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Abstract

This paper considers feasible long-step primal-dual path-following methods for semide�nite program-
ming based on Newton directions associated with central path equations of the form �(PXPT ; P�T SP�1)
� �I = 0, where the map � and the nonsingular matrix P satisfy several key properties. An iteration-
complexity bound for the long-step method is derived in terms of an upper bound on a certain scaled norm
of the second derivative of �. As a consequence of our general framework, we derive polynomial iteration-
complexity bounds for long-step algorithms based on the following four maps: �(X;S) = (XS+SX)=2,
�(X;S) = X1=2SX1=2, �(X;S) = LTx SLx, and �(X;S) = W 1=2XSW�1=2, where Lx is the lower
Cholesky factor of X and W is the unique symmetric matrix satisfying S = WXW .

Keywords: Semide�nite programming, interior-point methods, path-following methods, long-step
methods, Newton directions, central path.
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1 Introduction

Semide�nite programming (SDP) is a generalization of linear programming (LP) in which a linear function
of a symmetric matrix variable X is minimized over an a�ne subspace of real symmetric matrices subject
to the constraint that X be positive semide�nite. Semide�nite programming shares many features of linear
programming, including a large number of applications, a rich duality theory, and the ability to be solved
(more precisely, approximated) in polynomial time.

In the past several years, a major part of the research into SDP has focused on both the theoretical
and practical solution of SDP problems using extensions of interior-point methods for LP. Many authors
have proposed interior-point algorithms for solving SDP problems (see for example [1, 2, 4, 6, 7, 8, 9, 10,
11, 13, 14, 17, 18, 19, 20, 21, 22, 24, 25, 26]). Many of the recent works on interior-point algorithms for
SDP are concentrated on primal-dual methods. Feasible primal-dual path-following algorithms for SDP
simultaneously solve the primal and dual SDP problems by maintaining primal feasibility in X and dual
feasibility in (S; y) while iteratively solving the system XS = 0. The key idea is to follow the central path
by moving in the direction obtained by the application of Newton's method to the central path equation
XS = �I. Newton's method, however, results in an equation of the form

X�S +�XS = �I �XS; (1)

which in general yields nonsymmetric directions. Many authors have investigated alternate yet equivalent
equations of the central path for which Newton's method does yield symmetric directions (see for example
[2, 4, 7, 10, 11, 13, 14, 17, 20, 24]).
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This paper considers feasible long-step primal-dual path-following methods for SDP based on search
directions contained in the family of all symmetric Newton directions obtained from central path equations
of the form

�(PXPT ; P�TSP�1) � �I = 0; (2)

where � is a �xed map satisfying several key properties and P is an arbitrary nonsingular matrix. To
re
ect the role of �, we generalize the concepts of the duality gap of a primal-dual point and the distance
of a primal-dual point from the central path, and then prove that the sequence of iterates produced by the
long-step algorithm converges to the optimal primal-dual solution set of the underlying primal and dual SDP
problems. As a consequence of the convergence analysis, we express the iteration-complexity of the long-step
algorithm in terms of an upper bound on a certain scaled norm of the second derivative of �.

We demonstrate how the long-step framework applies to the following speci�c central-path maps:

�(X;S) = (XS + SX)=2; (3)

�(X;S) = X1=2SX1=2; (4)

�(X;S) = LTxSLx; (5)

�(X;S) = W 1=2XSW�1=2; (6)

where Lx is the lower Cholesky factor of X and W is the unique symmetric matrix satisfying S = WXW .
Polynomially convergent long-step algorithms for the �rst two maps have been given in Monteiro and Zhang
[17] and Monteiro and Tsuchiya [13], respectively, for which respective iteration-complexities of O(np�L)
and O(n3=2L) have been established, where � is a certain condition number determined by the sequence of
scaling matrices fP kg. To illustrate the usefulness and generality of our approach, we use our framework to
rederive the polynomial convergence of these two algorithms in a uni�ed way; more speci�cally, we obtain
the same iteration-complexity of O(np�L) for the �rst map and a slightly worse iteration-complexity of
O(n2L) for the second map. The third and fourth maps have been studied in [15], [16] and [23], yet no
polynomial convergence analysis of long-step algorithms based on these maps have been established. We
show that the third and fourth maps also �t nicely into our general framework and hence obtain for the
�rst time polynomially convergent feasible long-step algorithms for these maps, having respective iteration-
complexities of O(n2L) and O(n3L).

This paper is organized as follows. In Section 2, we introduce the SDP problem, its central path, and
the reformulation of the central path using the map �. We also state su�cient conditions for the Newton
direction of (2) to exist and de�ne the concepts of the duality gap and centrality measure, which are then
incorporated into a long-step algorithm. In Section 3, we develop the analysis of the long-step method and,
under certain assumptions, prove the convergence of the algorithm. Section 4 details how the four maps
given above �t into our framework and establishes the polynomiality of the long-step algorithm for each
map.

1.1 Notation and Terminology

The following notation is used throughout this paper. The superscript T denotes transpose. Let <m denote
the m-dimensional real Euclidean space and <m�n denote the space of m � n real matrices. Let Sn denote
the space of n � n real symmetric matrices, and Sn+ and Sn++ denote the subsets of Sn consisting of the
positive semide�nite and positive de�nite matrices, respectively. The symbols � and � denote, respectively,
the positive semide�nite and positive de�nite ordering over the set of symmetric matrices; that is, for
X;Y 2 Sn, X � Y (or Y � X) means X � Y 2 Sn+, and X � Y (or Y � X) means X � Y 2 Sn++. For
A 2 <n�n, let Tr (A) � Pn

i=1Aii denote the trace of A. For P;Q 2 <m�n, let P � Q � Tr PTQ denote
standard inner product in <m�n. For a matrix A 2 <n�n with all real eigenvalues, we denote its smallest
and largest eigenvalues by �min[A] and �max[A], respectively. The operator norm of a matrix P 2 <m�n
is kPk � [�max(P

TP )]1=2 and its Frobenius norm is kPkF � (P � P )1=2. The �1 seminorm of a matrix
A 2 Sn is kAk�1 � maxf0 ; �max[�A]g. For any matrixA 2 <n�n, we denote the symmetric matrixA+AT

by sim(A).
Let Ln denote the space of lower triangular matrices in <n�n, and Ln++ the subset of Ln consisting of

lower triangular matrices with positive diagonal elements. It is well known that for any matrix V 2 Sn++,
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there exist a unique L 2 Ln++ such that V = LLT (see Theorem 4.2.5 in [3]). The matrix L is called the
Cholesky factor of V and is denoted by chol (V ).

Let � : Sn ! Sn be a linear operator. Its conjugate is the unique linear operator �� : Sn ! Sn, such that
�(A)�B = A���(B) for all A;B 2 Sn. � is called symmetric if � = �� and positive de�nite if �(A)�A > 0
for allA 2 Sn. We let T n denote the set of all symmetric operators from Sn to Sn, and T n

++ denote the subset
of T n consisting of the positive de�nite operators. For � 2 T n, we de�ne k�k � maxfk�(A)kF : kAkF � 1g.
It can be shown that if � 2 T n

++ then k�k = maxfA � �(A) : kAkF � 1g. Any � 2 T n
++ has a square root

operator, which we denote by �1=2; hence �1=2(�1=2(A)) = �(A) for all A 2 Sn.

2 The Long-Step Algorithm for General Central Path Equations

In this section, we describe the SDP problem studied in this paper and its associated central path, and
we propose a general central path system (parametrized by a positive scalar) whose solution set yields
the central path. Using this general central path system and a scaling procedure, we then de�ne a scaled
Newton direction which is used to describe a primal-dual long-step path-following algorithm for solving the
SDP problem.

2.1 The SDP problem and central path

This subsection describes the SDP problem, its central path, and the general central path system. It also
contains some notation and terminology which we use throughout our presentation.

We consider the primal SDP problem

( eP ) min
n eC � eX : eAi � eX = ebi; i = 1; : : : ;m; eX � 0

o
and its dual SDP problem

( eD) max

(ebT ey : mX
i=1

eyi eAi + eS = eC; eS � 0

)
;

where eC 2 Sn, eAi 2 Sn; i = 1; : : : ;m, and eb = (eb1; : : : ;ebm)T 2 <m are the data and eX 2 Sn+ and

(eS; ey) 2 Sn+ � <m are the primal and dual variables, respectively. We denote the set of interior feasible

solutions of ( eP ) and ( eD) respectively by

F0( eP ) � n eX 2 Sn : eAi � eX = ebi; i = 1; : : : ;m; eX � 0
o
;

F0( eD) �
(
(eS; ey) 2 Sn � <m :

mX
i=1

eyi eAi + eS = eC; eS � 0

)
:

Furthermore, we denote F0( eP )� F0( eD) as eF0. We assume throughout that eF0 6= ; and that the matriceseA1; : : : ; eAm are linearly independent. Under the �rst assumption, it is well-known that both ( eP ) and ( eD)

have optimal solutions eX� and (eS�; ey�) such that eC � eX� = ebT ey�. This last condition, called strong duality,

can alternatively be expressed as eX� � eS� = 0 or eX� eS� = 0. Thus, the set of primal-dual optimal solutions
consists of all the solutions ( eX; eS; ey) 2 Sn+ � Sn+ � <m to the optimality system

eX eS = 0; (7a)Pm
i=1 eyi eAi + eS � eC = 0; (7b)eAi � eX � ebi = 0; i = 1; : : : ;m: (7c)

It is well-known that for every � > 0, the perturbed system formed from (7) by replacing (7a) with eX eS = �I

has a unique solution, denoted ( eX� ; eS� ; ey�), and that the limit lim�!0( eX� ; eS�; ey�) exists and is a solution of

(7). The set of all solutions f( eX�; eS� ; ey�) : � > 0g is known as the central path.
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The equation eX eS = �I provides the canonical formulation of the central path, and in this paper, we
consider alternative equations which lead to di�erent formulations of the central path. More precisely, we
consider equations of the form

�( eX; eS) = �I (8)

where � : D ! Sn is a map whose domain satis�es

(Sn++ � Sn++) [ f(X;S) 2 Sn+ � Sn+ : X � S = 0g � D � Sn+ � Sn+;
and the the following assumptions (in addition to others that will be presented later) hold:

Assumption 1 The map � : D ! Sn is continuous and twice-continuously di�erentiable on Sn++ � Sn++ .

Assumption 2 There exists a homeomorphism ' : <+ ! <+ such that the equivalence �( eX; eS) = �I if

and only if eX eS = '(�)I holds for all � � 0 and ( eX; eS) 2 D.
The need for considering maps � whose domains are not equal to the whole set Sn+ � Sn+ is illustrated

by the map (5) which is not well-de�ned in the boundary of Sn+ �Sn+. However, we can continuously extend
this map � to the set f(X;S) 2 Sn+ � Sn+ : X � S = 0g by de�ning it to be identically zero there, thereby
obtaining a map which satis�es the assumptions.

The reformulation (8) is necessary in light of the fact that the system given by the equations eX eS = �I,
(7b), and (7c) maps a point in Sn � Sn � <m into <n�n � Sn � <m, and hence a corresponding Newton
direction is not de�ned.

Polynomial convergence of feasible primal-dual long-step path-following algorithms for solving problems
( eP ) and ( eD) based on the maps (3) and (4) has been given in [17] and [13], respectively. In this paper, we
seek to unify these two earlier approaches by providing a long-step algorithm based on the formulation of the
central path given by equation (8), where �( eX; eS) is taken to be an arbitrary map satisfying Assumptions
1 and 2 and certain other assumptions, which we detail in the remainder of this section and in Section 3.

2.2 A family of scaled Newton directions

In this subsection, we derive a family of scaled Newton directions for the perturbed optimality system given
by (7b), (7c), and (8) and state su�cient conditions for the directions in this family to exist.

Given a �xed, nonsingular matrix eP 2 <n�n and a point ( eX; eS; ey) 2 Sn++ � Sn++ � <m, consider the
change of variables and data

X � eP eX eP T ; (S; y) � ( eP�T eS eP�1; ey) (9)

and

C � eP�T eC eP�1; (Ai; bi) � ( eP�T eAi
eP�1;ebi); i = 1; : : : ;m: (10)

This change allows us to recast problems ( eP ) and ( eD) as

(P ) minfC �X : Ai �X = bi; i = 1; : : : ;m; X � 0g ;

(D) max

(
bT y :

mX
i=1

yiAi + S = C; S � 0

)
:

We de�ne the sets F0(P ), F0(D), and F0 for problems (P ) and (D) in analogy with the corresponding sets

for problems ( eP ) and ( eD).
Given a parameter � > 0, the perturbed optimality system for problems (P ) and (D)

�(X;S) = �I; (11a)Pm
i=1 yiAi + S � C = 0; (11b)

Ai �X � bi = 0; i = 1; : : : ;m; (11c)
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gives rise to the pure Newton direction (�X;�S;�y) determined by the equations

�x(�X) + �s(�S) = H; (12a)
mX
i=1

�yiAi +�S = R; (12b)

Ai ��X = ri; i = 1; : : : ;m; (12c)

where the linear operators �x;�s : Sn ! Sn are de�ned as

�x(A) � �0(X;S)[A; 0]; 8 A 2 Sn;
�s(B) � �0(X;S)[0; B]; 8 B 2 Sn

and where

H = �I � �(X;S); (13a)

R = C �
mX
i=1

yiAi � S; (13b)

ri = bi �Ai �X; i = 1; : : : ;m: (13c)

A nonsingular matrix eP 2 <n�n and a parameter � > 0 determine a scaled Newton direction at a given
interior feasible point ( eX; eS; ey) 2 eF0 as follows. Using the change of variables and data given by (9) and
(10), we obtain an interior feasible point (X;S; y) 2 F0. We then compute the pure Newton direction
(�X;�S;�y) of system (12) with (H;R; r) given by (13). Notice that R = 0 and r = 0 since (X;S; y) is a
primal-dual feasible solution. Finally, we map (�X;�S;�y) back to the original space, obtaining

(� eX;�eS;�ey) = ( eP�1�X eP�T ; ePT�S eP;�y):
Hence, for �xed � > 0 we obtain a family of Newton directions at ( eX; eS; ey) 2 eF0 by varying the choice

of scaling matrix eP . Clearly, the scaled Newton direction is well-de�ned only when the scaling matrix eP is
such that the corresponding system (12) is nonsingular. Theorem 2.2 below gives su�cient conditions on
the scaled point (X;S; y) for system (12) to be nonsingular.

Let

C � f(X;S) 2 Sn++ � Sn++ : �x�
�
s 2 T n

++g:
It is easy to see that for any (X;S) 2 C, the operators �x and �s are invertible and that ��1s �x 2 T n

++.
Hence, for (X;S) 2 C, both operators (�x��s)

�1 and ��1s �x have square roots, which we denote as

G(X;S) �
�
��1s �x

�1=2
; R(X;S) � (�x�

�
s)
�1=2

: (14)

Lemma 2.1 Let (X;S) 2 C, G � G(X;S), and R � R(X;S). Let H 2 Sn be arbitrary, and suppose that
�x(U ) + �s(V ) = H with U � V � 0 for some U; V 2 Sn. Then

kR(H)k2F � kG(U )k2F + kG�1(V )k2F ; (15)

and equality holds if and only if U � V = 0.

Proof. Using that �x(U ) + �s(U ) = H, G 2 T n
++, R 2 T n

++, and U � V � 0, we obtain

kR(H)k2F = ��1x (H) ���1s (H) =
�
U + G�2(V )� � �G2(U ) + V

�
= U � G2(U ) + U � V + G�2(V ) � G2(U ) + G�2(V ) � V
= U � G2(U ) + 2U � V + G�2(V ) � V
� U � G2(U ) + G�2(V ) � V = kG(U )k2F + kG�1(V )k2F ;

with equality holding if and only if U � V = 0.
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Theorem 2.2 Let (X;S; y) 2 C � <m. Then, for any (H;R; r) 2 Sn � Sn � <m, system (12) has a unique
solution. In particular, the Newton direction of system (12) with (H;R; r) given by (13) exists at (X;S; y).

Proof. In terms of (�X;�S;�y), the left-hand side of system (12) is a linear map from Sn�Sn�<m into
itself. Hence, to establish the theorem it su�ces to show that (�X;�S;�y) = (0; 0; 0) is the only solution in
Sn � Sn �<m of system (12) with (H;R; r) = (0; 0; 0). Indeed, let (�X;�S;�y) be such a solution. Using
(12b) and (12c), we easily see that �X ��S = 0. Hence, applying Lemma 2.1 with U = �X, V = �S and
H = 0, we see that

0 = kR(H)k2F = ��1x (H) ���1s (H) = kG(�X)k2F + kG�1(�S)k2F ;
where R � R(X;S) and G � G(X;S). This relation together with the positive de�niteness of G implies that
�X = �S = 0. It now follows from (12b) with R = �S = 0 and the linear independence of A1; : : : ; Am

that �y = 0.

In light of Theorem 2.2, to obtain a Newton direction (� eX;�eS;�ey) at a point ( eX; eS; ey) 2 eF0, we can

simply choose as our scaling matrix a nonsingular eP 2 <n�n such that the scaled pair (X;S) given by (9) is
in C.

It is worth noting that the scaled Newton direction can also be obtained as the Newton direction for the
following system of equations in terms of the original variables ( eX; eS; ey):

�( eP eX ePT ; eP�TS eP�1) = �I;Pm
i=1 eyi eAi + eS � eC = 0;eAi � eX � ebi = 0; i = 1; : : : ;m:

2.3 A centrality measure

In this subsection, we use the seminorm k � k�1 to de�ne a measure of centrality of a point ( eX; eS; ey) 2
Sn++ �Sn++ �<m and then use it to de�ne a neighborhood of the central path associated with ( eP ) and ( eD)
which will play an important role in the design and analysis of the long-step algorithm.

For any ( eX; eS) 2 D, the quantity
�( eX; eS) � �( eX; eS) � I

n

is referred to as the duality gap at ( eX; eS) (with respect to the map �). Furthermore, given ( eX; eS); (X;S) 2
Sn+ � Sn+, we write ( eX; eS) � (X;S) if there exists a nonsingular n� n matrix eP such that X = eP eX ePT and

S = eP�T eS eP�1.
We make two additional assumptions relating the map � : D ! Sn with its associated duality gap map

�.

Assumption 3 �( eX; eS) = �(X;S) for all ( eX; eS), (X;S) 2 D such that ( eX; eS) � (X;S).

Assumption 4 If �( eX; eS) = 0 for a point ( eX; eS) 2 D, then �( eX; eS) = 0.

Given a point ( eX; eS; ey) 2 Sn++ �Sn++ �<m, we de�ne the distance measure of ( eX; eS; ey) from the central

path associated with problems ( eP ) and ( eD) as the quantity

d�1( eX; eS) � inf
n
k�(X;S) � �(X;S)Ik�1 : (X;S) � ( eX; eS)o : (16)

Moreover, given 
 2 (0; 1), we de�ne

N�1(
) � f( eX; eS) 2 Sn++ � Sn++ : d�1( eX; eS) � 
�( eX; eS)g; (17)eF0
�1(
) � f( eX; eS; ey) 2 eF0 : ( eX; eS) 2 N�1(
)g;
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and, for a �xed nonsingular eP 2 <n�n,
F0
�1(
) � f(X;S; y) 2 F0 : (X;S) 2 N�1(
)g:

It is easy to see that d�1( eX; eS) = d�1(X;S) for all pairs ( eX; eS); (X;S) such that ( eX; eS) � (X;S) and

that d�1( eX; eS) equals zero if ( eX; eS; ey) is a point on the central path. Furthermore, for a �xed nonsingulareP 2 <n�n, if (X;S; y) is given by (9), then

( eX; eS; ey) 2 eF0
�1(
)() (X;S; y) 2 F0

�1(
) (18)

due to Assumption 3 and the fact that d�1( eX; eS) = d�1(X;S).

2.4 The long-step path-following algorithm

In this subsection, we state the generic feasible primal-dual long-step path-following algorithm based on the
scaled Newton direction de�ned in Subsection 2.2.

The full speci�cation of the long-step algorithm requires the choice of a constant L > 1 which is used in
the algorithm's stopping criterion, a neighborhood-opening constant 
 2 (0; 1), and a centrality parameter
� 2 (0; 1). Furthermore, it requires the speci�cation of a nonempty subset C0 of C satisfying Assumptions 5
to 9 stated below.

Given ( eX; eS) 2 Sn++ � Sn++ , de�ne
P0( eX; eS) � f eP 2 <n�n : eP is nonsingular and ( eP eX ePT ; eP�T eS ePT ) 2 C0g: (19)

The �rst two assumptions on the set C0 are as follows.

Assumption 5 C0 � C and P0( eX; eS) 6= ; for all ( eX; eS) 2 Sn++ � Sn++.
Assumption 6 d�1(X;S) = k�(X;S) � �(X;S)Ik�1 for every (X;S) 2 C0.

From a practical viewpoint, the choice of C0 is made so that the scaling matrix eP and the scaled iterates
X � eP eX ePT and S � eP�T eS eP T have some desirable properties. As an example, we will see in Section 4 that
the choice C0 = f(X;S) 2 C : XS = SXg is suitable for establishing polynomial convergence of the long-step
algorithm for two speci�c instances of the map �.

For � 2 < and (X;S) 2 Sn++ � Sn++, de�ne
H�(X;S) � ��(X;S)I � �(X;S): (20)

Moreover, given (X;S; y) 2 C � <m and � > 0, let

(X�; S�; y�) � (X;S; y) + �(�X;�S;�y); (21)

where (�X;�S;�y) is the Newton direction for system (12) with (H;R; r) given by (13). We are now ready
to state the long-step algorithm studied in this paper.

Long-Step Algorithm:

Let L > 1, 
 2 (0; 1), � 2 (0; 1), and ( eX0; eS0; ey0) 2 eF0
�1(
) be given. Set �0 = �( eX0; eS0)

and k = 0. Let C0 be a nonempty subset of C satisfying Assumption 5.
Repeat until �k � 2�L�0 do

1. Let ( eX; eS; ey) = ( eXk; eSk; eyk).
2. Choose eP 2 P0( eX; eS), and let (X;S; y) be given by (9).
3. Compute the solution (�X;�S;�y) of system (12) with C, b, and Ai,

for i = 1; : : : ;m, given by (10) and (H;R; r) = (H�(X;S); 0; 0).
4. Let b� � 0 be the largest scalar such that (X�; S�; y�) 2 F0

�1(
) for all � 2 [0; b�].
Choose a stepsize �k > 0 such that �(X�k ; S�k) � �(X�; S�) for all � 2 [0; b�].

5. Set ( eXk+1; eSk+1; eyk+1) = ( eP�1X�k
eP�T ; ePTS�k

eP; y�k) and �k+1 = �( eXk+1; eSk+1).
6. Increment k by 1.

End
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Notice that (17) implies that each iterate ( eXk; eSk; eyk) generated by the long-step algorithmhas a nonnegative

duality gap, i.e., �( eXk; eSk) � 0 for all k � 0. Hence, the long-step algorithm clearly produces a sequence

of primal-dual feasible interior points for ( eP ) and ( eD) such that the corresponding sequence of duality gaps
converges to some nonnegative value. In Section 3, we prove that the sequence of duality gaps does in fact
converge to zero under Assumptions 1, 2, 3, 5, and 6 presented in this section as well as Assumptions 7
through 9 which we introduce in Section 3. Note that Assumption 4 is not needed to prove the convergence
of the duality gaps to zero. Assumption 4, however, together with Assumptions 1 and 2, is needed to ensure
that any limit point of the sequence of iterates produced by the long-step algorithm is a primal-dual optimal
solution.

3 Analysis of the long-step method

In this section, we state further assumptions on the map � and the set C0 introduced in Subsection 2.4 and
develop the convergence analysis of the long-step algorithm given in Subsection 2.4.

Before stating the additional assumptions on the set C0 which appears in the Long-Step Algorithm, we
need to introduce some de�nitions. Given a bilinear map B :W �W ! V , where W and V are two normed
vector spaces with norms k � kw and k � kv, respectively, its norm is de�ned as

kBk = kBkw;v � maxf kB[u; u0]kv : kukw � 1; ku0kw � 1 g: (22)

It can be shown that kBk = maxfkB[u; u]kv : kukw � 1g (see Proposition 9.1.1 in Appendix 1 of [18]). For
simplicity, we write B[u](2) = B[u; u]. Of particular interest to us is the bilinear map B = �00(X;S) for
which W = Sn � Sn and V = Sn. Given an invertible operator V : Sn ! Sn, a norm for �00(X;S) can be
de�ned as

k�00(X;S)kV � max
n
k�00(X;S)[A;B](2)kF : kV(A)k2F + kV�1(B)k2F � 1

o
= max

n
k�00(X;S)[V�1( eA);V( eB)](2)kF : k eAk2F + k eBk2F � 1

o
: (23)

Observe that this norm is the one obtained from (22) by letting k � kv be the Frobenious norm on V = Sn
and k � kw be the norm on W = Sn � Sn de�ned by k(A;B)kw � �kV(A)k2F + kV�1(B)k2F

�1=2
for all

(A;B) 2 Sn � Sn. Clearly, for every (A;B) 2 Sn � Sn, we have
k�00(X;S)[A;B](2)kF � k�00(X;S)kV

�kV(A)k2F + kV�1(B)k2F
�
: (24)

A primal-dual ellipsoid centered at (X;S) 2 C with radius � > 0 can be de�ned as

E�(X;S) �
n
( bX; bS) 2 Sn � Sn : kG( bX �X)k2F + kG�1(bS � S)k2F < �2 kR(�)k2F

o
; (25)

where G � G(X;S), R � R(X;S), and � � �(X;S). Also, for (X;S) 2 C, let

�(X;S) � � kR(I)kF
kR(�)kF ; (26)

�(X;S) � supf� > 0 : E�(X;S) � Sn++ � Sn++g; (27)


�(X;S) � supfk�00( bX; bS)kG : ( bX; bS) 2 E�(X;S)g; (28)

for all 0 < � � �(X;S), where � � �(X;S). Finally, given 
 2 (0; 1), de�ne

�(
) � sup f�(X;S) : (X;S) 2 C0 \N�1(
) g ; (29)

�(
) � inf f�(X;S) : (X;S) 2 C0 \N�1(
) g (30)


�(
) � sup

�
1

�

�(X;S)kR(�)k2F : (X;S) 2 C0 \N�1(
)

�
; (31)

for all 0 < � � �(
). Note that, by Assumption 2, �(X;S) 6= 0 for every (X;S) 2 Sn++ � Sn++ � C. As a
result, �(X;S) is well-de�ned for all (X;S) 2 C.

With these de�nitions, we make the following assumptions:
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Assumption 7 For every 
 2 (0; 1), �(
) is �nite.

Assumption 8 For every 
 2 (0; 1), �(
) is positive.

Assumption 9 For every 
 2 (0; 1), there exists � 2 (0;�(
)] such that 
�(
) is �nite.

In what follows we establish an iteration-complexity bound for Long-Step Algorithm which depends on
the quantities (26), (27) and (28) (see Theorem 3.3 below).

Lemma 3.1 Let � 2 (0; 1) and (X;S; y) 2 C � <m be given. Suppose � 2 [0; 1] satis�es

� <
�

1 + ��
; (32)

where � � �(X;S) and � � �(X;S). Then, (X�; S�) 2 E�(X;S) � Sn++ � Sn++, the quantity

T� = T�(X;S) �
Z 1

0

(1� t)�00(Xt�; St�)[�X;�S]
(2) dt (33)

is well-de�ned, and

�(X�; S�) � (1� �+ ��)�+ �2kT�kF : (34)

where � � �(X;S). If, in addition, (X;S; y) 2 (C0 � <m) \ F0
�1(
) for some 
 2 (0; 1) and � satis�es

�kT�kF � 
��

1 + 

; (35)

then (X�; S�; y�) 2 F0
�1(
).

Proof. By (26), (20) and the triangle inequality for norms, we have

kR(H�)kF = kR(��I ��)kF � ��kR(I)kF + kR(�)kF � (�� + 1) kR(�)kF ; (36)

where H� � H�(X;S). Using (21), (12), Lemma 2.1 with (U; V ) = (�X;�S), (32) and (36), we obtain

kG(X� �X)k2F + kG�1(S� � S)k2F = �2
�kG(�X)k2F + kG�1(�S)k2F

�
= �2 kR(H�)k2F <

�2kR(H�)k2F
(1 + ��)2

= �2 kR(�)k2F :

Hence, (X�; S�) 2 E�(X;S) � Sn++ � Sn++ where the inclusion follows immediately from (25) and (27).
This together with Assumption 1 clearly implies that T� is well-de�ned. Moreover, using the Taylor integral
formula and (12a), we obtain

�(X�; S�) = � + ��0(X;S)[�X;�S] + �2T� = �+ � (�x(�X) + �s(�S)) + �2T�

= � + � (��I ��) + �2T� = (1� �)� + ���I + �2T�:

Using this expression and the fact that �(X�; S�) � �(X�; S�) � I=n, we obtain

�(X�; S�) = (1� �)

�
� � I
n

�
+ ���

�
I � I
n

�
+ �2

�
T� � I
n

�
(37)

� (1� �)� + ���+ �2kT�kF ;

and hence (34) follows. Now suppose in addition that (X;S; y) 2 (C0 � <m) \ F0
�1(
) and � satis�es

(35). Using (12b), (12c), the fact that (X;S; y) 2 F0 and the �rst part of the lemma, we easily see that
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(X�; S�; y�) 2 F0. Using (16), the two last relations, some standard norm properties, Assumption 6, and
the assumption that (X;S) 2 C0 \N�1(
), we deduce that

d�1(X�;S�) � k�(X�; S�)� �(X�; S�)Ik�1 =





(1� �) (�� �I) + �2
�
T� � T� � I

n
I

�




�1

� (1� �) k�� �Ik�1 + �2




T� � T� � I

n
I






�1

� (1 � �) k�� �Ik�1 + �2 kT�kF
= (1� �) d�1(X;S) + �2 kT�kF � (1� �)
� + �2kT�kF :

Using the expression for �(X�; S�) in (37) to substitute for (1� �)� in the previous inequality, we obtain

k�(X�; S�) � �(X�; S�)Ik�1 � 
 �(X�; S�) � �
�� � �2


�
T� � I
n

�
+ �2kT�kF

� 
 �(X�; S�)� �
�� + �2(1 + 
)kT�kF � 
�(X�; S�);

where the last inequality follows from (35). We have thus shown that (X�; S�; y�) 2 F0
�1(
).

Lemma 3.2 Let 
; � 2 (0; 1), (X;S; y) 2 (C0 � <m) \ F0
�1(
) be given. Then, for all � 2 (0;�(
)] and

� 2 [0; ��(�)], where

��(�) � min

�
1;

�

2 (1 + ��(
))
;

2
�q

(1 + 
)
�(
)(1 + ��(
))2

�
(38)

and

q � min

�
1;
(1� �)(1 + 
)

2
�

�
; (39)

there hold:

(a) (X�; S�; y�) 2 F0
�1(
);

(b) �(X�; S�) � (1� �
2 (1� �))�(X;S).

Proof. By (38), (30), (29) and the assumption on � and �, we have

� � ��(�) < �=(1 + ��(
)) � �(
)=(1 + ��(
)) � �=(1 + ��);

where � � �(X;S) and � � �(X;S). Hence, by Lemma 3.1, it su�ces to establish (35) in order to show
that (X�; S�; y�) 2 F0

�1(
). Letting � � �(X;S), � � �(X;S), G � G(X;S), and H� � H�(X;S), it follows
from (33), (24), Lemma 2.1 with (U; V ) = (�X;�S), (36), (31), (29), (38), and (39) that

�kT�kF = �





Z 1

0

(1� t)�00(Xt�; St�)[�X;�S]
(2)dt






F

� �

Z 1

0

(1� t)



�00(Xt�; St�)[�X;�S]

(2)




F
dt

� �

2
sup
t2[0;1]

n


�00(Xt�; St�)[�X;�S]
(2)




F

o
� �

2
sup
t2[0;1]

�k�00(Xt�; St�)kG
	 �kG(�X)k2F + kG�1(�S)k2F

�
=
�

2

�(X;S) kR(H�)k2F �

�

2

�(X;S) kR(�)k2F (1 + ��)2

� ��(�)

2
�
�(
) (1 + ��(
))2 � 
�q�

1 + 

� 
��

1 + 

:
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Hence, (X�; S�; y�) 2 F0
�1(
), and (a) follows. To prove (b), note that the previous inequality and relations

(34) and (39) imply that

�(X�; S�) � (1� �+ ��)�+ �2kT�kF � (1� �+ ��)�+

�q�

1 + 

�

� (1� �+ ��)�+
(1� �)�

2
� =

�
1� 1� �

2
�

�
�:

Theorem 3.3 (Iteration Complexity of the Long-Step Algorithm) Let constants 
; � 2 (0; 1) be
given and de�ne


(
) � inf
0<���(
)

maxf
�(
) ; 4 ��1g: (40)

Then the sequence of iterates f( eXk; eSk; eyk)gk�0 � eF0
�1(
) generated by the long-step algorithm satis�es

�( eXk; eSk) � [1� �(1 � �)]k�( eX0; eS0) for all k � 0, where

� � 1

2
min

�
1;


�q

(1 + 
)
(
)(1 + ��(
))2

�
: (41)

Moreover, if the quantity maxf
�1; ��1; (1 � �)�1;�(
)g is independent of n, then the method terminates
in at most O(
(
)L) iterations.
Proof. First note that 
(
) is �nite due to Assumption 9. By (40), there exists �� 2 (0;�(
)] such that

maxf
��(
) ; 4 ��
�1g � 2
(
): (42)

It follows from the de�nition of �k in step 4 of the Long-Step Algorithm, Lemma 3.2(b) and the scale
invariance of the duality gap that

�( eXk+1; eSk+1) � �1� 1� �

2
��(��)

�
�( eXk ; eSk): (43)

Now, by (38), (42) and (41), we have

��(��) = min

�
1;

��

2 (1 + ��(
))
;

2
�q

(1 + 
)
��(
)(1 + ��(
))2

�
� min

�
1;

1


(
)(1 + ��(
))
;


�q

(1 + 
)
(
)(1 + ��(
))2

�
;

= min

�
1;


�q

(1 + 
)
(
)(1 + ��(
))2

�
= 2�;

which together with (43) yields the �rst statement of the theorem. The second statement is a straightforward
consequence of the �rst one.

4 Examples

In this section we give four examples of pairs (�; C0) for which it is possible to establish polynomial iteration-
complexity bounds for the long-step algorithm based on (�; C0). The maps for the �rst two pairs are the
XS+SX map and the X1=2SX1=2 map. Long-step algorithms based on these two maps have been extensively
studied in Monteiro and Zhang [17] and Monteiro and Tsuchiya [13], respectively. We study them again
here using our general framework of Sections 2 and 3 to illustrate the usefulness and generality of our
approach. Long-step algorithms based on the other two maps, namely the LTx SLx map and the V 2 map,
where Lx � chol (X) and V � W 1=2XW 1=2 = W�1=2SW�1=2 with W being the unique symmetric matrix
such that S = WXW , are studied here for the �rst time. The two last maps have been introduced in [15],
[16] and [23] and were studied there from di�erent points of view.

We now state a technical lemma which will be used in the upcoming subsections.
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Lemma 4.1 Let (X;S) 2 C, G � G(X;S), and R � R(X;S). Then, for all A 2 Sn,

kG(A)k2F �
k(��s)�1(A)k2F

kR2k ; kG�1(A)k2F �
k(��x)�1(A)k2F

kR2k ; kG�1(A)k2F �
k�s(A)k2F
kR�2k :

Proof. Let A 2 Sn and de�ne eA � (��s)
�1(A). The �rst inequality of the lemma is proved using (14) as

follows:

kG(A)k2F = G2(A) �A = (��1s �x)(A) �A = �x(A) � (��s)�1(A) = (�x�
�
s)(
eA) � eA

= R�2( eA) � eA � k eAk2F =kR2k = k(��s)�1(A)k2F =kR2k:
Similar arguments prove the second and third inequalities.

4.1 The XS + SX Map

In this subsection, we consider the map �(X;S) = (XS + SX)=2 and show that � satis�es Assumptions 1
through 4 and that C0 can be chosen so that Assumptions 5 through 9 are satis�ed. As a result, we obtain an
iteration-complexity for the long-step algorithm based on this map which duplicates the complexity found
by Monteiro and Zhang in [17].

It is well-known that the map� satis�es Assumptions 1 through 4. Moreover, for any (X;S) 2 Sn++�Sn++,
�x(A) = (SA+ AS)=2; �s(B) = (XB + BX)=2; (44)

�00(X;S)[A;B](2) = AB +BA (45)

for all A;B 2 Sn.
We now state our choice for the set C0. Let � � 1 be any constant, and de�ne

C0 = C0(�) � f(X;S) 2 Sn++ � Sn++ : XS 2 Sn and cond [X�1S] � �g: (46)

Note that the condition that XS 2 Sn is equivalent to say that X and S commute. The proof of the following
result is easy and can be found in section 4.3 of [12].

Lemma 4.2 For any U 2 Sn++, let �U : Sn ! Sn be the linear operator given by �U(A) � (UA + AU )=2.
Then:

(a) �U 2 T n
++ for all U 2 Sn++.

(b) If U; V 2 Sn++ are such that UV = V U , then �U�V = �V �U .

Proposition 4.3 For every (X;S) 2 C0, the operators �x and �s are in T n
++ and commute. Moreover, the

set C0 given by (46) satis�es Assumption 5.

Proof. Since by (44) �x = �S and �s = �X for every (X;S) 2 Sn++ � Sn++, Lemma 4.2 clearly implies
the �rst statement of the proposition and hence that C0 is a subset of C. Let (X;S) 2 Sn++ � Sn++ be given

and de�ne eP � (eS1=2(eS1=2 eX eS1=2)�1=2 eS1=2)1=2. One can easily see that (X;S) given by (9) satis�es X = S.

Hence (X;S) 2 C0 and eP 2 P0( eX; eS) 6= ;.
The following result shows that the pair (�; C0) satis�es Assumption 6.

Proposition 4.4 For every (X;S) 2 C0, we have d�1(X;S) = k� � �Ik�1, where � � �(X;S) and
� � �(X;S).

Proof. Since (X;S) 2 C0, we have � = XS. Let ( eX; eS) 2 Sn++ �Sn++ be such that (X;S) � ( eX; eS), and lete� � �( eX; eS). Observing that � = XS = eP eX eS eP�1 for some nonsingular eP , we have
�min[�] = �min[XS] = �min[ eX eS] � 1

2
�min[ eX eS + eS eX] = �min[�( eX; eS)];
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where the inequality follows from the fact that the real part of the spectrum of a real matrix is contained
between the largest and the smallest eigenvalues of its Hermitian part (see p. 187 of [5], for example). It
follows from this relation, the de�nition of k � k�1, and the fact that � = e�, due to Assumption 3, that

k�� �Ik�1 = maxf0; �� �min[�]g � maxf0; �� �min[�( eX; eS)]g = k�( eX; eS) � e�Ik�1:
Hence, by (16), we have d�1(X;S) = k�� �Ik�1.

Lemma 4.5 Let (X;S) 2 C, � � �(X;S) and � � �(X;S). Then

kR(�)k2F = X � S = n�; kR(I)k2F = X�1 � S�1: (47)

Proof. The proof is an immediate veri�cation.

The following result shows that the pair (�; C0) satis�es Assumption 7 and also establishes a valuable
inequality which we will use later in this subsection.

Proposition 4.6 Let (X;S) 2 C0 \N�1(
), and de�ne � � �(X;S). Then

k�(X;S)�1k � 1

(1� 
)�
; �(X;S)2 � 1

1� 

:

In particular, �(
)2 � 1=(1� 
).

Proof. De�ne � � �(X;S) and � � �(X;S). Using Assumption 6 (which has been veri�ed in Proposition
4.3), the de�nition of the seminorm k � k�1, and the assumption that (X;S) 2 C0 \ N�1(
), it is easy to
see that �min[�] � (1� 
)�. The �rst inequality of the lemma is proved by combining this inequality with
the fact that �min[�] = 1=k��1k.

We can rewrite the �rst equality of the lemma as �max[X
�1S�1] � 1=((1 � 
)�), which implies that

X�1 � S�1 � n=((1 � 
)�) since X�1 � S�1 is the sum of the eigenvalues of X�1S�1. This together with
Lemma 4.5 implies that

�2 = �2
� kR(I)k2F
kR(�)k2F

�
= �2

�
X�1 � S�1

n�

�
� �2

�
1

(1� 
)�2

�
=

1

1� 

:

The last statement of the proposition follows from (29).

The following result shows that the pair (�; C0) satis�es Assumption 8.

Proposition 4.7 Let 
 2 (0; 1), and de�ne

�� = ��(
) � 1

2

�
1� 


n

�1=2

: (48)

Then E��(X;S) � Sn++ � Sn++ for all (X;S) 2 C0 \N�1(
). In particular, �(
) � ��.

Proof. It su�ces to show that any ( bX; bS) 2 E��(X;S) satis�es
kX�1=2( bX �X)X�1=2k < 1 and kS�1=2(bS � S)S�1=2k < 1: (49)

Let � � �(X;S), � � �(X;S), G � G(X;S), and U � ��1s ( bX �X). Hence, by (44) we have (XU +UX)=2 =bX �X, which together with the triangle inequality for norms implies that

kX�1=2UX1=2kF � kX�1=2( bX �X)X�1=2kF : (50)
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Using (14), (44), (48), (50), Proposition 4.3, Lemma 4.5, Proposition 4.6, the assumption that ( bX; bS) 2
E��(X;S) and (X;S) 2 C0 \N�1(
), we obtain

1

4
(1� 
)� = (��)2n� = (��)2kR(�)k2F � kG( bX �X)k2F + kG�1(bS � S)k2F

� kG( bX �X)k2F = �x( bX �X) � (��s)�1( bX �X)

= �x( bX �X) ���1s ( bX �X) =
1

2

�
S( bX �X) + ( bX �X)S

�
� U

= Tr [S( bX �X)U ] =
1

2
Tr [S(XU + UX)U ]

=
1

2
Tr [SXU2 + SUXU ] =

1

2

�
kS1=2X1=2Uk2F + kS1=2UX1=2k2F

�
� 1

2
kS1=2UX1=2k2F =

1

2
kS1=2X1=2X�1=2UX1=2k2F

� kX�1=2UX1=2k2F
2kX�1S�1k � 1

2
(1� 
)�kX�1=2( bX �X)X�1=2k2F ;

which clearly yields the �rst inequality in (49). The second inequality in (49) can be established in a similar
way.

We refer the reader to lemma 2.1 of [13] for a proof of the following technical result.

Lemma 4.8 For every A 2 Sn++ and H 2 Sn, the equation AU + UA = H has a unique solution U 2 Sn.
Moreover, this solution satis�es kAUkF � kHkF=

p
2.

The following proposition shows that the pair (�; C0) satis�es Assumption 9.

Proposition 4.9 For any 
 2 (0; 1) and � 2 (0;�(
)], the following statements hold:

(a) 
�(X;S) �
p
2� for any (X;S) 2 C0 = C0(�);

(b) 
�(
) � n
p
2�.

Proof. To prove (a), �x (X;S) 2 C0 and � 2 (0;�(
)], and de�ne G � G(X;S). Also, let ( bX; bS) 2 E�(X;S) and
matrices A;B 2 Sn such that kAk2F + kBk2F � 1 be arbitrarily given and de�ne U � ��1x (A) = (��x)

�1(A).
Then, by (44), U 2 Sn satis�es SU + US = 2A. Using (14), (44) and Lemma 4.8, we obtain

kG�1(A)k2F = A � G�2(A) = (��x)
�1(A) ��s(A) = 1

2
U � (XA + AX) = Tr [UXA]

= Tr [USS�1XA] � kS�1XkkAkFkUSkF �
p
2 kS�1Xk kAk2F :

Similarly, we can show that kG(B)k2F �
p
2 kX�1Sk kBk2F . Using these two inequalities together with (45)

and the inequality kAk2F + kBk2F � 1, we obtain

k�00( bX; bS)[G�1(A);G(B)](2)kF = kG�1(A)G(B) + G(B)G�1(A)kF � 2kG�1(A)kF kG(B)kF
� 2

p
2
�
cond [X�1S]

�1=2 kAkFkBkF � p2 �cond [X�1S]
�1=2 �kAk2F + kBk2F

�
�
p
2
�
cond [X�1S]

�1=2 � p2�;
where the last inequality follows from (46) and the fact that (X;S) 2 C0. Hence, we conclude from (23)

that k�00( bX; bS)kG � p2�. Since this upper bound does not depend on the choice of ( bX; bS) 2 E�(X;S), (28)
implies that 
�(X;S) �

p
2�.

Statement (b) follows immediately from (a), Lemma 4.5 and (31).

The main iteration-complexity result for the long-step algorithm based on the AHO map (3) and the set
(46) can now be derived as a consequence of Theorem 3.3 and the results of this subsection.
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Theorem 4.10 The long-step algorithm based on the map �(X;S) = (XS + SX)=2 and the set C0 = C0(�)
of (46) terminates in at most O(np�L) iterations.
Proof. We have already seen that � and C0 satisfy Assumptions 1 through 9. Let �� be as in Proposition
4.7. By (40) and Propositions 4.7 and 4.9, we have


(
) � maxf
��(
); 4(��)�1g � max

(
n
p
2�; 8

�
2n

1� 


�1=2
)
:

The conclusion of the theorem now follows from Theorem 3.3.

4.2 The X1=2SX1=2 Map

In this subsection, we consider the map �(X;S) = X1=2SX1=2 and show that � satis�es Assumptions 1
through 4 and that C0 can be chosen so that Assumptions 5 through 9 are satis�ed. As a consequence,
we derive a polynomial iteration-complexity for the long-step algorithm based on this map which is slightly
worse than the complexity obtained in Monteiro and Tsuchiya [13]. It is worth noting, however, that their
analysis was based on a third-order Taylor expansion, while ours is based on a second-order expansion.

The map � clearly satis�es Assumptions 1 through 4. For every (X;S) 2 Sn++ � Sn++ and A;B 2 Sn,
�x(A) = U 0SX1=2 +X1=2SU 0; �s(B) = X1=2BX1=2; (51)

�00(X;S)[A;B](2) = U 00SX1=2 +X1=2SU 00 + 2U 0BX1=2 + 2X1=2BU 0 + 2U 0SU 0; (52)

where U 0; U 00 2 Sn are the unique solutions of the Lyapunov equations

U 0X1=2 +X1=2U 0 = A; (53)

X1=2U 00 + U 00X1=2 = �2(U 0)2; (54)

respectively.
A good choice for the C0 that �ts well with the map (4) is

C0 � f(X;S) 2 Sn++ � Sn++ : XS 2 Sng: (55)

It is worth mentioning that Monteiro and Tsuchiya [13] allows the choice of scaling matrices eP so that the
corresponding scaled iterates X and S satisfy X1=2S + SX1=2 � 0. Even though our choice of C0 leads to
a smaller class of scaling matrices than the one considered in [13], the analysis of this reduced class is easier
to carry out.

The proofs of the following three results are straightforward and hence are omitted.

Lemma 4.11 Let (X;S) 2 Sn++ � Sn++. Then �s 2 T n
++ and ��1s (B) = X�1=2BX�1=2 for all B 2 Sn. If,

in addition, (X;S) 2 C0, then �x 2 T n
++, �x�s = �s�x, and ��1x (A) = V X1=2 +X1=2V , for all A 2 Sn,

where V 2 Sn is the unique solution of the Lyapunov equation V SX1=2 +X1=2SV = A.

Proposition 4.12 The set C0 given by (55) satis�es Assumptions 5 and 6.

Lemma 4.13 Let (X;S) 2 C0, � � �(X;S), R � R(X;S) and � � �(X;S). Then

kR(�)k2F = X � S = n�; kR(I)k2F = X�1 � S�1: (56)

The following lemma veri�es Assumption 7 and also establishes two important inequalities which we will
use throughout the remainder of this subsection.

Proposition 4.14 Let (X;S) 2 C0 \N�1(
) be given and � denote the map (4). Then,

k�(X;S)k � n�; k�(X;S)�1k � 1

(1� 
)�
; �(X;S)2 � 1

1� 

;

where � � �(X;S). In particular, �(
)2 � 1=(1� 
).
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Proof. The �rst inequality of the lemma is a direct consequence of the facts that k�(X;S)k = �max[�(X;S)]
and that n� is the sum of the eigenvalues of �(X;S). The proof of the second and third inequalities and the
�nal statement of the proposition are similar to the proof of Proposition 4.6.

Lemma 4.15 Let 
 2 (0; 1) and (X;S) 2 C0 \N�1(
) be given and de�ne � � �(X;S) and R � R(X;S).
Then

kR2k �
p
2

(1� 
)�
; kR�2k �

p
2n�: (57)

Proof. By standard properties of the norm k � k in T n (see Subsection 1.1), relation (14) and Lemma 4.11,
we have

kR2k = max
A2Sn;kAkF�1

R2(A) �A = max
A2Sn;kAkF�1

= ��1x (A) ���1s (A); (58)

kR�2k = max
A2Sn;kAkF�1

R�2(A) �A = max
A2Sn;kAkF�1

= �x(A) ��s(A): (59)

Now let A 2 Sn such that kAkF � 1 be given and let V 2 Sn be the unique solution of the Lyapunov system
V SX1=2 +X1=2SV = A. By Lemma 4.11, we have ��1x (A) = V X1=2 +X1=2V , and hence

��1x (A) ���1s (A) = Tr [(X1=2V + V X1=2)X�1=2AX�1=2] = 2Tr [V X�1=2A]

� 2kV X�1=2kFkAkF = 2kV SX1=2X�1=2S�1X�1=2kFkAkF
� 2kX�1=2S�1X�1=2k kV SX1=2kF kAkF

�
p
2 kAk2F

(1� 
)�
�

p
2

(1� 
)�
;

where the second inequality follows from Lemma 4.8 and Proposition 4.14. Similarly, letting U 0 be as in (53)
with A replaced by ��s(A) = X1=2AX1=2 so that (�x�

�
s)(A) = U 0SX1=2 +X1=2SU 0 and using Lemma 4.8

and Proposition 4.14, we obtain

R�2(A) �A = (�x�
�
s)(A) �A � k(�x��s)(A)kF kAkF � 2 kU 0SX1=2k kAkF

� 2 kX1=2SX1=2k kU 0X�1=2kF kAkF �
p
2n�kAk2F �

p
2n�:

Using the two inequalities together with (58) and (59), we obtain (57).

The following result shows that the pair (�; C0) satis�es Assumption 8.

Proposition 4.16 Let 
 2 (0; 1), and de�ne

�� = ��(
) � 1

2
p
2

�
1� 


n

�1=2

: (60)

Then, for all (X;S) 2 C0 \N�1(
) and ( bX; bS) 2 E��(X;S), we have

kX�1=2( bX �X)X�1=2k � 1

2
; kS�1=2(bS � S)S�1=2k � 1

2
: (61)

Hence, E��(X;S) � Sn++ � Sn++ for all (X;S) 2 C0 \N�1(
). In particular, �(
) � ��.

Proof. Let (X;S) 2 C0 \ N�1(
) and ( bX; bS) 2 E��(X;S) be given. Let � � �(X;S), � � �(X;S),
G � G(X;S), and R � R(X;S). Using (60), Lemmas 4.11, 4.13, 4.15, and 4.1, and the fact that (X;S) 2
C0 \N�1(
) and ( bX; bS) 2 E��(X;S), we obtain

1

8
(1� 
)� = (��)2n� = (��)2kR(�)k2F � kG( bX �X)k2F + kG�1(bS � S)k2F

� kG( bX �X)k2F � k(��s)�1( bX �X)k2F =kR2k
� 1p

2
(1 � 
)�kX�1=2( bX �X)X�1=2k2F ;
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from which the �rst inequality in (61) follows. Now let V 2 Sn be the unique solution of the Lyapunov

equation V SX1=2 +X1=2SV = bS �S. Note that 2 kX1=2S1=2V S�1=2kF � kS�1=2(bS � S)S�1=2kF and that,

by Lemma 4.11, ��1x (bS � S) = V X1=2 + X1=2V . Using these identities, (14), (51), Proposition 4.14, and
arguments similar to the ones above, we obtain

1

8
(1 � 
)� � kG�1(bS � S)k2F = �s(bS � S) ���1x (bS � S)

= (X1=2(bS � S)X1=2) � (V X1=2 +X1=2V )

= (X1=2(V SX1=2 +X1=2SV )X1=2) � (V X1=2 +X1=2V )

= 2Tr [X1=2V SXV X1=2] + 2Tr [XSV X1=2V X1=2]

= 2kX1=2S1=2V X1=2k2F + 2kX1=4V X3=4S1=2k2F
� 2kX1=2S1=2V X1=2k2F � 2 kX1=2S1=2V S�1=2k2F

kX�1=2S�1X�1=2k
� 1

2
(1� 
)�kS�1=2(bS � S)S�1=2k2F ;

from which the second inequality in (61) follows.

The following technical lemma is a direct consequence of lemmas 3.4 and 3.5 of Monteiro and Tsuchiya
[13].

Lemma 4.17 Let X;S 2 Sn++ and bX; bS 2 Sn. Suppose there exists some � 2 (0; 1) such that

kX�1=2( bX �X)X�1=2k � �; kS�1=2(bS � S)S�1=2k � �: (62)

Then bX; bS 2 Sn++,
max

n
k bX1=2X�1=2k; kX1=2 bX�1=2k; kbS1=2S�1=2k; kS1=2 bS�1=2ko � 1p

1� �
;

and

k bX1=2 bS1=2k � kX1=2S1=2k
1� �

; k bX�1=2 bS�1=2k � kX�1=2S�1=2k
1� �

;

k bX1=2 bS bX1=2k � kX1=2SX1=2k
(1 � � )2

; k bX�1=2 bS�1 bX�1=2k � kX�1=2S�1X�1=2k
(1� � )2

:

Lemma 4.18 Let (X;S) 2 Sn++ � Sn++. Then, for every eA; eB 2 Sn, we have

k�00(X;S)[ eA; eB](2)kF � (
p
2 + 1)kX1=2SX1=2k kX�1=2 eAX�1=2k2F

+ 2
p
2kX�1=2 eAX�1=2kFkX1=2 eBX1=2kF :

Proof. We know that �00(X;S)[ eA; eB](2) is given by (52), where U 0 and U 00 are determined by (53) and (54),
respectively. Pre- and post-multiplying (53) by X�1=2 and applying Lemma 4.8 gives

kX�1=2U 0kF � kX�1=2 eAX�1=2kFp
2

: (63)

Moreover, pre- and post-multiplying (54) by X�1=2, rearranging to obtain

U 00X�1=2 +X�1=2U 00 = �2X�1=2(U 0)2X�1=2;

and applying Lemma 4.8, we obtain

kU 00X�1=2kF �
p
2kX�1=2(U 0)2X�1=2kF �

p
2kX�1=2U 0k2F �

kX�1=2 eAX�1=2k2Fp
2

: (64)
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Taking the Frobenius norm of (52), we obtain

k�00(X;S)[ eA; eB](2)kF � 2kU 00SX1=2kF + 2kU 0SU 0kF + 4kX1=2 eBU 0kF ;
Using (63) and (64) and the standard properties of norms, we can bound each of the three terms on the
right-hand side as follows:

kU 00SX1=2kF = kU 00X�1=2X1=2SX1=2kF � kX1=2SX1=2kkU 00X�1=2kF
� 1p

2
kX1=2SX1=2kkX�1=2 eAX�1=2k2F ;

kU 0SU 0kF = kU 0X�1=2X1=2SX1=2X�1=2U 0kF � kX1=2SX1=2kkX�1=2U 0k2F
� 1

2
kX1=2SX1=2kkX�1=2 eAX�1=2k2F ;

kX1=2 eBU 0kF = kX1=2 eBX1=2X�1=2U 0kF � 1p
2
kX�1=2 eAX�1=2kFkX1=2 eBX1=2kF :

The desired inequality follows by combining the last four relations.

The following proposition shows that the pair (�; C0) satis�es Assumption 9.

Proposition 4.19 Let 
 2 (0; 1) and let �� = ��(
) be given by (60). The following statements hold:

(a) 
��(X;S) � (83=(1� 
))n for any (X;S) 2 C0 \N�1(
);
(b) 
��(
) � (83=(1� 
))n2.

Proof. To prove (a), �x (X;S) 2 C0 \ N�1(
), and de�ne G � G(X;S). Also, let ( bX; bS) 2 E��(X;S) and
matrices A;B 2 Sn such that kAk2F +kBk2F � 1 be arbitrarily given. Note that Proposition 4.16 implies that

( bX; bS) 2 Sn++ � Sn++ and that (X;S), ( bX; bS) satisfy the hypotheses of Lemma 4.17 with � = 1=2. Hence,

max
n
k bX1=2X�1=2k; kX1=2 bX�1=2k

o
�
p
2;

k bX1=2 bS bX1=2k � 4kX1=2SX1=2k:

Using these inequalities, the standard properties of norms, and Lemma 4.18 with eA = G�1(A) and eB = G(B),
we obtain

k�00( bX; bS)[G�1(A);G(B)](2)kF � (
p
2 + 1)k bX1=2 bS bX1=2k k bX�1=2G�1(A) bX�1=2k2F

+ 2
p
2k bX�1=2G�1(A) bX�1=2kFk bX1=2G(B) bX1=2kF

� 16 (
p
2 + 1)kX1=2SX1=2k kX�1=2G�1(A)X�1=2k2F

+ 8
p
2kX�1=2G�1(A)X�1=2kFkX1=2G(B)X1=2kF : (65)

In addition, using Lemma 4.11, Lemma 4.15, and Lemma 4.1, we have

kX�1=2G�1(A)X�1=2kF = k��1s (G�1(A))kF � kRkkAkF �
 p

2

(1� 
)�

!1=2

kAkF ;

where � � �(X;S). Similarly, we have kX1=2G(B)X1=2kF � (
p
2n�)1=2kBkF . The two last inequalities

together with (65), Proposition 4.14, and the inequality kAk2F + kBk2F � 1 yield

k�00( bX;bS)[G�1(A);G(B)](2)kF �
 
16(
p
2 + 1)

p
2

1� 


!
n kAk2F +

�
16p
1� 


�p
nkAkF kBkF

�
�

55

1� 


�
n
�kAk2F + kAkF kBkF

� � � 83

1� 


�
n
�kAk2F + kBk2F

� � � 83

1� 


�
n:
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Hence, we conclude from (23) that k�00( bX; bS)kG � (83=(1� 
))n. Since this upper bound does not depend

on the choice of ( bX; bS) 2 E��(X;S), (28) implies that 
��(X;S) � (83=(1� 
))n.
Statement (b) follows immediately from (a), Lemma 4.13, and (31).

The main iteration-complexity result for the long-step algorithm based on the map (4) and the set (55)
can now be derived as a consequence of Theorem 3.3 and the results of this subsection.

Theorem 4.20 The long-step algorithm based on the map �(X;S) = X1=2SX1=2 and the set C0 of (55)
terminates in at most O(n2L) iterations.
Proof. We have already seen that � and C0 satisfy Assumption 1 through 9. Let �� = ��(
) be as in (60).
Then by (40) and Lemma 4.19, we have


(
) � max
�

��(
); 4(�

�)�1
	 � max

(�
83

1� 


�
n2; 8

p
2

�
n

1� 


�1=2
)
:

The conclusion of the theorem now follows from Theorem 3.3.

4.3 The LT
xSLx Map

In this subsection, we consider the map �(X;S) = LTx SLx, where Lx � chol (X), and show that � satis�es
Assumptions 1 through 4 and that C0 can be chosen so that Assumptions 5 through 9 are satis�ed. As a
consequence, we derive for the �rst time a polynomial iteration-complexity for the long-step algorithm based
on this map.

The map � clearly satis�es Assumptions 1 through 4. Moreover, for every (X;S) 2 Sn++ � Sn++ and
A;B 2 Sn,

�x(A) = (U 0)TSLx + LTxSU
0; �s(B) = LTxBLx; (66)

�00(X;S)[A;B](2) = (U 00)TSLx + LTxSU
00 + 2(U 0)TBLx + 2LTxBU

0 + 2(U 0)TSU 0; (67)

where U 0; U 00 2 Ln are the unique solutions of the equations

U 0LTx + Lx(U
0)T = A; (68)

U 00LTx + Lx(U
00)T = �2U 0(U 0)T ; (69)

respectively.
A suitable set C0 that �ts well with the map (5) is given by

C0 � f(X;S) 2 Sn++ � Sn++ : XS 2 Lng: (70)

It is interesting to note that if (X;S) 2 C0 then LTxSLx is a diagonal matrix.

Lemma 4.21 Let (X;S) 2 Sn++�Sn++, and let Lx � chol (X). Then, �s is invertible, ��1s (B) = L�Tx BL�1x ,
��s(B) = LxBL

T
x and (��s)

�1(B) = L�1x BL�Tx for all B 2 Sn. If, in addition, (X;S) 2 C0, then �x is
invertible, �x��s 2 T n

++, and ��1x (A) = V LTx + LxV
T for all A 2 Sn, where V 2 Ln is the unique solution

of the equation V TSLx + LTxSV = A.

Proof. The statements regarding �s are immediate. Let L � LTxS. In view of (66) and (68), to prove that
�x is invertible, it is enough to show that the equation V TLT + LV = A has a unique solution V 2 Ln.
Indeed, using the assumption that (X;S) 2 C0, we see that L = L�1x XS 2 Ln++ and hence that LV 2 Ln.
This clearly implies that the unique solution of V TLT + LV = A is V � L�1LA, where LA is the unique
matrix in Ln satisfying (LA)ij = Aij for all 1 � j < i � n, and (LA)ii = Aii=2 for all 1 � i � n. We will now
show that �x�

�
s 2 T n

++ by establishing the equivalent statement that ��1s �x 2 T n
++. Indeed, let A;B 2 Sn

be given. Also, let U 0A; U
0
B 2 Ln be the (unique) matrices satisfying

U 0AL
T
x + Lx(U

0
A)

T = A; U 0BL
T
x + Lx(U

0
B)

T = B:
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Then, �x(A) = (U 0A)
TSLx + LTx SU

0
A and

��1s �x(A) �B =
�
L�Tx (U 0A)

TS + SU 0AL
�1
x

� � �U 0BLTx + Lx(U
0
B)

T
�

= 2
�
S1=2U 0A

�
�
�
S1=2U 0B

�
+ 2Tr

�
U 0B(L

T
x S)U

0
AL

�1
x

�
:

Similarly, we can see that

A ���1s �x(B) = 2
�
S1=2U 0A

�
�
�
S1=2U 0B

�
+ 2Tr

�
U 0A(L

T
xS)U

0
BL

�1
x

�
The two last expressions are identical due to the fact that the four matrices U 0A, L

T
xS, U

0
B and L�1x are in Ln

and the fact that the trace of a product of a �nite number of matrices in Ln does not change by permuting
the order of the matrices. Hence, ��1s �x is symmetric. If 0 6= A = B then 0 6= U 0A = U 0B and one easily
sees that Tr

�
U 0A(L

T
xS)U

0
BL

�1
x

� � 0, and hence that A � ��1s �x(A) � 2kS1=2U 0Ak2F > 0. Hence, ��1s �x is
positive de�nite. We have thus shown that ��1s �x 2 T n

++.

Proposition 4.22 The set C0 given by (70) satis�es Assumptions 5 and 6.

Proof. Lemma 4.21 immediately implies that C0 � C. We will now show that P0( eX; eS) 6= ; for all

( eX; eS) 2 Sn++ � Sn++. Indeed, let L
ex � chol ( eX) and consider the orthogonal eigenvalue decomposition

L
ex
eSLT

ex = Q�QT , where Q is an orthogonal matrix and � is a diagonal matrix. Since Q = Q�T , we have

(L
exQ)

�1( eX eS)(L
exQ) = Q�1L�1

ex
eX eSL

exQ = Q�1LT
ex
eSL

exQ
�T = � 2 Ln:

Hence, L
exQ 2 P0( eX; eS), and so we have veri�ed Assumption 5. The veri�cation of Assumption 6 is straight-

forward.

The proof of the following lemma is a simple veri�cation and hence it is omitted.

Lemma 4.23 Let (X;S) 2 C0, � � �(X;S), and � � �(X;S). Then

kR(�)k2F = X � S = n�; kR(I)k2F = X�1 � S�1:

The following proposition, whose proof is similar to the proof of Proposition 4.14 and hence is omitted,
veri�es Assumption 7 and also establishes two important inequalities which we will use throughout the
remainder of this subsection.

Proposition 4.24 Let (X;S) 2 C0 \N�1(
) be given and � denote the map (5). Then,

k�(X;S)k � n�; k�(X;S)�1k � 1

(1� 
)�
; �(X;S)2 � 1

1� 

;

where � � �(X;S). In particular, �(
)2 � 1=(1� 
).

The proof of the following lemma can be found as lemma 7 in Monteiro and Zanj�acomo [16].

Lemma 4.25 If M 2 <n�n is such that Tr [M2] � 0, then kMkF � kM +MTkF=
p
2. In particular, the

inequality holds if M 2 Ln.

Lemma 4.26 Let 
 2 (0; 1) and (X;S) 2 C0 \N�1(
) be given and de�ne � � �(X;S) and R � R(X;S).
Then

kR2k �
p
2

(1� 
)�
; kR�2k � p2n�: (71)
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Proof. The proof takes a similar approach as the proof of Lemma 4.15. So to bound kR2k, let A 2 Sn
such that kAkF � 1 be given, and let V 2 Ln be the unique solution of the system V TSLx + LTx SV = A,
where Lx � chol (X). The assumption that (X;S) 2 C0 implies that LTxSV = L�1x (XS)V 2 Ln. Hence, by
Lemma 4.25 with M = LTx SV , we conclude that kLTxSV kF � kAkF =

p
2. Moreover, Lemma 4.21 implies

that ��1x (A) = V LTx + LxV
T . Using these two last relations, (14) and Proposition 4.24, we obtain

R2(A) �A = ��1x (A) � ��1s (A) = Tr [(V LTx + LxV
T )L�Tx AL�1x ]

= 2Tr [L�1x V A] � 2 kL�1x V kFkAkF � 2 kL�1x S�1L�Tx k kLTxSV kFkAkF

�
p
2

(1� 
)�
kAk2F �

p
2

(1� 
)�
;

which clearly yields the �rst inequality of (71). Similarly, letting U 0 be the unique solution of U 0LTx +
Lx(U 0)T = LxAL

T
x so that, by (66) and Lemma 4.21, (�x��s)(A) = (U 0)TSLx + LTx SU

0, and using Lemma
4.25 with M = L�1x U 0 2 Ln, Proposition 4.24 and the standard properties of norms, we obtain

R�2(A) �A = (�x�
�
s)(A) �A � k(�x��s)(A)kF kAkF � 2kLTxSU 0k

� 2kLTxSLxk kL�1x U 0kF �
p
2n�kAkF �

p
2n�;

which clearly yields the second inequality of (71).

The following result shows that the pair (�; C0) satis�es Assumption 8.

Proposition 4.27 Let 
 2 (0; 1), and de�ne �� = ��(
) according to (60). Then, for all (X;S) 2 C0 \
N�1(
) and ( bX; bS) 2 E��(X;S), we have

kL�1x ( bX �X)L�Tx k � 1

2
; kL�1s (bS � S)L�Ts k � 1

2
; (72)

where Lx � chol (X) and Ls � chol (S). Hence, E��(X;S) � Sn++ � Sn++ for all (X;S) 2 C0 \N�1(
). In
particular, �(
) � ��.

Proof. Let (X;S) 2 C0 \ N�1(
) and ( bX; bS) 2 E��(X;S) be given. Let Lx � chol (X), Ls � chol (S),
� � �(X;S), � � �(X;S), G � G(X;S), and R � R(X;S). Using (60), Lemmas 4.21, 4.23, 4.26, and 4.1, and

the fact that (X;S) 2 C0 \N�1(
) and ( bX; bS) 2 E��(X;S), we obtain
1

8
(1� 
)� = (��)2n� = (��)2kR(�)k2F � kG( bX �X)k2F + kG�1(bS � S)k2F � kG( bX �X)k2F

� k(��s)�1( bX �X)kF =kR2k � 1p
2
(1� 
)�kL�1x ( bX �X)L�Tx kF ;

from which the �rst inequality in (72) follows. Now let V 2 Ln be the unique solution of the equation

V TSLx + LTx SV = LTx (
bS � S)Lx so that (��1x �s)(bS � S) = V LTx + LxV

T . Clearly, we have kL�1s (bS �
S)L�Ts kF � 2 kLTs V L�1x L�Ts kF . Using these identities, (14), Proposition 4.24, and arguments similar the
ones above, we obtain

1

8
(1� 
)� � kG�1(bS � S)k2F = (��1x �s)(bS � S) � (bS � S)

= (V LTx + LxV
T ) � (L�Tx V TS + SV L�1x )

= 2Tr [LxV
TL�Tx V TS] + 2Tr [LxV

TSV L�1x ]

= 2Tr [L�Tx V TL�Tx V TSX] + 2Tr [V TSV ] � 2 kLTs V k2F
� 2

kLTs V L�1x L�Ts k2F
kL�1x S�1L�Tx k � 1

2
(1� 
)�kL�1s (bS � S)L�Ts k2F ;

where in the secong inequality we used the inequality Tr [(L�Tx V T )2SX] � 0, which trivially holds due to
the fact that both (L�Tx V T )2 and SX are upper triangular matrices with nonnegative diagonal elements.

The following technical lemma is a direct consequence of lemmas 3.4 and 3.5 of Monteiro and Tsuchiya
[13].

21



Lemma 4.28 Let X;S 2 Sn++, bX; bS 2 Sn, Lx � chol (X), and Ls � chol (S). Suppose there exists some
� 2 (0; 1) such that

kL�1x ( bX �X)L�Tx k � �; kL�1s (bS � S)L�Ts k � �: (73)

Then bX; bS 2 Sn++,
max

�kL�1x L
bxk; kL�1

bx Lxk; kL�1s L
bsk; kL�1

bs Lsk	 � 1p
1� �

and

kLT
bxLbsk �

kLTxLsk
1� �

; kLT
bx
bSL

bxk � kLTxSLxk
(1� � )2

;

where L
bx � chol ( bX) and L

bs � chol (bS).
Lemma 4.29 Let (X;S) 2 Sn++ � Sn++ and Lx � chol (X). Then, for every A;B 2 Sn, we have

k�00(X;S)[A;B](2)kF � (
p
2 + 1)kLTxSLxk kL�1x AL�Tx k2F + 2

p
2 kL�1x AL�Tx kFkLTxBLxkF :

Proof. We know that �00(X;S)[A;B](2) is given by (67), where U 0; U 00 2 Ln are determined by (68) and
(69), respectively. Pre- and post-multiplying (68) by L�1x and L�Tx , respectively, and applying Lemma 4.25
with M = L�1x U 0 gives

kL�1x U 0kF � kL�1x AL�Tx kFp
2

: (74)

Moreover, pre- and post-multiplying (69) by L�1x and L�Tx , respectively, rearranging to obtain

L�1x U 00 + (U 00)TL�Tx = �2L�1x U 0(U 0)TL�Tx ;

and using Lemma 4.25 with M = L�1x U 00, (74), and standard properties of norms, we obtain

kL�1x U 00kF �
p
2kL�1x U 0(U 0)TL�Tx kF �

p
2kL�1x U 0k2F �

kL�1x AL�Tx k2Fp
2

: (75)

Taking the Frobenius norm of (67), we have

k�00(X;S)[A;B](2)kF � 2kLTxSU 00kF + 2k(U 0)TSU 0kF + 4kLTxBU 0kF :

Using (74) and (75) and the standard properties of norms, we can bound each of the three terms on the
right-hand side as follows:

kLTxSU 00kF = kLTxSLxL�1x U 00kF � kLTx SLxkkL�1x U 00kF
� 1p

2
kLTxSLxkkL�1x AL�Tx k2F ;

k(U 0)TSU 0kF = k(U 0)TL�Tx LTxSLxL
�1
x U 0kF � kLTxSLxkkL�1x U 0k2F

� 1

2
kLTx SLxkkL�1x AL�Tx k2F ;

kLTxBU 0kF = kLTxBLxL�1x U 0kF � 1p
2
kL�1x AL�Tx kFkLTxBLxkF :

The desired inequality follows by combining the last four relations.

Proposition 4.30 Let 
 2 (0; 1), and let �� = ��(
) be given by (60). The following statements hold:
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(a) 
��(X;S) � (83=(1� 
))n for any (X;S) 2 C0 \N�1(
);
(b) 
��(
) � (83=(1� 
))n2.

Proof. To prove (a), �x (X;S) 2 C0 \ N�1(
), and de�ne G � G(X;S). Also, let ( bX; bS) 2 E��(X;S) and
matrices eA; eB 2 Sn such that k eAk2F +k eBk2F � 1 be arbitrarily given. Note that Proposition 4.27 implies that

( bX; bS) 2 Sn++ � Sn++ and that (X;S), ( bX; bS) satisfy the hypotheses of Lemma 4.28 with � = 1=2. Hence,

max
�kL�1x L

bxk; kL�1
bx Lxk

	 � p2;
kLT

bx
bSL

bxk � 4 kLTxSLxk:

Using these inequalities, Lemma 4.29 applied to ( bX; bS) with A = G�1( eA) and B = G( eB), Lemma 4.21, and
the standard properties of norms, we obtain

k�00( bX; bS)[G�1( eA);G( eB)](2)kF � (
p
2 + 1)kLT

bx
bSL

bxk kL�1
bx G�1( eA)L�T

bx k2F
+ 2

p
2kL�1

bx G�1( eA)L�T
bx kFkLT

bxG( eB)LbxkF
� 16 (

p
2 + 1)kLTx SLxk kL�1x G�1( eA)L�Tx k2F

+ 8
p
2kL�1x G�1( eA)L�Tx kFkLTxG( eB)LxkF

=16 (
p
2 + 1)kLTx SLxk k((��s)�1G�1)( eA)k2F

+ 8
p
2k((��s)�1G�1)( eA)kFk(�sG)( eB)kF : (76)

An easy application of Lemma 4.1 shows that

k((��s)�1G�1)( eA)kF � kR2k k eAk2F ; k(�sG)( eB)k2F � kR�2k k eBk2F ; (77)

where R � R(X;S). Using (76), (77), Lemma 4.26, Proposition 4.24 and the inequality k eAk2F + k eBk2F � 1,
we have

k�00( bX;bS)[G�1( eA);G( eB)](2)kF � 16 (
p
2 + 1)kLTxSLxk kR2k k eAk2F + 8

p
2kRk kR�1k k eAkF k eBkF

�
 
16(
p
2 + 1)

p
2

1� 


!
n k eAk2F +

�
32p
1� 


�p
n k eAkF k eBkF

�
�

55

1� 


�
n
�
k eAk2F + k eAkFk eBkF� � � 83

1� 


�
n
�
k eAk2F + k eBk2F� � � 83

1� 


�
n:

Hence, we conclude from (23) that k�00( bX; bS)kG � (83=(1� 
))n. Since this upper bound does not depend

on the choice of ( bX; bS) 2 E��(X;S), (28) implies that 
��(X;S) � (83=(1� 
))n.
Statement (b) follows immediately from (a), Lemma 4.23, and (31).

The main iteration-complexity result for the long-step algorithm based on the map (5) and the set (70)
can now be derived as a consequence of Theorem 3.3 and the results of this subsection.

Theorem 4.31 The long-step algorithm based on the map �(X;S) = LTxSLx and the set C0 of (70) termi-
nates in at most O(n2L) iterations.
Proof. We have already seen that � and C0 satisfy Assumption 1 through 9. Let �� = ��(
) be as in (60).
Then by (40) and Lemma 4.30, we have


(
) � max
�

��(
); 4(�

�)�1
	 � max

(�
83

1� 


�
n2; 8

p
2

�
n

1� 


�1=2
)
:

The conclusion of the theorem now follows from Theorem 3.3.
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4.4 The V 2 Map

In this section, we consider the long-step algorithm based on the map �(X;S) = W 1=2XSW�1=2, where

W � W (X;S) � X�1=2(X1=2SX1=2)1=2X�1=2

is the unique symmetric matrix such that WXW = S. We show that � satis�es Assumptions 1 through 4
and that C0 can be chosen so that Assumptions 5 through 9 are satis�ed. As a result, we obtain for the �rst
time a polynomial long-step algorithm based on this choice of the map �.

It is easy to see that the map � satis�es Assumptions 1 through 4. Moreover, letting V = V (X;S) �
W 1=2XW 1=2 = W�1=2SW�1=2, we have �(X;S) = V 2. This alternative expression for � can be used to
determine the functions �x and �s. Indeed, for all A;B 2 Sn,

�x(A) = VxV + V Vx; �s(B) = VsV + V Vs; (78)

where Vx � V 0(X;S)[A; 0] and Vs � V 0(X;S)[0; B]. Letting Ux � (W�1=2)0(X;S)[A; 0] and Tx �
(W�1)0(X;S)[A; 0] and di�erentiating the identities V = W�1=2SW�1=2, W�1 = W�1=2W�1=2, and X =
W�1SW�1, we obtain the system

Vx = UxSW
�1=2 +W�1=2SUx ; (79a)

Tx = UxW
�1=2 +W�1=2Ux; (79b)

A = TxSW
�1 +W�1STx: (79c)

Similarly, letting Us � (W 1=2)0(X;S)[0; B] and Ts � W 0(X;S)[0; B] and di�erentiating the identities V =
W 1=2XW 1=2, W = W 1=2W 1=2, and S = WXW , we have

Vs = UsXW
1=2 +W 1=2XUs; (80a)

Ts = UsW
1=2 +W 1=2Us; (80b)

B = TsXW +WXTs: (80c)

De�ne Vxx � �00(X;S)[A; 0](2), Vxs � �00(X;S)[A; 0][0; B] = �00(X;S)[0; B][A; 0], and Vss � �00(X;S)[0; B](2).
Then �00(X;S)[A;B](2) = V 00V + 2(V 0)2 + V V 00, where

V 0 � V 0(X;S)[A;B] = Vx + Vs;

V 00 � V 00(X;S)[A;B](2) = Vxx + 2Vxs + Vss:

Di�erentiating (79) at the point (X;S) in the direction (A; 0) yields the following system which de�nes Vxx:

Vxx = UxxSW
�1=2 + 2UxSUx +W�1=2SUxx; (81a)

Txx = UxxW
�1=2 + 2(Ux)

2 +W�1=2Uxx; (81b)

0 = TxxSW
�1 + 2TxSTx +W�1STxx: (81c)

In a similar manner, di�erentiating (80) at the point (X;S) in the direction (0; B) yields the system de�ning
Vss:

Vss = UssXW
1=2 + 2UsXUs +W 1=2XUss; (82a)

Tss = UssW
1=2 + 2(Us)

2 +W 1=2Uss; (82b)

0 = TssXW + 2TsXTs +WXTss: (82c)

The system de�ning Vxs is obtained by di�erentiating (79) at the point (X;S) in the direction (0; B), but
before giving the system, we note that the identity W�1=2W 1=2 = I implies that the directional derivative
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(W�1=2)s � (W�1=2)0(X;S)[0; B] is related to Us by the equation (W�1=2)s = �W�1=2UsW
�1=2. Similarly,

we have (W�1)s = �W�1TsW
�1. Hence, the system de�ning Vxs is as follows:

Vxs = sim(UxsSW
�1=2 + UxBW

�1=2 � UxW
1=2V UsW

�1=2); (83a)

Txs = sim(UxsW
�1=2 � UxW

�1=2UsW
�1=2); (83b)

0 = sim(TxsSW
�1 + TxBW

�1 � TxSW
�1TsW

�1): (83c)

A good choice for the C0 that �ts well with the map (6) is

C0 � f(X;S) 2 Sn++ � Sn++ : XS 2 Sng: (84)

The proof of the following lemma, while not di�cult, is quite lengthy, and for this reason we include it in
the appendix.

Lemma 4.32 Let (X;S) 2 C0. Then �x;�s 2 T n
++ and �x�s = �s�x.

The proofs of the following proposition and lemma are straightforward and hence are omitted.

Proposition 4.33 The set C0 given by (84) satis�es Assumptions 5 and 6.

Lemma 4.34 Let (X;S) 2 C0, � � �(X;S), and � � �(X;S). Then

kR(�)k2F = X � S = n� kR(I)k2F = X�1 � S�1:

The following proposition, whose proof is similar to the proof of Proposition 4.14 and hence is omitted,
veri�es Assumption 7 and also establishes two important inequalities which we will use throughout the
remainder of this subsection.

Proposition 4.35 Let (X;S) 2 C0 \N�1(
), and de�ne � � �(X;S). Then

k�(X;S)k � n�; k�(X;S)�1k � 1

(1� 
)�
; �(X;S)2 � 1

1� 

:

In particular, �(
)2 � 1=(1� 
).

Lemma 4.36 Let (X;S) 2 C0, and suppose that D 2 Sn commutes with both W � W (X;S) and V �
V (X;S). Then, for all A;B 2 Sn,

kDW 1=2AW 1=2DkF
2 kV �1k �kD�x(A)DkF � 2 kV k kDW 1=2AW 1=2DkF ; (85)

kDW�1=2BW�1=2DkF
2 kV �1k � kD�s(B)DkF � 2 kV k kDW�1=2BW�1=2DkF : (86)

Proof. We prove only (85) because the proof of (86) is similar. Letting eA � W 1=2AW 1=2 and eTx �
W 1=2TxW

1=2 and using the identity SW�1=2 = W 1=2V , (79) can be rewritten as

Vx = UxW
1=2V + V W 1=2Ux; (87a)eTx = UxW
1=2 +W 1=2Ux; (87b)eA = eTxV + V eTx: (87c)

Using (87b) and the commutativity of W , V , and D, we have

kD eTxV Dk2F = kDUxW 1=2V Dk2F + 2Tr [DVW 1=2UxD
2W 1=2UxV D] + kDW 1=2UxV Dk2F

= kDUxW 1=2V Dk2F + 2 kW 1=4DUxW
1=4V Dk2F + kDW 1=2UxV Dk2F

� kDUxW 1=2V Dk2F + kDW 1=2UxV Dk2F ;
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which in turn implies that

kDUxW 1=2V DkF + kDW 1=2UxV DkF �
p
2 kD eTxV DkF : (88)

In addition, the assumption that D commutes with V implies

Tr [(D eTxV D)2] = Tr [V 1=2D eTxDV D eTxDV 1=2] = kV 1=2D eTxDV 1=2k2F � 0:

Hence, pre- and post-multiplying (87c) by D and applying Lemma 4.25 to the resulting equation D eAD =

D eTxV D +DV eTxD yields

kD eTxV DkF � kD eADkF =p2: (89)

Now using (78), (87a), the commutativity of D and V , (88), (89), and the standard properties of norms, we
obtain

kD�x(A)DkF � 2 kDVxV DkF � 2 kDUxW 1=2V 2Dk+ 2 kDVW 1=2UxV DkF
� 2 kV k

�
kDUxW 1=2V DkF + kDW 1=2UxV DkF

�
� 2

p
2 kV k kD eTxV DkF

� 2 kV k kD eADkF ;
which proves the right-hand inequality of (85).

We now prove the left-hand inequality of (85). Using (87a) and the commutativity of W , V , and D, we
have

kDVxV Dk2F = kDUxW 1=2V 2Dk2F +Tr [DV 2W 1=2UxD
2VW 1=2UxV D] + kDVW 1=2UxV Dk2F

= kDUxW 1=2V 2Dk2F + kDV 1=2W 1=4UxW
1=4V 3=2Dk2F + kDVW 1=2UxV Dk2F

� kDUxW 1=2V 2Dk2F + kDVW 1=2UxV Dk2F : (90)

In addition, the assumption that V commutes with D implies

Tr [(DVxV D)
2] = Tr [V 1=2DVxDV DVxDV

1=2] = kV 1=2DVxDV
1=2k2F � 0;

and hence, pre- and post-multiplying �x(A) by D and applying Lemma 4.25 on the resulting equation
D�x(A)D = DVxV D +DV VxD yields

kD�x(A)DkF �
p
2 kDVxV DkF : (91)

Using (91), (90), the commutativity of V and D, (87a), (87b), and the standard properties of norms, we
obtain the left-hand inequality of (85) as follows:

kD�x(A)DkF �
p
2kDVxV DkF �

p
2
�
kDUxW 1=2V 2Dk2F + kDVW 1=2UxV Dk2F

�1=2
�
�
kDUxW 1=2V DkF + kDW 1=2UxV DkF

�
=kV �1k � kD eTxV DkF =kV �1k

� kD eADkF = �2 kV �1k� :
Lemma 4.37 Let (X;S) 2 C0, and suppose that E 2 Sn commutes with both W � W (X;S) and V �
V (X;S). Then, for all M;N 2 Sn,

kEW�1=2MW�1=2EkF
2 kV k � kE��1x (M )EkF � 2 kV �1k kEW�1=2MW�1=2EkF ; (92)

kEW 1=2NW 1=2EkF
2 kV k � kE��1s (N )EkF � 2 kV �1k kEW 1=2NW 1=2EkF : (93)
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Proof. Applying (85) with D = EW�1=2 and A = ��1x (M ), we obtain (92). Similarly, (93) follows from
(86) with D = EW 1=2 and B = ��1s (N ).

Lemma 4.38 Let (X;S) 2 C0, and let W � W (X;S) and V � V (X;S). Then,

kR2k � 4kV �2k; kR�2k � 4kV 2k:

Moreover, for all A;B 2 Sn, there hold:

kG(A)k2F �
kW 1=2AW 1=2k2F
16 kV 2k kV �2k ; kG�1(B)k2F �

kW�1=2BW�1=2k2F
16 kV 2k kV �2k :

Proof. Let M 2 Sn such that kAkF � 1 be given. Using (14), Lemma 4.32, (93) with E = I and
N = ��1x (M ), and (92) with E = W 1=2, we obtain

kR2(M )kF = k(��s)�1��1x (M )kF = k��1s ��1x (M )kF
� 2 kV �1k kW 1=2��1x (M )W 1=2kF � 4 kV �2k kMkF � 4 kV �2k:

By the de�nition of k � k in T n
++, we obtain the �rst inequality of the lemma. A similar argument yields the

second inequality.
To prove the third inequality of the lemma, let A 2 Sn be given. From Lemma 4.1, the inequality proved

in the previous paragraph, and (93) with E = I and N = A, we obtain

kG(A)k2F � k��1s (A)k2F =kR2k � k��1s (A)k2F =(4kV �2k) � kW 1=2AW 1=2k2F=(16 kV 2k kV �2k):

In a similar fashion, we can establish the �nal inequality of the lemma.

The following proposition shows that the pair (�; C0) of this subsection satis�es Assumption 8.

Proposition 4.39 Let 
 2 (0; 1), and de�ne �� � ��(
) � (1� 
)=(8n). Then,

kX�1=2( bX �X)X�1=2k � 1

2
; kS�1=2(bS � S)S�1=2k � 1

2

for all (X;S) 2 C0 \ N�1(
) and ( bX; bS) 2 E�� (X;S). Hence, E��(X;S) � Sn++ � Sn++ for all (X;S) 2
C0 \N�1(
). In particular, �(
) � ��.

Proof. Let (X;S) 2 C0 \ N�1(
) and ( bX; bS) 2 E��(X;S) be given. Let � � �(X;S), W � W (X;S),
V � V (X;S), � � �(X;S), G � G(X;S), and R � R(X;S). Notice that, for any A 2 Sn, we have

kW 1=2AW 1=2kF = kW 1=2X1=2(X�1=2AX�1=2)X1=2W 1=2kF
� kX�1=2AX�1=2kF=kW�1=2X�1W�1=2k = kX�1=2AX�1=2kF =kV �1k: (94)

Hence, (94) with A = bX � X, Lemma 4.38 with A = bX �X, Lemma 4.34, Proposition 4.35, and the fact

that (X;S) 2 C0 \N�1(
) and ( bX; bS) 2 E��(X;S) imply

(1� 
)2�

64n
= (��)2n� = (��)2kR(�)k2F � kG( bX �X)k2F + kG�1(bS � S)k2F
� kG( bX �X)k2F � kW 1=2( bX �X)W 1=2k2F=(16 kV 2k kV �2k)
� kX�1=2( bX �X)X�1=2k2F =(16 kV 2k kV �2k2)

�
�
(1� 
)2�

16n

�
kX�1=2( bX �X)X�1=2k2F ;

which implies the �rst inequality of the proposition. Similarly, we can show the second.

27



Lemma 4.40 Let (X;S) 2 C0, W � W (X;S), and V � V (X;S). Then, for all A;B 2 Sn,

k�00(X;S)[A;B](2)kF � 19 kV 2kkV �2k
�
kW 1=2AW 1=2k2F + kW�1=2BW�1=2k2F

�
:

Proof. Consider (79) through (83), and let eA � W 1=2AW 1=2, eB � W�1=2BW�1=2, eTx � W 1=2TxW
1=2,eTs �W�1=2TsW

�1=2, eTxx � W 1=2TxxW
1=2, eTss � W�1=2TssW

�1=2, and eTxs �W 1=2TxsW
1=2. It is easy to

see that the systems of equations (79), (81), and (83) can be rewritten as the systems (87),

Vxx = UxxW
1=2V + 2UxW

1=2VW 1=2Ux + VW 1=2Uxx; (95a)eTxx � 2W 1=2(Ux)
2W 1=2 = UxxW

1=2 +W 1=2Uxx; (95b)

�2 eTxV eTx = eTxxV + V eTxx; (95c)

and

Vxs = sim(UxsW
1=2V + UxW

1=2 eB � UxW
1=2V UsW

�1=2); (96a)eTxs + sim(W 1=2UxW
�1=2Us) = UxsW

1=2 +W 1=2Uxs; (96b)

sim( eTxV eTs � eTx eB) = eTxsV + V eTxs; (96c)

respectively. Then (87b), (87c), Lemma 4.8, and the standard properties of norms imply

kUxW 1=2kF � 1p
2
k eTxkF � 1p

2
kV �1k keTxV kF � 1

2
kV �1k k eAkF : (97)

In addition, (95b), (95c), (97), and Lemma 4.8 imply

kUxxW 1=2kF � 1p
2
keTxxkF +

p
2 kUxW 1=2k2F �

1p
2
kV �1k keTxxV kF +

1

2
p
2
kV �2k k eAk2F

� kV �1k k eTxV eTxkF +
1

2
p
2
kV �2k k eAk2F

� kV �2k k eTxV k2F +
1

2
p
2
kV �2k k eAk2F � �12 + 1

2
p
2

�
kV �2k k eAk2F : (98)

Similar arguments with (80b), (80c), (82b), and (82c) show

kUsW�1=2kF � 1p
2
kV �1k keTsV kF � 1

2
kV �1k k eBkF ; (99)

kUssW�1=2kF �
�
1

2
+

1

2
p
2

�
kV �2k k eBk2F : (100)

Using (96b), (96c), (97), (99), and Lemma 4.8, we also obtain

kUxsW 1=2kF � 1p
2
keTxskF +

p
2 kUxW 1=2kFkUsW�1=2kF

� 1p
2
kV �1k keTxsV kF +

1

2
p
2
kV �2k k eAkFk eBkF

� kV �1k
�
keTxkFk eTsV kF + k eTxkF k eBkF�+ 1

2
p
2
kV �2k k eAkFk eBkF

� kV �2k
�
keTxV kFk eTsV kF + keTxV kFk eBkF�+ 1

2
p
2
kV �2k k eAkFk eBkF

�
�
1

2
+

1p
2
+

1

2
p
2

�
kV �2k k eAkF k eBkF : (101)

We next use (87a), (97), and the standard properties of norms to establish

kVxkF � 2 kUxW 1=2V kF � kV k kV �1k k eAkF ;
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and using (95a), (97), and (98), we see that

kVxxkF � 2 kV k
�
kUxxW 1=2kF + kUxW 1=2k2F

�
�
�
3

2
+

1p
2

�
kV k kV �2k k eAk2F :

Similar arguments with (80a), (82a), (99), and (100) show that

kVskF � kV k kV �1k k eBkF ; kVsskF �
�
3

2
+

1p
2

�
kV k kV �2k k eBk2F :

Moreover, (96a), (97), (99), (101), and the inequality kV k kV �1k = cond [V ] � 1 imply

kVxskF � 2 kV k kUxsW 1=2kF + 2 kUxW 1=2kF k eBkF + 2 kV k kUxW 1=2kFkUsW�1=2kF
�
�
5

2
+
p
2 +

1p
2

�
kV k kV �2k k eAkFk eBkF :

Combining the last �ve inequalities, we obtain

k�00(X;S)[A;B](2)kF � 2 kV k kV 00kF + 2kV 0k2F
� 2 kV k (kVxxkF + 2 kVxskF + kVsskF ) + 2 (kVxkF + kVskF )2

� kV 2k kV �2k
�
(5 +

p
2)k eAk2F + (14 + 6

p
2)k eAkFk eBkF + (5 +

p
2)k eBk2F�

� 18 kV 2k kV �2k
�
k eAk2F + k eBk2F� :

Lemma 4.41 Let X;S 2 Sn++ and bX; bS 2 Sn. Suppose there exists some � 2 (0; 1) such that

kX�1=2( bX �X)X�1=2k � �; kS�1=2(bS � S)S�1=2k � �: (102)

Then bX; bS 2 Sn++,
kbV k � kV k

1� �
; kbV �1k � kV �1k

1� �
;

max
n
kcW 1=2W�1=2k2; kcW�1=2W 1=2k2

o
� 1

1� �
;

where W � W (X;S), V � V (X;S), cW � W ( bX; bS), and bV � V ( bX; bS).
Proof. Lemma 4.17 implies that bX; bS 2 Sn++, and the �rst inequality of the lemma is proved as follows:

kbV 2k = �max[bV 2] = �max[ bX1=2 bS bX1=2] = k bX1=2 bS1=2k2
� kX1=2S1=2k2

(1� � )2
=
�max[X

1=2SX1=2]

(1 � � )2
=
�max[V

2]

(1� � )2
=

kV 2k
(1 � � )2

;

where the inequality follows from Lemma 4.17. The second inequality of the lemma follows in a similar
manner using Lemma 4.17.

To prove the third inequality of the lemma, we bound both kcW 1=2W�1=2k4 and kcW�1=2W 1=2k4 by

1=(1 � � )2. Using the de�nition of the matrix operator k � k, the identities S = WXW and bS = cW bXcW ,
Lemma 4.17, and the fact that, for all A 2 Sn and for all nonsingular P 2 <n�n, kAk � kPAP�1k, we have

kcW 1=2W�1=2k4 = kW�1=2cWW�1=2k2 � kX1=2cWW�1X�1=2k2
� kX1=2 bX�1=2k2k bX1=2cWW�1X�1=2k
= kX1=2 bX�1=2k2 �max[X

�1=2W�1cW bXcWW�1X�1=2]

= kX1=2 bX�1=2k2 �max[cW bXcWW�1X�1W�1]

= kX1=2 bX�1=2k2 �max[bSS�1] = kX1=2 bX�1=2k2 �max[S
�1=2 bSS�1=2]

= kX1=2 bX�1=2k2kbS1=2S�1=2k2 � 1

(1� � )2
:
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A similar argument shows that kcW�1=2W 1=2k4 � 1=(1� � )2, and hence, the third inequality of the lemma
follows.

Proposition 4.42 Let 
 2 (0; 1) be given, and let �� = ��(
) be as in Proposition 4.39. The following
statements hold:

(a) 
��(X;S) � (18432=(1� 
)2)n2 for any (X;S) 2 C0 \N�1(
);
(b) 
��(
) � (18432=(1� 
)2)n3.

Proof. To prove (a), �x (X;S) 2 C0 \ N�1(
), and de�ne G � G(X;S). In addition, let ( bX; bS) 2 E��(X;S)
and matrices A;B 2 Sn such that kAk2F + kBk2F � 1 be arbitrarily given. Note that Lemma 4.39 implies

that ( bX; bS) 2 Sn++�Sn++ and that (X;S); ( bX; bS) satsify the hypotheses of Lemma 4.41 with � = 1=2. Hence

kcW 1=2McW 1=2k2F � kcW 1=2W�1=2k4kW 1=2MW 1=2k2F � 4 kW 1=2MW 1=2k2F ;

for any M 2 Sn, where W � W (X;S), V � V (X;S), cW � W ( bX; bS), and bV � V ( bX; bS) and similarly

kcW�1=2NcW�1=2k2F � 4kW�1=2NW�1=2k2F for any N 2 Sn. These two inequalities, Lemmas 4.40 and 4.41,
and Proposition 4.35 imply

k�00( bX; bS)[M;N ](2)kF � 18 kbV 2k kbV �2k�kcW 1=2McW 1=2k2F + kcW�1=2NcW�1=2k2F
�

� 1152 kV 2k kV �2k
�
kW 1=2MW 1=2k2F + kW�1=2NW�1=2k2F

�
:

Now letting M = G�1(A) and N = G(B) and applying Lemma 4.38, Proposition 4.35, and the inequality
kAk2F + kBk2F � 1, we obtain

k�00( bX; bS)[G�1(A);G(B)](2)kF � 1152 kV 2k kV �2k
�
kW 1=2G�1(A)W 1=2k2F + kW�1=2G(B)W�1=2k2F

�
� 18432 kV 2k2 kV �2k2 �kAk2F + kBk2F

�
� 18432

�
n

1� 


�2 �kAk2F + kBk2F
� � � 18432

(1� 
)2

�
n2:

Hence, we conclude from (23) that k�00( bX; bS)kG � (18432=(1 � 
)2)n2. Since this upper bound does not

depend on the choice of ( bX; bS) 2 E��(X;S), (28) implies that 
��(X;S) � (18432=(1� 
)2)n2.
Statement (b) follows immediately from (a), Lemma 4.34, and (31).

The main iteration-complexity result for the long-step algorithm based on the map � and the set C0 can
now be derived as a consequence of Theorem 3.3 and the results of this subsection.

Theorem 4.43 The long-step algorithm based on the map �(X;S) = W 1=2XSW�1=2 and the set C0 termi-
nates in at most O(n3L) iterations.
Proof. We have already seen that � and C0 satisfy Assumption 1 through 9. Let �� be as in Proposition
4.39. Then by (40) and Lemma 4.42, we have


(
) � max
�

��(
); 4(�

�)�1
	 � max

��
18432

(1� 
)2

�
n3;

32n

1� 


�
:

The conclusion of the theorem now follows from Theorem 3.3.

Appendix

Proof of Lemma 4.32. To demonstrate that �x is a symmetric operator, we must show that �x(A) �B =
A ��x(B) for all A;B 2 Sn. Indeed, let A;B 2 Sn be arbitrary, and let W � W (X;S) and V � V (X;S).
Then �x(A) = V a

x V + V V a
x , where V

a
x , U

a
x , and T ax are related by (79a), (79b), and (79c), and �x(B) =
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V b
xV + V V b

x , where V
b
x , U

b
x, and T

b
x are related by (79a), (79b), and (79c) with A replaced by B. It follows

that

�x(A) �B = (V a
x V + V V a

x ) � (T bxV + V T bx)

= 2(V a
x V ) � (T bxV + V T bx)

= 2(Ua
xSW

�1=2V +W�1=2SUa
xV ) � (U b

xW
�1=2V +W�1=2U b

xV + V U b
xW

�1=2 + V W�1=2U b
x)

= 2(Ua
xSW

�1=2V ) � (U b
xW

�1=2V ) + 2(Ua
xSW

�1=2V ) � (W�1=2U b
xV ) +

2(Ua
xSW

�1=2V ) � (V U b
xW

�1=2) + 2(Ua
xSW

�1=2V ) � (V W�1=2U b
x) +

2(W�1=2SUa
xV ) � (U b

xW
�1=2V ) + 2(W�1=2SUa

xV ) � (W�1=2U b
xV ) +

2(W�1=2SUa
xV ) � (V U b

xW
�1=2) + 2(W�1=2SUa

xV ) � (V W�1=2U b
x)

= 2(Ua
xS

1=2W�1=2V ) � (U b
xS

1=2W�1=2V ) +

2(W�1=4Ua
xS

1=2W�1=4V ) � (W�1=4U b
xS

1=2W�1=4V ) +

2(V 1=2Ua
xS

1=2W�1=2V 1=2) � (V 1=2U b
xS

1=2W�1=2V 1=2) +

2(V 1=2W�1=4Ua
xS

1=2W�1=4V 1=2) � (V 1=2W�1=4U b
xS

1=2W�1=4V 1=2) +

2(W�1=4S1=2Ua
xW

�1=4V ) � (W�1=4S1=2U b
xW

�1=4V ) +

2(W�1=2S1=2Ua
xV ) � (W�1=2S1=2U b

xV ) +

2(V 1=2W�1=4S1=2Ua
xW

�1=4V 1=2) � (V 1=2W�1=4S1=2U b
xW

�1=4V 1=2) +

2(V 1=2W�1=2S1=2Ua
xV

1=2) � (V 1=2W�1=2S1=2U b
xV

1=2) (103)

This �nal expression (103) for �x(A) � B is symmetric with respect to Ua
x and U b

x and hence is symmetric
with respect to A and B, i.e.,

�x(A) �B = �x(B) �A = A ��x(B):
So �x is a symmetric operator. In addition, taking B = A in (103), we see that �x(A) � A is the sum of
squares of norms of matrices involving Ua

x . Hence, using this and the fact that Ua
x 6= 0 whenever A 6= 0, we

conclude that �x(A) �A > 0 for all A 6= 0. Thus, �x 2 T n
++. A similar argument shows that �s 2 T n

++.
We now prove that �x and �s commute. Let A 2 Sn be arbitrary, and consider �x(A) and �s(A). We

have �x(A) = V a
x V + V V a

x , where V
a
x , U

a
x , and T ax are related by (79a), (79b), and (79c), and similarly,

�s(A) = V a
s V + V V a

s , where V
a
s , U

a
s , and T as are related by (80a), (80b), and (80c) with B replaced by A.

Using the positive de�niteness of V and the assumption that (X;S) 2 C0, it is easy to see that the equation
de�ning �x(A) and �s(A) can be simpli�ed to

V a
x = W 1=2UaS + SUaW 1=2; (104)

V a
s = UaXW 1=2 +W 1=2XUa; (105)

T a = UaW 1=2 +W 1=2Ua;

A = T aV + V T a:

De�ne B � �x(A) and C � �s(A). We have �x(C) = V c
xV + V V c

x , where V
c
x , U

c
x, and T

c
x satisfy (79a),

(79b), and (79c) with A replaced by C, and �s(B) = V b
s V +V V b

s , where V
b
s , U

b
s , and T

b
s satisfy (80a), (80b),

and (80c). Using the de�nitions of B and C, the assumption that (X;S) 2 C0, and the positive de�niteness
of V , we conclude that T cx = V a

s and that T bs = V a
x . Hence, �x(C) and �s(B) are fully speci�ed by the sets

of equations

V c
x = U c

xSW
�1=2 +W�1=2SU c

x ; V b
s = U b

sXW
1=2 +W 1=2XU b

s ; (106)

V a
s = U c

xW
�1=2 +W�1=2U c

x; V a
x = U b

sW
1=2 +W 1=2U b

s : (107)

We wish to show that �x(�s(A)) = �s(�x(A)) or equivalently that �x(C) = �s(B). The de�nitions of
�x(C) and �s(B) and the positive de�niteness of V imply that �x(C) = �s(B) if and only if V c

x = V b
s , and
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the positive de�niteness of W 1=2 in turn implies that V c
x = V b

s if and only if

W 1=2V c
x + V c

xW
1=2 = W 1=2V b

s + V b
sW

1=2: (108)

Thus, to show the commutativity of �x and �s, we prove (108) as follows:

W 1=2V c
x + V c

xW
1=2 = W 1=2U c

xSW
�1=2 + U c

xS + SU c
x +W�1=2SU c

xW
1=2

= W 1=2(U c
xW

�1=2 +W�1=2U c
x)S + S(U c

xW
�1=2 +W�1=2U c

x)W
1=2

= W 1=2(UaXW 1=2 +W 1=2XUa)S + S(UaXW 1=2 +W 1=2XUa)W 1=2

= (W 1=2UaS + SUaW 1=2)XW 1=2 +W 1=2X(W 1=2UaS + SUaW 1=2)

= (U b
sW

1=2 +W 1=2U b
s )XW

1=2 +W 1=2X(U b
sW

1=2 +W 1=2U b
s )

= W 1=2U b
sXW

1=2 + V U b
s + U b

sV +W 1=2XU b
sW

1=2

= W 1=2V b
s + V b

sW
1=2;

where the �rst equality follows from the left-hand equation of (106), the third equality follows from the
left-hand equation of (107) and from (105), the �fth equality follows from (104) and from the right-hand
equation of (107), and the last equality follows from the right-hand equation of (106).
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