Appendix A

Notation and Prerequisites

A.1 Notation

e 7, R, C stand for the sets of all integers, reals, and complex numbers, respectively.

o Cxn R™*™ gtand for the spaces of complex, respectively, real m x n matrices. We write C"
and R™ as shorthands for C"*!, R™*!  respectively.

For A € C™*" AT stands for the transpose, and AX for the conjugate transpose of A:

(AH)rs = Asra

where Z is the conjugate of z € C.
e Both C™*" R™*™ are equipped with the inner product

(A,B) = Te(AB") = A,B..

The norm associated with this inner product is denoted by || - ||2.
e For p € [1, 00], we define the p-norms || - ||, on C* and R™ by the relation
|p/P
||:c|rp={<.zz"xz'> , L<p<oo y o
limy, oo |||, = max; ], p = oo

Note that when p,q € [1,00] and % + % = 1, then the norms || - ||, and || - ||, are conjugates of
each other:

x|, = max [{x,y)|

Jell, = a1z

In particular, |(z,y)| < ||z||,||y|l; (Holder inequality).

e We use the notation I, 0, xn for the unit m x m, respectively, the zero m X n matrices.

e H'™, S™ are real vector spaces of m x m Hermitian, respectively, real symmetric matrices.
Both are Euclidean spaces w.r.t. the inner product (-, ).

e We use “MATLAB notation”: when Ay, ..., A; are matrices with the same number of rows,
[A1, ..., Ag] denotes the matrix with the same number of rows obtained by writing, from left to
right, first the columns of Aj, then the columns of As, and so on. When Ay, ..., A, are matrices
with the same number of columns, [A;; As;...; Ag| stands for the matrix with the same number
of columns obtained by writing, from top to bottom, first the rows of A;, then the rows of A,
and so on.
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e For a Hermitian/real symmetric m x m matrix A, A(A) is the vector of eigenvalues \,.(A4) of
A taken with their multiplicities in the non-ascending order:

AM(A) > X2(A) > .. > An(A).
e For an m x n matrix A, 0(A) = (01(A), ...,0,(A))T is the vector of singular values of A:
or(A) = N2 (AR A),

and
[All2,2 = [|A]| = 01(A) = max {||Az[]2 : z € C", [|z|2 < 1}

(by evident reasons, when A is real, one can replace C™ in the right hand side with R™).
e For Hermitian/real symmetric matrices A, B, we write A = B (A > B) to express that A — B
is positive semidefinite (resp., positive definite).

A.2 Conic Programming

A.2.1 Euclidean Spaces, Cones, Duality
Euclidean spaces

A FEuclidean space is a finite dimensional linear space over reals equipped with an inner product
(x,y)r — a bilinear and symmetric real-valued function of z,y € E such that (z,z)p > 0
whenever x # 0.

Example: The standard Euclidean space R". This space is comprised of n-dimensional
real column vectors with the standard coordinate-wise linear operations and the inner product
(x,y)gn = xTy. R" is a universal example of an Euclidean space: for every Euclidean n-
dimensional space (E, (-,-)g) there exists a one-to-one linear mapping = — Az : R — FE such
that 27y = (Az, Ay)g. All we need in order to build such a mapping, is to find an orthonormal
1, i=j
0, i#j
a basis always exists. Given an orthonormal basis {e;}]" ;, a one-to-one mapping A : R — E
preserving the inner product is given by Az = > | z;e;.

Example: The space R™*"™ of m x n real matrices with the Frobenius inner prod-
uct. The elements of this space are m x n real matrices with the standard linear operations and
the inner product (A, B)p = Tr(ABT) = > AijBij.

Example: The space S" of n x n real symmetric matrices with the Frobenius
inner product. This is the subspace of R™"*™ comprised of all symmetric n x n matrices; the
inner product is inherited from the embedding space. Of course, for symmetric matrices, this
product can be written down without transposition:

basis e1, ...,en, n = dim E, in E, that is, a basis such that (e;,e;)p = d;; = { ; such

A,B€S"= (A,B)p =Tr(AB) = > AyBy;.
i,J

Example: The space H" of n x n Hermitian matrices with the Frobenius inner
product. This is the real linear space comprised of n x n Hermitian matrices; the inner product
is

n
(A, B) = Tr(AB") = Tv(AB) = ) _ A;;Bj;.

3,j=1
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Linear forms on Euclidean spaces

Every homogeneous linear form f(x) on a Euclidean space (F, (-, )g) can be represented in the
form f(x) = (ef,x)g for certain vector ey € E uniquely defined by f(-). The mapping f — ey
is a one-to-one linear mapping of the space of linear forms on F onto F.

Conjugate mapping

Let (E,(-,-)p) and (F,(--)r) be Euclidean spaces. For a linear mapping A : E — F' and every
f € F, the function (Ae, f)r is a linear function of e € E and as such it is representable as
(e, A* f) g for certain uniquely defined vector A*f € E. It is immediately seen that the mapping
f— A*f is a linear mapping of F' into F; the characteristic identity specifying this mapping is

(Ae, fyp = (e, A*f)V(e€ E,f € F).

The mapping A* is called conjugate to A. It is immediately seen that the conjugation is a
linear operation with the properties (4%)* = A, (AB)* = B*A". If {e;}7., and {fi}]_, are
orthonormal bases in F, F', then every linear mapping A : £ — F can be associated with the
matrix [a;;] (“matrix of the mapping in the pair of bases in question”) according to the identity

m
Aijej = Z Zaij:cj fl
j=1 i L
(in other words, a;; is the i-th coordinate of the vector Ae; in the basis fi,..., fp). With
this representation of linear mappings by matrices, the matrix representing A* in the pair of
bases {f;} in the argument and {e;} in the image spaces of A* is the transpose of the matrix
representing A in the pair of bases {e;}, {fi}.

Cones in Euclidean space

A nonempty subset K of a Euclidean space (E, (-,-)g) is called a cone, if it is a convex set
comprised of rays emanating from the origin, or, equivalently, whenever t1,t2 > 0 and z1,z2 € K,
we have tix1 + toxs € K.
A cone K is called regular, if it is closed, possesses a nonempty interior and is pointed —
does not contain lines, or, which is the same, is such that a € K, —a € K implies that a = 0.
Dual cone. If K is a cone in a Euclidean space (E, (-,-)g), then the set

K'={e€ E:(e,h)g > 0Vh € K}

also is a cone called the cone dual to K. The dual cone always is closed. The cone dual to dual
is the closure of the original cone: (K*)* = clK; in particular, (K*)* = K for every closed cone
K. The cone K* possesses a nonempty interior if and only if K is pointed, and K* is pointed if
and only if K possesses a nonempty interior; in particular, K is regular if and only if K* is so.

Example: Nonnegative ray and nonnegative orthants. The simplest one-dimensional
cone is the nonnegative ray Ry = {t > 0} on the real line R!. The simplest cone in R™ is the
nonnegative orthant R} = {r € R" : z; > 0,1 < i < n}. This cone is regular and self-dual:
(R)" = RY.

Example: Lorentz cone L". The cone L™ “lives” in R™ and is comprised of all vectors
x = [x1;...;2,] € R™ such that x,, > \/Z;»le x?; same as R}, the Lorentz cone is regular and
self-dual.
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By definition, L' = R, is the nonnegative orthant; this is in full accordance with the
“general” definition of a Lorentz cone combined with the standard convention “a sum over an
empty set of indices is 0.”

Example: Semidefinite cone S’}. The cone S} “lives” in the Euclidean space S™ of n xn
symmetric matrices equipped with the Frobenius inner product. The cone is comprised of all
n X n symmetric positive semidefinite matrices A, i.e., matrices A € 8™ such that 27 Az > 0 for
all x € R, or, equivalently, such that all eigenvalues of A are nonnegative. Same as R’} and L",
the cone S'! is regular and self-dual.

Example: Hermitian semidefinite cone H'}. This cone “lives” in the space H" of n xn
Hermitian matrices and is comprised of all positive semidefinite Hermitian n x n matrices; it is
regular and self-dual.

A.2.2 Conic Problems and Conic Duality
Conic problem

A conic problem is an optimization problem of the form

Opt(P) = min {<07$>E : ixx:—bb cKii=1,...m, }

where
e (E,(-,-)g) is a Euclidean space of decision vectors x and ¢ € E is the objective;

o A;, 1 < i < m, are linear maps from E into Euclidean spaces (Fj, (-, )r,), b; € F; and
K, C F; are regular cones;

e A is a linear mapping from FE into a Euclidean space (F,(-,-)r) and b € F.

Examples: Linear, Conic Quadratic and Semidefinite Optimization. We will be
especially interested in the three generic conic problems as follows:

e Linear Optimization, or Linear Programming: this is the family of all conic problems
associated with nonnegative orthants R'l", that is, the family of all usual LPs ming {c’'z :
Az —b > 0};

e Conic Quadratic Optimization, or Conic Quadratic Programming, or Second Order Cone
Programming: this is the family of all conic problems associated with the cones that are
finite direct products of Lorentz cones, that is, the conic programs of the form

min {CT:C Ay Az — by by] € LFU XL x Lkm}

where A; are k; x dimz matrices and b; € R¥i. The “Mathematical Programming” form
of such a program is

min{cT:v Az —billo <alz—6;,1<i < m},
€T

where A; = [/L;a;[] and b; = [b;; 3], so that a; is the last row of A;, and f3; is the last
entry of b;;
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e Semidefinite Optimization, or Semidefinite Programming: this is the family of all conic
problems associated with the cones that are finite direct products of Semidefinite cones,
that is, the conic programs of the form

dim z

. T, . A0 AT :
min Cﬂ;.Ai—i—Zx]AitO,lgzgm ,
j=1

where A} are symmetric matrices of appropriate sizes.

A.2.3 Conic Duality
Conic duality — derivation

The origin of conic duality is the desire to find a systematic way to bound from below the
optimal value in a conic problem (P). This way is based on linear aggregation of the constraints
of (P), namely, as follows. Let y; € K} and z € F. By the definition of the dual cone, for every
x feasible for (P) we have

(Ajyi,v)E — (Wi, bi)F, = (Y, Az — bi)p, > 0,1 <3 <m,

and of course
<A*2,x>E _ <2,b>F = <Z,A:Ii—b>F =0.

Summing up the resulting inequalities, we get

(A"z + Z Ay, x)p > (2,b)p + Z@i, bi) F, - (@)

By its origin, this scalar linear inequality on z is a consequence of the constraints of (P), that
is, it is valid for all feasible solutions x to (P). It may happen that the left hand side in this
inequality is, identically in = € E, equal to the objective (¢, x)g; this happens if and only if

A*z—i—ZA;kyi = c.
i

Whenever it is the case, the right hand side of (C) is a valid lower bound on the optimal value
in (P). The dual problem is nothing but the problem

yZEK:‘,lngm,

Opt(D) = max {(z,b)p + Z<yz7bz>Fl T oAfa o S Aty =c } (D)

Zu{yi}

of maximizing this lower bound.
By the origin of the dual problem, we have

Weak Duality: One has Opt(D) < Opt(P).
We see that (D) is a conic problem. A nice and important fact is that conic duality is symmetric.

Symmetry of Duality: The conic dual to (D) is (equivalent to) (P).
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Proof. In order to apply to (D) the outlined recipe for building the conic dual, we should rewrite
(D) as a minimization problem

_ — mi _ L. .yiEKZ‘,lgiSm . /
Opt(D)Z{?;?}{<Za b>F+;<yl7 bZ>F7, A*z—i—ZZA;kyz:c}v (D)

the corresponding space of decision vectors is the direct product F' x F} X ... X F},, of Euclidean
spaces equipped with the inner product

(2301, oo U], (2500 s Uy = (2, 2) P+ ) (Wi U B
7

The above “duality recipe” as applied to (D’) reads as follows: pick weights n; € (K!)* = K;
and ¢ € F, so that the scalar inequality

(¢, A2 + Z Aty e + Z<m, yi)F, > (C.0)p (ed)

=(AC2) 43 (AiC+ni,:) Fy

in variables z, {y;} is a consequence of the constraints of (D), and impose on the “aggregation
weights” (,{n;, € K;} an additional restriction that the left hand side in this inequality is,
identically in z, {y;}, equal to the objective of (D’), that is, the restriction that

AC=—b, Ai( +mi = —b;, 1 <i <m,
and maximize under this restriction the right hand side in (C”), thus arriving at the problem

CKismi= A -bi,1<i<m
ggﬁ{@cm Al = b }

Substituting © = —(, the resulting problem, after eliminating 7; variables, is nothing but

Azl‘—bIGKhlglgm

mﬁx{—(q@E: A — b },

which is equivalent to (P). O

Conic Duality Theorem

A conic program (P) is called strictly feasible, if it admits a feasible solution Z such that
Az =—b; €eintK;, i =1,....m.

Conic Duality Theorem is the following statement resembling very much the standard Linear
Programming Duality Theorem:

Theorem A.1 [Conic Duality Theorem] Consider a primal-dual pair of conic problems (P),
(D). Then

(i) [Weak Duality] One has Opt(D) < Opt(P).

(ii) [Symmetry] The duality is symmetric: (D) is a conic problem, and the problem dual to
(D) is (equivalent to) (P).

(iii) [Strong Duality] If one of the problems (P), (D) is strictly feasible and bounded, then
the other problem is solvable, and Opt(P) = Opt(D).

If both the problems are strictly feasible, then both are solvable with equal optimal values.
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Proof. We have already verified Weak Duality and Symmetry. Let us prove the first claim in
Strong Duality. By Symmetry, we can restrict ourselves to the case when the strictly feasible
and bounded problem is (P).

Consider the following two sets in the Euclidean space G =R x F' X F} X ... X F;:

T = {lt;zy155Ym) : Jxt = (c,x)p;yi = Aix — b, 1 <i<my
z = Az — b},
S = {[t;z;y155ym) : t < Opt(P),y1 € Ki, ooy ym € Kippy 2 = 0}

The sets T" and S clearly are convex and nonempty; observe that they do not intersect. Indeed,
assuming that [t;2z;y1;...;ym] € S NT, we should have t < Opt(P), and y; € K;, z = 0
(since the point is in S), and at the same time for certain x € E we should have t = (¢,z)g
and Ajx — b, = y; € K;, Ar — b = z = 0, meaning that there exists a feasible solution to
(P) with the value of the objective < Opt(P), which is impossible. Since the convex and
nonempty sets S and T do not intersect, they can be separated by a linear form: there exists
[T5¢;m1;.5nm]) € G =R X F x Fy X ... X Fy, such that

(a) sup ([T5¢m1s o3l [6 25915 -5 Uml )@
[t;25915---5ym] €S

= inf ([5Gl [ 25015 Yml) s
(25915 5ym] €T

(b) inf ([T G0l [ 20155 ym))a
[t;25915..5ym] €S

< sup ([5G 0155 0m)s B 23015 5 Um]) 6o

or, which is the same,

(a) sup [Tt +>2:(ni, vi) ]
t<Opt(P),y: €K

< Helg [T(c,x)p + ((,Ax —b)r + >_;(mi, Aix — bi) R,

. A21
6) it el N
t<Opt(P),yi€K;
< sup [r{c,x) + (¢, Ax — b)p + >, (ni, Az — b)) -
el
Since the left hand side in (A.2.1.a) is finite, we have
72>0,—meK;,1<i<m, (A.2.2)

whence the left hand side in (A.2.1.a) is equal to 7Opt(P). Since the right hand side in (A.2.1.a)
is finite and 7 > 0, we have

A C+ D A+ re=0 (A.2.3)
and the right hand side in (a) is (—=(,b)F — >, (7, bi) F,, so that (A.2.1.a) reads

TOPt(P) < (=¢,b)r — Y (mis bi) - (A.2.4)

7

We claim that 7 > 0. Believing in our claim, let us extract from it Strong Duality. Indeed,
setting y; = —n; /7, z = —(/71, (A.2.2), (A.2.3) say that z, {y;} is a feasible solution for (D), and
by (A.2.4) the value of the dual objective at this dual feasible solution is > Opt(P). By Weak
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Duality, this value cannot be larger than Opt(P), and we conclude that our solution to the dual
is in fact an optimal one, and that Opt(P) = Opt(D), as claimed.

It remains to prove that 7 > 0. Assume this is not the case; then 7 = 0 by (A.2.2). Now let
Z be a strictly feasible solution to (P). Taking inner product of both sides in (A.2.3) with z, we
have

(¢ AZ)p + > (ni, AiZ)F, = 0,

while (A.2.4) reads
—(¢,b)r = > (nibi)r, = 0.

7

Summing up the resulting inequalities and taking into account that Z is feasible for (P), we get

Z<77i,Az‘-f — bfL) > 0.
(2
Since A;z — b; € intK; and 7; € —K, the inner products in the left hand side of the latter
inequality are nonpositive, and i-th of them is zero if and only if n; = 0; thus, the inequality
says that n; = 0 for all 7. Adding this observation to 7 = 0 and looking at (A.2.3), we see that
A*¢ = 0, whence (¢, Az)p = 0 for all x and, in particular, ({,b)p = 0 due to b = AZz. The
bottom line is that (¢, Ax — b)p = 0 for all z. Now let us look at (A.2.1.b). Since 7 =0, 7, =0
for all 4 and (¢, Az — b)p = 0 for all x, both sides in this inequality are equal to 0, which is
impossible. We arrive at a desired contradiction.

We have proved the first claim in Strong Duality. The second claim there is immediate: if
both (P), (D) are strictly feasible, then both problems are bounded as well by Weak Duality,
and thus are solvable with equal optimal values by the already proved part of Strong Duality.
O

Optimality conditions in Conic Programming
Optimality conditions in Conic Programming are given by the following statement:

Theorem A.2 Consider a primal-dual pair (P), (D) of conic problems, and let both problems
be strictly feasible. A pair (x,& = [z;y1;...;ym]) of feasible solutions to (P) and (D) is comprised
of optimal solutions to the respective problems if and only if

(i) [Zero duality gap| One has

DualityGap(z; &) = (c,x)r — [(2,0)r + >_,;(bi, ¥i)F]
— 0,

same as if and only if
(ii) [Complementary slackness]

Proof. By Conic Duality Theorem, we are in the situation when Opt(P) = Opt(D). Therefore
DualityGap(z;§) = [(c,x)g — Opt(P)]

(z,b)F + Z(bu yz‘>ﬂ”

Opt(D) —

b

+
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Since x and & are feasible for the respective problems, the duality gap is nonnegative and it
can vanish if and only if a = b = 0, that is, if and only if x and £ are optimal solutions to the
respective problems, as claimed in (i). To prove (ii), note that since x is feasible, we have

Az =b, Aw —b; €Ki, c= A2+ > Ay, yi € K,

7

whence
DualityGap(z; &) = (¢, z)p — [{2,0)F + >_;{bi, yi) F]
=(A"2+ >, Alyi,v)e — [(2,0)F + 32y vi) R
= (z, Az = b)p + >, (yi, Aiz — bi)
———— —_—

=0 >0

where the nonnegativity of the terms in the last ), follows from y; € K, A;x; — b; € K;. We
see that the duality gap, as evaluated at a pair of primal-dual feasible solutions, vanishes if and
only if the complementary slackness holds true, and thus (ii) is readily given by (i). O

A.2.4 Conic Representations of Sets and Functions
Conic representations of sets

When asked whether the optimization programs

m
minz laly — b (A.2.5)
Yoia
and
. T B,
min max la; y — b (A.2.6)

are Linear Optimization programs, the answer definitely will be ”yes”, in spite of the fact that
an LO program is defined as

min {CT:U : Az > b, Pz = p} (A.2.7)

and neither (A.2.5), nor (A.2.6) are in this form. What the “yes” answer actually means, is that
both (A.2.5) and (A.2.6) can be straightforwardly reduced to, or, which is the same, represented
by LO programs, e.g., the LO program

m
min{Zui D= Sa;fpy—bz- <w, 1 gigm} (A.2.8)
R
in the case of (A.2.5), and the LO program

min{t: —t <afy—b; <t, 1<i<m} (A.2.9)
Y,

in the case of (A.2.6).
An “in-depth” explanation of what actually takes place in these and similar examples is as
follows.
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1. The “initial form” of a typical Mathematical Programming problem is min,cy f(v), where
f(w) : V. — R is the objective, and V' C R" is the feasible set of the problem. It is
technically convenient to assume that the objective is “as simple as possible” — just
linear: f(v) = ev; this assumption does not restrict generality, since we can always pass
from the original problem, given in the form min,cy ¢(v), to the equivalent problem

m[in]{cTyEs:yEY:{[v;s] v eV,s>o(v)}}.
y=[v;s

Thus, from now on we assume w.l.o.g. that the original problem is

min {d"y:yeY}. (A.2.10)
Y

2. All we need in order to reduce (A.2.10) to an LO program is what is called a polyhedral
representation of Y, that is, a representation of the form

U={yeR":3u:Ay+ Bu—-beR}}.
Indeed, given such a representation, we can reformulate (A.2.10) as the LO program

min] {ch =dly: A(z) := Ay + Bu—b > 0}.

r=[y;u

For example, passing from (A.2.5) to (A.2.8), we first rewrite the original problem as

: T
n?,lyn{t : Z|ai y — bil gt}
3
and then point out a polyhedral representation

{lyst] - 3 lafy — bi| <t}
u; —ajy +b; >0,
={ly;t] : Ju: ui—l—a;fry—bizo, }
t—ziui ZO

Aly;t]+Bu—b>0

of the feasible set of the latter problem, thus ending up with reformulating the problem of
interest as an LO program in variables y, ¢, u. The course of actions for (A.2.6) is completely
similar, up to the fact that after “linearizing the objective” we get the optimization problem

min{t:—tga?y—bigt,lgigm}
Yt

where the feasible set is polyhedral “as it is” (i.e., with polyhedral representation not requir-
ing u-variables).

The notion of polyhedral representation naturally extends to conic problems, specifically, as
follows. Let K be a family of regular cones, every one “living” in its own Euclidean space. A
set Y C R” is called K-representable, if it can be represented in the form

Y={yeR":JueR": Ay + Bu—b € K}, (A.2.11)

where K € K and A, B, b are matrices and vectors of appropriate dimensions. A representation of
Y of the form (A.2.11), (i.e., the corresponding collection A, B, b, K), is called a K-representation
(K-r. for short) of Y.
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Geometrically, a KC-r. of Y is the representation of Y as the projection on the space
of y variables of the set Y, = {[y;u] : Az + Bu — b € K}, which, in turn, is given as
the inverse image of a cone K € K under the affine mapping [y; u] — Ay + Bu — b.

The role of the notion of a conic representation stems from the fact that given a IC-r. of the
feasible domain Y of (A.2.10), we can immediately rewrite this optimization program as a conic
program involving a cone from the family IC, specifically, as the program

min {c z:=d'y: Alz) = Ay+Bu—be K}. (A.2.12)

r=[y;u]
In particular,

e When K = LO is the family of all nonnegative orthants (or, which is the same, the family
of all finite direct products of nonnegative rays), a K-representation of Y allows one to
rewrite (A.2.10) as a Linear program;

e When £ = CQQO is the family of all finite direct products of Lorentz cones, a K-
representation of Y allows one to rewrite (A.2.10) as a Conic Quadratic program;

e When K = §DO is the family of all finite direct products of positive semidefinite cones, a
K-representation of Y allows one to rewrite (A.2.10) as a Semidefinite program.

Note that a K-representable set is always convex.

Elementary calculus of K-representations

It turns out that when the family of cones K is “rich enough,” K-representations admit a
kind of simple “calculus” that allows to convert /C-r.’s of operands participating in a standard
convexity-preserving operation, like taking intersection, into a IC-r. of the result of this operation.
“Richness” here means that K

e contains a nonnegative ray R ;

e is closed w.r.t. taking finite direct products: whenever K; € I, 1 < i < m < oo, one has
K| x..xK,, €K;

e is closed w.r.t. passing from a cone to its dual: whenever K € K, one has K* € K.

In particular, every one of the three aforementioned families of cones LO, CQO, SDO is rich.

We present here the most basic and most frequently used “calculus rules” (for more rules
and for instructive examples of LO-, CQO-, and SDO-representable sets, see [9]). Let K be a
rich family of cones. Then

1. [taking finite intersections] If the sets Y; C R™ are K-representable, 1 < ¢ < m, then so is
their intersection ¥ = ﬂ Y;.
Indeed, if V; = {y e R™: Hul.Ax—l—Bu b; € K; with K; € K, then

Y= {yeR":Ju=ug;.;unl:
[A1;...; Am]y + Diag{Bi, ..., By }u1; s tm] — [b1; -3 0]
eK:=K; x..x K.},

and K € K, since K is closed w.r.t. taking finite direct products.
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2. [taking finite direct products| If the sets ¥; C R™ are K-representable, 1 < i < m, then so
is their direct product Y =Y; X ... x Y,,,.
Indeed, it YV; = {y € R : Ju; : A;oz + Byu —b; € K; with K; € K, then

Y= {y=[y1;.;ym) € R™TF"m : Ju = [ug;...;up)] :
Diag{ Az, ..., Ay + Diag{ B, ..., B }Hu1; -.; um] — [b1; -5 b
eK:=K; x..x K.},

and, as above, K € K.

3. [taking inverse affine images] Let Y C R™ be K-representable, let z — Pz +p: RY — R"
be an affine mapping. Then the inverse affine image Z = {2 : Pz+p € Y} of Y under this
mapping is K-representable.

Indeed, if Y = {y € R" : Ju: Ay + Bu — b € K} with K € K, then

Z={2zeRY :3u:A[Pz+p|+ Bu—bcK}.

EAZ*FBU*E

4. [taking affine images] If a set Y C R"™ is K-representable and y — z = Py +p: R — R™
is an affine mapping, then the image Z = {z = Py +p:y € Y} of Y under the mapping
is KC-representable.

Indeed, if Y = {y € R" : Ju : Au+ Bu —b € K}, then

Py+p—=
~Py—p+z | €Ki =R} xR} x K},
Ay+ Bu—1b

Z ={zeR™: y;u] :

=Az+Blyu]—b

and the cone K belongs to K as the direct product of several nonnegative rays (every one of them
belongs to K) and the cone K € K.

Note that the above “calculus rules” are “completely algorithmic” — a IC-r. of the result of an

operation is readily given by IC-r.’s of the operands.

Conic representation of functions

By definition, the epigraph of a function f(y) : R™ — RU {400} is the set

Epi{f} ={ly;t] e R" xR :t > f(y)}.

Note that a function is convex if and only if its epigraph is so.
Let IC be a family of regular cones. A function f is called C-representable, if its epigraph is

s0:
Epi{f} :={[ly,t] : Ju: Ay + ta+ Bu—b e K} (A.2.13)

with K € K. A K-representation (KC-r. for short) of a function is, by definition, a K-r. of its
epigraph. Since K-representable sets always are convex, so are K-representable functions.

Examples of K-r.’s of functions:

e the function f(y) = |y| : R — R is LO-representable:

{lyst] > |yl = {ly:t] : Alyst] == [t —y;t +y] € RA};
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e the function f(y) = [|y[l2 : R™ — R is CQO-representable:
{ly:t] € R 2t > Ylylla} = {lys ] € L)

e the function f(y) = Amax(y) : S — R (the maximal eigenvalue of a symmetric
matrix y) is SDO-representable:

{ly;t] € S" X Rt > Amax(y)} = {ly; 8] - Aly; ] := th, —y € SE}.
Observe that a -r. (A.2.13) of a function f induces K-r.’s of its level sets {y : f(y) < c}:
{y: fly) <c}={y:3Fu:Ay+ Bu—[b—ca] € K}.

This explains the importance of K-representations of functions: usually, the feasible set Y of a
convex problem (A.2.10) is given by a system of convex constraints:

Y ={y: fily) <0,1<i<m}.

If now all functions f; are K-representable, then, by the above observation and by the “calculus
rule” related to intersections, Y is JC-representable as well, and a K-r. of Y is readily given by
K-r.’s of f;.

K-representable functions admit simple calculus, which is similar to the one of K-
representable sets, and is equally algorithmic; for details and instructive examples, see [9].

A.3 Efficient Solvability of Convex Programming

The goal of this section is to explain the precise meaning of the informal (and in fact slightly
exaggerated) claim,

An optimization problem with convex efficiently computable objective and con-
straints is efficiently solvable.

that on many different occasions was reiterated in the main body of the book. Our exposition
follows the one from [9, chapter 5].
A.3.1 Generic Convex Programs and Efficient Solution Algorithms

In what follows, it is convenient to represent optimization programs as
(b): Opt(p) = min {poa) : 2 € X(p) C R"W ],
xr

where po(-) and X (p) are the objective, which we assume to be a real-valued function on R™®),
and the feasible set of program (p), respectively, and n(p) is the dimension of the decision vector.
A generic optimization problem

A generic optimization program P is a collection of optimization programs (p) (“instances of
P”) such that every instance of P is identified by a finite-dimensional data vector data(p); the
dimension of this vector is called the size Size(p) of the instance:

Size(p) = dim data(p).
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For example, Linear Optimization is a generic optimization problem L£O with in-
stances of the form

(p) : néin{ch cx € X(p):={a: Apz — b, > 0}} [A, : m(p) x n(p)],

where m(p), n(p), ¢p, Ap, by can be arbitrary. The data of an instance can be identified
with the vector
data(p) = [m(p); n(p); cp; by; Azl,; ol A;(p)],

where A; is ¢-th column in A,.

Similarly, Conic Quadratic Optimization is a generic optimization problem CQQO
with instances

(p) : ming, {cgm :x € X(p)

I
X(p) = {2 | Api — byillo < T — dyi, 1 [Api : Kilp) < n(p)]

The data of an instance can be defined as the vector obtained by listing, in a fixed
order, the dimensions m(p), n(p), {k; (P)};i(f ) and the entries of the reals dpi, vectors

. . 3 L
Cp, bpi, €pi and the matrices Api.

Finally, Semidefinite Optimization is a generic optimization problem SDQO with in-
stances of the form

(p) : min, {ch cx € X(p) i={z: A;(x) =0,1<i<m(p)}}
where Af;i are symmetric matrices of size k;(p). The data of an instance can be
defined in the same fashion as in the case of CQQO.

Approximate solutions

In order to quantify the quality of a candidate solution of an instance (p) of a generic problem
P, we assume that P is equipped with an infeasibility measure Infeasp(p,z) — a real-valued
nonnegative function of an instance (p) € P and a candidate solution 2 € R™P) to the instance
such that = € X (p) if and only if Infeasp(p,x) = 0.

Given an infeasibility measure and a tolerance ¢ > 0, we define an € solution to an instance
(p) € P as a point z, € R™P) such that

po(ze) — Opt(p) < € & Infeasp(p, xc) < e.

For example, a natural infeasibility measure for a generic optimization problem P with instances
of the form
(p) : mmin {po(z) 12z € X(p) :={z:pi(z) <0,1<i<m(p)}} (A.3.1)
is
Infeasy (p, 7) = max [0, p1(2), p2 (), - Punge) (2)] (A3.2)

this recipe, in particular, can be applied to the generic problems £O and CQO. A natural
infeasibility measure for SDO is

Infeasspo(p, ) = min {t > 0: A;(ﬂ?) + tlyp) = 0, 1<i<m(p)}.
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Convex generic optimization problems

A generic problem P is called convex, if for every instance (p) of the problem, po(x) and
Infeasp(p, ) are convex functions of z € R™P), Note that then X(p) = {z € R™P)
Infeasp(p, x) < 0} is a convex set for every (p) € P.

For example, LO, CQO and SDO with the just defined infeasibility measures are generic
convex programs. The same is true for generic problems with instances (A.3.1) and infeasibility
measure (A.3.2), provided that all instances are convex programs, i.e., po(x), p1(%); -+, Prm(p) (7)
are restricted to be real-valued convex functions on R™®),

A solution algorithm

A solution algorithm B for a generic problem P is a code for the Real Arithmetic Computer —
an idealized computer capable to store real numbers and to carry out the operations of Real
Arithmetics (the four arithmetic operations, comparisons and computing elementary functions
like /%, exp{-}, sin(-)) with real arguments. Given on input the data vectors data(p) of an
instance (p) € P and a tolerance ¢ > 0 and executing on this input the code B, the computer
should eventually stop and output

— either a vector z. € R™P) that must be an e solution to (p),

— or a correct statement “(p) is infeasible” /“(p) is not below bounded.”

The complexity of the generic problem P with respect to a solution algorithm B is quantified
by the function Comply(p, €); the value of this function at a pair (p) € P, € > 0 is exactly the
number of elementary operations of the Real Arithmetic Computer in the course of executing
the code B on the input (data(p),€).

Polynomial time solution algorithms

A solution algorithm for a generic problem P is called polynomial time (“efficient”), if the
complexity of solving instances of P within (an arbitrary) accuracy e > 0 is bounded by a
polynomial in the size of the instance and the number of accuracy digits Digits(p,€) in an €
solution:
Complp(p, €) < x (Size(p)Digits(p, €))* ,
Size(p) = dim data(p), Digits(p, €) = In (Slze(p)+||data(p)|ll+€2) ;

€

from now on, y stands for various “characteristic constants” (not necessarily identical to each
other) of the generic problem in question, i.e., for positive quantities depending on P and
independent of (p) € P and € > 0. Note also that while the “strange” numerator in the fraction
participating in the definition of Digits arises by technical reasons, the number of accuracy digits
for small € > 0 becomes independent of this numerator and close to In(1/e).

A generic problem P is called polynomially solvable (“computationally tractable”), if it
admits a polynomial time solution algorithm.

A.3.2 Polynomial Solvability of Generic Convex Programming Problems

The main fact about generic convex problems that underlies the remarkable role played by
these problems in Optimization is that under minor non-restrictive technical assumptions, a
generic convex problem, in contrast to typical generic non-convex problems, is computationally
tractable.
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The just mentioned “minor non-restrictive technical assumptions” are those of polynomial
computability, polynomial growth, and polynomial boundedness of feasible sets.

Polynomial computability

A generic convex optimization problem P is called polynomially computable, if it can be
equipped with two codes, O and C, for the Real Arithmetic Computer, such that:

e for every instance (p) € P and any candidate solution x € R™®) to the instance, executing
O on the input (data(p),x) takes a polynomial in Size(p) number of elementary operations and
produces a value and a subgradient of the objective py(:) at the point x;

e for every instance (p) € P, any candidate solution x € R™®) to the instance and any € > 0,
executing C on the input (data(p), z, €) takes a polynomial in Size(p) and Digits(p, €) number of
elementary operations and results
— either in a correct claim that Infeasp(p, x) <,

— or in a correct claim that Infeasp(p,z) > € and in computing a linear form e € R™P) that
separates x and the set {y : Infeasp(p,y) < €}, so that

V(y, Infeasp(p,y) <€) :ely < elz.

Consider, for example, a generic convex program P with instances of the form (A.3.1) and the infeasibility
measure (A.3.2) and assume that the functions po(-), p1(-), ..., Pm(p)(+) are real-valued and convex for all
instances of P. Assume, moreover, that the objective and the constraints of instances are efficiently
computable, meaning that there exists a code CO for the Real Arithmetic Computer, which being executed
on an input of the form (data(p),z € R™*®)) computes in a polynomial in Size(p) number of elementary
operations the values and subgradients of po(-), p1(-),..., Pm(p)(-) at x. In this case, P is polynomially
computable. Indeed, the code O allowing to compute in polynomial time the value and a subgradient of
the objective at a given candidate solution is readily given by CO. In order to build C, let us execute
CO on an input (data(p),z) and compare the quantities p;(x), 1 < i < m(p), with e. If p;(x) < ¢,
1 < i < m(p), we output the correct claim that Infeasp(p,z) < €, otherwise we output a correct
claim that Infeasp(p,z) > € and return, as e, a subgradient, taken at z, of a constraint pi(m)(-), where
i(x) € {1,2,...,m(p)} is such that p;,)(z) > e

By the reasons outlined above, the generic problems £O and CQO of Linear and Conic Quadratic
Optimization are polynomially computable. The same is true for Semidefinite Optimization, see [9,

chapter 5].

Polynomial growth
We say that P is of polynomial growth, if for properly chosen y > 0 one has

Y((p) € P,z € R*P)) .

max [|po(z)|, Infeasp (p, )] < x (Size(p) + ||data(p)[| ) 17 @)

For example, the generic problems of Linear, Conic Quadratic and Semidefinite Op-
timization clearly are with polynomial growth.

Polynomial boundedness of feasible sets

We say that P is with polynomially bounded feasible sets, if for properly chosen y > 0 one has

V(p) € P) v € X(p) = [2llso < x (Size(p) + |data(p) )"0
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While the generic convex problems LO, CQO, and SDO are polynomially computable and
with polynomial growth, neither one of these problems (same as neither one of other natural
generic convex problems) “as it is” possesses polynomially bounded feasible sets. We, however,
can enforce the latter property by passing from a generic problem P to its “bounded version” Py,
as follows: the instances of P}, are the instances (p) of P augmented by bounds on the variables;
thus, an instance (p4) = (p, R) of Py is of the form

(b, R): min {po(x) Lz € X(p,R) = X(p) N {z € R"® . [|z]|os < R}}

where (p) is an instance of P and R > 0. The data of (p, R) is the data of (p) augmented by R,
and

Infeasp, ((p, R), x) = Infeasp(p, ) + max[||z|lcc — R, 0].

Note that P}, inherits from P the properties of polynomial computability and/or polynomial
growth, if any, and always is with polynomially bounded feasible sets. Note also that R can
be really large, like R = 10'%°, which makes the “expressive abilities” of P, for all practical
purposes, as strong as those of P. Finally, we remark that the “bounded versions” of LO, CQO,
and SDQO are sub-problems of the original generic problems.

Main result

The main result on computational tractability of Convex Programming is the following:

Theorem A.3 Let P be a polynomially computable generic convex program with a polynomial
growth that possesses polynomially bounded feasible sets. Then P is polynomially solvable.

As a matter of fact, “in real life” the only restrictive assumption in Theorem A.3 is the one of
polynomial computability. This is the assumption that is usually violated when speaking about
semi-infinite convex programs like the RCs of uncertain conic problems

min {cTa: cxeX(p) ={zeR"P: Apcx +ape € KV(( € Z)}} .

p P
associated with simple non-polyhedral cones K. Indeed, when K is, say, a Lorentz cone, so that
X(p) =A{x: || By + bycllz < e + dpc V(¢ € 2)},

to compute the natural infeasibility measure
min {t > 0 || Bpex + bpcll2 < clew + dpe + V(¢ € 2)}

at a given candidate solution z means to maximize the function f.(¢) = || Bpcz+bp¢||2 —cgca:—dpg
over the uncertainty set Z. When the uncertain data are affinely parameterized by (, this
requires a maximization of a nonlinear convex function f;(() over ¢ € Z, and this problem
can be (and generically is) computationally intractable, even when Z is a simple convex set.
It becomes also clear why the outlined difficulty does not occur in uncertain LO with the data
affinely parameterized by (: here f,({) is an affine function of ¢, and as such can be efficiently
maximized over Z, provided the latter set is convex and “not too complicated.”
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A.3.3 “What is Inside”: Efficient Black-Box-Oriented Algorithms in Convex
Optimization

Theorem A.3 is a direct consequence of a fact that is instructive in its own right and has to
do with “black-box-oriented” Convex Optimization, specifically, with solving an optimization
problem

iréi)r(l f(z), (A.3.3)

where

e X C R" is a solid (a convex compact set with a nonempty interior) known to belong to
a given Euclidean ball Ey = {z : ||z]]2 < R} and represented by a Separation oracle — a
routine that, given on input a point z € R", reports whether x € X, and if it is not the
case, returns a vector e # 0 such that

el'z > max eTy;
yeX

e f is a convex real-valued function on R™ represented by a First Order oracle that, given
on input a point x € R", returns the value and a subgradient of f at x.

In addition, we assume that we know in advance an r > 0 such that X contains a Euclidean
ball of the radius r (the center of this ball can be unknown).
Theorem A.3 is a straightforward consequence of the following important fact:

Theorem A.4 [9, Theorem 5.2.1] There ezists a Real Arithmetic algorithm (the Ellipsoid
method) that, as applied to (A.3.3), the required accuracy being € > 0, finds a feasible € so-
lution x. to the problem (i.e., xc € X and f(xz.) —minx f <€) after at most

N(e) = Ceil <2n2 [ln (£) +In (M)D +1
Varp(f) = max,,<p f(2) — minyg,<r f(z)

steps, with a step reducing to a single call to the Separation and to the First Order oracles
accompanied by O(1)n? additional arithmetic operations to process the answers of the oracles.
Here O(1) is an absolute constant.

Recently, the Ellipsoid method was equipped with “on line” accuracy certificates, which yield
a slightly strengthened version of the above theorem, namely, as follows:

Theorem A.5 [74] Consider problem (A.3.3) and assume that

o X € R" is a solid contained in the centered at the origin Fuclidean ball Ey of a known in
advance radius R and given by a Separation oracle that, given on input a point x € R™, reports
whether x € intX, and if it is not the case, returns a nonzero e such that e’ x > maxye x ely;

o f:intX — R is a convex function represented by a First Order oracle that, given on input
a point x € intX , reports the value f(x) and a subgradient f'(x) of f at x. In addition, assume
that f is semibounded on X, meaning that Vx (f) = sup, ,cintx (¥ — 2)T f(x) < oo.

There exists an explicit Real Arithmetic algorithm that, given on input a desired accuracy
e > 0, terminates with a strictly feasible e-solution x. to the problem (r. € intX, f(z.) —
inf__intx f(z) <€) after at most

N(e) = O(1) <”2 [ln (nf) I (€+V<€X(f)>D
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steps, with a step reducing to a single call to the Separation and to the First Order oracles
accompanied by O(1)n? additional arithmetic operations to process the answers of the oracles.
Here r is the supremum of the radii of Euclidean balls contained in X, and O(1)’s are absolute
constants.

The progress, as compared to Theorem A.3, is that now we do not need a priori knowledge
of r > 0 such that X contains a Euclidean ball of radius r, f is allowed to be undefined
outside of intX and the role of Varg(f) (the quantity that now can be +o00) is played by

Vx (f) < supipgx [ — infipex /-

A.4 Miscellaneous

A.4.1 Matrix Cube Theorems
Matrix Cube Theorem, Complex Case

The “Complex Matrix Cube” problem is as follows:

CMC: Let m, p1,q1,....pL, q1. be positive integers, and A € H?', L; € CPi*™ R; €
C%*™ be given matrices, L;j # 0. Let also a partition {1,2,...,L} = Iy U I§ U I{ of
the index set {1,..., L} into three non-overlapping sets be given, and let p; = q; for
j € IL U I§. With these data, we associate a parametric family of “matrix boxes”

Low j Hioi1H e e 27, m
Uy = A+g;@ﬂ)&+3ﬂ@}@y1§j§L cH™, (A41)
where p > 0 is the parameter and
{0/ =01, :0eR, 0| <1}, jelf
[“real scalar perturbation blocks”]
, {69 =01, :0C,0] <1}, jel§
J — J
2= [“complex scalar perturbation blocks”] (A-4.2)
{07 € CPix0s :||©||pp <1}, jeEIf
[“full complex perturbation blocks”] .
Given p > 0, check whether
Ulp] c HY. Alp)

Remark A.1 We always assume that p; = q; > 1 for j € I§. Indeed, one-dimensional complex
scalar perturbations can always be regarded as full complex perturbations.

Our main result is as follows:

Theorem A.6 [The Complex Matrix Cube Theorem [3, section B.4]] Consider, along with
predicate A(p), the predicate

Y, e H™, j =1,...,L such that:
(a) Y; = Lf@jRj +Rf[@j]HLj V(O ez 1<j<L)
L

(b) A—p3 Y;=0.
j=1
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Then:
(i) Predicate B(p) is stronger than A(p) — the validity of the former predicate implies the
validity of the latter one.

(i1) B(p) is computationally tractable — the validity of the predicate is equivalent to the
solvability of the system of LMIs

(sB)  Yj& LR+ RIL;| = 0,j€l,

Y; =V Li'R; ] eI
. >
(S(C) I: RfL] V*J - 07.7€ISa
: (A.4.3)
Y- NLEL;  RE e
. - I
G0 [ R; A A
L
(+) A=pXY; = 0.
=1

in the matriz variables Y; € H™, j = 1,...,k, V; € H™, j € IS, and the real variables \;, j € Ifc.
(iii) “The gap” between A(p) and B(p) can be bounded solely in terms of the mazimal size

p® =max{p;:j€IfUI} (A.4.4)

of the scalar perturbations (here the maximum over an empty set by definition is 0). Specifically,
there exists a universal function dc(-) such that

Ie(v) <dmyv, v > 1, (A.4.5)

and

if B(p) is not valid, then A(Ic(p®)p) is not valid. (A.4.6)
(iv) Finally, in the case L =1 of single perturbation block A(p) is equivalent to B(p).
Remark A.2 From the proof of Theorem A.6 it follows that ¥¢c(0) = %, 9c(1) = 2. Thus,
e when there are no scalar perturbations: IS = IS =0, the factor ¥ in the implication
-B(p) = ~A(Vp) (A.4.7)
can be set to % =1.27...

e when there are no complexr scalar perturbations (cf. Remark A.1) and all real scalar per-
turbations are non-repeated (IS =0, p; =1 for all j € I§), the factor 9 in (A.4.7) can be
set to 2.

The following simple observation is crucial when applying Theorem A.6.

Remark A.3 Assume that the data A, Ry, ..., Ry of the Matrixz Cube problem are affine in a
vector of parameters y, while the data Ly, ..., L1, are independent of y. Then (A.4.3) is a system
of LMIs in the variables Y;, V;, A\; and y.
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Matrix Cube Theorem, Real Case
The Real Matrix Cube problem is as follows:

RMC: Let m, p1,q1,...,pL,qr be positive integers, and A € S™, L; € RPi*™ R; €
R%*™ be given matrices, Lj # 0. Let also a partition {1,2,...,L} = I§ U I%" of the
index set {1,...,L} into two non-overlapping sets be given. With these data, we
associate a parametric family of “matrix boxes”

L
Y ILTOR; + RT[©/]TL;]:©7 € 27,1 <j < L}
j=1

Ulp] = {A+p

cS™,

(A.A4.8)

where p > 0 is the parameter and

{01, : 0 €R,[0] < 1},j € s
Zi [“scalar perturbation blocks”| i
— {("’)] S Rijqj : H®J||272 S 1}’.7 c I%‘ . ( 4. )

[“full perturbation blocks”|

Given p > 0, check whether
Ulp] c ST A(p)

Remark A.4 We always assume that p; > 1 for j € IS. Indeed, non-repeated (pj = 1) scalar
perturbations always can be regarded as full perturbations.

Consider, along with predicate A(p), the predicate

Y eS™ j=1,...L:
(a) Y; = LTOIR; + RT[©I]"L; V(6 € 27,1<j <L)
L

() A=pY.Y;=o.
j=1

The Real case version of Theorem A.6 is as follows:

Theorem A.7 [The Real Matrix Cube Theorem [3, section B.4]] One has:

(i) Predicate B(p) is stronger than A(p) — the validity of the former predicate implies the
validity of the latter one.

(i1) B(p) is computationally tractable — the validity of the predicate is equivalent to the
solvability of the system of LMIs

() Y+ [LPRj+RIL| = 0jel,
Y, - \LTL;  RT _
(f) |: J RJjJ J )\j;pj] > O,jefflj (A.4.10)
L
() A—p>Y; = 0.
j=1

in matriz variables Y; € S™, j =1,..., L, and real variables \;, j € If.
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(i) “The gap” between A(p) and B(p) can be bounded solely in terms of the maximal rank

p® = maxRank(L] R; + R} L;)
jelg

of the scalar perturbations. Specifically, there exists a universal function Ur(-) satisfying the

relations
T

5iUrR(4) = 25 Ir(p) < my/p/2Vp > 1

Ur(2) = X

such that with p = max|[2, p°] one has

if B(p) is not valid, then A(Ir(u)p) is not valid. (A.4.11)

(iv) Finally, in the case L =1 of single perturbation block A(p) is equivalent to B(p).

A.4.2 Approximate S-Lemma

Theorem A.8 [Approximate S-Lemma [3, section B.3|] Let p > 0, A, B, By, ..., By be symmet-
J
ric m X m matrices such that B = bb" | Bj~0,j=1,..,J>1,and B+ > B; = 0.
j=1
Consider the optimization problem

Opt(p) = max {xTA:U c2'Br < 1,2"Bjx < p? j =1, .., J} (A.4.12)
xX

along with its semidefinite relaxation
SDP(p) = m)?x{Tr(AX) : Tr(BX) < 1, Tr(B; X) < p?,
i=1.,J,X = 0}

J
= min A+p2 Y N :A>0,02>0,5=1,..,/J (A.4.13)
)\,{)\j} j:l

J
AB+ Y \jBj = A}
j=1

Then there exists T such that

() z'Bz < 1
(b)) #'Bjz < Q*(N)ptji=1,...J (A.4.14)
(¢ zTAz = SDP(p),

where QU(J) is a universal function of J such that Q(1) =1 and

Q(J) < 9.19y/In(J), J > 2. (A.4.15)

In particular,

Opt(p) < SDP(p) < Opt(2(J)p). (A.4.16)
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A.4.3 Talagrand Inequality

Theorem A.9 [Talagrand Inequality] Let n, ..., be independent random vectors taking val-
ues in unit balls of the respective finite-dimensional vector spaces (E1, || - [|(1))s---»(Em, | - [lom)),
and let n = (N1, ...,m) € E = By X ... X Ey,. Let us equip E with the norm ||(z%,...,2™)|| =

> ||zi||?i), and let Q be a closed convex subset of E. Then
i=1

distf. (1, Q) 1
[
E {exp{ 16 }} = Prob{n € Q}

For proof, see, e.g., [60].

A.4.4 A Concentration Result for Gaussian Random Vector

Theorem A.10 [3, Theorem B.5.1] Let ¢ ~ N (0, I,), and let Q be a closed convex set in R™
such that

Prob{¢ € Q} > x > % (A.4.17)

Then
(i) @ contains the centered at the origin || - ||2-ball of the radius

r(x) = Erflnv(1 — x) > 0. (A.4.18)
(ii) If Q contains the centered at the origin || - ||2-ball of a radius r > r(x), then

Va € [1,00) : Prob{¢ € aQ} < Erf (Erflnv(1 — x) + (o — 1)r)

< Erf (aErflnv(l — x)) < Lexp {7%"2@—)@} . (A.4.19)
In particular, for a closed and convex set Q, ¢ ~ N(O, Y) and o > 1 one has
Prob{( ¢ Q} <0< § =
; 1 o?Erflnv?(9) (A420)
Prob {¢ € aQ} < Erf(aErflnv(d)) < 5 exp{—~—5——}.
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