex compact subsets of S? and the latter
linear space has dimension v — 1. Applying Helly Theorem II, there exists a common point @ of all
the sets Q[g], g € B. Due to Q[g] C Sy, for every g € B, we get Q € Sp, so that there exists t € Te
such that

Q= [AT'@Ir,

Consequently,
_ 1 — 1 - 1
Y9 € B:Cl o) =5 g AT DSy = 59" AT D9 < 59" Qe <197,

where the concluding inequality is due to @ € Q[g]. Thus, there exists truss ¢ € T¢ such that the
compliance of this truss w.r.t. every load fq, g € B, is < y(1 — €)™

6° The remaining reasoning is quite straightforward. The truss ¢ we have build depends on ¢; setting
e =1/(i+1),i=1,2,... let us denote by ' the truss given by the above construction as applied
with € = ¢;. All these trusses are of total volume W, and passing to a subsequence, we can assume
that £ — % as t — o0o. Due to C(£, fy) < v(1 — €)=, we have

Vivg € B : BDing(i}BT | f, =0
Iy [ 2v(1—¢)~1 | —
implying that
BDiag{t}BT
VQEB:[ iog (I}BT | Jo }zo
s | 2¢

that is, C(Z, fg) < v for all g € B. Besides this, truss ¢, same as all trusses 7' is of total volume W.
Setting ¢ = ~t, we get truss of total volume W and compliance, w.r.t. every load fg with ||g|l2 <1,
not exceeding 1.

Summing up the K trusses given by the above construction as applied to every one of the K free
nodes composing the set S, we get a truss t of total volume vyKW with compliance w.r.t. every load
from FS not exceeding 1.

Paying debts: proof of (@). Closedness of S! is evident; all we need is to prove that the set is
convex.

Let us make the following

Observation: The mapping X — X1 : int Sﬂ\r/[ — int Sf is »=-convex: whenever XY €
int S and X € [0,1], one has [AX + (1 = M)Y]~! K AX "1 4 (1 - Ny~

The “bare hands” proof of this important fact (to be put into perspective in Part IV) is as follows.

—1 -1
X I}EO,[Y I]tO,whence

For X,Y > 0 we have, by Schur Complement Lemma, [ 7 < i v
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AX'T+ (@ -yt | I
T [ X +{1-NY
A X'+ =Y =X+ 1= Ny
Due to Observation, the mapping X ~ [X 1] : int S{\'_/I — int Si is >=-convex:

} > 0, implying, by the same Schur Complement Lemma, that

X=0,Y=0,2€01] = DX+A-NY]"'AX"1+0Q-AYy!
= (DX +A -2 S PX L+ Q- NY = AX T+ (= )Y

[since principal submatrix of a positive semidefinite matrix is positive semidefinite as well]
which clearly implies the convexity of ST = {(Q,A): A = A,Q = [A~1];}. |

Some remarks are in order.

1. A careful reader hopefully recognizes the “driving force” behind the above proof — it is the same
as the one used in essentially less technical, and thus much more transparent section m

2. In the above proof, it was completely unimportant that B was the unit ball of || - ||2 — it could be
a whatever nonempty subset of R%. In fact the proof justifies the following claim:

Given (1) the data of a TTD problem satisfying assumption R and with nodes “living” in
R? (d =2 ord=3), (2) a collection of K free nodes py,, k < K, from the nodal set, and (3)
K nonempty subsets By, C R4, let F¥ be the set of all single-force loads where a force from
By, acts at the node py, and let F = Conv{UkSK}'k). Assume that for every k and every
load f € F* there exists a truss of total volume W with compliance w.r.t. f not exceeding 1.
Then there exists truss of total volume yKW with compliance w.r.t. every load from F not
exceeding 1, with v =4 when d =2 and v =7 when d = 3.

3. Finally we remark that the values of v yielded by the above proof are essentially better than the
values yielded by much more transparent (and fully adjusted to the unit Euclidean balls in the
role of By’s) solution to item 4. There is no reason to believe that these values are the smallest
ones for which the above claim is true. This being said, it is easy to demonstrate that for d = 2
the best possible in this respect value of «y is at least 2.

15.2 Support, characteristic, and Minkowski functions

Exercise [I11.10} [characteristic and support functions of convex sets] Let X C R" be a nonempty
convex set. Characteristic (a.k.a indicator) function of X is, by definition, the function

0 ,xzeX
xx(z) = 4o L,z d X

As is immediately seen, this function is convex and proper. The Legendre transform of this function
is called the support function ¢x (z) of X:

bx(x) = sup[z u — xx(u)] = sup z " u.
u ueX
1. Prove that xx is lower semicontinuous (Isc) if and only if X is closed, and that the support
functions of X and cl X are the same.

Solution:  Lower semicontinuity of convex function is, by Proposition m exactly the same as
closedness of the epigraph of the function. The epigraph of xx(-) is exactly X x R4, and this set is
closed if and only if X is so. And of course

éx(@)=supz u= sup z u,
uEX uecl X

so that the support functions of X and cl X are the same.

In the remaining part of Exercise, we are interested in properties of support functions, and in view of
item 1, it makes sense to assume from now on that X, on the top of being nonempty and convex,
is also closed.

Prove the following facts:
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2. ¢x(-) is proper Isc convex function which is positively homogeneous of degree 1:
V(z € Dom ¢z, A > 0) : ¢x (Az) = Adpx ().

In particular, the domain of ¢ x is a cone. Demonstrate by example that this cone not necessarily
is closed (look at the support function of the closed convex set {[v;w] € R*:v > 0,w < Inv}).

Solution: ¢x(+) is convex, proper and lsc, as Legendre transform of a whatever proper convex function.
And of course whenever z is such that sup,cx ' u < 0o, we have sup, ¢ x[Az]Tu = Asup,cx ' u for
all A > 0.

Finally, for X = {[v;w] € R?:v > 0,w < Inv} we have

¢x ([z1;22]) = sup, , {z1v+22w:0 > 0,w <Inv}
400 ,x1 >0 (a)
400,21 <0,22 <0 (b)
+oo  ,z21=0,22 #0 (¢

<400 ,z1 <0,22 >0 (d)

<400 ,r1=x2=0 (e)

(to justify (a) and (c), set [v;w] = [v;1nv] and look what happens when v — oo and when v — 40, to
justify (b), look what happens when [v; w] = [1;w] and w — —o0). We see that Dom ¢ x is the second
quadrant {z; < 0,22 > 0} with eliminated open ray {[0; z2] : z2 > 0}, and this set is just a cone, not a
closed one.

3. Vice versa, every proper convex Isc function ¢ which is positively homogeneous of degree 1,
(z € Dom f, A > 0) = ¢(Azx) = Ap(z)

is the support function of a nonempty closed convex set, specifically, its subdifferential 9¢(0)
taken at the origin. In particular, ¢x(-) “remembers” X: if X, Y are nonempty closed convex
sets, then ¢x(-) = ¢y (-) if and only if X =Y.

Solution: Let ¢ be proper lsc convex and positively homogeneous, of degree 1, function, and let x(z)
be the Legendre transform of ¢. As every Legendre transform of proper convex function, x is proper,
convex and lsc. In addition, from properness and positive homogeneity of ¢ it follows that 0 € Dom ¢
and ¢(0) = 0, whence

X(u) = sup {uTz—¢@)} >u"0-¢0) =0.

It remains to prove that x takes just two values, 0 and +oo; given this, we immediately conclude that
X is the characteristic function of its (nonempty, convex, and closed due to properness, convexity and
lower semicontinuity of x, see item 1 of Exercise) domain. Indeed, we already know that x(-) > 0; what
remains to prove is that if x(u) > 0 for some u, then in fact x(u) = co. Relation x(u) > 0 amounts to
existence of x such that u' z — ¢(x) > 0; but then, due to positive homogeneity of ¢, for A > 0 if holds
ul Az] — p(Ax) = AuT x — ¢(x)] — 0o, A — oo, that is, x(u) = +o0, as claimed.

Finally, from Proposition [[TI.13.3] it follows that ¢, being proper convex lsc function, is the Legendre
transform x* of x, that is, of the characteristic function of nonempty closed convex domain. By item B
from chapter @ see p. @ the subdifferential of ¢ = x™* taken at the origin is the set of all minimizers
of x, and this set for characteristic function is nothing but its domain. |

4. Let X,Y be two nonempty closed convex sets. Then ¢x(-) > ¢y (+) if and only if YCX.

Solution: For proper lsc convex functions f, g and their Legendre transforms z*, g* the relation f(-) <
g(+) clearly implies that f*(-) > ¢*(-); since f and g are the Legendre transforms of their Legendre
transforms (Proposition , the latter relation, in turn, implies that f < g. Thus, for proper lsc
convex functions f, g the relation f < g is equivalent to f* > g*. In particular, ¢x (-) > ¢y (-) if and
only if xx () < xy(-), and the latter relation clearly takes place if and only if Y C X. |

5. Dom¢x = R" if and only if X is bounded.
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Solution: When X is bounded, ¢x () clearly is real-valued on the entire space. Vice versa, if the convex
function ¢x (-) is real valued on the entire space, 9¢ x (0) is bounded by Proposition [[II.12.10} it remains

to note that by item 3 of Exercise, X = d¢x (0). |
6. Let X be the unit ball of some norm || - ||. Then ¢x is nothing but the norm || - ||« conjugate to
Il - |l In particular, when p € [1,00] and X = {x € R" : ||z||, < 1}, we have ¢x(x) = ||z||q,
1 1
11
q p

Solution: This is nothing but straightforward rewording of Fact

7. Let z — Az +b: R"™ — R™ be an affine mapping, and let Y = AX +b={Az+b:2 € X}.
Then

by (v) = px(ATv) +b 0.

Solution:  Indeed, ¢y (v) = sup,cy uly = supyexu! [Az +b] = b u +supyex[ATv] Tz = bTu+
ox(ATv). n

Exercise [Minkowski functions of convex sets] The goal of this Exercise is to acquaint the
reader with important special family of convex functions — Minkowski functions of convex sets.

Consider a proper nonnegative lower semicontinuous function f : R® — R U {400} which is
positively homogeneous of degree 1, meaning that

z€Domf, t>0 = tz € Dom f and f(tz) =1tf(z).

Note that from the latter property of f and its properness it follows that 0 € Dom f and f(0) = 0.
We can associate with f its basic sublevel set

X={zeR": f(z) <1}
Note that X “remembers’ f, specifically
VE>0:flz) <t — f(tT'2) <1 <= t 'zeX,

whence also
Ve e R": f(z) = inf{t t>0,t7 'z e X}

[inf{t : t > 0,¢ € @} = +o0 by definition] (L5.1)

Note that the basic sublevel set of our f cannot be arbitrary: it is convex and closed (since f is
convex Isc) and contains the origin (since f(0) = 0).

Now, given a closed convex set X C R" containing the origin, we can associate with it a function
f:R™ = RU{+o0} by construction from (15.1), specifically, as

flx)=inf{t:t>0,t"'z € X} (15.2)

This function is called the Minkowski function (M.f.) of X.
Here goes your first task:

1. Prove that when X C R" is convex, closed, bounded, and contains the origin, function f given
by (15.2) is proper, nonnegative, convex Isc function positively homogeneous of degree 1, and X

is the basic sublevel set of f. Moreover, f is nothing but the support function ¢x, of the polar
X. of X.

Solution: The polar X, of X is closed convex set containing the origin, and therefore its support function
f, as the support function of any nonempty convex set, is convex Isc and positively homogeneous of degree
1 by ExerciseZ. Nonnegativity of f is readily given by the inclusion 0 € X.. Thus, all which remains
to verify is that in fact f = f and X is the basic sublevel set of f. Verification of the equality f = f is
immediate:

VE>0: f(z) <t <= f(t7lz)<1 <= SUPycx, [t lz]Ty <1

<= t~ !z € Polar (X,) = X,

which combines with (15.2) to imply that whenever ¢ > 0, relation t > f(z) is the same as the relation
t > f(x); since f and f are nonnegative, it follows that f = f. To see that X is the basic sublevel set of
f = f, note that the basic sublevel set of the support function of X, clearly is Polar (X.) = X.
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Your next tasks are as follows:
2. What are the Minkowski functions of
e the singleton {0}7?
e a linear subspace?
e a closed cone K?
e the unit ball of a norm || - ||?

3. Prove that the Minkowski functions fx, fy of closed convex and containing the origin sets X,Y
are linked by the relation fx > fy if and only if XCY'.

4. When the Minkowski function of a set X (convex, closed, bounded, and containing the origin)
does not take value +00?

5. What is the set of zeros of the Minkowski function of a set X (convex, closed, bounded, and
containing the origin)?

6. What is the Minkowski function of the intersection Ni< x X of closed convex sets containing the
origin? -

Solution: 2: The Minkowski function (M.f.) of a closed cone (in particular, of a linear subspace) is

nothing but the characteristic function of this set. The M.f. of the unit || - ||-ball is the norm || - ||.

3: This is immediate consequence of the fact that fx, fy are the support functions of the polars Xy,

Y. of XY combined with the the result of Exercise @4 and the fact that passing to polars reverses

inclusions.

4: The M.f. fx of a closed convex set X containing the origin is real-valued if and only if X contains a

neighbourhood of the origin. Indeed, if X contains a centered at the origin || - ||2-ball of raduis » > 0,

fx, by item 3, does not exceed the real-valued M.f. r—1|| - ||2 of this ball. And if fx is real-valued, small

enough positive multiples of +e; (e; are the standard basic orths) belong to X, so that the origin is an

interior point of X.

5: The set of zeros of the M.f. of X is exactly the recessive cone of X.

6: The M.f. in question is the maximum of the M.f.’s of X}.

Exercise
1. Recall that the closed conic transform
ConeT(X) =cl{[z;t] e R" xR: t >0, z/t € X},
of a nonempty convex set X C R" (see section is a closed cone such that
cl(X) = {=z : [z;1] € ConeT(X)}.

What is the cone dual to ConeT(X)?
2. Let X C R" be a nonempty closed convex set and X+ = ConeT(X). Prove that

tX, t>0 (a)
X ={z:[zt]e XT} ={ Rec(X), t=0 (b
, t<0 (¢

3. Let Xi,..., Xk be closed convex sets in R™ with nonempty intersection X. Prove that

ConeT(X) = ﬂ ConeT(Xy).

4. Let X = ﬂk<K Xk, where X1, ..., Xk are closed convex sets in R such that Xx Nint X1 N
int Xo...Nint Xx—1 # &. Prove that ¢x(y) < a if and only if there exist yx, k < K, such that

y= wr and > éx,(u) < a (%)
k k

In words: the supremum of a linear form on (1, X does not exceed some a if and only if the
form can be decomposed into the sum of K forms with the sum of their suprema over the
respective sets Xy, not exceeding a.
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5. Prove the following polyhedral version of the claim in item
Let X = {x € R" : Az < by}, k < K, be polyhedral sets with nonempty intersection X.
A linear form does not exceed some a € R everywhere on X if and only if the form can be
decomposed into the sum of K linear forms with the sum of their maxima on respective sets
X1 not exceeding a.

Solution: 1: This is the cone
{ly;s] € Ry x Rs : s > dx(—y)},
where

¢x(y)=supy'a
rzeX
is the support function of X.

Indeed, from the definition of the closed conic transform it immediately follows that [y;s] T [x;¢] > 0 for
all [z;t] € ConeT(X) if and only if [y;s] " [x;1] > 0 for all x € X, that is, if and only if

0<s+ inf y'a=s—sup[—y] o =5—¢x(—y).M
rzeX zeX

2: A point [x;t] belongs to X1 if and only if there exist a sequence [z;;t;] converging to [z;t] and such
that t; > 0 and z; = t;y; with y; € X. When ¢ > 0, the points y; = z;/t; have the limit y = x/t as

i — 00, and y € X since X is closed; vice versa, if y € X and ¢t > 0, the point [ty;t] clearly belongs to
X+ NTl; we have proved (a). (c) is evident. (b) is stated in Fact [[1.6.19)

3: Let IIs be the hyperplane {[z;s] : z € R"} in R"*!. By (a) and (c) in the previous item, we have
ConeT(X) Ny = Ni[ConeT(Xy) NTI] for ¢t # 0. Since X are closed convex sets with nonempty
intersection, we have Rec(N; Xy) = NiRec(Xk), whence ConeT(X) NIy = Ny [ConeT(X}) N1lo] as well.
4: There is nothing to prove when a = co. Now let a € R. When (x) takes place and = € X, for every k

we have z € Xy, so that y];rx < ¢x, (yx) < ag. Summing up the resulting inequalities and taking into
account that Y, yr =y, we get yla < >k @k < a. The resulting inequality holds true for every = € X,
implying ¢x (y) < a.

Vice versa, let ¢x (y) < a € R. Let X,:' = ConeT(X}), k < K. By item 3, ConeT(X) = NpConeT(Xy),
and by item 1 we have [—y;a] € [ConeT(X)].« The cones M* = ConeT(X}) are closed, and their interiors
clearly contain the sets {[z;1] : € int X;}. It follows ME Nnint M1 N...Nint ME—1 % &. We see that
the linear from with the vector of coefficients [—y;a] and cones M1, ..., MK satisfy the premise of the
Dubovitski-Milutin Lemma. By this lemma, there exists a decomposition

[~ysal = > [~yriax]

k

with [—yx;ar] € MF, that is, invoking item 1, with ox,, (y) < ap, k < K. |
5: We could prove this claim by slight modification of the reasoning for item @, but it is easier to get it
immediately from LP duality: for § € R™ and a € R we have

a > Sup,e x gla = a>max, {7 x: Apx < by, k< K}
= a>ming .z {D> . b) 2kt 2 > 0VE, Y, Al 2 = g} [LP Duality Theorem]
=  3(21>0,...,25 >0) :ZkA;zk:gj,zkbgzk <a
—— ——
Yk ag
= 1, YK, A1, e 0K G Qg > maxg{y] wp Apz <bp}, k<KX ur =70
[LP Duality Theorem]

We see that if § T2 < a € RVz € X, then the linear form § "« can be decomposed into the sum of linear
forms y,;rz with the sum of maxima of the forms on the respective sets X not exceeding a. The inverse
statement is evident.
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Exercise [[IT.I3] Let X C R™ be a nonempty polyhedral set given by polyhedral representation
X ={z:3u: Az + Bu <r}.
Build polyhedral representation of the epigraph of the support function of X. For non-polyhedral
extension, see Exercise V.36
Solution: We have
t>oéx(y) <= t>Opt(P):=maxy{y'x: Az + Bu <71}
< t>O0pt(D):=miny {rTA:2A>0,ATA=y,BTA=0}
[LP Duality Theorem; note that (P) is feasible due to X # @]
= IN:rTA<EA>0,ATA=y4,B'A=0
[since by the above, (D) is solvable whenever t > ¢x (y)]

and we end up with polyhedral representation of epi{¢x }.

Exercise [[I1.T4] Compute in closed analytic form the support functions of the following sets:
1. The ellipsoid {zx € R™: (z —¢) " C(z — ¢) < 1} with C =0
Solution: ¢(y) = m+cTy
2. The probabilistic simplex {z € R} : 3, x; = 1}
Solution: ¢(y) = max;<, Ys-
3. The nonnegative part of the unit || - [[-ball: X = {x € R} : ||z||, < 1}, p € [1, 0]
Solution: ¢(y) = ||[yl+lq, where & + ¢ =1 and [[y1;...;yn]l+ = [max[y1;0]; ...; max[yn, 0]].
4. The positive semidefinite part of the unit || - ||, s, norm: X = {x € S} : ||z||, sh < 1}

Solution:  ¢(y) = ||[y]+lq,sn, Where % + % = 1 and [y]+ is the “positive semidefinite part of y”
— the matrix obtained from symmetric matrix y by keeping intact all eigenvectors and nonnegative
eigenvalues, and zeroing out the negative eigenvalues (what is called the function [-]4+ as applied to a
symmetric matrix, see section .

5. The paraboloid {zx € R" ™" : zpy1 > 230 27} (n > 1).

2
_ Z?:l Yi

2Ynt1 »Ynt1 <0
Solution: ¢(y) =14 o =0
+00 ,all other cases

15.3 Around subdifferentials

Exercise Let f be a convex function and # € Dom f C R". Prove that the property of
g € R" to be a subgradient of f at Z is local: the inequality

fl@)> f(@) +g (x—2) (%)
hods true for all x € R™ iff it holds true for all  in a neighborhood of Z.

Solution: In one direction the claim is evident. Now assume that (x) holds true for all  in a neighborhood
of Z, and let us prove that it holds true for all x. Indeed, let f(z) = f(z) — f(Z) — g (z — &), so that f
is convex along with f by calculus of convexity. Validity of (x) is a neighborhood of Z means that Z is
a local minimizer of f: f(x) > f(z) = 0 for all = from a neighborhood of Z. By unimodality (Theorem
applied with @ = R™ and z* = Z to f in the role of f) Z is a global minimizer of f, so that

f(z) > f(Z) = 0 for all z. Recalling what f is, we see that (%) holds true for all z. |
Exercise [I11.16] [subdifferentials of norms] Let || - || be a norm on R"™, and || - ||« be its conjugate

(see Fact|ll1.13.4)). Prove that
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1. The subdifferential of || - || taken at the origin is the unit ball B, of || - ||, or, which is the same,
the polar

{u culz <1V(z:|z|| < 1)}

of the unit ball B of the norm || - |.

2. When z # 0, the subdifferential of || - || taken at x is the set {u € B. : u'x = ||z||}. In particular,
the subdifferential of || - || remains intact when replacing  with tz, t > 0, and is reflected w.r.t.
the origin when « is replaced with tx, ¢t < 0.

Solution: 1: By Fact the Legendre transform of || - || is the characteristic function of B, so

that || - ||, being real-valued convex continuous (and thus lsc) function, by Proposition is the

Legendre transform of the characteristic function of the closed nonempty convex set B, or, which is

the same, || - || is the support function of B.. By item 3 of Exercise || - || is the support function

of its subdifferential, taken at the origin, which also is a closed nonempty convex set. As we know from

Exercise 4, the support functions of nonempty closed convex sets coincide iff the sets coincide, so

that the subdifferential of || - || taken at the origin is Bs. |

2: Let x # 0 and X be the subdifferential of || - || taken at z; this is a nonempty convex compact set

(Proposition. When g € X, we should have

9" (ty —z) < |ltyl — |||, t >0,

which, after dividing both sides by ¢ and passing to limit as t — oo, implies that g Ty < ||y|| for all ¥, so
that g € B« = {h: hTy < 1¥(y, |ly]l < 1)} (see Fact . On the other hand, for € € (0,1) one has
g [(1 —e)x —z] < ||(1 —e)z|| — ||lz|| = —el|z||, implying thai g T« > ||z||. Strict inequality is impossible
due to already proved g € By, and we conclude that g "z = ||z|. Thus, X C {g € B« : g' 2z = ||z||}. On
the other hand, when g € By is such that gz = |||, we have for every y € R®

Iyl >9"y=9"(w—2)+g =9 (y—=)+|=|,

where the first inequality is due to g € By. Thus, ||z||+ ¢ (y — 2) < ||y| for all y, implying that g € X.

|

Exercise [I11.17] [Shatten norms] Let p € [1, 00]. The space S™ of symmetric n X n matrices can be
equipped with Shatten p-norms — matrix analogies of the standard || - ||,-norms on R™. Specifically,
Shatten p-norm || - ||, sh of symmetric matrix X is defined as

[ X1lp.sn = A5,

where A(X), as always, is the vector of eigenvalues of X.

1. Prove that Shatten norms indeed are norms, and the norm conjugate to || - ||, sn is || - |
brion

q,Shs

[ X1lg.s5n = max{Tr(XY) : [[Y][ sn <1} (15.3)

2. Verify that || - ||2.gp is nothing but the Frobenius norm of X, and || X||., s is the same as the
spectral norm of X.

Solution: 1: The facts that ||- ||, sy, is positive outside of the origin and satisfies [|AX ||, s, = [AlIX]l,,.sn
are evident. Therefore, all we need to justify all claims in item 1 is to justify , which, as a byproduct,
implies convexity of || - ”p,Sh? which for positively homogeneous, of degree 1, functions implies the
Triangle inequality. To justify (15.3), let X = UAU" be the eigenvalue decomposition of X € S™, so
that A = Diag{A(X)}. Denoting by Dg{Z} the vector of diagonal entries in matrix Z, we have

V(Y € S") : Tr(XY) Tr(UAUTY) = Tr(A[UTYU]) = AT (X)Dg{U "YU}

< M) qlPefUTY Uy < M) gAY,

where the concluding inequality is due to Proposition [III.14.3| as applied with f(z) = [|z||,. We see
that the right hand side in (15.3)) is < the left hand side. On the other hand, we can select g € R"
in such a way that ||g|l, = 1 and AT (X)g = [|A\(X)|lq (since || - ||q is the conjugate of || - ||). Setting
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Y = UDiag{g}UT, we get \(Y) = g, IYll, sh = 1, and UTYU = Diag{g} , whence by the above
computation, Tr(XY) = AT (X)A(Y) = |A(X)]|q, so that the right hand side in is > the left hand
side. Thus, (15.3) does hold true. |
2: Taken together, eigenvalue decomposition and the fact that multiplication of matrix from the left and
from the right by orthogonal matrices preserves the Frobenius norm (Fact demonstrate that the
Frobenius norm of a symmetric matrix is the same as || - ||2-norm of its vector of eigenvalues. The fact
that || - || sh is the spectral norm is evident. |

Exercise [I11.18] [chain rule for subdifferentials] Let Y C R™ and X C R"™ be nonempty convex
sets, 7EY, T € X, let f(-) : Y — R be a convex function, and let A(-) : X — Y with A(Z) =7.
Further, let K be a closed cone in R™. A function f is called K-monotone on Y, if for y,3/ € Y
such that ' —y € K it holds that f(y') > f(y), and A is called K-convex on X if for all z,z’ € X
and A € [0,1] it holds that AA(z) + (1 — M) A(z') — A(Az + (1 — N)a’) € K.
Prove that
1. A is K-convex on X if and only if for every ¢ € K. the real-valued function ¢ A(x) is convex
on X.
Solution: Indeed, since K is closed, we have K = (K. )«, so that AA(X) 4+ (1 — M) A(z') — A(Az +
(1 —=N)z') € K if and only if A¢p T A(z) 4+ (1 = N)p T A(2z’) — ¢ T A(Az + (1 — N)z’) > 0 for all ¢ € K.
2. Let A be K-convex on X and differentiable at Z. Let A’(Z) denote the Jacobian of A at T. Prove
that

Ve e X: Az) — [A®@) + A @)z — 7]] € K. (%)

Solution: By item for ¢ € K. the function ¢ A(z) is convex on X, and by the standard Calculus
it is differentiable at T with the derivative ¢ | A’(z). Therefore by Gradient inequality one has

Vo X: o' [A@x) — [A@) + A @)z 7] = 6T Az) — (67 A@) + 6T A @)z — 7] >0,

and (x) follows.

3. Let f be K-monotone on Y and let A be K-convex on X. Prove that the function foA (z) =
f(A(z)) is real valued and also convex on X.
Solution: Indeed, for z,z’ € X and X € [0, 1] the points y = A(z), v = A(z’), w = Ay + (1 — Ny’
and z = A(Az 4+ (1 — A)z’) belong to Y since Y is convex and A maps X into Y, and w — z € K
since A is K-convex. Since f is K-monotone, w — z € K implies that f(w) > f(z). Besides this,
recalling what w is and that f is convex, Af(y) + (1 — A)f(y’) > f(w). The bottom line is that

foA Az + (1= Na') = f(2) S Af(y) + (1 =N f(Y) = AfoA (z) + (1 — ) foA ().
The resulting inequality hods true for all z,z’ € X and A € [0, 1], so that foA is convex on X.
4. Let f be K-monotone on Y. Prove that 9f(7) C K., provided § € int Y.

Solution: Indeed, let g € 0f(y) and h € K. Since § € int Y, we have § — th € Y for small positive ¢,
and f(g—th) < f(y) by K-monotonicity of f. Besides this, f(§—th) > f(7)—tg ' h due to g € f (7).
Thus, for all small positive ¢ it holds

f@) > f@) —tg"h,

implying that g"h > 0. This relation holds true for every g € df(y) and h € K, implying that
of (@) C K.

5. [chain rule] Let § € intY, T € int X; let f be K-monotone on Y, and let A be K-convex on X
and differentiable at Z. Prove that

0foA(z) = [A'(@)]) 0f (@) ={IA @] g: g€ 0f@)} ©)
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Solution: Let us first verify that the right hand side set in (!) is contained in the left hand side one.
Indeed, let g € 9f(y), z € X, and y = A(x). We have

foA(@)=f) > f@+9 lv—7 = f@) +g [Alz) — A®@)]
> f(@) + 9" A(T)[x — 7] [since g € K. and due to (¥)]
= foA(Z) + g A (T)[x — Z].

The resulting inequality holds true for all z € X and g € 8f(Y), implying that [A'(Z)]T0f (7)) C
O foA (T).

Now let us prove that the left hand side set in (1) is contained in the right hand side set, let it be called
D.y € intY, so that 9f(y) is a nonempty convex compact set; therefore D also is nonempty convex
compact set. Assume, on the contrary to what should be proved, that there exists e € dfoA (T) \ D.
By Separation Theorem, there exists h € R™ such that

h'e>a=maxh'z= max g¢'A'(T)h.
zeD g€df(7)

For small positive ¢t from differentiability of A at z it follows that
yt = AT + th) =y +tA (T)h + €, |let]l2/t — 0, — +0.

Since f is convex and real-valued in a neighbourhood of %, it is Lipschitz continuous, with some
constant L, in such a neighbourhood, which combines with the above relation to imply that

foA (@ +th) = f(yt) = f(T +tA (@)h) + &, 6¢/t — 0, t — +0,

whence

i PPAG D) — foA @) _ | [+ LA @) ~ f@)
t——+0 t t——+0 t

By Theorem [[II1.12.12] the left hand side in this equality is maxgecgysoa(z) dTh (and is therefore
> e h due to the origin of €), and the right hand side is maxgesf(y) g A'(ZT)h = a. Thus, e h < o
which is the desired contradiction.

Exercise Recall that the sum Sj (X) of k < n largest eigenvalues of the X € S™ is a convex
function of X, see Remark]|l11.14.4] Point out a subgradient of Si(-) at a point X € S™. As a special
case, find a subgradient of the maximal eigenvalue Amax(X) of X € S™ treated as a function of X.
Solution: Let X = UDiag{)\(Y}UT be the eigenvalue decomposition of X. Setting

P = UDiag{1,..,1,0,..,0}T ',
~——v

k

we get Tr(XP) = Zle Ak (X) = Si(X). On the other hand, for X € 8™ we have

Tr(XP) = Tr(XU Diag{l,...,1,0,..,0}U )= Tr([U XU]Diag{l,...,1,0,...,0})
el
sp(Dg{U  XU}),

IN

where, as always, si(x) is the sum of k largest entries in a vector x. By Proposition [[I1.14.3]
s1(De{U ' XTU}) < sx(A(X)) = Sp(X). Thus,

VX € 8" : Sp(X) > Tr(XP) = Tr(XP) + Tr(P[X — X]) = Si(X) + Tr(P[X — X]).

Recalling what is the inner product on 8™, we conclude that P € 95y (X).
To get a subgradient of Amax(X), note that Amax(X) = S1(X), so that the above computation says that

if e(X) is leading eigenvector of X (i.e., unit || - ||2-norm eigenvector of X with eigenvalue Amax(X)),
then e(X)eT (X) € OAmax(X).
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15.4 Around Legendre transform

Exercise [[I.:20} Compute Legendre transforms of the following univariate functions:

1. f(z) =—1Inz, Dom f = (0,00)

Solution:  f*(y) = sup,~glzy + Inz]. When y > 0, the supremum is 400 (look what happens when
x — +00). When y < 0, the sufficient condition for some > 0 to maximize ¢y(z) = zy + Inx is to
be a root of ¢} (z) (Theorem [III.11.2] as applied to convex differentiable function —¢y(-)). The equation
¢y (z) = 0 reads y + 1/z = 0, resulting in = —1/y and max; >0 ¢y(z) = dy(~1/y) = —In(—y) — 1.
Thus,

f*(y) = —In(—y) — 1, Dom f* = (—00,0).
2. f(z) =€", Dom f = R.
Solution: Setting ¢y (x) = xy — e”, we have sup, ¢y(x) = 400 when y < 0 (look what happens when
x — —o0). When y = 0, we clearly have sup, ¢,(z) = 0. Finally, when y > 0, the maximizer of ¢y (-),

same as in the previous item, can be found via Fermat rule — as a root of the equation (bg (z) = 0. This
equation reads y — e” = 0, resulting in z = Iny and sup, ¢,(z) = yIny — y. Thus,

f*(y) =ylny —y, Dom f* = [0,00); here, as always, 0ln0 = 0 by definition.
3. f(z) =zInz, Dom f = [0,00) (0In0 = 0 by definition).
Solution: To maximize ry — zlnxz over £ > 0 we can use the Fermat rule resulting in the equation
y — 1 —1Inz = 0. Thus, the maximizer is = e¥~1, resulting in

f*(y) =e¥"!, Dom f* = R.

We could get the same result without computation: from item 2 we know that the Legendre transform
of e® is yIny — y, implying that the Legendre transform of xlnx — x is e¥; and linear perturbation of a
function (in our case, adding = to zlnz — ) results in shift of the Legendre transform.

4. f(z) =2P/p, Dom f = [0, 00); here p > 1.

Solution: f*(y) = sup,>¢[¢y(x) := xy— 2P /p|. When y < 0, we clearly have sup,>q ¢y(x) = ¢4(0) = 0.

When y > 0, the maximizer of ¢, (x) over x > 0 is given by Fermat rule resulting in the equation
_1 _P_

y = xP~ 1. Thus, for y > 0 we have SUp, >0 ¢y () = y1+P—1 —yP—1 /p=y?/q, where q = p’%l, or, which

is the same, % + é = 1. We end up with

f*(y) = [y+]?/q, Dom f* = R; here y; = max[y,0], ¢ = ;2.

Exercise [[IT.2T} Compute Legendre transforms of the following functions:
e [log-barrier for nonnegative orthant R%] f(z) = —>_ " Inz; : intR} - R
Solution:

—-n—3 . In(-z), z<0
+o0 ,otherwise

[ (2) = ig%;[zzzz +Inz;] = {

thus, f*(z) = f(—z) — n.
o [log-det barrier for semidefinite cone S%] f(z) = —InDet(z) : int S — R (start with proving
convexity of f).

Solution: Convexity of f was already established twice — first time via computing second order directional
derivative in section [C.2.2] second time in chapter ‘We have

f*(z) = sup [Tr(zz) + In Det(z)] .
>0

It is immediately seen that f*(z) = +oo unless z € — int S’ . Indeed, restricting maximization over z > 0
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by maximization over z > 0 commuting with z and looking what happens when x and z are represented
in the orthonormal eigenbasis of z, we get

£ > sup > &a+> mel,

where (; are the eigenvalues of z, and from item 1 we know that the right hand side sup is 400 unless all &;
are negative. Now let z < 0. In this case we can maximize the concave function Tr(zz) — f(z) = Tr(zz) +
InDet(z) over & > 0 by solving the Fermat equation; as we know from Example in section |C.1.6}

Vf(z) = —z~!, so that the Fermat rule results in x = —z and f*(z) = —InDet(—2) —n = f(—2) — n.
Exercise [I11.22] [computing the Legendre transform of the log-barrier —In(z2 — 23 — ... — 22_,)

for Lorentz cone] Consider the optimization problem
max {fo +rt+In(t> —z'z): (tx)e X ={(t,x):t > v:ch}} ,
x,

where £ € R", 7 € R are parameters. Is the problem conveﬂ? For what values of £, 7 this problem
is solvable? What is the optimal value? Is it convex in the parameters?

Solution: Problem is convex, since the function f(t,x) = —In(t2 — z T x) is convex (direct computation
of the second order directional derivativﬂ; the domain of the problem is open. Therefore the problem
is solvable if and only if the Fermat system

E-fita) =0 <= 2 —=¢ )
T—flt,x)=0 <= _tzf;f'rz =T

in variables ¢,z has a solution with ¢t > VT z; it follows that 7 should be negative. Assuming that it is
the case, the second equation says that ﬁ = —g;, whence the first equation says that z = —f .
It follows that

2t t2 2

== -ala=t"-S¢T¢= (2 -¢Te). 1

T T T
In order for this equation be solvable one should have 72 > £T ¢, which combines with 7 < 0 to yield
that —7 > /€T €. Under the latter assumption, (1) implies that

2T
t=—m e @)
whence also
_ %
o= 3)

Thus, the space of parameters for which the problem is solvable is given by
-7 > VETE,
the solution is given by (2) - (3), and the optimal value is (direct computation)
—In(r2 —¢T¢)+2mm2 - 2.

9 A maximization problem with objective f(-) and certain constraints and domain is called convex if
the equivalent minimization problem with the objective (—f) and the original constraints and
domain is convex.

10 intelligent reasoning: in the domain ¢t > vz T« we have
ft,z) = —Int —In(t —t'aTx) = —Int + g(t 'z = — t), where the function

—In(—s s<0 . . . .
g(s) = { (=), < is convex and nondecreasing. The function t~1z Tz — ¢ is convex in the

—+o00, s>0
domain t > 0 as the perspective transform of z Tz — 1. Now convexity of f is readily given by
calculus of convexity-preserving operations.
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The optimal value is convex in the parameters 7, (by its origin, it is supremum of linear forms, param-
eterized by z,t, of the parameters 7, §).

Exercise [[I:23] Consider the optimization problem
max {f(z,y) = az + by +In(lny — ) +1In(y) : (z,y) € X = {(z,y) : y > exp{z}}},
where a,b € R are parameters. Is the problem convex? For what values of a,b this problem is

solvable? What is the optimal value? Is it convex in the parameters?

Solution: The objective is concave (direct computation), the domain is convex, so that the problem is
convex; the domain of the problem is open. Therefore a, b correspond to a solvable problem if and only
if the Fermat system

filz,y) =0 <= a=i——

4
fy(z,y) =0 @»b:_%[l_,_#] (4)

in variables z,y has a solution with y > 0, Iny > z. From the first equation, a should be positive, and

if this is the case, the second equation says that b should be negative and y = — l'ga. Thus, a should be

positive, b should be negative, and in this case the solution to (4) is

1+a 1 1+a
z=1In(— -, y=- ,
b a b

whence the optimal value is

(a,—l—l)ln(—l:a)—lna—a—Q.

This quantity, due to its origin, is supremum of linear forms of a, b and therefore is convex in the domain
a>0,b<0.

Exercise [[I1.24] Compute Legendre transforms of the following functions:
e [“geometric mean"] f(z) = —[[,<, =z.' : R} — R, where m; > 0 sum up to 1 and n > 1.

i<n Vi

Solution: Convexity of f was established in Example The Legendre transform is
f ) = sg%{§ yizi + [ [ 277} (%)
xT . .
- k2 k2

The right hand side is +o0o unless y < 0 (assuming that, say, y1 > 0, look what happens when z
runs through the ray {[¢;1;...;1] : ¢ > 0}). Assuming y < 0 and setting z = —y, we have f*(—z) =
SUPz>0{H¢ xfl — ZZ zi®; }. What we are maximizing over z, is a homogeneous, of homogeneity degree
1, function of x > 0 (recall that Y, m; = 1); therefore the supremum is either 0 or +oo, depending
on whether what we are maximizing is or is not nonpositive on R, or, which is the same, is or is
not nonpositive on the set X, = {x > 0: ZZ zix; = 1}. Making educated guess that the maximizer
x, of HZ a:Z” over X, is positive, Karush-Kuhn-Tucker optimality conditions (see discussion after

Proposition [[11.11.3)) as applied to our maximization problem (rewritten as mingex, [, zizs + f(x)])

result in the system
it — .
71'Z[| Ixj]]xi L=z, i<n, E ziz; =1
j i

~—

[e3

in variables x, \; x-component of a solution to this system, if positive, is the desired z, by Proposition
I11.11.3] From the system, Zl zix; = A" la, that is, A = a and therefore z; = mi/zi. The vector
[71/71;...;7n/2n] indeed is positive and is therefore the desired maximizer x. of ¢ over X. the
maximum being [, [7;/2;]™ — 1. As we remember, f*(—z) is 400 when this maximum is positive and
is zero otherwise. The bottom line is that the domain of f* is {y € R™ : y < 0,[],[—ms/ys]™ < 1}
and in this domain f* is identically equal to 0.
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e [“inverse geometric mean”] f(z) =[[,c,, z; " : int R} — R, where m; > 0.

i<n i
Solution: Convexity of f is stated in Example [I11.10.6f We have f*(y) = sup,~o[>.; vizi — [, ®; ']
This supremum is +o0o when some of y; are positive (look what happens when, say, y1 > 0, z2 =
23 = .. =xp =1 and 1 — 00). Assuming y < 0, a necessary and sufficient condition for x > 0
to maximize the concave function ¢(z) = >, yiz; — Hr;m on its domain int R} is to solve the
i

~—_——
Y(x)
Fermat equation V¢(z) = 0, that is, to satisfy

—1 .
m(z)e; = —yi, i <n,
resulting in

)= { ~(4 Som) [TLl-w/m)™] F5, y <o

—+o00, otherwise

Exercise [[I.:25] Prove the following version of the results of section [I3:2}

Suppose that f: R™ — RU{+o0} is a proper convex Isc function with open domain G,
and f is twice continuously differentiable, with positive definite Hessian, on G. Assume
also that

(1) Whenever y is such that the function 3" = — f(z) is, as a function of &, bounded from
above, the function achieves its maximum over x.

Prove that the domain G, of the Legendre transform f* of f is an open convex set, ™ is
twice continuously differentiable, with positive definite Hessian, on G, and the mappings
x— Vf(z), y— Vf*(y) are inverse to each other one-to-one correspondences between
G and G..

Hint: Use Implicit Function Theorem (Theorem |IV.21.5)).

Solution: When Z € G, the gradients, taken at Z, of the functions ¢ (z) = %(:), 1 < p < n, are linearly
independent (as these gradients are the columns of the Hessian, taken at Z, of f, and this Hessian is
positive definite and thus is nonsingular). Applying the Implicit Function Theorem, we conclude that
the image G« of G under the mapping = — V f(z) is open, and the mapping establishes one-to-one
correspondence, with a continuously differentiable inverse, between an open neighbourhood of Z and
an open neighbourhood of Vf(Z). Besides this, the mapping = — V f(z) maps different points of G
into different points of G4; indeed, assuming Vf(z) = Vf(z’) =: d with z,2’ € G, both z and z’
are, by the Fermat rule, minimizers of the strictly convex function f(z) — dTz, whence ¢ = ’ as
the minimizer of a strictly convex function is unique. Next, by (!) combined with the Fermat rule,
G. is exactly the set Dom f* of those d for which the function d"a — f(z) is bounded from above.
Thus, the mapping = — V f(z) establishes one-to-one continuously differentiable correspondence, with
continuously differential inverse d — g¢(d), between G and the open set Dom f* = G, . By item C
in section Vf(g(y)) = y implies that g(y) € 9f*(y). Thus, f* is a convex lsc function with
open domain allowing for a continuously differentiable selection y — g(y) of subgradients, whence f*
is differentiable with Vf(y) = g(y). Indeed, for y € G4, by convexity of f, for small ¢ > 0 we have
hTg(y+th) > Df*(y)[h] > h T g(y — th); passing to limit as t — +0, we get Df*(y)[h] = kT g(y). Thus,
first order partial derivatives of f* — they are just the entries of g(-) and are continuous on G«, whence
f* is continuously differentiable on the open convex domain G« with continuously differentiable gradient
Vf*(-) = g(-), which is the inverse of the mapping  — Vf(z) : G — G.

Exercise [lI.26] The goal of this exercise is to investigate the relation between smoothess of a
convex function and strong convexity of its Legendre transform.
Just for starters:

1. Let || - || be a norm on R™. Recall that unit ball of the conjugate norm ||y|. = max.{y"z :
lz|l < 1} is the polar of the unit ball of || - ||, and the norm conjugate to || - ||« is the norm || - ||
itself. Your task is to prove that the functions 3||z||* and 1||d||? are Legendre transforms of each
other.
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Solution: We have

1 1 1[dTz]2 1 1
sup{d'z — —||z||*} = supsup{td" f — - ||=||*t*} = sup - o = smaxz{d @ : ||z <1} = ~||d||3.
x 2 t o= 2 2202 |lz|l 2 2

The subsequent tasks need certain preamble.
Smooth convex functions. Let f be a convex function, ||-|| be a norm on R"™, and L be a nonnegative
real. We say that f is (L,| - ||)-smooth, if Dom f = R" and

V(z,ze R" ecdf(x): f(2) < f(z)+e [z —a]+ éHz —z|.

It is easily seen that a convex function f : R™ — R is (L, ||-||)-smooth if and only if it is continuously
differentiable, and the mapping x — ¥V f(x) is Lipschitz continuous, with constant L, from the norm
| || to the norm || - ||«:

IVi(@) = Vi)l < Lllw—y| Yo,y

same as if and only if f is continuously differentiable and

[z —y]"[VF(z) = V()] < Lz — y||* Va,y.

A twice continuously differentiable function f : R™ — R is (L, || - ||)-smooth if and only if 0 <
L |,_ (@ +th) < L|A|? for all a, h.
Example: Convex quadratic function f = 32" Qz — ¢ z+¢ (Q = 0) is (L, || - ||2)-smooth whenever

the eigenvalues of Q are upper-bounded by L.

Strongly convex functions. Let g : R™ — R U {+00} be a proper convex Isc function, || - ||« be the
conjugate of a norm || - ||, and L be a positive real. We say that g is (L, || - ||+)-strongly convex, if
for every y € Dom g it holds

Yy € R, e € 09(s) : o(w) > o(@) + by — ) e+ 5 Iy~ 7l

It can be proved that a proper convex Isc function g is (L, || - ||«)-strongly convex if and only if

1
[ —el"[y —y] > |y =yl Y(y,y € Domg,e € dg(y),e’ € dg(y"))

A twice continuously differentiable on rint Dom g convex Isc function g is (L, || - ||«)-strongly convex
if and only if %‘t:()g(er th) > L™Y|A||2 for all y € rint Dom g and all h from the linear subspace
parallel to Aff(Dom g).

Example: Convex quadratic form f(z) = 22" Qz —q 'z +c: R™ = Ris (L, || - ||«)-strongly convex
if and only if Q > 0 and all eigenvalues of Q are lower-bounded by L~!.

Note: When f is convex quadratic form with the matrix of the quadratic part equal to @ > 0, the
Legendre transform f* of f is convex quadratic form with the matrix of the quadratic part equal to
Q.

From the examples above, a quadratic form with positive definite matrix of the quadratic part, the
form is (L, || - ||2)-smooth if and only if the Legendre transform f* of f is (L, || - ||2)-strongly convex.

The point of the exercise is to justify the following far-reaching extension of the latter observation:

The Legendre transform f* of an (L, | - ||)-smooth convex function f : R" — R is
(L, || - ||«)-strongly convex. Vice versa, if the Legendre transform f* of a proper convex Isc
function f: R™ — R U {400} is (L, || - ||«)-strongly convex, then fis (L, || - ||)-smooth.

2. Justify the above claim.

Solution:  Justifying the first claim: Let f : R™ — R be (L, || - ||)-smooth convex function, and let
us prove that f* is (L, || - ||«)-strongly convex. Let d € Dom f* be such that df*(d) # &, and let
% € 8f*(d). By item C in section [13.2) Z is a maximizer over z € R™ of the function d'z — f(z),
whence f*(d) = d' z — f(Z). Besides this, as € df*(d), d is a maximizer of d' & — f*(d) over d, whence



Exercises from Part[IT] 99
d € 9f(Z) by the same item C in section Consequently, f(z) < f(Z) +d' [z — Z] + %Hx —Z|12 (as
fis (L,] - ||)-smooth), whence

Fe(d) = supy[dT @ — f(2)] > sup,{d @ — f(@) —d" [ — 7] - 5|z — z|*}
=sup,{[d—d|"[e — 7] - §llz —2|*} +d"z ~ f(7) = gz lld — d|} +d"z ~ f(2)

=gplld—di +[d—dTz+[d"z~ f(@)] = f*(d) +[d—d "z + 5 [ld - d|Z

(we have used the fact that the Legendre transform of Z|| - ||2 is || - ||2). Thus,

@2 @+ ld - d o+ o d - d)

whenever € Argmax,[j'  — f(x)] = 8f«(7) (the latter relation is again given by item C in section
113.2). Thus, f* is (L, || - ||« )-strongly convex.
Justifying the second claim: Let f* be (L, || - ||«)-strongly convex, and let us prove that f is (L, || - ||)-

smooth. Let us prove, first, that Dom f = R". Indeed, as f is proper convex lsc, it is the Legendre
transform of f*, Selecting d € rint Dom f* and & € 9f*(d), we have

* * (3 ST 7 1 7112
frd) 2 f7(d) +e [d—d + lld = d],

implying that for every z the function #'"d — f*(d) is bounded from above, and thus Dom(fs)« =
Dom f = R™. Now let Z € R” and d € 9f(z). Then Z is a maximizer of d' x — f(z) over x, whence
d € Dom f*, f(z) = d'Z — f*(d), and & € df*(d) by item C in section As f* is strongly convex
and Z € 8f*(d), we have f*(d) > f*(d) +z'[d—d]|T + ﬁHd — d||? for every d. Therefore, as f is the
Legendre transform of f*, we have

fz) = Supd[d_Tf— f*(d)] < sup, {finC —f(d)—zT[d—d - ﬁlld—gllz}
=supy {[d—d| [z — 7] - selld—d|2} +d" [z — 2]+ [d"z — f*(d)]
=Llz—z|P+z—2]Td+ f(2).

Thus,

§(@) < 5@) + o — 2T+ Llle -7l

The resulting inequality holds true for every € R™ and every d € 8f(Z), implying that f is (L, || - |)-
smooth.

Your concluding task is as follows:

3. Verify that the function f(z) =In(} ;™) is (1, - |loo)-smooth, compute its Legendre trans-
form f*, and make conclusions about strong convexity of f* (the latter plays important role
in the design of proximal First Order algorithms for minimization of convex functions over the
probabilistic simplex).

Solution: Direct computation shows that setting p; = ez,;/(zj e®i), so that p; > 0 and >, p; = 1,

we have %hzof(x +th) =3, p,‘h% -, pihi)?; convexity of f was established in Example

We see that %‘tzof(a: +th) < 3, pih? < max; h? = ||h||%,, implying that f is (1,]| - ||oo)-smooth. To

compute the Legendre transform f* of f, note that when d; > 0 and )", d; = 1, the solution to the

problem maxy[dTz — f(x)] can be found by Fermat rule and is x; = In(d;); thus, Dom f* contains the
relative interior {d > 0,>",d; = 1} of the probabilistic simplex A = {d € R™ : d > 0, d; = 1}, and

f*(d) = 3, diIn(d;) on rint A. A natural guess is that Dom f* = A and f* = )", d; In(d;) everywhere

on A. To verify this guess, note that when d € rbd A, so that the entries in d are nonnegative, sum up

to 1, and some of d; are zeros, the evident way to maximize ZZ d;x; — ln(zi e%i) is to push z; such
that d; = 0 to —oco, which reduces the maximization to maximizing Ziel d;x; — ln(ZieI e®i), with

I = {i: d; > 0}. This problem we have already solved, and we get f*(d) = >_, d; In(d;) everywhere on

A (here, as always, 01n(0) is set to 0 = lims_ 40 slns). It remains to verify that f* = 400 outside of

A. Indeed, when d is not nonnegative, say, di < 0, the function fy(z) = >, diz; — In(}_, e*i) is not

bounded from above (look what happens when 1 — —oo and z; = 0, ¢ > 2). When d is nonnegative

and ). d; # 1, we clearly have fg([s;...;s]) — oo as s — oo when ), d; > 1, and as s — —oo when
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>~; di < 1. The bottom line is that f*(d) = >, d; In(d;) : A — R, and this function is (1, || - [|1)-strongly
convex.

15.5 Miscellaneous exercises

Exercise [I11.27| [multi-factor Holder inequality]
Given positive reals qi, ...,g» and p € [1,00), we define the weighted p-norm of a vector z € R"

as
n 1/p
|zlp = <Z qjlz; |p>
j=1

This clearly is a norm which becomes the standard norm || - ||, when g; =1, j < n. Same as ||z||p,
the quantity |z|, has limit, namely, ||z||s, as p — oo, and we define | - | as this limit.
Now let p;, © < k, be positive reals such that

k
1
2 5=t

1. Prove that for nonnegative reals ai, ..., ar one has

p1 Pk
a1az...a < Sy %
P1 Dk
or, equivalently (set b; = al)
bi b b
Vb >0: b/ Pey/ P b/ < S 2y Tk
P1 P2 Pk

Note: the special case p; = k, i < k, of this inequality is the inequality between the geometric
and the arithmetic means.

Solution: Set A; = 1/p;, so that A\; > 0 and ZZ Ai = 1. The claim is evident if some of a; > 0 are
equal to 0. Assuming a; > 0 for all ¢ and taking into account that In(s) is concave on the positive

ray, we have

> Ailn(al®) <In <Z )\iafi>

whence, taking the exponents of both sides and recalling what \; are,

[ |
2. Let 2!, ..., 2" € R", and let z'z? ... 2" be the entrywise product of z!, ..., z":
[z'a® ... 2"y = afad 2k 1< <n
Prove that
1.2 k 2 |$Z: %
\mm...xhgz P (%)

SO]“}?OU-' Set z = z'2? ... 2" and y;- = q]'/p |IE;|, so that Hi:l y} =qj Hi:l |$;| due to Zz 1/p; = 1.
‘We have
gzl = oIl l=5 =1Ly
> Zi[y;'}Pi/Pi [by item 1]
> 43|7i1Pi /ps, [by definition of yi]

A

that is, g;|z;| < Z - qJ|z |Pi /p;. Summing up these inequalities over j = 1,...,n, we get (*). MW
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3. Prove multi-factor Hélder inequality: for vectors z* € R", i < k, one has

1.2 k 1 2 k
R O o P o R Eo PN (#)
Solution: (#) clearly holds true when some of ' are zero vectors. Assuming |z%|p;, > 0 for all 1,
observe that both sides in (#) are positively homogeneous, of degree 1, w.r.t. every one of x*: when
multiplying z? by ¢, both sides are multiplied by |¢|. As a result, to verify (#) for nonzero z* is the
same as to verify this inequality when |2?|,, = 1 for all 4. But in this case, invoking item 2,

k

|:I:1:c2 ] k|1 < Zuz pl/pl _Zl/pi =1,

i=1

exactly as stated by (#) in the case of |z%|p, = 1,1 < k. |
Note: we have proved (#) for positive reals pi,...,pr with 3. 1/p; = 1. From the reasoning it is

immediately seen that the (#) remains true when p; = oo for some ¢ (and, of course, 1/p; is set to
0 for these 7).

Exercise [I11.28{ [Muirhead’s inequality]
Foranyu € R" and z € R}, := {z € R" : z > 0} define

1
Fo(uw) = = zphy Zotys

where the sum is over all permutations o of {1,...,n}. Show that if P is a doubly stochastic n x n
matrix, then

f=(Pu) < fo(u), V(uecR",zeRLy).

Solution: For z € R} |, f=(u) clearly is convex and permutation symmetric function of w; it remains to
apply Lemma

Exercise [[I:29] Prove that a convex Isc function f with polyhedral domain is continuous on its
domain. Does the conclusion remain true when lifting either one of the assumptions that (a) convex
f isIsc, and (b) Dom f is polyhedral?
Solution: We should prove that if Dom f is polyhedral, z; € dom f converge to T as i — oo, then
f(x) = lim; o f(x;). Passing to a subsequence, it suffices to prove this relation when the sequence
f(z;) has a limit (finite or infinite) as ¢ — oco. Finally, restricting f from Dom f onto the intersection of
Dom f with appropriate box, the situation reduces to the one where Dom f is polyhedral and bounded.
Let V = Ext(Dom f); then V is nonempty finite set: V = {v1,...,on}, and Dom f = Conv(V) (by
Krein-Milman Theorem). Since f is lsc, we have s := lim; ,o f(z;) > f(Z). We want to prove that
in fact s = f(Z); given that s > f(Z), all we need is to lead to a contradiction the assumption that
s > f(z). Assume that s > f(Z); then for some § > 0 we have f(z;) > f(Z) + ¢ for all but finitely many
values of i. Representing z; as a convex combination Z;VZI )\;:’Uj of v; and passing to a subsequence, we
can assume that the IV sequences {)\; }i>1 have limits A\; as i — oo, so that A; > 0, Zj Aj =1, and
z = limj_yo0 @ = Z]. Ajvj, and, in addition, that f(xz;) > f(Z) + 6 for all i. Now let J = {j : X\; > 0}.
For every 6 > 1, we have

N

x? =T+ 0(x; —T) = Z)\;gvj, )\;.-79 =X+ 0[)‘;‘ = A5l

j=1
Note that Z )\i o =1 for all ¢, same as )\; > 0 for all ¢ provided that 7 ¢ J. When j € J, we have
Aj >0, and therefore )\1 > 0 for all large enough values of 4, due to A\; — )\Z — 0, ¢ = co. The bottom
line is that for fixed 6, all coefficients X“ KL 1 < j < N, are nonnegative for all large enough values of 3.
Consequently, 371 for large ¢ is a convex ‘combination of v; and therefore belongs to Dom f. For 4 such
that xf € Dom f by convexity of f we have

8 < flms) — f(@) <O f(2?) — f(7)]
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due to zf — & = 0[z; — z]. We conclude that for every 6 > 1 and all large enough values of ¢ we have
2% € Dom f and f(zf) > f(Z) + 66. As a result, f is not bounded from above on Dom f, which is the
desired contradiction, since max;epom f f(¢) = max;j<n f(vj) < co by convexity of f combined with
Dom f = Conv{vi,...,uN }. |
1 ,2=0

0 ,0<z<1
Dom f = [0, 1]. Similarly, a convex Isc function with non-polyhedral domain, even a closed one, can be

A convex non-lsc function with polyhedral domain can be discontinuous, e.g., f(z) = { s

discontinuous. To give an example, consider the following construction: we take the convex hull E of
the set {[x;y;0] : (x — 1)? + y? < 1} U {[0;0; —1]} and set Et = {[z;y;t] : 37 : [z;y;7] € E & t > 7}.
Clearly, E7t is closed and convex and is the epigraph of some function f with the domain D = {[z;y] :
(x —1)2 + y2 < 1}. Since Et = epi{f} is closed and convex, f is convex lsc. At the same time, the
intersection of ET and the line {[0;0;¢] : ¢t € R} is the ray {[0;0;t] : t > —1}, so that £(0,0) = —1, and
the intersection of ET and a line {[a;b;t] : t € R} with a > 0, b satisfying (a — 1)2 + b2 = 1 is the ray
{la; b;t] : ¢ > 0}, that is, f(a,b) = 0 whenever [a;b] is a boundary point of D distinct from [0;0]. Since
the boundary point [0;0] of D is the limit of a sequence of distinct from it boundary points of D, f is
not continuous on D.

Exercise [[I.30} Let a1,...,an >0, @, 8 > 0. Solve the optimization problem
~a
. i B
mrln{zxa .x>0,Z:ri < 1}
—— i

Solution: Passing to variables y; = xf, we convert the problem to a convex program

min{g aiy; % iy >0 yiﬁl}
Yy " 3
1 2

KKT conditions (where we guess that the constraint is active) read

. .
—3ay; +A=0,i=1,...,n

>yi=1
i
whence
_B_ _1
af+ﬁ a?+ﬁ
Yi = 75 — T; = 71/5
Sajt il
‘ &

Since the problem in y-variables is convex, the KKT point we have found is a globally optimal solution.
The optimal value is

atpB

8 B

a+p3
Z%’
J

Exercise [[11.31} [computational study] Consider the following situation: there are K "radars” with
k-th of them capable to locate targets within ellipsoid Ex = {z € R" : (z — c) ' Ci(z — cx) < 1}
(Ck > 0); the measured position of target is

Yk = & + 0kCk,

where z is the actual position of the target, and ( is the standard (zero mean, unit covariance)
Gaussian observation noise; (i's are independent across k. Given measurements y1, ..., yx of target’s
location & known to belong to the “common field of view” E = NgFE) of the radars, which we
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assume to possess a nonempty interior, we want to estimate a given linear form e¢' z of z by using
linear estimate

= hiye+h
k

We are interested in finding the estimate (e.g., the parameters h1, ..., hx, h) minimizing the risk

Risk2 = max \/E { [eTm — ZkhZ[m + orl] — hr}

1. Pose the problem as convex optimization program
Solution: We have
Risk2? = max,cg E { [([e = > )T — h) - (Zk akh;Ck)]QH

2
= max;cp [[e - > hy]Tx — h} +> oihghk]
2
>k 2R hi + max,ep [[e > he] Tz — h}

As a result, denoting by ¢ the support function of E, the problem of minimizing Risk2? can be
posed as convex optimization problem

,,,,,

By Exercise [[I.12]4, we have

o5(g) = g, in {Z¢Ek(gk) DY ok 9} ;
! k k

----- IK

and by Exercise 1,

bE,(9) =\/9C; ‘g+g " ek,

so that the problem of interest becomes

SllCy P arllz el 1) < t+ b,
Zk 9k + Ek hk =€

S UCT Y frllatel fi] <t —
7Zkfk+zkhk =€

Risk22 = min 2+ E aih;—hk :
hi gk fr,k<k,h,t T

2. Process the problem numerically and look at the results.
Recommended setup:

1000 —0.500 —0.500
e K=3n=2lc,c05] = { 0 0866 —0.866 }

o, = | 0-2500 0] o _[ 11875 05413 1 . _ 1.1875 —0.5413
1= 0 1.5000 |’ ~2 7 | 0.5413 0.5625 |’ 73~ | —0.5413  0.5625

e 01 =0.1,00=0.2,03 =0.3
o e=[1;1]/V2.
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Figure 15.1. 3 radars and their common field of view (dotted)

Solution: Our results are as follows:
0.5130 0.1283 0.0570

o Risk2 = 00852, [h1,ha,ho] = | "0 O o | h=0.0010

Exercise For any k£ < m and X € S™, recall that Si(X) denotes the sum of k largest
eigenvalues of the matrix X. Given X € S™, define R[X] := {V XV : V € O} where O,, =
{Ve R™™ . VVT = I,} is the set of all m x m orthogonal matrices. Prove that for any two
symmetric matrices X, Y € S™, we have

Y € Conv(R[X]) if and only if Si(Y) < Sk(X) for all £ < m and Tr(Y) = Tr(X).

Solution: In one direction: suppose Y € Conv(R[X]), and let us prove that Si(Y) < Si(X), k < M, with
Sm(Y) = Sm(X). Observe that a rotation X — VT XV, V € Oy, as every similarity transformation
X — Z71XZ, preserves the vector of eigenvalues. It follows that the linear function Tr(Z) = Sm(Z2)
is equal to Sy, (X) on the entire R[X] and is therefore equal to the same Sy, (X) on Conv(R[X]). The
bottom line is that Tr(Y) = Sy (Y) = Sm(X) = Tr(X). Next, by the above argument S (Z) is identically
equal to S (X) on the entire R[X], and since Si(-) is convex (see chapter [[4), we conclude that S () is
< Sk (X) everywhere on Conv(R[X]), whence Si(Y) < Si(X), k < m.

In the opposite direction: let Si(Y) < Si(X), k < m, and Spn(Y) = Sm(X). By Majorization Prin-
ciple, A(Y) = wA(X) with doubly stochastic m. By Birkhoff Theorem (Theorem [[I.7.7), m is a convex
combination of permutation matrices P;: m = ZZ a; P; with a; > 0 summing up to 1. Consequently,
AY) = Y, 2 PiA(X), or, which is clearly the same, Diag{A(Y)} = 3", a;P; Diag{\(X)}P,". Next,
X = U Diag{\(X)}UT and Y = V Diag{\(Y)}V T with U,V € Oy,. The bottom line is

Y =V Diag{ \Y)}VT =V [, ;P Diag{A(X)}PT | VT =V [, s RUTXUPT| VT
=3, VRUT XW;
N —

—. T
=W,

The matrices W; are products of matrices form O,, and thus W; € O,,, and we conclude that Y &€
Conv(R[X]). |



Exercises from Part [V

24.1 Around Conic Duality

Exercise V.1 Given Linear Dynamical System

Xo = 0
Zes1 = Awi+Bug,t=0,1,...,N—1 (LDS)
(A:n xn,B:n xm) with controls us subject to the “energy constraints”
luel2 <1,0 <t <N, (EN)

pose the problem of minimizing f'xn (f is a given vector) as a conic problem on the product of
Lorentz cones, write down the conic dual of this problem and answer the following questions:

Is the problem essentially strictly feasible?
Is the problem bounded?

Is the problem solvable?

Is the dual problem feasible?

Is the dual problem solvable?

Are the optimal values equal to each other?
What do the optimality conditions say?

Noor~whE

Solution: Relation ||ulj2 < 1 with u € R™ is equivalent to [u; 1] € L™T1, so that the problem of interest
in the conic form reads

min{f xyx 20 =0, 2441 = Azt + Buy, 0 <t < N — 1, [ug; 1] e L™ 0<t < N -1} (P)

T, u,r
To get the dual problem, we denote by s; € R™ the vectors of Lagrange multipliers for the state
constraints z¢41 — Azt — But = 0, by s_1 the vector of Lagrange multipliers for the equality constraints
zo = 0 and by [ys; z¢] € LT = L™m+1 _ the Lagrange multipliers for the conic constraints. Aggregating
constraints of (P) with multipliers as the weights, we get the aggregated constraint
N-1 N-—1
T T T
s_qx0 + tho sy [x¢41 — Azt — Bue] + tho [ys ut + 2¢] >0,

or, which is the same, the constraint

sh_1on +sv—2—ATsy_1]Tan_1 + sy —ATsy_a]Tany_a+ ...+ [s—1 — AT s0] T zo

k
N e — BT i) Tue > =N (+)

To get the dual problem, we add to the restrictions |ly¢||2 < z: (that is, restrictions [yt;2:] € L™T1)
the restriction that the left hand side in (*) identically in #’s and u’s is f' 2y and maximize under this
restriction the right hand side in (x). Thus, the dual problem is

N-1 SN_1=fATSt+1=St —1<t<N-=-2
— . b) b f— f— bl D
ymax{ 2 ye =B s,0<t <N —1,|lyef2 <2,0<t <N —1 D)

An optimal solution to the dual problem is evident:

se=[ANTIT 1<t <N -1,y =BT [AN1Tf 2 = |BT[AN YT g,

105
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the optimal value is
N—-1
TraAN—-1—-t1T
>, BT 17 fll2.
The answers to the remaining questions are as follows:

1. Is the problem essentially strictly feasible? — Yes, (P) is essentially strictly feasible, an essentially
strictly feasible solution being, e.g. ut = 0,0 <t< N—-1,2: =0,0<t< N

2. Is the problem bounded? — Yes, since the feasible set clearly is bounded

3. Is the problem solvable? — Yes, as every feasible problem with bounded feasible set (this set is
automatically closed, and therefore the linear — and thus continuous — objective attains its minimum
on this set)

4. TIs the dual problem feasible? — Yes, by Conic Duality Theorem (not speaking about the fact that we
see feasible solution by naked eyes)

5. Is the dual problem solvable? — Yes, by Conic Duality Theorem (not speaking about the fact that we
see the optimal solution by naked eyes)

6. Are the optimal values equal to each other? — Yes, by Conic Duality Theorem

7. What do the optimality conditions say? — They say that at the primal-dual optimum the primal
slacks [u¢; 1] are orthogonal to the vectors [y¢; ze] = [BT [AN 14T £ || BT [AN=1=%]T f||2], that is,

IBTAN T fll2 +uf BTAN 1T f =0,

which combines with ||ut¢l]]2 < 1 and the Cauchy inequality to imply that whenever the vector

e = BT[AN’l’t}Tf is nonzero, we have uy = —e¢/||et||2, and when e; = 0, uz can be a whatever
vector of norm not exceeding 1. Note that we got “closed form” solutions to both (P) and (D).

Exercise Consider the conic constraint Ax — b € K where K C R™ is a regular cone and
matrix A is of full column rank (i.e., has linearly independent columns, or, which is the same, has
trivial kernel). Suppose that the constraint is feasible. Show that the following properties are all
equivalent to each other:

1. the feasible region {x € R" : Az —b € K} is bounded;

2. Im(A) N K = {0}, where Im(A) := {Az: z € R"};

3. the following system of vector inequalities is solvable

ATA=0, )eintK..

Using these conclude that the property of whether a conic problem ming{c'z : Az — b € K} has
a bounded feasible region or not is independent of the choice of b, provided that the problem is
feasible.

Solution: 1. <= 2.: We are in the case when the feasible set X = {z : Az —b € K} is nonempty (and
clearly is closed). By Fact X is bounded if and only if X has no nonzero recessive directions, that
is, if and only if the recessive cone of X (which is {h : Ah € —K} (why?)) is trivial. Since h +— Ah is an
embedding, the latter happens if and only if Im(A) N [—K] = {0}, or, which is the same, if and only if
Im(A) N K = {0}. |
3. == 2.: With 3. in force, there exists A € int K, such that AT = 0. If now € R™ is such that
y=Ax € K, we have ATy = [AT \]z = 0, and since y € K and ) € intK., we conclude that y = 0. The
bottom line is that Im(A) N K = {0}, that is, 2. takes place. |
2. = 3.: Assume, on the contrary to what should be proved, that 2. does take place, and 3. does not.
Then the convex nonempty set {\ : AT\ = 0} does not intersect int K, which also is a nonempty convex
set, implying, by Separation Theorem, that there exists y € R",y # 0, such that

sup y' A< inf  y'u.
XATA=0 u€int K.
since the right hand side infimum is finite and K. is a cone, this infimum is 0, implying that y €
(int K«)x = K. On the other hand, the supremum in the left hand side is taken over a linear subspace
KerAT; it can be finite if and only if y € [KerAT ]+ = Im(A). Thus, y is a nonzero vector from Im(A)NK,

which is impossible by 2. |
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Finally, consider a feasible conic constraint Az —b € K with tegular cone K. If KerA # {0}, the feasible
set of this constraint is unbounded independently of what b is, since KerA is the recessive subspace of
the feasible set, provided the latter is nonempty. And if KerA = {0}, we, as we just have seen, are in the
case where 1. is equivalent to 2., and the validity status of 2. is independent of what b is.

Exercise V.3l

Given a cone K in a Euclidean space E with inner product (-, -}, we call a pair of elements x € K
and y € K, complementary if (x,y) = 0.

In this exercise, we will examine complementarity relations for the second-order cones L™ and the
positive semidefinite cone S’.

1. Consider L" := {z = [#;2,] € R"' x R: x, > ||Z[|2}; as we know, this cone is self-dual
(Example[I1.6.9). Prove that z,s € L™ satisfy (z,s) = 0 iff 2,5 + sn@ = 0 holds.

2. Consider the space of n X n symmetric matrices, i.e., ' = S™ equipped with the Frobenius inner
product (X,Y) = Tr(XY) = 337L 377 | Xi;Vi;. Let K =81 == {X € 8" : z' Xz >0,Vr €
R™} be the positive semidefinite cone; recall that this cone is self-dual (Example|ll.6.10)). Prove
that X,Y € S} are complementary, i.e., (X,Y) = 0, if and only if their matrix product is zero,
i.,e.,, XY =YX = 0. In particular, matrices from a complementary pair commute and therefore
share a common orthonormal eigenbasis.

Solution:

1. The statement clearly is true when s, = 0 or z, = 0. Assuming =, > 0, s, > 0, the relation
[# xn] T [8; sn] = O for [#; xn] and [3; 5] from L™ means that sz, = —5' & together with ||Z||2 < zn
and ||3||2 < spn, which, by Cauchy inequality (Theorem may happen if and only if # = z,e and
§ = —spe for unit vector e, or, which is the same, when z,5 + s,z = 0. |

2. For X,Y € 8™ we have [XY]T =YX, whence XY = 0 if and only if YX = 0. Clearly when XY =
Y X = 0, we have Tr(XY) = 0. So we will prove the reverse direction. Assume that X > 0,Y > 0
and Tr(XY) = 0, and let us prove that XY = 0. Indeed, we have

0= TI‘(XY) _ Tr(Xl/Q[Xl/Zyl/Q]Yl/Q) _ Tr([X1/2Y1/2][Xl/QYl/Q}T) — Z[X1/2Y1/2]12j1
4,3

whence X1/2Y1/2 =0, so that XY = X/2[X/2y1/2]y1/2 = o. [ |

Exercise V.4, By General Theorem of the Alternative, a system of m scalar linear constraints
Az > b in variables z € R"™ (or, which is the same, the conic inequality Az ZRT b) has no
solutions if and only if it can be led to contradiction by aggregration: there exist nonnegative weights
A1, ..., Am such that the associated weighted sum AT Az > A" b of inequalities from the system is a
contradictory inequality, that is, ATA =0 and b' XA > 0. For a general conic constraint of the form

Ax >k b (I
where K C R™ is a regular cone, a similar recipe for certifying infeasibility would read
INEK.:ATA=0 and b'A>0. (I1)
The goal of this exercise is to investigate relation between feasibility statuses of (1) and of (II).
Your first task is easy:
1. Prove that if (II) is feasible, then (I) is infeasible.

Solution: Let X satisfy (II). To prove that (I) has no solutions, assume, on the contrary, that = solves
(I). Then AT Az > A\Tb due to A € K., which with our X results in 0 > bT X\, which is not the case due
to ATh > 0; this is the desired contradiction.

The rest of your effort is aimed at investigating to which extent item 1 can be inverted: if and when
it is true that when (II) has no solutions, then (I) is feasible? General Theorem of the Alternative
says that this indeed is the case when K is the nonnegative orthant R". In the general case, the
situation is different.
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2. Let (I) be the univariate conic inequality
Az = [1;0;1]z >3 b:= [0;1;0] (1)

where L is the 3D Lorentz cone. Write down the associated system (II) and check that both
this system and (i) are infeasible. Conclude from this example that in general, solvability of (II)
is only sufficient, but not necessary, condition for infeasibility of (I).

Solution: Recalling what L3 is, (i) is the scalar inequality = > v/x2 + 1; of course, it is infeasible. Now,

the associated system (II) reads
Az > \/)\%4»)\%,)\1 +A3=0,\2>0

in real variables A1, A2,A3; A1 can be immediately eliminated, resulting in clearly infeasible system

A3 > /A3 423, A2 > 0. [ |

3. Prove that (II) is infeasible if and only if (I) is nearly feasible, meaning that for every e > 0 there
exists b’ such that ||b’ — b||2 < € and the conic constraint Az >k b’ is feasible. Equivalently: (IT)
is infeasible if and only if b belongs to the closure B of the set B = AR™ — K of those right
hand side vectors in (I) for which (I) is feasible.

Solution: Taking into account item 1, the claim we want to prove is that (II) has no solutions if and
only if b € B, or, which is the same,

(1) (I1) has a solution iff b ¢ B.

Justification of (1) is immediate. In one direction: if (II) has a solution ), then ATX\ =0 and AT¥ > 0
for all b’ close enough to b, implying, by item 1, that all these close enough to b vectors b’ , when treated
as the right hand sides in (I), result in infeasible conic constraint, that is, do not belong to B. Thus,
there is a neighbourhood of b which does not intersect B, implying that b ¢ B.

In the opposite direction: assume that b € B, and let us prove that (IT) is feasible. Since b & B, b is at a
positive distance from the nonempty convex set B = {z : z = Az — y,z € R",y € K}, implying by the
Separation Theorem that {b} can be strongly separated from B: for properly selected X it holds

ATo>supATz= sup AT [Az—y]. (%)
zeB zeR" ,ycK

the concluding supremum here is finite, implying that AT\ =0 (otherwise we could make )\T[Ax —y]
arbitrarily large by properly selecting z and setting y = 0) and A € K, (otherwise we could make
AT [Az —y] arbitrarily large by properly selecting y € K and setting = 0). Thus, AT XA =0 and )\ € K.,
implying that the supremum in (%) is 0, that is, ATb > 0; we conclude that X solves (IT), so that the
latter system is feasible. [ |

Conclusion: Feasibility of (I1) is necessary and sufficient for infeasibility of (I) if and only if
the set B = AR™ — K of the right hand sides in the conic constraint (I) resulting in constraint’s
feasibility is closed; in fact, feasibility of (I1) is necessary and sufficient condition for b not to
belong to the closure B of B. Now, when K = {y : Py > 0} is a polyhedral cone, e.g., R7*, B
is polyhedral (since its definition in the case under consideration is its polyhedral representation as
well) and therefore is closed, which explains why when the cone K is polyhedral infeasibility of (II)
is equivalent to feasibility of (I). At the same time, when K is not polyhedral, B can be non-closed,
as is the case in example from item 2. Let us look at the geometry of this example. (i) wants of
us to find a point in the intersection of the cone L? = {z € R® : x5 > /27 + 23} with the line
¢ ={[t;—1;t] € R® : t € R}. £ belongs to the 2D plane L = {z € R® : o = —1}, and the
intersection of L® with this plane is the set {[x1;—1;23] : 23 — 2} > 1,23 > 0}, or, which is the
same, the set {[z1;—1;z3] : (x3 — z1)(z3 + 1) > 1,23 — z1 > 0}; introducing the coordinates
u = a3+ 21, v = x3 — 1 on the 2D plane L, the intersection of L and L® in these coordinates
becomes the inner part H = {[u;v] : u > 1/v,v > 0} of the branch T = {[u;v] : wv = 1,v > 0} of
hyperbola. In u, v-coordinates the line £ is just the line v = 0. Thus, geometrically the situation is as
follows: to intersect £ and L is the same as to intersect H with the v-axis of the [u;v]-plane; the
intersection clearly is empty, so that (i) is infeasible. At the same time, our line is an asymptote of T',
so that the shift v = € of the line v = 0 makes the intersection of the shifted line with H nonempty,
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whatever small € > 0 be. The outlined shift of £ in our original z-coordinates reduces to passing
from b = [0;1; 0] to be = [0; 1; —¢]. The bottom line is that b ¢ B and b € B, since b = lim¢_, 40 be
and b. € B.

The result of item 3 attracts our attention to the following question: What are natural sufficient
conditions which guarantee the closedness of the set AR™ — K 7 Here is a simple answer:

4. Prove that when the only common point of the image space L := {y € R™ : 3z : y = Az} of
A and of K is the origin, the set B := AR" — K = L — K is closed. Prove that the same holds
true when the condition L N K = {0} is “heavily violated,” meaning that L Nint K # &.

Solution: Assume that L N K = {0}, and let us prove that B is closed. Thus, let b; = y; — z; with
y; € L and z; € K, and let b; — b as i — 00; we need to prove that then b € B. Consider two cases: (a)
the sequence {z;} is bounded, and (b) the sequence {z;} is unbounded. In the case of (a), passing to a
subsequence, we can assume that z; — z as ¢ — oo; since z; — z and b; — b as i — 0o, we conclude that
yi =bi+2z, >b+ZzZ =1y as i — oco. As K is closed and z; € K, we have z € K. By its origin, 7 is the
limit of a converging sequence of points from L and thus y € L. We see that b =3 — Z € B, as claimed.
In the case of (b), passing to a subsequence, we can assume that r; := ||z;||]2 = oo as i — oo; since
zi = y; — b; and the sequence {b;} converges and is therefore bounded, we conclude that r;l lyill2 — 1
as ¢ — 0o. Passing to a subsequence, we can further assume that the unit vectors z; := ri_lzi converge
as ¢ — oo to some unit vector Z, and the sequence of vectors g, = r;lyi converges as ¢ — 00 to some
vector g, which also is unit due to r;1||yiH2 — 1, i — 0o. We have

rityi = = (%)
since {b;} is a bounded sequence and r; — 0o, i — 00, passing to limit in (%) we get § = Z. By its origin,
y is the limit of sequence of points from L and thus ¥ € L, and Z is the limit of a sequence of points
from the closed cone K and therefore Z € K. The bottom line is that in the case of (b) the set L N K
contains the unit vector Z = g, which is impossible due to L N K = {0}. Thus, (b) is impossible, and we
are done.
Finally, in the case of LNint K # @ B is closed by a very simple reason — in this case B = R™. Indeed,
ifa € int KN L, then Aa — b € K for all large enough positive A, that is, b = Aa — z for certain A > 0
and z € K. And since a € L, we have Aa € L as well, that is, b € L — K. |

Exercise IV.5|. [follow-up to Exercise[IV.4] Let K C R™ be a regular cone, P € R™*", Q € R™*¥,
and p € R™. Consider the set

K = {zeR":FucR*:Pr+Qu+pcK}

This set clearly is convex. When the cone K is polyhedral, the above description of K is its polyhedral
representation, so that the set K is polyhedral and as such is closed.

The goal of this exercise is to understand what happens with closedness of K when K is a
general-type regular cone.

1. Is it true that K is closed whenever K is a regular cone?
Hint: Look what happens when K = L?, P = I3, Q = [0;1;1] € R**!, and p = [0;0;0)
2. Prove when K is a regular cone and ImQ N K = {0}, K is closed.

Solution: 1: In the situation of Hint. denoting by L the linear subspace {x € R3 : z2 = 0} we have
KNL={z=[z1;0;23]: ueR:[z1;u;23 +u] € L3} = {z = [z1;0;z3] : Ju:z3 +u > /2?7 +u?}.

From the concluding description of K N L we see that this set contains all triples [1;0; €] with ¢ > 0 and
does not contain the triple [1;0;0] and therefore is not closed; consequently, K is not closed as well (L
is closed!).

2: Assuming K regular and L N K = {0}, where L =ImQ, theset Z={bc R™:Juec L:u+bec K}
is closed (by Exercise 4); it remains to note that K is the inverse image of the closed set Z under
the continuous mapping « — Pz + p and as such is closed along with Z. |
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Exercise Let n(x) be a norm on R™ such that n is continuously differentiable outside of the
origin, and let

n.(y) = mgx{yTz sn(z) < 1}
be the norm conjugate to n (see Fact|l1.13.4)), so that n.(:) is a norm such that
x'y < n(z)n.(y) Yo,y € R”
and (n.). = n, implying that for every x # 0 there exists y # 0 such that
z'y = n(z)n.(y).

Here are your tasks:

1. Let M be a d x d matrix, d > 2, with diagonal entries equal to 1. Assume that M\ < 0 for some
nonzero vector A > 0. How large could be min; ; M;; ?

g < —ﬁ. Indeed, assuming that M A < 0 with nonzero A > 0, let k& be

the index of largest entry in A\. We have

Solution:  p := min; ; M;

1
0> Mijxj = A Miix; > A Ad—1Dp = p<———.
_Z kjNj k+Z kiN; > A+ Ap( )T pn=< i-1
J Jj#k
For the matrix M with diagonal entries equal to 1 and off-diagonal entries equal to —1/(d — 1) we

have MT[1;...;1] = 0, that is, the bound min; j M;; < is unimprovable.

__1

a—1

2. For d > 2, let pi1, ..., pa be n.(-)-unit vectors, w, ..., wq be n(-)-unit vectors, and let p; w; = 1,
1 <4 < d. Assume that 0 € Conv{p1,...,pq}. How small could be max;.; n(w; — w;) ?

Solution: max; j<gW(w; — wj) > %. Indeed, consider the d x d matrix M = [M;; = w;' p;; j<a,
We have 0 = Zj Ajpj with properly selected A > 0 such that Zj Aj =1, so that M = 0. Besides
this, the diagonal entries in M are equal to 1. By the previous item, we have M;; < —ﬁ for some
i,7, that is,

d

n(wj — w;) = 0 (pj)n(w; — wi) > pj wj —w;] =1—My; > 1+ o141

3. Let x € R" be nonzero.
1. Let g = Vn(z).
1. What is n.(g) ?
> n(zx) + g " h, whence also n(z) + n(h) >

n(z) + g " h, that is, n(h) > g"h, implying that n.(g) = max,{g"h:n(h) <1} < 1. On the
other hand, 0 = n(0) > n(z) — g z, that is, g = > n(x). Besides this, g z < n.(g)n(x), and
we get n(z) < gz < n.(g)n(x), implying that n.(g) > 1. The bottom line is that n.(g) = 1.

2. Whatis gz ?
Solution: g"x = n(x) — differentiate the identity n(tz) = tn(z), t > 0, in t at t = 1.

3. Let e be such that n.(e) < n.(g) and e'z =g ' z. Is it true that e = g ?

Solution:  For every h € R™ we have n(z + h) >

Solution: Yes. e in question should satisfy n.«(e) < n«(g), that is, n«(e) < 1 by item 3.1.1.
Next, e'z = gz, that is, e @ = n(z) by item 3.1.2. Therefore for every h it holds e"h =
el (z+h)—eTz <ne(e)n(z+h) —n(z) < n(x+h) —n(z), that is, n(z) + e’ h < n(z + h) for
all h, so that e is a subgradient of f at x. Since x # 0 and n is differentiable outside of the
origin, we have e = Vn(z) = g.
2. Given N points y; € R", consider the problem of finding the smallest n(-)-ball containing
Yiy .-y YN.
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1. Write down the problem as a conic one, and write down the conic dual of this problem.
Are both the problems solvable with equal optimal values?

Solution: The problem in question is
Opt(P) = ming{¢t:n(xz—y;) <t,1<i< N}

min[z;t] {t:[mfyi;t] € szSN} (P)
K= {[u;t] e R" x R:n(u) <t}

its dual is

L2 = O’ s =1
Opt(D) = MaXzy,...,2N 81,5 N {Zz Z—L'Tyi: %1;] c K*Z;<ZN }
1y 91 b —

K. ={[z;s] e R" x R:n.(z) < s}

(D)

and both problems are solvable with equal optimal values.

Indeed, (P) is self-explanatory; the fact that K is a regular cone is evident. The fact that the
dual cone is as indicated in (D) is immediate: denoting a vector from R™ X R by [z; s], this
vector is in the cone dual to K if and only if for every ¢ > 0 one has

0< rrLin{[u; 1 [z 8] : [ust] € K} = rngn{st +ulz:n(u) <t} = st — tn.(z),

implying that the dual cone is as in (D). Now, to get the dual problem, we should equip
the constraints [z — y;;t] € K of (P) with Lagrange multipliers [z;; s;] € Kx in such a way,
that the left hand side in the aggregated constraint »_,[z;; 5i]T[x — yi;t] > 0, that is, in the

inequality
ITED DRSS pr

is identically in ¢,z equal to the primal objective ¢, and to maximize under this restriction
(taken along with the restrictions [z;;s;] € Kx«) the right hand side of the aggregated con-
straint, which results in (D).

Problem (P) clearly is strictly feasible (to get a strictly feasible solution, set £ = 0 and
take ¢ > max; n(y;)) and solvable (since the sets of feasible solutions where the objective is
upper-bounded by a given real are compact); by Conic Duality Theorem, the dual problem is
solvable with the same optimal value as (P).

2. Assume that the data are such that the optimal value in (P) is equal to 1. How small can
be max; ; n(y; —y;) ?
Hint: write down and analyze optimality conditions.

Solution: maxs, l’l(yi — yj) 2 HT-I-I
Indeed, let [z;1] be primal optimal, and [z;;s;], ¢ < N, be dual optimal. By optimality
conditions (complementary slackness) the primal slacks [z — y;; 1] should be orthogonal to the

respective dual solutions [z;; s;], that is,
R T ;
si=[yi —a] 2,1 <N, (#)

and since n(y; — ) < 1 and n«(z;) < s; for all ¢ by primal and dual feasibility, we have
n(y; —x) < Opt(P) = 1, so that the right hand side in (#) is < n(y; — z)nw(z;) < ny(z),
and since n4(z;) < s; by dual feasibility, (#) implies that n.(z;) = s; for all i. Next, setting
w; = y; —x, we have n(w;) < 1, so that the right hand side in (#) is < n(w;)n«(2;) = n(w;)si;
therefore (#) implies that n(w;) = 1 for all ¢ € Z = {i : s; > 0}. Note that the set Z is
nonempty, since otherwise Opt(D) would be 0 and not 1. Now, from the constraints of (D)

Zzi =0,

i€l

we have
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and n.(z;) = s; > 0 for ¢ € Z, so that setting p; = s;lzi, 1 € Z, we have

nw)=1,i€T&n(p)=1i€T&plwi=1i €T & » sipi =0, 0
€L
where the relations p; w; = 1, i € Z, stem from (#) due to s; > 0, i € Z.
Since 0 < s; for ¢ € T # O, the last relation in (!) means that 0 € Conv{p; : ¢ € Z}. By
Caratheodory Theorem, we can find a subset I C Z of cardinality d, 2 < d < n + 1, such that
0 € Conv{p;,i € I}. Assuming w.l.o.g. that I = {1,...,d}, for M = [w?pj]ingd and some
A€ Ri with 37, A = 1 we have

ne(p) = L,n(w) =1,p] wi =1,i <d &A>0,A#0,MA=0 "
By item 2, we have max; j<q nW(w; —w;) > ﬁ > "TH, and it remains to note that w; —w; =
Yi —Yj-
3. In the situation of item 3.2.2, assume that n(z) = ||z||2 is the standard Euclidean norm.

How small can be max; ; n(y; — y;) now?

Solution: The concluding relation in the solution to the previous item now reads ||pi|l2 =
[lwi]l2 =1 and p;rwi =1,1<i<d<n+1, whence p; = w;, i < d. By item 1, (!!) implies
that min; ;<4 wip;r < —ﬁ, that is, there exist 7,7 < d such that w;rpj < —ﬁ, that is,
T

w,; w; < —dlj. Consequently,

1 2d
llw; — w2 = w, w; +ijw]- — Qwiij >2(1+ ﬁ) =77

. [2(n+1
that is, max; ; [|ys — yjll2 > max; j<q |lws — wj|l2 > ,/% > %

Note: instead of asking how large is the maximum of pairwise distances between y; € R™
given that the smallest Euclidean ball containing y1, ..., yn is of radius 1, we could ask how
large could be radius of the smallest Euclidean ball containing the points y1,...,yny € R™
with pairwise || - ||2-distances not exceeding 1, and in terms of the latter question, the above

result states that this radius is at most This is called “Jung’s Theorem;” the result

\/ 2(nn+1) :
is sharp, since the smallest radius Euclidean ball containing the n + 1 vertices of the perfect
simplex (simplex in R™ with distances 1 between every two vertices) is exactly %;
to see this, realize the perfect simplex as {z € Ri’“ Y = 1/4/2}, and R™ - as the
hyperplane >, z; = 1/v/2 in R*HL,

24.2 Geometry of primal-dual pair of conic problems

Exercise m [geometry of primal-dual pair of conic problem] The goal of the Exercise is to
reveal notable geometry of primal-dual pair of conic problem.
It is convenient to work with the primal problem in the form

Opt(P) = min {CT:E :Ax—b>k 0, Px = p} (P)

where K is a regular cone in certain RY. As is immediately seen, the conic dual of (P) reduces to
the problem

Opt(D):maX{bTerpTz:yeK*, ATy+PTz:c} (D)
Y,z
From now on we make the following, in fact, rather weak,

11 building conic dual to a conic problem is a purely mechanical process; however, this process as
presented in section m operates with conic problem in a form slightly different from the one of
(P), namely, with linear inequality constraints instead of linear equalities. To apply this process to
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Assumption: The systems of linear equality constraints in (P) and (D) are solvable.
Let us fix T and (¥, Z) such that
Pi=p& A'g+P'z=c (#)

Your first task is as follows:

1. Pass in (P) from variables x to primal slack & = Az — b. Specifically, prove that in terms of
primal slack (P) becomes the problem

Opt(P) =ming {7 ¢: £ €K NniL— 1} (P)
[ﬁz{&:ﬂm:rS:Ax,Px:O}, {zb—Af]
namely, prove that
(i) Every feasible solution x to (P) induces feasible solution £ = Az — b to (P), and the value
of the objective of (P) at z differs from the value of the objective of (P) at Az — b by the
independent of = constant:

ge=ca—[gT0+2"p]. (4)

(i) Vice versa, every feasible solution £ to (P) is of the form Az — b for some feasible solution
x to (P).

The bottom line is that (P) can be reformulated equivalently as (P), and the optimal values of
these two problems are linked by the relation

Opt(P) = Opt(P) — [57b+2"p] .
Solution: Let x be feasible for (P) and & = Az — b. Then ¢ satisfies the inclusion £ € K and
E=Alx—T)+[AT—b] = Az —T] — £

and P[z — Z] = 0, that is, ¢ € KN [£ — £]. This reasoning can be easily reversed to demonstrate that if
E€KN[L—E], then £ = Ax — b for some x feasible for (P). Besides this,

Te=[ATg+PT 2] Ta=75"[Az—bl+5 ' b+Z Px=7 &+ [g b+Z p|,

as claimed in (A).
On the other hand, when ¢ is feasible for (P), we have £ € K and £ = Az’ — £ for some 2’ with Pz’ =0,

whence

Koé=Ax —€=Alz' +7] —b= Az —b,

where z = z/ + T satisfies Pz = p. We conclude that £ = Az — b with z feasible for (P). |
Next task is as follows:
2. Pass from problem (D) in variables y, z to problem

m;;a.x{gTy cyeKon[Lt +y]}

1 T T T (D)
[LF={y:yT¢=0VEe L ={y:Tz: ATy+ PTz=0}]

in variable y only, specifically, prove that
(i) The orthogonal complement £ of £ indeed is the linear subspace {y : 3z : ATy+ Pz =0}.
(ii) y-component of feasible solution (y, z) to (D) is a feasible solution to (D), and vice versa —

(P), it suffices to represent the linear equalities Pz = p by a pair of opposite linear inequalities
Pz —p>0,—Pz+p > 0. Applying the recipe from section [I8.4] to the resulting problem, the dual

reads

max {bTy N — z"]Tp ATy+ PT 2/ =2"1=cye K2 >0,2"> 0} .
Y,z",z

Passing from 2/, 2" to z = 2’ — 2, we reduce the latter problem to (D).
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every feasible solution y to (D) can be augmented by z to yield a feasible solution (y, z) to (D).
Besides this, whenever (y, z) is feasible for (D), we have

by+p z=¢€ y+c'm (B)

The bottom line is that (D) can be reformulated equivalently as (D), and the optimal values of
these two problems are linked by the relation

Opt(D) = Opt(D) — ¢ Z.

Solution: (i): To prove that £ = {y:32: ATy + PT 2 = 0} is the same as to prove that the necessary
and sufficient condition for equality y " ¢ = 0 treated as equality in variables £, = to be consequence of the
system of linear equalities £ — Az = 0, Px = 0 in variables &, x is for y to admit selection of z such that
ATy 4+ P72z = 0, but this is what Linear Algebra (not speaking about Homogeneous Farkas Lemma)
says: a homogeneous linear equation is a consequence of a system of homogeneous linear equations if and
only is the vector of coefficients of this equation (in our case, the vector [yT, 01xr]) is linear combination
of the vectors of coefficients of the equations from the system, which in the case in question boils down
toy' A+ 2T P =0 for certain z. |
(ii) If (y, 2) is feasible for (D), then [AT, PT|[y — ;2 —Z] = 0, that is, y € L +7 by already proved (i),
and y € K, that is, y is feasible for (D). Besides this, ATy+PTz=c¢, &€ =b— Az, and PT = p, whence

Ey—Tyt+p Ad=b-AzTy—pTy+p d=-7 Ay-p 2=z [PTz—d-pz=-7 ¢

as required in (B).
Vice versa, if y is feasible for (D), then y € K. and y — 7 € £, that is, by (i), for properly selected w
one has AT [y — 7] + PTw = 0. This, due to the origin of 7 implies that

ATy+ PTw=ATg=c—- Pz,

so that y can be augmented by z = Z + w to yield a feasible solution to (D). (ii) is proved. |
The summary of items 1 and 2 is as follows:

e Primal-dual pair (P), (D) of conic problems reduces to pair of problems (P), (D),
“reduces” meaning that feasible solutions z and (y, z) to (P), (D) induce feasible solutions
&= Az —band y to (P), (D), and every pair of feasible solutions to the latter problems
can be obtained, in the fashion just described, from a pair of feasible solutions to (P),
(D);

o Geometrically, (P), (D) are as follows:

e Problems’ data are (a) primal-dual pair of regular cones K, K. in some R", (b) pair
of linear subspaces £, £p in RY which are orthogonal complements to each other,
and (c) pair of vectors 7, € in RY.

e (P) is the problem of minimizing linear objective 7' & over the intersection of the

primal feasible plane Mp := Lp — £ with the cone K, while (D) is the problem of

maximizing the linear objective ETy over the intersection of the dual feasible plane
Mop := Lp + g with the dual cone K.

Pay attention to the “nearly perfect” primal-dual symmetry; the only asymmetry is that in the primal
feasible plane the shift vector is —¢ — minus the vector of coefficients of the objective in (D), while
in the dual feasible plane the shift vector is 7 — the vector of coefficients of the objective in (P). This
minor asymmetry stems from the fact that by tradition one of the problems (in our presentation,
(P)) is written as a minimization program, and the other problem from the pair as a maximization
one.

In fact, the symmetry can be made perfect, and the objectives — eliminated at all.

3. Consider pairs of problems (P), (D) along with problems (P), (D), and let z, (y, z) be feasible
solutions to (P), (D), and &, y — the feasible solutions to (P), (D) induced by x and (y, 2),
respectively. Prove that the duality gap

DualityGap(z; y, 2) := clx— [bTy + pTz}
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— the difference between the objective of primal problem (P) evaluated at primal feasible solution
z and the objective of the dual problem (D) evaluated at the dual feasible solution (y,z) — is
nothing but the inner product £ "y of £ and .

Solution: Here is the computation: Let z, (y,z) be feasible for (P), (D), and £ = Az — b, y be the
induced by =z, (y, z) feasible solutions to (P), (D). Then

0 = [y-7T[+¢& [sincey—F€LandE+E €LY
= ¢ TTE-E 4 +7'E
[T —[pTy+p 2] —bg—p z+c z+7 ¢ [by (A) and (B))]
= DualityGap(z;y,2) —b' 5 —p 2+ [ATg+ P 2] 2+7 ' [b— AT
[by origin of 7, Z, €]
= DualityGap(z;y,2) —p 2+ [ATg+ P2 -5 AT
= DualityGap(z;y, 2) [since PT = p]

24.3 Around S-Lemma

Exercise m Recall that S-Lemma guarantees that the validity of the implication

2" Ar>0 = 2"Bx >0 [A,B € S"]
is the same as the existence of A > 0 such that B = AA only under the assumption that the
inequality 7 Az > 0 is strictly feasible. Does the lemma remain true when this assumption is lifted?
Solution: The answer is negative. When n = 2, 7 Az = 723 and 27 Bz = 2z1x2, the above implication

holds true, but the quadratic form acT(B — M)z = 2z122 + /\ac% is not everywhere nonnegative whatever
be A € R.

Exercise Given A € 8™, consider the set Q4 = {x € R": 2 Az < 0}.

1. Let B € S™ be such that B # A and Qg = Qa. Then, is it always true that there exists p > 0
such that B = pA?

2. Suppose that A € S™ satisfies A;; > 0 for all 4, j. Under this condition, does your answer to item
1 change?

3. Suppose that A € S™ satisfies Amin(A) < 0 < Amax(A). Under this condition, does your answer
to item 1 change?

Solution:

1: A counter-example is given by A = —I and B = Diag{—1,—2,...,—n} where Q4 = Qp = R".

2 : A counter-example is given by A =0 and B = —I, where Q4 = Q@ = R".

3: Suppose £ Ax <0 <= 2 Bx <0. Thenz' (—A)x >0 <= z'(—B)x > 0. Since A\pin(4) <
0 < Amax(A), Qa # R™ and Q4 # {0}. Therefore, Apin(B) < 0 < Amax(B) also. Furthermore, the
same eigenvalue condition holds for both —A, —B, which means 2" (—A)z > 0 and 2" (—=B)z > 0
are both strictly feasible. By the S-lemma, this implies that there exist A1, A2 > 0 such that

—-B¥r -MA = MA-B
—A»¥ —XoB = MB»r A

Note that A1, A2 > 0, otherwise one of Q 4, @p will be R™, which we have already established is not
true. Therefore, we can multiply the first inequality by 1/\1 > 0 to get

1 1
Az B = MBr B = (Mha-1)Bx0.
1 1

Since B is not positive semidefinite or negative semidefinite, we must have AfAa =1 = X2 = 1/A1.
But this means

AMAXB

1
)\QB:A—BEA=> B> XA
1
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which combines with A1 A > B to imply that B = A1 A with A\; > 0. |

Exercise [IV.10} For two nonzero reals a,b, one has 2|ab] = minA>o[)\_1a2 + )\bQ], implying
by the Schur Complement Lemma that 2|ab| < ¢ if and only if there exists A > 0 such that

2
{ ¢ _a/\b i } = 0. Assuming b # 0, we have also 2|ab| < c if and only if there exists A > 0 such

g2
that [%} > 0. Note also that ¢ > 2|ab| is the same as ¢ > 2adb for all § € [-1,1].

Prove the following matrix analogy of the above observation:

Let Ac RP*", B€ RP** let B#0, and let D = {A € R"™** : ||A|| < 1}, where || - || is the
spectral norm. Then C' = [AABT + BATA'] for all A € D if and only if there exists A > 0 such

B T
that [ ¢ 2|BB I /\f} ] > 0. In particular, when a,b € R? and b # 0, one has C = +[ab" +ba |

-
if and only if there exists A > 0 such that { ¢ _a/\bb i } > 0.

Solution: We have

C = [AABT + BATAT] <= 27 Cz — 2z T A[AB 2] > 0 V(z € RP, A € D)
<=1 Cz—20TAE>0V(zx eRP,£:IAE€D: ¢ =AB 1)

= 2'Cx—22TA>0Y(2z eRP,ECRT:£T¢<2"BB )

<= 3IN>0:2"Cz -2z Ae > Nz BB Tz — £7€]V(x, &) [S-Lemma)
C-ABBT | A

<= 3JdA>0:
= AT L

= 0.

Note that the assumption B # 0 implies that the quadratic form ' BB Tz — £ '€ of z, ¢ is positive at
certain point, thus making S-Lemma applicable. |

Exercise [Robust TTD] Let us come back to TTD problem . Assume we have solved
this problem and have at our disposal the resulting nominal truss withstanding best of all, the total
truss volume being a given W > 0, the load of interest f. Now, we cannot ignore the possibility that
“in real life" the truss can be affected, aside of the load of interest f, by perhaps small, but still
nonzero, occasional load composed of forces acting at the free nodes utilized by the nominal truss
(think of railroad bridge and wind). In order for our truss to be useful, it should withstand well all
small enough occasional loads of this type. Note that our design gives no guarantees of this type —
when building the nominal truss, we took into account just one loading scenario f.

1. To get impression of potential dangers of “small occasional loads,” run numerical study as follows:

e Compute the optimal console t* (see “Console design” in Exercise [I.16))

o Looking one by one at the free nodes p', ..., p* actually used by the nominal console, associate
with every one of them single-force occasional load, the corresponding force acting at node
under consideration, generate this force as random 2D vector of Euclidean length 0.01 (that
is, 1% of the magnitude of the single nonzero force in the load of interest), and compute
the compliance of the nominal truss w.r.t. to the resulting occasional load. Conclude that
the nominal console can be crushed by small occasional load and is therefore completely
impractical.

Solution: Were the nominal truss be able to withstand occasional loads as well as it withstands
the load of interest, we could expect the compliances w.r.t. occasional loads to be of order of 10~°
(the nominal compliance is ~ 0.191, and reducing the load by factor «, we reduce the compliance
by factor a?). In our experiments, the actual compliance w.r.t. the worst small occasional external
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force was as large as 0.344; the corresponding equilibrium displacement is shown on Figure S2IV.1:

Figure S2IV.1. Deformation of nominal truss under small occasional load.

The dotted line on Figure S2IV.1 is the equilibrium displacement under small — just 1% of the force
of interest — “badly placed” occasional external force. In the scale of this displacement, we merely do
not see the original truss — it is represented by the black area on the figure. Thus, for all practical
purposes, the nominal truss can be completely crushed by a small occasional load and as such is
completely impractical.

Proposed cure is, of course, to use Robust Optimization methodology — to immunize the truss
against small occasional loads, that is, to control its compliance w.r.t. the load of interest and all
small occasional loads. An immediate question is where the occasional loads should be applied.
There is no sense to allow them to act at all free nodes from the original set of tentative nodes
— we have all reasons to believe that some, if not most, of these nodes will not be used in the
optimal truss, so that we should not bother about forces acting at these nodes. On the other hand,
we should take into account occasional loads acting at the nodes actually used by the optimal
robust truss, and we do not know in advance what these nodes are. A reasonable compromise
here as follows. After the nominal optimal truss is built, we can reduce the nodal set to the
nodes actually used in this truss, allow for all pair connection of these nodes and resolve the TTD
problem on this reduced sets of tentative nodes and tentative bars, now taking into account not
only the load of interest, but all small occasional loads distributed along the nodes of our new
nodal set. This approach can be implemented as follows.

o We specify V as the set of virtual displacements of nodes of our reduced nodal set, preserving
the original status ("fixed” — "free”) of these nodes, and denote by f the natural projection
of the load of interest on V; note that all nonzero blocks in f — those representing nonzero
physical forces from the collection specifying f — are inherited by f, since the free nodes where
these nonzero forces are applied should clearly be used by the nominal truss.

e We specify F as the “ellipsoidal envelope” of f and all small in magnitude (measured in
|- |l2-norm) loads from V. Specifically, we use f as one of the half-axes of F; the other M — 1
half-axes of F (M = dim V) are orthogonal to each other and to f vectors from V of || - ||2-
norm p|| f||2, where the “uncertainty level” p € [0, 1] is a parameter of our construction. Note
that

F={g=Ph:h"h<1}

for properly selected M x M matrix P.

o We define the robust compliance C() of a truss £ € RY (NN is the number of bars in our new
— reduced — set of tentative bars), as the supremum, over g € F, of the usual compliances
(computed for the new nodal set) of ¢ w.r.t. load g, and pose the Robust Counterpart of the
TTD problem as the problem of minimizing this robust compliance over trusses ¢ > 0 of total
volume W. Solving this problem, we arrive at the robust truss.

An immediate question is how to solve the Robust Counterpart. Those who solved Exercise [.16]3
know that as stated right now, the Robust Counterpart is the semiinfinite — with infinitely many
convex constraints — optimization program

— . e —T
—w, | BRielB | o | guerl

Opt =min{ 7:7€ RY,
7 g |27'

%,

3
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where B is the matrix built for the new TTD data in the same fashion as the matrix B was built
for the original data.
Here go your tasks:

1. Reformulate (#) as a "normal” convex optimization problem — one with efficiently computable
convex objective and finitely many explicitly verifiable convex constraints.

2. Solve the Console design version of the latter problem and subject the resulting robust truss to
the same tests as those proposed above for quantifying the “real-life” quality of the nominal
truss.

Solution: As we know from the solution to Exercise 2—3, a real 7 is an upper bound on the robust
compliance of truss ¢ iff

VgeF: 2r>2"v—v At Yo € RM [A(f) = B Diag{{}B ']

Note that when h runs through the || - ||2-unit ball in V = RM | vector g = —Ph runs through the
entire ellipsoid F, so that the above relation is equivalent to

[u; ] " Q[us h] == —2h" P u —u" A®#)u < 27 V([u; h] € R2M . [u; h] " Plush] := h"h < 1)
Applying Inhomogeneous S-Lemma (Lemma , the latter relation takes place iff
[ A@ | P

. T
IAN>0: P svs >0,
2T — A

or, which is clearly the same, if and only if

[ A7) P }to.

=
| P 2755

The bottom line is that problem (#) is equivalent to the “normal” convex optimization problem

t=min{7:%>0, ti =W, =0,.
o[ -

We solved the latter problem with p = 0.1 and tested the resulting robust truss against the load of

BDiag{l}B' | P
PT | 2rIz;

interest f and 100 randomly selected occasional loads of magnitude 1% of the nominal load. The
results are presented at Figure S2IV.2. Pay attention to the low cost of robustness: optimal robust
compliance corresponding to the rather high (10%) uncertainty level is just by 10% larger than the
optimal nominal compliance; compliance of the robust truss w.r.t. the load of interest is just by 0.6%
larger than the compliance of the nominal truss.

24.4 Miscellaneous exercises

Exercise [[V.12] Find the minimizer of a linear function
fz)=c"z

on the set

Vo={z eR"| Y |z < 1};
i=1

here p, 1 < p < o0, is a parameter. What happens with the solution when the parameter becomes
0.57
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N N

/ \Ag /

nominal truss, 38 bars nominal truss, nominal truss,
compliance 0.1917 displacement under load displacement under badly placed
of interest f, [|fll2 =1 occasional load g, ||g|l2 = 0.01

robust truss, 152 bars robust truss, robust truss,
robust compliance 0.1992  displacement under load displacement under badly placed
of interest f, [|fll2 =1 occasional load g, [|g]l2 = 0.01

Figure S2IV.2. Nominal and robust consoles: positions of the bars and nodes before and after (in gray)
deformation. The vertical segment starting at the right-most node: the external force.

Solution: Let us find a KKT point of the problem where the constraint is active. The KKT condition
reads

ci + Aplx;|P~tsign(z;) = 0,i=1,...,n

2lwilP =1
K2

whence
_lei?'sign(ei)  p
lefig™ " p—1

Ty =

(we have assumed that ¢ # 0, otherwise every feasible point is optimal). When 1 < p < oo, the problem
is convex, so that the KKT point we have found is global optimal solution to the problem.

When p = 0.5, the solution is as follows. W.l.o.g. assume that ¢; < 0; then at the optimum one clearly
has z; > 0; we lose nothing by adding these inequalities to the list of constraints. Assuming = > 0 and
passing to new variables y; = /z;, our problem becomes

mianiyf sty > O,Zyi <1
i i

Since ¢; < 0, this is the problem of minimizing a concave function over the standard simplex; the solution
is at the vertex of the simplex, and clearly this vertex is y;, = 1, y; = 0, 7 # ix, where i, is the index
of the most negative ¢;. Thus, an optimal solution is the basic orth corresponding to the most negative
¢;. In general (that is, without the assumption ¢; < 0), the solution is ee;,, where i« is the index of
the maximal, in absolute value, coordinate of ¢, ¢ = 41 is the minus sign of this coordinate, and e; are
standard basic orths. The optimal value is —||c||oo-

Exercise [[V.I3] Every one of 3 random variables £1, &2, &3 takes values 0 and 1 with probabilities
0.5, and every two of these 3 variables are independent. Is it true that all 3 variables are mutually
independent? If not, how large could be probability of the event & = &2 = €3 =17
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Solution: We know that 8-dimensional probabilistic vector p representing the probability distribution
of the random 3D Boolean vector £ = [£1;&2; &3] satisfies a bunch of linear equalities and inequalities
(specifically, is nonnegative and induces uniform on {0, 1}? distributions of pairs of entries; we could add
also ”induces uniform on {0, 1} marginal distributions of entries,” but this requirement is covered by the
one on marginal distributions of pairs of entries), and ask what is under the circumstances the maximin
allowed value of a particular entry. This is a simple LP program, and its optimal value turns out to be
1/4 — twice the value of this entry in the distribution corresponding to the case of §; independent across
1 =1,2,3.

This simple example illustrates potential difficulties in recovering multivariate distributions from samples
— with no a priori information on a probability distribution on, say, {0,1}¢ - a priori, it could be a
whatever probabilistic vector p of dimension 2% — statistically reliable recovery of p by sampling the
corresponding random vector would require exponential in d, and thus unrealistic already for moderate
d’s, sample sizes. An alternative could be to try to “reconstruct” p from something we can estimate by
sampling reliably, e.g., from low-dimensional marginal distributions induced by p. Our example is the
simplest illustration of the difficulties which cold be met along this road.

Exercise [computational study] Consider situation as follows: at discrete time instants ¢ =
1,2,...,T we observe the states y; € R"” of dynamical system; our observations are

Y+ o&,t=1,2,..,T,

where ¢ > 0 is a given noise intensity and &; are independent across t zero mean Gaussian noises
with unit covariance matrix. All we know about the trajectory of the system is that

lyes1 — 2ye + ye—1]]2 < dt®a, "

where dt > 0 is the continuous time interval between consecutive discrete time instants; in other
words, the Euclidean norm of the (finite-difference approximation of the) acceleration of the system
is < . Given time delay d, we want to estimate the linear form f Ty 4 of the system's state at
time T +d > 1, and we intend to use a linear estimate

T
t=1

1. Write down optimization problem specifying the minimum risk linear estimate, with the risk of
an estimate defined as

Risk[j] = \/supE{\a— FTyr+al?},
yeY

where Y is the set of all trajectories y = {y:, —00 < ¢ < oo} satisfying all constraints (!).

Solution: Let Fty = yt+1 — 2yt + yt—1, so that (!) reads ||Eryll2 < 8 = dt?a, t = 0,41,42, ... For
a linear estimate, we clearly have

T T
E{[§ —yryal3} =D _hdve — FTyral® + 02 llhell3
t=1 t=1
Consequently,
Risk?[g] = o230, |3 +;1’2(h)7
d(h) = max 1 hdye — fTyrta
() vill Beyll2 <Vt | ZTt* ¢ +
= ax 3y b ye = fTyrsd)

m
y:l| Eeyll2<BVt

where the concluding equality follows from the fact that trajectories y and —y simultaneously sat-
isfy /do not satisfy the acceleration bound. Next, when computing sup,,, we clearly can restrict our-
selves with SUD. | By ylla <B,1<t<T" where T = max[T,T + d], and in this case we lose nothing when
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thinking of y as of finite sequence: y = [yo;y1; ... WT-H}' Thus, the optimization problem responsible
for the minimum risk linear estimate is
2
T
max > hlye—fTyrial| |, (%)

y=[y0:¥1:-- 3y ]
0 T+1" =1
IEtyllg<pB,1<t<T

h1,....hp

T
Opt=_ min |F(h)=0">_|h¢|3+
t=1

This is a convex optimization problem with albeit implicitly given, but efficiently computable objec-
tive. The optimal value Opt of the problem is the squared risk of the minimum risk linear estimate.

2. Use Conic Duality to convert the problem from the previous item into a Conic Quadratic problem.
Solution: By Conic Duality,

P(h) = max {GWMyzEﬁ;ﬁZm—fTW4WHﬂthﬁlgtST}
y=[Yo:¥1;- U7, 4]

. T T
S O RIS S

making () the Conic Quadratic problem

[[[r; 51l
7t ll2

v Opt = min v llAzll2

A1y Ak, shr sy ZT ET}\t
t=1"t

.
refo, 1<t <T
s¢/B,1<t<T

(015715 hrs 0,y ]

VAVANIZAY

7[0V(T+(i)><l; f; OV(T—de)xl}
3. Carry out numerical experimentation with minimum risk linear estimate.

Solution: In our experiments, we used v = 3, T = 100, dt = 0.25, « =1, 0 = 0.1, d = 10. We built
linear estimates for every one of the 3 coordinates in y714. The risks of these estimates and their
empirical, over 300 simulations, risks are as follows:

3.73 1 3.73 | 3.73
1.80 | 1.75 | 1.76

Top row: Theoretical risk bounds; bottom row: empirical risks

The plot of a sample simulation is presented on Figure S2IV.3.

Figure S2IV.3. Coordinates of system’s state vs. time. Circles: forecasts; dotted segment
between dotted vertical lines: instants where observations are taken.

Exercise [computational study] Consider the following problem:

A particle is moving through R?. Given positions and velocities of the particle at times
t =0and t =1, find the trajectory of the particle on [0, 1] with minimum possible (upper
bound) on acceleration.

1. Formulate the (discretized in time version of the) problem as a Conic Quadratic problem and
write down its conic dual. Are the problems solvable? Are the optimal values equal to each other?
What is said by optimality conditions?

2. Run numerical experiments in 2D and 3D and look at the results.
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Solution: 1: Let us discretize time interval [0, 1], splitting it into n + 1 consecutive segments of length
dt = 1/(n+1) each, and set ¢; = 7/(n+1). We discretize a candidate trajectory by looking at the sequence
u = {u1,...,un} of positions of the particle at time instants ¢;, ¢ = 1,...,n, and augment this sequence
with two initial terms, u_1, uo, and two concluding terms w1, un+2 to model the boundary conditions;
specifically, we set ug to be the given position of the particle at time 0, and set u_1 = ug — dtv®, where
v0 is the velocity of the particle at time 0. Similarly, we set un+1 to be the given position of particle
at time 1, and set up42 = Unt1 + dtvl, where v! is the velocity of the particle at time 1. Finally, we
approximate the acceleration of the particle at time t; by the finite difference [u; — 2u;—1 + w;—2]/dt?.
As a result, the discretized model of our problem becomes

Opt(P) = min {7 : [Ju; — 2u;_1 + ui_2llz < dt?r,1<i<n+2} (P)
T, U

Note that in this problem, the variables are u1, ..., un, while u_1,ug, Un+1, unt2 are data.
(P) is a Conic Quadratic problem; its “canonical” form is

min {7 : [2u; — ui—1 + ujo;dt’r] € LT 1 < <n 42}
T, U

Equipping the conic constraints with Lagrange multipliers [y;; s;] € Ldtl 1 <4< n+ 2, the conic dual
of (P) is built as follows: we aggregate the constraints with the

¢

‘weights” [yi; si], thus arriving at the

relation
n

Z[dtQTSz‘ + oy [ — 2ui—1 4 uiz2]] >0

i=1
which, due to its origin, is a consequence of the constraints of (P), rewrite this relation equivalently as
[homogeneous linear function of 7, u1, ..., un] > [linear function of y;,s;, 1 <i < n+ 2] (%)

and impose on the Lagrange multipliers, in addition to the constrains [y;;s;] € LA+1 the restriction
that the left hand side linear function in (*) is identically in 7,u1, ..., ur equal to the objective of (P).
The dual problem is to maximize under these restrictions the right hand side of (x).

Executing this strategy (which is a fully mechanical process) results in the dual problem

Opt(D) = maxy,,s; {le [2ug — u—1] — y;uo — yLrlun_H + y2+2[2un+1 — Up42] :
Yit2 —2yiy1—yi =0 ,i=1,...,n (a) (D)
nH2 s = 1/dt? , (b) }
lyi; si] € L+t 1<i<n+2 (o

Clearly, (P) is strictly feasible and bounded, implying that (D) is solvable and that the optimal values are
equal to each other. Besides this, (D) clearly is essentially strictly feasible, so that (P) is solvable as well.
Optimality conditions in their complementary slackness form say that a pair (u},i < n,7*;y%,s¥,i <
n + 2) of primal-dual feasible solutions is composed of optimal solutions iff

fuf = 2uf_y +ui_gidt?r)T[yfis] =0, 1< i Snt2. ()

Observe that the equality constraints (a) in (D) say that entries in y; are linear functions of i: y; =
g + (¢ — 1)h for some g, h. As a result, (D) simplifies to

Opt = mingp, 4, { [—u—1 +uo + Unt1 — unt2] T g+ [~uo + (0 + 2)unt1 — (n+ Dupyo] Th:

g+ (i—1hl2 <s;,1 <i<n+2,3, s = 1/dt2},

(D)

and Opt = Opt(P) = Opt(D). This combines with complementary slackness (#*) to conclude that in

the only nontrivial case Opt > 0 an optimal solution to (P) is readily given by an optimal solution
g*,h*,sf,i <n+2to (D) via the relation

g*+ (i —1)h*

up —2ui_| tuj_o= —dt2Optm

O
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2D trajectoris (top) and magnitudes of velocity vs. time (bottom)

3D trajetories
Figure S2IV.4. Sample trajectories (bold) in Exercise [[V.15|and their 2D projections (dotted).

which holds true for all ¢, 1 < ¢ < n + 2, such that g* + (¢ — 1)h* # 0; in this relation, by definition
u*, = u_1, u§ = uo, U:H-l = Up+1, U:H—Q = up+2. Note that if there is no ¢ < n + 2 such that
g* + (i — 1)h* = 0, recurrence (!) fully determines u}, 1 <4 < n. If g* + (i — 1)h* = 0 (if such an i = i«
exists, it is unique, since otherwise we would have g* = h* = 0 and therefore Opt = 0, which is not the
case), we could specify u} for 1 < i < i, via recurrence (!), and for ¢ = ix, %+ +1,...,n - running the same
recurrence backward, starting with ¢ = n + 2.

2: In or computations, we used n = 50. Sample trajectories in 2D and 3D are shown at Figure S2IV 4.

Exercise [IV.16| [computational study] The study offered to you in this Exercise is as follows:

A steel rod is heated at time t = 0, the magnitude of the temperature being < R,
and is left to cool, the temperature at the endpoints being all the time kept 0. We
measure the temperature of the rod at locations s; and times t; > 0, 1 < i < m; the
measurements are affected by Gaussian noise with zero mean and covariance matrix
021,,. Given the measurements, we want to recover the distribution of temperature
of the rod at time t > 0.

Building the model. With properly selected units of temperature and length (so that the rod
becomes the segment [0, 1]), evolution of the temperature u(t,s) (¢ > 0 is time, s € [0,1] is
location) is governed by the Heat equation

0 92 _
au(t, s) = @u(t, s) [u(t,0) = u(t,1) = 0]

It is convenient to represent functions on [0, 1] as
F(s) =" fudn(s), ¢(s) = V2sin(nks).
k=1

Functions ¢ form an orthonormal basis in the space Ly = L2[0, 1] of square summable real-valued
functions on [0, 1] equipped with the inner product

(f,0) = / F(s)g(s)ds,
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the corresponding norm being || f||2 = \/fol f2(s)ds.

Functions ¢ form an orthonormal basis in L2, meaning that for every f € Lo the series
> fubn(s), fr = (f, bn)
k=1

converges in || - |2 to f, f € L2 if and only if 3, fi < oo, and
O fetr(), Y aedr() = frge Vf, g € Lo
k k k
In particular,

u(t,s) = Zuk(t)cbk(s), ui(t) = / u(t, s)dr(s)ds.
k=1 0

Assuming |u(0, )] < R, we have
> ui(0) < R?, 23)
&

and in terms of the coefficients wuy(¢) of the rod's temperature, the Heat equation becomes very
simple:
d

Euk(t) = 1K u(t) = ui(t) = exp{—7 k>t }ug (0).

As a result, when t > 0, the coefficients u(t) go to 0 exponentially fast as k — oo, so that the
series

Zuk(t)¢k(3)

converges to the solution (t,s) of the heat equation not only in || - ||2, but uniformly on [0, 1] as
well, implying, due to ¢,(0) = ¢r(1) = 0, that the series does satisfy the boundary conditions
u(t,0) = u(t,1) =0, t > 0.

Now our problem can be posed as follows:

The sequence of coefficients {uf,}32, of u(t,-) in the orthonormal basis {¢x(-)}x>1 of
L2 evolves according to
ul = exp{fwszt}u(,i,
with
uo = {Ug}kzl €B = {{Ck}kZl : Zci < R2}
k

Given m noisy observations

wi = Qu[u’] + 0, U] = exp{—m"k*t: }ugeu(s:),
k=1
where &1, ..., &n, are independent of each other N'(0, 1) observation noises, and t; > 0,

si € [0,1] are given, we want to recover the sequence {uf}x>1.
We quantify the performance of a candidate estimate w = (w1,...,wm) = U =
{tk(w)}k>1 by the risk

Risk[a] = | max E¢ Z [T (0 [u0] + €1, ooy Qi [U0] + Em) — exp{—72k2T}ul]?
u9eB k>1

that is, Risk? is the worst, w.r.t. the distribution of temperature at time t = 0 of
| - l2-norm not exceeding R, expected squared norm || - ||3 of the recovery error.
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Our last modeling step is to replace infinite sequences {u$}x>1 with their finite initial segments
{ud}1<r<xk, that is, to approximate the situation by the one where uf = 0 when k > K. The
simplest way to do it is as follows. Let ¢ = min[min; ¢;,]], so that £ > 0. For ugp € B and K > 1,
the magnitude of the total contribution of the coefficients uf, k > K, to u(t, s) with t > ¢ does not
exceed

Z max |¢x (s)| exp{—m2k*t}uf| < & := V2R Z exp{—nk’t}.
k=K+1 © k=K+1

Given a “really small” tolerance § > 0, say, § = 107'%, we can easily find K = K(J) such that
0 < 6. Thus, as far as the temperatures we measure and the temperatures we want to recover are
concerned, zeroing out coefficients uf with k > K () changes these temperatures by at most 4.
Common sense (which can be easily justified by formal analysis) says, that with S_as small as 10717,
these changes have no effect on the quality of our recovery, at least when o > .

Now goes your task:

1. Assuming u§ = 0 for k > K, model the problem of interest as the following estimation problem:
“In the nature” there exists K-dimensional signal u known to belong to the centered

at the origin Euclidean ball B® = {u € R¥ : u"u < R*} of a given radius R. Given
noisy observations

w = Au+ o§, [A:m x K,§ ~N(0,1,)]

we want to recover Bu, quantifying the recovery error of a candidate estimate w
u(w) by its risk

ueBR

Risk2[u] = \/ sup E¢onr(o,1,,) {[U(Au + 0&) — Bu] T[u(Au + 0&) — Bul}

where B is a given K x K matrix.

Write down the expressions for the matrices A and B.

2. Build convex optimization problem responsible for the minimum risk linear estimate — estimate
of the form t(w) = H ' w.

3. Compute the minimum risk linear estimate and run simulations to test its performance.
Recommended setup:

e ¢ € {0.01,0.001,0.0001,0.00001}
e m = 100, ¢; are drawn at random from the uniform distribution on [f,2¢], s; are drawn at
random from the uniform distribution on [0, 1];

e R=10" 0=10,6=10""

e To accelerate computations, truncate K () at the level 100.
Solution: 1: Ay, = V2exp{—n2k?t;}sin(rks;), 1 <i < m,1 < k < K. B is diagonal K x K matrix
with diagonal entries exp{—72k?t}, 1 <k < K.
2: The problem is

Opt= min \/R2||BfHTA||§2+02Tr(HTH),
HeRmMxK ’

where || - ||2,2 is the spectral norm (the largest singular value) of a matrix.

3: Our results are as follows:

empirical errors

t K Risk2 mean | median max
0.01 18 6.47 6.35 11.24 717
0.001 58 15.60 14.06 13.84 22.71

0.0001 | 100 | 1186.8 || 1154.3 | 1638.9 | 2192.3

0.00001 | 100 | 4332.2 || 4332.2 | 4762.9 | 9294.7

Risks and empirical recovery errors,

data over 100 simulations
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Figure S2IV.5. Sample recoveries: dotted line - true; solid line — recovery

To put the results in proper perspective, pay attention to the range of true signals on Figure S2IV.5.

Exercise [[V.I7} Given positive definite A € S™, let us set
P[A|={XeS": X=0,X>< A}, QA]={X eS": X =0,X < AY?}.

From >-monotonicity of the matrix square root on S? (Example |IV.20.5|in section [20.2)) it follows
that P[A] C Q[A]. Your task is to answer the following question:

Are P[A] and Q[A] " comparable,” meaning that for some c independent of A (but perhaps
depending on n) one has

Q[A] C ¢- P[4] ?

Solution: The answer is negative, unless n = 1. To justify the claim, it suffices to consider the case of

1/2
n =2.Given e € (0,1), let us set A = [L'T} ,so that A1/2 = [;'T] , implying that the matrix

1/2 1/4
X=1 [%’%] belongs to Q[A]. On the other hand, for X = [z;;]; j=1,2 € P[A] we should have

€
[X2]111 = X1271 + X12’2 < Ay,1 = ¢, that is, X7 2 < /e. By looking at off-diagonal entries, we conclude
that if Q[A] C ¢ P[A], so that X = c¢X for some X € P[A], we should have ¢ > %5*1/4, and the right
hand side here tends to +o0o0 when € — +0. |

016 005 0016
014 0014

012 0012

008 0.025 0.008
006 0.006
004 0.004

002 . 0.002

e=10"2 e=10"4 e=10"°
Figure S2IV.6. Results for Exercise

t &
For a given e, setting A = [L'T], the matrices from P[A] are of the form |: \f ] with 0 <
s

t
t,s < 1 and —v(t,8) < 8 < 7¢(t,s), and the matrices from Q[A] are of the form [%’i] with
s

0<ts<1and —0(ts) << 0(t,s). What you see on Figure S2IV.6 are the plots of the functions
ve(t,1 —t) (lower curves) and 0c(¢,1 — t) (upper curves) vs. t € [0, 1].

Exercise Find the optimal value in the convex optimization problem
Opt(a) = mzin {Zizl[—(l +ai)x; + xilnz;] x>0, lel < 1}

where 0In0 = 0 by definition, so that the function xInx is well defined and continuous on the
nonnegative ray z > 0.
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Solution: The problem is of the form mingex f(z) with X ={z € R" : 2> 0,> ,2; <1} and

flz) = Zi[—(l + a;)z; + x; Inx;);

f is convex on X and is differentiable on the part x > 0 of X. Let us make an educated guess that there
is an optimal solution x to the problem with = > 0. The necessary and sufficient condition for such a
solution z to be optimal is that

1. either z € int X and V f(z) = 0, resulting in
z; =exp{a;},1 <i<my
this solution indeed belongs to the interior of X provided that
ijl exp{a;} <1 "

2. or z > 0 belongs to the face lel =1 of X, in which case z is optimal if and only if Vf(x) has
nonnegative inner products with all directions leading from z to points of X, or, which is the same,
V f(x) is a nonpositive multiple of the all-ones vector. Thus, what we want of z now is to be positive,
to have ).« =1, and to have

Vi(z) =—=X1;...51]
with some A > 0. Looking at what V f(z) is, this boils down to
z; = exp{a; — \}
and ) _.x; = 1, implying

A= ln(zj exp{a;}).

Thus, A > 0 whenever (!) fails to be true, and in this case

_ exp{a;}
T =
Zj exp{a;}
The bottom line is that an optimal solution is given by
@ = exp{ai} 1<i<n,

max(l, 3, explag}]

and the optimal value is

{ 721' exp{ai}7 ZZ exp{ai} <1,
—In (Y, exp{a;}) — 1, otherwise

Exercise Given m x m matrix A with trivial kernel, consider the matrix-valued function
F(X)=[A"X""A]"" : DomF := {X € S™, X = 0} — S7. Prove that F' is =-concave on its
domain.

Solution: We should prove that the >-hypograph of F' — the set
E={X,)Y:XeS" X >0,YeS"Y <F(X)}
is convex. To this end it suffices to show that the set
F={X,Y:XeS"™X>0,0<Y <F(X)}
is convex, since £ is the sum of F and the convex set {Omxm} X [~S’}]. We have

Y=0&X-0&Y < [ATX1A]7!

<= Y>0&X>0&ATX1A<Y ™! [Exercise[D.5]
y-! | AT
= Y>0&X>0& [ 1 :| > 0 [Schur Complement Lemmal

Y =0& X =0 &X = AYAT [Schur Complement Lemma]
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and the resulting description of F clearly states that F is convex. |
Note: the result we have just proved is the special case of the one stated in Exercise 5.

Exercise [IV.20] [cone-constrained semidefinite problems]

1. Let X,Y € ST. Prove that Tr(XY) =0is and only if XY =YX = 0.

2. Given an ordered collection v = {nq,...,ni} of positive integers, let S” be the space of block-
diagonal symmetric matrices with k diagonal blocks of sizes n1 xn1,...,nx X ng, and let SY. be the
cone of positive semidefinite matrices from S”. Equipping S” with the Frobenius inner product,
S’ clearly is a self-dual regular cone in the resulting Euclidean space.

Convex cone-constrained problem on the cone S is of the generic form

Opt(SDP) = min { f(x) : §(x) := Az — b < 0, §(x) = Diag{gs (2), ., 9o (@)} <sy, 0}
(SDP)
where X is a nonempty convex set in some R", the function f : X — R is convex, and the
mapping g : X — S” is S’ -convex.
Prove that in the case of convex cone-constrained semidefinite problem (SDP) Theorem [IV.19.7
reads

Theorem SDP Consider a convex cone-constrained semidefinite problem
(SDP), let z* € X be a feasible solution to the problem, and let f and g be differ-
entiable at z*. B N

(i) If 2* is a KKT point of (SDP), the Lagrange multipliers being X* > 0 and \* € S¥,
meaning that

X: [g ZC*)]Z =0Vi & X*g(l‘*) =0 [sdp complementary slackness]
Va [f(x) + VT g() +Tr()\*§(:c))] | . €—Nx(a") [KKT equation]

(here, as always, Nx(x) is the normal cone of X, see ), then xz* is an optimal
solution to (SDP).

(if) If =* is optimal solution to (SDP) and, if addition to the above premise, (SDP)
satisfies the cone-constrained Relaxed Slater condition, then x* is an sdp KKT point,
as defined in item (i).

r=x*

Solution: 1. This claim is Exercise [V.32.

2. Straightforward application of Theoremto the convex cone-constrained problem (SDP) differs
from Theorem SDP in the only point: in the complementary slackness part of the former The-
orem, the g-related equality reads Tr(X\*G(z*)) = 0, while in Theorem SDP the corresponding
equality is X*gj (z*) = 0. Taking into account that we are in the case A =0, g(z*) % 0 and invoking
item 1 of Exercise, in the situation in question both equalities are satisfied /not satisfied simultaneously.

Exercise [follow-up to Exercise In the sequel, we fix the dimension n of the embedding
space and denote by Ec = {# € R" : ' Cx < 1} the centered at the origin ellipsoid associated
with positive definite n x n matrix C. Given positive K and K ellipsoids E4,, k < K, consider two
optimization problems:

— O: find the smallest volume centered at the origin ellipsoid containing Ux<x E4,,

— Z: find the largest volume centered at the origin ellipsoid contained in Ny<x E4, .

=

Pose O as a solvable convex cone-constrained semidefinite program

2. Prove that problems O and Z reduce to each other at the cost of appropriate modification of the
data

3. Prove that there exist matrices A > 0 such that A := 3", Ax > 0 and

Ap = A ArA, k < K.

Solution: Let X be the set of positive definite n X n matrices, and v = {n,...,n}.
N——

K
1: By the result of Exercise [ 14}2, we have Ep C Egq if and only if P » Q. Specifying a candidate
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solution to O as Ey, the constraint By D UgEa4,, that is, F4, C Ey for all k, becomes U = Ay
and U € X. By the result of Exercise 37 Vol(Ey) = Det~1/2(U), so that O can be posed as the
optimization problem

i {— InDet(U) : §(U) := Diag{U — A1, ..U — Ak} <sv 0} (©)
By Fact applied to the convex symmetric function g(t) = — ZZ Int; : int R} — R, the objective
in (O) is convex on X; thus, (O) is a convex cone-constrained semidefinite program,
It is immediately seen that the problem is solvable. Indeed, its feasible set F' is nonempty and bounded,
and the sublevel sets {U € F' : —InDet(U) < a} of the objective on this set clearly are closed, so that
on the feasible set the objective attains its minimum.
2: As we know from Example Polar (Ep) = Ep-1, and from Exercise

Vol(Polar (Ep)) = 1/Vol(Ep).

Besides this, passing to polars reverses inclusions. It follows that an ellipsoid Eys is a feasible solution
to problem O with data Aj,..., Ag if and only if the ellipsoid Ey;—1 is a feasible solution to problem
7 with the data A;l, vy A;(I, and the volumes Vol of these two ellipsoids are reciprocals of each other.
The bottom line is that problem O with data A, ..., Ax reduces straightforwardly to problem Z with
data A;l, vy A}l, and vice versa.
3: The objective — InDet(U) in the cone-constrained Problem (O) is differentiable everywhere on X with
the gradient —U !, see Example Besides this, (O) is strictly feasible due to A > 0, k < K. Let
U, be an optimal solution to the problem (it exists by item 1). The cone-constrained Lagrange function
of (0) is

K

—InDet(U) + Y Tr(AR[U — Ag)).

k=1
Invoking Theorem SDP.ii and taking into account that Us € int X = X, there exist Lagrange
multipliers Ay, € ST, k < K, such that

U Y AR =0& Ag(Us — Ag) =0, k< K.
k

Augmenting Ap, ..., \g with A := Zk A = Ut - 0, we meet the requirements from item 3. |

Exercise [[V.22] Recall convex cone-constrained problem in Example [V:I8.1] section [I8.1]

Opt(P) = {t: t>Tr(y) ,y*=<B} (18-1)

min
z=(t,y) ERXS"
<~ (y,In)—t<0

where B is a positive definite matrix.
1. Verify
Solution: We have
L(t,y; A, A) = t + A[Tr(y) — t] + Tr(A[y® — B]) : [R x 8] x [R4 x S7] = R
= LN = infieryesn [+ NTr(y) — 1) + Tr(ly* - B)]
—00 AFEL
{ infyegn [Tr(y) +Te(A[y? — B])] A=1

—o0 A#EL
={ - A=1&Xebds?
—ITr(A"Y) —Tr(AB) ,X=1& A €intS}

where the concluding equality stems from the following observations:
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e when X € bd Si, X has a nontrivial kernel; taking as f a nonzero vector from this kernel and setting
y(s) = —sff T, we get

L(Tr(y(s)),y(s); 1,A) = —sf T f +Te(s2[f T fINFfT —AB) = —sf ' f — Tr(AB) — —o0, s — o0,
~——

=0

that is, L(l,X) = —o0;
e when A > 0, the minimum in ¢,y of the convex in (¢,y) function

L(t,y:1, %) = Tr(y)+Tr(My® — B))
can be found from the Fermat equation

0=V, |Tr(y) + Tr(A\[y> — B))| = I, + Ay + yA

resulting in y = —%X’l and
~ 1~ ~
L(lv )‘) = 72“()‘_1) - H(AB)»
as claimed in (18.2)). |

2. Find Lagrange multipliers certifying that t. = —Tr(Bl/2 ;Y = —B'Y? is a cone-constrained
KKT point of problem (18.1)) (and thus, by Theorem [IV.19.7| is an optimal solution to the
problem).

Solution: As it should be, the Lagrange multipliers, if any, certifying that (¢«,y«) is a KKT point of
(18.1) should be an optimal solution to the cone-constrained Lagrange dual (18.3)) of (18.1)). This solution

was found in section [18.3] and augmenting (t«,y«) with these Lagrange multipliers, we clearly meet the
complementary slackness

N[ts = Tr(y.)] =0, Tr(A[y? — B]) =0

and the KKT equation

VtL(tv y§X7/)‘\) = 07 VyL(t»y;XX) = In + [y*}:+/):y*} =0
t=ts,y=yx t=ts, Y=y«

3. Consider the parametric family

Opt(p i= (v,w)) = _min {t:t>Tr(y),yv'y < w} (Plp])

of convex cone-constrained problems, with p € P = {p = (v,w) : v € int ST, w € int ST} }, so
that (18.1)) is problem (P[p]) corresponding to
p= (In: B)-

Prove that Opt(p) is convex function of p € P and find a subgradient of this function at the

point p.
Solution: Observe that setting « = (¢,y), the scalar function g(z, p) = Tr(y) — t clearly is R -convex,
and the S™-valued function g(z,p) = yv ™'y — w is =-convex in (z,p) € [R x S™] x P; indeed, by Fact
1V.20.1| =-convexity of g(x,p) on the indicated domain is the same as the convexity of the >=-epigraph
of g, and this epigraph is, by the Schur Complement Lemma, the set

z4+w |y

{(t,y,v,w,z) € [R x 8™ x [int 8] x S"] x S™: { ; »

]zm

which clearly is convex. Applying Proposition|IV.19.8] we conclude that Opt(p) is convex on P. Recalling
that by item 2 of Exercise, (t« = —Tr(B'/2),y. = —B/2) is a cone-constrained KKT point of (P[p]),
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the corresponding Lagrange multipliers being X = 1, = %Bil/Q, and taking into account that in the
case in question in the notation from Proposition [[V.19.8 we have

F, =0, Gp[dv,dw] = —yv " 1ovo™ Ly, — dw
v=1Ip,

(see Examplein section , the pair [— 531/27 - %B’l/z] is a subgradient of Opt(-) at p=p =
[In, B]:

Opt(p = (v,w)) > —Tr(BY2)+Tr(\[Gp[v — In,w — BJ))
——

Opt(In,B)
= —Tr(BY?) - 1Tr([v — I]BY/?) — 1Tx(B~Y/2[w — B]).

Exercise [IV.23] [follow-up to Exercise[[V.4] Given positive integers m, n, consider two parametric
families of convex sets:

o Si[P]={(X,Y)€ER, ::SmxS":[ X 1P

PT Y
the space R™*"™ of m X n matrices, let it be temporarily denoted P1;

o So[P] = {(X,Y) € Ry :=S™ x R™*" : [ X | ¥

] = 0}, where the “parameter” P runs through

Y P
through the positive semidefinite cone S, let it be temporarily denoted P-.

} = 0}, where the “parameter” P runs

Prove that for x = 1,2 the set-valued mappings P — S, [P] are super-additive on their domains:
P,QePy = P+Q€Py& S P+ 5[Q] CSx[P+Q].
(%)

and that the concluding inclusion
— not necessarily is equality for x = 1, and
— is equality for x = 2.

Solution: The super-additivity is evident due to the following evident fact:

Let Kc RM P c RN be cones, and A(U, P) be a linear (linear, not affine!) mapping from
RIU< X Rg into RM such that the set

S[P] ={U e RE : A(U,P) e K}

is nonempty when P € P. Then the set-valued mapping P +— S[P] is super-additive on P.
Indeed, when P; € P and U; € S[F;], ¢ = 1,2, we have K 3 A(Uy, P1) + AUz, P2) =
A(Uy 4+ Ua, P1 + P»), implying that Uy 4+ Uz € S[P1 + P»].

The fact that inclusion (*) can be strict when x = 1 is nearly evident: take a nonzero P € R™*" and
note that all pairs (X,Y’) € S1[P], same as all pairs (X,Y’) € S1[—P], have nonzero positive semidefinite
components X,Y, while S[0pm, xn] contains the pair (X = Omxm,Y = Onxn) which clearly cannot be
represented as the sum of two pairs of matrices with nonzero positive semidefinite components in every
pair. Thus, when @ = —P # 0 and x = 1, inclusion (x) is strict.

The only nontrivial part of the exercise is to prove that when x = 2, the inclusion () is equality whenever
P, @Q are positive semidefinite. In other words, we want to demonstrate that when

P651&Qesi&Res’",SeRmX"&D;:[SR pi@}io 1)

the matrix D can be decomposed into the sum of two positive semidefinite matrices, one of the form

[ vy lv }, and the other — of the form [ W | Z } This is the same as to verify that setting
vi | P ZT | o
U v —-U -V
AL(UV) = [7—‘7] A_(U,V) = [7{—]
R S
e ke NN
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the conic constraint

(A4 (U, V), A_(U,V)) = (by,b-) € STH™ 5 STH" (2)
—— —————
=:A(U,V) =:b —K

in variables U, V is feasible.
Assume that the constraint is infeasible, and let us lead this assumption to contradiction. The image
space of the linear mapping (U, V) — A(U, V) is composed of pairs

U |V U | -V

Vv | V| T |
of symmetric (m 4+ n) X (m + n) matrices with U € 8™ and V € R™*"™; such a pair can belong to
K (that is, has both components positive semidefinite) if and only if V = 0 and both U and —U are

positive semidefinite, that is, if and only if U = 0 and V = 0. With this in mind, the results of Exercise
say that infeasibility of (2) implies existence of A = (A4, A_) € K, that is, Ay € ST+", such that

Tr(AL A (U, V) + Tr(A_A_(U,V)) = 0¥(U € 8™,V € R™ ™) & Tr(Ayby) + Tr(A_b_) > 0. (3)

Representing
Etr | Ft

A= [ G| PresmGresn

the first relation in (3) boils down to
Te(U[E4 — E_]) + 2Tx(V[Fy — F_]T) = 0Y(U € 8™,V € R™*"),
that is, Ef = E_ =: E, F{ = F_ =: F. Now the second relation in (3) reads

Tr(G4+ P) + Tr(ER) + 2Tr(FST) 4+ Tr(G-Q) < 0. (4)

and, besides this [ FE GFi } > 0. When replacing F in (4) with E/ = E + €l,, with small enough

positive €, the strict inequality remains valid:

Tr(G4 P) + Tr(E'R) + 2Tr(FST) + Tr(G_Q) < 0. (5)
E’ F
F Gi
Gyt = G := FT[E'|"'F. When replacing G4 with G < G4 in the left hand side of (5), we can only
decrease the value of the left hand side due to P = 0, Q > 0, so that

On the other hand, we have [ ] = 0 and E’ > 0, whence, by Schur Complement Lemma,

Tr(GP) 4+ Tr(E'R) 4+ 2Tr(FST) + Tr(GQ) < 0.

The left hand side here is nothing but

v (] )

i.e., it is the Frobenius inner product of two positive semidefinite (by (1) and due to the origin of G)

matrices, and this product cannot be negative, which is the desired contradiction. |
Exercise [[V.24] In the simplest Steiner problem, one is given m distinct points a1, ...,am in R"®

and is looking for a point . such that the sum of Euclidean distances between the points and x. is
as small as possible (think, e.g., about m oil wells on 2D plane and the problem of locating collector
to be linked to the wells by pipes in a way minimizing the total length of the pipes).

1. Pose the problem as conic problem, the cone being direct product of m Lorentz cones.

2. Build the dual problem. Are the primal and the dual problems solvable? Are the primal and the
dual optimal values equal to each other?

3. Write down optimality conditions and see what they say
Hint: You are advised to consider separately the cases where optimal solution differs from all of
the points ai,...,am, and the case when it is one of the points.
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4. Solve the problem in the case when n = 2, m = 3 and a1, a2, a3 are vertices of triangle on 2D
plane.

Solution: 1: The “maiden” form of the problem is

m
min, 2; llz — asl|2, (Pini)
iz

the conic reformulation is
r{l,izn {Ztl e —aglle < tg,1 < m} ;
k2

the constraints in this reformulation say that the vectors [z — a;;t;] belong to the Lorentz cone L™T1,
and the objective is linear. To obey our standards on writing down conic problems, we should rewrite
the above problem as

Opt(P) = ming ¢ {ZZ ti: Alz;t] — b= [[x — ar;ti]; [z — ag;t2]; .- 5 [ — am;tm]] 2K O}
K=L""x.. . xL"H! (P)
| ——

m times

2: To build the dual problem, we equip the conic constraint with Lagrange multiplier restricted to belong
to the dual to K cone K. This dual cone is K itself due to self-duality of the Lorentz cone, so that
the Lagrange multiplier is [[y1;s1];- - - [Ym; sm]] with [y;;s;] € L™T1. We then take the sidewise inner
product of the conic constraint of the primal problem with the Lagrange multiplier, thus arriving at the
scalar linear inequality

S sty @l > vl ais (*)
[ [

whenever [y;; s;] € L™T1, i < m, this inequality is consequence of the constraints of the primal problem.
To build the dual problem, we impose on the Lagrange multipliers, aside of the restrictions [y;; s;] € L™+,
the restriction that the left hand side in () is equal to the objective of (P) identically in z,t1,...,tm,
which in our case reads
si=1i<m, Y yi=0.
i

The dual problem is to maximize the right hand side of (*) in [y;; s;] under the resulting constraints, so
that the dual problem reads

YisSi

Opt(D) = max {Za?yi Hyille <si=1,.,1 < m,Zyi = O} (D)
3 2
The primal and the dual problems clearly satisfy the Slater and the Relaxed Slater conditions, respec-
tively, so that by Conic Duality Theorem problems are solvable with equal optimal values.
3: Optimality conditions from Theorem [[V.19.9]in their “complementary slackness” form state that the
(under the circumstances, necessary and sufficient) condition for feasible solutions (z, {t;}) to (P) and
{yi, si} to (D) to be optimal for the respective problems is

> e —aiti] yissi] =0,
i

or, which is the same due to s; = 1 (by dual feasibility) and [z — a;;t;] € L™, [y 8] € LT
yilai—a]=t;, i<m

Since ||y;||2 < 1 and |la; — z||2 < t;, the above equality implies that v, [a; — 2] > ||y:||2]|a; — z||2. This,
taken together with what we know about equality case of Cauchy inequality (Theorem [B.1) means that
for every i,

— either = # a;, and then y; and t; = ||a; — z2

— _ai—w
= llai—=[l2
—orxz=a; t; =0, and ||y;||2 < 1.
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We conclude that there are two possible cases:

(A): the z-component of optimal solution to (P) differs from every one of a;. In this case we should have
Y = ﬁ for all 4;

(B): the z-component of optimal solution to (P) is some a;,. In this case y; = ﬁ for all ¢ # iy
and y;, can be arbitrary vector of || - ||2-norm < 1.

Taking into account that we should have ZZ y; = 0, we arrive at the following conclusions:

(A): If z is different from all a; and satisfies the relation )
t; = ||z — ai||2, © < m, form an optimal solution to (P).
(B): If = a;, for iy such that || > i D

form an optimal solution to (P).

4T — (0, then = and
i [la;—=[l2

it mﬂz <1, then z and t; = ||z — as|2, i < m,
Moreover, every optimal solution to (P) is either given by (A), or by (B), and optimal solutions
do exist.
4: When m = 3 and a1, a2, a3 are the vertices of a triangle in 2D plane (n = 2), (A) says that a point
distinct from a1, a2, a3 solves (Pi,;) if and only if all three sides of Aajazasz are seen from the point x
under angles 120° — the unit vectors “looking” from x at the vertices of the triangle should sum up to
0. Elementary geometry says that such a point does exist when all three angles of Aajazas are < 120°.
If the latter is not the case, optimal z is given by (B) and is just the vertex of Aajazas with angle at
the vertex > 120°.

Exercise [[V.25] Consider a primal-dual pair of conic problems
Opt(P) = min {CT.IZ i Az >k b} (P)
Opt(D) = max {bTy cy>k, 0, Aly= c} (D)
Y

(K C R" is a regular cone) and assume that both problems are feasible.

1. Find the recessive cones Rec(P) and Rec(D) of the primal and the dual feasible sets.
2. Prove that the feasible set of at least one of the problems is unbounded.

Solution: The feasible sets of (P) and (D) are nonempty, convex, and clearly closed. Let Z be primal
feasible and 4 be dual feasible. Then, we have

Rec(P) ={h: Az +th]—b€eK,Vt >0} ={h: Ah—t '[Az - b € K, Vt >0}
={h: Ah € K}
Rec(D):{g: ngrtgeK*,tAngo,tZO}:{geK*: ATg:O}.

Now assume that the feasible set of (D) is bounded, and let us prove that the feasible set of (P) is
unbounded. As K is a regular cone, we can select f € int K. Consider two convex sets S = {y ATy = 0}
and T = {y EK,: fly= 1}; note that T # @ due to f € int K. We are in the situation where the
dual feasible set is nonempty, closed, and bounded, implying by Fact [I1.6.18|that Rec(D) = {0}, that is,
SNK, = {0}, whence the closed nonempty convex sets S and T" do not intersect. Recall also that as K
is a regular cone so is its dual K, and thus by Fact[[T.6.38| T" is compact. Then, the convex sets S, T are
at positive distance from each other and one of them is compact, hence they can be strongly separated:
there exists a vector a such that

sup aTy < min aTy.
yeS yeT

As S is a linear space and T is a base of K, (Fact [I1.6.38)), this relationship is equivalent to
aeSt =[KerAT]t =ImA, and a€int(Ki). =int K.

Here the inclusion a € int(Kx )« is given by Fact [I1.6.38}ii as applied to the regular cone K. in the role
of M combined with the fact that a'y > 0 for all y € T and therefore for all y € K. \ {0}. Thus,
we conclude that a = Ah for some h such that Ah € int K and thus h # 0, which clearly shows that
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Rec(P) = {h : Ah € K} # {0} and thus the primal feasible set is unbounded. Note that we have shown
{h: Ah € int K} # @, which is indeed something even stronger than what was desired. |

Exercise [semidefinite duality] A semidefinite program is a conic program involving the
positive semidefinite cone. As a matter of fact, Semidefinite programming — the family of semidefinite
programs — possesses extremely powerful “expressive abilities.” It is prudent to say that for all
practical purposes, whatever it means, Semidefinite programming is “the same” as the entire Convex
programming. In this exercise we would like to acquaint the reader with the specific form taken by
Conic duality when the cone involved is the positive semidefinite cone.

Formally, a semidefinite program is of the form

Opt(P) = min {CT:E : Ar —b:= Zjajwj—bzo

AI—B::m1A1+...+wnAn—BEO}’ (P)

where a;, b are vectors from some R?, and A;, B are matrices from some S?. “Real life” form of
a semidefinite program usually is a bit different, namely,

. T Az —b:=3 wja; —b>0
Opt(P) = min {c T A;x — B? ::x1A§+...+mnAiLfBi§O, Vi<m |’ (P)

where A}, B* € 8% . In the formulation (P) as opposed to the formulation (P) we have a bunch
of positive semidefinite cone constraints, i.e., A;xz — B® > 0, i < m, instead of a single constraint
Az — B = 0. We can always rewrite (P) in the form of (P) by assembling A}, B" into block-
diagonal matrices A; = Diag{A],..., AT'}, B = Diag{B",..., B™}. Taking into account that
a block-diagonal symmetric matrix is positive semidefinite if and only if all the diagonal blocks
are positive semidefinite, we deduce that (P) is equivalent to the problem

Ar —b:=> xja; —b>0
: T 34 2
zrgllftr}l{cx A‘T—Bizijl’jAj—BiO}

of the form (P). When proving theorems, it is usually better to work with program in the form
of (P) — it saves notation; in contrast, when working with “real life” semidefinite programs, it
is usually better to operate with problems in more detailed form (P).

Your task is as follows:

1. Verify that the conic dual of (P) is the semidefinite program

max {bT)\ + i Tr(A:B") : (D)

AERY,A €84 i<m
A{Agi<m} pat ’

ATA+ Zgl AF A = ¢,

where for the linear mapping = — Zj z;A; : R"™ — S its conjugate linear mapping X —
A*X : S — R" is given by the identity

Tr(X[Az]) = [A"X] Tz V(zeR", X €89),

or, which is the same,
A*X = [Tr(A1 X);...; Tr(A. X)].
Solution: (P) is the cone-constrained problem
min {f(z):=c'z: g(z):=b— Az <0, g(z)

zER™
*
::Diag{BlfzjmjA;,...,BmijxjA;n}E*K} (*)

where K is the cone composed of the positive semidefinite block-diagonal symmetric matrices with m
diagonal blocks of sizes q1,...,gm. Then, the cone K lives in the space S{91:-:m} of block-diagonal
symmetric matrices with m diagonal blocks of sizes q1, . . ., ¢gm . Equipping sia1,-am} with Frobenius in-
ner product and taking into account that positive semidefinite cone is self-dual, we immediately conclude
that K is self-dual as well. As a result,
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the Lagrange multipliers A € K, are exactly block-diagonal matrices A = Diag{A1,...Am} with
diagonal blocks A; € S, for all 4 < m;

the cone-constrained Lagrange function of (x) is the function
L(z; A, A) = f(2) + ATg(2) + Tr(g(a)A), "
where the last term in the right hand side is precisely what is prescribed by our general description
of cone-constrained Lagrange function, i.e., it is the inner product of the Lagrange multiplier A for
the cone constraint g(z) <x 0 and the left hand side of this constrain@ In other words,
Lz A A) =cTa+AT[b— Az]+ > Tr (Ai[Bi -2 A;x]]) :
R7 x [RE x 8% x ... x 81" - R.
Consequently, the cone-constrained Lagrange dual of (x) is the problem
max . { L(X\A)
AERi,A:{A,iGSJ:}
= inf [)\Tb + 30, Tr(ABY) 4+ X, a5le; — ATay - X, Tr(AiA;’.)]] }
Note also that

ATb+ 3, Tr(AiBy), i ATA+ Y, [Tr(ATA:); .. Tr(ALA)] = ¢
—00, otherwise

LOWA) = {

Therefore, the conic dual of (P) is given by

CAERL, AMesti<m D)
A {Ag,i<m}

T Tr(A;B;) : . .
T {A ”+Z r(AiBi) ATA+ Y, [Tr(ATA); .. Tr(ALA)] = ¢

In words, the recipe for building the dual to the semidefinite program (P) is as follows:

1.

12

We equip the constraints of (P) with Lagrange multipliers, specifically, the linear constraints Az —b >
0 with the multiplier A € RP such that A > 0, and the semidefinite constraints A;x — B; :=
Zj ijé. — B? > 0 with the multipliers A; € S% such that A; > 0.

. We take the inner products of the left hand sides of the constraints in (P) and the associated Lagrange

multipliers (the standard inner product for the linear constraint Az —b > 0, and the Frobenius inner
products for the semidefinite constraints A;z — B* > 0) and sum up the results, arriving at the
aggregated constraint

.
z>b"A+ Y Tr(B'A),
7

ATA+D AN,

where A X = [Tr(A{ X);...; Tr(AL X))
By its origin, this constraint is a consequence of the system of constraints in (P).

in our general description of cone-constrained Lagrange function, the cone in the cone constraint
lived in some R¥, and the product of the Lagrange multiplier and the body of the constraint was
the standard inner product in RY. Our present situation can be reduced to the standard one by
identifying S = S{41:---4m} equipped with the Frobenius inner product with appropriate RV
equipped with the standard inner product, identification being given by selecting orthonormal,
w.r.t. the Frobenius inner product, basis in S and identifying X € S with the vector of coordinates
of X in this basis. There, however, is no necessity to carry out this identification explicitly, since all
we are interested in is what will be the standard inner product of vectors of coordinates of A and of
g() in this orthonormal basis, and we know the answer in advance — this will be the Frobenius
inner product of A and g(z), the entity we see in (!).
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3. We impose on the Lagrange multipliers, aside of the restrictions mentioned in item 1, the restriction
that the left hand side in the aggregated constraint is equal to ¢ 'z identically in z € R™, so that
the right hand side in this constraint is a lower bound on Opt(P), The dual program (D) is nothing
but the problem of maximizing this lower bound over Lagrange multipliers satisfying the restrictions
just listed.

Exercise [IV.27| [example of semidefinite relaxation] Let T} > 0,k < K, be positive semidefinite
m x m matrices such that >, T = 0, T C R be a convex compact set intersecting the interior of

Rf, and A be a symmetric m x m matrix. Let also ¢7(z) = maxser z 't be the support function
of 7. Prove that

Opt := min. {¢7(2):2>0,A=<>, 2Tk} (a)
= maxa, {Tr(AA) : A = 0,t € T, Te(TxA) < tp, k < K} (b)

and that both minimization and maximization problems above are solvable.

Solution: Since T is bounded, ¢ is real-valued and continuous, and since T C Rf contains a positive
vector, the sets {z > 0: ¢7(2) < a} are closed and bounded for every a € R. The problem specifying
Opt is cone constrained problem which is strictly feasible (due to Zk T > 0), and by the above,
denoting by Z the feasible set of the problem, the feasible sublevel sets {z € Z : ¢7(2) < a} of ¢ are
closed and bounded for every a; since the objective is continuous, it follows that the problem is solvable
(Theorem . The minimization problem specifying Opt is cone constrained strictly feasible and
below bounded problem. Thus, by cone constrained version of Convex Programming Duality Theorem
(Theorem , the cone constrained Lagrange dual of problem (a) is solvable with optimal value
Opt. The cone constrained Lagrange function of (a) is

L(z; M A) = ¢7(2) = ATz + Tr(A[A = > % Ti)) : RE < [RE x ST > R,
k

so that the objective in the dual problem is

LOVA) = Te(AN) +_inf [qu(z)sz [Te(ATY) + Ass s Tr(ATi) + Ak |
z€E
=:4(\,A)

that is, L(A, A) — Tr(AA) is the minus Legendre transform ¢%- of ¢7(-) as evaluated at £(X, A). Since T
is convex, nonempty, and closed, ¢7- is just the characteristic function of T (Exercise [IIL.10]), that is,

L(A,A):{ TZ(OAA) OGN ET }

,otherwise

so that the cone constrained Lagrange dual of (a), which is the problem of maximizing L over the set
{A>0,A > 0} is equivalent to (b). |

Exercise[TV:28] What follows is the concluding exercise in the “Truss Topology Design” series. We
have already used TTD problem to present instructive “real life” illustrations of the power of several
results of Convex Analysis, specifically, Caratheodory Theorem (Exercise [I.18]), epigraph description
of convexity and Helly Theorem (Exercise and S-Lemma (Exercise [IV.11]), not speaking about
the Schur Complement Lemma which was instrumental in all these exercises. Now it is time to
illustrate the power of conic duality.

In the sequel, we assume that the reader is reasonably well acquainted with Truss Topology Design
story as told in Exercise and use without additional comments the notions, notation, and the
results presented in this Exercise, including the default assumption 93 which remains in force below.
In addition, we assume from now on that the load of interest f is nonzero — this is the only nontrivial
case in TTD.

Recall that the TTD problem as posed in Exercise [[16]2 reads

. T
Opt:min{‘r: [ BDiag{t}B' | ]EO,tZO,Zti:W} (P)

fT | 27
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In our present language, this is a semidefinite program, and we know from Exercise mthat this
problem is solvable.
Your first task is easy:
1. Build the semidefinite dual of (P) and prove that the dual problem is solvable with the same
optimal value Opt as the primal problem (P).
Since passing from a semidefinite problem to its dual is a purely mechanical process, on one hand,
and the subsequent tasks will be formulated in terms of the dual problem, here is the dual as given
by Conic Duality:

YL . _ T ) R C N > V g .
v,@rfé’j‘,’f,u{ 2f g—Wp:20=1,b; Vb + i —p=0Vi,A >0, 7 7 =0

Eliminating variable 6 (which is fixed by the corresponding constraint), we rewrite the dual as

max {foTng/L:b;eri+>\¢*/A:0Vi,>\20, [*Vr—‘%] EO} (D)
Vg, A, u g 5

What is left to you, is to verify the derivation and to prove that (D) is solvable with the same optimal
value Opt as (P).

Solution: Assumption R states that every ¢ > 0 satisfying the linear equality Zl t; = W results in
positive definite matrix BDiag{t}BT, implying by the Schur Complement Lemma that augmenting ¢
with large enough 7, we get a feasible solution to (P) which strictly satisfies all >- and >-constraints
of (P). Thus, (P) is essentially strictly feasible (and of course bounded — the objective is nonnegative
on the feasible set, not speaking about already known to us solvability of (P)). Applying Conic Duality
Theorem, we conclude that (D) is solvable with the same optimal value Opt as the primal problem (P).
]

Your next task still is easy:

2. Verify that eliminating, by partial optimization, variables V' and A, problem (D) reduces to the
problem

T p—
max{foTng/L: { K bllg } EOVZ} (D)
9,1 bz g 3

and the latter problem is solvable with the same optimal value Opt as (P) and (D).

Pay attention to the first surprising fact: semidefinite constraints in (D) involve the cone S of 2 x 2
positive semidefinite matrices, and this cone, as we know, is, up to one-to-one linear transformation,

just the Lorentz cone L3. Thus, (D) is a conic quadratic problem.
Solution: Eliminating variables ); is immediate — all we need is to replace the linear equality constraints
biT Vb; + \; — u = 0 with inequality constraints
b/ Vb <p, i <N,
reducing (D) to the problem

14
max{f2ngfW,u:blTVbi§,uVi,{ = 51? }EO} (D"
Vig,n ~——— L 9 2

(*)

Next, by the Schur Complement Lemma, semidefinite constraint in (D’) is equivalent to the constraint
V =V :=2gg", and replacing V with V, we clearly preserve validity of constraints (). It follows that
if (V, g, ) is feasible for (D), so is (V, g, ). As a result, (D’) is equivalent to the problem

max{f2ngfWu:2(biTg)2 S,uVi}. (D)
g5t

Due to its origin, (D'') is solvable along with (D) and shares with (D) and with (P) the optimal value
Opt. It remains to note that by the Schur Complement Lemma (D’') is exactly the same as (D). |
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Your next task is

3. Pass from problem (D) to its semidefinite dual (P) and prove that the latter problem is solvable
with optimal value Opt.

At the first glance, the task seems crazy: the dual of the dual is the primal! Note, however, that

(D) is not the plain conic dual to (P) problem (D) — it is obtained from (D) by eliminating part of

variables, and nobody told us that this elimination keeps the dual to (D) equivalent to the dual of
(D), that is, to (P).
By the same reasons as in item 1, we take upon ourselves writing down (P):

gi’g{;zsiizti—wz%bi—fa{Z_ ZZ ]EOW} (P)

7

What is left to you is to prove that (P) is solvable with optimal value Opt.

Solution: Problem (D) clearly is strictly feasible, and we already know that it is solvable (and thus

bounded) with optimal value Opt. By Conic Duality, (P) is solvable with the same optimal value. W
Now — the main surprise:

4. Verify that (P) allows eliminating, by partial optimization, variables ¢; and s;, which reduces (P)
to solvable optimization problem

mqin{ml/v <Z|Q1|> ZZQibi:f} (#.1)

with the same optimal value Opt as all preceding problems, (P) included.
This indeed is a great surprise — (#.1) is equivalent to Linear Programming problem

mqin{H(Ih :Zq'ibi—f}- (#:2)

Solution: Let s,t,q be a feasible solution to (P), and let I be the set of indexes i with nonzero ¢;; note
that I # O since, as we have assumed from the very beginning, f # 0. Note that zeroing out s; and
t; with ¢ € I and increasing somehow t; with ¢ € I to keep Zl t; intact, we preserve feasibility and do

not spoil the value of the objective. In the resulting feasible solution ¢,t’,s" we have t; = s, =0, i € I,
t; > 0 for i € I (due to [ ttzi Zi } > 0) and s, > ¢2/t; for i € I (Schur Complement Lemma); when
/

replacing in s’ entries with indexes from I with q? /t;, we again preserve feasibility and do not spoil the

objective. The bottom line is that partial optimization over s, t-components of a feasible solution (g, ¢, s)
reduces to solving the optimization problem

. 1 2 )
t?}ilgl{QZqi/ti 1t > 0,1 € I,Zti = W}
el el
This problem is easy to solve (see Exercise [[I11.30)); its optimal solution is given by

ti=Wlal/ Y lajl, i €1,

jeI

and optimal value is %W‘l(ziel lgi|)2. Thus, problem (P) reduces to the optimization problem

. 1
mqln{w(;hiﬁ : ;‘h’bi = f}-

As follows from our analysis, the latter problem is solvable with optimal value Opt. |

The challenge is, of course, to extract from optimal solution to (#.2) an optimal truss t* — one
with total bar volume W and compliance, w.r.t. load f, equal to Opt, and this is your final task:

5.1. Prove the following
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Observation Let ¢ > 0 be a nontrivial (¢t # 0) truss and I = {i : t; > 0}. Consider the
convex optimization problem

mqin{;Zq?/ti:qi—O,iQI,Zqz'bi—f} (#:3)

il i
and assume that the problem is feasible. Then

1. The problem is solvable
2. A feasible solution g to the problem is optimal if and only if for some nodal displacement
v € V one has

¢ = t;b, vVi (#.4)

3. The optimal value in the problem is nothing but the compliance of truss ¢ w.r.t. load f.

Solution: Solvability of (#.3) is evident - the problem is feasible with bounded sublevel sets of the
objective. By optimality conditions in convex minimization under linear equality constraints (see the
second example after Proposition a feasible solution ¢ is optimal if and only if for some
v € RM one has

qi/tiZb?U,iEI7

which is the same as (#.4). Assuming q optimal, (#.4) combines with } . ¢;b; = f to imply that
> tibiblv=f.
i

We see that v is the equilibrium displacement of truss ¢ loaded by f, implying that the compliance
of this truss under the load f is (see Exercise 1)

vl f= %ZZ 15,‘([1?1))2
Dier t;(b] v)? [since t; = 0 for i & I]
= % Yier q2/t; [since b v = ¢;/t;, for i € I]

|| pol=
IS

and the concluding quantity is the optimal value of (#.3). |
5.2. Extract from optimal solution to (#.2) an optimal truss.

Solution: From our preceding considerations (#.1) is solvable with the same optimal value Opt as (P)
and (P) and is obtained from (P) by partial optimization in s, t-variables. Let ¢* be an optimal solution
to (#.2), or, which is the same, to (#.1). Due to the origin of (#.1), the value Opt of its objective at ¢*
satisfies

_ .1 . _ ti | qf .
Opt—rg}?{QZsi.Zti—W,[q* Z_ :|EOV’LSN}
1 1

i | S

and we know what is an optimal solution s*,t* to the right hand side problem: setting I = {3 : ¢} # 0},

we have
{ 0, igI i 0, i I (4)
t = la; | , 085 =Y @) #.4
W €1 o i€l
Thus,
1 *
Opt = > [ai1*/¢; (")
el

* is a feasible solution to this

Now consider the optimization problem (#.3) stemming from ¢ = t*. ¢
problem with the value of the objective Opt (by (!)). By Observation, the optimal value in this problem
is the compliance of t* w.r.t. f, and since the total bar volume of ¢t* is W, this optimal value is > Opt
due to the origin of Opt. Thus, ¢* is a feasible solution to the stemming from ¢ = t*problem (#.3), the

value of the problem’s objective at this solution is Opt, and the optimal value in the problem is > Opt.
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We conclude that ¢* is an optimal solution to the problem in question with the value of the objective
Opt, implying by Observation that Opt is the compliance of truss t* w.r.t. f. Recalling that Opt is the
optimal value in (P) and the total bar volume of t* is W, we conclude that ¢* is the t-component of an
optimal solution of (P). |

Explanation of LP miracle. Problem (#.1) was obtained from problem (P) by eliminating - and s-variables. When elimi-
nating in (P) s-variables only, we arrive at the problem

2
min{z%:tZO,Zt,;:W,ZQibi:f} (13)

a,t

where, by definition, g is 0 when g; = 0 and +oco otherwise. LP reformulation of the problem is an immediate consequence
of formulation (P). The question we address here is: can we derive (P) directly from the first principles of Mechanics (as
was the case with our initial TTD problem (P)), thus avoiding twice passing to dual which led us from (P) to (P)? As we
shall see in a while, the answer is both "yes” and “no.”

To interpret (ﬁ) in terms of Mechanics, we need first of all to interpret in this way the decision variables of the problem.
Looking at (13), we can guess that ¢ plays the role of a tentative truss; at least the constraints on ¢ are exactly those imposed
on a truss with total bar volume W. To interpret g, consider a displacement v of nodes in truss t. As we remember from
the derivation of the TTD model in the preamble to Exercisem the vector

T
— Z[tl b, v]b;
(3
is the reaction (block-vector of reaction forces at different nodes) resulting from nodal displacement v, and

tib;rv = —S5;4;, (#5)
where_S; is the cross-sectional size of i-th bar, and §; is the change in the bar’s length caused by the displacement v of the
node Recall that by Hooke's Law the tension in a bar of (pre-deformation) length d and cross-sectional size S caused by
elongation/shortening of the bar by § (that is, the reaction force caused by this deformation at bar’s endpoint) is —Sé/d,
so that the quantities t; biTv admit, according to (#.5), transparent mechanical interpretation — these are scaled tensions,
products of (pre-deformation) bar lengths and tensions in bars of truss ¢ caused by displacement v of the nodes. Moreover,
Mechanics says that the potential energy capacitated in elastic bar of length d and cross-sectional size S as a result of bar's
elongation/shortening by § is %Séz/d. It follows that given a truss ¢ and a nodal displacement v and setting q; = t;b; v,
the reaction of the truss caused by nodal displacement v is — 3. g; b;, and the potential energy capacitated in the truss as
a result of nodal displacement v is % > q?/t,;. We see that when t is a truss, and vector q is linked to ¢ and to some nodal
displacement v by the relations

qi; = tibi v (#6)

then q;, — >, qib; and % > q?/ti are, respectively, the scaled tensions, the reaction, and the potential energy capacitated
in the truss as a result of displacement v of its nodes. Consequently, if (g, t) is a feasible solution to (ﬁ) and q,t and some
nodal displacement v are linked by (#.6), then v is the equilibrium displacement of truss ¢ under load f, and the value of
the objective of (P) at the feasible solution (g, t) is the compliance of truss ¢ w.r.t. the load f.

Our observations suggest the following mechanical interpretation of candidate solutions to (15): t; are bar volumes, and g;
are scaled tensions in bars. With this interpretation, the linear constraints 3, q;b; = f say that the reaction compensates the
external load, and the value of the objective at a feasible solution (g, t) is the compliance of truss ¢ w.r.t load f, so that (13)
indeed is the problem of minimizing, over trusses of total volume W, the compliance of the truss w.r.t. load f. Unfortunately,
this mechanical interpretation of (ﬁ) is completely wrong. Indeed, the dimension of vector ¢ is IV, and typically it is much
larger than the dimension M of those vectors g which could be linked to M-dimensional nodal displacements v according
to (#.6) (think about Console design where N = 3024 and M = 144). In order for our guessed mechanical interpretation
of (P) to make sense, (P) should include additional constraints stating that g is linked to ¢ and some nodal displacement
v by relations (#.6), but (P) does not include this sine qua non, from the viewpoint of Mechanics, restriction! As a result,
“most” of feasible solutions to (P) make no mechanical sense — what pretends to be the vector of scaled tensions does not
come from any deformation of the truss! Note that a straightforward attempt to include into the problem the above sine
qua non restriction by adding to the design variables t, ¢ additional design variables v, and to the constraints — equality
constraints (#.6) , fails — it recovers “mechanical validity” of (ﬁ) at the disastrous, from the computational viewpoint, price
— constraints (#.6) are nonconvex in the design variables g, t, v!

All this being said, how happens that (13) does allow to recover the optimal truss? The explanation is: at the optimum,
q and t indeed are linked by relations (#.6) with certain nodal displacement v; this displacement stems from the Lagrange
multipliers certifying optimality of g, ¢ (look at the justification of Observation from item 5.1). Thus, (ﬁ) can be treated
as precise relaxation of the “true” TTD problem: formulating the latter problem in terms of scaled tensions, bar volumes,
and nodal displacements, which is fully legitimate from the viewpoint of Mechanics, we then relax the problem by throwing

13 All this corresponds to the Hooke’s Law in the form “reaction force caused by elongation/shortening by &
of bar with length d and cross-sectional size S is —S4d/d” — the form corresponding to the linearly elastic
model of truss’s deformation.
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away variables v and constraints (#.6), thus arriving at problem (f’) This relaxation is precise in the sense that the optimal
solution to the relaxed problem provably is the (g, t)-component of optimal solution to the “true” TTD problem in variables
q,t,v.

Finally, we remark that while the “LP miracle” stemming from (ﬁ) has rather restricted scope — it disappears when
passing from single-load TTD with the simplest possible constraints on tentative t's to more general problems of structural
design (multi-load TTD, Shape Design, etc.), these more general problems still admit “precise relaxations” of type (15), see
[BTN], and one arrives at these reformulations by strategy similar to the one we have used — start with the “natural” conic
formulation (P) of the problem, pass to the conic dual (D) of (P), process (D) “on paper” by eliminating variables allowing
for easy elimination, and end up by passing from the resulting reformulation (D) of (D) to the conic dual (P) of (D).

24.5 Cone-convexity

Exercise [elementary properties of cone-convex functions] The goal of this Exercise is to
extend elementary properties of convex functions onto cone-convex mappings.

A. Let X, Y be Euclidean spaces equipped with norms || - ||x, || - ||y. Let, next, X be a closed
pointed cone in X', Y be a closed and pointed cone in ), and f : X — ) be a mapping defined on
a nonempty convex set X C X. Recall that for a closed and pointed cone K in Euclidean space
and z, 2" € K, relation x <k 2’, same as ¢’ >k x, means that ' — z € K.

Recall that f is called
e (X,Y)-monotone on X, if

{z,2' € X and z <x @'} = f(z) <v f(2');
e Y-convex on X, if
fOz+ (1= Na') <y Af(x)+ (1 - N f(2")

for every z, 2’ € X and X\ € [0, 1].

For example,
— an affine mapping f(z) = Az +a: X — ) is Y-convex, whatever be pointed closed cone Y;
— when Y =R and Y = R4, Y-convex on X functions are the convex, in the standard definition,
real-valued functions on X.

A.1. In the situation of A, let Y* be the cone dual to Y. Fore € Y, let fe(z) = (e, f(z))y : X — R.
Prove that f is
— Y-convex on X if and only if the function f. is convex on X whenever e € Y™
— (X,Y)-monotone on X if and only if the function f. is X-monotone on X (i.e., z,2' €
X,z <x 2’ = fe(z) < fe(x')) for every e € Y™.

Solution: Evident due to the fact that y € Y if and only if (e,y) > 0 for all e € Y*; indeed, the cone
Y is closed and therefore is dual to Y*.

A.2. In the situation of A, let f be Y-convex. Prove that f is locally bounded and locally Lipschitz
continuous on the interior of X, meaning that if X CintX is a closed and bounded set, then
there exists M < oo such that || f(z)||y < M holds for all z € X (this is local boundedness)
and there exists I < oo such that ||f(z) — f(2')|ly < L||Jz — 2||x holds for all z,z’ € X (this
is local Lipschitz continuity).

Solution: Since Y is pointed closed cone, the cone Y* has a nonempty interior. Selecting once for
ever N := dim Y linearly independent vectors e!,...,e!V in int Y*, let us set y* := (y,e’)y. Then, the
linear mapping y — §(y) := [y';...; 4] is a one-to-one linear map from ) onto R¥, so that the function
[Yloo := ||7(¥)|loo is @ norm on Y. By A.1, the real valued functions f,:(x) are convex on X, and therefore
are locally bounded and locally Lipschitz continuous on int X, 1 <7 < N, implying similar properties of

fwrt. |- |oo on Y, and therefore w.r.t. || - ||y. |

B. Now let us look at elementary operations preserving cone convexity. From now on, Lin(X,))
denotes the linear space of linear mappings acting from Euclidean space X to Euclidean space ).
Prove the following statements:
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B.1. [“nonnegative linear combinations”] Let X be a nonempty convex subset of Euclidean space
X, YV, j £ J, and Y be Euclidean spaces equipped with pointed closed cones Y;, Y, and
a; € Lin(Y;,Y) be "nonnegative coefficients”, meaning that a;;y; € Y whenever y; € Y;. When
mappings f;(z) : X — JY;. are Y -convex, j < J, their “linear combination with coefficients
a;" — the mapping

flz) = Zocjfj(w) (X =Y

— is Y-convex.
Solution: For z,2’ € X and X € [0, 1] we have

M@+ (1 =Nf@) = fOe+ 1 =N2') =D aj\j(@) + (1= N fi() = i + (1= N)a')] >y 0,
j

€Y

where the concluding >v is due to ay; >y 0 whenever y; >y; 0. |

B.2. [affine substitution of variables] In the situation of A, let z — Az 4+ a : Z — X be an affine
mapping, and let f be Y-convex on X. Then, the function g(z) := f(Az + a) is Y-convex on
theset Z ={z: Az4+a € X}.

Solution: evident.

B.3. [monotone composition] Let U}, j < J, be Euclidean spaces equipped with closed pointed cones
Uj, letd =Us x...xU;, U=1U; x..x Uy, and let Y be an Euclidean space equipped
with closed pointed cone Y. Next, let X be nonempty convex set in Euclidean space X, U be
a nonempty convex set in U, let fj(z) : X — U; be Uj-convex functions, j < J, such that
f(z) = [fi(x);...; f1(x)] € U whenever x € X. Finally, let mapping F' : U — Y be (U,Y)-
monotone and Y-convex on U. Then the composition

Glz)=F(f(z)): X =Y
is Y-convex on X.
Solution: Indeed, when z,2’ € X and A € [0,1], setting Z = Az + (1 — N2/, u = f(z), v = f(z'),
u = f(z), we get T € X, u,u/,u € U (since f maps X into U) and & <y @ := Au + (1 — M)’ due to
U j-convexity of f; and the origin of U. Consequently,
G(z) = F(u) <y F(u) [since 4,u € U, u <y u and F is (U, Y)-monotone]

<y AF(u) + (1 — A)F(u') [since F is Y-convex on U]

= AG(z) + (1 = NG(). |
C. The gradient inequality and existence of directional derivative can be extended from the usual

convex functions (i.e., R4-convex functions taking values in R) to the cone-convex ones. Prove the
following statements:

C.1. [“gradient inequality”] In the situation of A, let Z € X and f be Y-convex on X and differen-
tiable at Z. Then

Vy € X« f(y) 2y f(@) + f'(@)(y — 2),
where f'(Z) is the Jacobian of f at Z.

Solution: it suffices to apply the standard gradient inequality to convex functions fe, e € Y*, and use

the same argument as when processing A.1. |

C.2. [existence of directional derivative] In the situation of A, let f be Y-convex on X, let Z € int X
and d € X'. Then

Df(@)d) = lim w

and
t>0&zT+tde X) = f(Z+td) >y f(T)+tDf(z)[d]. (#)
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Besides this, as a function of d € X, Df(z)[d] is positively homogeneous of degree 1 (i.e.,
Df(z)[td] = ¢Df(z)[d] when t > 0) and Y-convex.

Solution: By arguments completely similar to those used when justifying A.1-3, this is immediate
consequence of the standard results on directional derivatives of the usual convex functions, see section

23

D. Subdifferentials of the usual convex functions admit natural extensions to the cone-convex
mappings. Specifically, in the situation of A, let & € X. Let us say that g € Lin(X,)) is a sub-
Jacobian of f at z, if

Vye X : f(y) >y f(Z)+gly — =]

For example, C.1 says that if f is Y-convex on X and differentiable at £ € X, then the taken at x
Jacobian f'(Z) of f is a sub-Jacobian of f at z. Clearly, for a usual convex function its sub-Jacobians
at a point are exactly the linear forms on X given by subgradients f’(z) of f at x according to

gh = (f'(2),h)x, h € X.
Let Jf(x) be the set of all sub-Jacobians of f at x € X. Prove the following statements:

D.1. In the situation of A, for z € X one has g € Jf(z) if and only if for every e € Y™ the vector
g*e € X is a subgradient of f. at x; here for g € Lin(&X,Y), ¢" € Lin(), X) is the conjugate of
g: (gu,v)y = (u,g"v)x forallu € X, v € Y.

Solution: Evident due to the same argument as used when processing A.1. |

D.2. In the situation of A, let f be Y-convex on X. Then

— D.2.1. For every z € X, the set Jf(z) is a closed convex subset of Lin(X,Y);
— D.2.2. The mapping 2 — Jf(x) is locally bounded on the interior of X, that is, for every
closed and bounded set X C int X, the induced norms ||g||x,y = max.{||gz|y : [|z||lx < 1} of
linear mappings g € Jf(z), * € X are bounded away from +o0;
— D.2.3. The multivalued mapping  — Jf(z) is closed on int X: if x; € int X converge as
i — oo to T € int X and linear mappings g; € Jf (x;) converge as i — oo to some g € Lin(X,)),
then g € Jf ().

Solution: D.2.1 is immediate consequence of the fact that Y is a closed cone; D.2.2-3 are readily given

by local Lipschitz continuity of f on int X, see A.2. |

The most attractive property of subgradients of the usual convex function is their existence, at
least at interior points of the function’s domain. This fact extends to the cone-convex mappings.
Prove the following statements:

D.3. [existence of sub-Jacobians] In the situation of A, let Z € int X and f be Y-convex on X. Then
Jf(Z) is nonempty.

Solution: This is the only claim which seemingly cannot be extracted more or less automatically from
standard facts about the usual convex functions. Moreover, the Separation Theorem underlying the
existence of subgradients of the usual convex functions at interior points of their domains seemingly
does not help now. Fortunately, there is an easily implementable alternative as follows.
Fore >0,let Xc ={z € X : |[y —z||]x <e = y € int X} and d.(z) be a nonnegative C> function
such that 6c(z) = 0 when ||z||x > € and [, de(x)dz = 1. Clearly, for small € > 0 X is a nonempty open
convex set, and the function

fola) = /X F& — )5 (y)dy

with the domain X, is well defined, continuously differentiable and Y-convex on its domain. Besides
this, for a convex compact set X C int X such that Z € int X we have X C X, for all small enough
positive €, and for those € the functions fe are uniformly in e Lipschitz continuous on X. From this latter
observation it follows that the Jacobians f!/(Z) are uniformly in € bounded, which in turn implies that
for a properly selected ¢; — 40, i — oo, the linear mappings g; := fé'I (Z) converge as i — oo to some
g € Lin(X,)). Let us prove that g € Jf(Z), implying that Jf(Z) is nonempty. Indeed, in view of A.2 the



Ezercises from Part[IV] 145

functions f? := fe; converge as ¢ — oo, uniformly on compact subsets of int X, to f. Then, by C.1, we
have

Y€ Xe;, = fily) >y f(T) + g9:(y — @),

implying in view of the outlined convergencies that

F(y) 2y f(@) +gly — 7] Vy € int X.
The only remaining task is to extend the latter relation from y € int X to y € X. Passing from f: X — Y
to f(x) := f(x) — [f(Z) + gz — F]], which, of course, is Y-convex on X along with f, we get
fly) >y f(@) =0, Yy € int X, O]

and what we need to prove is that f(y) >y f(z) for all y € Y. Let y € X. Using the definition of
the directional derivative, we observe that (!) implies that Df(Z)[y — Z] >y 0, whence by (#) one has
f) >y f(@). u

For a real-valued convex function f and x € int Dom f, d € X, one has D f(z)[d] = maxycay(x) (Y, d)x.
A similar fact holds true for cone-convex functions:

D.4. In the situation of A, let f be Y-convex on X. Let also Z € int X and d € X. Then for properly
selected g € Jf(Z) one has

Df(@)[d] = gd,
while for every ¢’ € Jf(Z) one has
Df(@)[d] >y g'd.
Solution: For ¢’ € Jf(z) and ¢ > 0 such that Z + td € X we have
f(@ +td) — f(z) >y tg'd,
whence, dividing by ¢t and passing to limit as t — 40, we get
Df(z)[d] >y g'd.

On the other hand, let tg > t1 > t2 > ... > 0 be such that z; := Z + ¢;d € int X and ¢t; — 0, i — co. By
D.3, there exists g; € Jf(zi); by D.2.2 the sequence g; is bounded, so that passing to a subsequence, we
can assume that g; — g as @ — oo; by D.2.3, g € Jf(Z). Since g; € Jf (z;), we have

f(zi) — £(Z) <v gilzi — 7,
whence
gid >v t7 ' [f(z:) — £(@)].

As i — o0, the left hand side in this >vy-inequality tends to gd, and the right hand side to D f(z)[d].
Thus, g'd <y Df(z)[d] for all ¢’ € Jf(z) and gd >k Df(z)[d] for some g € Df(z)[d]; in particular,
gd = Df(z)[d] (recall that Y is pointed). |

There is a natural relation between sub-Jacobians of Y-convex function f and subgradients of
functions f. = (e, f)y, e € Y™:

D.5. In the situation of A, let f be Y-convex on X and Z € int X. For e € Y*, h € 9f.(Z) (that is,
fe(y) > fe(Z) + (h,y — T)x for all y € X) if and only if h = g*e for some g € Jf(Z).

Solution: In one direction: when e € Y* and h = g*e for g € Jf(Z), we have for every y € X:
fW) 2y f@) +gly—2] = (e, fW)y = (e, f(@)y+{e,9ly—Z)y < fe(y) = fe(B)+(9"e,y—T)x.

In the opposite direction: let e € Y* and h € dfe(Z). By D.2 and D.3, the set J = Jf(Z) is a nonempty
closed and bounded convex set in Lin(X,)). Thus, the set Z := {g*e : ¢ € J} is a nonempty closed
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and bounded convex set in X. Assume for contradiction that h ¢ Z. Then, by Separation Theorem there
exists d € X such that

(h,d)x > I;lea}c(g*e, dyx = I;lea}d& gd)y. (%)
As h € 0fe(Z), for all small enough ¢t > 0 we have
fe(z +td) — fe(z) > t(h,d)x,
whence D fe(Z)[d] > (h,d)x. We clearly have D fe(Z)[d] = (e, D f(Z)[d])y, and we arrive at
(h,d)x < (e, Df(Z)[d])y.
By D.4, we have Df(z)[d] = gd for some g € Jf(z), so that (h,d)x < (e, gd)y, contradicting (x). |

Finally, the chain rule:

D.6. [chain rule] Let U;, j < J, be Euclidean spaces equipped with closed pointed cones Uj, let
U =U X ..xU;, U=TU; x..xUy, and let Y be an Euclidean space equipped with
closed pointed cone Y. Next, let X be nonempty convex set in Euclidean space X, U be a
nonempty convex set in U, let f;(z) : X — U; be Uj-convex on X functions, j < J, such
that f(z) = [fi(z);...; fs(xz)] € U whenever x € X. Finally, let mapping F' : U — ) be
(U,Y)-monotone and Y-convex on U. As we know from B.3, the composition

Gz)=F(f(z)): X =Y

is V-convex on X. Now let T € int X, u; = f;(T) be such that @ = [u1;...;uy] € int U. Finally,

let g; € Jf;(Z), j < J, and g € JF(@). Then the linear mapping [u1;...;us] = glui;...;u] is

(U, Y)-monotone, and the linear mapping

h— gh:=glgih;..;gsh] : X =Y

is sub-Jacobian of G at 7.
Solution: Indeed, let V be a convex neighborhood of Z such that the images of V under the mapping
f(-) and under the linear mapping

f(z) = f(@) + lg1[z = T]; ... 95 [z — 7]

belong to int U (such a neighborhood exists due to f(Z) = f(Z) € int U combined with continuity of f
(evident) and f (by A.2) at Z). Let also V7, j = 1,..., J, be convex neighborhoods of origins in U; such
that W+ V! x ... x V/ C U. For d = [dy;...;d] with d; € VI NU; for j < J we have

—gd+ F(u) <y F(u —d),

whence gd >y 0 by (U,Y)-monotonicity of F. Thus, gd >y 0 for all d € U of small enough norm,
implying that gd >y 0 for all d € U, as claimed.
When =z € V, we have f(z) <y f(z), since g; are sub-Jacobians of f; at #. Due to the (U,Y)-
monotonicity of F', we conclude that
G(z) = F(f(z)) >y F(f(z)) = F (@ + [g1e = T; ...; 95z — 7))

2y F(f(@)) + glg1lz — Z); ...; 9 [x — 7] [since g € TF ()]

= G(T) + g[z — 7).
Thus, for « in a neighborhood V of & € int X we have

G(z) 2y G(@) + gz — 7).

It remains to prove that the latter relation holds true for all z € X, not for only € V. This can be
done in the same way as when justifying D.3: the mapping G(z) := G(z) — [G®@) + glz — 7] : X = Y
which is Y-convex along with G satisfies

G(z) 2y G(@) =0 (1)
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for z from a neighborhood of Z, and we want to prove that in fact (!!) holds true for all x € X. Indeed,
(') implies that for every x € X we have DG (Z)[r — T] >v 0, whence G(z) >y G(z) =0 for z € X by
(#), so that G(z) >y G(T) + glz — ] for all z € X. |

Exercise [IV.30} Univariate function f(z) = 2=/ : {z > 0} — R is nonincreasing and convex,
and Vf(z) = —27%/2/2, 2 > 0. Now let P be m x n matrix of rank m.

1.

3.

Prove that the mapping F(X) = [PXP"]7%/2:8%, — S™, where ST, =intS} = {X € 8" :
X > 0}, is (8%, ST)-antimonotone and S’["-convex

. Assuming P = I, compute numerically F(X) and dF(X)[dX] for X = [ 2 -1 } and

-1 1
0 1
ax = { 10
of the linear mapping dX — DF(X)[dX] : 8* — 82 — in the basis [1,0;0,0], [0,0;0,1],
[0,1/4/2;1/4/2,0] of S%.
How the “Gradient inequality” (Exercise [[V.29|C.1) for the S7-convex mapping F' looks like?

] For the above X, compute also the Jacobian J of F' at X — the matrix

Solution:

1: Let G(X) = —(PXPT)1/2 : 87, — 8™ and H(U) = [-U]~! : =87, — S™. The mapping

U+ P(X) := PXPT with the domain S’ ; maps this domain into S, (since KerPT = {0} due to
rank(P) = m), clearly is (S7}, S’")-monotone and, as any linear mapping, is S'/’-convex; the mapping
Uw— GU) =-UY2: ST — 8™ is (S, S*)-antimonotone and S'-convex by Example [IV.20.5
Consequently, the map X +— G(X) = G(P(X)) : 87 — S™ is ST'-convex (Rule A.3 in section
20.3) and clearly is (S, S’)-antimonotone (as superposition of (ST, S™')-antimonotone mapping
G and (S, S")-monotone mapping P). Next, mapping U U-1: ST, — 8™ is 8'-convex and
(87, S™)-antimonotone (Example[lV.20.4), whence the mapping U — H(U) := [-U] ! : [-ST,] —
S™ is S''-convex (as the superposition of S'-convex mapping U U-1: ST, — S™ and linear
mapping U = —U : 8™ — 8™). In addition H(U) is (S7, S")-monotone on its domain —S7",
in view of (ST, S’')-antimonotonicity of the mapping U + —U and (S, S'")-antimonotonicity of
the mapping U — U~! on the domain STJr. The indicated cone-convexity and cone-monotonicity
properties of the mapping G(-) and H(:) imply, in view of Rule B in section [20.3] that F(X) =
H(G(X)) is S’'-convex and (S7}, S’")-antimonotone.

: When justifying Examples [[V.20.4] and [[V.20.5] we have seen that the mappings H(-) and G(-) are

differentiable on the domains —S™,, resp., ST*, , and

DH()dU] = U YdUU™', U e —S7, ,dU e 8™,
oo
DGWV)[AV] = — [exp{-V/2t}dV exp{—V'/2t}dt, V € ST, dV € 8™,
0
implying by Chain rule that for X € S | ,dX € S™ one has
DF(X)[dX] = — [PXPT]AM {/ exp{—[PXPT "2} PdX P" exp{_[PXPT]l/Zt}dt:| [PXPTTI/2
0

3: Our computation yields the following results (rounded to 4 digits after the dot):

4 Y(X,Y €Sn

0.8044  0.4472 ~0.6265  —0.9846
F= [ 04472 1.3416 ] DF(X)ldX] = [ —0.9846 —1.1634 ]
—0.4025 —0.2683 —0.4427
J=| —02683 —1.2070 —0.8222
~0.4427 —0.8222 —0.9839

) [PYPT]7Y2 = [PXPT]~Y/2 4 DF(X)[Y — X] with DF(X)[] as described in item

2.
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24.6 Around conic representations of sets and functions

24.6.1 Conic representations: definitions

Let R be a family of regular cones in Euclidean spaces which contains the nonnegative ray Ry and
is closed with respect to taking finite direct products and passing from a cone to its dual. Instructive
examples are the families R of nonnegative orthants, £ of finite direct products of Lorentz cones,
and S of finite direct products of semidefinite cones.

e A R-representation (f-r.) of a set X C R" is its representation of the form

X={zeR":Ju:Pzx+Qu—-reckK} (123.2)

with K € & — representation of X as the projection of the solution set of conic inequality Px+Qu >k
r in variables z, u onto the plane of xz-variables where X lives. A set X admitting conic representation
with cone from 8 is called R-representable (&-r for short).

e A R-representation of a function f : R®™ — R U {400} is, by definition, &-representation of
the epigraph of f:

[t;x] € epi{f} :={[z;¢] : t > f(x)} <= Ju:Pzx+tp+Qu—rcKwithK e &K

Functions admitting R-representation are called R-representable (&-r for short)

We are already acquainted with i-representability — it is that was called polyhedral representability.
By Fourier-Motzkin elimination, polyhedral representable sets X C R"™ admit polyhedral represen-
tations not involving additional variables u, and similarly for Ji-representable functions; this is not
the case for more general families &, like families £ of Lorentz- and & of semidefinite-representable
sets.

The following exercise explains what is the rationale underlying the above restrictions on & and
why we are interested in R-representations.

Exercise V.31l Check that

1. Every finite system Poy > 1o, P,y — ri € K;, @ < I, of scalar linear inequalities and conic
inequalities, involving cones from &, in variables y is equivalent to a single conic inequality, with
cone from R, in these variables:

{P()y*’r'oZO,Piyf’f'iEKi,lSiS[}
— {[Pg;Pl; v Prly = [ro;r;.grr] e Ki= Ry x oo X Ry XK x Ko X ... X KI}
—_—
dim rg times

and K € £ (since R+ € £ and £ is closed w.r.t. taking finite direct products).
As a result, representation of a set X as

X={z:3u:Px+Qou—r9o>0,Px+Qu—r; cK;1<i<I} Kieg ()

— as the projection of the solution set of a finite system of linear and R-conic inequalities in
variables x,u onto the plane of z-variables where X lives, can be straightforwardly converted
into a R-r. of X.

Important: Item 1 allows us from now on to refer to representations of the form (!) as to &-
representations of X, skipping (always straightforward and purely mechanical) conversion of such a
representation into the “canonical” representation ([23.2)).

2. R-r. of a function straightforwardly induces &-r.’s of its sublevel sets:

{t> f(x)} <= {3u:Pz+ip+Qu—recK}
= Xy ={z:f(z)<a}={z:Fu:Pzx+Qu—[r—ap] € K}

[a € R,K € f]

3. Given R-representations of a set X C R" and a function f: R" — R U {+00}:

X = {xGR”:Hu:PXerQXufTXGKX},

epi{f} = A{l@t]:3v: Pz +1tps +Qpv—ry € Ky} [Kx €8 Ksed)
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we can straightforwardly convert the optimization problem

min f(z) (%)

zeX

into conic problem on a cone from K&, namely, the problem

min {t ¢ Alzstusv] — b

x,t,u,v
= [Pxz+ Qxu; Prx +tps + Qpv] — [rx;ry] € K:=Kx x Ky }
—_—————
es

As a result, a solver S capable to solve conic problems on cones from £ can be straightforwardly
utilized when solving problems (x) with X and f given by &-r.'s.
4. Given a conic problem

min {ch: Az —-be K, Rz 21‘} (P)
x
on a cone from R, its conic dual — the conic problem

maxy, . {(b, YWHr 2 A+ R z=cye K., z> O}
(+,-) is the inner product in the Euclidean space where K lives, K. is the cone dual to K,
|: A* is the conjugate of A: (Az,y) =z A*y Va,y i|
(D)
also is a conic problem on a cone from £ (since £ is closed w.r.t. passing from a cone to its dual
and contains nonnegative orthants).

Solution: This is straightforward — substitute “S-representation” with the definition of this notion.

Note that the option mentioned in the last item of Exercise[IV.31]is implemented in " CVX: MATLAB
software for disciplined convex programming” due to M. Grant and S. Boyd http://cvxr.com/cvx
— second to none in its scope and user-friendliness tool for numerical processing of well-structured
convex problems, the underlying family £ being the semidefinite family &. We conclude that it makes
sense to develop a kind of calculus allowing to recognize f-representability of sets/functions and to
build, when possible, their R-representations. The desired calculus exists and is pretty simple, general
and fully algorithmic. The goal of subsequent exercises is to make you acquainted with the most
frequently used elements of this calculus; for more on this subject, see [BTN].

24.6.2 Conic representability: elementary calculus

Elementary calculus of conic representability is completely similar to calculus of polyhedral represen-
tations from section 3.3

Exercise|lV.32] [elementary calculus of &-representable sets] Check that basic convexity—preservinﬂ
operations with sets preserve R-representability. Specifically,

1. Finite intersection of f-r sets X; = {x € R™ : Ju' : Pz + Q;u’ —r; € K;}, i < I (here and in
what follows all cones involved are from R) is &-r.:

NXi= {zeR":3u=[u'. ;u]: P +Qu—r
i<I
= [Pz + Qiu'; .. Pro + qul] —[ri;..5r] e K:i=K; X ... x Ky}
N——ee’
€R

2. Direct product of finitely many f-rsets X; = {x € R" : I’ : Pz + Qiu’' — 1 € K;},i < Iis
R-r
X1 X .. xXr={z= [;cl; ...;xl] :Ju = [ul; ..A;ul] :
Pz + Qu —r = [Piz' + Qiu’; s Prat 4+ QIuI] —[ri;..grr] e K:i=Kg X ... x K}
=

14 “convexity-preserving” is crucial — clearly, f-r sets and functions must be convex!


http://cvxr.com/cvx
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3. AffineimageY ={y=Az+b:z€ X} of Rrset X ={z € R": Ju: Pr+Qu—r € K} is
R-r:
Y={y:3x;u]: Az +b=y,Pxr+Qu—r € K}
is the projection onto the y-plane of a set given by explicit finite system of linear and R-conic
inequalities and as such admits an explicit £-r. by item 1 of Exercise [V:31]

4. Inverse affine image Y ={y: Ay+be X} of Rr.set X ={z € R": Ju: Pr+ Qu—r € K}
is f-r.

Y ={y:3u: PAy+Qy—[r — Pb] € K}.

5. The arithmetic sum X = X1 +...+ X of &rsets X; = {z € R" : Jut Pm—i—Qiui -1 € K},

1< 1,is Rr:

X =Az: 3[:51; caxtiuls .4.;u1} tx— le =0,Pz' +Qiv' — 1 € Ky, i < I}

and it remains to apply item 1 of Exercise [[V.31]
Solution: This is straightforward — substitute “SR-representation” with the definition of this notion.
Exercise(IV.33| [elementary calculus of R-representable functions] Check that the following convexity-
preserving operations with functions preserve K-representability:

0. Restricting onto &-r set: R-r. t > f(z) <= Fu: Prx+tsp+ Qsu — 1y € Ky of a function
f:R" =5 RU{+o0} taken together with &r. X ={z e R" : Jv: Pxx + Qxv—rx € Kx}
of a set X C R" induce f-r.

t> f|(x) <= Ju,v: Prz+tp;+Qru—ry e Ky, Pxz+Qxv—rx € Kx

Yoo oz dX of f onto X

1. Taking linear combination 25:1 i fi with positive coefficients:

of the restriction f|X(x) = { flz) ,zeX

t> fi(z) <= Ju': Pz +tpi+Qiu' —r; €Ky, i< I
t> f(z):= le Aifi(z) = H[tl;...;tI;ul; ,u%] st >0 Nity, Pix 4 tips +Qiu' —r; €Ky, i < I
2. Direct summation:
t> fi(z') <= ' Pixt +tp +Qiu' —ri €Ky, i < T
t> f(ah,..,2) =31 fi(zh) <= 3ty ...;tl;ul;l.i..;ui] ct >t Pirt 4 tips + Qiut — 1 €Ky, i < T
3. Taking finite maxima:
t> fi(z) <= Fu': Pa+tpi+Qiul —ri €Ky, i < I
t> f(z):= I?g;‘fi(f) — H[Ul;--»;fi] cPir 4 tp +Qiu' — 1 €Ky, i < T
4. Affine substitution of variables:
t> f(r) < Fu:Pr+tp+Qu—reK
t>g(y) = f(Ay +b) <— Hul:LPAu+tp+Qu— [r—Pbl e K

In fact, claims in items 1-4 are special cases of the following observation:
5. Monotone superposition: let functions f;(x), ¢ < I, be &-r, with the first K of the functions being
affine, and let F(y) : RT — RU{+00} be &-r and monotonically nondecreasing in yxi1, ..., yr.

vy eRLy >y yi=yi,i <K = F(y) > F(y).

Then the functions

400 , otherwise.

o(z) = { F(fi(x),..., f1(z)) , fi(z) < coVi
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is R-r, specifically,

fi are affine, i < K, &t > fi(x) <= Fu': P +tp; + Qu' —m € Ky, K <i <1
t>F(y) < Ju:Py+tp+Qu—-rekK
ti — fi(z) =0 i< K
—_———
t>g(x) <= 3, 1<i<Lu,K<i<I,u: linear equations
Pz + tipi + Qiu' — 1 € K; JK<i<I

Plty;..ste] +tp+ Qu—r €K

Solution: This is straightforward — substitute “S-representation” with the definition of this notion.

24.6.3 %1/£/6 hierarchy
Exercise [V.341

1. Let & and 9 be two families of regular cones, each containing nonnegative rays and closed w.r.t.
taking finite direct products and passing from a cone to its dual cone. Assume that every cone
M € 9 admits R-representation:

M={y:3v: Puy+Qmv—rm € Km}.
~—~
cf

Show thata M-r. X ={z € R" : Ju: Pr+Qu—r € \l\ﬁ[/} of a set X can be straightforwardly
em
converted into &-r. of X.

2. [Cf. Exercise Note that R} belongs to £ (same as to every other family of cones we are
considering here — all these families contain nonnegative rays and are closed w.r.t. taking finite
direct products), thus, every polyhedral representable set/function is Lorentz-representable as
well by item 1. Check that the Lorentz cone L™ is semidefinite-representable as well, specifically,

L™ = {2 €R™:xy >/ 2?2
Tom z1 | oo | T
Z1 LTm
= {z e R™: Arrow(z) := . ] =0}
Tm—1 ZTm

implying by item 1 that cones from £ admit explicit &-representations and thus that Lorentz-
representable sets and functions are semidefinite representable as well, with G-r.’s readily given
by £-r.’s.
Solution: 1: When X = {z e R": Ju: P+ Qu—r e M} and M ={y: Jv: Py + Qmv —r™m €
Km € R}, we clearly have

X = {z:Fu:Pr+Qu—-reM}={z:Ju,y:y=Pr+ Qu—r,y e M}
= {z:3u,y,v:y=Pr+Qy—r Pmy+Qmv—rm € Km},
~—
cR
and we end up with R-representation of X. |

2: See solution to Exercise [[V.3511.
|

Exercise [V.35] It is easy “to see” the nonnegative orthant R’} in the semidefinite cone S’ —

' is nothing but the intersection of S’ with the linear subspace L of diagonal matrices from
S™. Formally: Let A be the embedding of R™ into S™ which maps vector a into diagonal matrix
Diag{a}; then z € R if and only if Az € S’ Alternatively, you can get R’} as the linear image of
the positive semidefinite cone, namely, its image under the linear mapping which maps a symmetric
n X n matrix Z into the vector Dg{Z} composed of diagonal entries of Z. As a result, a Linear

Programming problem mingern{c'z : Az < b} can be converted into equivalent semidefinite
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problem minxesn{>_,ciXi : X > 0, ADg{X} < b}. As it happens, similar possibilities exist for
the Lorentz cone L", including possibility to reformulate a conic problem involving direct products
of Lorentz cones as a semidefinite program. Specifically,

1. Prove that = € L" if and only if the “arrow” matrix

Tn 1 | 22 | ... | Tno1
To Tn
Arrow(z) =
Tn—1 Tn

is positive semidefinite.
2. Represent L™ as the image of S’ under a linear mapping.

Solution: 1: The case of n = 1 is trivial. Now let n > 2. In one direction: Assume that x € L™, and
let us verify that Arrow(z) € S%. Indeed, from x € L™ it follows that z,, > 0. If z, = 0, then x = 0
due to Z?;llx? < 2, and therefore Arrow(z) = Opxpn = 0. If £, > 0, then x, — Z?;llw?/xn >0, or,
which is the same, zp, — [21;...;Zn—1]" [2nIn—1]"[z1;...;2n—1] > 0, and Arrow(z) = 0 by the Schur
Complement Lemma applied with the 1 x 1 North-Western block. In the opposite direction: Assume
that Arrow(z) > 0, and let us prove that z € L"™. Indeed, z,, is diagonal element in positive semidefinite
matrix and as such is nonnegative. If z,, = 0, then the diagonal of positive semidefinite matrix Arrow(z)

is zero, whence the matrix itself is zer so that x = 0 € L™. And if z,, > 0, then Z;:llz%/xn < zpn

by the Schur Complement Lemma, the bottom line being that =, > 1/2?;1195?, that is, z € L™. [ |

2: The required linear mapping is the mapping X — A*(X) conjugate to the mapping =z — Arrow(z),
that is, the mapping A(X) given by the identity

[A*(X)] Tz = Tr(X Arrow(z)) Vz € R", X € 8"

or, which is the same,

A*(X) = [2X12;2X13; .- ; 2X1p; Tr(X)]

Indeed, let L be the linear subspace in S™ composed of arrow matrices, that is, the image space of the
linear mapping = — Arrow(z) : R™ — S™. Since L intersects int S%, Dubovitski-Milutin Lemma says
that restricting onto L nonnegative on S7} linear forms, we get exactly the set of all linear forms on
L which are nonnegative on S} N L (see Exercise ). Taking into account that = — Arrow(z) is
one-to-one linear mapping of R™ onto L, we conclude that linear form g ' is nonnegative whenever
x € L™ if and only if it is of the form Tr(X Arrow(z)) for some X € S™ such that Tr(XY) > 0 for all
Y € S7}. Since both S} and L%} are self-dual, the latter observation can be reformulated as “g € L™ if
and only if there exists X € S7 such that gz = Tr(XArrow(z)) identically in € R™,” or, which is
the same, if and only if g = A*(X) for some X € S”. |

24.6.4 More calculus

The calculus rules to follow are less trivial:

Exercise [IV.36| [passing from a set to its support function and polar] Let X C R"™ be a nonempty
closed convex set given by essentially strictly feasible R-representation:

X={zeR":Ju:Ax+Bu—c>0,Pxr+ Qu—r € K} (+)
& 3z, : AT+ B — ¢ > 0,P7+ Qu —r € int K.

15 due to immediate observation: if a diagonal entry A;; of A &= 0 vanishes, then all entries in i-th row
and i-th column of A vanish as well, due to the inequality A?j < Aj;Ajj;, see Remark
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This representation induces £-r. of the support function ¢x (y) = sup,cx y "z, specifically,
ATA4+P€4+y=0,B"A+Q*¢=0
> <— : ’ .
t2oxl) = N0 T g+t 0a> 06K,

where (-, -) is the inner product in the Euclidean space where K lives and, as always, K. is the cone
dual to K. In addition, (*) induces R-r. of the polar Polar (X') of X:

Polar (X) := {y:y'z<1Vzec X}
ATA+P¢€+y=0,B"A+Q*¢=0
= ya()Hg) T
A+ (& +1>0,1>0, €K,

By definition, t > ¢ x (y) if and only if the optimization problem

Solution:
max yT:v
zeX

(#)

is bounded with optimal value < ¢, or, which is the same under the circumstances, the conic problem
max{y—rz:Ax—&—Bu—cZQPJ:—‘rQu—TEK}
T,u

is bounded with the optimal value < t. We are in the case when the latter problem is essentially strictly
feasible; applying Conic Duality Theorem, we conclude that (#) is bounded with optimal value < ¢ if

and only if the optimization problem
misn{—cT)\ —(r&) tATA+ P =—y,BTA+Q*¢=0,1>0,£ € K.}

has a feasible solution with the value of the objective < ¢. Thus,
ATA+P¢+y=0,BTA+Q*¢=0
t> <~ d(\,¢): .
Z ¢x(y) (A BTA+ (r€) +>0,A>0,¢6 € K,

The resulting representation of the epigraph of ¢ x, by item 1 of Exercise[IV.31] straightforwardly induces

a fR-r. of px.
Now, Polar (X) ={Y : ¢x(y) < 1}; applying item 2 of Exercise [[V.31] we conclude that

B ATA4+P*¢+y=0,BTA+Q*¢=0
Polar(X)f{y.H(A,g). A+ (€ 41301306 €K, |

Exercise [IV.37] Let f : R®™ — R U {+o0} be a proper convex lower semiconscious function given
by essentially strictly feasible R-representation:
t>f(z) < Ju:Az+t¢q+Bu>c,Pr+itp+Qu—reK
& Iz, t,u: AT +tqg+Bu>c,PT+tp+ Qu —r € intK

Build K-r. of the Legendre transform
1) =suw[y"z— /()]

of f.

Solution: We clearly have

() :sup{yTac—t:tZ f(a:)} = sup {yTac—t:Ax—i-tq—i-BuZ z:,Pac—i—tp—&-Qu—?"GK}7
@t @,t,u
that is, f*(y) is the optimal value in the conic problem
sup {mi—t:Az+tq+Bu2c,Pm+tp+Qu—freK} (P)

x,t,u
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Under the circumstances, the problem is essentially strictly feasible, implying by the Conic Duality
Theorem that f*(y) < 7 if and only if the conic dual of (P) — the problem

ATA+P*¢+y=0
T
: T g A+ (p,&) =1
—c' A — :
miny e A8 By L ove—o
A20,§e K.

— has a feasible solution with the value of the objective < 7, that is,

A+ (&) +17>0
ATA+P*¢+y=0
T2 f*y) = INE: ¢ A+ (p,E) =1
BTA+Q*¢=0
A>0,¢ €K

which is a R-r. of f*. ]

Raw materials. Rules of grammar become useful only after we have at our disposal words in
“dictionary form” which we can combine using these rules. Similarly, calculus of conic represen-
tations becomes useful only after a rich enough dictionary of “raw materials,” “atoms” — specific
R-representable sets and functions — is built. In contrast to calculus rules which are, basically, in-
dependent of what is the family & of cones in question, raw materials do depend on K. Here we
restrict ourselves with few instructive examples of Lorentz- and Semidefinite-representable sets and
functions; for in-depth acquaintance with this topic, we refer the reader to [BTN].

We understand well what are the “atomic” R-representable functions and sets — these are half-
spaces and affine functions. Other polyhedrally representable sets are intersections of finite families of
half-spaces, and other polyhedrally representable functions — maxima of finitely many affine functions
restricted on a polyhedral domain. In other words, all 9i-representable functions and sets are obtained
from the above atoms via the calculus we have just outlined.

In the next two exercises we present instructive examples of £-r functions and sets.

Exercise [IV.38] [£-representability of || - ||2 and || - |3] Check that the functions ||z||z and "z on
R™ admits £-r.'s as follows:

{[z;t] e RE x Ry 1 t > ||z]|2} = {[z;t] e R" x Rz [z;] e L™}
{[z;t] ERI xRy :t >z 'z} = {lzst] e R* xRz 25t — 15t + 1] € L"*?}

Solution: evident.

Exercise IV.39] [£-representability of power functions] Justify the following claims

1. Let k be a positive integer. Then the set

2k 1/2k
®k:{[t;x1;x2;...;x2k]20:t§ {HII} }

i=1

— the intersection of the hypograph of the geometric mean of 2* nonnegative variables 1, ..., zox
with the half-space {[t; z] € Rik x Ry : t > 0} — admits £-representation, specifically,

&) = {[t;x1;x2;...;x2k] >0: Hue 20,1 <<k, 1<i<2%:

wip =z, 1 <i <2k

[2Uie; Uzi1,041 — 24,0415 U2im1,041 + U2i041] € L, (+)
1<i<281<0<k }

[2t;u1’1 —U2,1;U1,1 + UQJ] e L3
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Solution:  For a triple of nonnegative reals u,v,w, relation [2u;w — v;v + w| € L3 is equivalent to
u < y/vw. Thus, the inequalities on x,t,u; ¢ in (*) tell us the following story:

We split 2% nonnegative variables z;, i < 2% of “generation 0” into 28~1 consecutive pairs
and associate with i-th of these pairs its “child” — nonnegative variable u; 1 “of generation
17 linked to its parents x2;—1,%2; by the inequality u; x_1 < \/T2;—172;. Similarly, we split
2k=1 variables u; —1 of generation 1 into 2k=2 consecutive pairs and associate with every
pair its child, nonnegative variable u; o of generation 2, and link it to its parents by the
inequality w; k—2 < \/U2i—1 k—1U2i k—1-

We proceed in the same fashion until 2 variables, u1,1, u2,1 of generation k — 1 are built, and
link these two variables to variable ¢ by the inequality ¢t < | /uy,1u2,1.

Note that the constraints on all our variables are the linear nonnegativity constraints and the constraints
stating that specific linear images of the vector of these variables belong to L3, that is, the solution set S
of the system of constraints specifying all our variables is given by explicit system of linear and L3-conic
inequalities, and this system provides an explicit £-r. of the projection S of S onto the plane of variables
t,z;. On the other hand, it is clear that what our story says about relation between (nonnegative!)

. 172k
2k _
variables z; and t is exactly the inequality ¢t < [H $Z] , so that S is nothing but the set &y.
i=1

Surprisingly, item 1 paves road to £-representations of power functions.
2. Build explicit £-r's of the univariate functions as follows:

2.1. f(z) = max[0,x]? with rational # = p/q > 1 (p > q are positive integers).
22, f R = itive int ith >1 >
2. f(x) = w1 w<0 where p4, ¢+ are positive integers with py /q+ > 1, p—/q— >

1
_p/a
23. f(z)= { +§o ’i i 8 with positive integers p, g such that p/q <1

7P >0 . L
2.4. T) = ’ with positive integers
f(z) {+OO <0 P gers p, q
Solution: 2.1: Given positive integers p > ¢, let us select positive integer k such that p + q < 2¥ and

consider the affine mapping

ok _ q P—q

—— = k
(W,t) = [y %530t 6 1551 R — R

Our calculus of conic representations allows to convert the £-r. of &y built in item 1 into an explicit £-r.
for the inverse image of the set &, under the above affine mapping, that is, for the set

F={ly;t] € R : ¢t > yP/}.
The epigraph E of f is obtained from F' by operations covered by our calculus:
E={t;z]: t > max[m;O]p/q} ={[t;z] : 3y : [t;y] € F,y > =},

so that our calculus allows to convert the £-r. of F' we have already built into £-r. for E.
2.2: Construction from item 2.1 allows us to build an explicit £-r. for the function max|0, z]P+/q+ and,
after evident modification, for the function max[0, —z|P— /4— These £-r.’s via calculus provide explicit
£-r. for the sum of these two functions, that is, for our now target function f.
2.3: The epigraph of our f is obtained from the one of the function g(z) = max][0, Z]Q/p by one-to-one
linear transformation, and we can convert the explicit £-r. of g given in item 2.1 into £-r. of our current
I
2.4: Given p, g, let us find positive integer k such that 2% > p + ¢, and consider the affine mapping

q p 2F—p—q

AN — k
[t 2] = (Lt .67 .2 1;..;1] : R2 - RY2,
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The inverse affine image of &, under this mapping is exactly the epigraph of our current f, so that
calculus of £-r.’s provides us with explicit £-r. of f inherited from the £-r. of &y built in item 1.

3. Build £-r's of the following sets:
3.1. The hypograph
{lz;t] e R} xRy : ¢t < f(z) := 2] @52z }

of algebraic monomial of n nonnegative variables, where 7; are positive rationals such that
>, mi < 1 (the latter inequality for nonnegative m;'s is a necessary and sufficient for f to be
concave on R7).

3.2. The epigraph of algebraic monomial f(z) = ] "z, 7"2...xz,,™ of n positive variables, where
T; are positive rationals.

3.3. The epigraph of || - ||x on R"™ with rational = > 1.

Solution: 3.1: Let m; = p;/q with positive integers p; and ¢ and k be positive integer such that 2k > .
Consider the affine mapping

p1 P2 Pn 2k—q g—p1—..mpn
—N— — —— — k
[2;t] = [651; 5 813225 3 825 o3 Ty oy Ty G it Lop1 [ R 5 RIFE

note that the right hand side makes sense due to p1 +...+pn < g in view of ZZ 7; < 1. As is immediately
seen, the inverse image of & under this mapping is the set

F={[z;t] >0:t< f(z)},

and the £-r. of &, built in item 1 combines with the calculus of £-representations to yield an explicit
L£-r. for F. It remains to note that, similarly to what happens in item 2.1, the hypograph E of f is
obtained from F' by operations covered by our calculus:

E={zt]:3Ir:[x;7] € F &t <7},

3.2: Representing m; = p;/q with positive integers p;, ¢ and selecting positive integer k such that
2% > g+ 3, pi, consider the affine mapping

P1 P2 Pn g 2"-a=%ipi
—_—— —— —_— —~ k
[m3t] = ;%155 20572 5 825 i T s @ns sty 151 [t RPPD 5 RUF2D

as is immediately seen, the inverse image of B under this mapping is exactly the epigraph of f, so that
a £-r. for f is readily given by our calculus as applied to the £-r. of & built in item 1.
3.3: The case of m = 1 is trivial. Now let 7 € (1, 00). It is immediately seen (check it) that

t>|z)|lxr <= t>0 & Jug,v; o < ug,u; < vil/wtl_l/w,ZUi <t

3

The sets {(t,ui,v;) >0 : u; < vil/wtl_l/"} admit explicit £-r.’s by item 3.1, and these £-r.’s via our
calculus yield an explicit £-r. for the epigraph of ||z||~

By Exercise[[V.34} expressive abilities of semidefinite representations are at least as strong as those
of Lorentz representability. In fact, &-representability is strong enough to bring, "for all practical
purposes,” the entire Convex Optimization within the grasp of Semidefinite Optimization. In our
next exercise we are just touching the tip of the “semidefinite iceberg.”

Exercise [1V.40

1. For starters, build G-r.'s of the maximum eigenvalue of a symmetric matrix and of the spectral
norm || - ||2,2 (the maximum singular value) of a rectangular matrix.
Hint: Note that for a p x ¢ matrix A, the eigenvalues of the symmetric (p + q) x (p + ¢) matrix

A

Zeros.

} are the singular values of A, minus these singular values, and perhaps a number of
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Solution: &-r. of the maximal eigenvalue Amax(X) of symmetric m x m matrix X is immediate:
t > Amax(X) <= tI;m — X =0,
This observation combines with Hint to yield &-r. of the spectral norm of p X ¢ matrix:

th, | X

t> || X <~
2 1Xla2 = [

E

As a matter of fact, the single most valuable G-representation is the one for the sums Sj(X) of

k largest eigenvalues of a symmetric matrix X; convexity of these sums in X was established in

chapter

2. Build &-r. of the sum Si(X) of k < m largest eigenvalues of m X m symmetric matrix X.
Hint: Recall the polyhedral representation, built in Exercise of the “vector analogy” of S;(X)
— the sum sy (z) of k largest entries in m-dimensional vector x:

t> sp(r) <= szO,s:zSz—l—sl,Zzi—kksgt,
i

where 1 is the all-ones vector.

Solution: The matrix analogy of the representation of si(z) is
3Z = 0,5: X 2 Z+ slm, Tr(Z) + ks < t,
and we arrive at the “educated guess” stating that for symmetric m x m matrices X it holds
t>Sp(X) <= 3Z2%0,8s: X 2 Z + Iy, Te(Z) + ks < t.

Let us verify that this educated guess is true.

In one direction: assume that Z > 0 and s are such that X < Z + sl and Tr(Z) + ks < ¢, and let
us prove that Si(X) < t. Denoting by A(U) the vector of eigenvalues, taken with their multiplicities
and written down in the non-ascending order, of a symmetric matrix U, recall that U > U’ implies that
A(U) > A(U’) (by Variational Characterisation of Eigenvalues). Consequently,

Sk(X) = sk(AX)) < sk (M2 + sLm)) = s£(A(Z) + 1) = s, (\(2)) + sk < T(Z) + sk,

where the last inequality is due to Z > 0. The concluding quantity in the above chain is < t, that is ,
Sk(X) <t, as claimed.

In the opposite direction: let Sk (X) < ¢, and let X = UDiag{)\l,)\z,...,)\m}UT be the eigenvalue
decomposition of X, A\1 > A2 > ... > Ay, being the eigenvalues of X. Let us set s = A\ and Z =
U Diag{ A1 — Ak, A2 — Ay ooy Ag—1— A, 0, ooy O}UT, so that Z = 0 and Tr(Z) = Sk(X)—kAx = Sk(X)—ks,
that is, t > Sg(X) = Tr(Z) + ks. It remains to note that X < Z + sI,, due to

UT[slm + Z — X]U = MIm + Diag{\1 — Mg, . Ab—1 — Mg, 0, ..., 0} — Diag{ A1, A2, .. Am)
= Diag{0, ..., 0, A\g — At 1, Ak — Akt25 00 Ak — Am} = 0.
The importance of G-representability of Sk(-) becomes clear from the following

3. Let f(z) : R™ — R U{+o0} be a convex function symmetric w.r.t. permutations of entries in
the argument, and let

F(X)=f(AX)):S™ = RU {+o0};

recall that F' is convex by Proposition |I11.14.3] Show that F(X) admits the following represen-
tation:

flu) <t EZ))
m UL > U2 > ... > U
t>F(z) < JuecR™: Su(X) < s+ dup, 1<k <m (cx) (23.3)
Tr(X) =u1 + ... +um (em)

Combine this fact with G-representability of Sk () to arrive at the following
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Corollary In the situation of item 3, assume that f is not just symmetric, but is &-
representable as well. A &-r. of f gives rise to explicit &-r. of F(X).

Corollary underlies G-representations of numerous highly important functions and sets, e.g., Shatten
norms of rectangular matrices — p-norms of the vector of matrix's singular values, or the hypograph
t < Detl/m(X) of the (appropriate power of the) determinant of X € S, or the epigraph of the
function Det ™ (X) of X > 0.

Solution: All we need is to justify (23.3). In one direction: when t > F/(X), setting u = A(X), we satisfy
(a)—(c). In the opposite direction: Let u, X satisfy (a)—(c). From (b), (¢) it follows that s (A (X)) < s (u)
for all & < m, with s;m (A(X)) = sm(u). Invoking Majorization Principle (section |7.4), we conclude that
A(X) = Pu for a properly selected doubly stochastic matrix P. The latter relation, by permutational
symmetry and convexity of f, implies that f(A(X)) < f(u) (see Lemma [[TL.14.1)), which combines with
(a) to imply the desired relation F(X) < t. |

Exercise [[V.41] A rather interesting example of G-representable sets deals with matrix square and
marix square root:

1. [>-epigraph of the matrix square] Prove that the function F(X) = XX : R™" — 8" is
>=-convex and find a &-r. of its >=-epigraph {(X,Y) e R™*" x S": Y = X " X}.

Solution: This is immediate: by Schur Compelent Lemma,

mxn n T Y XT
{(X,)Y)eR xS": Y X' X}={(X,Y): A = 0}.
In particular,
{(X,Y)esnxS“:Y;XQ}z{(X,Y):[§ f]zo}.

2. [>-hypograph of the matrix square root] Prove that the set {(X,Y) € S®" xS" : X = 0,Y =<
XY} is convex and find its G-r.

Solution: The function X1/2 : ST — ST is x-concave and Z-monotone (Example |IV.20.5), and
therefore

{(X,Y)eS"x8": X =0,Y < X1/2} {(X,Y):3V: 0=V, V2 <X, Y <V}

X=0,V=0Y=<V

{(X,Y):3V: {X V}}O }
VI |~

Note: Solutions to items 1-2 provide us with &-r.'s of the sets {(X,Y) € S" x S" : X > 0,0 =
X <Y'Y?} and {(X,Y) € S" x S": X = 0, X? < Y}. These sets are different, and the second is
“essentially smaller” than the first one, see Exercise [V.17]

Exercise [IV.42| [important example of G-representation] Consider the situation as follows. Given a
basic set B C R™ which is the solution set of a strictly feasible quadratic inequality:

B={ueR":u' Qu+2q¢ u+r <0},
we consider target set
Q={zecR™:2'Sx+2s x40 <0} [SeS™,se R" 0 €R]

and affine mapping
ur P(z):=Pu+p: R" = R™

We are interested in the situation when the image of the basic set under the mapping P(+) is contained
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in the target set, and want to describe this situation in terms of the parameters S, s, o, P, p.
Your task is as follows. Let us set

-AQ | PTs—)\g
sTP—\q' | 28" p+o—As |

M(S, 5,0, P,p; \) = [P,p] " S[P,p] +

Prove that the inclusion P(B) C Q is equivalent to the existence of A > 0 such that
M(S, 5,05 P,p; A) 2 0. ©)

Solution:

1. Observe that P(B) C Q if and only if the strictly feasible quadratic inequality
uw Qu+2¢ T u+r<0
on variables u € R™ implies validity of the quadratic inequality
[Pu+p] " S[Pu+p] +2s" [Pu+p|+ 0 <0,
By Inhomogeneous S-Lemma this is the case if and only if there exists A > 0 such that
V(u € R™,t € R) : [Pu+tp]" S[Pu+ tp] + 2ts " [Pu+ tp] + ot? — ANu| Qu + 2tq" u + st?] <0,

and immediate computation shows that the matrix of the left hand side homogeneous quadratic

function of [u;t] is exactly M(S, s, o; P,p; ). |
2. Here are the results of our experiments with the inscribed ellipsoid method:

e n =5: # of iterations: T = 71, f(z!) = 37.36223, cpu 68 sec

e n = 10: # of iterations: T = 131, f(z!) = 41.30913, cpu 177 sec

Note that the convex optimization problems in question are well-structured: from the results of Exercise
it follows that the objectives are £-r, so that the problems can be solved via Conic Quadratic
Programming. With this tool (as implemented in CVX), solving the instance with n = 5 took just 1.28 sec
with reported optimal value 37.36220; similar numbers for the instance with n = 10 are 1.99 and 41.30908.
‘We see that, on one hand, just exploiting convexity per se already allows to solve optimization problems, at
lest low-dimensional ones, to high accuracy in reasonable time, and, on the other hand, utilizing problem’s

structure via the machinery of 98/£/S representations reduces dramatically the computational effort.
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Exercise [A. 1l

1. Mark in the list below those subsets of R™ which are linear subspaces. For the ones that are linear
subspaces, find their dimensions and point out bases. For the ones that are not linear subspaces
provide counterexamples.

1.

Rn
Solution: linear subspace, dimension is n, basis, e.g., the collection of n standard basic orth.
{o}

Solution: linear subspace, dimension is 0, basis is empty.
%]

Solution: not a linear subspace (linear subspace by definition must be nonempty).
n
zeR™: Y iz, =0
i=1
Solution: linear subspace, dimension is n — 1, basis, e.g., the collection of vectors

fi:=10;...50;44+1;—%;0;...50], for1<i<n-—1.
——

i—1

n

{xGR": Zix?zO}
i=1

Solution: linear subspace, dimension is 0, basis is empty.
n

{IGR": Zia:izl}
i=1

Solution: not a linear subspace (e.g., does not contain the origin).
n

{IER": Zixle}
i=1

Solution: not a linear subspace (e.g., contains the first basic orth, but does not contain twice this
orth).

2. Suppose that we know L is a subspace of R™ with exactly one basis. What is L?

Solution: L = {0}, basis is empty.

Exercise [AZ2] Consider the sets given in Exercise [AI] and identify those that are affine subspaces.
For those that are affine subspaces, find their affine dimensions and point out their linear subspaces
that are parallel to them. For those that are not affine subspaces, provide counterexamples.

Solution:  All of the sets that are marked as linear subspaces are also affine subspaces. Their affine

dimension is equal to their linear dimension, and the corresponding linear subspace parallel to them is

just themselves.

Among the ones that are not linear subspaces, we have the following for their affine subspace status:

o U

not an affine subspace since affine subspace by definition needs to be nonempty.

160



Ezercises from Appendiz[4] 161

n
° {:E ER™: Y im; = 1}: affine subspace, affine dimension is n — 1, and the corresponding linear
=
' n
subspace parallel to it is given by {z eR™: Y iz, = 0}.
i=1

n
. {:L" eER™: Y zxf = 1}: not an affine subspace, e.g., it contains the points a4+ = [£1;0;...;0], but
i=1
does not contain their average (which is their affine combination!).

Exercise [A.3]

1. Find the orthogonal complement (w.r.t. the standard inner product) of the following subspace of

R™:
n
{mER": inzo}.
i=1
Solution: The orthogonal complement in question is R - [1;...;1], i.e., the one-dimensional linear

subspace spanned by the all-ones vector.

2. Given vectors ai,...,am € R", find the orthogonal complement (w.r.t. the standard inner
product) of the linear subspace {x € R": a/z=0,Vi=1,...,n}.
Solution: The orthogonal complement to the linear subspace {x € R"™ : Az = 0} is spanned by the
transposes of rows of A.

3. Find an orthonormal basis (w.r.t. the standard inner product) of the linear subspace {x € R™ : z1 = 0}
of R".

Solution: ~ An orthonormal basis is, e.g., {e2,e3,...,en}, where e; are the standard basic orth in
R™.

Exercise E Suppose a € R™ where a; > 0 for all i = 1,...,n, and consider the affine subspace

M—{xER": iaixi—l}.

i=1
Point out the linear subspace parallel to M and find an affine basis in M.
Solution: The parallel linear subspace is {x € R™ : > | ajz; = 0}. An example of an affine basis is

the collection {a—llel, e %en}, where e; is the i-th standard basic orth.
n

Exercise [A.5] Let @ # C CR" and z € R" be given.

1. Is it always true that Aff(C — {z}) = Afl(C) — {z}?
Solution: ~ This is always true. Let y € Aff(C — {z}). Then, there are A\;’s with > . A; = 1 and
z; € C — {x}, such that y = >, X\jz;. Since z; € C — {z}, there are x; € C such that z; = z; — x.
Therefore, y = >, Ai(z; — x) = >, Mizs —x € Afi(C) —{«}. Similarly, if y € Aff(C)—{x}, then there
are A\;’s with >, A; = 1 and z; € C, such that y = >, Mz —x = Y, iz — x) € Aff(C — {z}).
Therefore, Aff(C — {z}) = Aff(C) — {«}.

2. lIs it always true that Lin(C — {z}) = Aff(C) — {z}?

Solution: The equality Lin(C — {z}) = Afl(C) — {z} is not always true, because if x ¢ Aff(C), the
set Aff(C') — {«} does not contain the zero vector, but the set Lin(C — {z}) always contains the zero
vector.

3. Do your answers to the previous questions change if you further assume = € Aff(C)?

Solution: The answer to the first question does not depend on whether or not € Aff(C) holds.
On the other hand, when =z € Aff(C'), the answer to the second question changes and the relation
Lin(C — {z}) = Aff(C) — {z} always holds. This is because Aff(C') — {z} is an affine subspace that
contains the zero vector, therefore it is a linear subspace. Since it also contains all the elements of
C — {z}, it holds that Lin(C — {z}) C Aff(C) — {z}. For the other direction, we can use the equality
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Aff(C—{z}) = Aff(C) — {x} we have shown before. Therefore, we have Aff(C)—{z} = Aff(C—{z}) C
Lin(C — {z}). Thus, Lin(C — {z}) = Afi(C) — {z} when z € Aff(C).

Exercise Suppose that we are given n sets Ey, Es, ..., E, in R that are distinct from each

other and they satisfy
Ei1CEyC...CE,.

How large can n be, if

1. every one of Ej; is a linear subspace?
2. every one of E; is an affine subspace?
3. every one of Ej; is a convex set?

Solution: The answers are: 101 in items 1 and 2 (dimensions of E; should grow with ¢ and be integers
from the range 0 — 100); in item 3, n can be arbitrary large (take E; = {x € R190 : ||z||2 < i}).

Exercise[A.7] Prove that the Triangle inequality in the Euclidean norm, i.e., ||[z+yl|2 < ||lz[l2+]y]l2,
holds true as an equality if and only if  and y are nonnegative multiples of some vector (which
always can be taken to be z + y).

Solution: Observe, first, that x, y are nonnegative multiples of some vector iff they are nonnegative
multiples of  +y. Next, the Triangle inequality in || -||2 holds true as equality if and only if 2 " 2 +2z T y+
yTy = llz+ gl = (lellz + Iyll2)? = 213 + 2llell2llyllz + lyl3, or, which is the same, 2y = [llallyll2-
The latter relation clearly holds true when x,y are nonnegative multiples of some vector. Now let
zTy = ||z||]2]|y|l2, and let us prove that & and y are nonnegative multiples of some vector. There is
nothing to prove when either x, or y, or both, are zero. Now assume that x # 0, y # 0. Setting
f = z/llzll2, 9 = y/|lyll2, we arrive at the situation when ||f||2 = |lgll2 = 1, and =Ty = ||z||2||y]l2
translates to f T g = 1. Consequently, ||f — gl|2 = || f||2 + ||lg]|2 —2f " g = 0, that is, f = g, so that = and
y are positive multiples of f = g. |
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Exercise B.1. Mark in the list below those sets which are closed and those which

are open (the sets are in R”, || - || is a norm on R, n > 0):
1. All vectors with integer coordinates.
Solution: closed
2. All vectors with rational coordinates.
Solution: neither closed, nor open
3. All vectors with positive coordinates.
Solution: open

4. All vectors with nonnegative coordinates.
Solution: closed
5. {r e R": |lz| < 1}.
Solution: open
6. {x e R": ||z]| =1}.
Solution: closed
7. {z eR": |z| <1}
Solution: closed
8. {reR": |z| >1}.
Solution: closed
9. {x e R™: |jz]| > 1}.
Solution: open
10. {zeR": 1< |jz| <2}

Solution: neither closed, nor open

Exercise B.2. Consider the function f(z;,x,) : R*> — R defined as

f(ml -’IJQ) = {i%;ig’ if (x17$2) 7é 07

0, ifxlz:UQ:O.

Check whether this function is continuous on the following sets:
1. R?

Solution: f is not continuous on the set

163
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- R\ {0}

Solution: f is continuous on the set

{zx e R?: 2, =0}

Solution: f is not continuous on the set (note that in this domain we have f(x) = —1 whenever
z2 # 0 and f(xz) = 0 whenever z2 = 0)

{z € R*: 2, =0}

Solution: f is not continuous on the set (note that in this domain we have f(z) = 1 whenever z1 # 0
and f(x) = 0 whenever z1 = 0)

{r e R*: x; + x5 =0}
Solution: f is continuous on the set
{x eR?*: 2y —xy =0}
Solution: f is continuous on the set
{r e R?: |1; — xy| < 21 + 23}

Solution: f is continuous on the set.

Exercise B.3. Let f : R® — R™ be a continuous mapping. Among the following
statements, mark those which are always true:

1.

If U is an open set in R™, then so is the set f~'(U) :={z € R": f(z) € U}.
Solution: true

If U is an open set in R", then so is the set f(U) = {f(x): € U}.
Solution: not always true (take f = 0)

If F'is a closed set in R™, then so is the set f~(F) ={z € R": f(z) € F}.

Solution: true

If Fis a closed set in R"™, then so is the set f(F) = {f(z): = € F}.
Solution: not always true (take f(z) = exp{z}: R — R and look at f(R)).

Exercise B.4. Prove that in general none of Theorems[B.25] [B.29] and[B.31] remains
valid when

1.

X is closed, but not bounded:

Solution: Take the mapping z — exp{z} : X := R — R, so that X is closed and f is continuous
on X. Here:

e f is unbounded on X, and f(X) is not closed, in contrast to the conclusion of Theorem
e [ is not uniformly continuous on X, in contrast to the conclusion of Theorem [B:29]
e f does not achieve its minimum on X, in contrast to the conclusion of Theorem

. X is bounded, but not closed.

Solution: Take the mapping = — i : X :=(0,1) = R, so that X is bounded and f is continuous

on X. Here:

e f is unbounded on X, and f(X) is not closed, in contrast to the conclusion of Theorem
e f is not uniformly continuous on X, in contrast to the conclusion of Theorem
e f does not achieve its minimum on X, in contrast to the conclusion of Theorem
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Exercise [D.11

1. Find the dimension of R™*™ and point out a basis in this space.

Solution: The dimension is mn, and a basis is, e.g., the basis {eifJT i <m,j < n}, where eq, ..., em
and f1, ..., fn are the standard basic orths in R", resp., R™
2. Build an orthonormal basis in S™.
T
1

%[eie; + eje;r], 1 <i< 7 <m, where e; are the standard basic orths in R™.

and matrices

. L . . —1
Solution: An orthonormal basis in S™ is composed of m matrices e;e %

Exercise In the space R™*™ of square m X m matrices, there are two interesting subsets:
the set 8™ of symmetric matrices {A: A = AT} and the set J™ of skew-symmetric matrices
{A=[Ay]: Aij = —Aji, Vi, 5}

1. Verify that both 8™ and J"* are linear subspaces of R™*™.

Solution: This is evident.
2. Find the dimension of S™ and point out a basis in S™.

Solution: The dimension of S™ is M#m, the basis for S™ was built in Exercise 2.
3. Find the dimension of J™ and point out a basis in J™.

Solution: The dimension of J™ is W (note that all of the diagonal entries of the matrices in

J™ must be zero), an orthonormal basis for J™ is, e.g., %[eie; —eje]],1<i<j<m.

4. What is the sum of S and J™7? What is the intersection of S™ and J™?
Solution: Their sum is the entire R™*™, and their intersection is {0}.
Exercise [D-3] Is the “3-factor” extension of Fact[D.1] valid, at least in the case of square matrices

X,Y, Z of the same size? That is, for square matrices X, Y, Z of the same size, is it always true that
Tr(XYZ)=Tr(YXZ)?

Solution: Beyond the trivial case of 1 X 1 matrices, this is wrong, as is immediately shown by numerical

experimentation.

Exercise Given P €SP, Q € R™*?, and R € S”, consider the matrices
_[P QT _[P -QT _ | R Q _| R -Q
A_|:Q R:|a B_|:_Q R ) C= QT Pl D= _QT P

Prove that A(A) = A(B) = A(C) = X(D). Thus, the matrices A, B, C, D simultaneously are/are
not positive semidefinite. As a consequence, the Schur Complement Lemma says that when R > 0,
we have A > 0 if and only if P — QTR’lQ > 0; since A > 0 if and only if C > 0, we see that the
same lemma says that when P >~ 0, we have A > 0 if and only if R — QP~'Q" > 0.
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Solution: Indeed, the matrices are rotations of each other:

B=UAU', C=VAV', D=WAW'

v= |t , V= L . W= —Ir ,
I I I

and clearly the matrices U, V, W are orthogonal.

where

Exercise Let ST, :=int S} = {X € S": X > 0}, and consider X,Y € S, . Then, X <Y
holds if and only if X' = Y ™! (the >=-antimonotonicity of X!, X € S7,). Is it true that from
0 < X <Y it always follows that X2 > Y27

Solution: For Z > 0, we clearly have Z < I, if and only if Z—1 > I,,, and therefore for X > 0, Y > 0
we have

X <Y < Y V2Xy 12<, < Y2X W2 -], = X 1>V L
Numerical experimentation shows that 0 < X <Y not always implies that X 2 = Y ~2.

Exercise [D.6] Let A, B € S™ be such that 0 < A < B. For each one of the following, either prove
the statement or produce a counter example:

1. A2 < B?%
Solution: We can verify (with Mathematica) that for n = 2, taking
1 . .
A 0.5 . B= 2 05
0.5 1 0.5 1
gives a counterexample to the claim.

2. 0< A2 < B2,

Solution: This is always true.
Note that

B— A= 1 (Bl/2+A1/2)(Bl/2_A1/2)+(B1/2 _A1/2)(B1/2+A1/2)]'
2
Hence, B— A € 87 implies (B'/2+ Al/2)(BY/2 - A1/2) 4 (B'/2 — AY/2)(B'/24 A1/2) € S".. Because
B1/2 — A1/2 is a symmetric matrix, we can rewrite it in terms of its eigenvector decomposition as
BY2 _ AV2 —ypUT,

where U is an orthogonal matrix and D is a diagonal matrix. Then, by defining X :=2U T (B — A)U
and Y := UT (BY2 + AY/2)U, we observe that

X =YD+ DY (%)

holds. Because B—A € S"', we have X € 51 (see Fact . Likewise Y € S’jr because B1/2+A41/2 ¢

St (since both A and B are positive semidefinite). In addition, observe that
A = Y-D=2UTAY?U (+)
B' = Y+ D=2U"BY2U.

Therefore, both A’ and B’ are in S . Finally, let us consider the diagonal elements of the matrices
X,Y, A" and B’. From (x), (**) we see that

Xii = 2YiiDi;

Ay =Y — Dy

Bj; = Yii + Dii
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Because all of X, Y, A’ and B’ are in Si, we have all these diagonal elements are nonnegative and
Yii > 0 for all ¢ € [m]. In particular, we have Y;; > |D;;| for all i. Then for any j € [m] such that
Dj; # 0, we have Yj; > 0. Moreover, from X;; = 2Y;;D;; and Yj; > 0, we deduce that D;; > 0 as
well. This then implies that D has a nonnegative diagonal, and hence B1/2 _Al/2 ¢ S as desired.
An alternative proof of “>-monotonicity” of the square root of a positive semidefinite matrix is

given in Example in section [20.2

Exercise [D-7] A matrix A € S™ is called diagonally dominant if it satisfies the relation

Qi > Z]_#|a¢j|, i=1,...,n.

Prove that every diagonally dominant matrix A is positive semidefinite.

Solution: Let x be an eigenvector of A with eigenvalue A, and let z; be the entry of z with the maximum
absolute value. As z is an eigenvector,  # 0 and so x; # 0. Replacing, if necessary, x with —z, we can
assume that x; > 0. Then, as x is an eigenvector of A with eigenvalue A\, we deduce from Az = Az that

aiix; + E @iy = Az
J#i

Moreover, using the fact that z; > 0 is the largest magnitude coordinate in x, we get

o < | < | < < @i
Zj#“w’”] = ‘Z].#awzj‘ = Z#ilazml = %Zj#i|am| S Qii%q

Combining these two relations, we arrive at

AT, = ai;Ti + Zj#iaijxj > a;x; — ’Zj;éiaija:j‘ > 0.

This means that A > 0, and since the eigenvalue \ was arbitrary, all eigenvalues of A are non-negative,
and hence A > 0.

Exercise Prove the following matrix analogy of the scalar inequality ab < % for a,b € R:
ABT + BAT < AA"T + BB, VA, B € R™*".
Solution: Note that we can rewrite this expression as
AAT —ABT —BAT + BBT =(A-B)(A-B)'.
Then, the positive semidefiniteness of this matrix is immediate.

Exercise

1. Let I; denote the k X k identity matrix, and let A be an m X n matrix. Prove that the following
three properties are equivalent to each other:

o ATAXT,:
o AAT <X I;

I, A

Solution: By the Schur Complement Lemma,

Im A T
X = =0 < I, —AAT > 0.
[AT IJ* =

Invoking the concluding comment in Exercise X>0 < I,-ATA>0.
2. Let A4,..., Ar be n X n matrices such that
Al AL+ ...+ AL AL = I,

For each of the following, either prove the statement or produce a counter example:
o AA] +... + AAl < I;
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Solution: When n = 1, the claim clearly is true; when k = 1, it is true due to item 1 of Exercise.
When k > 1 and n > 1, the claim is wrong in general: set k = min[k,n], A; = ee] with unit e,
the first k basic orths of R™ in the role of e; when ¢ < k, and e; = 0 for Kk < ¢ < k. With this
setup, >, AT A; = 3% | eje] <X I, while 3, ;AT = kee £ In.

ALAT ALAT o AA]
As AT AsAS - AsA]

. . _ _ < Ipn.
ARA] ARAS o ARAL

Solution: Observe that by the Schur Complement Lemma and the concluding comment in Exercise

[D4 we have

In— (AT A1 +...+ Al A =0

I AT ... A]
A
<= =0
Ak
A ALAT  ALA] - AA]
! A AT AsA] o AxA]
A : : . :
k ARAT  ARAT o ARAT

which is exactly what is required.
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