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Abstract

This paper considers feasible long-step primal-dual path-following methods for semidefinite program-
ming based on Newton directions associated with central path equations of the form @(PXPT, P_TSP_I)
— vI = 0, where the map ® and the nonsingular matrix P satisfy several key properties. An iteration-
complexity bound for the long-step method is derived in terms of an upper bound on a certain scaled norm
of the second derivative of . As a consequence of our general framework, we derive polynomial iteration-
complexity bounds for long-step algorithms based on the following four maps: ®(X,5) = (XS5 +5X)/2,
®(X,8) = X'/?25Xx'? &(X,S) = LISL,, and &(X,S) = W'/2XSW™'/2 where L, is the lower
Cholesky factor of X and W is the unique symmetric matrix satisfying S = WXW.

Keywords: Semidefinite programming, interior-point methods, path-following methods, long-step
methods, Newton directions, central path.
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1 Introduction

Semidefinite programming (SDP) is a generalization of linear programming (LP) in which a linear function
of a symmetric matrix variable X is minimized over an affine subspace of real symmetric matrices subject
to the constraint that X be positive semidefinite. Semidefinite programming shares many features of linear
programming, including a large number of applications, a rich duality theory, and the ability to be solved
(more precisely, approximated) in polynomial time.

In the past several years, a major part of the research into SDP has focused on both the theoretical
and practical solution of SDP problems using extensions of interior-point methods for LP. Many authors
have proposed interior-point algorithms for solving SDP problems (see for example [1, 2, 4, 6, 7, 8, 9, 10,
11, 13, 14, 17, 18, 19, 20, 21, 22, 24, 25, 26]). Many of the recent works on interior-point algorithms for
SDP are concentrated on primal-dual methods. Feasible primal-dual path-following algorithms for SDP
simultaneously solve the primal and dual SDP problems by maintaining primal feasibility in X and dual
feasibility in (S, y) while iteratively solving the system XS = 0. The key idea is to follow the central path
by moving in the direction obtained by the application of Newton’s method to the central path equation
XS = vI. Newton’s method, however, results in an equation of the form

XAS +AXS =vI— X8, (1)

which in general yields nonsymmetric directions. Many authors have investigated alternate yet equivalent
equations of the central path for which Newton’s method does yield symmetric directions (see for example
(2, 4, 7, 10, 11, 13, 14, 17, 20, 24]).
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This paper considers feasible long-step primal-dual path-following methods for SDP based on search
directions contained in the family of all symmetric Newton directions obtained from central path equations
of the form

PXPT, P Tsp~Yy—vI=o, (2)

where ® is a fixed map satisfying several key properties and P is an arbitrary nonsingular matrix. To
reflect the role of ®, we generalize the concepts of the duality gap of a primal-dual point and the distance
of a primal-dual point from the central path, and then prove that the sequence of iterates produced by the
long-step algorithm converges to the optimal primal-dual solution set of the underlying primal and dual SDP
problems. As a consequence of the convergence analysis, we express the iteration-complexity of the long-step
algorithm in terms of an upper bound on a certain scaled norm of the second derivative of ®.

We demonstrate how the long-step framework applies to the following specific central-path maps:

®(X,S) = (XS +5X)/2,
(X,8) = Xx25x1/2,
®(X,8)=LTSL,,
B(X,8)=w2xsw-1/2

where L, is the lower Cholesky factor of X and W is the unique symmetric matrix satisfying S = WXW.
Polynomially convergent long-step algorithms for the first two maps have been given in Monteiro and Zhang
[17] and Monteiro and Tsuchiya [13], respectively, for which respective iteration-complexities of O(n4/kL)
and (’)(n3/2L) have been established, where x is a certain condition number determined by the sequence of
scaling matrices { P*}. To illustrate the usefulness and generality of our approach, we use our framework to
rederive the polynomial convergence of these two algorithms in a unified way; more specifically, we obtain
the same iteration-complexity of O(n+/kL) for the first map and a slightly worse iteration-complexity of
O(n?L) for the second map. The third and fourth maps have been studied in [15], [16] and [23], yet no
polynomial convergence analysis of long-step algorithms based on these maps have been established. We
show that the third and fourth maps also fit nicely into our general framework and hence obtain for the
first time polynomially convergent feasible long-step algorithms for these maps, having respective iteration-
complexities of O(n?L) and O(n3L).

This paper is organized as follows. In Section 2, we introduce the SDP problem, its central path, and
the reformulation of the central path using the map ®. We also state sufficient conditions for the Newton
direction of (2) to exist and define the concepts of the duality gap and centrality measure, which are then
incorporated into a long-step algorithm. In Section 3, we develop the analysis of the long-step method and,
under certain assumptions, prove the convergence of the algorithm. Section 4 details how the four maps
given above fit into our framework and establishes the polynomiality of the long-step algorithm for each
map.

1.1 Notation and Terminology

The following notation is used throughout this paper. The superscript 7 denotes transpose. Let R denote
the m-dimensional real Euclidean space and R™*™ denote the space of m X n real matrices. Let 8™ denote
the space of n X n real symmetric matrices, and ST and ST, denote the subsets of S™ consisting of the
positive semidefinite and positive definite matrices, respectively. The symbols > and > denote, respectively,
the positive semidefinite and positive definite ordering over the set of symmetric matrices; that is, for
X, YeS" X»>Y (orY <X)means X -Y € S7,and X > Y (or Y < X) means X —Y € S},. For
A € RVX" et Tr (A) = Yo, Ai; denote the trace of A. For P,Q € R™*", let P ¢ Q@ = Tr PTQ denote
standard inner product in R™*™. For a matrix A € R™*™ with all real eigenvalues, we denote its smallest
and largest eigenvalues by Amin[A] and Amax[4], respectively. The operator norm of a matrix P € R™*"

is [|P|| = [)\max(PTP)]l/2 and its Frobenius norm is ||P||r = (P e P)l/z. The —oo seminorm of a matrix
A€ 8"is ||4||—0 = max{0, Amax[—A]}. For any matrix A € R"*", we denote the symmetric matrix A+ AT
by sim(A4).

Let L™ denote the space of lower triangular matrices in £"*", and L7}, the subset of L™ consisting of
lower triangular matrices with positive diagonal elements. It is well known that for any matrix V € S%,,



there exist a unique L € L7, such that V = LLT (see Theorem 4.2.5 in [3]). The matrix L is called the
Cholesky factor of V' and is denoted by chol (V).

Let = : 8™ — 8™ be a linear operator. Its conjugate is the unique linear operator =Z* : §* — 8§, such that
Z(A)eB = Ae=*(B) forall A,B € §". E is called symmetric if £ = E* and positive definite if E(A)e A > 0
forall A € §™. Welet 7™ denote the set of all symmetric operators from S™ to 8™, and 7}, denote the subset
of T™ consisting of the positive definite operators. For E € 7", we define ||Z|| = max{||E(4)||r : ||4||Fr < 1}.
It can be shown that if = € 77, then ||Z|| = max{A ¢ Z(A4) : ||A]|r < 1}. Any E € 7", has a square root
operator, which we denote by £'/2; hence Z1/2(E/2(4)) = E(A) for all A € S™.

2 The Long-Step Algorithm for General Central Path Equations

In this section, we describe the SDP problem studied in this paper and its associated central path, and
we propose a general central path system (parametrized by a positive scalar) whose solution set yields
the central path. Using this general central path system and a scaling procedure, we then define a scaled
Newton direction which is used to describe a primal-dual long-step path-following algorithm for solving the
SDP problem.

2.1 The SDP problem and central path

This subsection describes the SDP problem, its central path, and the general central path system. It also
contains some notation and terminology which we use throughout our presentation.
We consider the primal SDP problem

and its dual SDP problem

where C € S, 4; € S8*,1=1,...,m, and b = (Zl,... ,Zm)T € R™ are the data and X € St and

(S,9) € 8% x R™ are the primal and dual variables, respectively. We denote the set of interior feasible
solutions of (ﬁ) and (f)) respectively by

fo(ﬁ)z{)’(’esnzﬁi.)}:'l}i,i:1,...,m, 5('>0},

FOD) = {(S‘,y) ES"xR™:Y A+ 5=C, §>0}.

=1

Furthermore, we denote ]:O(ﬁ) X ]:O(f)) as F°. We assume throughout that F°  § and that the matrices
Aq,..., A, are linearly independent. Under the first assumption, it is well-known that both (P) and (D)
have optimal solutions X* and (S*,7") such that C e X* = bT5*. This last condition, called strong duality,

can alternatively be expressed as X*eS* =0or X*S* = 0. Thus, the set of primal-dual optimal solutions
consists of all the solutions (X, S,7) € ST x ST x R™ to the optimality system

XS5=0, (7a)
ST GA+S-C=0, (7b)
ZZQX—ZiZO,izl,...,m. (7¢)

It is well-known that for every v > 0, the perturbed system formed from (7) by replacing (7a) with XS =vI
has a unique solution, denoted (X, S,,%.), and that the limit lim, ,0(X,, S,, ¥, ) exists and is a solution of
(7). The set of all solutions {(X,,S,,%.) : v > 0} is known as the central path.



The equation XS =vI provides the canonical formulation of the central path, and in this paper, we
consider alternative equations which lead to different formulations of the central path. More precisely, we
consider equations of the form

®(X,8)=vI (8)
where ® : D — S™ is a map whose domain satisfies
(SPix ST ) UA{(X,8) eSSy xST: XeS=0}CDCST xS,
and the the following assumptions (in addition to others that will be presented later) hold:

Assumption 1 The map ® : D — S™ is continuous and twice-continuously differentiable on ST, x ST, .

Assumption 2 There exists a homeomorphism ¢ : Ry — Ry such that the equivalence <I>()Z', §) =vlif
and only if XS = ¢(v)I holds for all v > 0 and (X,S) € D.

The need for considering maps ® whose domains are not equal to the whole set ST x ST is illustrated
by the map (5) which is not well-defined in the boundary of ST x S%. However, we can continuously extend
this map @ to the set {(X,S) € ST x S} : X ¢ S = 0} by defining it to be identically zero there, thereby
obtaining a map which satisfies the assumptions. o

The reformulation (8) is necessary in light of the fact that the system given by the equations XS = vI,
(7b), and (7c) maps a point in 8™ x 8" X R™ into R"*™ x §™ x K™, and hence a corresponding Newton
direction is not defined.

_ Polynomial convergence of feasible primal-dual long-step path-following algorithms for solving problems
(P) and (D) based on the maps (3) and (4) has been given in [17] and [13], respectively. In this paper, we
seek to unify these two earlier approaches by providing a long-step algorithm based on the formulation of the
central path given by equation (8), where ®(X, S) is taken to be an arbitrary map satisfying Assumptions
1 and 2 and certain other assumptions, which we detail in the remainder of this section and in Section 3.

2.2 A family of scaled Newton directions

In this subsection, we derive a family of scaled Newton directions for the perturbed optimality system given
by (7b), (7c), and (8) and state sufficient conditions for the directions in this family to exist.

Given a fixed, nonsingular matrix P c R"%" and a point ()?, §, y) € ST, x 8T, x R™, consider the
change of variables and data

X =PXPT, (S,y)=(P TSPL7%) (9)
and
Cc=PTCPY, (4A,b)=(PTAP L), i=1,...,m (10)
This change allows us to recast problems (ﬁ) and (f)) as
(P) min{CeX:4;,6X=0;,i=1,...,m, X =0},
(D) max{bTy:iyiAi—l—S:C, SEO}.
i=1

We define the sets F°(P), F°(D), and F° for problems (P) and (D) in analogy with the corresponding sets
for problems (P) and (D).
Given a parameter v > 0, the perturbed optimality system for problems (P) and (D)

®(X,8) =vl, (11a)
Y viAi+5—C=0, (11b)
A;e X —b;=0,1=1,...,m, (11c)



gives rise to the pure Newton direction (AX, AS, Ay) determined by the equations

®,(AX)+ ®,(AS) = H, (12a)
iAyiAi +AS = R, (12b)
- Ao AX = 7, 1=1,...,m, (12¢)
where the linear operators &, ®, : S» — S™ are defined as
$,.(A) = ¥'(X,S)[4,0], VAecS,
®,(B) = ¥'(X,S)[0,B], YBeS"
and where
H = vI-9¥(X,5), (13a)
R = C- iyiAi -8, (13b)
r, = bi—jél_iloX, 1i=1,...,m. (13c)

A nonsingular matrix P € R"*™ and a parameter v > 0 determine a scaled Newton direction at a given
interior feasible point (X S, y) € O as follows. Using the change of variables and data given by (9) and
(10), we obtain an interior feasible point (X, S,y) € F°. We then compute the pure Newton direction
(AX,AS, Ay) of system (12) with (H, R, r) given by (13). Notice that R = 0 and r = 0 since (X, S,y) is a
primal-dual feasible solution. Finally, we map (AX, AS, Ay) back to the original space, obtaining

(AX,AS,A}) = (P*AXP~T,PTASP, Ay).

Hence, for fixed v > 0 we obtain a family of Newton directions at (X S, y) € FO by varying the choice
of scaling matrix P. Clearly, the scaled Newton direction is well-defined only when the scaling matrix Pis
such that the corresponding system (12) is nonsingular. Theorem 2.2 below gives sufficient conditions on
the scaled point (X, S, y) for system (12) to be nonsingular.

Let

C={(X,8) eS8}, xS, :®.®; €T, }.

It is easy to see that for any (X,S) € C, the operators ®, and ®, are invertible and that ®;'®, €
Hence, for (X, S) € C, both operators (®,®%)~! and ®;1®, have square roots, which we denote as

Gixs) = (37°8:)%, Rixs) = (8.87) 2. (14)

Lemma 2.1 Let (X,S) € C, G = G(x,5), and R = R(x,s). Let H € S" be arbitrary, and suppose that
®,(U)+ ®,(V)=H withU ¢V >0 for some U,V € §". Then

IRCE)F > IGONIE + 1167 (V)% (15)
and equality holds if and only if U eV = 0.
Proof. Using that ®,(U)+ ®,(U)=H,G €T}, ,R €T ,and UeV >0, we obtain
IR(H)|F = 25 (H) » @' (H) = (U+G7*(V)) » (¢ ( )+ V)

=UeG*U)+U eV +G3HV)eG*U)+ G 3(V)eV

=UeG*U)+2U eV +G3V)eV

>UeG*U)+G7*(V) eV =IG(U)IF + 167 (V)|
with equality holding if and only if U ¢ V' = 0. ]

~—



Theorem 2.2 Let (X, S,y) € C x R™. Then, for any (H,R,7) € 8™ x 8™ x R™, system (12) has a unique
solution. In particular, the Newton direction of system (12) with (H, R,r) given by (13) ezists at (X, S,y).

Proof. In terms of (AX, AS, Ay), the left-hand side of system (12) is a linear map from §™ x §™ x R™ into
itself. Hence, to establish the theorem it suffices to show that (AX, AS, Ay) = (0,0, 0) is the only solution in
8™ x 8™ x R™ of system (12) with (H, R,r) = (0,0,0). Indeed, let (AX, AS, Ay) be such a solution. Using
(12b) and (12c), we easily see that AX ¢ AS = 0. Hence, applying Lemma 2.1 with U = AX, V = AS and
H = 0, we see that

0=|[R(H)|F = & (H) « &7 (H) = |G(AX)|[F + 17 (AS)]|E,

where R = R(x,s) and G = G(x,s). This relation together with the positive definiteness of G implies that
AX = AS = 0. It now follows from (12b) with R = AS = 0 and the linear independence of A4;,..., 4,
that Ay = 0. [

In light of Theorem 2.2, to obtain a Newton direction (AX, Ag, AY) at a point (X ,Y) € .7?0, we can
simply choose as our scaling matrix a nonsingular P € ®"*™ such that the scaled pair (X, S) given by (9) is
in C.

It is worth noting that the scaled Newton direction can also be obtained as the Newton direction for the
following system of equations in terms of the original variables (X, S, 7):

®(PXPT,P~-TSP-1) = v,
S A+ F- oo,
Z X - Z 0,:=1, , M.
2.3 A centrality measure
In this subsection, we use the seminorm || - || to define a measure of centrality of a point (X ~, y) €
ST, x 8T, x R™ and then use it to define a neighborhood of the central path associated with (P) and (D)

which will play an important role in the design and analysis of the long-step algorithm.
For any (X, S) € D, the quantity

is referred to as the duahty gap at (X S) (with respect to the map ®). Furthermore, given (X S) (X S) €
St x S”, we write (X S) (X, S) if there exists a nonsingular n X n matrix P such that X = PXPT and
§=PT5p 1.

We make two additional assumptions relating the map ® : D — 8™ with its associated duality gap map
i

Assumption 3 M(X,g) =u(X,S) for all (X,g), (X,S) € D such that (X,g) ~ (X, S).
Assumption 4 If,u,(X, §) = 0 for a point (X, §) € D, then <I>(X, §) =0.

Given a point (X, S, y) € ST Ty X ST, x R™, we define the distance measure of (X S, y) from the central
path associated with problems (P) and (D ) as the quantity

d_o(X, 5) sz{”@ X, 8) — (X, S)||—co : (X, 8) ~ (5(',5‘)}. (16)
Moreover, given v € (0, 1), we define

Now(7) ={(X,5) € 87, x 8T, :d-w(X,5) <u(X, 5)}, (17)
Pl ={(X,5,9) € F*: (X,5) € Voo (M},



and, for a fixed nonsingular Pec Rrxn

Fo() ={(X,5y) € F*: (X,5) € Now(7)}-

It is easy to see that d_oo()?,g) = d_x(X,S) for all pairs ()?,g),(X, S) such that ()A(:,g) ~ (X,5) and
that d_ (X, S) equals zero if (X, S,7) is a point on the central path. Furthermore, for a fixed nonsingular
P e R if (X, S,y) is given by (9), then

(X,5,7) € P2 o (7) &= (X,5,y) € 72 (v) (18)

due to Assumption 3 and the fact that d_oo()?, §) =d_w(X,5).

2.4 The long-step path-following algorithm

In this subsection, we state the generic feasible primal-dual long-step path-following algorithm based on the
scaled Newton direction defined in Subsection 2.2.

The full specification of the long-step algorithm requires the choice of a constant L > 1 which is used in
the algorithm’s stopping criterion, a neighborhood-opening constant v € (0,1), and a centrality parameter
o € (0,1). Furthermore, it requires the specification of a nonempty subset Co of C satisfying Assumptions 5
to 9 stated below.

Given (X, S) € %, x S}, define

Po(X,S) = {P € R**" : P is nonsingular and (PXPT, P~T5PT) e C,}. (19)
The first two assumptions on the set Co are as follows.
Assumption 5 Co C C and 730(5(:, §) + 0 for all ()Z', §) €St xS,
Assumption 6 d_(X,S5) = ||®(X,S) — u(X, S)||- for every (X, S) € Co.

From a practical viewpoint, the choice of Co is made so that the scaling matrix P and the scaled iterates
X = PXPT and § = P~TSPT have some desirable properties. As an example, we will see in Section 4 that
the choice Co = {(X,S) € C: X5 = SX} is suitable for establishing polynomial convergence of the long-step
algorithm for two specific instances of the map ®.

For 0 € R and (X, S) € 87, x 8T, define

H,(X,S) = ou(X, S)I — &(X, S). (20)
Moreover, given (X, S,y) € C x R™ and v > 0, let
(Xa, Say¥a) = (X, S, y) + a(AX, AS, Ay), (21)

where (AX, AS, Ay) is the Newton direction for system (12) with (H, R, r) given by (13). We are now ready
to state the long-step algorithm studied in this paper.

Long-Step Algorithm:
Let L>1,v € (0,1), 0 €(0,1), and ()A(:O, go,ﬂo) € .7?900(7) be given. Set uo = ,11,()20, §0)
and k& = 0. Let Cp be a nonempty subset of C satisfying Assumption 5.
Repeat until u; < 27 Lup do
1. Let (X, $,7) = (X*, 5, 7).
2. Choose P € 730()?, §), and let (X, S,y) be given by (9).
3. Compute the solution (AX, AS, Ay) of system (12) with C, b, and 4;,
fori=1,...,m, given by (10) and (H, R,r) = (H,(X, 5),0,0).
4. Let @ > 0 be the largest scalar such that (X, Sa, Ya) € F2 o () for all @ € [0, ).
Choose a stepsize ay > 0 such that p(Xa,, Sa) < #(Xa, Sa) for all @ € [0, @].
5. Set ()A(:k‘l'l, §k+1,§k+1) = (ﬁ_lX%ﬁ_T, ]STSakﬁ,yak) and pgy1 = u()?k+1, §k+1).
6. Increment k by 1.
End



Notice that (17) implies that each iterate ()?k, Sk, 7") generated by the long-step algorithm has a nonnegative
duality gap, 1.e., ,u,()?k, gk) > 0 for all ¥ > 0. Hence, the long-step algorithm clearly produces a sequence
of primal-dual feasible interior points for (]3) and (f)) such that the corresponding sequence of duality gaps
converges to some nonnegative value. In Section 3, we prove that the sequence of duality gaps does in fact
converge to zero under Assumptions 1, 2, 3, 5, and 6 presented in this section as well as Assumptions 7
through 9 which we introduce in Section 3. Note that Assumption 4 is not needed to prove the convergence
of the duality gaps to zero. Assumption 4, however, together with Assumptions 1 and 2, is needed to ensure
that any limit point of the sequence of iterates produced by the long-step algorithm is a primal-dual optimal
solution.

3 Analysis of the long-step method

In this section, we state further assumptions on the map ® and the set Co introduced in Subsection 2.4 and
develop the convergence analysis of the long-step algorithm given in Subsection 2.4.

Before stating the additional assumptions on the set Co which appears in the Long-Step Algorithm, we
need to introduce some definitions. Given a bilinear map B : W x W — V, where W and V are two normed
vector spaces with norms || - ||, and || - ||v, respectively, its norm is defined as

1Bl = |Bllw,» = max{||Blu, w]llo : |lullw <1, [Ju'[lw <1} (22)

It can be shown that ||B|| = max{||Blu, u]||» : ||u|]lw < 1} (see Proposition 9.1.1 in Appendix 1 of [18]). For
simplicity, we write B[u](?) = Bu,u]. Of particular interest to us is the bilinear map B = &"(X, S) for
which W = 8" x §™ and V = §™. Given an invertible operator V : §* — 8™, a norm for (X, S) can be
defined as

18”(X, 8)lv = max {|@"(X, $)[4, BI®|r : V()% + [V (B)IIE < 1}
= max {||2"(X, )[V"1(A), V(B |r : | 4|3 + |BII <1} (23)

Observe that this norm is the one obtained from (22) by letting || - ||, be the Frobenious norm on V = 8§"

and || - |l» be the norm on W = 8" x 8™ defined by ||(4, B)|l. = (||[V(4)||% + ||V_1(B)||%1)1/2 for all
(4, B) € 8™ x §™. Clearly, for every (A, B) € §™ x 8", we have

18"(X, $)[4, B]?||r < [|2"(X, S)|lv (IVAF + IV H(B)IF) - (24)
A primal-dual ellipsoid centered at (X, S) € C with radius 6 > 0 can be defined as
&(X,9) = {(X,5) € 5" x 8"+ 19X = X)|I} +167(8 - 9)Iff < 6*|[R(2)|2 }, (25)
where G = G(x,5), R = R(x,s), and & = &(X, S). Also, for (X, S) €, let
(X, Ss) = M, (26)
IR(®)llr

O(X,S) =sup{f > 0:&(X,S) C ST, xSt .}, (27)
Qo(X, S) = sup{||®" (X, 5)|lg : (X, 5) € &(X, S)}, (28)

for all 0 < 8 < ©(X, S), where u = pu(X, S). Finally, given v € (0, 1), define
II(y) =sup {II(X,5) : (X,8) € ConNN_(7) }, (29)
O(y) =inf {O(X,8):(X,8) €CoNN_x(7)} (30)

1

Qg(v) = sup {;Qg(X, S)|IR(®)||% : (X, S) € Co ﬂN_oo(’y)} , (31)

for all 0 < 8 < ©(y). Note that, by Assumption 2, (X, S) # 0 for every (X,S) € ST, xS}, DC. Asa
result, II(X, S) is well-defined for all (X, S) € C.

With these definitions, we make the following assumptions:



Assumption 7 For every v € (0,1), II(y) is finite.
Assumption 8 For every vy € (0,1), ©(y) is positive.

Assumption 9 For every vy € (0,1), there ezists § € (0,0()] such that Qy(7y) is finite.

In what follows we establish an iteration-complexity bound for Long-Step Algorithm which depends on
the quantities (26), (27) and (28) (see Theorem 3.3 below).

Lemma 3.1 Let o € (0,1) and (X, S,y) € C x R™ be given. Suppose a € [0, 1] satisfies

< © (32)
a< ——
14 oI’
where II = II(X, S) and © = ©(X, S). Then, (Xa,Sa) € £o(X,8) C ST, x ST, the quantity
1
To = To(X, S) = / (1 — )3 (X:ia, Sia)[AX, AS]?) dt (33)
0
is well-defined, and
i(Xa, Sa) < (1 - @ + a0} + 0| Tul - (34)
where p = p(X, S). If, in addition, (X, S,y) € (Co x R™)N F°_ () for some vy € (0,1) and a satisfies
You
al|Ts||lr < , 35
7.l < 222 (39
then (Xa, Sa, Yo) € F2 oo ().
Proof. By (26), (20) and the triangle inequality for norms, we have
IR(Ho)||r = ||R(oud — ®)||r < op|R(I)|F +[[R(2)l|r < (1L +1) ||R(D)]|F, (36)

where H, = H,(X, S). Using (21), (12), Lemma 2.1 with (U, V) = (AX, AS), (32) and (36), we obtain

19(Xa = X)|[7 + 1971 (5a = S)l[F = o (|6(AX)|[F + 67 (AS)|[F)
O%||R(Ho)|l7

= o?||R(H,)||% < (17 Tl

= 0% ||R(®)|[-

Hence, (Xa,S5a) € fo(X,S) C S}, x 8T, where the inclusion follows immediately from (25) and (27).
This together with Assumption 1 clearly implies that T, is well-defined. Moreover, using the Taylor integral
formula and (12a), we obtain

B(Xy, Sa) =@+ ad(X,S)[AX,AS] 4+ a®Ty = &+ o (P (AX) + ,(AS)) + o*T,
=®ta(oul —3)+a’Ty = (1 —a)® + aoul + a?Ty.

Using this expression and the fact that pu(Xa, So) = ®(Xa, Sa) ® I/n, we obtain

Wi S2) = (1-a) (220) o (T20) 4 a2 (T22T) (37)

< (1-a)p+aou+o|Tuls,

and hence (34) follows. Now suppose in addition that (X,S,y) € (Co x R™) N F° (v) and o satisfies
(35). Using (12b), (12c), the fact that (X, S,y) € F° and the first part of the lemma, we easily see that



(Xoy SasYa) € F°. Using (16), the two last relations, some standard norm properties, Assumption 6, and
the assumption that (X, S) € Co N N_(7), we deduce that

d—oo(XouSa) < ||(I)(Xaa5a) - ,U'(Xaasa)IH—oo =

R

Tool

<(1-a)|[® — pl]|-co + 02 | Ta -

IH <(1-a) &~ plll—so + o [Till

=(1-a)d-w(X,5) + o ||Tallp < (1 - a)yu+ o®||Tul|F.
Using the expression for pu(Xq, Se) in (37) to substitute for (1 — @) in the previous inequality, we obtain

Tool
|12(Xa Sa) — (Xas Sa)lll—co < ¥ (Xa; Sa) — ayou — a’y ( -

)+ Tl
<y u(Xa, Sa) — ayou + (1 +9)||Tallr < Y0(Xa, Sa),

where the last inequality follows from (35). We have thus shown that (Xa, Sa, Ya) € F2 o (7)- [

Lemma 3.2 Let v,0 € (0,1), (X, S,y) € (Co x R™) N F° () be given. Then, for all 6§ € (0,0(y)] and
€ [0, &(8)], where

_ . 6 2voq
a0) = min {1 5 o) TG T ) (35)
and
quin{l,(l_Qy#}, (39)
there hold:

(a) (Xa)Sa,ya) € Fgoo(’)’);
(b) w(Xa, Sa) < (11— 5(1—0))u(X,S).
Proof. By (38), (30), (29) and the assumption on 6 and «, we have
o < a(6) < 6/(1+0TI(x)) < OM)/(1 +oTI()) < O/(1 + oTh)

where IT = II( X, S) and ©® = ©(X, S). Hence, by Lemma 3.1, it suffices to establish (35) in order to show
that (X, Sa, Ya) € F2 oo (7). Letting u = u(X,S), ® = (X, S), G = G(x,s), and H, = Hy(X, S), it follows
from (33), (24), Lemma 2.1 with (U, V) = (AX, AS), (36), (31), (29), (38), and (39) that

1
o||Tallr = @ / (1 — )" (X1a Sia)[AX, AS]Pdt
0

F

1
< a/ (1—1) H@”(Xta,sm)[AX, AS]("‘)H dt
0

g 2 sup {ch (Xias Sea)[AX, AS] (2)H }
tEOl
a —
< 3,50 {12 (Xia, Sialllg} (19(AX)]E + 167 (A5)]7)
= 200X, 5) [R(H | < 200(X, 5) [R(@)]% 1+ T
a(9) s T
< 20 ) (1 + omiyy? < 22 < 2%
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Hence, (X, Sa, Ya) € F2 o (7), and (a) follows. To prove (b), note that the previous inequality and relations
(34) and (39) imply that

oqo
#(Xa,Sa) < (1= atao)ut @|[Tallr < (1-a+ao)pt 1= p
(1-0)a 1—0
S(l—a—i—ao),u,—i—Tp,: 1-— 5o )

m
Theorem 3.3 (Iteration Complexity of the Long-Step Algorithm) Let constants v,0 € (0,1) be
given and define

e 1 -1
Qy) = 0<€12£)(7)max{99(’y), 4671 (40)

Then the sequence of iterates {()?k,gk,ﬂk)}kzo C ]?900(7) generated by the long-step algorithm satisfies
w(X*,8%) <1 —n(1 —0)]Fu(X°, S°) for all k > 0, where

_ 1 Yo4q
=3 mm{l’ (L4 )+ oTl(7))? } (41)

Moreover, if the quantity max{y~1,071, (1 — o)~ II(y)} is independent of n, then the method terminates
in at most O(Q(y)L) iterations.

Proof. First note that Q(y) is finite due to Assumption 9. By (40), there exists 8 € (0, ©(y)] such that
max{Q5(x), 461} < 20(). (42)

It follows from the definition of @ in step 4 of the Long-Step Algorithm, Lemma 3.2(b) and the scale
invariance of the duality gap that

W50 < (1= 27 al0) ) wE, 5°) (43)
Now, by (38), (42) and (41), we have
&(f) = min 6 2794
of) = {1’ 2(1+oTI(m))’ (1112 0)(1 + oTI()? }

. 1 Yoq
= mm{l’ QM1 +oT(7)’ 1+ 7)1 + oTi(7))? }

= min voq =
= {1’ EEEIN +UH(7))"’} 2

which together with (43) yields the first statement of the theorem. The second statement is a straightforward
consequence of the first one. [

4 Examples

In this section we give four examples of pairs (®, Cp) for which it is possible to establish polynomial iteration-
complexity bounds for the long-step algorithm based on (®,Co). The maps for the first two pairs are the
X S5+5X map and the X/25X'/2 map. Long-step algorithms based on these two maps have been extensively
studied in Monteiro and Zhang [17] and Monteiro and Tsuchiya [13], respectively. We study them again
here using our general framework of Sections 2 and 3 to illustrate the usefulness and generality of our
approach. Long-step algorithms based on the other two maps, namely the LT SL, map and the V2 map,
where L, = chol (X) and V = W2XW1/2 = W-1/2SW~1/2 with W being the unique symmetric matrix
such that § = WXW, are studied here for the first time. The two last maps have been introduced in [15],
[16] and [23] and were studied there from different points of view.
We now state a technical lemma which will be used in the upcoming subsections.
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Lemma 4.1 Let (X,S) €C, G = G(x,s), and R = R(x,s). Then, for all A € S™,

oo JETAE e o IETAIE s o (B (A
190N > T 1T AR 2 P G A 2 e S

Proof. Let A € 8™ and define A = (®7)"!(A). The first inequality of the lemma is proved using (14) as
follows:

1G(A)|[F = G7(A) o A= (2;7®;)(A) ® A= 8;(4) o (B))}(4) = (2,8} )(A) 0 A
=R72(4) o A > || A|[F/IIR? = 1(23) " (AIF/IR?-
Similar arguments prove the second and third inequalities. [

4.1 The XS+ SX Map

In this subsection, we consider the map ®(X,S) = (XS + $X)/2 and show that ® satisfies Assumptions 1
through 4 and that Cy can be chosen so that Assumptions 5 through 9 are satisfied. As a result, we obtain an
iteration-complexity for the long-step algorithm based on this map which duplicates the complexity found
by Monteiro and Zhang in [17].

It is well-known that the map & satisfies Assumptions 1 through 4. Moreover, for any (X, S) € ST, xS%,,

®,(A) = (SA+ AS)/2, ®,(B) = (XB + BX)/2, (44)
3"(X,5)[A,B]® = AB + BA (45)

for all A, B € §™.
We now state our choice for the set Co. Let x > 1 be any constant, and define

Co = Co(k) = {(X,8) € ST, xS, : XS € 8" and cond [X ' S] < «}. (46)

Note that the condition that XS € §™ is equivalent to say that X and S commute. The proof of the following
result is easy and can be found in section 4.3 of [12].

Lemma 4.2 For any U € S}, let Ey : S™ — S™ be the linear operator given by Ey(A) = (UA + AU)/2.
Then:

(a) By € T, for allU € ST,

(b) IfU,V € St are such that UV = VU, then EyEy = EyEy.

Proposition 4.3 For every (X, S) € Co, the operators &, and ®, are in 7', and commute. Moreover, the
set Co given by (46) satisfies Assumption 5.

Proof. Since by (44) ®; = E5 and &, = Ex for every (X, S) € S, x S?,, Lemma 4.2 clearly implies
the first statement of the proposition and hence that Co is a subset of C. Let (X,S) € ST, x 87, be given
and define P = (§1/2(51/2251/2)_1/2§1/2)1/2. One can easily see that (X, S) given by (9) satisfies X = S.
Hence (X, S) € Co and Pec 730()?, §) + 0. -

The following result shows that the pair (®, Co) satisfies Assumption 6.
Proposition 4.4 For every (X,S) € Co, we have d_(X,5) = || — pl||-o, where @ = &(X,S) and
B = (X, S).

Proof. Since (X, S) € Cy, we have ® = X S. Let (X S) € 8T, x 8t be such that (X, S) ~ ()A(:, §), and let
o= ,u,(X S) Observing that ® = X5 = PXS5P~! for some nonsingular P we have

Amin[(b] == Amin[XS] == Amin[)}g] Z Amin[XS + SX] = Amin[(b(jza g)]a

N | —
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where the inequality follows from the fact that the real part of the spectrum of a real matrix is contained
between the largest and the smallest eigenvalues of its Hermitian part (see p. 187 of [5], for example). It
follows from this relation, the definition of || - ||, and the fact that p = &, due to Assumption 3, that

|® — pl||- o = max{0, 4 — Amin[®]} < max{0, u— Amin[q)(jza §)]} = ||(I>(X’ §) — BI||-co-
Hence, by (16), we have d_(X,S) = ||® — pI|| - o- [
Lemma 4.5 Let (X,5)€C, ® = ®(X,S5) and p = p(X,S). Then

IR(@)|F =X eS=nu, [RU|F=X"T"es5" (47)

Proof. The proof is an immediate verification. [

The following result shows that the pair (®,Cp) satisfies Assumption 7 and also establishes a valuable
inequality which we will use later in this subsection.

Proposition 4.6 Let (X, S) € Co N N_w(7), and define u = u(X,S). Then

1
(1—v)u’

1
(x,s)? < —.

B(X, 87 <
I2(X, )] < -

In particular, TI(y)? < 1/(1 — 7).

Proof. Define ® = ®(X, S) and II = II(X, S). Using Assumption 6 (which has been verified in Proposition
4.3), the definition of the seminorm || - ||-c0, and the assumption that (X,S) € Co N N_x(7), it is easy to
see that Amin[®] > (1 — v)p. The first inequality of the lemma is proved by combining this inequality with
the fact that Amin[®] = 1/]|@71|.

We can rewrite the first equality of the lemma as Amax[X " 1S7!] < 1/((1 — 4)p), which implies that
X 1eS™1 <n/((1 —v)p) since X~ e S~1 is the sum of the eigenvalues of X~1S~1. This together with
Lemma 4.5 implies that

= (%) = (%;S_l) < ((1—17)u2) B 1i7'

The last statement of the proposition follows from (29). [

The following result shows that the pair (®, Co) satisfies Assumption 8.

Proposition 4.7 Let vy € (0,1), and define

9*:9*@);%(1_7)1/2. (48)

Then £+ (X,8) C St x 8%, for all (X, 8) € Co NN_s (7). In particular, ©(y) > 6*.

Proof. It suffices to show that any ()?, §) € &+ (X, S) satisfies
|X~Y2(X - X)X V%<1 and [|STV3(S-5)5"Y? < 1. (49)

Let ® = ®(X, S), u = (X, S), ¢ =G(x,s), and U = le(f—X). Hence, by (44) we have (XU +UX)/2 =
X - X, which together with the triangle inequality for norms implies that

IXH2UX 2P > IX X - X)X g (50)
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Using (14), (44), (48), (50), Proposition 4.3, Lemma 4.5, Proposition 4.6, the assumption that ()?,g) €
&+ (X, S) and (X, S) € Co N N_x(7), we obtain

%(1 — )= (") nu = (0" IR(2)|F > I6(X - X)|IF +1G7(5 - S)II3
> |6(X - X)IF = @(X - X) o (2])7(X - X)
1/ % 1

(X—X):E(S(X—X)—i—()?—X)S) oU

=Tr [S(X — X)U] = %’I‘r [S(XU + UX)U]

=3, (X —X)e®

s

1 1
= JTr [SXU? + SUXU] = 5 (152X 20|12 + |82 X123

1||Sl/2UX1/2||2 — 1”51/2X1/2X_1/2UX1/2||§;1

I vV

| X~ Y2UX2)3
>
= xS <2

L1l XVAR - X)X,
which clearly yields the first inequality in (49). The second inequality in (49) can be established in a similar
way. n

We refer the reader to lemma 2.1 of [13] for a proof of the following technical result.

Lemma 4.8 For every A € S, and H € 8™, the equation AU + UA = H has a unique solution U € S™.
Moreover, this solution satisfies |AU||r < ||H||F/\/§

The following proposition shows that the pair (®, Cy) satisfies Assumption 9.

Proposition 4.9 For any vy € (0,1) and 6 € (0,0(y)], the following statements hold:
(a) Q(X,8) <2k for any (X, S) € Co = Co(k);
(b) Qo(7) < nv2k.

Proof. To prove (a), fix (X, §) € Co and 8 € (0, ©(v)], and define G = Gx,s). Also, let (X S) €&(X,S
matrices A, B € 8™ such that ||A||% + ||B||% < 1 be arbitrarily given and define U = ®_1(4) = (®})~
Then, by (44), U € 8™ satisfies SU + US = 24. Using (14), (44) and Lemma 4.8, we obtaln

) and
H(A).

IGTHA)||%2 = AeG 2 (A) = (32) " 1(A4) e B,(A) = %U o (XA+ AX) =Tr [UXA4]

z

=Tr [USS™' X A] < ||S7*X||[| 4l ||US||lF < V2[5~ X]|[|All%

Similarly, we can show that [|G(B)||% < +/2||X~15]||||B||%. Using these two inequalities together with (45)
and the inequality ||4||% + ||B||% < 1, we obtain
12"(X, 5)[67(A4), 9(B)P||r =17 (A)G(B) + G(B)G(A)lIr < 267 (A< IIG(B)||F
1/2 1/2

< 2v2 (cond [X7*S]) 7 ||A|F||BllF < V2 (cond [X~1S]) " (|| 4l1% + |Bl1%)

<2 (cond [X~15]) 12 < vV 2k,
where the last inequality follows from (46) and the fact that (X,S) € Cyo. Hence, we conclude from (23)
that |[|®"(X, S)||g < v/2k. Since this upper bound does not depend on the choice of (X, S) € &(X, S), (28)

implies that Q¢(X, 5) < V2k.
Statement (b) follows immediately from (a), Lemma 4.5 and (31). [

The main iteration-complexity result for the long-step algorithm based on the AHO map (3) and the set
(46) can now be derived as a consequence of Theorem 3.3 and the results of this subsection.
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Theorem 4.10 The long-step algorithm based on the map ®(X,S5) = (XS + 5X)/2 and the set Co = Co(k)
of (46) terminates in at most O(n+/kL) iterations.

Proof. We have already seen that ® and Cg satisfy Assumptions 1 through 9. Let §* be as in Proposition
4.7. By (40) and Propositions 4.7 and 4.9, we have

1/2
Q(y)gmax{ne*(y),zl(e*)—l}gmax{m/ﬂ,s( 2n ) }

1—v

The conclusion of the theorem now follows from Theorem 3.3. n

4.2 The XY25X'/? Map

In this subsection, we consider the map ®(X,S) = X1/286X1/2 and show that ® satisfies Assumptions 1
through 4 and that Cy can be chosen so that Assumptions 5 through 9 are satisfied. As a consequence,
we derive a polynomial iteration-complexity for the long-step algorithm based on this map which is slightly
worse than the complexity obtained in Monteiro and Tsuchiya [13]. It is worth noting, however, that their
analysis was based on a third-order Taylor expansion, while ours is based on a second-order expansion.
The map @ clearly satisfies Assumptions 1 through 4. For every (X, S) € 7, x S?, and A,B € §",

$,(A)=U'SXY? 4 X'/25U',  &,(B) = X'/?BX'/?, (51)
3"(X,S)[4,B)? =U"sx¥? 4 xY/25U" 4+ 2U'BXY? 4 2XY/2BU’ 4 2U'SU, (52)

where U’,U” € 8™ are the unique solutions of the Lyapunov equations
U'xXY? 4 xUy = 4, (53)
XYV2u" 4 Ut xt? = —o(U')?, (54)

respectively.
A good choice for the Cq that fits well with the map (4) is

Co={(X,8) eS8}, xS, :XSecS"}. (55)

It is worth mentioning that Monteiro and Tsuchiya [13] allows the choice of scaling matrices P so that the
corresponding scaled iterates X and S satisfy X/25 + §X'/2 » 0. Even though our choice of Cy leads to
a smaller class of scaling matrices than the one considered in [13], the analysis of this reduced class is easier
to carry out.

The proofs of the following three results are straightforward and hence are omitted.

Lemma 4.11 Let (X,S) € ST, x S?,. Then &, € T, and ®;1(B) = X~Y2BX~/2 for all B € S". If,
in addition, (X, S) € Co, then &, € T, 8,8, = &,®,, and &;1(A) = VX2 4 X2V, for all A € ST,
where V € 8™ is the unique solution of the Lyapunov equation VSX1/2 + X128V = A.

Proposition 4.12 The set Cq given by (55) satisfies Assumptions 5 and 6.
Lemma 4.13 Let (X,S) € Co, ® = ®(X, S), R = R(x,s) and u = u(X, S). Then
IR(®)||F =X oS =mnu, [RUI)|F=X""es"" (56)

The following lemma verifies Assumption 7 and also establishes two important inequalities which we will
use throughout the remainder of this subsection.

Proposition 4.14 Let (X, 5) € Co N N_x () be given and ® denote the map (4). Then,

1 1

||(I>(Xa S)H S i, ||(I>(Xa S)_1|| S ma H(Xa 5)2 S T

l—v
where p = p(X, S). In particular, II(y)? < 1/(1 —7).
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Proof. The first inequality of the lemma is a direct consequence of the facts that |®(X, S)|| = Amax[®(X, S)]
and that np is the sum of the eigenvalues of ®(X, S). The proof of the second and third inequalities and the
final statement of the proposition are similar to the proof of Proposition 4.6. [

Lemma 4.15 Lety € (0,1) and (X,S) € Co N N_u(7) be given and define p = p(X,S) and R = R(x,s)-
Then

V2
(I—mn’
Proof. By standard properties of the norm || - || in 7" (see Subsection 1.1), relation (14) and Lemma 4.11,
we have

IR < IR™2|| < v2np. (57)

IR?|| = max RI(A)e A= max =3 1(4)ed;1(4), (58)
AesS™||AllF<1 AesS™||AllF<1

R = max R 2(A)e A= max =&, (A)e P, (A). 59

I I AesS™||AllF<1 4) AesS™||AllF<1 4) 4) (59)

Now let 4 € 8™ such that ||A]|r < 1 be given and let V € §” be the unique solution of the Lyapunov system
VSX1/? 4 X128V = A. By Lemma 4.11, we have ®;(4) = VX'/?2 4+ X'/2V, and hence

B-1(A) e ®7H(A) =Tr [(XY2V + VXV2)X~Y24X 12 = 2T [VX~1/2 4]
<2[VXV2||p||Allr = 2[VSX2X V2T X M || Al P
<2 XTH2STIX TR VXY |p || Al

24|13 2
< V2| A% < V2
(I=yp = 1=7n

where the second inequality follows from Lemma 4.8 and Proposition 4.14. Similarly, letting U’ be as in (53)

with A replaced by ®*(4) = X'/24X1/2 so that ($,8})(A) = U'SX'/? + X1/28U" and using Lemma 4.8

and Proposition 4.14, we obtain

R (A) o A = (2.2])(A) » A < ||(227)(A)||r || 4llF < 2[|U'SX?| || Allr
< 2| XV2SX Y U X2 Al < VEnulAll% < VEnp

1

Using the two inequalities together with (58) and (59), we obtain (57). m

The following result shows that the pair (®, Co) satisfies Assumption 8.

Proposition 4.16 Lety € (0, 1), and define

0 =0 (y) = — (2 _7)1/2. (60)
Then, for all (X,S) € Co N N_w(y) and ()?,g) € &+ (X, 8), we have
IX7AX - X)X < %, IS7H3(S - 5)s72) < 5. (61)
Hence, £-+(X,8) C S8}, x 8t for all (X,S) € CoNN_ (7). In particular, O(y) > 6*.

N | —

Proof. Let (X,5) € Co N N_x(y) and ()?,g) € &-+(X,S) be given. Let ® = (X, 5), 1 = p(X,5),
G = G(x,s), and R = R(x,s). Using (60), Lemmas 4.11, 4.13, 4.15, and 4.1, and the fact that (X,S) €
CoNN_x(7) and ()?,g) € &-(X,S), we obtain
(L= m)p = (6")np = (0 VIR@)|F > 19X — X)|IF +167(5 - 9)IF

> |6(X = X)|[F > [I(23) 1 (X — X)|IF/IIR?

| —

1 -
> —(1— X~V(X - X)XV,
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from which the first inequality in (61) follows. Now let V' € S™ be the unique solution of the Lyapunov
equation VSX1/2 + X1/25V = §— 5. Note that 2||X/251/2V 5~ 1/2||p > ||S~1/2(5 - §)S~1/2||¢ and that,
by Lemma 4.11, <I>;1(§ — 8) = VXY2 £ X'Y/2V. Using these identities, (14), (51), Proposition 4.14, and
arguments similar to the ones above, we obtain
1 - - - _ -
(L= 267 (S = S)IF = &:(5 - 5) ¢ 8. (S = 5)
= (XY?(5 - $)X'/?) e (VX2 4 X1/2V)
= (XYV2(vsxY? 4+ xY25v)X1?) o (VX2 4 x1/2V)
=2Tr [XY2VSXVXY? 4 2Tr [XSVXY2VXY/?
— 2||X1/251/2VX1/2||§;1 4 2||X1/4VX3/451/2||§;1
) ||X1/251/2VS_1/2||%1

1/2 @1/2 1/2)2
Z2||X S VX ||F Z ||X_1/2S_1X_1/2||

(1 —y)pl|lS~H2(5 - 5)s~ /2|3,

N | —

from which the second inequality in (61) follows. [

The following technical lemma is a direct consequence of lemmas 3.4 and 3.5 of Monteiro and Tsuchiya
[13].

Lemma 4.17 Let X,5 € ST, and )?, Secsm. Suppose there exists some T € (0,1) such that
XX -X)X V2 <, ISTYRS - 8)sT P < (62)

Then X,S € 87,

ma {| R/ 112 XX 112, |25 |sHE A | <
- T
and
|Rirague) < IS |B-1/2g-1y < XS
— 1_7_ ? < 1_7— ,
||)?1/2§)?1/2|| < w ||)?—1/2§_1)?_1/2H < | X-1/25-1x-1/2
- (1-n? = (1— 1)

Lemma 4.18 Let (X,S) € S, x St . Then, for every A, B € 8™, we have
12" (X, S)[4, BI®)||r < (V2+ 1) X2 X2 | X2 AX 2|
+ 22| X7V2AX 2| || X Y2 BX Y2 .

Proof. We know that &”(X, S)[Z, E](z) is given by (52), where U’ and U” are determined by (53) and (54),
respectively. Pre- and post-multiplying (53) by X~1/2 and applying Lemma 4.8 gives
x-1/24x-1/2
V2

Moreover, pre- and post-multiplying (54) by X~1/2, rearranging to obtain

IX~20|p <

UIIX—1/2 4 X—1/2U// — —2X_1/2(Ul)2X_1/2,
and applying Lemma 4.8, we obtain

| X-12AX 123
7 :

U X2l < V2|l X" V2UPX|p < VEIXH2U R < (64)
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Taking the Frobenius norm of (52), we obtain
12"(X, S)[A, BI®||r < 2[U"SXY?||p + 2|[U'SU||r + 4[| X /> BV,

Using (63) and (64) and the standard properties of norms, we can bound each of the three terms on the
right-hand side as follows:

||U//SX1/2||F — ||U//X—1/2X1/2SX1/2||F < ||X1/2SX1/2||||U//X—1/2||F
1 -
< X1/2SX1/2 X—1/2AX—1/2 2’
< ﬁll il iy
||U/SUI||F — ||UIX—1/2X1/2SX1/2X—1/2UI||F < ||X1/2SX1/2||||X_1/2UI||§;1
< l||X1/2SX1/2||||X_1/2ZX_1/2||2
=9 F

~ -~ 1 ~ -~
1XV2BU | = X2 BX Y2 X0 o < o X AX M X B,

The desired inequality follows by combining the last four relations. [

The following proposition shows that the pair (®, Cy) satisfies Assumption 9.

Proposition 4.19 Lety € (0,1) and let " = 6% (y) be given by (60). The following statements hold:
(a) Qg+ (X,5) <(83/(1 —7))n for any (X,85) € CoNN_x(7);
(b) Qo+(7) < (83/(1—7))n?.

Proof. To prove (a), fix (X,S) € Co N N_x(7), and define G = G(x,s5). Also, let ()?,g) € &-(X,S) and
matrices A, B € 8™ such that ||A||% +||B||% < 1 be arbitrarily given. Note that Proposition 4.16 implies that
()?, §) € ST, x 8%, and that (X, S), ()?, §) satisfy the hypotheses of Lemma 4.17 with 7 = 1/2. Hence,

max {|| R2/2X 12|, || X /2227 } < v,
IX2ERY2| < 4| X285 X2

Using these inequalities, the standard properties of norms, and Lemma 4.18 with A= G~1(A) and B = G(B),
we obtain

12"(X, 5)IGH(A), 9(BNP|Ir < (V2 + 1)|IX2EX?| | X271 (A)X 2%
+2V2|| X726 A) X6l X2G(B)X 2|
<16 (V2 + 1)||IX2SX Y2 || X267 (A)X T2 %
+ 82| X 26T (A)X T2 p )| X 2G(B) X2 | (65)

In addition, using Lemma 4.11, Lemma 4.15, and Lemma 4.1, we have

|All#,

3 1/2|
(1—7)p

where p = u(X,S). Similarly, we have || XY/2G(B)XY?||r < (v/2nu)'/?||B||r. The two last inequalities
together with (65), Proposition 4.14, and the inequality ||4||% + || B||% < 1 yield

X726 1A X2 |p = (|27 HG7HA))IF <IIRIIAllF < (

ey Syie-1 (2) 16(\/5"1' 1)\/5 n 2 16 n
12"(%,3)[61(4),6(B)] ||F§< = ||A||F+( m)xfllAllFllBllF
< (£2) n (1Al + 1aleliBle) < (12 ) n 1Al +1812) < (1 ) n.
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Hence, we conclude from (23) that ||<I>”()?, §)||g < (83/(1 — ))n. Since this upper bound does not depend
on the choice of ()?, §) € &-(X,S), (28) implies that 2¢+(X,S) < (83/(1 —7))n.
Statement (b) follows immediately from (a), Lemma 4.13, and (31). [

The main iteration-complexity result for the long-step algorithm based on the map (4) and the set (55)
can now be derived as a consequence of Theorem 3.3 and the results of this subsection.

Theorem 4.20 The long-step algorithm based on the map ®(X,S) = X'/25X/? and the set Co of (55)
terminates in at most O(n?L) iterations.

Proof. We have already seen that ® and Cy satisfy Assumption 1 through 9. Let 8* = 8*(-y) be as in (60).
Then by (40) and Lemma 4.19, we have

Q(7) < max {Q-(7),4(6")"1} < max{ (%) n?, 8\/5( e )1/2} .

1—9

The conclusion of the theorem now follows from Theorem 3.3. n

4.3 The LISL, Map

In this subsection, we consider the map ®(X, S) = LT SL,, where L, = chol (X), and show that ® satisfies
Assumptions 1 through 4 and that Cy can be chosen so that Assumptions 5 through 9 are satisfied. As a
consequence, we derive for the first time a polynomial iteration-complexity for the long-step algorithm based
on this map.

The map & clearly satisfies Assumptions 1 through 4. Moreover, for every (X,S) € 8, x 8%, and
A,B e S,

®,(A) = (UNTSL, + LT SU’, ®,(B) = LTBL,, (66)
3"(X,S)[A, B]® = (U SL, + LT SU" + 2(U"YT BL, + 2L BU' + 2(U"\T SU’, (67)

where U’,U” € L™ are the unique solutions of the equations

U'LT + L, (UNT = 4, (68)
U'LT + L, (U"T = —2U0" (U7, (69)

respectively.
A suitable set Co that fits well with the map (5) is given by

Co={(X,8) eS8, x8, : XSeL} (70)
It is interesting to note that if (X, S) € Co then LT SL, is a diagonal matrix.

Lemma 4.21 Let (X,S) € 87 x8%,, and let Ly = chol(X). Then, ®, is invertible, ®;'(B) = L;TBL;Y,
®:(B) = L,BLY and () Y(B) = L;'BL;T for all B € S™. If, in addition, (X,S) € Co, then &, is
invertible, ®,®; € T, , and & 1(A) = VLT + L, VT for all A € S™, where V € L™ is the unique solution
of the equation VT SL, + LTSV = A.

Proof. The statements regarding &, are immediate. Let L = LT S. In view of (66) and (68), to prove that
®, is invertible, it is enough to show that the equation VLT + LV = A has a unique solution V € L.
Indeed, using the assumption that (X, S) € Co, we see that L = L71XS € L7, and hence that LV € L".
This clearly implies that the unique solution of VT LT + LV = Ais V = L~'Ly4, where L, is the unique
matrix in £" satisfying (L4)i; = Asj for alll < j <i < n, and (L) = As/2for all 1 <7< n. We will now
show that ®,®; € 7, by establishing the equivalent statement that 719, ¢ L+ Indeed, let A, B € S™
be given. Also, let U}, Ug € L™ be the (unique) matrices satisfying

ULVLY + L, (U =4, URLY + L, (Up)T =B.
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Then, ®,(4) = (UA)TSLE + L;{SUA and
B0, ( = (L TS+ SULL;Y) o (UGLT + L, (Ug)™)
—9 (51/2U') o ($1205) + 2 [Up(ITS)ULL;Y.
Similarly, we can see that
Ae® 13, (B) =2 (51/2Uj4) . (51/2Uj9) + 2Ty [U4(LTS)ULL3Y

The two last expressions are identical due to the fact that the four matrices U, LTs, Ug and L arein L™
and the fact that the trace of a product of a finite number of matrices in £™ does not change by permuting
the order of the matrices. Hence, ®;1®, is symmetric. If 0 # A = B then 0 # U} = Uj and one easily
sees that Tr [U4 (LT S)UL L;t] > 0, and hence that A O 1d,(A) > 2||SY2U’ A||% > 0. Hence, ®;1®, is
positive definite. We have thus shown that ®;1®, € [

Proposition 4.22 The set Cq given by (70) satisfies Assumptions 5 and 6.

Proof. Lemma 4.21 immediately implies that Co C C. We will now show that Po(f,g) # @ for all
(X,S8) € S, x S?,. Indeed, let Lz = chol(X) and consider the orthogonal eigenvalue decomposition
Lz SLT QAQT, where Q is an orthogonal matrix and A is a diagonal matrix. Since @ = Q~7, we have

(LEQ)_l(Xg)(LEQ) — Q_lL%]'XgLEQ = Q_nggLEQ_T =Ac Le.

Hence, LzQ € 730(5(:, §), and so we have verified Assumption 5. The verification of Assumption 6 is straight-
forward. [

The proof of the following lemma is a simple verification and hence it is omitted.
Lemma 4.23 Let (X,S5) € Co, ® = ®(X, S), and p = pu(X,S). Then
IR(®)||F =X oS =mnu, [RUI)|F=X""es""
The following proposition, whose proof is similar to the proof of Proposition 4.14 and hence is omitted,

verifies Assumption 7 and also establishes two important inequalities which we will use throughout the
remainder of this subsection.

Proposition 4.24 Let (X, 5) € Co N N_x () be given and ® denote the map (5). Then,

1 1
T (X, 8)* < ——,

[2(X; )| < np, 12X, 5)7| < o

where p = p(X, S). In particular, II(y)? < 1/(1 —7).

The proof of the following lemma can be found as lemma 7 in Monteiro and Zanjicomo [16].

Lemma 4.25 If M € R"*" is such that Tr [M?] > 0, then |M||r < ||M 4+ MT||r/v/2. In particular, the
inequality holds if M € L™.

Lemma 4.26 Lety € (0,1) and (X,S) € Co N N_u(7) be given and define p = p(X,S) and R = R(x,s)-
Then
V2
IR?|| <

e IR™?| < v2np. (71)
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Proof. The proof takes a similar approach as the proof of Lemma 4.15. So to bound [|R?||, let A € S™
such that ||A||r < 1 be given, and let V € L™ be the unique solution of the system VI SL, + LTSV = A4,
where L, = chol (X). The assumption that (X, S) € Co implies that LTSV = L7;}(XS)V € £". Hence, by
Lemma 4.25 with M = LTSV, we conclude that ||[LI SV ||z < ||A||r/v2. Moreover, Lemma 4.21 implies
that ®71(A) = VLT + L,VT. Using these two last relations, (14) and Proposition 4.24, we obtain

R3(4) o A = 8;1(4) 0 8;1(4) = Tr [(VET + LVT)L;T ALY

=2Tr [L;'VA] <2||L;WV|r||Allr < 2| L5 STLT| || L2 SV ||F||AllF

< V2 V2

~(1=7w (1—7)u’
which clearly yields the first inequality of (71). Similarly, letting U’ be the unique solution of U’'LT +
L,(U)T = L ALY so that, by (66) and Lemma 4.21, (®,%?)(A) = (U)TSL, + LL SU’, and using Lemma
4.25 with M = LU’ € L™, Proposition 4.24 and the standard properties of norms, we obtain

R72(4) 0 A= (2:2;)(A) 0 A < [[(2:2;)(4)||r||AllF < 2[|L7 ST

< 2 LZSLo ||| £ 0" [ < v2nul|Allr < v2na,

14][F <

which clearly yields the second inequality of (71). [

The following result shows that the pair (®, Co) satisfies Assumption 8.

Proposition 4.27 Let v € (0,1), and define 6* = 6*(y) according to (60). Then, for all (X,5) € Co N
N_oo(7) and (X, S) € &+(X, S), we have
~ 1 ~ 1
R -DRT <L I E -t < (72)

where Ly = chol(X) and L, = chol(S). Hence, £4+(X,S) C St x 8%, for all (X,8) € CoNN_o(v). In
particular, O(y) > 6*.

Proof. Let (X,S) € CoNN_x(y) and ()?,g) € &-(X,S) be given. Let L, = chol(X), L, = chol(5),
®=9(X,S), up=uX,S), ¢ =Gx,s), and R = R(x,s). Using (60), Lemmas 4.21, 4.23, 4.26, and 4.1, and
the fact that (X,S5) € Co N N_x(7) and ()?, §) € &-(X,S), we obtain

%(1 — Y= (67)np = (0" IR(2)]F > 1G(X = X)F + 16715 - 9)F > I6(X - X7

*\—17 T 1 1,0 _
> [[(23)"HX = X)I|p/IIR?|| > —= (1 = 7wl L5 (X - X)L 7||r,
V2

from which the first inequality in (72) follows. Now let V € L™ be the unique solution of the equation
VTSL, + LTSV = LT(5 — S)L, so that (®;18,)(§ — §) = VLT + L,VT. Clearly, we have ||L;1(5 —
SYL;T||p < 2||[LTVL;YL;T||F. Using these identities, (14), Proposition 4.24, and arguments similar the
ones above, we obtain
]. - - — - -
(L= >[1G7(S = S)lF = (2;7@,)(S— S) o (5 - )

=(WVLE+L,vT) e (L;TVTS+ VLY

=2Tr [L,VTL;TVTS| + 2T [L,VTSVL]Y

=2Tr [L;TVIL;TVTSX] +2Tr [VISV] > 2||LTV|%

ILEVEITLTE 1

> (1 - L7YS - 9)LIT|32,
- ||L;15_1L;T|| - 2( ’Y)IU’H s ( ) s ||F

where in the secong inequality we used the inequality Tr [(L;TVT)25X] > 0, which trivially holds due to
the fact that both (L;TV7T)? and SX are upper triangular matrices with nonnegative diagonal elements. m

The following technical lemma is a direct consequence of lemmas 3.4 and 3.5 of Monteiro and Tsuchiya
[13].
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Lemma 4.28 Let X,S € ST ,, X,S5esm, L, = chol(X), and L; = chol(S). Suppose there exists some
T € (0,1) such that

ILNE - X)L <m0 LS - 9L <7 (73)
Then)?,,/S'\ESi_l_,
1
max {||L; ' Lgl|, || L5 Lal|, | L5 Lell, || L5 " Ls|| } < Vi
and
T, ~ ITsL,
jzz) < Wetell - yprspy < MEeStell
- 1-7 - (1-7)

where Lz = chol()?) and Ly = chol(§).
Lemma 4.29 Let (X,S) € ST, x 8, and Ly = chol(X). Then, for every A, B € 8™, we have
18X, )[4, B |lp < (3 + DI|ELSL| |1 AL;7|o + 2vE|| L5 AL | #l|EE BL |
Proof. We know that ®"(X, S)[A, B](?) is given by (67), where U’,U” € L™ are determined by (68) and

(69), respectively. Pre- and post-multiplying (68) by L;! and L; T, respectively, and applying Lemma 4.25
with M = L;1U’ gives

—147-T
e (74)
Moreover, pre- and post-multiplying (69) by Lz and L7, respectively, rearranging to obtain
LU+ (U LT = 2L U (U LS,
and using Lemma 4.25 with M = L;'U", (74), and standard properties of norms, we obtain
1w 1y T 7 —T iz o L AL TR
10" |r < V2|ILZ'U' (U LT || < V2| L7 U5 < s (75)

Taking the Frobenius norm of (67), we have
12"(X, S)[A, B]®)||r < 2/|L7 SU"||r + 2||(U")T SU||r + 4|| L3 BU'|| -

Using (74) and (75) and the standard properties of norms, we can bound each of the three terms on the
right-hand side as follows:

|22SU"|1r = (125 S12 10" |Ir < |IEE SLoI125 0" |
1
< 5 ILESLa||1L; AL,

(U SU || = (U7 Ly T L3 SLo L U || 7 < || L3 SLo ||| L U'|| 7

IN

1
ST S5 AL T3,

1
|12 BU'||p = |13 BLo Ly 'U'||p < —= || Lg AL ||p|| L BLe |-
=~ \/i
The desired inequality follows by combining the last four relations. [

Proposition 4.30 Let vy € (0, 1), and let 8* = 6* () be given by (60). The following statements hold:
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(a) Qo+(X,S) < (83/(1 —))n for any (X, S) € CoNN_co(7);
(b) Qo+(7) < (83/(1 —7))n?.

Proof. To prove (a), fix (X, S) € CoNN_w(7), and define G = G(x,5). Also, let ()? §) € &-(X,S) and
matrices A B € 8™ such that ||A||F + ||B||F < 1 be arbitrarily given. Note that Proposition 4.27 implies that
(X S) € 8T, x 8%, and that (X, S), (X S) satisfy the hypotheses of Lemma 4.28 with 7 = 1/2. Hence,

max {||L; Lz ||, || L5 " Lo ||} < V2,
|ILESLg|| < 4[|LTSLq||.

Using these inequalities, Lemma 4.29 applied to ()?, §) with A = g—l(Z) and B = Q(E), Lemma 4.21, and
the standard properties of norms, we obtain

12"(X, 5)[g™1(A), 6B Plr < (V2+ DILFSLal 156 (A LT I3
+2V2)|L5 6 A) LT ||FI LEG(B) Le |
<16 (V2 + 1|17 SLo ||| 56 H(A) LT %
+8V2|| LG A LT ||PI LT G(B) Le | p
—16(f+1)IILT5L HI((23) 76 ) (A)]|%
+8v2(|((27) 76 )(A)IFI(2:6)(B)l - (76)

An easy application of Lemma 4.1 shows that

(276" (A)llr < IIR?)| | A]13, (@ 9)B)IE < R™2[|1IBII3 (77)

where R = R(x,s). Using (76), (77), Lemma 4.26, Proposition 4.24 and the inequality ||Z||%1 + ||§||%1 <1,
we have

197(% 8)(6~ (A, GBI |lr < 16 (V2 +1)|[LZSL. 1R | A} + 8 VAIIRI| R 1AL rl| B
16(v/2 + 1)v/2 ~ 32 ~ i~
(—7> w2 + (s ) VA Al 1Blle

55 ~ (T 83 A B 53
< (ﬁ) n (1115 + 1 4]||1B)lr ) < (m) n (141 + 1181 ) < (1_7) ™

Hence, we conclude from (23) that ||<I>”()?, §)||g < (83/(1 — ))n. Since this upper bound does not depend
on the choice of (X, S) € &-(X,S), (28) implies that Qg+ (X, S5) < (83/(1 —y))n.
Statement (b) follows immediately from (a), Lemma 4.23, and (31). [

The main iteration-complexity result for the long-step algorithm based on the map (5) and the set (70)
can now be derived as a consequence of Theorem 3.3 and the results of this subsection.

Theorem 4.31 The long-step algorithm based on the map ®(X,S) = LT SL, and the set Co of (70) termi-
nates in at most O(n?L) iterations.

Proof. We have already seen that ® and Cy satisfy Assumption 1 through 9. Let 8* = 8*(-y) be as in (60).
Then by (40) and Lemma 4.30, we have

n ) 1/2

p— f‘y )

The conclusion of the theorem now follows from Theorem 3.3. n

Q(v) < max {Q-(7),4(6") 7'} < max{ (%) n?, 82 (1
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4.4 The V? Map
In this section, we consider the long-step algorithm based on the map ®(X, S) = W/2XSW-1/2 where

W =W(X,S) = X Y2(xt/2sxt/2)/2x-1/2

is the unique symmetric matrix such that WXW = S. We show that & satisfies Assumptions 1 through 4
and that Cyp can be chosen so that Assumptions 5 through 9 are satisfied. As a result, we obtain for the first
time a polynomial long-step algorithm based on this choice of the map ®.

It is easy to see that the map ® satisfies Assumptions 1 through 4. Moreover, letting V = V(X, S) =
W2xwi/2 = w-1/28W~-1/2 we have ®(X,S) = V2. This alternative expression for ® can be used to
determine the functions ®, and ®,. Indeed, for all 4, B € S,

B,(A) = V,V+VV,, &,(B)=V,V+VV,, (78)
where V, = V'(X,S)[4,0] and V, = V'(X,S)[0,B]. Letting U, = (W~'/?)(X,5)[4,0] and T

(W-1)(X, S)[A, 0] and differentiating the identities V = W-1/25W~-1/2 W-1 = W-1/2W~1/2 and X
W-15W~1, we obtain the system

Ve =U, SW-Y2 L w-Y25yu,, (79a)
T, =U,W~? y w2y, (79b)
A=T,SW™ '+ W 'ST,. (79¢)

Similarly, letting U, = (W*/?)'(X, $)[0, B] and T, = W’(X, S)[0, B] and differentiating the identities V =
W2Xw/2 w = Wl2Wl/2 and S = WXW, we have

V. =UXWY? + w2xU,, (80a)
T, =UWY: 4+ wil?y,, (80b)
B=T,XW + WXT,. (80c)

Define V;, = ®"(X, S)[4, 0]?), V,, = (X, S)[4, 0][0, B] = (X, S)[0, B][4, 0], and V;, = (X, S)[0, B](?).
Then &”(X, S)[A4, B]®®) = V"'V 4 2(V')2 + VV", where

V' =V'(X,S)[A,B] =V, + Vi,
V' =V"(X, )[4, BI®) = Vo + 2 Ve, + Vi

Differentiating (79) at the point (X, S) in the direction (A4, 0) yields the following system which defines V,,:

Vaz = Upe SW™Y2 12U, SU, + W~Y25U,,, (81a)
Toe = Upa W12 4 2(U, )2 + WY 2U,,, (81b)
0=Tpe SW™! + 2T, ST, + W STy, . (81c)

In a similar manner, differentiating (80) at the point (X, S) in the direction (0, B) yields the system defining
Vis:

Vie = U, XWY? 12U, XU, + W2 XU,,, (82a)
Ty, = U, W2 4+ 2(U,)2 + WY U,,, (82b)
0="T XW + 2T, XT, + WXT,,. (82¢)

The system defining V;, is obtained by differentiating (79) at the point (X, S) in the direction (0, B), but
before giving the system, we note that the identity W—1/2W?1/2 = I implies that the directional derivative
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(W-1/2), = (W-1/2)(X, 8)[0, B] is related to U, by the equation (W~1/2), = —W~Y2U,W~1/2, Similarly,
we have (W_l)s = —W~IT,W~1. Hence, the system defining V;, is as follows:

Vs =sim(Uy,, SW™Y2 4L U, BW Y2 U, W 2vUu,w—1/?), (83a)
Tye = sim(Up, W12 — U, W~ Y2U,w~1/2), (83b)
0 =sim(Tps SW™ ' + T, BW ™! — T, SWiT,w~1). (83c)

A good choice for the Cq that fits well with the map (6) is
COE{(X,S)ES:L_+XS:L__l_:XSESn}. (84)

The proof of the following lemma, while not difficult, is quite lengthy, and for this reason we include it in
the appendix.

Lemma 4.32 Let (X,S) € Co. Then ®,,®, € 7', and &, %, = ,P;.
The proofs of the following proposition and lemma are straightforward and hence are omitted.
Proposition 4.33 The set Co given by (84) satisfies Assumptions 5 and 6.
Lemma 4.34 Let (X,S5) € Co, ® = ®(X,5), and p = pu(X,S). Then
[R(®)[[F =XeS=nu |RU)|F=X"tes
The following proposition, whose proof is similar to the proof of Proposition 4.14 and hence is omitted,

verifies Assumption 7 and also establishes two important inequalities which we will use throughout the
remainder of this subsection.

Proposition 4.35 Let (X,S5) € Co N N_x(7), and define p = u(X, S). Then

1
(1—7)p

1
||(I>(Xa S)H S nu, ||(I>(Xa S)_1|| S ’ H(Xa 5)2 S 1—

-7
In particular, TI(y)? < 1/(1 — 7).

Lemma 4.36 Let (X,S) € Co, and suppose that D € 8™ commutes with both W = W(X,S) and V =
V(X,S8). Then, for all A,B € S",

|IDW2AW/2D||p

v SI1P2(4)Dllr <2(\VIIDW AW D, (85)
Dw-2Bw-1/2p
: 2([v-1] I < \1pe.(B)DIe <2V |IDW/2BW /D] (86)

Proof. We prove only (85) because the proof of (86) is similar. Letting A = WY2AW/2 and T, =
W/2T,W*'/? and using the identity SW—1/2 = W'/2V, (79) can be rewritten as

Ve = U, WYV 1 vwi/2y,, (87a)
T, = U,WY? + w'/?y,, (87b)
A=T,V+VT,. (87¢)

Using (87b) and the commutativity of W, V, and D, we have

|DT,VD|% = ||DUWY?V D||% + 2Tr [DVWY?U, D*W'/?U,V D] + | DW?U,V D||%
= |DU, W2V D|% + 2||WY DU, W4V D||% + || DWY2U,V D||%
> ||DU W2V D|% + || DW/?U, V D| %,
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which in turn implies that
| DU, WYV D||z + | DWY?U,VD||r < V2| DT,V D||F. (88)
In addition, the assumption that D commutes with V' implies
Tr [(DT,VD)?*] = Tt [VY2DT, DV DT, DV*/?| = |[VvY/2 DT, DV'/?|)% > 0.

Hence, pre- and post-multiplying (87c) by D and applying Lemma 4.25 to the resulting equation DAD =
DT, VD + DVT,D yields

IDLVDIls < | DAD|#/v2. (89)

Now using (78), (87a), the commutativity of D and V', (88), (89), and the standard properties of norms, we
obtain

|D®.(A)D||r < 2||DV,VD||r < 2||DU,W?V2D| + 2||DVW?U,VD||r
<2|[v|| (|IDU W2V D||r + | DW*/2U,V D||r) < 2v2||V|||[DT2V D|r
< 2||V|||DAD]|r,

which proves the right-hand inequality of (85).
We now prove the left-hand inequality of (85). Using (87a) and the commutativity of W, V, and D, we
have

DV,VD|% = ||DU,W?V?D|% + T [DV*WY U, D*vW'?U,V D] + | DVW'/2U,V D||?
F F F
= |DU,WY?V2D|% + || DV WY *u,wi/*v3/2D|% + |DVWY/2U,V D|%
> || DU, WY V2 D|% + || DVW U,V D||%. (90)

In addition, the assumption that V commutes with D implies
Tr [(DV,VD)? = Tr [VY2DV, DV DV, DVY/? = ||[VvY/2DV, DV/?))% > o,

and hence, pre- and post-multiplying ®.(A) by D and applying Lemma 4.25 on the resulting equation
D®,(A)D = DV,VD + DVV, D yields

1D%.(4)D|lr > V2||DV.VD|s. (91)

Using (91), (90), the commutativity of V' and D, (87a), (87b), and the standard properties of norms, we
obtain the left-hand inequality of (85) as follows:

| D&, (A)D||r > V2||DV,VD||r > V2 (||DUEW1/2V2D||% + ||DVW1/"’UmVD||;‘;)1/2
> (|IDUW/2V D||p + | DW/2U,V D||r) /|IV || > | DTV Dlr /|V 7|
> ||[DAD||r/ (2[1V4])
|

Lemma 4.37 Let (X,S) € Co, and suppose that E € S™ commutes with both W = W(X,S5) and V =
V(X,S). Then, for all M,N € §™,

|EW-Y2MW-12E||r
2([v]|
|EWY2NW/2E||
2([v]|

<[|E2ZHM)E|r < 2|V IEW Y 2MWY2E| R, (92)

<||E2;HN)E|p <20V IIEWANWY2E] . (93)

26



Proof. Applying (85) with D = EW~'/2 and A = &, (M), we obtain (92). Similarly, (93) follows from
(86) with D = EW'/? and B = &, 1(N). .

Lemma 4.38 Let (X,S5) € Co, and let W = W(X,S) and V = V(X,S). Then,
IR < 4lv=2ll,  [IR™2(| < 4V
Moreover, for all A, B € 8™, there hold:

(W2 AW /2|13
16[[V2[|[[v=2 °

WY 2BW L2 |I%
16[[V2|||[v=2]]

IG(AF > 16 (B)IF >

Proof. Let M € S™ such that ||A||r < 1 be given. Using (14), Lemma 4.32, (93) with E = I and
N = &_ (M), and (92) with E = W'/2, we obtain
[R*(M)||F =1/(27)7 51 (M)||lr =127 5 (M)l|r
<2V WP (M)W ||F < 4([V7R) [ M]lF < 4|V

By the definition of || - || in 7}*,, we obtain the first inequality of the lemma. A similar argument yields the
second inequality.

To prove the third inequality of the lemma, let A € §™ be given. From Lemma 4.1, the inequality proved
in the previous paragraph, and (93) with E = I and N = A, we obtain

IG(A)|[F > 127 (A)NF/IIRP|| > 187 (A)IF/(4IV2]) > ([WH2AW 2| % /(16 [V [[V=2)).
In a similar fashion, we can establish the final inequality of the lemma. [

The following proposition shows that the pair (@, Co) of this subsection satisfies Assumption 8.
Proposition 4.39 Let vy € (0, 1), and define 8* = 6*(y) = (1 —v)/(8n). Then,

-~ 1 ~
IXTVAX - X)X <5 ISTYAE - 8)s7H2| <

N | —

for all (X,8) € CoN N_oo(y) and (X,5) € &-(X,S). Hence, &:(X,S) C ST, x 8%, for all (X,S) €
CoNN_x (7). In particular, ©(y) > 6*.

Proof. Let (X,5) € Co N N_w(y) and (X,5) € &-(X,S) be given. Let ® = &(X,S), W = W(X, 5),
V=V(X,S), p=u(X,S), G =Gx,s), and R = R(x,s). Notice that, for any A € S", we have

||W1/2AW1/2||F — ||W1/2X1/2(X—1/2AX—1/2)X1/2wl/2||F
> | XPAX T p /WX TIW T = | XTVRAX TR /IV T (94)

Hence, (94) with 4 = X - X, Lemma 4.38 with A = X - X, Lemma 4.34, Proposition 4.35, and the fact
that (X, 5) € CoNN_x(v) and ()?, §) € &-(X,S) imply

UL (g = (0VIR@) > 19(R - X +1167 (5 - )3

> I6(X = X)IF > WX — X)W2|1%/(16 IV IV =2]))
> | XVAHX - X)X 25/ (16 V2] [V ?)

(1 =7)p —1/2( % —1/22
> [ ———— ) || X X -X)X
( 16 I ( ) Iz

which implies the first inequality of the proposition. Similarly, we can show the second. [
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Lemma 4.40 Let (X,5) € Co, W =W(X,S), and V=V (X, S). Then, for all A,B € §™,

12”(, )[4, BI®)|[r < 19 |V2|[|[v=2)| (IW /2 AW 2|3 + W=/ 2BW /2|

Proof. Consider (79) through (83), and let A= W2 awi/2, B = w-1/2pw-1/2 T, = wtrT,wi/2,
T, =W 12T, Ww-12 T, = WY2T, ,WY/2 T,, = W 12T, ,W~12, and Ty, = WY/2T,,W'/2. Tt is easy to

see that the systems of equations (79), (81), and (83) can be rewritten as the systems (87),
Vee = Uge WYV 42U, WY 2VvW2U, + VWU,
Tow — 2WYAU W2 = U, WY/ 4+ WU,
2T VT, = TuoV + Vo,
and
Vas = sim(Up s WYV + U,WY2B — U,W2VU,Ww—1/?),
Tys + sim(WY2U,W~12U,) = U, ,W'/? + w'/?U,,,
sim(T, VT, — Ty B) = Too V + Vs,

respectively. Then (87b), (87¢c), Lemma 4.8, and the standard properties of norms imply

[T W?||p < \/—||T z|lF < \/_||V YITeVle < —||V Y114 2

In addition, (95b), (95¢), (97), and Lemma 4.8 imply

1~

Uea W2||p < —=||Tellr + V2| U W22 VU TeaVF + Ve N[
I e < ﬁll Ir I 7 < \/—|| 1] |7 \/—II 1A%
<V TVT:|lF + \/—||V 4%
~ 1 ~
<IVIIEIE + s V2 < (5 + 525 ) V2.
Similar arguments with (80b), (80c), (82b), and (82c) show
1 ~ 1 ~
UW Y2 p < |V YTV < =|[V7Y| ||B
I e < \/—II TVl < SIVTHIBlES
_ 1

0wl < (5 + 575 ) IV 1BIR-

Using (96b), (96¢), (97), (99), and Lemma 4.8, we also obtain
U W25 < f||Tms||F+\/_||U W |UW Y|
\/_||V HHITes Ve + \/_||V “I111AllIBllF
<V (||Tm||F||TsV||F + ||Ta=||F||B||F) IV=211114] | Bl e
\/_
<|v=7 (||TEV||F||T5V||F + ||TmV||F||B||F) f||V || 114]|#| 1Bl #

1 1
<lz+—= V=2 ||A||r||B
< (3+ 75+ 55) VN Bl

We next use (87a), (97), and the standard properties of norms to establish

Vellr < 2(0W2V|Im < VIV IA]le,
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and using (95a), (97), and (98), we see that

3 1 _ ~
[Vaclle < 21V (a2 + [0202213) < (3 -+ 22 ) w111V

Similar arguments with (80a), (82a), (99), and (100) show that

1 -
— ) v v=2I1Bl%.
ﬁ) WIV-2I111B

Moreover, (96a), (97), (99), (101), and the inequality ||V|| ||V || = cond [V] > 1 imply
[Vaslle < 2|[VI[[[Ues W2 |p + 2| U W22 || Bl|r + 2 V|| [V W20 ||UW 22|

5 1 ~ ~
<z +v2+—=) VIV 2 |Allr|| B F-
< (3+v2+ ) VIV 211 AleBlle

Combining the last five inequalities, we obtain
12" (X, $)[4, BI®||r <2||VI[IV"|lF + 2/[V'| %
<2V ([Vasllz + 2 [Vaslle + [ Vasllz) + 2 (1Valle + [ Vellr)?
<[IvV[Iv=2]] ((5 +V2)[| 4|3 + (14 + 6v2)||Al|#[|Bllr + (5 + ﬁ)llgllfw)

i 3
IVelle <IIVIHIVHHIBIE,  (IVellr < (§+

< 18|V 1v=2| (1A% + I1BI)

n
Lemma 4.41 Let X,5 € ST, and )?, Secsm. Suppose there exists some T € (0,1) such that
XX - X)X ?|| <, IS7/2(5 - §)s7 2| < . (102)
Then X,5 € 87,
o< VI ey < IV
1—17 1—17
maX{HWl/zW_l/sz, HW—1/2W1/2H2} < - i -,

where W = W(X,S), V=V(X,S), W=W(X,5), and V = V(X, 5).
Proof. Lemma 4.17 implies that )?, Sc 87 ., and the first inequality of the lemma is proved as follows:
1721 = Amax[V2] = Amax[ X/25X1/%] = || X1/25Y/2)7
[ X282 Amax[XM2SX'Y?] Amax[VE] _|IV2]
- (1-7)2 (1—-7)2 (-7 (1-7)¥

where the inequality follows from Lemma 4.17. The second inequality of the lemma follows in a similar
manner using Lemma 4.17. . .

To prove the third inequality of the lemma, we bound both ||[W/2W~1/2||* and |W~1/2W'/?||* by

1/(1 — 7)2. Using the definition of the matrix operator || - ||, the identities S = WXW and S = WXW,
Lemma 4.17, and the fact that, for all A € ™ and for all nonsingular P € %™, ||A|| < ||[PAP~!||, we have

HW1/2W—1/2H4 _ ||W—1/2’W7W—1/2||2 < ||X1/2WW—1X—1/2H2

< ||X1/2)?_1/2||2||)?1/2WW_1X_1/2||

— ||X1/2)?_1/2||2 Amax[X_1/2W_1W)?/W7W_1X_1/2]

= || XY2X V2P Apax[ WX WW X W]

_ ||X1/2)?_1/2||2 )\max[gs—l] _ ||X1/2)?_1/2||2 )\max[s—l/zgs—l/z]
o
(1—-1)%

— ||X1/2)?_1/2||2||§1/2S_1/2||2 <
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A similar argument shows that ||W_1/2W1/2||4 < 1/(1 —7)%, and hence, the third inequality of the lemma
follows. [

Proposition 4.42 Let v € (0,1) be given, and let 6* = 6*() be as in Proposition 4.39. The following
statements hold:

(a) Qo+(X,S) < (18432/(1 —4)?)n? for any (X,S) € CoNN_w(V);
(b) Qo+(7) < (18432/(1 —v)*)n®.

Proof. To prove (a), fix (X, S5) € Co N N_(7), and define G = Gx,5). In addition, let ()?, §) € &-(X,8)
and matrices A, B € 8™ such that ||A]|% + ||B||% < 1 be arbitrarily given. Note that Lemma 4.39 implies
that (X, S) € ST, xS}, and that (X, S), (X, S) satsify the hypotheses of Lemma 4.41 with 7 = 1/2. Hence

WMWY < |[WHPW =24 WA MW R < 4w MW7,

for any M € 8™, where W = W(X,S5), V = V(X, 5), W= W()?,g), and V = V()?,g) and similarly
|[W-12NW-1/2)|2, < 4|W-Y2NW~1/2|| for any N € S™. These two inequalities, Lemmas 4.40 and 4.41,
and Proposition 4.35 imply

19"(X, 8)[M, NJ®||p < 18 |[V||||7~2)| (|| W2 MW 23 + |W-2/2NW-1/2)3)
< 1152 |V2| [V ([WH MW |3 + (w2 Nw )
Now letting M = G~!(A) and N = G(B) and applying Lemma 4.38, Proposition 4.35, and the inequality
||A]|Z + || B||% < 1, we obtain
19(X, 8)G72(4), G(BN Dl < 1152||V2|| [V 2| (WG~ (A) W23 + W26 (BYW /2| 3.)
< 18432 ||V2|12 |V =22 (|| A|1% + I|BI %)
2
< 1sazz (7 ) (Al + 1B1) < (oo ) o

Hence, we conclude from (23) that ||<I>”()?, §)||g < (18432/(1 — 4)?)n?. Since this upper bound does not
depend on the choice of ()?, §) € £+(X, S), (28) implies that Q. (X, S) < (18432/(1 — v)?)n?.
Statement (b) follows immediately from (a), Lemma 4.34, and (31). [

The main iteration-complexity result for the long-step algorithm based on the map ® and the set Cy can
now be derived as a consequence of Theorem 3.3 and the results of this subsection.

Theorem 4.43 The long-step algorithm based on the map (X, S) = W2XSW=12 and the set Co termi-
nates in at most O(n3L) iterations.

Proof. We have already seen that ® and Cp satisfy Assumption 1 through 9. Let 8* be as in Proposition
4.39. Then by (40) and Lemma 4.42, we have

0(r) < max {8 (), 400°) ) < mae{ (F s ) o, 221

The conclusion of the theorem now follows from Theorem 3.3. n

Appendix
Proof of Lemma 4.32. To demonstrate that ®, is a symmetric operator, we must show that ®,(A4)e B =

A e ®,(B) for all A,B € §™. Indeed, let A, B € 8™ be arbitrary, and let W = W(X, S) and V = V(X, 5).
Then ®,(A) = V2V + VV;2, where V2, UZ, and T2 are related by (79a), (79b), and (79c), and ®,(B) =
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VAV + VV?, where V?, UL, and T? are related by (79a), (79b), and (79c) with A replaced by B. It follows
that

P, (A) e B = (VEV +VVE) e (TV +VTE)

= 2(VEV) e (TEV + VTY)
= 2USSW Y2V 4 WY25U2V) o (UPW Y2V + W20V + VUEW Y2 L vIv—1/20))
= 2UZSWY2V) o (USWY2V) 4 2U2SW—Y2V) 0 (W—Y2UPV) +
2AUESW—Y2V) o (VUIW—Y2) 4 2U2SW—12V) o (VW Y2U0) +
2AWY2SULV) o (UPW Y2V 4 2(WY25U2V) o (WY 2UEV) +
2AWY2SULV) o (VUIW—Y2) 4 2(WY25U2V) o (VW Y/200)
= 2(U%S g2y - 1/2V) (Ub51/2W—1/2V)_|_
2W™ 1/4Ua51/2W 1/4V) o« (W _1/4U£51/2W_1/4V)—|—
2(V1/2U“51/2W 1/2V1/2) (Vl/szsl/zW_1/2V1/2)+
2(V1/2W 1/4Ua51/2W 1/4V1/2) (Vl/zW_1/4U£51/2W_1/4V1/2)—|—
2W™ 1/451/2Ua 1/4V)o( 1/451/2U£W_1/4V)—|—
2W™ 1/251/2Ua V)e (W _1/251/2U£V)—|—
2(V1/2W 1/451/2Ua _1/4V1/2)o(Vl/zW_1/451/2U£W_1/4V1/2)—|—
2(V1/2W 1/251/2UaV1/2) (V1/2W—1/251/2U£V1/2) (103)

This final expression (103) for ®,(A) e B is symmetric with respect to U2 and U? and hence is symmetric
with respect to A and B, i.e.,

$,(A) e B =3,(B)e A= Aed,(B).

So ®, is a symmetric operator. In addition, taking B = A in (103), we see that $,(A) e A is the sum of
squares of norms of matrices involving UZ. Hence, using this and the fact that U2 # 0 whenever A # 0, we
conclude that ®;(A) e A > 0 for all A # 0. Thus, ®, € {+- A similar argument shows that ®; € 77, .

We now prove that ®, and ®, commute. Let A € 8™ be arbitrary, and consider ®,(4) and ®,(4). We
have ®,(4) = V2V 4+ VV_?, where V2, UZ, and T are related by (79a), (79b), and (79c), and similarly,
P, (A) = VAV + VV?, where V2, U2, and T2 are related by (80a), (80b), and (80c) with B replaced by A.
Using the positive definiteness of V' and the assumption that (X, S) € Cq, it is easy to see that the equation
defining ®,(A4) and ®,(A) can be simplified to

Ve =wliues 4 sucwl/?, (104)
Ve =UXWY? f w¥2xUe, (105)
Ta — an1/2 4 Wl/zUa,

A=T°V 4+ VT

Define B = ®,(A) and C = &,(A4). We have &,(C) = VFV 4+ VVE, where V£, US, and TY satisfy (79a),
(79b), and (79c) with A replaced by C, and &,(B) = VPV +VV?, where V?, U?, and T? satisfy (80a), (80b),
and (80c). Using the definitions of B and C, the assumption that (X, S) € Co, and the positive definiteness

of V, we conclude that T = V,* and that Tb V2. Hence, ®,(C) and ®,(B) are fully specified by the sets
of equations

VE=USSW—Y2 y w-i25u¢, Ve =UXxW? L wiiXU?, (106)

VE=UW Y2 w2yg, Ve =UwY L w2yl (107)

We wish to show that ®,(®,(4)) = $,($:(A)) or equivalently that &,(C) = ®,(B). The definitions of
®,(C) and ®,(B) and the positive definiteness of V imply that ®,(C) = ®,(B) if and only if V¢ = V¥, and
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the positive definiteness of W1/2 in turn implies that V¢ = V} if and only if
W1/2Vmc 4 V;Wl/z — Wl/z‘/sb 4 ngWl/z- (108)
Thus, to show the commutativity of ®, and ®,, we prove (108) as follows:

W2ve 4 vew?2 = wilucsw—? L USS + SUS + WY 2suswi/?

= WY Uucw Y2 L w-2us)s + s(WUsw Y L wo2usywt/2
= WYUXWY?2 + W2XU®)s + S(UXWY2 + wi2xue)ywt/?
— (Wl/zUa5+ SU“Wl/z)XWl/z + W1/2X(W1/2U“S—|— SU“Wl/z)
= (UW? L Wiyt xwil? L wil2x (utwt/? 4 wii2y?)
= WUt XWY? 4+ vUP + UV + WYX UPW/?
— W1/2Vsb + Vis1/2,

where the first equality follows from the left-hand equation of (106), the third equality follows from the

left-hand equation of (107) and from (105), the fifth equality follows from (104) and from the right-hand
equation of (107), and the last equality follows from the right-hand equation of (106). [
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