
Appendix A

A.1 Notation

Vectors and matrices. Cm×n, Rm×n stand for the spaces of complex, re-
spectively, real m × n matrices. We write Cn and Rn as shorthands for Cn×1,
Rn×1, respectively.

For A ∈ Cm×n, AT stands for the transpose, and AH for the conjugate
transpose of A:

(AH)rs = Asr,

where z is the conjugate of z ∈ C.
Both Cm×n, Rm×n are equipped with the inner product

〈A, B〉 = Tr(ABH) =
∑
r,s

ArsB
∗
rs.

The norm associated with this inner product is denoted by ‖ · ‖2.
We use the notation Im, Om×n for the unit m ×m, respectively, the zero

m× n matrices.
• Hm, Sm are real vector spaces of m × m Hermitian, respectively, real

symmetric matrices. Both are Euclidean spaces w.r.t. the inner product 〈·, ·〉.
We use “MATLAB notation”: when A1, ..., Ak are matrices with the same

number of rows, [A1, ..., Ak] denotes the matrix with the same number of rows
obtained by writing, from left to right, first the columns of A1, then the columns
of A2, and so on. When A1, ..., Ak are matrices with the same number of columns,
[A1; A2; ...; Ak] stands for the matrix with the same number of columns obtained
by writing, from top to bottom, first the rows of A1, then the rows of A2, and so
on.

For a Hermitian/real symmetric m × m matrix A, λ(A) is the vector of
eigenvalues λr(A) of A taken with their multiplicities in the non-ascending order:

λ1(A) ≥ λ2(A) ≥ ... ≥ λm(A).

For a m× n matrix A, σ(A) = (σ1(A), ..., σn(A))T is the vector of singular
values of A:

σr(A) = λ1/2
r (AHA),

and
‖A‖ = σ1(A) = max {‖Ax‖2 : x ∈ Cn, ‖x‖2 ≤ 1}
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(by evident reasons, when A is real, one can replace Cn in the right hand side
with Rn).

For Hermitian/real symmetric matrices A, B, we write A º B (A Â B) to
express that A−B is positive semidefinite (resp., positive definite). We denote by
Hn

+ (Sn
+) the cones of positive semidefinite Hermitian (resp., positive semidefinite

real symmetric) n× n matrices.

A.2 S-Lemma

Theorem A.1 [S-Lemma] (i) [homogeneous version] Let A, B be symmet-
ric matrices of the same size such that x̄T Ax̄ > 0 for certain x̄. Then the
implication

xT Ax ≥ 0 ⇒ xT Bx ≥ 0

holds true if and only if
∃λ ≥ 0 : B º λA.

(ii) [inhomogeneous version] Let A, B be symmetric matrices of the
same size, and let the quadratic form xT Ax+2aT x+α be strictly positive at
certain point x̄. Then the implication

xT Ax + 2aT x + α ≥ 0 ⇒ xT Bx + 2bT x + β ≥ 0 (A.1)

holds true if and only if

∃λ ≥ 0 :

[
B − λA bT − λaT

b− λa β − λα

]
º 0.

Proof.
(i): In one direction the statement is evident: if B º λA with λ ≥ 0, then

xT Bx ≥ λxT Ax for all x and therefore xT Ax ≥ 0 implies xT Bx ≥ 0.
Now assume that xT Ax ≥ 0 implies xT Bx ≥ 0, and let us prove that

B º λA for certain λ ≥ 0. Consider the optimization problem

Opt = min
X
{Tr(BX) : Tr(AX) ≥ 0, Tr(X) = 1, X ≥ 0} . (A.2)

This problem clearly is strictly feasible. Indeed, by assumption there exists X̄ =
x̄x̄T º 0 such that Tr(AX̄) > 0; adding to X̄ a small positive definite matrix and
normalizing the result to have unit trace, we get a strictly feasible solution to
(A.2). Moreover, the problem is below bounded, since its feasible set is compact.
Applying Semidefinite Duality, we conclude that there exists λ ≥ 0 such that
B − λA º OptI. We see that it suffices for us to prove that Opt ≥ 0.

Problem (A.2) is clearly solvable. Let X∗ be its optimal solution, and let

Ā = X
1/2
∗ AX

1/2
∗ , B̄ = X

1/2
∗ BX

1/2
∗ . Then

Tr(Ā) = Tr(AX∗) ≥ 0, Tr(B̄) = Tr(BX∗) = Opt, xT Āx ≥ 0 ⇒ xT B̄x ≥ 0.

Now let Ā = UΛUT be the eigenvalue decomposition of Ā, so that U is orthogonal
and Λ is diagonal, and let ζ be a random vector with independent of each other
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coordinates taking values ±1 with probability 1/2, and let ξ = Uζ. For all
realizations of ζ, we have

ξT Āξ = ζT UT (UΛUT )Uζ = ζT Λζ = Tr(Λ) = Tr(Ā) ≥ 0,

whence ξT B̄ξ ≥ 0. Taking expectation, we have

0 ≤ E{ξT B̄ξ} = E{ζT (UT B̄U)ζ} = E{Tr([UT B̄U ][ζζT ])}
= Tr([UT B̄U ]E{ζζT }︸ ︷︷ ︸

=I

) = Tr([UT B̄U ]) = Tr(B̄) = Opt.

Thus, Opt ≥ 0, as claimed.
(ii): Let us pass from original inhomogeneous quadratic forms on Rn to

their homogenizations:

fA(x) ≡ xT Ax + 2aT x + α 7→ f̂A([x; t]) = [x; t]T Â[x; t] ≡ xT Ax + 2taT x + αt2

fB(x) ≡ xT Bx + 2bT x + β 7→ f̂B([x; t]) = [x; t]T B̂[x; t] ≡ xT Bx + 2tbT x + βt2

Claim: In the situation of (ii), ∃ȳ : ȳT Âȳ > 0, and implication (A.1) is equivalent
to the implication

yT Ây ≥ 0 ⇒ yT B̂y ≥ 0 (∗)
Claim ⇒ Inhomogeneous S-Lemma: Combining Claim and Homogeneous
S-Lemma as applied to matrices Â, B̂, we conclude that (A.1) is equivalent to

the existence of a λ ≥ 0 such that B̂ º λÂ, which is exactly what is stated by
the Inhomogeneous S-Lemma.
Justifying Claim: We clearly have [x̄; 1]T Â[x̄; 1] = fA(x̄) > 0. Further, if (∗) is

valid, then so is (A.1), since fA(x) = f̂A([x; 1]), fB(x) = f̂B([x; 1]). We see that
all we need is to show that the validity of implication (A.1) implies the validity
of implication (∗). Thus, assume that (A.1) is valid, and let us prove that (∗)
takes place. Let [x; t] be such that [x; t]T Â[x; t] ≥ 0; we should prove that then

[x; t]T B̂[x; t] ≥ 0. The case of t 6= 0 is trivial due to

[x; t]T Â[x; t] ≥ 0 ⇒ [t−1x; 1]T Â[t−1x; 1]︸ ︷︷ ︸
fA(x)

≥ 0 ⇒ [t−1x; 1]T B̂[t−1x; 1]︸ ︷︷ ︸
fB(x)

⇒ [x; t]T B̂[x; t] ≥ 0.

In order to prove that [x; 0]T Â[x; 0] ≥ 0 implies that [x; 0]T B̂[x; 0] ≥ 0, it suffices
to verify that the point y = [x; 0] can be represented as the limit of a sequence

yi = [xi; ti] with ti 6= 0 and [yi]T Âyi ≥ 0. Indeed, in this situation, due to the

already proved part of (∗), we would have [yi]T B̂yi ≥ 0 for all i, and passing to

limit as i →∞, we would get the required relation yT B̂y ≥ 0.
To prove the aforementioned approximation result, let us pass to the coor-

dinates zj of a point z in the eigenbasis of Â, so that

yT Ây =
∑

j

λjy
2
j ≥ 0,

where λ1 ≥ λ2 ≥ ... are the eigenvalues of Â. Observe that λ1 > 0, since, as we
remember, there exists ȳ such that ȳT Âȳ > 0. it follows that replacing the first
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coordinate in y with (1 + 1/i)y1 and keeping the remaining coordinate intact,

we get points ŷi such that ŷi → y, i → ∞, and [ŷi]T Âŷi > 0. Since the latter
inequalities are strict, we can perturb slightly the points ŷi to get a sequence
{yi} which still converges to y, still satisfies [yi]T Âyi > 0 and, in addition, is
comprised of points with nonzero t-coordinates.

A.3 Approximate S-Lemma

Theorem A.2 [6] Let ρ > 0, A, B, B1, ..., BL be symmetric m×m matrices

such that B = bbT , B` º 0, ` = 1, ..., L ≥ 1, and B +
L∑

`=1

B` Â 0.

Consider the optimization problem

Opt(ρ) = max
x

{
xT Ax : xT Bx ≤ 1, xT B`x ≤ ρ2, ` = 1, ..., L

}
(A.3)

along with its semidefinite relaxation

SDP(ρ) = max
X

{
Tr(AX) : Tr(BX) ≤ 1, Tr(B`X) ≤ ρ2,

` = 1, ..., L, X º 0
}

= min
λ,{λ`}

{
λ + ρ2

L∑
`=1

λ` : λ ≥ 0, λ` ≥ 0, ` = 1, ..., L,

λB +
L∑

`=1

λ`B` º A
}

.

(A.4)

Then there exists x̄ such that

(a) x̄T Bx̄ ≤ 1
(b) x̄T Bx̄ ≤ Ω2(L)ρ2, ` = 1, ..., L
(c) x̄T Ax̄ = SDP(ρ),

(A.5)

where Ω(L) is a universal function of L such that Ω(1) = 1 and

Ω(L) ≤ 9.19
√

ln(L), L ≥ 2. (A.6)

In particular,
Opt(ρ) ≤ SDP(ρ) ≤ Opt(Ω(L)ρ). (A.7)

Proof.
10. First of all, let us derive the “in particular” part of the statement from its
general part. Indeed, given that x̄ satisfying (A.5) does exist, observe that x̄ is
a feasible solution to the problem defining Opt(Ωρ), whence Opt(Ωρ) ≥ x̄T Ax̄ =
SDP(ρ). The first inequality in (A.7) is evident.

20. The problem

SDP(ρ) = max
X

{
Tr(AX) : Tr(BX) ≤ 1, Tr(B1X) ≤ ρ2, X º 0

}
(A.8)
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clearly is strictly feasible and solvable; by this reason, the semidefinite dual of
this problem is solvable with the optimal value SDP(ρ), which is nothing but the
second equality in (A.4).
30. Consider the case L = 1, where we should prove that here Ω(L) = 1. This
can be immediately derived from the following nice fact:

Theorem [31] Let A, B, B1 be three m×m symmetric matrices with
m ≥ 3 such that certain linear combination of the matrices if Â 0. Then the
joint range I = {(xT Ax, xT Bx, xT B1x)T : x ∈ Rm} ⊂ R3 of the associated
quadratic forms is a closed convex set.

We, however, prefer to present an alternative straightforward proof.
30.0. Since B º 0, B1 º 0 and B + B1 Â 0, problem (A.8) clearly is solvable. All
we need is to prove that this problem admits an optimal solution X∗ of rank ≤ 1.
Indeed, such a solution is representable in the form x̄x̄T for certain vector x̄; from
the constraints of (A.8) it follows that x̄ satisfies (A.5.a-b) with Ω(1) = 1, and
from the optimality of X∗ = x̄x̄T – that x̄ satisfies (A.5.c) as well. Now, when
proving that (A.8) admits an optimal solution with rank ≤ 1, we may assume that
B1 Â 0. Indeed, assuming that in the latter case the statement we are interested
in is true, we would conclude that whenever ε > 0, the optimization problem

Optε = max
X

{
Tr(AX) : Tr(BX) ≤ 1, Tr([B1 + εI]X) ≤ ρ2, X º 0

}
(Pε)

has an optimal solution Xε
∗ of rank ≤ 1. Since B + B1 Â 0, the matrices Xε

∗ are
bounded, so that, by compactness argument, there exists a matrix X∗ of rank
≤ 1 such that

Tr(AX∗) ≤ lim sup
ε→+0

Optε, Tr(BX∗) ≤ 1, Tr(B1X∗) ≤ ρ2.

We see that X∗ is a feasible solution to (A.8), and all we need is to prove that this
solution is optimal, that is, to prove that SDP(ρ) ≤ lim infε→+0 Optε. To this end,
let Y∗ be an optimal solution to (A.8). For every γ, 0 < γ < 1, the matrix γY∗
clearly is feasible for problems (Pε) with all small enough ε, whence γSDP(ρ) ≤
lim supε→+0 Optε. Since γ < 1 is arbitrary, we get SDP(ρ) ≤ lim infε→+0 Optε,
as required.

Thus, we may focus on the case when B1 Â 0, and all we need is to prove
that in this case (A.8) has an optimal solution of rank ≤ 1.
30.1. Passing in the optimization problem in (A.3) from variables x to variables

B
1/2
1 x, we may assume w.l.o.g. that B1 = I; in the latter case, passing to

the orthonormal eigenbasis of A, we may further assume that A is diagonal:
A = Diag{λ1, ..., λm} with λ1 ≥ λ2 ≥ ... ≥ λm.
30.2. Problem (A.8) clearly is solvable; all we need to prove is that this problem
has an optimal solution X∗ which is a matrix of rank ≤ 1.
30.3. Assuming that SDP(ρ) ≤ 0, the optimization problem in (A.8) clearly
has an optimal rank 0 solution X∗ = 0, and we are done. Thus, assume that
SDP(ρ) > 0, which implies that λ1 > 0. Note that since A is diagonal and
B1 = I, we have

SDP(ρ) ≤ max
X

{
Tr(AX) : Tr(X) ≤ ρ2, X º 0

}
= λ1ρ

2. (A.9)
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30.4. It is possible that λ1 = λ2. We clearly have SDP(ρ) ≤ λ1ρ
2; on the other

hand, there exists a vector x̄, ‖x̄‖2 = ρ, which is in the linear span of the first
two basic orths and is orthogonal to b. The rank 1 matrix X∗ = x̄x̄T clearly is
feasible for (A.8), and for this matrix Tr(AX∗) = λ1ρ

2, so that X∗ is an optimal
solution to (A.8) by (A.9). Thus, (A.8) has a rank 1 optimal solution, and we are
done.

30.5. From now on we assume that λ1 > λ2. There are to possible cases: one
where (A.8) has an optimal solution X∗ with Tr(BX∗) < 1 (“Case I”) and another
one where Tr(BX∗) = 1 for every optimal solution X∗ to (A.8). Assume, first,
that we are in Case I, and let X∗ be an optimal solution to (A.8) with Tr(BX∗) <
1. Let X∗ = V T V , let vi be the columns of V and pi be the Euclidean norms of
the vectors vi, so that vi = pifi, ‖fi‖2 = 1. We clearly have

(a) SDP(ρ) =
∑
i

λi(X∗)ii =
∑
i

λip
2
i ,

(b) ρ2 ≥ Tr(B1X∗) = Tr(X∗) =
∑
i

p2
i ,

(c) 1 ≥ Tr(BX∗) = Tr(bbT V T V ) = ‖∑
i

bivi‖22.
(A.10)

We claim that in fact pi = 0 for i > 0, so that X∗ is a rank 1 optimal solution,
as required. Indeed, assuming that there exists i∗ > 1 with pi∗ > 0 and given ε,
0 ≤ ε < p2

i∗ , let us pass from V to a new matrix V+ as follows: we replace in V
the column vi∗ = pi∗fi∗ , with its multiple v+

i∗ = γfi∗ , where γ > 0 is such that

‖v+
i∗‖22 = p2

i∗ − ε, and replace column v1 = p1f1 in V with the column v+
1 = θf1,

where θ > 0 is such that ‖v+
1 ‖22 = p2

1 + ε; all remaining columns in V+ are exactly
the same as in V . Setting X+ = [V+]T V+, we clearly have X+ º 0, Tr(B1X+) =
Tr(X+) = Tr(X∗) ≤ ρ2 and Tr(AX+) = Tr(AX∗)+(λ1−λi∗)ε > Tr(AX∗) (recall
that λ1 ≥ λ2 ≥ ... ≥ λm and λ1 > λ2). On the other hand, for small ε > 0, X+

is close to X∗, so that for small enough ε > 0 we have Tr(BX+) < 1 due to
Tr(BX∗) < 1. Thus, for small ε > 0 X+ is a feasible solution to (A.8) which is
better than X∗ in terms of the objective, which is a contradiction. Thus, pi = 0
for i > 1, as claimed.

30.6. It remains to consider Case II. Let X∗ be an optimal solution to (A.8), and
let V, vi, pi be defined exactly as in 30.5, so that (A.10) takes place. Since we are
in Case II, the vector e =

∑
i

bivi is of Euclidean norm 1. Let I = {i : bi 6= 0}.
We claim that all vectors vi, i ∈ I, are proportional to e. Indeed, assume that
i ∈ I and vi is not proportional to e, so that the vectors vi and wi = e− bivi are
nonzero and are not proportional to each other. Let v+

i be the vector of exactly
the same Euclidean norm as vi and of the direction opposite to the one of the
vector biwi, let V+ be the matrix obtained from V by replacing the column vi

with the column v+
i , and let X[V+]T V+. By construction, the Euclidean norms

of the columns in V+ are the same as those of columns in V , whence

Tr(AX+) = Tr(AX∗) = SDP(ρ), Tr(B1X+) = Tr(B1X∗) ≤ ρ2. (A.11)

At the same time, by construction

Tr(BX+) = ‖V+b‖22 = ‖biv
+
i + wi‖22 = b2

i ‖v+
i ‖22 + 2(v+

i )T (biwi) + ‖wi‖22
= b2

i ‖vi‖22 − 2‖bivi‖2‖wi‖2 + ‖wi‖22
< b2

i ‖vi‖22 + 2biv
T
i ‖wi‖2 + ‖wi‖22 = ‖bivi + wi‖22 ≤ 1,
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where the strict inequality is given by the fact that bi 6= 0 and the nonzero vectors
vi and wi are not proportional to each other. Invoking (A.11), we conclude that
X+ is an optimal solution to (A.8) with Tr(BX+) < 1, which is impossible, since
we are in Case II.

Thus, all vi, i ∈ I, are proportional to e. Replacing in V columns vi, i 6∈,
with columns of the same Euclidean norms proportional to e, we get a matrix V+

such that (a) all columns in V+ are proportional to e, (b) the columns in V+ are of
the same Euclidean norms as the corresponding columns in V , and (c) V+b = V b.
From (b), (c) it follows that X+ = [V+]T V+ is a feasible solution to (A.8) with
the same value of the objective as the one at X∗, i.e., is optimal for the problem,
while (a) implies that V+ = efT for certain f , so that X+ is a rank 1 solution,
and we are done.

40. Now consider the case of L > 1. Let X∗ be an optimal solution to the
semidefinite program defining SDP(ρ), and let

Â = X1/2
∗ AX1/2

∗ .

Let also

Â = UΛUT

be the eigenvalue decomposition of Â, so that U is orthogonal and Λ is diagonal.
Consider the random vector

ξ = X1/2
∗ Uζ,

where ζ ∈ Rm is random vector with independent coordinates taking values ±1
with probabilities 0.5. We have

(a) ξT Aξ = ζT UT X
1/2
∗ AX

1/2
∗ Uζ = ζT UT ÂUζ = ζT Λζ

= Tr(Λ) = Tr(UΛUT ) = Tr(Â) = Tr(AX∗)
= SDP(ρ),

(b) E{ξT Bξ} = Tr(BE{ξξT }) = Tr(BX
1/2
∗ UE{ζζT }UT X

1/2
∗ )

= Tr(BX∗) ≤ 1,

(c) E{ξT B`ξ} = Tr(B`E{ξξT }) = Tr(B`X
1/2
∗ UE{ζζT }UT X

1/2
∗ )

= Tr(B`X∗) ≤ ρ2

(A.12)
(we have used the fact that X∗ is an optimal solution to the problem defining
SDP(ρ)).

50. We need the following

Lemma A.1 One has

Prob{ξT Bξ > 1} ≤ 2/3. (A.13)

Proof.
Recalling that B = bbT , we have ξT Bξ = ζT UT X

1/2
∗ bbT X

1/2
∗ Uζ = (βT ζ)2, where

β = UT X
1/2
∗ b. From (A.12.b) it follows that E{(βT ζ)2} = ‖β‖22 ≤ 1; the fact

that in this situation one has Prob{|βT ζ| > 1} ≤ 2/3 is proved in Lemma A.1 in
[6].
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60. We next need the following fact.

Lemma A.2 Let e1, ..., em be deterministic vectors such that
m∑

i=1

‖ei‖22 ≤ 1.

Then

∀(t > 1) : Prob

{
‖

m∑

`=1

ζiei‖2 ≥ t

}
≤ φ(t) = inf

r:1<r<t

r2 exp{−(t− r)2/16}
r2 − 1

.

(A.14)

Proof uses the following fundamental fact:

Talagrand Inequality [see, e.g., [23]] Let η1, ..., ηm be independent
random vectors taking values in unit balls of the respective finite-dimensional
vector spaces (E1, ‖ · ‖(1)),...,(Em, ‖ · ‖(m)), and let η = (η1, ..., ηm) ∈ E =

E1 × ... × Em. Let us equip E with the norm ‖(z1, ..., zm)‖ =

√
m∑

i=1

‖zi‖2(i),
and let Q be a closed convex subset of E. Then

E

{
exp{dist2‖·‖(η, Q)

16
}
}
≤ 1

Prob{η ∈ Q} .

Let us specify the spaces (Ei, ‖ · ‖(i)), i = 1, ..., m, as (R, | · |), and let ηi = ζi,
i = 1, ..., m. Let, further,

Q1 = {u ∈ Rm : ‖
m∑

i=1

uiei‖2 ≤ 1}.

Observe that Q1 is a closed convex set in Rm and that this set contains the unit
‖ · ‖2-ball; indeed,

‖
m∑

i=1

uiei‖2 ≤
m∑

i=1

|ui|‖ei‖2 ≤ ‖u‖2

√√√√
m∑

i=1

‖ei‖22 ≤ ‖u‖2.

Observe, further, that

E{‖
∑

i

ζiei‖22} =
∑

i

‖ei‖22 ≤ 1,

whence, by Tschebyshev Inequality,

Prob

{
‖

∑
i

ζiei‖2 > r

}
≡ Prob{ζ 6∈ rQ} ≤ 1

r2
∀r > 1. (A.15)
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For t > r > 1 we have

‖∑
i

uiei‖2 > t ⇒ u 6∈ t
r
(rQ1) ⇒ u 6∈ (rQ1) + ( t

r
− 1)(rQ1)

⇒ dist‖·‖2(z, rQ1) ≥ ( t
r
− 1)r = t− r,

where the concluding inequality follows from the fact that Q1 contains the unit
Euclidean ball centered at the origin. We now have for t > r > 1:

Prob{‖∑
i

ζiei‖2 > t} ≤ Prob

{
dist2‖·‖2 (ζ,rQ1)

16
≥ (t−r)2

16

}

≤ exp{− (t−r)2

16
}E{dist2‖·‖2 (ζ,rQ1)

16
}

[Tschebyshev Inequality]

≤ exp{−(t−r)2/16}
Prob{ζ∈rQ1}

[Talagrand Inequality]

≤ exp{−(t−r)2/16}
1−1/r2 ,

where the concluding ≤ is due to

Prob{ζ 6∈ rQ1} = Prob{‖
∑

i

ζiei‖2 > r} ≤ 1

r2
.

70. Given integer L > 1, let Ω(L) = inf {t ≥ 1 : φ(t) > 1/(3L)}. Note that from
(A.14) it follows immediately that

L > 1 ⇒ Ω(L) ≤ C
√

ln(L) (A.16)

where C is an absolute constant (computer says that it can be set to the value

9.19). Denoting by e`
i the columns of the matrix ρ−1B

1/2
` X

1/2
∗ U , we have

L∑
i=1

‖e`
i‖22 = E{‖ρ−1B

1/2
` X1/2

∗ Uζ‖22} ≤ 1, (A.17)

where the concluding inequality is nothing but (A.12.c). Taking into account that

Prob{ξT B`ξ > a} = Prob{ζT [B
1/2
` X

1/2
∗ U ]T [B

1/2
` X

1/2
∗ U ]ζ > a}

= Prob{‖B1/2
` X

1/2
∗ Uζ‖22 > a} = Prob{‖∑

i

ζie
`
i‖22 > ρ−2a}

and invoking Lemma A.2, we get

Prob{ξT B`ξ > ρ2t2} = Prob{‖
∑

i

ζie
`
i‖2 > t} ≤ φ(t),

whence

t > Ω(L) ⇒ Prob{ξT B`ξ > ρ2t2} <
1

3L
. (A.18)

Invoking Lemma A.1, it follows that when t > Ω(L), one has

Prob{ξ : ξT Bξ > 1 or ∃` : ξT B`ξ > ρ2t2} <
2

3
+ L

1

3L
= 1,
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that is, there exists a realization ξ̃ of ξ such that

ξ̃T Bξ̃ ≤ 1, ξ̃T B`ξ̃ ≤ t2ρ2 ∀`, 1 ≤ ` ≤ L.

Since t > Ω(L) is arbitrary, there exists a realization ξ̄ of ξ such that

x̄T Bx̄ ≤ 1, x̄T B`x̄ ≤ Ω2(L)ρ2 ∀`, 1 ≤ ` ≤ L.

Since x̄ is a realization of ξ, we have also

x̄T Ax̄ = SDP(ρ)

by (A.12.a). Thus, x̄ satisfies (A.5).

A.4 Matrix Cube Theorem

A.4.1 Matrix Cube Theorem, Complex case

The “Complex Matrix Cube” problem is as follows:

CMC: Let m, p1, q1,...,pL, qL be positive integers, and A ∈ Hm
+ , Lj ∈

Cpj×m, Rj ∈ Cqj×m be given matrices, Lj 6= 0. Let also a partition {1, 2, ..., L} =
Ir
s ∪ Ic

s ∪ Ic
f of the index set {1, ..., L} into three non-overlapping sets be given,

and let pj = qj for j ∈ Ir
s ∪ Ic

s . With these data, we associate a parametric
family of “matrix boxes”

U [ρ] =

{
A + ρ

L∑
j=1

[LH
j ΘjRj + RH

j [Θj ]HLj ] :
Θj ∈ Zj ,
1 ≤ j ≤ L

}

⊂ Hm,

(A.19)

where ρ ≥ 0 is the parameter and

Zj =





{Θj = θIpj : θ ∈ R, |θ| ≤ 1}, j ∈ Ir
s

[“real scalar perturbation blocks”]

{Θj = θIpj : θ ∈ C, |θ| ≤ 1}, j ∈ Ic
s

[“complex scalar perturbation blocks”]

{Θj ∈ Cpj×qj : ‖Θj‖2,2 ≤ 1}, j ∈ Ic
f

[“full complex perturbation blocks”] .

(A.20)

Given ρ ≥ 0, check whether
U [ρ] ⊂ Hm

+ A(ρ)

Remark A.1 In the sequel, we always assume that pj = qj > 1 for j ∈ Ic
s .

Indeed, one-dimensional complex scalar perturbations can always be regarded
as full complex perturbations.



Sec. A.4 Matrix Cube Theorem 357

Consider, along with predicate A(ρ), the predicate

∃Yj ∈ Hm, j = 1, ..., L such that :
(a) Yj º LH

j ΘjRj + RH
j [Θj ]HLj ∀(Θj ∈ Zj , 1 ≤ j ≤ L)

(b) A− ρ
L∑

j=1

Yj º 0.
B(ρ)

Our main result is as follows:

Theorem A.3 [The Complex Matrix Cube Theorem] One has:
(i) Predicate B(ρ) is stronger than A(ρ) – the validity of the former

predicate implies the validity of the latter one.
(ii) B(ρ) is computationally tractable – the validity of the predicate is

equivalent to the solvability of the system of LMIs

(s.R) Yj ±
[
LH

j Rj + RH
j Lj

] º 0, j ∈ Ir
s ,

(s.C)

[
Yj − Vj LH

j Rj

RH
j Lj Vj

]
º 0, j ∈ Ic

s ,

(f.C)

[
Yj − λjL

H
j Lj RH

j

Rj λjIpj

]
º 0, j ∈ Ic

f

(∗) A− ρ
L∑

j=1

Yj º 0.

(A.21)

in the matrix variables Yj ∈ Hm, j = 1, ..., k, Vj ∈ Hm, j ∈ Ic
s , and the real

variables λj , j ∈ Ic
f .

(iii) “The gap” between A(ρ) and B(ρ) can be bounded solely in terms
of the maximal size

ps = max {pj : j ∈ Ir
s ∪ Ic

s } (A.22)

of the scalar perturbations (here the maximum over an empty set by definition
is 0). Specifically, there exists a universal function ϑC(·) such that

ϑC(ν) ≤ 4π
√

ν, ν ≥ 1, (A.23)

and
if B(ρ) is not valid, then A(ϑC(p

s)ρ) is not valid. (A.24)

(iv) Finally, in the case L = 1 of single perturbation block A(ρ) is
equivalent to B(ρ).

Remark A.2 From the proof of Theorem A.3 it follows that ϑC(0) = 4
π
, ϑC(1) =

2. Thus,

• when there are no scalar perturbations: Ir
s = Ic

s = Ø, the factor ϑ in the
implication

¬B(ρ) ⇒ ¬I(ϑρ) (A.25)

can be set to 4
π

= 1.27...
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• when there are no complex scalar perturbations (cf. Remark A.1) and all
real scalar perturbations are non-repeated (Ic

s = Ø, pj = 1 for all j ∈ Ir
s ),

the factor ϑ in (A.25) can be set to 2.

The following simple observation is crucial when applying Theorem A.3.

Remark A.3 Assume that the data A, R1, ..., RL of the Matrix Cube problem
are affine in a vector of parameters y, while the data L1, ..., LL are independent
of y. Then (A.21) is a system of LMIs in the variables Yj, Vj, λj and y.

A.4.2 Proof of Theorem A.3.(i)

Item (i) is evident.

A.4.3 Proof of Theorem A.3.(ii)

The equivalence between the validity of B(ρ) and the solvability of (A.21) is
readily given by the following facts:

Lemma A.3 Let B ∈ Cm×m and Y ∈ Hm. Then the relation

Y º θB + θBH ∀(θ ∈ C, |θ| ≤ 1) (A.26)

is satisfied if and only if

∃V ∈ Hm :

[
Y − V BH

B V

]
º 0. (A.27)

Lemma A.4 Let L ∈ C`×m and R ∈ Cr×m.
(i) Assume that L, R are nonzero. A matrix Y ∈ Hm satisfies the

relation
Y º LHUR + RHUHL ∀(U ∈ C`×r : ‖U‖2,2 ≤ 1) (A.28)

if and only if there exists a positive real λ such that

Y º λLHL + λ−1RHR. (A.29)

(ii) Assume that L is nonzero. A matrix Y ∈ Hm satisfies (A.28) if and
only if there exists λ ∈ R such that

[
Y − λLHL RH

R λIr

]
º 0. (A.30)

Lemmas A.3, A.4 ⇒ Theorem A.3.(ii). All we need to prove is that a
collection of matrices Yj satisfies the constraints in B(ρ) if and only if it can be
extended by properly chosen Vj , j ∈ Ic

f , and λj , j ∈ Ic
s , to a feasible solution of
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(A.21). This is immediate, since matrices Yj , j ∈ Ic
f , satisfy the corresponding

constraints B(ρ).a if and only if these matrices along with some matrices Vj satisfy
(A.21.s.C)) (Lemma A.3), while matrices Yj , j ∈ Ic

s , satisfy the corresponding
constraints B(ρ).a if and only if these matrices along with some reals λj satisfy
(A.21.f.C) (Lemma A.4.(ii)).

Proof of Lemma A.3. ”if” part: Assume that V is such that

[
Y − V BH

B V

]
º 0.

Then, for every ξ ∈ Cn and every θ ∈ C, |θ| = 1, we have

0 ≤
[

ξ

−θξ

]H [
Y − V BH

B V

] [
ξ

−θξ

]
= ξH(Y − V )ξ + ξHV ξ

−ξH [θB + θBH ]ξ,

so that Y º θB +θBH for all θ ∈ C, |θ| = 1, which, by evident convexity reasons,
implies (A.26).

”only if” part: Let Y ∈ Hm satisfy (A.26). Assume, on the contrary
to what should be proved, that there does not exist V ∈ Hm such that 0 ¹[

Y − V BH

B V

]
, and let us lead this assumption to a contradiction. Observe

that our assumption means that the optimization program

min
t,V

{
t :

[
tIm + Y − V BH

B V

]
º 0

}
(A.31)

has no feasible solutions with t ≤ 0; since problem (A.31) is clearly solvable, its
optimal value is therefore positive. Now, our problem is a conic problem on the
(self-dual) cone of positive semidefinite Hermitian matrices; since the problem
clearly is strictly feasible, the Conic Duality Theorem says that dual problem

max
Z∈Hm,

W∈Cm×m



−2<

{
Tr(W HB)

}
− Tr(ZY ) :

[
Z W H

W Z

]
º 0, (a)

Tr(Z) = 1 (b)



 (A.32)

is solvable with the same – positive – optimal value as the one of (A.31). In
(A.32), we can easily eliminate the W -variable; indeed, constraint (A.32.a), as it
is well-known, is equivalent to the fact that Z º 0 and W = Z1/2XZ1/2 with
X ∈ Cm×m, ‖X‖2,2 ≤ 1. With this parameterization of W , the W -term in the
objective of (A.32) becomes −2<{Tr(XHZ1/2BZ1/2)}; as it is well-known, the
maximum of the latter expression in X, ‖X‖2,2 ≤ 1, is 2‖σ(Z1/2BZ1/2)‖1. Since
the optimal value in (A.32) is positive, we arrive at the following intermediate
conclusion:

(*) There exists Z ∈ Hm, Z º 0, such that

2‖σ(Z1/2BZ1/2)‖1 > Tr(ZY ) = Tr(Z1/2Y Z1/2). (A.33)

The desired contradiction is now readily given by the following simple observation:
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Lemma A.5 Let S ∈ Hm, C ∈ Cm×m be such that

S º θC + θCH ∀(θ ∈ C, |θ| = 1). (A.34)

Then 2‖σ(C)‖1 ≤ Tr(S).

To see that Lemma A.5 yields the desired contradiction, note that the matrices
S = Z1/2Y Z1/2, C = Z1/2BZ1/2 satisfy the premise of the lemma by (A.26),
and for these matrices the conclusion of the lemma contradicts (A.33).

Proof of Lemma A.5: As it was already mentioned,

‖σ(C)‖1 = max
X

{
<{Tr(XCH)} : ‖X‖2,2 ≤ 1

}
.

Since the extreme points of the set {X ∈ Cm×m : ‖X‖2,2 ≤ 1} are unitary
matrices, the maximizer X∗ in the right hand side can be chosen to be unitary:
XH
∗ = X−1

∗ ; thus, X∗ is a unitary similarity transformation of a diagonal unitary
matrix. Applying appropriate unitary rotation A 7→ UHAU , UH = U−1, to all
matrices involved, we may assume that X∗ itself is diagonal. Now we are in the
situation as follows: we are given matrices C, S satisfying (A.34) and a diagonal
unitary matrix X∗ such that ‖σ(C)‖1 = <{Tr(X∗CH)}. In other words,

‖σ(C)‖1 = <
{

m∑

`=1

(X∗)``C``

}
≤

m∑

`=1

|C``| (A.35)

(the concluding inequality comes from the fact that X∗ is unitary). On the other
hand, let e` be the standard basic orths in Cm. By (A.34), we have

θC`` + θC`` = eH
` [θC + θCH ]e` ≤ eH

` Se` = S`` ∀(θ ∈ C, |θ| = 1),

whence, maximizing in θ, 2|C``| ≤ S``, ` = 1, ..., m, which combines with (A.35)
to imply that 2‖σ(C)‖1 ≤ Tr(S).

Proof of Lemma A.4 (cf. Section 8.3).

(i), “if” part: Let (A.29) be valid for certain λ > 0. Then for every ξ ∈ Cm

one has

ξHY ξ ≥ λξHLHLξ + λ−1ξHRHRξ ≥ 2
√

ξHLHLξ
√

ξHRHRξ
= 2‖Lξ‖2‖Rξ‖2

⇒ ∀(U, ‖U‖2,2 ≤ 1) :
ξHY ξ ≥ 2|[Lξ]HU [Rξ]| ≥ 2<{[Lξ]HU [Rξ]}

= ξH [LHUR + RHUHL]ξ,

as claimed.

(i), “only if” part: Assume that Y satisfies (A.28) and L 6= 0, R 6= 0; we
prove that then there exists λ > 0 such that (A.29) holds true. First, observe that
w.l.o.g. we may assume that L and R are of the same sizes r × n (to reduce the
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general case to this particular one, it suffices to add several zero rows either to L
(when ` < r), or to R (when ` > r)). We have the following chain of equivalences:

(A.28)
⇔ ∀ξ ∈ Cm : ξHY ξ ≥ 2‖Lξ‖2‖Rξ‖2
⇔ ∀(ξ ∈ Cn, η ∈ Cr) : ‖η‖2 ≤ ‖Lξ‖2 ⇒ ξHY ξ − ηHRξ − ξHRHη ≥ 0
⇔ ∀(ξ ∈ Cm, η ∈ Cr) :

ξHLHLξ − ηHη ≥ 0 ⇒ ξHY ξ − ηHRξ − ξHRHη ≥ 0

⇔ ∃(λ ≥ 0) :

[
Y RH

R

]
− λ

[
LHL

−Ir

]
º 0 [S-Lemma]

⇔ (a)

[
Y − λLHL RH

R λIr

]
º 0

(A.36)
(Note that S-Lemma clearly holds true in the Hermitian case, since Hermitian

quadratic forms on Cm can be treated as real quadratic forms on R2m.)

Condition (A.36.a), in view of R 6= 0, clearly implies that λ > 0. Therefore,
by the Schur Complement Lemma (SCL), (A.36.a) is equivalent to Y − λLHL−
λ−1RHR º 0, as claimed.

(ii): When R 6= 0, (ii) is clearly equivalent to (i) and thus is already proved.
When R = 0, it is evident that (A.30) can be satisfied by properly chosen λ ∈ R
if and only if Y º 0, which is exactly what is stated by (A.28) when R = 0.

A.4.4 Proof of Theorem A.3.(iii)

In order to prove (iii), it suffices to prove the following statement:

Lemma A.6 Assume that ρ ≥ 0 is such that the predicate B(ρ) is not valid.
Then the predicate A(ϑC(p

s)ρ), with appropriately defined function ϑC(·) sat-
isfying (A.23), is also not valid.

We are about to prove Lemma A.6. The case of ρ = 0 is trivial, so that
from now on we assume that ρ > 0 and that all matrices Lj , Rj are nonzero (the
latter assumption, of course, does not restrict generality). From now till the end
of Section A.4.5, we assume that we are under the premise of Lemma A.6, i.e.,
the predicate B(ρ) is not valid.
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First step: duality

Consider the optimization program

min
t,{Yj∈Hm}j∈Ir

s
{Uj,Vj∈Hm}j∈Ic

s

,

{λj,νj∈R}j∈Ic
f





t :

Yj ± [LH
j Rj + RH

j Lj ]︸ ︷︷ ︸
2Aj ,Aj=AH

j

º 0, j ∈ Ir
s , (a)

[
Uj RH

j Lj

LH
j Rj Vj

]
º 0, j ∈ Ic

s , (b)

[
λj 1
1 νj

]
º 0, j ∈ Ic

f , (c)

tI + A− ρ

[
∑

j∈Ir
s

Yj +
∑

j∈Ic
s

[Uj + Vj ]

+
∑

j∈Ic
f

[λjL
H
j Lj + νjR

H
j Rj ]

]
º 0 (d)





. (A.37)

Introducing “bounds” Yj = Uj + Vj for j ∈ Ic
s and Yj º λjL

H
j Lj + νjR

H
j Rj for

j ∈ Ic
f and then eliminating the variables Uj , j ∈ Ic

s , νj , j ∈ Ic
f , we convert (A.37)

into the equivalent problem

min
t,{Yj∈Hm}L

j=1
{Vj∈Hm}j∈Ic

s

,

{λj∈R}j∈Ic
f





t :

Yj ± [LH
j Rj + RH

j Lj ] º 0, j ∈ Ir
s ,

[
Yj − Vj RH

j Lj

LH
j Rj Vj

]
º 0, j ∈ Ic

s ,

[
Yj − λjL

H
j Lj RH

j

Rj λjIpj

]
º 0, j ∈ Ic

f ,

tI + A− ρ
L∑

j=1

Yj º 0





.

By (already proved) item (ii) of Theorem A.3, predicate B(ρ) is valid if and only
if the latter problem, and thus problem (A.37), admits a feasible solution with
t ≤ 0. We are in the situation when B(ρ) is not valid; consequently, (A.37) does
not admit feasible solutions with t ≤ 0. Since the problem clearly is solvable,
it means that the optimal value in the problem is positive. Problem (A.37)
is a conic problem on the product of cones of Hermitian and real symmetric
positive semidefinite matrices. Since (A.37) is strictly feasible and bounded below,
the Conic Duality Theorem implies that the conic dual problem of (A.37) is
solvable with the same positive optimal value. Taking into account that the
cones associated with (A.37) are self-dual, the dual problem, after straightforward
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simplifications, becomes the conic problem

maximize
−2ρ

[
∑

j∈Ir
s

Tr([Pj −Qj ]Aj) +
∑

j∈Ic
s

<{Tr
(
SjR

H
j Lj

)}+
∑

j∈Ic
f

wj

]

−Tr(ZA)
s.t.
(a.1) Pj , Qj º 0, j ∈ Ir

s ,
(a.2) Pj + Qj = Z, j ∈ Ir

s ;

(b)

[
Z SH

j

Sj Z

]
º 0, j ∈ Ic

s ;

(c)

[
Tr(LjZLH

j ) wj

wj Tr(RjZRH
j )

]
º 0, j ∈ Ic

f ;

(d) Z º 0, Tr(Z) = 1.
(A.38)

in matrix variables Z ∈ Hm
+ , Pj , Qj ∈ Hm, j ∈ Ir

s , Sj ∈ Cm×m, j ∈ Ic
s , and

real variables wj , j ∈ Ic
f . Using (A.38.c), we can eliminate the variables wj , thus

coming the following equivalent reformulation of the dual problem:

maximize 2ρ

[
− ∑

j∈Ir
s

Tr([Pj −Qj ]Aj)−
∑

j∈Ic
s

<{Tr
(
SjR

H
j Lj

)}

+
∑

j∈Ic
f

√
Tr(LjZLH

j )
︸ ︷︷ ︸
‖LjZ1/2‖2

√
Tr(RjZRH

j )
︸ ︷︷ ︸
‖RjZ1/2‖2

]
− Tr(ZA)

s.t.
(a.1) Pj , Qj º 0, j ∈ Ir

s ,
(a.2) Pj + Qj = Z, j ∈ Ir

s ;

(b)

[
Z SH

j

Sj Z

]
º 0, j ∈ Ic

s ;

(c) Z º 0, Tr(Z) = 1.

(A.39)

Next we eliminate the variables Sj , Qj , Rj . It is clear that

1. (A.39.a) is equivalent to the fact that Pj = Z1/2P̂jZ
1/2, Qj = Z1/2Q̂jZ

1/2

with P̂j , Q̂j º 0, P̂j + Q̂j = Im. With this parameterization of Pj , Qj , the cor-
responding terms in the objective become −2ρTr([P̂j − Q̂j ](Z

1/2AjZ
1/2)). Note

that the matrices Aj are Hermitian (see (A.37)), and observe that if A ∈ Hm,
then

max
P,Q∈Hm

{Tr([P −Q]A) : 0 ¹ P, Q, P + Q = Im} = ‖λ(A)‖1 ≡
∑

`

|λ`(A)|

(w.l.o.g., we may assume that A is Hermitian and diagonal, in which case the
relation becomes evident). In view of this observation, partial optimization in
Pj , Qj in (A.39) allows to replace in the objective of the problem the terms
−2ρTr([Pj − Qj ]Aj) with 2ρ‖λ(Z1/2AjZ

1/2)‖1 and to eliminate the constraints
(A.39.a).

2. Same as in the proof of Lemma A.3, constraints (A.39.b) are equivalent
to the fact that Sj = −Z1/2UjZ

1/2 with ‖Uj‖2,2 ≤ 1. With this parameterization,
the corresponding terms in the objective become 2ρ<{Tr(Uj(Z

1/2RH
j LjZ

1/2))},
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and the maximum of this expression in Uj , ‖Uj‖2,2 ≤ 1, is 2ρ‖σ(Z1/2RH
j LjZ

1/2)‖1.
With this observation, partial optimization in Sj in (A.39) allows to replace in
the objective the terms −2ρ<{Tr(SjR

H
j Lj)} with 2ρ‖σ(Z1/2RH

j LjZ
1/2)‖1 and

to eliminate the constraints (A.39.b).
After the above reductions, problem (A.39) becomes

maximize 2ρ

[
∑

j∈Ir
s

‖λ(Z1/2AjZ
1/2)‖1 +

∑
j∈Ic

s

‖σ(Z1/2RH
j LjZ

1/2)‖1

+
∑

j∈Ic
f

‖LjZ
1/2‖2‖RjZ

1/2‖2
]
− Tr(ZA)

s.t. Z º 0, Tr(Z) = 1.

(A.40)

Recall that we are in the situation when the optimal value in problem (A.38), and
thus in problem (A.40), is positive. Thus, we arrive at an intermediate conclusion
as follows.

Lemma A.7 Under the premise of Lemma A.6, there exists Z ∈ Hm, Z º 0,
such that

2ρ

[
∑

j∈Ir
s

‖λ(Z1/2AjZ
1/2)‖1 +

∑
j∈Ic

s

‖σ(Z1/2RH
j LjZ

1/2)‖1

+
∑

j∈Ic
f

‖LjZ
1/2‖2‖RjZ

1/2‖2
]

> Tr(Z1/2AZ1/2).

(A.41)

Here the Hermitian matrices Aj are given by

2Aj = LH
j Rj + RH

j Lj , j ∈ Ir
s . (A.42)

Second step: probabilistic interpretation of (A.41)

The major step in completing the proof of Theorem A.3.(iii) is based on a prob-
abilistic interpretation of (A.41). This step is described next.

Preliminaries. Let us define a standard Gaussian vector ξ in Rn (notation:
ξ ∈ Nn

R ) as a real Gaussian random n-dimensional vector with zero mean and unit
covariance matrix; in other words, ξ` are independent Gaussian random variables
with zero mean and unit variance, ` = 1, ..., n. Similarly, we define a standard
Gaussian vector ξ in Cn (notation: ξ ∈ Nn

C ) as a complex Gaussian random
n-dimensional vector with zero mean and unit (complex) covariance matrix. In
other words, ξ` = α` + iαn+`, where α1, ..., α2n are independent real Gaussian
random variables with zero means and variances 1

2
, and i is the imaginary unit.

We shall use the facts established in the next three propositions.

Proposition A.1 Let ν be a positive integer, and let ϑS(ν), ϑH(ν) be given by
the relations

ϑ−1
S (ν) = min

α

{
Eξ

{
|

ν∑
`=1

α`ξ
2
` |

}
: α ∈ Rν , ‖α‖1 = 1

}
[ξ ∈ N ν

R ],

ϑ−1
H (ν) = min

α

{
Eχ

{
|

ν∑
`=1

α`|χ`|2|
}

: α ∈ Rν , ‖α‖1 = 1

}
[χ ∈ N ν

C ].

(A.43)
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Then

(i) Both ϑS(·), ϑH(·) are nondecreasing functions such that

(a.1) ϑS(1) = 1, ϑS(2) = π
2
,

(a.2) ϑS(ν) ≤ π
2

√
ν, ν ≥ 1;

(b.1) ϑH(1) = 1, ϑH(2) = 2,

(b.2) ϑH(ν) ≤ ϑS(2ν) ≤ π
√

ν/2, ν ≥ 1.

(A.44)

(ii) For every A ∈ Sn, one has

Eξ

{
|ξT Aξ|

}
≥ ‖λ(A)‖1ϑ−1

S (Rank(A)) [ξ ∈ Nn
R ], (A.45)

and for every A ∈ Hn one has

Eχ

{
|ΘHAχ|

}
≥ ‖λ(A)‖1ϑ−1

H (Rank(A)) [χ ∈ Nn
C ]. (A.46)

Proof.
10. Observe that ϑS(·) satisfies (A.45). Indeed, since ξ ∈ Nn

R implies that Uξ ∈
Nn
R for an orthogonal matrix U , it suffices to verify (A.45) for a diagonal matrix

A = Diag{λ1, ..., λν , 0, ..., 0}, where ν = Rank(A), in which case (A.45) is readily
given by the definition of ϑS(·). By construction, ϑS(·) is nondecreasing. To
check that ϑS(·) satisfies (A.44.a), let α ∈ Rν , ‖α‖1 = 1, let β = [α;−α] ∈ R2ν ,
and let ξ ∈ N 2ν

R . Setting

J =

∫ ∣∣∣∣∣
ν∑

i=1

u2
i αi

∣∣∣∣∣ pν(u)du,

we have

E

{∣∣∣∣∣
2ν∑

i=1

ξ2
i βi

∣∣∣∣∣

}
≤ E

{∣∣∣∣∣
ν∑

i=1

ξ2
i αi

∣∣∣∣∣ +

∣∣∣∣∣
2ν∑

i=ν+1

ξ2
i αi−ν

∣∣∣∣∣

}
= 2J. (A.47)

On the other hand, setting ηi = (ξi − ξi+ν)/
√

2, ζi = (ξi + ξi+ν)/
√

2, we get

∣∣∣∣∣
2ν∑

i=1

ξ2
i βi

∣∣∣∣∣ =

∣∣∣∣∣
ν∑

i=1

2αiηiζi

∣∣∣∣∣ = 2
∣∣∣η̂T ζ

∣∣∣ , η̂ = [α1η1; ...; ανην ], ζ = [ζ1; ...; ζν ].

(A.48)
Note that ζ ∈ N ν

R and η̂, ζ are independent. Setting η̃ = [|α1η1|; ...; |ανην |], we
have

E
{|η̂T ζ|} = E {‖η̂‖2}

∫
|t|p1(t)dt

[since η̂, ζ are independent and ζ ∈ N ν
R ]

= E {‖η̂‖2} 2√
2π

= 2√
2π

E {‖η̃‖2}

≥ 2√
2π
‖E {η̃} ‖2 = 2√

2π

√
ν∑

i=1

α2
i

(
2√
2π

)2

≥ 2
π
√

ν
.

(A.49)
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Combining (A.47), (A.48) and (A.49), we get 2J ≥ 4
π
√

ν
, i.e., 1

J
≤ π

√
ν

2
, which

yields (A.44.a.2). Relation (A.44.a.1) is given by the following computation:

1
ϑS(2)

= min
α∈R2,
‖α‖1=1

{∫ ∣∣α1u
2
1 + α2u

2
2

∣∣ p2(u)du

}
= min

θ∈[0,1]

∫ ∣∣θu2
1 − (1− θ)u2

2

∣∣ p2(u)du

︸ ︷︷ ︸
f(θ)

= 1
2

∫ ∣∣u2
1 − u2

2

∣∣ p2(u)du

[since f(θ) is convex and symmetric w.r.t. θ = 1/2]

=

[∫
|t|p1(t)dt

]2

= 2
π
.

20. From the definition of ϑH(·) it is clear that this function is nondecreas-
ing. To establish (A.46), by the same reasons as in the case of (A.45), it suffices
to verify (A.46) when A = Diag{λ1, ..., λν , 0, ..., 0}, where ν = Rank(A), in which
case (A.46) is readily given by the definition of ϑH(·).

It remains to verify (A.44.b). The relation ϑH(1) = 1 is evident. Further,
we clearly have

ϑ−1
H (2) = min

β∈[0,1]
ψ(β), ψ(β) = Eχ

{∣∣∣β|χ1|2 − (1− β)|χ2|2
∣∣∣
}

, χ ∈ N 2
C .

The function ψ(β) is convex in β ∈ [0, 1] and is symmetric: ψ(1− β) = ψ(β). It
follows that its minimum is achieved at β = 1

2
; direct computation demonstrates

that ψ(1/2) = 1/2, which completes the proof of (A.44.b.1).

It remains to prove the first inequality in (A.44.b.2). Given α ∈ Rν , ‖α‖1 =
1, let α̃ = [α; α] ∈ R2ν . Now, if χ = η + ıω is a standard Gaussian vector in Cν ,
then the vector ξ = 21/2[η; ω] is a standard Gaussian vector in R2ν . We now have

Eχ

{
|

ν∑
`=1

α`|χ`|2|
}

= Eχ

{
|

ν∑
`=1

α`[η
2
` + ω2

` ]|
}

= 1
2
Eξ

{
|

2ν∑
`=1

α̃`ξ
2
` |

}

≥ 1
2
‖α̃‖1ϑ−1

S (2ν) = ϑ−1
S (2ν),

whence ϑ−1
H (ν) ≥ ϑ−1

S (2ν), and the desired inequality follows.

Proposition A.2 For every A ∈ Cn×n one has

Eχ

{
|ΘHAχ|

}
≥ ‖σ(A)‖1 1

4
ϑ−1
H (2Rank(A)) [χ ∈ Nn

C ]. (A.50)

Proof.

Let Â =

[
A

AH

]
, so that Â ∈ H2n, Rank(Â) = 2Rank(A) and the eigenval-

ues of Â are±σ`(A), ` = 1, ..., n. Let also χ = [η; ω] be a standard Gaussian vector
in C2n partitioned into two n-dimensional blocks, so that η, ω are independent
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standard Gaussian vectors in Cn. We have

ΘHÂχ = 2<{ηHAω}
= <

{[
(η + ω)HA(η + ω)− ηHAη − ωHAω

]

+ı
[
(η − ıω)HA(η − ıω)− ηHAη − ωHAω

]}

[polarization identity]

⇒ Eχ

{
|ΘHÂχ|

}
≤ Eη,ω

{|(η + ω)HA(η + ω)|}

+Eη,ω

{|(η − ıω)HA(η − ıω)|}
+2Eη

{|ηHAη|} + 2Eω{|ΘHAχ|}.
(A.51)

Since η, ω are independent standard Gaussian vectors in Cn, the vectors 2−1/2(η+
ω) and 2−1/2(η − ıω) also are standard Gaussian. Therefore (A.51) implies that

Eχ

{
|ΘHÂχ|

}
≤ 8Eη

{
|ηHAη|

}
. (A.52)

Since Â is a Hermitian matrix of rank 2Rank(A) and ‖λ(Â)‖1 = 2‖σ(A)‖1, the
left hand side in (A.52) is at least 2‖σ(A)‖1ϑ−1

H (2Rank(A)), and (A.52) implies
(A.50).

Proposition A.3 (i) Let L ∈ Cp×n, R ∈ Cq×n, and let χ be a standard Gaussian
vector in Cn. Then

Eχ {‖Lχ‖2‖Rχ‖2} ≥ π

4
‖L‖2‖R‖2. (A.53)

(ii) Let L ∈ Rp×n, R ∈ Rq×n, and let ξ be a standard Gaussian vector in
Rn. Then

Eξ {‖Lξ‖2‖Rξ‖2} ≥ 2

π
‖L‖2‖R‖2. (A.54)

Proof.
(i): There is nothing to prove when L or R are zero matrices; thus, assume that
both L and R are nonzero.

Let us demonstrate first that it suffices to verify (A.53) in the case when
both L and R are rank 1 matrices. Let LHL = UHDiag{λ}U be the eigenvalue
decomposition of LHL, so that U is a unitary matrix and λ ≥ 0. We have

E {‖Lξ‖2‖Rξ‖2} = E
{√

ξHLHLξ‖Rξ‖2
}

= E

{(
(Uξ)HDiag{λ} (Uξ)︸ ︷︷ ︸

χ

)1/2

‖RUHχ‖2︸ ︷︷ ︸
φ(χ)≥0

}

= E

{
φ(χ)

√
n∑

`=1

λ`|χ`|2
}

= Φ(λ),

Φ(x) = E

{
φ(χ)

√
n∑

`=1

x`|χ`|2
}

.

(A.55)
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The function Φ(x) of x ∈ Rn
+ is concave; therefore its minimum on the simplex

S = {x ∈ Rn
+ :

∑

`

x` =
∑

`

λ`}

is achieved at a vertex, let it be e. Now let L̂ ∈ Cd×n be such that L̂H L̂ =
UHDiag{e}U . Note that L̂ is a rank 1 matrix (since e is a vertex of S) and that

[‖L̂‖22 =] Tr(L̂H L̂) =
∑

`

e` =
∑

`

λ` = Tr(LHL) [= ‖L‖22].

Since the unitary factor in the eigenvalue decomposition of L̂H L̂ is U , (A.55)

holds true when L is replaced with L̂ and λ with e, so that

E
{
‖L̂χ‖2‖Rχ‖2

}
= Φ(e) ≤ Φ(λ) = E {‖Lχ‖2‖Rχ‖2} .

Applying the same reasoning to the quantity

E
{
‖L̂χ‖2‖Rχ‖2

}

with R playing the role of L, we conclude that there exists a rank 1 matrix R̂
such that

‖R̂‖2 = ‖R‖2
and

E
{
‖L̂χ‖2‖R̂χ‖2

}
≤ E

{
‖L̂χ‖2‖Rχ‖2

}
.

Thus, replacing L and R with the rank 1 matrices L̂, R̂, we do not increase the
left hand side in (A.53) and do not vary the right hand side, so that it indeed
suffices to establish (A.53) in the case when L, R are rank 1 matrices. Note that
so far our reasoning did not use the fact that χ is standard Gaussian.

Now let us look what inequality (A.53) says in the case of rank 1 matrices
L, R. By homogeneity, we can further assume that ‖L‖2 = ‖R‖2 = 1. With this
normalization, for rank 1 matrices L, R we clearly have Lχ = z` and Rχ = wr
for unit deterministic vectors `, r and a Gaussian random vector [z; w] ∈ C2 = R4

such that E
{|z|2} = E

{|w|2} = 1 (both z and w are just linear combinations,
with appropriate deterministic coefficients, of the entries in χ). Since E

{|z|2} =
E

{|w|2} = 1, we can express (z, w) in terms of a standard Gaussian vector
[η; ξ] ∈ C2 as z = η, w = cos(θ)η + sin(θ)ξ, where θ ∈ [0, π

2
] is such that cos(θ)

is the absolute value of the correlation E {zw} between z and w. With this
representation, inequality (A.53) becomes

φ(θ) ≡
∫

C×C

|η|| cos(θ)η + sin(θ)ξ|dG(η, ξ) ≥ π

4
≡ φ(

π

2
), (A.56)

where G(η, ξ) is the distribution of [η; ξ]. We should prove (A.56) in the range
[0, π

2
] of values of θ; in fact we shall prove this inequality in the larger range

θ ∈ [0, π]. Given θ ∈ [0, π], we set

u = cos(θ/2)η + sin(θ/2)ξ, v = − sin(θ/2)η + cos(θ/2)ξ;
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it is immediately seen that the distribution of (u, v) is exactly G. At the same
time,

η = cos(θ/2)u− sin(θ/2)v, cos(θ)η + sin(θ)ξ = cos(θ/2)u + sin(θ/2)v,

whence

φ(θ) =

∫

C×C

| cos(θ/2)u− sin(θ/2)v|| cos(θ/2)u + sin(θ/2)v|dG(u, v)

=

∫

C×C

| cos2(θ/2)u2 − sin2(θ/2)v2|dG(u, v).

We see that

min
θ∈[0,π]

φ(θ) = min
0≤α≤1

ψ(α), ψ(α) =

∫

C×C

|αu2 − (1− α)v2|dG(u, v).

The function ψ(α) clearly is convex and ψ(1−α) = ψ(α) (since the distribution of
[u; v] is symmetric in u, v). Consequently, ψ attains its minimum when α = 1/2,
and φ attains its minimum when cos2(θ/2) = 1/2, i.e., when θ = π/2, which is
exactly what is stated in (A.56).

(ii): Applying exactly the same reasoning as in the proof of (i), we conclude
that it suffices to verify (A.54) in the case when L, R are real rank 1 matrices. In
this case, the same argument as above demonstrates that (A.54) is equivalent to
the fact that if ξ, η are independent real standard Gaussian variables and G(ξ, η)
is the distribution of [ξ; η], then the function

φ(θ) =

∫

R×R

|ξ|| cos(θ)ξ + sin(θ)η|dG(ξ, η) (A.57)

of θ ∈ [0, π] achieves its minimum when θ = π
2
. To prove this statement, one can

repeat word by word, with evident modifications, the reasoning we have used in
the complex case.

A.4.5 Completing the proof of Theorem A.3.(iii)

We are now in a position to complete the proof of Theorem A.3.(iii). Let us set

ps
R = 2 max {pj : j ∈ Ir

s} ,
ps
C = 2 max {pj : j ∈ Ic

s } ,
ϑS = max

[
ϑH(ps

R), 4ϑH(ps
C),

4
π

]
;

(A.58)

here by definition the maximum over an empty set is 0, and ϑH(0) = 0. Note
that by (A.44) one has

ϑS ≤ 4π
√

ps

(cf. (A.22), (A.23)).
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Let χ be a standard Gaussian vector in Cn. Invoking Propositions A.1 –
A.3, we have (for notation, see Lemma A.7):

‖λ(Z1/2AjZ
1/2)‖1

≤ ϑH(Rank(Z1/2AjZ
1/2))Eχ

{
|ΘHZ1/2AjZ

1/2χ|
}

≤ ϑSEχ

{
|ΘHZ1/2AjZ

1/2χ|
}

, j ∈ Ir
s[

by Proposition A.1 since Aj = AH
j and

Rank(Aj) = Rank([LH
j Rj + RH

j Lj ]) ≤ 2pj

]

‖σ(Z1/2RH
j LjZ

1/2)‖1
≤ 4ϑH(2Rank(Z1/2RH

j LjZ
1/2))Eχ

{
|ΘHZ1/2RH

j LjZ
1/2χ|

}

≤ ϑSEχ

{
|ΘHZ1/2RH

j LjZ
1/2χ|

}
, j ∈ Ic

s

[by Proposition A.2 since Rank(RH
j Lj) ≤ pj ]

‖LjZ
1/2‖2‖RjZ

1/2‖2
≤ 4

π
Eχ

{
‖LjZ

1/2χ‖2‖RjZ
1/2χ‖2

}

≤ ϑSEχ

{
‖LjZ

1/2χ‖2‖RjZ
1/2χ‖2

}

[by Proposition A.3.(i)]

and, of course,

Eχ

{
ΘHZ1/2AZ1/2χ

}
= Tr(Z1/2AZ1/2).

In view of these observations, (A.41) implies that

ρϑS

[
∑

j∈Ir
s

Eχ

{
|ΘHZ1/2[LH

j Rj + RH
j Lj ]Z

1/2χ|
}

+
∑

j∈Ic
s

Eχ

{
2|ΘHZ1/2RH

j LjZ
1/2χ|

}

+
∑

j∈Ic
f

Eχ

{
2‖LjZ

1/2χ‖2‖RjZ
1/2χ‖2

} ]
> Eχ

{
ΘHZ1/2AZ1/2χ

}

(we have substituted the expressions for Aj , see (A.42)). It follows that there
exists a realization χ̂ of χ such that with ξ = Z1/2χ̂ one has

ρϑS

[
∑

j∈Ir
s

|ξH [LH
j Rj + RH

j Lj ]ξ|+
∑

j∈Ic
s

2|ξHRH
j Ljξ|+

∑
j∈Ic

f

2‖Ljξ‖2‖Rjξ‖2
]

> ξHAξ.
(A.59)

Observe that

• The quantities ξH [LH
j Rj + RH

j Lj ]ξ are real; we therefore can choose θj =
±1, j ∈ Ir

s , in such a way that with Θj = θjIpj one has

ξH [LH
j ΘjRj + RH

j [Θj ]HLj ]ξ = |ξH [LH
j Rj + RH

j Lj ]ξ|, j ∈ Ir
s ;

• For j ∈ Ic
s , we can choose θj ∈ C, |θj | = 1, in such a way that with

Θj = θjIpj one has

ξH [LH
j ΘjRj + RH

j [Θj ]HLj ]ξ = 2|ξHRH
j Ljξ|, j ∈ Ic

s ;
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• For j ∈ Ic
f , we can choose Θj ∈ Cpj×qj , ‖Θj‖2,2 ≤ 1, in such a way that

ξH [LH
j ΘjRj + RH

j [Θj ]HLj ]ξ = 2‖Ljξ‖2‖Rjξ‖2, j ∈ Ic
f .

With Θj ’s we have defined, (A.59) reads

ξH

[
A− ρϑS

L∑
j=1

[LH
j ΘjRj + RH

j [Θj ]HLj ]

︸ ︷︷ ︸
C

]
ξ < 0,

so that C is not positive semidefinite; on the other hand, by construction C ∈
U [ϑSρ]. Thus, the predicate A(ϑSρ) is not valid; recalling the definition of ϑS,
this completes the proof of Lemma A.6. and thus the proof of Theorem A.3.(iii).

A.4.6 Proof of Theorem A.3.(iv)

The fact that A(ρ) is equivalent to B(ρ) in the case of L = 1 is evident when the
only perturbation block in question is a real scalar one, is readily given by Lemma
A.3 when the block is a complex scalar one, and is readily given by Lemma A.4
when the block is full.

A.4.7 Matrix Cube Theorem, Real case

The Real Matrix Cube problem is as follows:

RMC: Let m, p1, q1,...,pL, qL be positive integers, and A ∈ Sm, Lj ∈
Rpj×m, Rj ∈ Rqj×m be given matrices, Lj 6= 0. Let also a partition {1, 2, ..., L} =
Ir
s ∪Ir

f of the index set {1, ..., L} into two non-overlapping sets be given. With
these data, we associate a parametric family of “matrix boxes”

U [ρ] =

{
A + ρ

L∑
j=1

[LT
j ΘjRj + RT

j [Θj ]T Lj ] : Θj ∈ Zj , 1 ≤ j ≤ L

}

⊂ Sm,

(A.60)

where ρ ≥ 0 is the parameter and

Zj =





{θIpj : θ ∈ R, |θ| ≤ 1}, j ∈ Ir
s

[“scalar perturbation blocks”]

{Θj ∈ Rpj×qj : ‖Θj‖2,2 ≤ 1}, j ∈ Ir
f

[“full perturbation blocks”]

. (A.61)

Given ρ ≥ 0, check whether
U [ρ] ⊂ Sm

+ A(ρ)

Remark A.4 In the sequel, we always assume that pj > 1 for j ∈ Ir
s . In-

deed, non-repeated (pj = 1) scalar perturbations always can be regarded as full
perturbations.
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Consider, along with predicate A(ρ), the predicate

∃Yj ∈ Sm, j = 1, ..., L :
(a) Yj º LT

j ΘjRj + RT
j [Θj ]T Lj ∀

(
Θj ∈ Zj , 1 ≤ j ≤ L

)

(b) A− ρ
L∑

j=1

Yj º 0.
B(ρ)

The Real case version of Theorem A.3 is as follows:

Theorem A.4 [The Real Matrix Cube Theorem] One has:
(i) Predicate B(ρ) is stronger than A(ρ) – the validity of the former

predicate implies the validity of the latter one.
(ii) B(ρ) is computationally tractable – the validity of the predicate is

equivalent to the solvability of the system of LMIs

(s) Yj ±
[
LT

j Rj + RT
j Lj

] º 0, j ∈ Ir
s ,

(f)

[
Yj − λjL

T
j Lj RT

j

Rj λjIpj

]
º 0, j ∈ Ir

f

(∗) A− ρ
L∑

j=1

Yj º 0.

(A.62)

in matrix variables Yj ∈ Sm, j = 1, ..., L, and real variables λj , j ∈ Ir
f .

(iii) “The gap” between A(ρ) and B(ρ) can be bounded solely in terms
of the maximal rank

ps = max
j∈Ir

s
Rank(LT

j Rj + RT
j Lj)

of the scalar perturbations. Specifically, there exists a universal function ϑR(·)
satisfying the relations

ϑR(2) =
π

2
; ϑR(4) = 2; ϑR(µ) ≤ π

√
µ/2 ∀µ ≥ 1

such that with µ = max[2, ps] one has

if B(ρ) is not valid, then A(ϑR(µ)ρ) is not valid. (A.63)

(iv) Finally, in the case L = 1 of single perturbation block A(ρ) is
equivalent to B(ρ).

The proof of the Real Matrix Cube Theorem repeats word by word, with
evident simplifications, the proof of its complex case counterpart and is therefore
omitted. Note that Remark A.3 remains valid in the real case.
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A.5 Theorem 13.2

Let

Erf(t) =
1√
2π

∞∫

t

exp{−s2/2}ds, ErfInv(r) :
1√
2π

∫ ∞

ErfInv(r)

exp{−s2/2}ds = r.

Theorem A.5 Let ζ ∼ N (0, Im), and let Q be a closed convex set in Rm

such that

Prob{ζ ∈ Q} ≥ χ >
1

2
. (A.64)

Then

α ≥ 1 ⇒ Prob{ζ 6∈ αQ} ≤ exp

{
−ErfInv2(1− χ)α2

2

}
. (A.65)

Equivalently: for a closed and convex set Q and ζ ∼ N (0, Σ) one has

Prob {ζ 6∈ Q} ≤ δ <
1

2
⇒ Prob {ζ 6∈ αQ} ≤ exp{−ErfInv2(δ)α2

2
} ∀α > 1.

(A.66)

Proof.
We need the following fact [17]:

(!) For every α > 0, ε ≥ 0 and every closed set X ⊂ Rk such that
Prob{ζ ∈ X} ≥ α one has

Prob {dist(ζ, X) > ε} ≤ Erf(ErfInv(1− α) + ε)

where dist(a, X) = min
x∈X

‖a− x‖2.

Now let ζ, η be independent N (0, Im) random vectors, let α ≥ 1, and let

p(α) = Prob{ζ 6∈ αQ}.

Setting γ = 1/α, observe that the vector γζ +
√

1− γ2η is N (0, Im), so that
whenever t ≥ 0, we have

Prob{dist(γζ +
√

1− γ2η, Q) > t} ≤ Erf(ErfInv(1− χ) + t) (A.67)

by (!). On the other hand, let ζ 6∈ αQ (i.e., let γζ 6∈ Q), and let e = e(ζ) be a
unit vector such that eT [γζ] > max

x∈Q
eT x. If η is such that

√
1− γ2eT ζ > t, then

dist(γζ +
√

1− γ2ζ, Q) > t, whence

ζ 6∈ αQ ⇒ Prob
{

ζ : dist(γζ +
√

1− γ2η, Q) > t
}
≥ Erf(t/

√
1− γ2),
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whence for all t ≥ 0 such that δ(t) ≡ ErfInv(1− χ) + t− t/
√

1− γ2 ≥ 0 one has

p(α)Erf(t/
√

1− γ2) ≤ Prob{dist(γζ +
√

1− γ2ζ, Q) > t}
≤ Erf(ErfInv(1− χ) + t)

⇒ p(α) ≤ Erf(ErfInv(1− χ) + t)

Erf(t/
√

1− γ2)
=

∞∫

t/

√
1−γ2

exp{−(s+δ(t))2/2}ds

∞∫

t/

√
1−γ2

exp{−s2/2}ds

=

∞∫

t/

√
1−γ2

exp{−s2/2−sδ(t)−δ2(t)/2}ds

∞∫

t/

√
1−γ2

exp{−s2/2}ds

≤ exp{−tδ(t)/
√

1− γ2 − δ2(t)/2}.

Setting in the resulting inequality t =
ErfInv(1− χ)(1− γ2)

γ2 , we get

p(α) ≤ exp{−ErfInv2(1− χ)α2

2
}.

A.6 Proof of Theorem 7.1

Theorem 7.1 is an immediate corollary of the following statement:

Theorem A.6 Let Ψ(z) : Rn → R be a convex function and ψ(u) : Rm →
R∪{+∞} be a lower semicontinuous convex function with bounded level sets
such that

Ψ(z) = sup
u

{
zT (Bu + b)− ψ(u)

}
. (A.68)

Let, further, real ρ and a direction e ∈ RL be such that

ρ < Ψ(0) (A.69)

and
lim

t→∞
Ψ(z + te) < ρ ∀z ∈ Rn. (A.70)

Let us set
Zρ

o = {z : ∃α > 0 : Ψ(αz) ≤ ρ}, Zρ = cl Zρ
o .

Then the set
Uρ = {u : ψ(u) ≤ −ρ}

is a nonempty convex compact set and

z ∈ Zρ ⇔ zT (Bu + b) ≤ 0 ∀u ∈ Uρ. (A.71)

Theorem A.6⇒ Theorem 7.1. Let us set Ψ(z0, z1, ..., zL) = z0+Φ([z1; ...; zL]),
ψ(·) ≡ φ(·), Bu + b = [1; Au + a], ρ = ln(ε), e = [−1; 0; ...; 0]. These data clearly
satisfy the premise in Theorem A.6. It remains to note that Zρ

o = Z0
ε (so that

Zρ = Zε), Uρ = Uε and zT (Bu + b) ≡ z0 + [z1; ...; zL]T (Au + a).
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Proof of Theorem A.6. 10. First, let us verify that

inf
u

ψ(u) = −Ψ(0) (A.72)

and extract from this relation that Uρ is a nonempty compact convex set.

Indeed, by (A.68) we have

Ψ(0) = sup
u

{
0T (Bu + b)− φ(u)

}
= − inf

u
ψ(u),

and (A.72) follows. Now, since ρ < Φ(0), (A.72) says that −ρ > infu ψ(u), so
that the set Uρ is nonempty. This set is convex, closed and bounded due to the
fact that ψ is a convex lower semicontinuous function with bounded level sets.

20. The result of 10 states that Uρ is a nonempty convex compact set,
which is the first statement of Theorem A.6. To complete the proof, we need to
justify the equivalence in (A.71), which is the goal of items 30 and 40 to follow.

30. We claim that whenever z ∈ Zρ, one has

zT (Bu + b) ≤ 0 ∀u ∈ Uρ. (A.73)

Indeed, assuming, on the contrary, that zT (Bū+b) > 0 for certain ū with ψ(ū) ≤
−ρ, observe that there exists a neighborhood Uz of z and δ > 0 such that zT (Bū+
b) > δ whenever z′ ∈ Uz. Consequently, for every α > 0 and every z′ ∈ Uz we
have Ψ(αz′) ≥ α[z′]T (Bū + b)−ψ(ū) ≥ αδ + ρ > ρ, so that Uz does not intersect
Zoρ and therefore z 6∈ Zρ, which is a desired contradiction.

40. To complete the proof of Theorem A.6, it suffices to justify the following
statement:

(!) If z satisfies (A.73), then z ∈ Zρ.

To this end, let us fix z satisfying (A.73).

40.1. We claim that eT (Bu + b) ≤ 0 for all u ∈ Dom ψ.
Indeed, assuming the opposite, there exists ū ∈ Dom ψ such that eT (Bū+ b) > 0,
whence Ψ(te) ≥ teT (Bū + b)− ψ(ū) →∞ as t →∞, which is impossible due to
(A.70).

40.2. Consider the case when z is such that zT (Bu + b) ≤ 0 for all u ∈ Dom ψ.
We claim that in this case z + δe ∈ Zρ

o for all δ > 0, whence, of course, z ∈ Zρ.
Let us fix δ > 0.

40.2.1) Let us first prove that (z + δe)T (Bu + b) < 0 for every u ∈ Uρ. Indeed,
assuming the opposite, there exists ū ∈ Uρ with (z + δe)T (Bū + b) ≥ 0. Since
zT (Bu + b) ≤ 0 and eT (Bu + b) ≤ 0 for all u ∈ Dom ψ (by assumption in 2)
and by 1), respectively), we conclude that zT (Bū + b) = eT (Bū + b) = 0, whence
(z + te)T (Bū + b) ≥ 0 for all t ≥ 0, and therefore

∀t > 0 : Ψ(z + te) ≥ (z + te)T (Bū + b)− ψ(ū) ≥ 0− (−ρ) = ρ,

which contradicts (A.70).
40.2.2) Since Uρ is a compact set, 40.2.1) implies that there exists γ > 0 such
that

(z + δe)T (Bu + b) ≤ −γ ∀u ∈ Uρ.
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Now let α > 0. We have

Ψ(α(z + δe)) = sup
u∈Dom ψ

{
α(z + δe)T (Bu + b)− ψ(u)

}

= max
[

sup
u∈Uρ∩Dom ψ

{α(z + δe)T (Bu + b)− ψ(u)},

sup
u∈(Dom ψ)\Uρ

{α(z + δe)T (Bu + b)− ψ(u)}
]
.

When u ∈ Uρ, we have α(z + δe)T (Bu+ b)−ψ(u) ≤ −αγ +Ψ(0); this quantity is
≤ ρ for all large enough α ≥ 0. When u ∈ (Dom ψ)\Uρ, we have α(z+δe)T (Bu+
b) − ψ(u) ≤ 0 + ρ = ρ due to ψ(u) > −ρ and (z + δe)T (Bu + b) ≤ 0 for all
u ∈ Dom ψ. We see that Ψ(α(z + δe)) ≤ ρ for all large enough values of α,
whence z + δe ∈ Zρ

o , as claimed in 40.2.

40.3. We have seen that (!) takes place in the case of 40.2. It remains to verify
that (!) takes place when zT (Bu + b) > 0 for certain u ∈ Dom ψ. Assume that
the latter is the case, and let us set

S = {[p; q] ∈ R2 : ∃u : p ≥ ψ(u), q ≥ c(u) ≡ −zT (Bu + b)}
T = {[p; q] ∈ R2 : p ≤ −ρ, q < 0}.

The sets S, T clearly are convex and nonempty; let us prove that S, T do not
intersect. Indeed, assuming that [p̄; q̄] ∈ S ∩ T , we would have p̄ ≤ −ρ), q̄ < 0
and for certain ū it holds p̄ ≥ ψ(ū), q̄ ≥ c(ū), that is, zT (Bū + b) > 0, while
ψ(ū) ≤ −ρ; this is the desired contradiction, since z satisfies fact that z satisfies
(A.73).

Since S, T are nonempty non-intersecting convex sets, they can be sepa-
rated: there exists [µ; ν] 6= 0 such that

inf
[p;q]∈S

[µp + νs] ≥ sup
[p;q]∈T

[µp + νq].

Due to the structure of S, T , this relation implies that µ, ν ≥ 0 and that

inf
u∈Dom ψ

[µψ(u) + νc(u)] ≥ −µρ. (A.74)

We claim that ν > 0. Indeed, otherwise µ > 0, and (A.74) would imply that
ψ(u) ≥ −ρ for all u ∈ Dom ψ, which is not the case (indeed, infu ψ(u) = −Ψ(0) <
−ρ according (A.72)). Thus, ν > 0. We claim that µ > 0 as well. Indeed,
otherwise (A.74) would imply that inf

u∈Dom ψ

c(u) ≥ 0, that is, zT (Bu + b) ≤ 0 for

all u ∈ Dom(ψ), which contradicts the premise in 40.3. Thus, µ > 0, ν > 0 and
therefore (A.74) implies that with α = ν/µ > 0 one has inf

u∈Dom ψ

[ψ(u)+αc(u)] ≥
−ρ, that is,

Ψ(αz) = sup
u

{
αzT (Bu + b)− ψ(u)

}
≤ ρ,

whence z ∈ Zρ
o . The proof of (!) is completed.
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A.7 Proofs of Propositions 7.4, 7.10 and The-
orems 7.2, 7.3

Proof of Proposition 7.4

10. The set Γo
ε is of the form

{z : ∃α > 0 : G(αz) ≤ 0}

with convex and everywhere finite function G(z) = Ψ(z)− ε. The set of this form
always is convex and satisfies αΓo

ε = Γo
ε for every α > 0; as a result, the closure

Γε of Γo
ε is a closed convex cone, provided that Γo

ε 6= Ø. The latter indeed is the
case due to G(te) → −ε < 0 as t → ∞ (see (7.18)); as a byproduct, we get that
e ∈ intΓo

ε ∈ intΓε.
20. Now let us prove that the inequality (7.20) is convex and that Γε is

exactly the solution set, let it be called Z, of this inequality.
Since the function G(z) = Ψ(z)− ε is convex, the function F (β, z) = βG(β−1z) is
convex in (β, z) in the domain β > 0. As β →∞, this function goes to +∞ due
to Ψ(0) ≥ 1, and as β → +0, this function clearly remains below bounded. Thus,
F (β, z) is below bounded in β > 0 for every z, whence the function inf

β>0
F (β, z)

is convex, so that (7.20) indeed is a convex inequality. In order to prove that
Γε = Z, observe that

Γo
ε = {z : ∃β > 0 : G(β−1z) ≤ 0}, Z = {z : inf

β>0
βG(β−1z) ≤ 0}.

It follows that Γo
ε ⊂ Z. Next let us prove that Γε ⊂ Z. Thus, let zi ∈ Γo

ε be
such that zi → z̄ as i → ∞; we should prove that z̄ ∈ Z. Since zi ∈ Γo

ε , there
exist βi > 0 such that G(β−1

i zi) ≤ 0. Passing to a subsequence of {zi}, we may
restrict ourselves with the following three possibilities:

1) βi → β̄ ∈ (0,∞) as i → ∞; 2) βi → +∞ as i → ∞; 3) βi → +0 as
i →∞.
In the case of 1), passing to the limit in the relation G(β−1

i zi) ≤ 0, we get
G(β̄−1z̄) ≤ 0, whence x̄ ∈ Γo

ε ⊂ Z. In the case of 2) we have 0 ≥ G(β−1
i zi) →

G(0) = Ψ(0) − ε ≥ Ψ∗(0) − ε = 1 − ε > 0 as i → ∞, so that 2) is impossible.
In the case of 3), let G = {z : G(z) ≤ 0}, so that G is a closed and nonempty
convex set, and β−1

i zi ∈ G for all i. From the latter relation, in view of zi → z̄
and βi → +0 as i →∞, it follows that z̄ is a recessive direction of G. Now let ẑ
be a point from G and let G+ be the convex hull of the union of the ray ẑ +R+z̄
and −ẑ; observe that since the ray in question belongs to G, G is above bounded
on G+. At the same time, the ray R+z̄ clearly belongs to G+, so that G(β−1z̄) is
above bounded on the ray β > 0, whence inf

β>0
βG(β−1z̄) ≤ 0 and thus z̄ ∈ Z.

To complete the proof of 20, it remains to show that Z is contained in cl Γo
ε .

Let z̄ ∈ Z; we should prove that z̄ ∈ cl Γo
ε . Since z̄ ∈ Z, we have inf

β>0
βG(β−1z̄) ≤

0, which, by convexity of f(β) = βG(β−1z) on the ray β > 0, leaves us with 3
possibilities:

a) ∃β > 0 : f(β) ≤ 0;
b) f(β) > 0 for β > 0 & limβ→∞ f(β) = 0;
c) f(β) > 0 for β > 0 & limβ→+0 f(β) = 0.
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In the case of a) we have z̄ ∈ Γo
ε , as required. The case of b) is impossible, since

clearly limβ→+∞ f(β) = limβ→+∞ β[Ψ(β−1z̄) − ε] = +∞ due to Ψ(0) ≥ 1. Now
consider the case of c). We have α−1G(αz̄) → 0 as α → ∞, so that the convex
function f(α) = G(αz̄) = Ψ(αz̄)− ε is nonincreasing on the ray α ≥ 0. Since this
function is positive on the ray (we are in the case of c)), there exists C > 1 such
that f(α) ≤ C for all α > 0. Besides this, there exists t such that Ψ(te) ≤ ε/2,
e = [−1; 0; ...; 0]. Now let p = ε

4C
, and let

zα = z̄ +
1− p

pα
te,

so that zα → z̄ as α →∞. We have

G(pαzα) = G(pαz̄ + (1− p)te) ≤ pG(αz̄) + (1− p)G(te)
≤ pC + (1− p)(Ψ(te)− ε) ≤ pC − (1− p) ε

2
= ε

4
− ε

2

(
1− ε

4C

)
≤ ε

(
1
4
− 3

8

)
< 0,

meaning that zα ∈ Γo
ε . Since zα → z̄ as α → +∞, we see that z̄ ∈ cl Γo

ε .

30. We are done. Indeed, we have proved that the solution set Γε of the
convex inequality (7.20) is a closed convex cone with e ∈ intΓε. Besides this, this
cone is contained in the feasible set Z∗ of the chance constraint (7.1). Indeed the
set Z∗ contains the set Γo

ε by (7.19), and since Z∗ is closed, it contains Γε as well.
Invoking Remark 7.1, we conclude that (7.20) is a safe normal approximation of
(7.1).

Proof of Theorem 7.2

We split the proof of Theorem 7.2.(ii) (item (i) is evident) in two steps.

Step 1. Let M be the family of all even and continuously differentiable func-
tions on the axis which are nondecreasing on R+, and M∗ be a subset of M
comprised of all bounded functions f(s) from M. We claim that for p, q ∈ P, one
has q ºm p if and only if

∀f ∈M∗ :

∫
f(s)p(s)ds ≤

∫
f(s)q(s)ds, (A.75)

and if this indeed is the case, then

∫
f(s)p(s)ds ≤

∫
f(s)q(s)ds (A.76)

for every function f ∈M for which both integrals exist.

Indeed, setting P (a) =
∞∫
a

p(s)ds, Q(a) =
∞∫
a

q(s)ds, observe that when

f ∈M∗, then

∫
f(s)p(s)ds = 2

∫∞
0

f(s)(−P ′(s))ds = 2
∞∫
0

f ′(s)P (s)ds + 2P (0)f(0)

= 2
∞∫
0

f ′(s)P (s)ds + f(0)
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and similarly
∫

f(s)q(s)ds = 2
∞∫
0

f ′(s)Q(s)ds + f(0). Thus, (A.75) says exactly

that
∞∫

0

φ(s)(Q(s)− P (s))ds ≥ 0

whenever φ is a nonnegative continuous and summable function on R+, which,
due to the continuity of P, Q, is exactly the same as to say that Q ≥ P everywhere
on R+; but the latter is nothing but the relation q ºm p.

The concluding claim can be justified as follows: let q ºm p. Then, as
we have just proved, (A.75) holds true, whence

∫
f(s)p(s)ds ≤ ∫

f(s)q(s)ds
for all bounded f ∈ M. Since every function from M is a pointwise limit
of a nonincreasing sequence of bounded functions from M, we conclude that∫

f(s)p(s)ds ≤ ∫
f(s)q(s)ds whenever f ∈M and both integrals exist.

Step 2. We claim that

(a) If ξ, ξ′ ∈ Π are independent, then ξ + ξ′ ∈ Π,
and

(b) If p ∈ P and f ∈M∗, then f+ := f ∗ p belongs to M∗.
Indeed, denoting by p, r the densities of ξ, ξ′, in order top prove (a) we should
prove that the density (p ∗ r)(s) =

∫
p(s− t)r(t)dt is even (which is evident) and

nondecreasing when s < 0. By standard approximation arguments, it suffices to
establish the latter fact when p, r are smooth. We have

(p∗ r)′(s) =

∫
p′(s− t)r(t)dt =

∫
p(s− t)r′(t)ds =

0∫

−∞

(p(s− t)−p(s+ t))r′(t)dt.

(A.77)
Since s < 0, with t < 0 we have |s− t| ≤ |s+ t| = |s|+ |t|; and since p is even and
nonincreasing on R+, we conclude that p(s− t) = p(|s− t|) ≥ p(|s+ t|) = p(s+ t),
so that p(s − t) − p(s + t) ≥ 0 when s, t ≤ 0. Since, in addition, r′(t) ≥ 0 when
t ≤ 0, the concluding quantity in (A.77) is nonnegative. (a) is proved.

To prove (b), observe that the facts that f+ is even, continuously differen-
tiable and bounded are evident. All we should prove is that f+ is nondecreasing
on R+; by standard approximation argument, it suffices to prove this relation
when p ∈ P is smooth. In the latter case we have f ′+(s) =

∫
f(s − t)p′(t)ds =∫ 0

−∞(f(s − t) − f(s + t))p′(t)dt. Assuming s positive and taking into account
that f is even and is nondecreasing on R+, we have f(s − t) = f(|s − t|) =
f(|s| + |t|) ≥ f(|s + t|) = f(s + t); since p′(t) ≥ 0 when t ≤ 0, we conclude that∫ 0

−∞(f(s− t)− f(s + t))p′(t)dt ≥ 0 when s ≥ 0. (b) is proved.

Now we can complete the proof of (ii). Let the premise of (ii) hold true, and
let p, p̄, q, q̄ be the densities of ξ, ξ̄, η, η̄, respectively. To prove (ii), we should prove
that ξ + ξ̄ ∈ Π, η + η̄ ∈ Π (which is readily given by (a)) and that η + η̄ ºm ξ + ξ̄.
We have ∫

f(s)(p ∗ p̄)(s)ds =
∫

f(s)
{∫

p(s− t)p̄(t)dt
}

ds

=
∫ {∫

f(s)p(s− t)ds

}

︸ ︷︷ ︸
F (t)

p̄(t)dt
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and similarly
∫

f(s)(p ∗ q̄)(s)ds =
∫

F (t)q̄(t)dt. By (b), F ∈ M∗, and since
q̄ ºm p̄, we get from Step 1 that

∫
F (t)p̄(t)dt ≤

∫
F (t)q̄(t)dt.

Thus,
∫

f(s)(p ∗ p̄)(s)ds ≤ ∫
f(s)(p ∗ q̄)(s)ds whenever f ∈ M∗, which, by the

same Step 1, implies that
p ∗ q̄ ºm p ∗ p̄.

By completely similar reasoning, we have q ∗ q̄ ºm p ∗ q̄; since the relation ºm,
due to its origin, is transitive, we conclude that q ∗ q̄ ºm p ∗ p̄.

Proof of Theorem 7.3

The case of L = 1 is evident, so that in the sequel we assume that L > 1.

10. Observe that if p(·) is a unimodal and symmetric w.r.t. the origin proba-
bility density on the axis, then there exists a sequence {pt(·)}∞t=1 of probability
densities on the axis such that

— every pt(·) is a convex combination of densities of uniform symmetric
w.r.t. 0 distributions;

— the sequence {pt} converges to p in the sense that
∫

f(s)pt(s)ds →
∫

f(s)p(s)ds as t →∞

for every bounded piecewise continuous function f on the axis.

20. To proceed, we need the following fundamental fact:

Symmeterization Principle [Brunn-Minkowski] Let S ⊂ Rn, n > 1, be
a nonempty convex compact set, e ∈ Rn be a unit vector, and ∆ be the
projection of S onto the axis Re: ∆ = [minx∈S eT x, maxx∈S eT x]. Then the
function

f(s) =
(
mesn−1{x ∈ S : eT x = s}

) 1
n−1

is concave and continuous on ∆.

Now let S be a convex compact set in RL symmetric w.r.t. the origin,
p1(·), ..., pL(·), q(·) be unimodal symmetric w.r.t. 0 probability densities on the
axis such that

(a) p1(·),...,pL−1(·) are densities of uniform distributions;
(b) pL ¹m q.

We claim that then
∫

S

p1(x1)p2(x2)...pL−1(xL−1)pL(xL)dx ≥
∫

S

p1(x1)p2(x2)...pL−1(xL−1)q(xL)dx.

(A.78)
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Indeed, let Σ`, 1 ≤ ` < L, be the support of the density p`, so that Σ` is a
segment on the axis symmetric w.r.t. 0. Let us set Σ = Σ1 × ... × ΣL−1 × R,
Ŝ = S ∩Σ, so that Ŝ is a convex compact set symmetric w.r.t. the origin, and let

f(s) = mesn−1{x ∈ Ŝ : xL = s}.

The function f(s) is even; denoting by ∆ the projection of Ŝ onto the xL-axis and
applying the Symmeterization Principle, we conclude that f1/(L−1)(s) is concave,
even and continuous on ∆, whence, of course, f1/(L−1)(s) is nonincreasing on ∆∩
R+. We see that the function f(s) is even and nonnegative and is nonincreasing
on R+, whence ∫

f(s)pL(s)ds ≥
∫

f(s)q(s)ds (A.79)

due to pL ¹m q. It remains to note that the left and the right hand sides in (A.78)
are proportional, with a positive coefficient, to the respective sides in (A.79).

30. We are ready to prove Theorem 7.3. By continuity reasons, all we need is
to prove the following statement:

(!) If p1, ..., pL, q are unimodal symmetric w.r.t. 0 probability den-
sities on the axis such that pL ¹m q and S is a symmetric w.r.t. the
origin convex compact set, then∫

S

p1(x1)p2(x2)...pL−1(xL−1)pL(xL)dx ≥
∫

S

p1(x1)p2(x2)...pL−1(xL−1)q(xL)dx.

By 10, it suffices to verify (!) in the particular case where p1(·),..., pL−1(·)
are convex combinations of the densities of uniform distributions supported on
symmetric w.r.t. 0 segments, and this case, due to linearity of the both sides
of the target inequality in p1,...,pL−1, reduces to the case where p1, ..., pL−1 are
densities of uniform symmetric w.r.t. 0 distributions. In the latter case, the
validity of the target inequality is stated in 20.

Proof of Proposition 7.10

As it is explained immediately after formulating Proposition 7.10, the situation
can be reduced to the case when z0 = 0 and z1 = ... = zL = 1, which we assume
from now on. Besides this, we assume that ζ1, ..., ζL are the random variables
(7.66).

10. We start with the following conditional statement:

(!) If (7.65) holds true for all affine functions f and all functions f
of the form

f(s) = max[0, a + s],

then (7.65) holds true for all piecewise linear convex functions f .

Indeed, every piecewise linear convex function f(·) is a linear combination, with
nonnegative coefficients λi, of an affine function f0 and functions fi, i = 1, ..., I =
I(f), of the form max[0, a + s]. Under the premise of (!), we have

Φ[fi, z] = E{fi(
∑

`

ζ`)}, i = 0, 1, ..., I(f), (A.80)
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whence by the results of Proposition 7.9

Φ[f, z] = Φ[

I∑
i=0

λifi, z] ≤
I∑

i=0

λiΦ[fi, z] = E{f(
∑

`

ζ`)},

where the concluding equality is given by (A.80) combined with the fact that∑I
i=0 λifi = f . Thus, Φ[f, z] ≤ E{f(

∑
`

ζ`)}; since the opposite inequality always

is true, we get Φ[f, z] = E{f(
∑
`

ζ`)}, as claimed in (!).

20. In view of (!), all we need in order to prove Proposition 7.10 is to verify
that the relation (7.65) indeed takes place when f is linear or f(s) = max[0, a+s].

When f is linear, relation (7.65) holds true independently of whether
ζ1, ..., ζL are linked to each other by (7.66) or are arbitrary random variables
with given distributions. Indeed, when f(s) = a + bs, then, setting

γ`(u`) =
1

L
a + bu`,

we clearly ensure that
∑

`

γ`(u`) = f(
∑

`

u`) ∀u ∈ RL,

which, by (7.61), implies that Φ[f, z] ≤ ∑
`

E{γ`(ζ`)}; but the latter quantity is

exactly E{f(
∑
`

ζ`)} ≤ Φ[f, z], so that Φ[f, z] = E{f(
∑
`

ζ`)}.
Now let us prove that (7.65) takes place when f(s) = max[0, a+s]. To save

notation, let a = 0 (the case of an arbitrary a is completely similar). As above,
all we need is to verify that

Φ[f, z] ≤ E{max[0,
∑

`

ζ`]}. (A.81)

Let φ(t) =
∑
`

φ`(t), t ∈ (0, 1). There are three possibilities:

a) φ(t) ≤ 0 for all t ∈ (0, 1);
b) φ(t) ≥ 0 for all t ∈ (0, 1);
c) φ(t−) < 0 and φ(t+) > 0 for appropriately chosen t±, 0 < t− < t+ < 1.

In the case of a), the nondecreasing functions φ`(t) are above bounded, and
0 ≥ limt→1−0 φ(t) =

∑
`

d`, d` = limt→1−0 φ`(t). Setting γ`(u`) = max[0, u` − d`],

we clearly get
∑

`

γ`(u`) ≥ max[0,
∑

`

(u` − d`)] ≥ max[0,
∑

`

u`],

where the concluding inequality is given by
∑
`

d` ≤ 0. Invoking (7.61), we con-

clude that

Φ[f, z] ≤ ∑
` E{max[0, ζ` − d`]} =

∑
`

∫ 1

0
max[0, φ`(t)− d`]dt

= 0 =
∫ 1

0
max[0,

∑
` φ`(t)]dt = E{f(

∑
` ζ`)},

where the second and the third equalities follow from the fact that φ`(t) ≤ d` and
φ(t) ≤ 0 when t ∈ (0, 1). The resulting inequality is exactly the relation (A.81)
we need.
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In the case of b), the nondecreasing functions φ` are below bounded on
(0, 1), and 0 ≤ limt→+0 φ(t) =

∑
` d`, d` = limt→+0 φ`(t). Setting γ`(u`) =

max[d`, u`], we ensure that

∑

`

γ`(u`) ≥ max[0,
∑

`

u`]∀u

due to
∑

` d` ≥ 0, whence, invoking (7.61),

Φ[f, z] ≤ ∑
` E{max[d`, ζ`]} =

∑
`

∫ 1

0
max[d`, φ`(t)]dt

=
∫ 1

0
[
∑

` φ`(t)]dt =
∫ 1

0
max[0,

∑
` φ`(t)]dt = E{f(

∑
` ζ`)},

where the second and the third equalities follow from the fact that φ`(t) ≥ d` and
φ(t) ≥ 0 when t ∈ (0, 1). The resulting inequality is exactly (A.81).

In the case of c), the quantity t∗ = sup{t ∈ (0, 1) : φ(t) ≤ 0} is well defined
and belongs to (0, 1); since φ` are continuous from the left at t∗, we have

0 ≥ φ(t∗) =
∑

`

d−` , d−` = φ`(t∗),

and since φ(t) > 0 when t > t∗, we have

0 ≤ lim
t→t∗+0

φ(t) =
∑

`

d+
` , d+

` = lim
t→t∗+0

φ`(t).

Since φ` are nondecreasing, we have d+
` ≥ d−` ; since

∑
` d−` ≤ 0 ≤ ∑

` d+
` , we

can find reals d` ∈ [d−` , d+
` ] in such a way that

∑
` d` = 0. Setting γ`(u`) =

max[0, u` − d`], we clearly get

∑

`

γ`(u`) ≥ max[0,
∑

`

u` −
∑

`

d`] = max[0,
∑

`

u`],

whence, invoking (7.61),

Φ[f, z] ≤ ∑
` E{max[0, ζ` − d`]} =

∑
`

∫ 1

0
max[0, φ`(t)− d`]dt

=
∑

`

∫ 1

t∗ [φ`(t)− d`]dt =
∫ 1

t∗ φ(t)dt ≤ ∫ 1

t∗ max[0, φ(t)]dt = E{f(
∑

` ζ`)},

where the second equality follows from the fact that φ`(t) − d` ≤ d−` − d` ≤ 0
when t ≤ t∗ and φ`(t)− d` ≥ d+

` − d` ≥ 0 when t > t∗, and the third equality is
given by

∑
` d` = 0. The resulting inequality is exactly (A.81).

A.8 Proofs of Proposition 13.1 and Theorem
13.3

Proof of Proposition ??. Items 1 – 4 are evident.
Item 5: Let f(x, y) ∈ CFr+s (x ∈ Rr, y ∈ Rs), The functions p(x) =∫

f(x, y)dP2(y), q(x) =
∫

f(x, y)dQ2(y) clearly belong to CFr and p ≤ q due to
P2 ¹c Q2. We have

∫
f(x, y)d(P1 × P2)(x, y) =

∫
p(x)dP1(x) ≤ ∫

p(x)dQ1(x) ≤∫
q(x)dQ1(x) =

∫
f(x, y)d(Q1 × Q2)(x, y), where the first ≤ follows from P1 ¹c

Q1, and the second ≤ is given by p ≤ q. The resulting inequality shows that
P1 × P2 ¹c Q1 ×Q2.
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Item 6: Let f ∈ CF1; we should prove that

∫
f(s)dPξ(s) ≤

∫
f(s)dPη(s). (∗)

When we add to f an affine function, both quantities we are comparing change
by the same amount (recall that R1 is comprised of probability distributions
with zero mean). It follows that w.l.o.g. we can assume that f(−1) = 0 and
f ′(−1 + 0) = 0, so that f is nonnegative to the left of the point −1. Replacing f
in this domain by 0, we preserve convexity, keep the quantity

∫
f(s)dPξ(s) intact

and do not increase
∫

f(s)dPη(s); it follows that it suffices to prove our inequality
when f , in addition to f ′(−1 + 0) = f(−1) = 0, is identically zero to the left of
−1. Now, either f is identically zero on [−1, 1], or f(1) is positive. In the first
case, the left hand side in (∗) is 0, while the right hand side is nonnegative (since
f is nonnegative due to f(−1) = f ′(−1 + 0) = 0), and (∗) holds true. When
f(1) > 0, we can, by scaling f , reduce the situation to the one where f(1) = 1.
In this case, f(s) ≤ (s + 1)/2 on [−1, 1] by convexity, whence, recalling that ξ is
supported on [−1, 1] and has zero mean, we have

∫
f(s)dPξ(s) ≤

∫
1

2
(1 + s)dPξ(s) =

1

2

On the other hand, let α = f ′(1+0), so that α > 0. Besides this, f is nonnegative
and f(s) ≥ 1 + α(s− 1) for all s, whence

f(s) ≥ max[0, 1− α + αs] ∀s.

Consequently, setting σ =
√

2/π, we have

∫
f(s)dPη(s) ≥ ∫

max[0, 1− α + αs] 1√
2πσ

exp{−s2/(2σ2)}ds

min
α≥1/2

∫
[max[0, 1− α + αs]

1√
2πσ

exp{−s2/(2σ2)}
︸ ︷︷ ︸

p(s)

ds.

The function g(α) =
∫

max[1 − α + αs]p(s)ds clearly is convex in α ≥ 0, and

g′(α) =
∞∫

α−1
α

(s− 1)p(s)ds. Taking into account that
∞∫
0

p(s)ds =
∞∫
0

sp(s)ds = 1/2,

we conclude that g′(1) = 0, that is, α = 1 is a minimizer of g so that g(α) ≥
g(1) = 1/2 whenever α > 0. Thus, the right hand side in (∗) is ≥ 1/2 and (∗)
indeed is true.

Item 7: Due to absolute symmetry, the distribution of ξ is the limit, in
the sense of weak convergence, of a sequence of convex combinations of uniform
distributions on the vertices of cubes {u : ‖u‖∞ ≤ r}, r ≤ 1. By item 6, all these
distributions are dominated by N (0, (π/2)In). It remains to apply item 2.

Item 8: Since 0 ¹ Σ ¹ Θ, there exists a nonsingular transformation x 7→
Ax : Rd → Rd such that the random vectors ξ̃ = Aξ and η̃ = Aη are, respectively,
N (0, Diag{λ}) and N (0, Diag{µ}); since Σ ¹ Θ, we have λ ≤ µ, whence, by item

4, ξ̃ ¹c η̃, which, of course, is equivalent to ξ ¹c η.
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Proof of Theorem 13.3. Let ξ ∈ Pn and η ∼ N (0, Σ) be a Gaussian
n-dimensional random vector with nonsingular covariance matrix Σ such that
ξ ¹c η. Let, further, Q ⊂ Rn be a closed convex set such that χ ≡ Prob{η ∈
Q} ∈ (1/2, 1). All we need is to prove that whenever γ > 1, one has

Prob{ξ 6∈ γQ} ≤ inf
1≤β<γ

1

γ − β

∞∫

β

exp{−r2ErfInv2(1− χ)/2}dr. (A.82)

Indeed, since Q is convex and Prob{η ∈ Q} > 1/2, the origin is in the interior of
Q. Let β ∈ [1, γ), let

θ(x) = inf{t : t−1x ∈ Q}
be the Minkowski function of Q, and let δ(x) = max[θ(x)−β, 0]. We clearly have
δ(·) ∈ CFn, so that ∫

δ(x)dPξ(x) ≤
∫

δ(x)dPη(x). (a)

For r ≥ β let p(r) = Prob{η 6∈ rQ} = Prob{δ(η) > r − β}. By Theorem A.5, for
r ≥ β we have

p(r) ≤ exp{−r2ErfInv2(1− χ)/2}. (b)

We have ∫
δ(x)dPη(x) = −

∞∫
β

(r − β)dp(r) =
∞∫
β

p(r)dr

≤
∞∫
β

exp{−r2ErfInv2(1− χ)/2}dr,

whence ∫
δ(x)dPξ(x) ≤

∞∫

β

exp{−r2ErfInv2(1− χ)/2}dr

by (a). Now, when ξ 6∈ γQ, we have δ(ξ) ≥ γ − β. Invoking Tschebyshev
Inequality, we arrive at

Prob{ξ 6∈ γQ} ≤ E{δ(ξ)}
γ − β

≤ 1

γ − β

∞∫

β

exp{−r2ErfInv2(1− χ)/2}dr.

The resulting inequality holds true for all β ∈ [1, γ), and (A.82) follows.
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