Appendix A

A.1 Notation

Vectors and matrices. C™*™, R™*" stand for the spaces of complex, re-
spectively, real m x n matrices. We write C* and R"™ as shorthands for C"*!,
R™*! | respectively.

For A € C™*", AT stands for the transpose, and AT for the conjugate
transpose of A:

(AH)rs = Ash

where Z is the conjugate of z € C.
Both C™*™ R™*™ are equipped with the inner product

(A,B) = Tr(AB") = > " A,,B;,.

The norm associated with this inner product is denoted by | - ||2.

We use the notation I,,, Onxy for the unit m x m, respectively, the zero
m X n matrices.

e H™, S™ are real vector spaces of m X m Hermitian, respectively, real
symmetric matrices. Both are Euclidean spaces w.r.t. the inner product (-, ).

We use “MATLAB notation”: when Aq, ..., Ay are matrices with the same
number of rows, [A1,..., Ax] denotes the matrix with the same number of rows
obtained by writing, from left to right, first the columns of A1, then the columns
of Az, and so on. When Ayq, ..., A are matrices with the same number of columns,
[A1; Ag; ...; Ag] stands for the matrix with the same number of columns obtained
by writing, from top to bottom, first the rows of A;, then the rows of A2, and so
on.

For a Hermitian/real symmetric m x m matrix A, A(A) is the vector of
eigenvalues \.(A) of A taken with their multiplicities in the non-ascending order:

A(A) 2 A2(A4) = ... = Am(A).

For a m x n matrix A, 0(A) = (61(A), ...,0n(A))7 is the vector of singular

values of A:
ar(A) = \/2(AT ),

and
|All = 01(A) = max {||Az[|2 : z € C", [|z[]2 < 1}
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(by evident reasons, when A is real, one can replace C" in the right hand side
with R™).

For Hermitian/real symmetric matrices A, B, we write A = B (A > B) to
express that A— B is positive semidefinite (resp., positive definite). We denote by
HZ (S7) the cones of positive semidefinite Hermitian (resp., positive semidefinite
real symmetric) n X n matrices.

A.2 S-Lemma

Theorem A.1 [S-Lemma] (1) [homogeneous version] Let A, B be symmet-
ric matrices of the same size such that 7 A% > 0 for certain . Then the
implication
2T Az >0=2"Bz >0
holds true if and only if
IA>0: B = )\A.

(ii) [inhomogeneous version] Let A, B be symmetric matrices of the
same size, and let the quadratic form T Az + 2aT z + « be strictly positive at
certain point . Then the implication

e’ Az +2d"r+a>0=2"Bx+20"x +3>0 (A1)
holds true if and only if

B—)XA | b" = Ad"
b— Aa ‘ B — A -

dA>0:

Proof.

(i): In one direction the statement is evident: if B = AA with A > 0, then
zT Bx > AT Az for all z and therefore 27 Az > 0 implies 27 Bz > 0.

Now assume that 7 Az > 0 implies 27 Bz > 0, and let us prove that
B = MA for certain A > 0. Consider the optimization problem

Opt = min {Tr(BX) : Tr(AX) > 0, Te(X) = 1, X >0} (A.2)

This problem clearly is strictly feasible. Indeed, by assumption there exists X =
zZ7 > 0 such that Tr(AX) > 0; adding to X a small positive definite matrix and
normalizing the result to have unit trace, we get a strictly feasible solution to
(A.2). Moreover, the problem is below bounded, since its feasible set is compact.
Applying Semidefinite Duality, we conclude that there exists A > 0 such that
B — MA = Optl. We see that it suffices for us to prove that Opt > 0.

Problem (A.2) is clearly solvable. Let X, be its optimal solution, and let
A=XY2AxY? B =XY?BXY? Then

Tr(A) = Tr(AX.) > 0, Tr(B) = Tr(BX.) = Opt,z” Az > 0= 2" Bz > 0.

Now let A = UAUT be the eigenvalue decomposition of A, so that U is orthogonal
and A is diagonal, and let ¢ be a random vector with independent of each other
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coordinates taking values +1 with probability 1/2, and let £ = U¢. For all
realizations of (, we have

¢MAL = TUT(WUAUTUC = ¢TAC = Tr(A) = Tr(A) > 0,
whence ¢T B¢ > 0. Taking expectation, we have

0 <E{¢" B¢} = E{C" (UT BU)¢} = E{Tx([U" BU][¢¢T])}
= Te([UT BUIE{¢¢"}) = Te([UT BU]) = Te(B) = Opt.
N——

=I

Thus, Opt > 0, as claimed.
(ii): Let us pass from original inhomogeneous quadratic forms on R™ to
their homogenizations:

fa(z) = 2T Az + 20"z + o — fa(lz;t]) = [2;t]T Az t] = 27 Az + 2ta”z + ot®
fe(x) = 2Bz + 20"z + B8 fp(x;t]) = [z;t)" Blz;t] = 2”7 Bz + 2tb" z + Bt°

Claim: In the situation of (i), 35 : 7 Aj > 0, and implication (A.1) is equivalent
to the implication

y"Ay>0=y"By>0 (%)
Claim = Inhomogeneous S-Lemma: Combining Claim and Homogeneous
S-Lemma as applied to matrices ﬁ, §, we conclude that (A.1) is equivalent to
the existence of a A > 0 such that B > )\g, which is exactly what is stated by
the Inhomogeneous S-Lemma.
Justifying Claim: We clearly have [z;1]T A[Z; 1] = fa(Z) > 0. Further, if (x) is
valid, then so is (A.1), since fa(z) = fa([z;1]), fa(z) = f5([z;1]). We see that
all we need is to show that the validity of implication (A.1) implies the validity
of implication (x). Thus, assume that (A.1l) is valid, and let us prove that (x)
takes place. Let [z;t] be such that [x;¢]7 A[z;¢] > 0; we should prove that then
[2;¢]T Blz;t] > 0. The case of t # 0 is trivial due to

[2;t)T Al t] > 0= [t s )T Ajt a1 > 0= [t 2 1) Bt a1

~ Fat@) fB(@)
= [z;t]T Blx;t] > 0.

In order to prove that [z;0]” Afz; 0] > 0 implies that [z;0]7 Blz; 0] > 0, it suffices
to verify that the point y = [z;0] can be represented as the limit of a sequence
y' = [2";t"] with £ # 0 and [y’]T Ay’ > 0. Indeed, in this situation, due to the
already proved part of (x), we would have [yi}TEyi > 0 for all 7, and passing to
limit as ¢ — oo, we would get the required relation yTﬁy > 0.

To prove the aforementioned approximation result, let us pass to the coor-
dinates z; of a point z in the eigenbasis of fi so that

y Ay =Y Nyi >0,

J

where A1 > A2 > ... are the eigenvalues/\of A. Observe that A1 > 0, since, as we
remember, there exists 7 such that 7 Ag > 0. it follows that replacing the first
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coordinate in y with (1 + 1/4)y: and keeping the remaining coordinate intact,
we get points ° such that §° — y, i — oo, and [@”]Tﬁ? > 0. Since the latter
inequalities are strict, we can perturb slightly the points 7% to get a sequence
{y'} which still converges to y, still satisfies [y']T Ay > 0 and, in addition, is
comprised of points with nonzero t-coordinates.

A.3 Approximate S-Lemma

Theorem A.2 [6] Let p > 0, A, B, Bu, ..., B, be symmetric m X m matrices

L
such that B=10b", By = 0,£=1,..,L>1,and B+ Y B, > 0.
=1
Consider the optimization problem

Opt(p) = max {mTA:r c2TBx < 1,27 Bex < p°, 0 =1, ...,L} (A.3)
along with its semidefinite relaxation

SDP(p) = m)?x{Tr(AX) CTr(BX) < 1, Tr(BeX) < p,
(=1,..,L,X = 0}

L A4)
= i ? PA> >0,6=1,.. (
A{I{l;lgl}{A—‘—p TAAZ0A200=1,1,
L
AB + 52 \eBy = A}.
=1
Then there exists T such that
(a) zTBz < 1
() z'Bz < Q*(L)p*L=1,..L (A.5)
(¢ zTAz = SDP(p),
where Q(L) is a universal function of L such that Q(1) = 1 and
Q(L) < 9.19y/In(L), L > 2. (A.6)
In particular,
Opt(p) < SDP(p) < Opt(S2(L)p). (A7)

Proof.

19, First of all, let us derive the “in particular” part of the statement from its
general part. Indeed, given that T satisfying (A.5) does exist, observe that Z is
a feasible solution to the problem defining Opt(Q2p), whence Opt(Q2p) > z7 AZ =
SDP(p). The first inequality in (A.7) is evident.

2°. The problem

SDP(p) = max {Tr(AX) : Tr(BX) < 1, Tr(B1X) < P>, X =0} (A.8)
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clearly is strictly feasible and solvable; by this reason, the semidefinite dual of
this problem is solvable with the optimal value SDP(p), which is nothing but the
second equality in (A.4).

3°. Consider the case L = 1, where we should prove that here Q(L) = 1. This
can be immediately derived from the following nice fact:

Theorem [31] Let A, B, By be three m x m symmetric matrices with
m > 3 such that certain linear combination of the matrices if > 0. Then the
joint range T = {(z” Az, 2" Bz, 2" Biz)T : x € R™} C R® of the associated
quadratic forms is a closed convex set.

We, however, prefer to present an alternative straightforward proof.

3°.0. Since B > 0, B; = 0 and B+ B; > 0, problem (A.8) clearly is solvable. All
we need is to prove that this problem admits an optimal solution X, of rank < 1.
Indeed, such a solution is representable in the form Zz* for certain vector Z; from
the constraints of (A.8) it follows that Z satisfies (A.5.a-b) with (1) = 1, and
from the optimality of X. = ZZ7 — that Z satisfies (A.5.c) as well. Now, when
proving that (A.8) admits an optimal solution with rank < 1, we may assume that
Bi > 0. Indeed, assuming that in the latter case the statement we are interested
in is true, we would conclude that whenever € > 0, the optimization problem

Opt, = max {Tr(AX) : Te(BX) < 1, Te([Br + el]X) < P>, X =0} (P.)

has an optimal solution X of rank < 1. Since B 4+ B; > 0, the matrices X are
bounded, so that, by compactness argument, there exists a matrix X, of rank
< 1 such that
Tr(AX,) < lim sup Opt,, Tr(BX,) < 1,Tr(B1 X.) < p°.
e——+0

We see that X, is a feasible solution to (A.8), and all we need is to prove that this
solution is optimal, that is, to prove that SDP(p) < liminf._. ;o Opt,. To this end,
let Y. be an optimal solution to (A.8). For every 7, 0 < v < 1, the matrix 7Y,
clearly is feasible for problems (P.) with all small enough €, whence vySDP(p) <
limsup,_, o Opt,.. Since v < 1 is arbitrary, we get SDP(p) < liminf.. o Opt,,
as required.

Thus, we may focus on the case when B; > 0, and all we need is to prove
that in this case (A.8) has an optimal solution of rank < 1.
3°.1. Passing in the optimization problem in (A.3) from variables = to variables

€

B}/Qa:, we may assume w.l.o.g. that By = I; in the latter case, passing to
the orthonormal eigenbasis of A, we may further assume that A is diagonal:
A= Diag{)\l, .,.,)\m} with A1 > Ao > ... > A\

3°.2. Problem (A.8) clearly is solvable; all we need to prove is that this problem
has an optimal solution X, which is a matrix of rank < 1.

3°.3. Assuming that SDP(p) < 0, the optimization problem in (A.8) clearly
has an optimal rank 0 solution X, = 0, and we are done. Thus, assume that
SDP(p) > 0, which implies that Ay > 0. Note that since A is diagonal and
B1 =1, we have

SDP(p) < m}z{iX{Tr(AX) STr(X) < p X = 0} = ip®. (A.9)
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3%.4. Tt is possible that A\; = X2. We clearly have SDP(p) < A1p?; on the other
hand, there exists a vector Z, ||Z||2 = p, which is in the linear span of the first
two basic orths and is orthogonal to b. The rank 1 matrix X, = zz° clearly is
feasible for (A.8), and for this matrix Tr(AX.) = A1p?, so that X. is an optimal
solution to (A.8) by (A.9). Thus, (A.8) has a rank 1 optimal solution, and we are
done.

39.5. From now on we assume that A\; > A2. There are to possible cases: one
where (A.8) has an optimal solution X, with Tr(BX.) < 1 (“Case I”) and another
one where Tr(BX,) = 1 for every optimal solution X, to (A.8). Assume, first,
that we are in Case I, and let X, be an optimal solution to (A.8) with Tr(BX,) <
1. Let X. = VTV, let v; be the columns of V and p; be the Euclidean norms of
the vectors v;, so that v; = p; fi, || fil]2 = 1. We clearly have

(@) SDP(p) = S A(X.)u=> \ipl,
(b) p° > Tr(BiX.)=Tr(X.) =Y pi, (A.10)
(©) 1 > Tr(BX.)=Tr(bb"VTV) = || 3 bovilf3.

We claim that in fact p; = 0 for ¢ > 0, so that X. is a rank 1 optimal solution,
as required. Indeed, assuming that there exists i, > 1 with p;, > 0 and given e,
0<e< p?*, let us pass from V to a new matrix V, as follows: we replace in V'
the column v;, = p;, fi., with its multiple vi = v fi., where v > 0 is such that
||th I3 = p?. — ¢, and replace column vy = pi f1 in V with the column v]” = 6 fi,
where 0 > 0 is such that [|v"||3 = pf + ¢; all remaining columns in V; are exactly
the same as in V. Setting Xy = [V;]T V4, we clearly have X = 0, Tr(B1X) =
Tr(X+) = Tr(X.) < p? and Tr(AX 1) = Tr(AX.) + (A — i, e > Tr(AX,) (recall
that A1 > A2 > ... > A, and A1 > A2). On the other hand, for small € > 0, X4
is close to X, so that for small enough ¢ > 0 we have Tr(BX;) < 1 due to
Tr(BX.) < 1. Thus, for small e > 0 X is a feasible solution to (A.8) which is
better than X, in terms of the objective, which is a contradiction. Thus, p; = 0
for ¢ > 1, as claimed.

3°.6. Tt remains to consider Case II. Let X, be an optimal solution to (A.8), and
let V, v;, p: be defined exactly as in 3°.5, so that (A.10) takes place. Since we are
in Case II, the vector e = 3 b;v; is of Euclidean norm 1. Let I = {i : b; # 0}.

We claim that all vectors vil, ¢ € I, are proportional to e. Indeed, assume that
i € I and v; is not proportional to e, so that the vectors v; and w; = e — b;v; are
nonzero and are not proportional to each other. Let v:r be the vector of exactly
the same Euclidean norm as v; and of the direction opposite to the one of the
vector b,w;, let V4 be the matrix obtained from V by replacing the column w;
with the column v, and let X [V+}TV+. By construction, the Euclidean norms
of the columns in V4 are the same as those of columns in V', whence

Tr(AXy) = Tr(AX.) = SDP(p), Tr(B:1X4+) = Tr(B1X.) < p°. (A.11)
At the same time, by construction
THBX ) = Vebll3 = lbivd + w3 = B -+ 2()7 (o) + [l
= b; [|villz — 2|bivil|2][will2 + |lws]2
< bF[|vill3 + 2650 [Jwill2 + lwil3 = [[bivi +wil3 <1,
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where the strict inequality is given by the fact that b; # 0 and the nonzero vectors
v; and w; are not proportional to each other. Invoking (A.11), we conclude that
X4+ is an optimal solution to (A.8) with Tr(BX ) < 1, which is impossible, since
we are in Case II.

Thus, all v;, i € I, are proportional to e. Replacing in V' columns v;, i &,
with columns of the same Euclidean norms proportional to e, we get a matrix V;
such that (a) all columns in V4 are proportional to e, (b) the columns in V4 are of
the same Euclidean norms as the corresponding columns in V, and (¢) V4b = Vb.
From (b), (c) it follows that Xy = [V4]TV, is a feasible solution to (A.8) with
the same value of the objective as the one at X, i.e., is optimal for the problem,
while (a) implies that V = ef” for certain f, so that X is a rank 1 solution,
and we are done.
4%, Now consider the case of L > 1. Let X. be an optimal solution to the
semidefinite program defining SDP(p), and let

A=Xx12Ax12
Let also
A=UANUT

be the eigenvalue decomposition of 2, so that U is orthogonal and A is diagonal.
Consider the random vector
¢ = X?U¢,

where ¢ € R™ is random vector with independent coordinates taking values £1
with probabilities 0.5. We have

(a) €TAE = (TUTXY?AXYPUC=¢TUTAUC = ¢TAC
= Tr(A) = Tr(UAUT) = Tr(A) = Tr(AX.)
= SDP(p),
(b) E{"Bg} = Tr(BE{éﬁT}) Tr(BX.PUB{¢¢TIUTX.?)
() E{"Big} = Tr(BzE{éé }) Te(B. X *UB{¢CTIUT X/?)
= Tr(BeX.) <

(A.12)
(we have used the fact that X, is an optimal solution to the problem defining
SDP(p)).
5% We need the following

Lemma A.1 One has

Prob{¢" B¢ > 1} < 2/3. (A.13)

Proof.

Recalling that B = bb”, we have ¢7 B¢ = (TUT X 200" X/2U¢ = (B7¢)?, where
B = UTX}?b. From (A.12.b) it follows that E{(87¢)?} = ||8]|3 < 1; the fact
that in this situation one has Prob{|37¢| > 1} < 2/3 is proved in Lemma A.1 in
[6]. O]
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6°. We next need the following fact.

m
Lemma A.2 Let e, ...,em be deterministic vectors such that 3 ||ei||3 < 1.

i=1
Then

Wit > 1) : Prob{” S Gell > t} <oty = inr ToP{=(t=r)?/16}

rl<r<t r2 —1
=1

(A.14)

Proof uses the following fundamental fact:

Talagrand Inequality [see, e.g., [23]] Let m,...,nm be independent
random vectors taking values in unit balls of the respective finite-dimensional
vector spaces (E1, || - ||1)) (B, || - [|(m)), and let 1 = (n1,....,nm) € E =

m
E1 X ... X E,,. Let us equip E with the norm ||(z',...,2™)| = 1!2 ||zl|\(21),

and let Q be a closed convex subset of E. Then

dist]. (n, Q) 1
E {exp{ 16 }} = Prob{n € Q}"

Let us specify the spaces (I, | - [|¢:)), i = 1,...,m, as (R,|-|), and let n; = G,
i=1,...,m. Let, further,

Ql = {u cR™: HZUZGZHQ < 1}
i=1

Observe that Q1 is a closed convex set in R™ and that this set contains the unit
|| - ||2-ball; indeed,

m m m
1Y wieills <> fualllesllz < Jlull2y| Y ledll3 < [lulle-
=1 =1 i=1

Observe, further, that
E{IY>_ Gel3y =) lells <1,

whence, by Tschebyshev Inequality,

Prob{” Z Gieillz > r} = Prob{¢ ¢ rQ} < riz Vr > 1. (A.15)
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For t > r > 1 we have

I  wiedla > t = u @ £(rQu) = u & (rQ1) + (£ = 1)(rQu)
= dist,(2,rQ1) > (L = Dr=t—r,

where the concluding inequality follows from the fact that @1 contains the unit
Euclidean ball centered at the origin. We now have for ¢t > r > 1:

dist? (¢, Q1) 2
Prob{| S Geda > 1) < Prob { SHEE 5 oo

2 dist?., (¢.rQ1)
< exp{f(t 16) }E{ Il H126 1 }

[Tschebyshev Inequality]
< exp{—(t—r)2/16}
= Prob{cerq:}

[Talagrand Inequality]
< ep{-(t-r)?/16}
= 1-1/r2 )
where the concluding < is due to
1
Prob{¢ ¢ rQ1} = Prob{|| > _ Gieil> > r} < = O

7°. Given integer L > 1, let Q(L) = inf {t > 1: ¢(t) > 1/(3L)}. Note that from
(A.14) it follows immediately that

L>1= Q(L) < Cy/In(L) (A.16)

where C' is an absolute constant (computer says that it can be set to the value
9.19). Denoting by ¢? the columns of the matrix ple;/QXi/QU, we have

L
S llefl3 = B{|lp' B,* X} U¢|3} < 1, (A17)
i=1

where the concluding inequality is nothing but (A.12.¢). Taking into account that

Prob{¢” Bs¢ > a} = Prob{¢T[B;* X *U|T[B} > X/?UI¢ > a}
= Prob{|| B;/*X./*U¢|}3 > a} = Prob{|| . Gief[I3 > p~%a}

and invoking Lemma A.2, we get

Prob{¢” Beg > p*t*} = Prob{|| > _ Gieill2 > t} < 6(t),

whence

t > Q(L) = Prob{¢" Byt > p*t*} < 3% (A.18)

Invoking Lemma A.1, it follows that when ¢ > (L), one has

Prob{¢ : €7 B¢ > 1 or 3 : 7Byt > p*1°} < % n LSLL -1,
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that is, there exists a realization E of £ such that
€'BE<1, €' B <t*p* VL1 < L < L.
Since t > Q(L) is arbitrary, there exists a realization £ of ¢ such that
"Bz <1,z Bz < Q*(L)p* V0,1 <L < L.
Since T is a realization of £, we have also
" Az = SDP(p)

by (A.12.a). Thus, T satisfies (A.5). O

A.4 Matrix Cube Theorem
A.4.1 Matrix Cube Theorem, Complex case

The “Complex Matrix Cube” problem is as follows:

CMC: Let m, p1,q1,...,pL,qr be positive integers, and A € HY, L; €
CPi*™ R; € C%*™ be given matrices, Lj # 0. Let also a partition {1,2, ..., L} =
IJUIS UIY of the index set {1, ..., L} into three non-overlapping sets be given,
and let p; = q; for j € I; U IS. With these data, we associate a parametric
family of “matrix boxes”

L J J

c H™,
where p > 0 is the parameter and
{0/ =01, :0€R,|0| <1}, jel
[“real scalar perturbation blocks”]
{© =01, :60€C,|0| <1}, jeI (A.20)
[“complex scalar perturbation blocks”] ’
{07 € CPiX% . ||@7 |22 <1}, jEIf
[“full complex perturbation blocks”] .

Z =

Given p > 0, check whether
Ulp] C HY A(p)

Remark A.1 In the sequel, we always assume that p; = q; > 1 for j € I5.
Indeed, one-dimensional complexr scalar perturbations can always be regarded

as full complex perturbations.
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Consider, along with predicate A(p), the predicate

;e H™, j= 1,..., L such that : ‘ ‘
(@) Y; = LYO'R; + RI[©)7L; V(O €2/,1<j<L) B(o)

L
b A-p> Y=o
J=1

Our main result is as follows:

Theorem A.3 [The Complex Matrix Cube Theorem| One has:
(i) Predicate B(p) is stronger than A(p) — the validity of the former

predicate implies the validity of the latter one.
(ii) B(p) is computationally tractable — the validity of the predicate is

equivalent to the solvability of the system of LMIs

(s.R) Y; £ [L¥R; + RFL;] = 0,j€l,

(5.C) {XE{HV Ly Ry } = 0,jelL,

(/) [Y }:JLHL IH } - 0,jel e
(%) A-pSY, = o

in the matrix variables Y; € H™, j = 1,....k, V; € H™, j € I5, and the real
variables A\, j € If.
(iii) “The gap” between A(p) and B(p) can be bounded solely in terms

of the maximal size
p° =max{p;:jE€ LU} (A.22)

of the scalar perturbations (here the maximum over an empty set by definition
is 0). Specifically, there exists a universal function Y¢(-) such that

Ic(v) < dnv, v > 1, (A.23)
and

if B(p) is not valid, then A(dc(p®)p) is not valid. (A.24)

(iv) Finally, in the case L = 1 of single perturbation block A(p) is
equivalent to B(p).

Remark A.2 From the proof of Theorem A.3 it follows that 9¢c(0) = %, Ic(1) =
2. Thus,

e when there are no scalar perturbations: IS = I = @, the factor ¥ in the

implication
=B(p) = —Z(Yp) (A.25)

can be set to % =1.27...
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e when there are no complex scalar perturbations (c¢f. Remark A.1) and all
real scalar perturbations are non-repeated (IS = @, p; = 1 for all j € I ),
the factor ¥ in (A.25) can be set to 2.

The following simple observation is crucial when applying Theorem A.3.

Remark A.3 Assume that the data A, Ri,..., Rr of the Matrix Cube problem
are affine in a vector of parameters y, while the data L1, ..., L1 are independent
of y. Then (A.21) is a system of LMIs in the variables Y;, V;, A\; and y.

A.4.2 Proof of Theorem A.3.(i)

Item (i) is evident.

A.4.3 Proof of Theorem A.3.(ii)

The equivalence between the validity of B(p) and the solvability of (A.21) is
readily given by the following facts:

Lemma A.3 Let B€ C™*™ and Y € H"™. Then the relation
Y = 0B+0B" V(0 eC,|0] <1) (A.26)
is satisfied if and only if

y-v BH

VvV eH™: { B v

] = 0. (A.27)

Lemma A.4 Let L € C**™ and R € C"™*™.
(i) Assume that L,R are nonzero. A matrix Y € H™ satisfies the
relation
Y = L"UR+ RYUPL YU € C”" : ||U]22 < 1) (A.28)

if and only if there exists a positive real A such that
Y = ALYL 4+ X"'RYR. (A.29)

(ii) Assume that L is nonzero. A matrix Y € H™ satisfies (A.28) if and
only if there exists A € R such that

H H
Y_]A%L L }A%Ir > 0. (A.30)

Lemmas A.3, A.4 = Theorem A.3.(ii). All we need to prove is that a
collection of matrices Y; satisfies the constraints in B(p) if and only if it can be
extended by properly chosen Vj, j € If, and A;, j € I¢, to a feasible solution of
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(A.21). This is immediate, since matrices Yj, j € If, satisfy the corresponding
constraints B(p).a if and only if these matrices along with some matrices V; satisfy
(A.21.5.C)) (Lemma A.3), while matrices Y;, j € IS, satisfy the corresponding
constraints B(p).a if and only if these matrices along with some reals \; satisfy
(A.21.£.C) (Lemma A.4.(ii)).

Proof of Lemma A.3. 7if” part: Assume that V is such that

{Y—V BH

2o

Then, for every £ € C™ and every 0 € C, |0| = 1, we have

H _ H
o<| 5] |V N ]| 5] - eror-merenve
~€"10B +0B" g

so that Y > 6B +60B" for all § € C, |0] = 1, which, by evident convexity reasons,
implies (A.26).

?only if” part: Let Y € H™ satisfy (A.26). Assume, on the contrary
to what should be proved, that there does not exist V€ H™ such that 0 <

Yy -V BH . : .
B vl and let us lead this assumption to a contradiction. Observe
that our assumption means that the optimization program
. tln+Y -V BY
: > .
1;1151{75 { B v } 70} (A.31)

has no feasible solutions with ¢ < 0; since problem (A.31) is clearly solvable, its
optimal value is therefore positive. Now, our problem is a conic problem on the
(self-dual) cone of positive semidefinite Hermitian matrices; since the problem
clearly is strictly feasible, the Conic Duality Theorem says that dual problem

max —2§R{Tr(WHB)} —Te(ZY) : { v?/ WZ } )
o xXm T (Z) =1 (b)

is solvable with the same — positive — optimal value as the one of (A.31). In
(A.32), we can easily eliminate the W-variable; indeed, constraint (A.32.a), as it
is well-known, is equivalent to the fact that Z > 0 and W = Z'/2XZ'/? with
X € C™*™ | X|l2,2 < 1. With this parameterization of W, the W-term in the
objective of (A.32) becomes —2R{Tr(X”Z/2BZ'/?)}; as it is well-known, the
maximum of the latter expression in X, | X||2,2 < 1, is 2||a(Z/?BZ"/?)||;. Since
the optimal value in (A.32) is positive, we arrive at the following intermediate
conclusion:

(*) There exists Z € H™, Z = 0, such that
20(Z2*BZ"H)| > Te(2Y) = Te(Z2' 2y 2. (A.33)

The desired contradiction is now readily given by the following simple observation:
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Lemma A.5 Let S € H™, C € C™*™ be such that
S =0C+6Cc" V@B ecC,|g =1). (A.34)
Then 2||o(C)||1 < Tr(S).

To see that Lemma A.5 yields the desired contradiction, note that the matrices
S = zY2yzY? C = ZY2BZY? satisfy the premise of the lemma by (A.26),
and for these matrices the conclusion of the lemma contradicts (A.33).

Proof of Lemma A.5: As it was already mentioned,
lo(©)lls = max {R{TH(XC™)} : [ Xl22 < 1}

Since the extreme points of the set {X € C™*™ : || X||2,2 < 1} are unitary
matrices, the maximizer X, in the right hand side can be chosen to be unitary:
XH = X1 thus, X, is a unitary similarity transformation of a diagonal unitary
matrix. Applying appropriate unitary rotation A — UF AU, U¥ = U™, to all
matrices involved, we may assume that X, itself is diagonal. Now we are in the
situation as follows: we are given matrices C, S satisfying (A.34) and a diagonal
unitary matrix X, such that ||o(C)|1 = R{Tr(X.CH)}. In other words,

m

lo(C)ll =R {Z(X*)MCM} < f: |Clel (A.35)
=1

£=1

(the concluding inequality comes from the fact that X, is unitary). On the other
hand, let e; be the standard basic orths in C™. By (A.34), we have

0Cu 4 0Cu = ef' [0C +0C ey < ef' Ses = S V(0 € C, 10| = 1),
whence, maximizing in 0, 2|Cy| < See, £ = 1,...,m, which combines with (A.35)

to imply that 2||o(C)|l1 < Tr(S). O

Proof of Lemma A.4 (cf. Section 8.3).
(i), “if” part: Let (A.29) be valid for certain A > 0. Then for every £ € C™
one has

e8ye > NHLHLE+ N T'¢"RERE > 2\ /EHLHLE\/EHRHERE
= 2| LE|2||RE |2
= VYU, |Ul22 <1):
ye > 2[LE"UIRE)| > 2R{[LE"URE]}
= ¢HLMUR+ RHUT L,

as claimed.

(i), “only if” part: Assume that Y satisfies (A.28) and L # 0, R # 0; we
prove that then there exists A > 0 such that (A.29) holds true. First, observe that
w.l.o.g. we may assume that L and R are of the same sizes r x n (to reduce the
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general case to this particular one, it suffices to add several zero rows either to L
(when £ < r), or to R (when £ > r)). We have the following chain of equivalences:

(A.28)
& VEeC™:  £MYE> 2| LE| 2| RE 2
& VEeC"neC): |l < ||ILE|l2 = €7YE —n"RE— MR >0
& V(EeCmnelC):
ETLTLE —ntn > 0= €Ye —nMRE - ¢ R >0
H H
& (A >0): )Rj R }—)\{LL 7 ]50 [S-Lemmal]
Y - AL"L R¥
< (a) [ R A, } =0

(A.36)
(Note that S-Lemma clearly holds true in the Hermitian case, since Hermitian
quadratic forms on C™ can be treated as real quadratic forms on R*™.)

Condition (A.36.a), in view of R # 0, clearly implies that A > 0. Therefore,
by the Schur Complement Lemma (SCL), (A.36.a) is equivalent to Y — AL L —
A IRER » 0, as claimed.

(ii): When R # 0, (ii) is clearly equivalent to (i) and thus is already proved.
When R = 0, it is evident that (A.30) can be satisfied by properly chosen A € R
if and only if Y > 0, which is exactly what is stated by (A.28) when R =0. []

A.4.4 Proof of Theorem A.3.(iii)

In order to prove (iii), it suffices to prove the following statement:

Lemma A.6 Assume that p > 0 is such that the predicate B(p) is not valid.
Then the predicate A(Jc(p®)p), with appropriately defined function ¥¢(-) sat-
isfying (A.23), is also not valid.

We are about to prove Lemma A.6. The case of p = 0 is trivial, so that
from now on we assume that p > 0 and that all matrices L;, R; are nonzero (the
latter assumption, of course, does not restrict generality). From now till the end
of Section A.4.5, we assume that we are under the premise of Lemma A.6, i.e.,
the predicate B(p) is not valid.
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First step: duality

Consider the optimization program

Y; £ [LiR; + Ri'L;] =0, €If, (a)
N— ————

—AH
24;,4;=A!

U; RFL; e
—
|: LJI{RJ ‘/} 707.76]57 (b)

: . A1 .
t,{YjEr’)l:Ll}Yl;l}jEIg b { 1] Vj } = 0,5 €lf, (C) . (A.37)
(U V€M™ biee

gvietjerg tI+A—p| X Y+ 3 [Uj+ V]

JEIr jelIe

+ > NL L + v RY Ry

JEI§

=0 (d)

Introducing “bounds” Y; = U; + V; for j € IS and Y; = \;L¥ L; + v;RI R; for
j € If and then eliminating the variables Uj, j € IS, v;, j € If, we convert (A.37)
into the equivalent problem

Y; £[L7Rj + Ri'L;] = 0, j € I,
Y;-V; RJ'L; e
—
{ Li'R; Vj =0,5 €L,
min . :
t{y;enmiL_ _N.THT . H
{Vjéﬂm}jélé’ly |: Y] %L] L] AR]J_ :| t 07 J c I;-:,
2 ERY jerg J . Jipj
tI+A—p> Y; =0
Jj=1

By (already proved) item (ii) of Theorem A.3, predicate B(p) is valid if and only
if the latter problem, and thus problem (A.37), admits a feasible solution with
t < 0. We are in the situation when B(p) is not valid; consequently, (A.37) does
not admit feasible solutions with ¢ < 0. Since the problem clearly is solvable,
it means that the optimal value in the problem is positive. Problem (A.37)
is a conic problem on the product of cones of Hermitian and real symmetric
positive semidefinite matrices. Since (A.37) is strictly feasible and bounded below,
the Conic Duality Theorem implies that the conic dual problem of (A.37) is
solvable with the same positive optimal value. Taking into account that the
cones associated with (A.37) are self-dual, the dual problem, after straightforward
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simplifications, becomes the conic problem

imige 2 ];; Tr([Pj — Q;]A;) +j§§ R{Tr (S;R! L])}+j§g w;
—Tr(ZA)
s.t.
(al) Pj7Qj t OyJGI:7
(a.2) Pi+Q; = Z jelg;
z st R
o c.
) 5 %] = oien
© Tr(L;ZLj') w; = 0,4 €lf;
w; Te(R;ZRY) | = /=00
(d) Zr-0,Tr(Z) = 1.

(A.38)
in matrix variables Z € HY}, P;,Q; € H™, j € I}, S; € C™*™, j € I§, and
real variables w;, j € If. Using (A.38.c), we can eliminate the variables w;, thus
coming the following equivalent reformulation of the dual problem:

maximize 2/)[— > Te([P - Qj45) — X R{Tx (S;R{'L;)}

JeIt JEIS

+ 3 \/’H L;ZLY) \/T&r R, ZRH)} - Tr(24)

JGIC
IL;Z1/2|2 1Ry Z1/2||2
ot (A.39)
(al) PJ7QJ i 07]e]sra
(a.:2) P4Q; = Zjel;
z S ,

= ¢
o) |2 Z} = 0 jels
(c) Z=0,Tr(Z) = 1.

Next we eliminate the variables Sj, Q;, R;. It is clear that

(A 39.a) is equivalent to the fact that P, =Z'?P; 72 Q; = 2V/?2Q,; Zz"/?
with P],QJ =0, P + QJ = Ip,. With this parameterization of P, ();, the cor-
responding terms in the obJectlve become —2pTr([P; — Q;](Z'/?A;Z'/?)). Note
that the matrices A; are Hermitian (see (A.37)), and observe that if A € H™,
then

max {Tr([P—Q]A) : 0 X P,Q,P+Q=1I.} = []\(4 H1—Z|>\e

P,Qe

(w.l.o.g., we may assume that A is Hermitian and diagonal, in which case the
relation becomes evident). In view of this observation, partial optimization in
P;, Q; in (A.39) allows to replace in the objective of the problem the terms
—2pTr([P; — Q;]A;) with 2p||A(Z/2A;Z/?)||; and to eliminate the constraints
(A.39.q).

2. Same as in the proof of Lemma A.3, constraints (A.39.b) are equivalent
to the fact that S; = —Z/2U; Z%/? with ||U;]|2,2 < 1. With this parameterization,
the corresponding terms in the objective become 2pR{Tr(U. (Z1/2RHL AL
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and the maximum of this expression in Uj, ||Uj 2,2 < 1, is 2p|o(Z*/2REL; Z2*/?)|1.
With this observation, partial optimization in S; in (A.39) allows to replace in
the objective the terms —2pR{Tr(S;RY L;)} with 2p|jo(Z**R¥ L;Z2'/?)||; and
to eliminate the constraints (A.39.b).

After the above reductions, problem (A.39) becomes

maximize 2p| 3 |INMZY2A; 2|0+ Y |lo(ZY2REL; 22|

jeir jeie
(A.40)
+ 3 L 2?2 R; 24?2 | — Tr(ZA)
jete
s.t. Z>0,Te(Z) = 1.

Recall that we are in the situation when the optimal value in problem (A.38), and
thus in problem (A.40), is positive. Thus, we arrive at an intermediate conclusion
as follows.

Lemma A.7 Under the premise of Lemma A.6, there exists Z € H™, Z = 0,
such that

2p EZI INZV24; 2V )]0 + ; lo(Z* 2R} L; 2/?)|y
JEIL Jjelg

(A.41)
+ 3 L2V 2|2\ R; 22 |2 | > Te(Z2Y/2AZ12).
JEIE
Here the Hermitian matrices A; are given by
24; = LR + R'L;, j € I.. (A.42)

Second step: probabilistic interpretation of (A.41)

The major step in completing the proof of Theorem A.3.(iii) is based on a prob-
abilistic interpretation of (A.41). This step is described next.

Preliminaries. Let us define a standard Gaussian vector £ in R™ (notation:
¢ € NR) as areal Gaussian random n-dimensional vector with zero mean and unit
covariance matrix; in other words, &, are independent Gaussian random variables
with zero mean and unit variance, ¢ = 1,...,n. Similarly, we define a standard
Gaussian vector £ in C" (notation: £ € N{') as a complex Gaussian random
n-dimensional vector with zero mean and unit (complex) covariance matrix. In
other words, & = oy + iap4¢, where aq, ..., a2, are independent real Gaussian
1

random variables with zero means and variances 3, and 4 is the imaginary unit.

We shall use the facts established in the next three propositions.

Proposition A.1 Let v be a positive integer, and let ¥s(v), 9n(v) be given by
the relations

05°0) = min{E{| £t} rac R ol =1} ez,
@« =1

970) = min Ex{|iaem|2|}:aeR”,uaHFl} X € A%
@ =1

(A.43)
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Then
(i) Both ¥s(+), 9n(-) are nondecreasing functions such that

(al) 9s(1) = 1,9s(2)=3%,
(@.2) Js(v) < FVv,v2>1;
(1) oall) = 1. 0n@) =2, (A-44)
0.2) ) < Us2v)<myv/2,v>1.
(ii) For every A € S™, one has
Ee {67 €1} > M) 105" (Rank(4))  [€ € %], (A.15)
and for every A € H" one has
E {107 Ax} > II(A) 1197 (Rank(4))  [x € AZ]. (A.46)

Proof.

1°. Observe that 9¥s(-) satisfies (A.45). Indeed, since £ € NV implies that U¢ €
NE for an orthogonal matrix U, it suffices to verify (A.45) for a diagonal matrix
A = Diag{\1, ..., A\, 0, ...,0}, where v = Rank(A), in which case (A.45) is readily
given by the definition of ¥s(-). By construction, ¥s(-) is nondecreasing. To
check that 9s(-) satisfies (A.44.a), let a € R”, |lafl1 = 1, let 3 = [o; —a] € R,
and let & € NZ”. Setting

J:/ Zu?ai pv(u)du,
i=1
we have
2v v 2v
E{ > & } < E{ S €ail+| > o } =2J. (A.47)
=1 =1 i=v+1

On the other hand, setting 7; = (& — &i40)/V?2, G = (& + &i10)/V/2, we get

= 2[7"¢

;o n=loam; s, ¢ =[55G

(A.48)
Note that ¢ € Mg and 7, ¢ are independent. Setting 77 = [Jaimi];...;|aun.|], we
have

2v
> &
i=1

Z 206 Cs
i=1

E{[7"¢l}

E(Ill} [t ()t
[since 7], ¢ are independent and ¢ € N¥]
= E{l[ll} 5 = A=E{llll2} (A.49)

v 2
HIE = 2 S0t () 225

\Y
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Combining (A.47), (A.48) and (A.49), we get 2J > _“~, ie., 7 < 3%, which

yields (A.44.a.2). Relation (A.44.a.1) is given by the following computation:

_1
9s(2)

=  min {/ ‘aluf + agug}pg(u)du} = min / ‘Guf —(1- 0)u§’p2(u)du
a€R2, 6€0,1]

llelly=1

£(0)
= %/‘u% —u%’pg(u)du

[since f() is convex and symmetric w.r.t. 6 = 1/2]
2
[t oa| =2,

2°. From the definition of ¥3;() it is clear that this function is nondecreas-
ing. To establish (A.46), by the same reasons as in the case of (A.45), it suffices
to verify (A.46) when A = Diag{A1,...,\,,0,...,0}, where v = Rank(A), in which
case (A.46) is readily given by the definition of ¥4 (-).

It remains to verify (A.44.b). The relation ¥4 (1) = 1 is evident. Further,
we clearly have

9/ (2) = min v(8), w(8) =Ex {|Bal’ = (1 - B)hxal |}, x € AZ.

B€[0,1]

The function () is convex in 3 € [0, 1] and is symmetric: (1 — 38) = ¥(8). It
follows that its minimum is achieved at § = %; direct computation demonstrates
that t(1/2) = 1/2, which completes the proof of (A.44.0.1).

It remains to prove the first inequality in (A.44.6.2). Given a € R”, ||a|1 =
1, let @ = [o; o] € R®. Now, if x = + w is a standard Caussian vector in C¥,
then the vector £ = 21/2[17; w] is a standard Gaussian vector in R*. We now have

v v 2v
B {15 adull} = B {15 i+l = 2B {1 5 auetl]

> sllalhds’ (2v) = 95" (2v),

whence 95, (v) > ¥5"'(2v), and the desired inequality follows. [

Proposition A.2 For every A € C**™ one has
H 1 —1 n
E {107 Ax1} = lo(A)lli 797 (2Rank(4)) [x €AZ].  (A50)

Proof.

Let A = { A } , so that A € H?", Rank(A\) = 2Rank(A) and the eigenval-

AH
ues of A are £0¢(A), £ =1,...,n. Let also x = [; w] be a standard Gaussian vector
in C?" partitioned into two n-dimensional blocks, so that 7,w are independent
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standard Gaussian vectors in C". We have
oAy = 2%{n"Aw}

= R {(77+w)HA(n+w) anAnwaAw]

+1 [(7] —w) T A(n — w) —n™ An — wHAw]

[polarization identity]
= E {074} < Epo{ln+w)"A@n+w)l}
+En,w{|( —w)TA(n — w)|}
+2E, {|n" Anl} + 2% {lo" Ax|}.
(A.51)
Since 7, w are independent standard Gaussian vectors in C”, the vectors 27 /2(n+
w) and 271/2(n — w) also are standard Gaussian. Therefore (A.51) implies that

B {107 x|} < 8B, {|n™an} . (A.52)

Since A is a Hermitian matrix of rank 2Rank(A) and [|M(A)||l; = 2||o(A)|1, the
left hand side in (A.52) is at least 2||o(A)| 195" (2Rank(A)), and (A.52) implies
(A.50). [

Proposition A.3 (i) Let L € C**" R € C™", and let x be a standard Gaussian
vector in C™. Then

s
Ex {llLxll2l1Bxll2} = - ILlI=lR]l2- (A.53)

(ii) Let L € RP*™ R € RY*™, and let £ be a standard Gaussian vector in
R"™. Then

E¢ {IILE[2 [ BE]2} = %I\Lllzl\Rllz- (A.54)

Proof.
(i): There is nothing to prove when L or R are zero matrices; thus, assume that
both L and R are nonzero.

Let us demonstrate first that it suffices to verify (A.53) in the case when
both L and R are rank 1 matrices. Let L L = U”Diag{\}U be the eigenvalue
decomposition of L¥ L, so that U is a unitary matrix and X > 0. We have

E {||L¢|2l|REl2} = \/ﬁHLHL§HR§H2}
= B} (we Py we))"” AUl
X 6(x)>0 (A.55)
= E{( Z)\e|X£2} D(A
O(z) = { ‘/ ZEZ|X1/|2}
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The function ®(x) of € RY} is concave; therefore its minimum on the simplex
S:{weRiizxg:ZAe}
¢ ¢

is achieved at a vertex, let it be e. Now let L € C¥™ be such that LT =
U™ Diag{e}U. Note that L is a rank 1 matrix (since e is a vertex of S) and that

NZIE =] Te(Z"L)=>"er=> A =Te(L L) [=|L3].
V4 £

Since the unitary factor in the eigenvalue decomposition of LAL is U, (A.55)
holds true when L is replaced with L and A with e, so that

E {||Zxll2llBxll2 } = (e) < ®() = E{|Lxl2 | Rxz}

Applying the same reasoning to the quantity
E {|Zxll2llRxl- }

with R playing the role of L, we conclude that there exists a rank 1 matrix R
such that
[Rll2 = [[Rll2

and R R R
E {IZxll2|1Bxllz } < B {IZxllallBxll2 }

Thus, replacing L and R with the rank 1 matrices E, E, we do not increase the
left hand side in (A.53) and do not vary the right hand side, so that it indeed
suffices to establish (A.53) in the case when L, R are rank 1 matrices. Note that
so far our reasoning did not use the fact that x is standard Gaussian.

Now let us look what inequality (A.53) says in the case of rank 1 matrices
L, R. By homogeneity, we can further assume that ||L||2 = ||R||2 = 1. With this
normalization, for rank 1 matrices L, R we clearly have Ly = z¢ and Rx = wr
for unit deterministic vectors £, and a Gaussian random vector [z;w] € C* = R*
such that E {|z]*} = E{|w|’} =1 (both 2 and w are just linear combinations,
with appropriate deterministic coefficients, of the entries in ). Since E { |z|2} =
E {|w|’} = 1, we can express (z,w) in terms of a standard Gaussian vector
;€] € C* as z = n, w = cos(0)n + sin()¢, where 6 € [0, 3] is such that cos(6)
is the absolute value of the correlation E {zw} between z and w. With this
representation, inequality (A.53) becomes

s

=¢(=), (A.56)

60 = [ nlleoston + sim@)8ldcn. &) > T = o

CxC

s
4

where G(n,&) is the distribution of [n;&]. We should prove (A.56) in the range
[0, 5] of values of #; in fact we shall prove this inequality in the larger range
0 € [0, 7]. Given 6 € [0, ], we set

u = cos(0/2)n +sin(0/2)§, v = —sin(0/2)n+ cos(0/2)¢;
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it is immediately seen that the distribution of (u,v) is exactly G. At the same
time,

n = cos(0/2)u — sin(0/2)v, cos(0)n + sin()¢ = cos(6/2)u + sin(6/2)v,

whence
p0) = / | cos(0/2)u — sin(6/2)v|| cos(0/2)u + sin(6/2)v|dG(u,v)
CxC
- / | cos?(8/2)u> — sin®(8/2)v°]dG (u, v).
CxC
We see that
min 6(6) = min 6(a), (o) = [ lau ~ (1 - a)e?ldG(u,v).

CxC

The function ¥ () clearly is convex and (1 —a) = ¥(«) (since the distribution of
[u;v] is symmetric in u,v). Consequently, ¢ attains its minimum when o = 1/2,
and ¢ attains its minimum when cos?(6/2) = 1/2, i.e., when 0 = 7/2, which is
exactly what is stated in (A.56).

(ii): Applying exactly the same reasoning as in the proof of (i), we conclude
that it suffices to verify (A.54) in the case when L, R are real rank 1 matrices. In
this case, the same argument as above demonstrates that (A.54) is equivalent to
the fact that if £, n are independent real standard Gaussian variables and G(&,7)
is the distribution of [£;7], then the function

6(6) = / ]| cos(0)¢ -+ sin(0)n]dG(E, ) (A57)

RxR

of 0 € [0, nr] achieves its minimum when 6 = 7. To prove this statement, one can
repeat word by word, with evident modifications, the reasoning we have used in

the complex case. ]

A.4.5 Completing the proof of Theorem A.3.(iii)

We are now in a position to complete the proof of Theorem A.3.(iii). Let us set

Pk = 2max{p;:j€ L},
Pt = 2max{p;:j €S}, (A.58)
¥s = max [On(ph), 40n(p2), 2];

here by definition the maximum over an empty set is 0, and 94 (0) = 0. Note
that by (A.44) one has

¥s < 4m+/ps
(cf. (A.22), (A.23)).
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Let x be a standard Gaussian vector in C". Invoking Propositions A.1 —
A3, we have (for notation, see Lemma A.7):

INZY2A; 2471

< On(Rank(2'/24,2" /), {107 21/24,2" x|}
< OsE{1072Y24;2 %} e It
by Proposition A.1 since 4; = A and }
Rank(A;) = Rank([L}' R; + R}’ L;]) < 2p;
lo(Z' 2RI L; 2%y
< 49 (2Rank(2'2RJ' L, 2V?)E, {07 2"/ RI L, 2"/ X}
< OsE {10722 RIL, 22X} j € It
[by Proposition A.2 since Rank(R} L;) < p;]
1L;Z 22| R; 222
< 2B I 220 R 22X |
< 9B I 22211 R; 222 }

[by Proposition A.3.(i)]
and, of course,
E, {G)HZ”QAZ”QX} = Te(Z2"/2AZ"?).

In view of these observations, (A.41) implies that

T B {1072 (LR, + B1L,)2Y2 |
jels
+ Y E, {2|@Hzl/2Rijzl/2x|}

GEIS

pUs

+ 3 B {2012V 221 R; 2" *x 2 }

JEI§

> E, {072/247' %}

(we have substituted the expressions for A;, see (A.42)). It follows that there
exists a realization ¥ of x such that with ¢ = Z'/2% one has

pOs | 3o 1€ [LY Ry + RILE + 3 216" R L€l + 3 2| Lglla]| Ri€|l2
JEIX JEIS JEIf
> el Ae.

(A.59)
Observe that

e The quantities &7 [Lij + RijK are real; we therefore can choose 0; =
+1, j € I5, in such a way that with ©’ = 0;1I,,; one has

"L R + RO ;)¢ = |€" [L R; + R LyJE, j € IL;

e For j € I, we can choose 0; € C, |0;] = 1, in such a way that with
©’ =0;I,, one has

"L O'R; + RO L;)e = 216" R Lj¢|, j € I,
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e Tor j € If, we can choose @7 € CPi*%  ||©7]]22 < 1, in such a way that
"L} O R + Rj'[©7]" L)€ = 2| L€ 2| Ry€ll2, j € IF.
With ©7’s we have defined, (A.59) reads
L
¢l A—pos > [L7O'R; + R [€7)7 1) | € <0,

Jj=1

C

so that C is not positive semidefinite; on the other hand, by construction C €
U[Isp]. Thus, the predicate A(Jsp) is not valid; recalling the definition of Js,
this completes the proof of Lemma A.6. and thus the proof of Theorem A.3.(iii).

A.4.6 Proof of Theorem A.3.(iv)

The fact that A(p) is equivalent to B(p) in the case of L =1 is evident when the
only perturbation block in question is a real scalar one, is readily given by Lemma
A.3 when the block is a complex scalar one, and is readily given by Lemma A.4
when the block is full. O

A.4.7 Matrix Cube Theorem, Real case

The Real Matrix Cube problem is as follows:

RMC: Let m, pi,qi,...,pL,qr. be positive integers, and A € S™, L; €
RPi*™ R; € R%*™ be given matrices, L; # 0. Let also a partition {1,2, ..., L} 3
IJUIf of the index set {1, ..., L} into two non-overlapping sets be given. With
these data, we associate a parametric family of “matrix boxes”

T

L ) . . .
mm—{A+piﬂﬂ©Uﬁ+Rﬂ®TIﬂ%YGZﬂlgng}
j=1

(A.60)
cSs™,
where p > 0 is the parameter and
{0, :0cR|0|<1},j €5
i [“scalar perturbation blocks”] (A61)
| (& EeRY O <1} jE N '
[“full perturbation blocks”]
Given p > 0, check whether
Ulp) C ST Alp)

Remark A.4 In the sequel, we always assume that p; > 1 for j € I. In-
deed, non-repeated (p; = 1) scalar perturbations always can be regarded as full
perturbations.
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Consider, along with predicate A(p), the predicate

;€8 j=1,..,L: _ v ,
(@) Y; = LiO'R; +R][©)]"L; V(67 € 27,1 <j <L)
L

(b) A-pX Y;=0.

j=

B(p)

The Real case version of Theorem A.3 is as follows:

Theorem A.4 [The Real Matrix Cube Theorem] One has:

(i) Predicate B(p) is stronger than A(p) — the validity of the former
predicate implies the validity of the latter one.

(ii) B(p) is computationally tractable — the validity of the predicate is
equivalent to the solvability of the system of LMIs

(s) Yj+ [L]R;+ RL;] = 0,j€l,
Y; - NLiL; Ry N
= 0,j€I (A.62)
(f) Rj A]'[pj J f
L
() A-pY Y, = o
j=1

in matrix variables Y; € 8™, j =1,..., L, and real variables \;, j € I}.
(iii) “The gap” between A(p) and B(p) can be bounded solely in terms
of the maximal rank

P’ = max Rank(L] R; + R L;)
JEI

of the scalar perturbations. Specifically, there exists a universal function U (-)
satisfying the relations

Zi0r(4) = 25 Oa () < wVE/2Vp > 1

Ur(2) =
such that with ;1 = max[2,p°] one has
if B(p) is not valid, then A(9r(p)p) is not valid. (A.63)

(iv) Finally, in the case L = 1 of single perturbation block A(p) is
equivalent to B(p).

The proof of the Real Matrix Cube Theorem repeats word by word, with
evident simplifications, the proof of its complex case counterpart and is therefore
omitted. Note that Remark A.3 remains valid in the real case.
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A.5 Theorem 13.2

Let

Erf(t) = \/%/exp{—sz/Q}ds, Erflnv(r) : \/12?/]:_} v, )exp{—sQ/Q}ds:r.
rflnv(r
t

Theorem A.5 Let ¢ ~ N(0, 1), and let Q be a closed convex set in R™
such that

Prob{C € Q} > x > % (A.64)
Then

a > 1= Prob{¢ ¢ aQ} < exp{,w}.

5 (A.65)

Equivalently: for a closed and convex set Q and ¢ ~ N (0,%) one has
Erflnv? ()

2
5 @ } Va > 1.
(A.66)

Prob{¢ ¢ Q} <d < % = Prob{¢ ¢ aQ} < exp{—

Proof.
We need the following fact [17]:

(!) For every a > 0, ¢ > 0 and every closed set X C R* such that
Prob{¢ € X} > « one has

Prob {dist(¢, X) > €} < Erf(Erflnv(l — ) +¢)
where dist(a, X) = min |ja — z||2.
reX
Now let ¢,n be independent N'(0, I,,) random vectors, let o > 1, and let
p(a) = Prob{¢ € aQ}.

Setting v = 1/a, observe that the vector v¢ + /1 —~2n is N(0, ), so that
whenever t > 0, we have

Prob{dist(v¢ + v1 — 7?1, Q) > t} < Erf(Erflnv(1l — x) + ¢) (A.67)

by (!). On the other hand, let ¢ & a@ (i.e., let 7¢ € Q), and let e = e(¢) be a
unit vector such that e’ [v¢] > meag?c eTx. If 5 is such that /1 —v2eT¢ > ¢, then

dist(v¢ + /1 —v2¢, Q) > t, whence

¢ ¢ aQ = Prob {g S dist(v¢ + V1 — 421, Q) > t} > Erf(t/\/1 - 72),
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whence for all ¢ > 0 such that 6(¢) = Erflnv(1 — x) +¢ —t/4/1 — 2 > 0 one has

p(a)Exf(t//T=7?) < Prob{dist(:¢ +/1—7¢,Q) > 1}
< Erf(Erflnv(l — x) + ¢)
7‘0 exp{—(s+6(t))%/2}ds
=) < Erf(Erflnv(l — x) + t) _ t/\/lfw:
Erf(t/\/l — ’YQ) Ik exp{—s2/2}ds
t/\/1-~2
T oxp{—s2/2-s5(t)—8%(t)/2}ds
ot/ 1—~2
70 exp{—s2/2}ds
t/\/1—~2
< exp{—td(t)//1—~% = 6%(t)/2}.
2
Setting in the resulting inequality ¢t = Erflnv(1 —29()(1 il ), we get
Y
Erflnv(1 — x)a? O
p(a) <exp{—————"—}.

2

A.6 Proof of Theorem 7.1

Theorem 7.1 is an immediate corollary of the following statement:

Theorem A.6 Let U(z) : R" — R be a convex function and ¥ (u) : R™ —
RU {400} be a lower semicontinuous convex function with bounded level sets
such that

W(z) = sup {ZT(BU +b)— w(u)} . (A.68)
Let, further, real p and a direction e € RY be such that
p < ¥(0) (A.69)

and
tlim U(z+te) < pVzeR". (A.70)
Let us set
Z8 ={z:3a>0:¥(az) <p}, Z2°=clZ’.

Then the set
U ={u:9¢(u) < —p}

is a nonempty convex compact set and

z€ 2" & 2" (Bu+b) <0VueU’. (A.71)

Theorem A.6 = Theorem 7.1. Let usset ¥(zo, 21, ...,21) = 20+P([21; ...; 2L]),
P() = ¢(-), Bu+b=[1; Au+a], p =In(e), e = [-1;0;...;0]. These data clearly
satisfy the premise in Theorem A.6. It remains to note that Z2 = Z° (so that

ZP = Z.),U* =U, and 27 (Bu +b) = 20 + [21; ...; 2] (Au + a).
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Proof of Theorem A.6. 1°. First, let us verify that

inf (u) = ~¥(0) (A.72)

and extract from this relation that /” is a nonempty compact convex set.
Indeed, by (A.68) we have

w(0) = sup {07 (Bu +b) — 6(u) } = ~inf (),

and (A.72) follows. Now, since p < ®(0), (A.72) says that —p > inf, ¥(u), so

that the set U” is nonempty. This set is convex, closed and bounded due to the

fact that i is a convex lower semicontinuous function with bounded level sets.
20, The result of 1° states that U” is a nonempty convex compact set,

which is the first statement of Theorem A.6. To complete the proof, we need to

justify the equivalence in (A.71), which is the goal of items 3° and 4° to follow.
3%, We claim that whenever z € Z, one has

2T (Bu+b) <0Vucl. (A.73)

Indeed, assuming, on the contrary, that z* (Ba+b) > 0 for certain @ with () <
—p, observe that there exists a neighborhood U, of z and § > 0 such that 27 (Ba+
b) > § whenever 2’ € U,. Consequently, for every o > 0 and every 2’ € U, we
have ¥(az') > a[2']7(Ba+b) — (@) > ad + p > p, so that U. does not intersect
Zof and therefore z ¢ Z”, which is a desired contradiction.

4%, To complete the proof of Theorem A.6, it suffices to justify the following
statement:

(1) If z satisfies (A.73), then z € Z”.

To this end, let us fix z satisfying (A.73).

49.1. We claim that T (Bu +b) < 0 for all u € Dom 2.

Indeed, assuming the opposite, there exists « € Dom % such that eT(Bﬁ—i—b) >0,
whence U(te) > te” (Ba + b) — (@) — oo as t — oo, which is impossible due to
(A.70).

4°.2. Consider the case when z is such that 27 (Bu + b) < 0 for all v € Dom .
We claim that in this case z + de € Zf for all § > 0, whence, of course, z € Z°.
Let us fix 6 > 0.

4°.2.1) Let us first prove that (z + de)” (Bu +b) < 0 for every u € U”. Indeed,
assuming the opposite, there exists @ € U” with (z + de)” (B@ + b) > 0. Since
2T(Bu+b) <0 and €7 (Bu+b) < 0 for all u € Dom) (by assumption in 2)
and by 1), respectively), we conclude that 27 (Ba+b) = e’ (Ba +b) = 0, whence
(z+te)T(Ba+b) >0 for all t > 0, and therefore

VE>0:U(z+te) > (z+te) (Ba+b) — () > 0— (—p) = p,

which contradicts (A.70).
4°.2.2) Since U” is a compact set, 4°.2.1) implies that there exists v > 0 such
that

(z+d0e)" (Bu+b) < —y Yu € U”.
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Now let o > 0. We have

U(a(z +de)) = E)up {a(z+6e)"(Bu+b) —p(u)}
welDOom
= max sup {a(z + de)T (Bu + b) — h(u)},
weurnDom v

sup  {a(z + 6e)T (Bu+b) — w(u)}] .
we(Dom p)\ur

When u € U, we have a(z + )T (Bu+b) — (u) < —ay -+ ¥ (0); this quantity is
< p for all large enough o > 0. When u € (Dom 9)\U”, we have a(z+6e)” (Bu+
b) —(u) < 0+p = p due to (u) > —p and (z 4 de)T (Bu + b) < 0 for all
u € Domt. We see that ¥(a(z + de)) < p for all large enough values of «,
whence z + de € Z?, as claimed in 4°.2.

4°.3. We have seen that (!) takes place in the case of 4°.2. Tt remains to verify
that (!) takes place when 2% (Bu + b) > 0 for certain « € Domt). Assume that
the latter is the case, and let us set

S = {lpa eR*:3u:p>9p(u),q>clu) = —2"(Bu+b)}
T {lpig] €R?: p < —p,q < 0}.

The sets S, T clearly are convex and nonempty; let us prove that S, T" do not
intersect. Indeed, assuming that [p;g] € SN T, we would have p < —p), § < 0
and for certain @ it holds p > (@), § > c(@), that is, 27 (Ba@ + b) > 0, while
Y(u) < —p; this is the desired contradiction, since z satisfies fact that z satisfies
(A.73).

Since S,T are nonempty non-intersecting convex sets, they can be sepa-
rated: there exists [u; ] # 0 such that

inf [up+wvs] > sup [up+vq].
[piql€s [p;al€T

Due to the structure of S, 7T, this relation implies that pu,v > 0 and that

]i)nf [ (u) + ve(u)] = —pp. (A.74)
wveDom ¢

We claim that v > 0. Indeed, otherwise p > 0, and (A.74) would imply that
(u) > —p for all u € Dom ), which is not the case (indeed, inf, ¥(u) = —¥(0) <
—p according (A.72)). Thus, v > 0. We claim that u > 0 as well. Indeed,

otherwise (A.74) would imply that  inf  c¢(u) > 0, that is, 27 (Bu +b) < 0 for
uweDom ¢

all u € Dom (¢), which contradicts the premise in 4°.3. Thus, & > 0,v > 0 and
therefore (A.74) implies that with & = v/ > 0 one has ]ian [W(u) + ac(u)] >
welom

—p, that is,
U(az) = sup {azT(Bu +b) — w(u)} <p,

whence z € Z£. The proof of (!) is completed. ]
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A.7 Proofs of Propositions 7.4, 7.10 and The-
orems 7.2, 7.3

Proof of Proposition 7.4
1°. The set I'? is of the form

{z:3a>0:G(az) <0}

with convex and everywhere finite function G(z) = ¥(z) —e. The set of this form
always is convex and satisfies al'? = I'? for every a > 0; as a result, the closure
T'c of T'Y is a closed convex cone, provided that I'? # . The latter indeed is the
case due to G(te) — —e < 0 as t — oo (see (7.18)); as a byproduct, we get that
e € intl'¢ € intl..

2°. Now let us prove that the inequality (7.20) is convex and that T, is
exactly the solution set, let it be called Z, of this inequality.
Since the function G(z) = ¥(z) — € is convex, the function F (8, z) = BG(8™'2) is
convex in (3, z) in the domain 8 > 0. As 8 — oo, this function goes to +oco due
to ¥(0) > 1, and as 8 — +0, this function clearly remains below bounded. Thus,
F(B,z) is below bounded in 8 > 0 for every z, whence the function li}r;%F(ﬂ, z)

is convex, so that (7.20) indeed is a convex inequality. In order to prove that
I'c = Z, observe that

IC={2:38>0:G(B'2) <0}, Z={z: gr;foﬂG(ﬁflz) <0}.

It follows that I'° € Z. Next let us prove that I'. € Z. Thus, let z° € T'? be
such that z* — Z as i — oo; we should prove that z € Z. Since z' € I'?, there
exist 3; > 0 such that G(8;'z") < 0. Passing to a subsequence of {z'}, we may
restrict ourselves with the following three possibilities:

1) B — B € (0,00) as i — o0; 2) B — 400 as i — o0; 3) Bi — 40 as
1 — 00.
In the case of 1), passing to the limit in the relation G(8;'z%) < 0, we get
G(B'2) < 0, whence z € T2 C Z. In the case of 2) we have 0 > G(8;'2") —
G(0) = ¥(0) —e > U,(0) —e=1—¢€ > 0 as i — o0, so that 2) is impossible.
In the case of 3), let G = {2z : G(z) < 0}, so that G is a closed and nonempty
convex set, and ﬁ[lzi € G for all 3. From the latter relation, in view of z* — Z
and B; — 40 as i — oo, it follows that Z is a recessive direction of G. Now let 2
be a point from G and let G be the convex hull of the union of the ray 2 + R,z
and —Z; observe that since the ray in question belongs to G, G is above bounded
on G*. At the same time, the ray R Z clearly belongs to G, so that G(87'%2) is
above bounded on the ray 3 > 0, whence ,ér;fo BG(B712) <0 and thus z € Z.

To complete the proof of 2°, it remains to show that Z is contained in clT'?.
Let z € Z; we should prove that z € cIT'?. Since z € Z, we have énfo ﬁG(ﬁAZ) <
>

0, which, by convexity of f(3) = 6G(ﬂ_1z) on the ray 8 > 0, leaves us with 3
possibilities:

a) 36> 0: f(B) <0;

b) f(B) > 0 for B> 0 & limp oo f(B) = 0;

c) f(B) >0 for >0 & limg_.40 f(B) = 0.
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In the case of a) we have z € T'?, as required. The case of b) is impossible, since
clearly limg_, o0 f(3) = limpg— o0 B[¥(B7'2) — €] = +o0 due to ¥(0) > 1. Now
consider the case of ¢). We have o 'G(aZ) — 0 as a — oo, so that the convex
function f(a) = G(az) = ¥(aZz) — € is nonincreasing on the ray o > 0. Since this
function is positive on the ray (we are in the case of c)), there exists C' > 1 such
that f(a) < C for all & > 0. Besides this, there exists ¢ such that U(te) < ¢/2,
e =[-1;0;...;0]. Now let p = 3%, and let

—p

Za = Z+ te,

so that zo — Z as a« — co. We have

G(paza) G(paz + (1 —p)te) < pG(az) +
pC + (1 — p)(¥(te) — -

e(i-3) <0,

INIA I

meaning that z, € I'?. Since zo, — Z as @ — +00, we see that z € clT¢.

3%, We are done. Indeed, we have proved that the solution set I'c of the
convex inequality (7.20) is a closed convex cone with e € intI'c. Besides this, this
cone is contained in the feasible set Z,. of the chance constraint (7.1). Indeed the
set Z,. contains the set I'? by (7.19), and since Z, is closed, it contains I'c as well.
Invoking Remark 7.1, we conclude that (7.20) is a safe normal approximation of

(7.1). O]

Proof of Theorem 7.2

We split the proof of Theorem 7.2.(ii) (item (i) is evident) in two steps.

Step 1. Let M be the family of all even and continuously differentiable func-
tions on the axis which are nondecreasing on R4, and M. be a subset of M
comprised of all bounded functions f(s) from M. We claim that for p,q € P, one
has ¢ =m p if and only if

VfeM,: /f(s)p(s)ds < /f(s)q(s)ds, (A.75)

and if this indeed is the case, then

/ F(s)p(s)ds < / F(s)a(s)ds (A.76)

for every function f € M for which both integrals exist.
Indeed, setting P(a) = [ p(s)ds, Q(a) = [ q(s)ds, observe that when
f € M., then

[ee]

[ f(s)p(s)ds =2 [[7 f(s)(=P'(s))ds = 2 [ f'(s)P(s)ds + 2P(0) f(0)

0
=2

o3

f'(s)P(s)ds + £(0)
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and similarly [ f(s)q(s)ds = 2 Tf’(s)Q(s)ds + f(0). Thus, (A.75) says exactly
0
that

[ )@ - Plspas > 0

whenever ¢ is a nonnegative continuous and summable function on R4, which,
due to the continuity of P, Q, is exactly the same as to say that Q > P everywhere
on R4 ; but the latter is nothing but the relation ¢ =m p.

The concluding claim can be justified as follows: let ¢ >, p. Then, as
we have just proved, (A.75) holds true, whence [ f(s)p(s)ds < [ f(s)q(s)ds
for all bounded f € M. Since every function from M is a pointwise limit
of a nonincreasing sequence of bounded functions from M, we conclude that
J f(s)p(s)ds < [ f(s)q(s)ds whenever f € M and both integrals exist.

Step 2. We claim that

(a) If ¢,¢" € 1T are independent, then & + ¢ € 11,
and

(b) If p € P and f € M., then fi := f *p belongs to M,.
Indeed, denoting by p, r the densities of £, ¢, in order top prove (a) we should
prove that the density (p*7)(s) = [ p(s — t)r(t)dt is even (which is evident) and
nondecreasing when s < 0. By standard approximation arguments, it suffices to
establish the latter fact when p,r are smooth. We have

0
(prr)'(s) = / P (s — t)r(t)dt = / p(s — t)r (t)ds = / (p(s— ) — p(s +£))r' (t)dt.

(A.77)
Since s < 0, with ¢ < 0 we have |s —t| < |s+t| = |s| + |t]; and since p is even and
nonincreasing on R4, we conclude that p(s —t) = p(|]s—t|) > p(|s+t]) = p(s+1),
so that p(s —t) — p(s +¢) > 0 when s,t < 0. Since, in addition, r'(¢) > 0 when
t <0, the concluding quantity in (A.77) is nonnegative. (a) is proved.

To prove (b), observe that the facts that fi is even, continuously differen-
tiable and bounded are evident. All we should prove is that fi is nondecreasing
on Ry; by standard approximation argument, it suffices to prove this relation
when p € P is smooth. In the latter case we have fi(s) = [ f(s — t)p'(t)ds =
ffoo(f(s —t) — f(s +t))p'(t)dt. Assuming s positive and taking into account
that f is even and is nondecreasing on R4, we have f(s —t) = f(|]s —t]) =
fg\s| +1t]) > f(]s+¢t|]) = f(s +t); since p’(t) > 0 when ¢ < 0, we conclude that
o (f(s—t) = f(s+1t)p'(t)dt > 0 when s > 0. (b) is proved.

Now we can complete the proof of (ii). Let the premise of (ii) hold true, and
let p, B, q, @ be the densities of £, £, 7, 7, respectively. To prove (ii), we should prove
that € +& € TI, n + 7 € II (which is readily given by (a)) and that n+7 =m £ +£.
We have

JF(s)*p)(s)ds = [ £(s) {[ p(s — )p(t)dt} ds

:f{/f@ww—w@}ﬂwﬁ

F(t)
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and similarly [ f(s)(p * q)(s)ds = [ F(t)g(t)dt. By (b), F € M., and since
q =m P, we get from Step 1 that

/ Ft)p(t)dt < / F(t)q(t)dt.

Thus, [ f(s)(p*p)(s)ds < [ f(s)(p * q)(s)ds whenever f € M., which, by the
same Step 1, implies that

P*q Zm P*D.
By completely similar reasoning, we have g * § =m p * q; since the relation >,
due to its origin, is transitive, we conclude that g« q§ >m p * p. ]

Proof of Theorem 7.3
The case of L =1 is evident, so that in the sequel we assume that L > 1.
1°. Observe that if p() is a unimodal and symmetric w.r.t. the origin proba-
bility density on the axis, then there exists a sequence {p‘(-)}i2; of probability
densities on the axis such that

— every p'(-) is a convex combination of densities of uniform symmetric

w.r.t. 0 distributions;
— the sequence {p'} converges to p in the sense that

[ ' o)is = [ is)ds as 1 = o0

for every bounded piecewise continuous function f on the axis.

20, To proceed, we need the following fundamental fact:

Symmeterization Principle [Brunn-Minkowski] Let S € R™, n > 1, be
a nonempty convex compact set, e € R™ be a unit vector, and A be the
projection of S onto the axis Re: A = [minges e’ x, max,es e’ x]. Then the
function

f(s) = (mesn_l{x €S:ele = S}>ﬁ

is concave and continuous on A.

Now let S be a convex compact set in R* symmetric w.r.t. the origin,
p1(-)y -y pL(+), q(-) be unimodal symmetric w.r.t. 0 probability densities on the
axis such that

(a) p1(+),...,pL—1(+) are densities of uniform distributions;

(b) pL =m ¢
We claim that then

/ p1(@1)pa(2).pr1(xp1)pr(en)de > / D1 (22)pa(@2).eprs (11 )a(ws)de.

S S
(A.78)
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Indeed, let X,, 1 < £ < L, be the support of the density p;, so that ¥, is a
sAegment on the axi§ symmetric w.r.t. 0. Let us set ¥ = X1 X ... Xx Y1 X R,
S = S5N2, so that S is a convex compact set symmetric w.r.t. the origin, and let

f(s) =mes, 1{z €5 :x =s}

The function f(s) is even; denoting by A the projection of S onto the zp-axis and
applying the Symmeterization Principle, we conclude that fl/“*l)(s) is concave,
even and continuous on A, whence, of course, f*/(*~1 (s) is nonincreasing on AN
Ry. We see that the function f(s) is even and nonnegative and is nonincreasing
on R4, whence

/'f<s>pL<s>ds > / F(s)a(s)ds (A.79)

due to pr <m ¢. It remains to note that the left and the right hand sides in (A.78)
are proportional, with a positive coefficient, to the respective sides in (A.79).

30, We are ready to prove Theorem 7.3. By continuity reasons, all we need is
to prove the following statement:

() If p1,...,pL, q are unimodal symmetric w.r.t. 0 probability den-
sities on the axis such that pr, <m q and S is a symmetric w.r.t. the
origin convex compact set, then

/ p1(@1)pa(@2)...pr1(xp1)pr(e)de > / p1(22)pa(22).pri (11 (s )de.
S S

By 1°, it suffices to verify (!) in the particular case where pi(-),..., pr—1(-)
are convex combinations of the densities of uniform distributions supported on
symmetric w.r.t. 0 segments, and this case, due to linearity of the both sides
of the target inequality in pi,...,p—1, reduces to the case where p1,...,pr—1 are
densities of uniform symmetric w.r.t. 0 distributions. In the latter case, the
validity of the target inequality is stated in 2°.

Proof of Proposition 7.10

As it is explained immediately after formulating Proposition 7.10, the situation

can be reduced to the case when zp = 0 and z; = ... = z, = 1, which we assume
from now on. Besides this, we assume that (i,...,{r are the random variables
(7.66).

1°. We start with the following conditional statement:

(1) If (7.65) holds true for all affine functions f and all functions f
of the form
f(s) = max[0,a + s],

then (7.65) holds true for all piecewise linear convex functions f.

Indeed, every piecewise linear convex function f(-) is a linear combination, with
nonnegative coefficients \;, of an affine function fo and functions f;, ¢ =1,...,I =
I(f), of the form max[0,a + s]. Under the premise of (!), we have

Ofi 2] =B{fi(>_ ¢}, i =0,1,...,1(f), (A.80)
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whence by the results of Proposition 7.9

I

o[f, 2] = @[Zm, <Y N®(fi 2] = B{f(Q_ ¢}

i=0
where the concluding equality is given by (A.80) combined with the fact that
Zf:o Aifi = f. Thus, @[f, z] <E{f(3_ (¢)}; since the opposite inequality always
¢
is true, we get ®[f, z] = E{f(>_ (¢}, as claimed in (!).
‘

29, In view of (1), all we need in order to prove Proposition 7.10 is to verify
that the relation (7.65) indeed takes place when f is linear or f(s) = max[0, a+s].

When f is linear, relation (7.65) holds true independently of whether
(1, ...,Cr are linked to each other by (7.66) or are arbitrary random variables
with given distributions. Indeed, when f(s) = a + bs, then, setting

1
Yo(ue) = o+ bug,

we clearly ensure that
> velue) = fO_ ue) Vu € R,
¢ ¢

which, by (7.61), implies that ®[f,z] < > E{7¢((¢)}; but the latter quantity is
7

exactly E{f(; Co)} < @[f, 2], so that ®[f, 2] = E{f(; Co)}-

Now let us prove that (7.65) takes place when f(s) = max|[0,a+ s]. To save
notation, let a = 0 (the case of an arbitrary a is completely similar). As above,
all we need is to verify that

o[f, 2] < B{max[0, ) _ ¢} (A.81)
¢
Let ¢(t) = ¢e(t), t € (0,1). There are three possibilities:
7
a) ¢(t) <0 for all t € (0,1);
b) ¢(t) > 0 for all t € (0, 1);

c) ¢(t—) < 0 and ¢(t4) > 0 for appropriately chosen t+, 0 < t— < t4 < 1.

In the case of a), the nondecreasing functions ¢,(t) are above bounded, and

0> limy 10 ¢(t) = de, de = limy 10 ¢e(t). Setting ve(ue) = max[0, ue — de],
7

we clearly get
Z ~e(ug) > max|0, Z(w —d¢)] > max|[0, Z uel,
¢ ¢ ¢
where the concluding inequality is given by > d, < 0. Invoking (7.61), we con-
¢
clude that
DIf,2) < X, B{max(0, ¢ — di]} = X2, [} max[0, ge(t) — dildt
= 0= [y max[0, %, ge(t)]dt = B{f(¥, )}

where the second and the third equalities follow from the fact that ¢(t) < d¢ and
¢(t) < 0 when ¢ € (0,1). The resulting inequality is exactly the relation (A.81)
we need.
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In the case of b), the nondecreasing functions ¢, are below bounded on
(0,1), and 0 < limi—40¢p(t) = Zl dey de = lime— 4o @e(t). Setting ~e(ue) =
max|[dg, ue], we ensure that

Z ~e(ue) > max|0, Z e Vu
¢ ¢
due to ), d¢ > 0, whence, invoking (7.61),
O[f, 2] <3, E{maX[de»Ce]} >0 J, max(de, ge(t)]dt
= jo Zz Ge(t)]dt = fo max[0, Zz Be(t)]dt E{f(Zz ¢},

where the second and the third equalities follow from the fact that ¢.(t) > d¢ and
¢(t) > 0 when t € (0,1). The resulting inequality is exactly (A.81).

In the case of ¢), the quantity t. = sup{t € (0,1) : ¢(¢) < 0} is well defined
and belongs to (0, 1); since ¢, are continuous from the left at t., we have

0> ¢(t Zdz,dg = ¢u(t.),

and since ¢(t) > 0 when t > t., we have

0< lim ¢(t) Zde,dg = hm Ge(t).

t—t4+0 —tx+0

Since ¢, are nondecreasing, we have df > dj; since Yed, <0<, df, we
can find reals d; € [d; ,d/[] in such a way that Y.,d, = 0. Setting ve(u¢) =
max[0, ug — d¢], we clearly get

Z ~e(ue) > max]0, Z Up — Z d¢] = max|0, Z ug),
¢ ¢ ¢ ¢
whence, invoking (7.61),

@[f,2] < 3, B{max[0, ¢, — di] } =, [y max(0, (1) - dilat
=3, S oelt) — deldt = [ (t)dt < [, max(0, o(t))dt = BLA(E, )Y,

where the second equality follows from the fact that ¢¢(t) —d¢ < d; —de <0
when t < t. and ¢¢(t) — d¢ > d} —d; > 0 when t > t., and the third equality is
given by 3, d¢ = 0. The resulting inequality is exactly (A.81).

A.8 Proofs of Proposition 13.1 and Theorem
13.3

Proof of Proposition ?7. Items 1 — 4 are evident.
Item 5: Let f(a: y) € CFrts (x € R", y € R®), The functions p(x) =

[ f(z,y)dPa(y) = [ f(z,y)dQ2(y) clearly belong to CF, and p < ¢ due to
P <. Q. We have j flz,y)d(P1 x P2)( = [p(z)dPi(z) < [ p(z)dQ:i(z) <
Ja(x)dQ:1(z) = [ f(z,y)d(Q1 x Q2)(=, ) Where the ﬁrst < follows from P; <.

@1, and the second < is given by p < q. The resulting inequality shows that
P x Py 2o Q1 X Qa. [l
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Item 6: Let f € CF1; we should prove that

/ F(s)dPe(s) < / F(5)dPy (s). (%)

When we add to f an affine function, both quantities we are comparing change
by the same amount (recall that R, is comprised of probability distributions
with zero mean). It follows that w.l.o.g. we can assume that f(—1) = 0 and
f'(=1+0) =0, so that f is nonnegative to the left of the point —1. Replacing f
in this domain by 0, we preserve convexity, keep the quantity [ f(s)dP:(s) intact
and do not increase [ f(s)dP,(s); it follows that it suffices to prove our inequality
when f, in addition to f'(—1+ 0) = f(—1) = 0, is identically zero to the left of
—1. Now, either f is identically zero on [—1,1], or f(1) is positive. In the first
case, the left hand side in (*) is 0, while the right hand side is nonnegative (since
f is nonnegative due to f(—1) = f'(—=1 + 0) = 0), and () holds true. When
f(1) > 0, we can, by scaling f, reduce the situation to the one where f(1) = 1.
In this case, f(s) < (s+1)/2 on [—1,1] by convexity, whence, recalling that £ is

supported on [—1,1] and has zero mean, we have

[ fs1ares) < [ S+ spareo) = 5

On the other hand, let « = f'(1+40), so that a > 0. Besides this, f is nonnegative
and f(s) > 1+ a(s—1) for all s, whence

f(s) > max[0,1 — a + as] Vs.
Consequently, setting o = \/2/m, we have

J f(8)dP,(s) > [max[0,1 — a + as] \/2170 exp{—s%/(20%)}ds

exp{—s>/(20°)} ds.

min [ [max[0,1 — o + as]

1
a>1/2 \/ﬁa

p(s)

The function g(a) = [ max[l — a + as]p(s)ds clearly is convex in a > 0, and
g (0) = [ (s—1)p(s)ds. Taking into account that [ p(s)ds= [ sp(s)ds =1/2,
a—1 0 0

we conclude that ¢’(1) = 0, that is, & = 1 is a minimizer of g so that g(a) >
g(1) = 1/2 whenever a > 0. Thus, the right hand side in (x) is > 1/2 and (%)
indeed is true. [

Item 7: Due to absolute symmetry, the distribution of £ is the limit, in
the sense of weak convergence, of a sequence of convex combinations of uniform
distributions on the vertices of cubes {u : ||u|lc < 7}, 7 < 1. By item 6, all these
distributions are dominated by A(0, (7/2)1,). It remains to apply item 2. [

Item 8: Since 0 = X = ©, there exists a nonsingular transformation z —
Az : R? — R such that the random vectors &€ = A¢ and 77 = An are, respectively,
N (0,Diag{\}) and N (0, Diag{p}); since ¥ = O, we have A < p, whence, by item

4, & <. 77, which, of course, is equivalent to & <. 7. ]
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Proof of Theorem 13.3. Let £ € P, and n ~ N(0,X) be a Gaussian
n-dimensional random vector with nonsingular covariance matrix 3 such that
& <c m. Let, further, @ C R™ be a closed convex set such that x = Prob{n €
Q} € (1/2,1). All we need is to prove that whenever v > 1, one has

Prob{¢ € vQ} < 1§igf<ﬂY ﬁ / exp{—r’Erflnv>(1 — x)/2}dr. (A.82)
B

Indeed, since @ is convex and Prob{n € Q} > 1/2, the origin is in the interior of
Q. Let B € [1,7), let

O(z) =inf{t:t 'z € Q}
be the Minkowski function of @, and let 6(z) = max[f(z) — 3, 0]. We clearly have

0(-) € CFn, so that
/5 )dPe(z /5 )dP, ( (a)

For r > (3 let p(r) = Prob{n € rQ} = Prob{d(n) > r — B}. By Theorem A.5, for
r > (8 we have

p(r) < eXp{—TQEI‘fIHVQ(l -x)/2}. (b)
We have - -
Jo(z)dPy(z) = — f(r — B)dp(r) = gp(r)dr
Zoexp{ r?Erflnv?(1 — x)/2}dr,
whence

/5 )dPe(z /exp{ r*Erflnv? (1 — y)/2}dr

by (a). Now, when £ ¢ ~Q, we have §(§) > v — 8. Invoking Tschebyshev
Inequality, we arrive at

E{(S( } Lt OOex —r?Erflnv?(1 — r
Prob{é ¢ 1Q} < <1 / p{—rErflnv? (1 — ) /2}dr

)
-B

The resulting inequality holds true for all 3 € [1,~), and (A.82) follows. ]
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