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Abstract

This paper gives several equivalent conditions which guarantee the existence of the weighted
central paths for a given convex programming problem satisfying some mild conditions. When
the objective and constraint functions of the problem are analytic, we also characterize the limit-
ing behavior of these paths as they approach the set of optimal solutions. A duality relationship
between a certain pair of logarithmic barrier problems is also discussed.

1 Introduction

The purpose of this work is to provide several conditions which guarantee the existence of a family
of weighted central paths associated with a given convex programming problem and to study the
limiting behavior of these paths as they approach the set of optimal solutions of the problem.

There are several papers in the literature which study these issues in the context of linear and
convex quadratic programs. These include Adler and Monteiro [1], Giiler [4], Kojima, Mizuno
and Noma [7], Megiddo [9], Megiddo and Shub [10], Monteiro [11], Monteiro and Tsuchiya [13],
Witzgall, Boggs and Domich [15]. For linear and convex quadratic programs, the properties of the
weighted central paths are quite well understood under very mild assumptions, namely (a) existence
of an interior feasible solution and, (b) boundedness of the set of optimal solutions. The paper by
Giiler et al. [5] gives a simplified and elegant treatment in the context of linear programs of several
results treated in the forementioned papers.

Conditions which guarantee the existence of the weighted central paths have been given by
Kojima, Mizuno and Noma [7] and McLinden [8] for special classes of convex programs. Namely,
[7] deals with the monotone nonlinear complementarity problem which is known to include certain
types of convex programs as special case and [8] deals with the pair of dual convex programs

inf{h() & >0},  inf{h"(&) | € > 0}, (1)

where h(-) is an extended proper convex function and h*(:) is the conjugate function of h(-).
We develop corresponding results for the general convex program (P) described below. Major
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differences between problem (P) and the one considered by McLinden are: (i) the feasible region
of problem (1) is contained in the nonnegative orthant while problem (P) is not required to satisfy
this condition; (ii) the objective and constraint functions of problem (P) assume only real values
while the objective function h(-) of problem (1) can assume the value +oo. It might be possible
to extend some of our results to the more general setting of extended convex functions but we
made no attempt in this direction since such extension would needless complicate our notation and
development.

McLinden in his remarkable paper [8] gives some special results about the limiting behavior of
the weighted central paths with respect to the pair of convex programs (1). Specifically, he analyzes
the convergence behavior of these paths assuming, in addition to conditions (a) and (b) above, the
existence of a pair of primal and dual optimal solutions satisfying strict complementarity.

In this paper (Section 5), we provide convergence results for the weighted central paths assuming
that the objective function and the constraint functions are analytic. As opposed to McLinden [8],
we do not assume the existence of any pair of primal and dual optimal solutions satisfying strict
complementarity.

Throughout this paper R! denotes the I-dimensional Euclidean space; also, RlJr and RlJr . denote
the nonnegative and the positive orthants of R!, respectively. Given convex functions f : R® — R
and g; : R" — R, j =1,...,p, throughout this paper we consider the following convex program

inf f(z)
st. xeP={zeR"| Az =0, g(x) <0},

where A € R™*", b € R™ and g : R” — RP? denotes the function defined for every z € R" by

9(z) = (91(x), ... gp(x))".

Given a fixed weight vector w € RE |, the w-central path of (P) arises by considering the
following parametrized family of logarithmic barrier problems

(P(t)  inf{f(z) —tY wjloglg;(z)| | =€ P}, (2)

j=1
where t € R4y is the parameter of the family and
P'={zeR"| Az =b, g(x) <0}

is the set of interior feasible solutions of (P). If each problem (P(t)) has exactly one solution x(t)
then the path t > 0 +— z(t) € P° is called the w-central path associated with (P). Conditions
for the existence of this path are therefore conditions which guarantee that (P(t)) has exactly one
solution for every t > 0.

Our paper is organized as follows. In Section 2 we introduce some notation and terminology
that are used throughout the paper. We also introduce some mild assumptions that are frequently
used in our results and discuss several situations in which these assumptions are satisfied. It is
hoped that this discussion will convince the reader of the mildness of our assumptions.

In Section 3, several equivalent conditions which guarantee the existence of at least one solution
of problem (P(t)) are presented (see Theorem 3.1 and Theorem 3.2). A duality theory between
a certain pair of logarithmic barrier problems (that is, problems (4) and (5)) is also developed



in this section. A similar duality theory has been developed by Megiddo [9] for the same pair of
logarithmic barrier problems in the context of linear programs.

In Section 4, we show that the several conditions developed in Section 3 are equivalent to
conditions requiring boundedness of the optimal solution set of problem (P) and/or its dual problem
(see Theorem 4.1). Both the Wolfe dual and the Lagrangean dual are considered in our analysis.

Results that guarantee the uniqueness of the solution of problem (P(t)) are stated in Section
5 and require analyticity of the functions f(-) and g;(-), 7 =1,...,p. We observe that while most
of the results of Section 3 and Section 4 do not require any analyticity condition, Section 5 deals
exclusively with convex programs whose objective and constraint functions are analytic. In Section
5 the analyticity assumption plays a major role in the study of the limiting behavior of the w-central
path ¢t — z(t) as t — 0. Convergence of certain dual weighted central paths are also proved in
Section 5 under the assumption that all constraint functions are affine.

The following notation is used throughout the paper. If z € R' and B c {1,...,l} then
xp denotes the subvector (z;)iep; if h(-) is a function taking values in R! then hp(y) denotes
the subvector [h(y)]p for every y in the domain of h(-). The vector (1,---,1)T, regardless of its
dimension, is denoted by 1. For any vector z, the notation |x| is used for the vector whose i-
th component is |z;|. Throughout, we use terminology and facts from finite-dimensional convex
analysis as presented by Rockafellar [14]. In particular, the symbols *, & and 0T applied to a function
signify the conjugate function, subdifferential mapping, and the recession function, respectively.
Also, the symbol 0% applied to a convex set signify the recession cone of the set. We denote the
number of elements of a finite set J by |.J].

2 Notation and Assumptions

In this section we introduce some notation and terminology that are used throughout the paper.
We also introduce some assumptions that are frequently used in our results and also discuss several
situations in which these assumptions are satisfied; it is our hope that this discussion will show
that these assumptions are mild ones.

The problem we consider in this paper is the convex program (P) stated in Section 1. The
Lagrangean function £ : R"™ x R™ x RP — R associated with (P) is defined for every (x,y,s) €
R" x R™ x R? by

L(z,y,5) = f(z) + (b— Az)Ty + 5" g(x),

and the Lagrangean dual problem associated with (P) is

sup  L(y, s)

st. (y,8) € DL ={(y,s)|s>0, L(y,s) > —oc},
where L : R™ x RP — [—00, 00) is the dual function defined by

L(y,s) = inf{L(z,y,s) | z € R"}, V(y,s) € R™ x RP. (3)

(Dr)

It is well known that L is a concave function since it is the pointwise infimum of the affine (and
hence concave) functions £(x,-,-), x € R". Another dual problem associated with (P) is the Wolfe
dual given by

sup L(y,s)

D
(Dw stt. (y,8) € Dw ={(y,s) € D1, | L(y,s) = L(x,y,s) for some x € R" }.



Hence Dy is the set of all points (y,s) in Dy, for which the infimum in (3) is achieved. It is well
known that the set of points (y,s) for which the infimum in (3) is achieved is given by {(y,s) |
0 € 0L(x,y,s) for some x € R"}.

We denote the set of optimal solutions of a program (-) as opt(-) and its value as val(-). So,
for instance, opt(P) denotes the set of optimal solutions of (P) and val(P) denotes its value. By
definition, the value of a program is the infimum (or the supremum) of the set of all values that the
objective function can assume over the set of all feasible solutions of the problem. By convention,
we assume that the infimum (supremum) of the empty set is equal to 400 (—oo) and that the
infimum (supremum) of a set unbounded from below (above) is equal to —oo (+00). Let

D% = {(y,S)GDL‘S>O},
D%V = {(y,s) € Dw | s > 0}.

We refer to DY and DY, as the set of interior feasible solutions of problem (Dy) and (Dy), respec-
tively. The following logarithmic barrier problems plays a fundamental role in our presentation.
Given w € RY |, consider the problems

(P*)  inf{pu(z) = f(2) = Y wiloglg;(x)| | =€ P%, (4)
j=1
(DE)  sup{du(y,s) = L(y,s) + Y_w;logs; | (y,s) € Dy}, ()
j=1
(DY) sup{du(y,s) | (y,s) € Dy }. (6)

An equivalent way to formulate problem (Djj;) is as the problem
p
sup{L(z,y,s) + ij logs;|s>0, 0€0L(z,y,s)},
j=1
which, for differentiable functions f(-) and g(-), takes the form
P
sup{L(z,y,s) + > _wjlogs; | s >0, Vf(z)— ATy + Vg(x)s = 0}.
j=1

Here are adopting the convention that the gradient of a scalar function is a column vector and
Vg(z) =[Vagi(z)--- Vgp(x)]. We also let

PD° = {(z,y,s) :z € P s>0, L(z,y,s) = L(y,s)},
and, for w € RY |, we define the set
Sw={(z,y,s) € PD° | —g(x) 0 s = w},

where the notation o denotes the Hadamard product of two vectors, that is if u and v are two
vectors then u o v denotes the vector whose i-th component is equal to u;v; for every i. When f(-)



and g(-) are differentiable, the points in S,, satisfy the following “centering” conditions:

Az =b, g(z) <0,
Vf(z)+Vg(z)s — ATy =0, s>0,

—g(x)os =w.

We next introduce some assumptions which are frequently used in our presentation and subse-
quently we make some comments about the assumptions. Consider the following two assumptions:

Assumptions:
(A) rank(A) = m;
(B) For any a > 0 and 3 € R, the set {z € P | g(x) > —al, f(z) < [} is bounded.

Assumption (A) is quite standard and considerably simplifies our development. We next discuss
Assumption (B). First note that Assumption (B) obviously holds when P = {), that is, when problem
(P) is infeasible. Assumption (B) also holds when opt(P) is nonempty and bounded. Indeed, it
is easy to see that opt(P) is nonempty and bounded if and only if there exists a constant 3 such
that the set {x € P | f(z) < (8} is bounded. It follows from Lemma 2.1 below that a necessary and
sufficient condition for opt(P) to be nonempty and bounded is that the set {z € P | f(x) < 5} be
bounded for any B € R. Since the set defined in Assumption (B) is a subset of {z € P | f(x) < 5},
we conclude that Assumption (B) holds when opt(P) is nonempty and bounded.

A proof of the following well known result can be found for example in Fiacco and McCormick
[2], page 93.

Lemma 2.1 Assume that hj : R — R, j = 1,...,1, are convex functions and that, for some
scalars o, ..., ap, the set {x € R" | hj(z) < aj, j=1,...,1} is nonempty and bounded. Then, for
any given scalars 1, .., 0, the set {x € R™ | hj(z) < B;,j = 1,...,1} is bounded (and possibly
empty).

We should note that Assumption (B) does not imply that opt(P) is nonempty or that opt(P)
is bounded when it is nonempty. Indeed, the problem inf{z | x < 0} satisfies Assumption (B) but
it has no optimal solution. Moreover, the problem inf{—z; | 21 < 0,29 < 0} satisfies Assumption
(B) and has a nonempty optimal solution set which is unbounded.

An example of a problem which does not satisfy Assumption (B) is

inf{f(x) =0|e* —1<0}.

The next result gives a sufficient condition for Assumption (B) to hold when each constraint
function g;(-), j =1,...,p, is affine.

Lemma 2.2 Assume that g(x) = Cx — h, where C' is a p X n matriz and h € RP, and that
P ={xe€R"| Az = b, Cx < h} is nonempty. Then a sufficient condition for Assumption (B) to
hold is that P be a pointed polyhedron (that is, P has a vertex). In addition, if f(-) is an affine
function then this condition is also necessary.

Proof. Assume that P is pointed and let @« > 0 and 8 € R be given. Note that P is pointed if and
only if the lineality space of P is equal to {0}, that is, {d € R" | Ad =0, Cd = 0} = {0}. Hence
the set

{rePlglx)=Czx—h>-al} ={z|Az=b, h—al < Cx <h} (7)



is bounded since its recession cone is equal to {d € R" | Ad = 0, Cd = 0} = {0}. Thus the set
defined in Assumption (B) is also bounded since it is a subset of the set in (7). We have thus shown
that Assumption (B) holds.

To show the second part of the lemma, assume that f(-) is an affine function, say, f(x) = x4+~
where ¢ € R™ and v € R. The set of Assumption (B) is bounded if and only if its recession cone
{d| Ad =0, Cd =0, cT'd < 0} is equal to {0}. However, it is easy to see that {d | Ad = 0, Cd =
0, ¢c’'d < 0} = {0} if and only if {d | Ad = 0, Cd = 0} = {0}, that is, if and only if P is pointed. m

3 Conditions for the Existence of the Central Path

In this section we give several equivalent conditions which ensure that problem (P(t)), ¢ > 0,
defined in (2) has at least one solution. With this goal in mind, we will consider the more general
question of existence of a solution of the convex program (P*) for an arbitrary w € R . We also
discuss the duality relationship that exists between the pair of problems (P") and (DY) (or (Dii/))-
(See Megiddo [9] for a discussion of this duality relationship in the context of linear programs.)

We start by stating one of the main results of this section. Theorem 3.2, which is the other
main result of this section, complements Theorem 3.1.

Theorem 3.1 Suppose that both Assumption (A) and Assumption (B) hold. Then the following
statements are all equivalent:

(a) P° #0 and DY, +# 0;
(b) P° 0 and DY + ;
(c) opt(P*) # 0;
(d) Sw #0;
(e) PD° #0;
(f) opt(DY) # 0.
Moreover, any of the above statements imply:

(1) opt(DY) = opt(Dyy,) and the set {s | (y,s) € opt(DY)} is a singleton; if in addition As-
sumption (A) holds and the functions f(-) and g(-) are differentiable then opt(DY’) is also a
singleton;

(2) Sw={(z,y,8) | x € opt(P™), (y,s) € opt(D})};
(3) for any fized (y,5) € opt(DY),

opt(PY) ={x |z € P, |g(x)| o5 =w} N Argmin{L(z,7,S) | € R"};
(4) val(P*) —val(DY) = 35 w;j(1 —logw;) and val(DY) = val(Dyy).

The proof of Theorem 3.1 will be given only after we prove several preliminary results, some
of which are interesting in their own right. The first two lemmas are well known and are stated
without proofs.



Lemma 3.1 Assume that X is a metric space and that h : X — RU {co} is a proper lower semi-
continuous function. Let E be a nonempty subset of X. If there exists a point 2° € E such that
h(z°) < oo and the set {x € E | h(x) < h(z")} is compact then the set of minimizers of the problem
inf{h(z) | x € E} is nonempty and compact (and hence bounded).

Lemma 3.2 Let o and (3 be given positive scalars and consider the function h : (0,00) — R defined
by h(t) = at — Blogt for allt € (0,00). Then,

(a) h is strictly convez;

(b) h(t) > B[l —log(B/a)] for all t > 0 with equality holding if and only if t = B/c;

(c) h(t) = 00 ast — 0 ort — oo.
The following simple lemma is invoked more than once in our development.

Lemma 3.3 Suppose that D% # (. Then there exist constants 1o € R and 71 > 0 such that

f@)>m+7m) lgi(x)l, Vo € P. (8)
=1

Proof. Let (y°,5%) be a fixed point in D?. By the definition of DY, there exists 79 € R such that
L(z,y°, s%) > 7, Vr € R". (9)

Let 7 = min{s? | j = 1,...,p} > 0. Rearranging (9), we obtain that for every x € P,
J

P
f(z) 2710~ () g(2) = (") (b= Az) = 70+ (") g ()] = 70+ 71 ) |g;()].
j=1
u
The next result shows that the existence of interior feasible solutions for both (P) and (Dy)
implies that (P*) has an optimal solution.

Proposition 3.1 Suppose that Assumption (B) holds and let w € RY | be given. If P* # () and
DY £ 0 then opt(PY) # 0.

Proof. Take a point 2° € PY. In view of Lemma 3.1, the result follows once we show that the set
Q% = {z € P°| pu(z) < pu(a®)} is compact, where p,(-) is defined in (4). Indeed, since D9 # 0,
Lemma 3.3 implies that there exist constants 7o € R and 71 > 0 such that (8) holds. Hence, we
have

p D
(r1lg;(x)| — wjloglg;(x)]) < flz)—70— Y wjloglg;(x)|
Jj=1 j=1
= pu(x) =70 < pu(a®) =71,  Vzel

Using Lemma 3.2 and the fact that 71 > 0 and w > 0, it is easy to verify that the above relation
implies the existence of a constant € > 0 such that

e <|gj(z)| < e, Vee Qand Vj=1,...,p. (10)



Relation (10) and the fact that p,(z) is bounded above on 0 imply that f(x) is also bounded
above on Q°. In view of Assumption (B), it follows that ° is bounded. Relation (10) also implies
that

QO = {l‘ € P¢ ’pw(x) < pw(mo)}

where P¢ = {z € R" | Az = b, g(x) < —el}. Since P€ is a closed set, it follows that QU is also a
closed set. We have thus proved that Q° is a compact set. [

The set opt(P™) is not necessarily a singleton. However, we have the following result whose
proof is left to the reader.

Lemma 3.4 If opt(P") # 0 then the set {(f(x),9(z)) | z € opt(P™)} is a singleton, that is, there
exist f € R and g € R? such that f(z) = f and g(x) = g for every x € opt(P"™).

We now turn our efforts to obtaining conditions which ensure that opt(D}) # 0. We start with
the following preliminary result.

Lemma 3.5 Suppose that Assumption (A) holds and that P° # (). Then the following statements
hold:

(a) there exist constants vo € R and v > 0 such that

p
L(y,s) <y -7 55 V(y.s) € R™ x RE; (11)
j=1

(b) for any constant v € R, the set QO = {(y,s) € R™ x RP | L(y,s) > v, s > 0} is compact
(possibly empty).

Proof. We first show (a). Since P° # (), let 2° be a fixed point in P°. Defining 7o = f(2°) and
y1 = minj—1__,{|g;(z°)|} and using the definition of L and the fact that Az° = b and g(2°) < 0,
we obtain

Ly,s) < L(a2%y,s) = f(a)+y"(b— Az°) + sTg(a)

p
= f@ —s"|g(@®)] < vo-m Zsj, V(y,s) € R™ x RE.
j=1

We now show (b). The result is trivial when €, = (), and hence we assume from now on that Q. # ()
and that (7, 5) is a fixed point in .. Since the function (y,s) € R™ x R? — —L(y, s) € (—o0, +00]
is lower semi-continuous and convex, it follows that {(y,s) | L(y,s) > v} is a closed convex set.
Hence, (), is also a closed convex set. To show that 2, is bounded, it is sufficient to prove that
07Q, = {0}. Indeed, let (Ay, As) be an arbitrary vector in 07Q,. We will show that (Ay, As) = 0.
By the definition of 07, we have that (y,35) + A(Ay, As) € Q, for all A > 0. More specifically,
we have:
5+ AAs >0, YA >0,

and

p
v < LG+ Ay, 5+ AAs) <y —m1 Z(Ej + AAsj), YA >0, (12)
j=1



where the last inequality is due to (11). Since As > 0, relation (12) holds only if As = 0. Next,
assume for contradiction that Ay # 0. Then, using the fact that rank(A) = m, it is easy to show
the existence of a point Z € R™ such that Ay’ (b — AZ) < 0. Using the definition of L, the fact that
As = 0 and relation (12), we obtain

L(y + My, 5+ \As)
L(z,§+ Ay, 5+ AAs)
L(Z,7,5) + MAy)T (b — Az), VA > 0.

7=
<

But this relation holds only if Ay’ (b — AZ) > 0, contradicting the fact that Ay’ (b — Az) < 0
Hence, we must have Ay = 0 and the result follows. m

The following well known result is used in the proof of the next proposition. Its proof can be
found for example in Rockafellar [14], theorem 21.2.

Lemma 3.6 A necessary and sufficient condition for P° to be empty is that there exists a point
(7,8) € R™ x RP such that 0 # 5 > 0 and

g7 (b— Azx) + 57 g(x) >0, Vz € R". (13)

Proposition 3.2 Suppose that Assumption (A) holds and that DY # 0. Let w € RE be given.
Then the following implications hold:

(a) if P° =0 then (DY) is unbounded;

(b) if P° # O then opt(DY¥) # 0.

Proof. We first show implication (a). Assume that P° = () and let (¢,35) be a fixed point in DY.
Lemma 3.6 and the fact that P° = ) imply the existence of a point (,5) € R™ x R? satisfying
relation (13) and 0 # § > 0. We next show that (5()\),3(\)) = (¥, 3) + A(9,3) € DY for all A > 0.
Indeed, the fact that 5 > 0 and § > 0 implies that s§(\) > 0 for all A > 0. Moreover, using relation
(13) and the definition of L, we obtain

L(EA),5N) = inf {f(@) + g (b~ Az) + 50\ g(x) }

> inf { f(2) + 57 (b~ Az) + 5 g(x)} + Ninf {57 (b - Az) + 5T g(=) }
= L(y,5)+ )\lnf{ (b— Az) + §Tg(:z:)}
> L(5,5), VYA>0. (14)

Hence, (5()),3(\)) € DY for all A > 0. Moreover, using relation (14) and the fact that 0 # § > 0,
we can easily verify that d,(7()), 5(\)) = L(g(N), 5(A)) +XF_; log w;5;(A) — 00 as A — oo. Hence,
problem (DY) is unbounded and implication (a) follows.

We next show implication (b). Assume that P # (). First observe that opt(D¥) is exactly the
set of minimizers of the problem inf{—d,(y,s) | (y,s) € R™ x RE__}, where d,,(-,-) is defined in
(5). In view of Lemma 3.1, it is sufficient to show that the set

I'= {(ya S) ‘ _dw(yas) ST, 8> 0}

is compact, where 7 = —d,, (7, §) < oo and (g, 5) is the point considered in the proof of (a). Indeed,
since P # () and Assumption (A) holds, it follows that the assumptions of Lemma 3.5 are satisfied.



Hence, by Lemma 3.5(a), there exist constants 79 € R and 71 > 0 such that (11) holds. Thus, if
(y,s) € I' we have,

—dw(¥,35) +7 > —duw(y,s)+ 70

p
= —L(y,8)+7 — ij log s;
j=1

P P
Y Zsj — ij log s;
Jj=1 Jj=1

v

P
= Z {ms; —wjlogs;}.
Jj=1
Using Lemma 3.2 and the above relation, it is easy to show the existence of a constant § > 0 such

that
f1<s<d M1, V(ys) el. (15)

Relation (15) and the definition of I' then imply
P
r g {(yv S) | S Z 07 L(y>s) 2 -T = ij log(s_l}a
j=1

which, in view of Lemma 3.5(b), yields the conclusion that I' is bounded. Also, (15) implies that
I={(,9) | ~du(y,s) <7, s =01},

which in turn implies that I' is a closed set. Hence, I' is a compact set and implication (b) follows.
m
As an immediate consequence of the previous result, we obtain the following corollary.

Corollary 3.1 Suppose that Assumption (A) holds. Then opt(D¥) # 0 if and only if P® # 0 and
DY #10.

Note that Proposition 3.2 is a result about the Lagrangean dual. It is natural to ask if a similar
result holds with respect to the Wolfe dual, that is, whether the two implications:

(a') if P® =0 then (DY) is unbounded;

(V') if P° # 0 then opt(D¥,) # 0,
hold under Assumption (A) and the assumption that DY, # (). It turns out that none of the two
implications hold as the following example illustrates.

Example 3.1 Consider the convex set C' = {(21,22) € R? | 29 > 1/z1, 21 > 0} and the functions
f,9 : R®> = R defined by f(x) = —2x5 + dist(z,C) and g(z) = x5 + 229 + 1 — § for all 2 € R?,
where ¢ is a nonnegative constant. Clearly, both f(-) and g(-) are convex functions. It is easy to
verify that the dual function L restricted to Ry is given by

—00 if8207
. ) —ds+2—s71 ifo0<s<1,
L(s) =inf L(z,s) = st s if1<s<3/2

—8s+3—(9/4)s7 if 3/2 < s,

10



and that the infimum is achieved only when 0 < s < 1. Hence, we have Dy = (0,00) and
Dy = (0,1). If 6 = 0, it is easy to verify that P° = () and that problem (D) is bounded above
with opt(Dg,) = 0. This case shows that implication (a’) does not hold. Now, if § > 0 then P° # ()
and, in addition, if 6 < 1 then problem (Djj,) is also bounded above with opt(Djj;) = (. This last
case shows that implication (") does not hold.

We can also ask whether the equivalent version of Corollary 3.1 in terms of the Wolfe dual, that
is the one obtained by replacing the subscript 7 by y in its statement, hold. Clearly, Example
3.1 with § > 0 is a counterexample for the “if” part of this modified version of Corollary 3.1. The
following example provides a counterexample for the “only if” part.

Example 3.2 Consider the convex set C' as in Example 3.1 and the functions f, g : R? — R defined
by f(z) = x1 — x5 and g(z) = |as| + dist(x, C) for all z € R%. Tt is easy to verify that the dual
function L(s) for every s € R} is given by

. —o0 if0<s <1,
L(S)zlgfﬁ(mﬁ):{ 0 if1<s

and that the infimum is achieved and finite only when s = 1. Hence, we have Dy = [1,00) and

Dy, = {1}. Moreover, we can easily verify that P = ). Clearly, we have opt(D{j,) = {1} # 0 but
= (), and hence the “only if” part of Corollary 3.1 does not hold in the context of the Wolfe dual.

Note that this example satisfies Assumption (A) since m = 0 and Assumption (B) since P = ().

Note that Theorem 3.1 guarantees that implication (¢') holds if, in addition to assuming DY}, # ()
and Assumption (A), we further impose Assumption (B). Note also that Example 3.1 with § > 0
does not satisfy Assumption (B).

We next describe the duality relationship that exists between problems (P") and (DY).

Lemma 3.7 Ifz € P° and (y,s) € DY then
P
Pu () = Z (1 —logwy). (16)

where py(-) and dy(-,-) are defined in (4) and (5). Moreover, equality holds in (16) if and only if
(x,y,5) € Sw.

Proof. Let » € P° and (y,s) € DY be given. Using the fact that Az = b, g(z) < 0 and
L(x,y,s) > L(y, s), we obtain

puw(z) —duw(y,s) = Z wj log |g;(x Z wj log s;
> flz) = L(z,y,s) — Z wjlog(s;lg;(x)])
j=1
= yT(ACU*b)*S g(z ijlog sjlgj(z)|)

j=1

11



Il
M=

(sjlgj(z)| — wjlog s;|g;(x)])

<.
Il
—

> wj(l —logwj), (17)

M=

.
Il
—

where the last inequality is due to Lemma 3.2(b). This shows (16). Using Lemma 3.2(b) again and
expression (17), it is easy to see that equality holds in (16) if and only if

£($7y78) :L(y78)7 —809(1’) =w. (18)
By definition of S,,, we immediately conclude that (18) holds if and only if (z,y,s) € Sy. ]

Lemma 3.8 Let w € RY | be given and assume that S,, # 0. Then, (z,7,5) € Sy, if and only if
z € opt(P") and (y,5) € opt(DY), in which case (y,5) € opt(Dyj;).

Proof. We first show the “only if” part of the equivalence and the the fact that (z,y,5) € Sy,
implies (y,5) € opt(Dy3;). Indeed, assume that (Z,y,5) € S,. By the definition of S,,, we have
z € PYand (3,3) € DY, C DY, and by the “if and only if” statement of Lemma 3.7, we conclude
that

P
pw(j) - dw(§7 5) = ij(l - logwj)'
j=1
This relation together with relation (16) of Lemma 3.7 implies
pw(IE) - dw(ya 8) > pw(‘f) - dw(gv g)v Vo € Poa V(y, S) € D([), (19)

Fixing (y, s) = (9, 5) in (19), we obtain the conclusion that z € opt(P"). Similarly, fixing z = Z in
(19), we obtain that (7,5) € opt(DY¥). Since (4, 3) € DY, this also implies that (¥, 5) € opt(D¥,).

We next show the “if” part of the equivalence. Assume that & € opt(P") and (7, 5) € opt(DY).
Then it is easy to see that inequality (19) holds. By assumption, S, # @ and so let (z°,°, s°) be
a fixed point in S,,. As in the proof of the “only if” part, we have

p
pw(azo) — dw(yo, so) = ij(l — logwj), (20)
j=1
Combining inequality (19) with = = 2% and (y, s) = (y°, s”) and relation (20), we obtain

wj(l *logwj) pr(j) *dw(@ 5)' (21)
=1

J

By inequality (16), we conclude that (21) must hold as equality. Hence, by the “if and only if”
statement of Lemma 3.7, it follows that (Z,y,5) € Sy. n
As an immediate consequence of the above two lemmas, we obtain the following result.

Proposition 3.3 Let w € RZ_’Hr be given and assume that Sy, # 0. Then the following statements
hold:

12



(a) opt(DY) = opt(Dyi;) and the set {s | (y,s) € opt(D})} is a singleton; if in addition Assump-
tion (A) holds and the functions f(-) and g(-) are differentiable then opt(DY) is a singleton;

(b) Sw={(z,y,s) | z € opt(P"), (y, s) € opt(DY)};
(c) for any fized (y,5) € opt(DY),
opt(PY) ={x |z € P, |g(x)| o5 =w} N Argmin{L(z,7,5) | € R"};

(d) val(P¥) —val(DY}) = 25:1 w;(1 —logw;) and val(D}) = val(Dyy,).

Proof. The assertion that opt(D}) = opt(Dyj;) follows from Lemma 3.8. Using the fact that the
objective function dy(y, s) of problem (DY) is strictly concave with respect to s, we can easily see
that the set {s | (y,s) € opt(D}¥)} is a singleton. Assume now that Assumption (A) holds and
the functions f(-) and g(-) are differentiable. Fix a point € opt(P"). (This point exists since
Sw # 0.) By Lemma 3.8, we know that (y,s) € opt(DY) if and only if Vf(z) — ATy + Vg(z)s = 0
and |g(Z)| o s = w. Using the fact that rank(A) = m, we can easily see that there exists a unique
point (y, s) satisfying these two last equations. We have thus shown that opt(D}) is a singleton.
Statements (b), (c) and (d) follow immediately from (a), Lemma 3.7 and Lemma 3.8. (]

It is worth mentioning that Lemmas 3.7, 3.8 and Proposition 3.3 hold even if we do not assume
that the functions f(-) and g¢;(-), j =1,...,p, are convex.

We are now in a position to give the proof of Theorem 3.1. The proof has already been given
in the several results stated above and all we have to do is to put the pieces together.

Proof of Theorem 3.1: We will show that the implications (a) = (b) = (¢) = (d) = (e) = (a),

the implication (d) = [(1), (2), (3) and (4)] and the equivalence (b) < (f) hold, from which the

result follows.

[(a) = (b)] This is obvious since DY}, C D9.

[(b) = (¢)] This follows from Proposition 3.1.

[(¢) = (d)] Let z € opt(P"). The KKT conditions for P imply the existence of y € R™ such that
(7)+Z§:1(wj/|gj(i“)])—ATy. Setting s; = w;/|g;(Z)| for j =1,...,p, we have (Z,y, s) € Sy.

=
=
(e)] This is obvious since S,, € PD.
(a)] This is obvious since PD? C P% x DY..
)
)

, (2), (3) and (4)] This follows from Proposition 3.3.
] This follows from Corollary 3.1. ]

Theorem 3.1 is not completely symmetrical in the sense that the condition opt(Djj,) # 0 is
not equivalent to conditions (a), (b), (c), (d), (e) and (f) (see Example 3.2). However, if (i) the
objective function and the constraints functions are analytic, or (ii) the constraints functions g;(-),
j =1,...,p, are affine functions, then the next result shows that opt(D}j,) # 0 is equivalent to
conditions (a), (b), (c), (d), (e) and (f) of Theorem 3.1.

Theorem 3.2 Suppose that Assumption (A) and Assumption (B) hold and assume that either one
of the following conditions hold:

(a) the constraints functions g;(-), j =1,...,p, are affine, or;

(b) the functions f(-) and g;(-), j =1,...,p, are analytic.
Then, the condition opt(Di},) # 0 is equivalent to any one of the conditons (a), (b), (c), (d), (e)
and (f) of Theorem 3.1.

13



The proof of Theorem 3.2 will be given at the end of this section after we state and prove some
preliminary results. The main property that we use about an analytic convex function is that it
satisfies the following flatness condition.

Definition 3.1 (Flatness condition) A function h : R" — R is said to be flat if given any points
z,y € R" such that z # y the following implication holds: if h(z) is constant on the segment
[yl ={ A+ (1 =Ny | X €[0,1]} then h(x) is constant on the entire line containing [z, y].

Lemma 3.9 Assume that h : R" — R is a flat convex function such that inf{h(z) | x € R"}
is finite but it is not achieved. Then, there exists a direction d € R"™ such that the function
A€ R— h(x 4+ A\d) € R is (strictly) decreasing for every x € R™.

Proof. Since inf{h(z) | z € R"} is finite, we have h0*(d) > 0 for every d € R™. Moreover,
since this infimum is not achieved, it follows from Theorem 27.1(d) of Rockafellar [14] that the set
R = {d € R" | h0"(d) = 0} is nonempty (R is the set of all directions of recession of h). We
will show that some d € R satisfies the conclusion of the lemma. Indeed, assume for contradiction
that for every d € R, there exists x4 € R" such that A — h(z4 + Ad) is not a strictly decreasing
function. For the remaining of the proof, let d be an arbitrary direction in R. By Theorem 8.6 of
Rockafellar [14], it follows that A — h(zq + Ad) is a non-increasing function. Hence, there exists a
closed interval [A\~, A*] of positive length such that A\ — h(zg + Ad) is constant on [A7, AT]. Since
h is a flat function, it follows that h(zg+ Ad) is constant on the whole line R. By Corollary 8.6.1 of
Rockafellar [14], it follows that A\ — h(x + A\d) is a constant function for every z € R". Since d € R
is arbitrary, we have thus shown that every direction of recession of h(-) is a direction in which h(-)
is constant. By Theorem 27.1(b) of Rockafellar [14], it follows that inf{h(x) | z € R"} is achieved
contradicting the assumptions of the lemma. Hence, the conclusion of the lemma follows. [
As a consequence of the previous lemma, we obtain the following result.

Lemma 3.10 Assume that h,k : R™ — R are analytic convex functions satisfying the following
properties:

(a) inf{h(x) | x € R"} is finite and achieved;

(b) inf{k(z) | x € R"} is finite, and;

(c) inf{h(z) + k(x) | x € R"} is not achieved.
Then the function h — 0k is not convex for any 6 > 0.

Proof. Since inf{h(z) | z € R"} and inf{k(z) | * € R"} are finite, we have h0"(d) > 0 and
kOt (d) > 0 for every d € R". By Theorem 9.3 of Rockafellar [14], we have (h + k)0T(d) =
R0 (d) + k0T (d) for every d € R™. Hence, we have

F={deR"|(h+k)0"(d) =0} ={deR"|h0OT(d) =0, k0T (d) = 0}.

By Lemma 3.9, there exists d € " such that A\ — (h + k)(z + Ad) is a decreasing function for every

x € R™. By (a), there exists Z € R" such that h(z) < h(zx) for all x € R™. Since h0T(d) = 0, it

follows from Theorem 8.6 of Rockafellar [14] that A — h(Z+\d) is a non-increasing function. Hence,

it follows that h(Z+ Ad) = h(z) for every A > 0. Therefore, using the fact that A — (h+k)(Z + A\d)

is a decreasing function, we conclude that A € [0,00) +— k(Z + A\d) is a decreasing function, and

hence, together with (b), a strictly convex function. This implies that A € [0, 00) — (h—0k)(Z+\d)
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is a strictly concave function. We have thus shown that the function A — 8k is not convex for any
0 > 0. [
Theorem 3.2 is an immediate consequence of the following proposition.

Proposition 3.4 Assume that DY, # 0 and that either one of the following conditions hold:
(a) the constraints functions g;(-), 7 =1,...,p, are affine, or;
(b) the functions f(-) and g;(-), j =1,...,p, are analytic.

Then, P° = () implies that problem (D) is unbounded.

Proof. Let (i, 5) be a fixed point in DY},. By Lemma 3.6 and the fact that PY = (), there exists
(9,5) € R™ x RP such that 0 # § > 0 and relation (13) is satisfied. As in the proof of Proposition
3.2, it follows that (y()\),5(\)) = (4,3) + A(§,5) € DY for all A > 0 and that dy(5(N),3(\)) =
L(H(N),5(N)) + 24— log 5;(A) — 00 as A — oo. We will next show that (§()),5(\)) € Dy, for all
A > 0, which together with the above observations imply that (Djj,) is unbounded.

We first assume that condition (a) holds. In this case, it follows that the left hand side of (13) is
an affine function which is nonnegative. Then x € R"™ — §%(b— Ax)+ 3" g(x) is a constant function
and hence, for every A > 0, the function z — L(x,y()), 5())) differs from the function x — L(z, 7, 5)
by a constant. Since (y,3) € DY, this implies that, for every A > 0, inf{L(z, 5(\),3()\)) | z € R"}
is achieved, or equivalently, that (g()), 5()\)) € D}, .

We now assume that condition (b) holds. Assume for contradiction that (g(),3()\)) ¢ DY
for some A > 0. Let h,k : R” — R denote the functions defined by h(z) = L(x,9,5) and k(z) =
AgT (b — Az) + 3T g(z)] for every z € R"™. Tt is easy to see that h and k satisfy all the assumptions
of Lemma 3.10. Hence, from the conclusion of this lemma, it follows that the function h — 0k is not
convex for any 6 > 0. But since h — 0k = L(-,§j — 0\f,5 — OX3) and 5 — A5 > 0 for any 6 > 0
sufficiently small, we obtain that h — 0k is convex for any 8 > 0 sufficiently small, contradicting the
above conclusion. Hence, it follows that (§()),5(\)) € DY, for all A > 0.

4 Other Existence Conditions for the Central Path

In this section, we derive other conditions which are equivalent to the conditions of Theorem 3.1
and/or Theorem 3.2. The conditions discussed in this section impose boundedness on the optimal
solution set of (P) and/or its dual (Lagrangean or Wolfe) problem. The main result of this section
is Theorem 4.1.

The first result essentially says that boundedness of the set opt(P) is equivalent to the existence
of an interior feasible solution for the (Lagrangean or Wolfe) dual problem.

Proposition 4.1 Suppose that Assumption (B) holds. Then, the following statements are equiva-
lent:

(a) opt(P) is nonempty and bounded;

(b) P # 0 and DY, # 0;

(¢c) P# 0 and DY # 0.

Proof. We first show the implication (a) = (b). Assume that opt(P) is nonempty and bounded.
Fix a point 2° € P # 0 and let € > 0 be such that f(2°) < ¢~!. Consider the following convex
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program

inf f(z)— D1 W) log(e — g;(x))
st f(z) <el, 0
Az = b, (22)

Observe that 20 is a feasible point of (22) and that all the inequality constraints of (22) are strictly
satisfied by x°. Moreover, using the fact that opt(P) is nonempty and bounded and Lemma 2.1,
we can easily see that the feasible region of (22) is compact. Hence, the problem has a minimizer
Z which satisfy the KKT conditions:

0€df(@)+> <€_l;ﬁ> 9g;(Z) + Nof(z) — ATG + 9g(7)3, (23)
j=1 J
A >0, 5> 0, Me ' — f(z)] =0, 57(e/2)1 — g(z)] = 0. (24)

Rearranging (23), we obtain the condition that 0 € 0L(Z,y, §), where

g:l_'_%y, §]:(1+)\)1<E‘UQ}W+S]>>O, Vle,,p
Hence, (4, 3) € DY, and therefore DY, # 0.

The implication (b) = (c) is straightforward since DY, C D?.

We now prove the implication (c) = (a). Assume that P # () and DY # (). Take a point z° € P.
In view of Lemma 3.1, the conclusion that opt(P) is nonempty and bounded will follow if we show
that the set Q = {x € P | f(z) < f(2")} is compact. This set is clearly closed since P is closed and
f(z) is continuous. It remains to show that 2 is bounded. Indeed, since DY # 0, it follows from
Lemma 3.3 that there exist constants 79 € R and 71 > 0 such that relation (8) holds. This implies

that
Q={zeP|f(z)< f", gj(x) > —(f(a°) —70)/71, Vj=1,...,p}.

By Assumption (B), the set in the right hand side of the above expression is bounded. Hence, (2 is
bounded and the result follows. [

The proof of the implication (a) = (b) is based on ideas used in Lemma 13 of Monteiro and
Pang [12]. Note that the implications (a) = (b) and (a) = (c) hold regardless of the validity of As-
sumption (B). On the other hand, Assumption (B) is needed to guarantee the reverse implications.
Indeed, consider Example 3.1 with § > 0. Clearly, it does not satisfy Assumption (B), P° # (),
DY # ( and DY, # (. But it is easy to see that opt(P) = 0 if § < 1 and that opt(P) is nonempty
and unbounded if § > 1.

We next turn our efforts to show that, under certain mild assumptions, the existence of an
interior feasible solution for problem (P) is essentially equivalent to boundedness of the set of
optimal solutions of the (Lagrangean or Wolfe) dual problem. With this goal in mind, it is useful
to recall the notion of a Kuhn-Tucker vector as defined in Rockafellar [14], pages 274-275. A point
(y,s) € R™ x R is called a Kuhn-Tucker vector for (P) if L(y,s) = val(P) € R. We denote the
set of all Kuhn-Tucker vectors for (P) by K7T.
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By Theorem 28.1 and Theorem 28.3 of Rockafellar [14], we have that a necessary and sufficient
condition for x € opt(P) and (y,s) € K7 is that the following relations hold:

r€P, >0, s'g(x)=0and L(z,y,s) = L(y, s). (25)

(The last relation in (25) is also equivalent to 0 € Of (x) — ATy +s510g1(z) +. ..+ s,09,(z).) Hence,
when opt(P) # 0, we have K7 C Dyy.
The next two results give the relationship between the set K7 and the sets opt(Dr) and

opt(Dw).

Lemma 4.1 K7 # 0 if and only if opt(Dr) # 0 and val(P) = val(Dy), in which case KT =
opt(Dy).

Proof. The proof of this lemma follows straightforwardly from the definition of K7 and from the
weak duality result, namely: L(y,s) < f(z) for every z € P and (y,s) € R™ x R%. ]

Lemma 4.2 Assume that opt(P) # (0. Then, KT # 0 if and only if opt(Dw) # 0 and val(P) =
val(Dw ), in which case KT = opt(Dy).

Proof. Assume that opt(P) # (. First we observe that X7 C opt(Dy ). This inclusion follows
from the definition of K7, the weak duality result and the fact that K7 C Dy which holds under
the assumption that opt(P) # ) (see the observation preceding Lemma 4.1). Under the assumption
that opt(Dyw ) # 0 and val(P) = val(Dyw ), the reverse inclusion X7 2 opt(Dy ) is immediate. m

Lemma 4.3 Suppose that Assumption (A) holds. Then, P° # () and val(P) > —oo imply that KT
18 nonempty and bounded.

Proof. Assume that P° # () and val(P) > —oc. Then Theorem 28.2 of Rockafellar [14] implies
that K7 # (. The boundedness of K7 follows from Lemma 3.5 and the fact that

KT ={(y,s) € R x RE | L(y,s) > val(P)}.

Lemma 4.4 If opt(Dy) is nonempty and bounded then P° # ().

Proof. Assume that opt(Dy,) is nonempty and bounded and let (7, 5) be a fixed point in opt(Dyr.).
Assume for contradiction that P° = (). Lemma 3.6 then implies the existence of a point (7, 3) €
R™ x RP satisfying relation (13) and 0 # § > 0. We next show that (g()\),s(A)) = (7,5)+ A(9, §) €
opt(Dyr) for all A > 0, a fact that contradicts the boundedness of opt(Dr). Indeed, the fact that
5> 0 and § > 0 implies that 5(A) > 0 for all A > 0. Moreover, using (13) and (14) we obtain,

L(g(N),s(N) > L(g, 5), YA > 0. (26)

Since (7, 5) € opt(Dy,), relation (26) clearly implies that (g(\),5(\)) € opt(Dy) for all A > 0. ]
As a consequence of the lemmas stated above we have the following result.
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Proposition 4.2 Assume that Assumption (A) holds. If val(P) > —oo then the following state-
ments are equivalent:

(a) PO £ 0;

(b) KT is nonempty and bounded;

(c) opt(Dr) is nonempty and bounded,
in which case KT = opt(Dr) and val(P) = val(Dyr). If instead the stronger condition that opt(P) #
0 is assumed then (a), (b) and (c) above are also equivalent to the following statement:

(d) opt(Dw ) is nonempty and bounded and val(P) = val(Dw ),
in which case KT = opt(Dw ).

Proof. Assume that val(P) > —oo. The implication (a) = (b) follows from Lemma 4.3. By Lemma
4.1, we conclude that (b) implies (c) and the fact that X7 = opt(Dy) and val(P) = val(Dr). Lemma
4.4 yields the implication (¢) = (a). This shows the first part of the proposition. Assume now
that opt(P) # (). In this case, Lemma 4.2 yields the equivalence (b) < (d) and that, in this case,
KT = opt(Dw). [

A natural question to ask is whether the condition that val(P) = val(Dy ) can be omitted from
statement (d) of Proposition 4.2. The following example shows that this condition can not be
omitted.

Example 4.1 Consider the functions f, ¢ : R — R defined for every = = (r1,22) € R? by

-1 ifx; < —1;
f(x> - { I if I Z -1
and g(x) = ||z|| — x2, where || - | denotes the two-norm. It is easy to verify that the dual function

L(s) = inf, f(z) + sg(z) is given by L(s) = —1 for every s € R4 and that the infimum is achieved
only for s = 0. Hence, we have D, = [0,00) and Dy = {0}. Moreover, we can easily verify that
PY =0, opt(P) = {(0,73) | x2 > 0} and opt(Dy/) = {0}. Note that val(P) = 0 and val(Dy) = —1.
Note also that this example satisfies Assumption (A) since m = 0.

Before stating the next result, we note that the equivalence of statements (a) and (b) of Propo-
sition 4.2 is well known under the assumption opt(P) # () (see for example Hiriart-Urruty and
Lemaréchal [6], theorem 2.3.2, chapter VII).

Under the stronger assumption that opt(P) is nonempty and bounded, the next result shows
that the condition val(P) = val(Dy) is not needed in statement (d) of Proposition 4.2.

Proposition 4.3 Assume that Assumption (A) holds and that opt(P) is nonempty and bounded.
Then any of the statements (a), (b) and (c) of Proposition 4.2 is equivalent to the condition that
opt(Dw ) is nonempty and bounded. In this case, we have KT = opt(Dy,) = opt(Dw) and val(P) =
val(Dr) = val(Dw).

The proof of Proposition 4.3 will be given below after we state a preliminary result. Consider
the following perturbed problem

(P(d))  wv(d) =inf{f(z) | Az = b, g(z) < d},

where d € R? is a given perturbation vector. It is well known that the function v(-) is convex;
v(-) is usually referred to as the perturbation function associated with problem (P). The following
result due to Geoffrion (see [3], Theorem 8) is needed in the proof of Proposition 4.3.
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Lemma 4.5 (Geoffrion) Assume that opt(P) is nonempty and bounded. Then v(-) is a lower
semi-continuous function at d = 0.

Note that the dual function Ly : R™ x RP — [—00, 00) associated with problem (P(d)) is given
by
La(y,s) = L(y,s) —d's, ¥(y,s) € R™ x RP. (27)

Hence, it follows that, for every d € RP, Dy and Dy are the sets of feasible solutions of the
Lagrangean dual and the Wolfe dual associated with problem (P(d)), respectively. We are now in
a position to give the proof of Proposition 4.3. The arguments used in the proof are based on the
proof of Theorem 7 of Geoffrion [3].

Proof of Proposition 4.3: Assume that Assumption (A) holds and opt(P) is nonempty and
bounded. In view of Proposition (4.2), it remains to show that val(P) = val(Dw ) holds when
opt(Dw) is nonempty and bounded. Indeed, let {d*} be a sequence of strictly positive vectors
converging to 0. Clearly, the set of interior feasible solutions of (P(d*)) is nonempty. Moreover,
using the fact that opt(P) is nonempty and bounded, we can show that opt(P(d¥)) is also nonempty
and bounded by Lemma 2.1. Hence, in view of the equivalence of statements (a) and (d) of
Proposition (4.2), there exists a sequence {(y*, s*)} C Dy such that

v(d*) = La(y*,s"), Vk.
Using this relation, relation (27), the weak duality result and the fact that d*, s* > 0, we obtain
v(0) > L(y*, s*) = La(y, s*) + (a")7s" > v(d¥), VE. (28)

Since v(.) is lower semi-continuous at d = 0 and v(0) > v(d*) for all k, it follows that limy, ... v(d¥) =
v(0). Hence, relation (28) implies that limy, .. L(y*, s*) = v(0). Clearly, this shows that val(P) =
val(Dyy). |

We end this section by giving other conditions which are equivalent to conditions (a), (b), (c),
(d), (e) and (f) of Theorem 3.1 and the condition of Theorem 3.2. The main result given below is
a consequence of the results already stated in this section. Consider the conditions:

(1) P?#0;

(2) opt(Dy,) is nonempty and bounded;

(3) opt(Dw ) is nonempty and bounded,
and the conditions:

(a) DY #0:

(b) D0 # 0

(c) opt( ) is nonempty and bounded.

By combining one condition from conditions (1), (2) and (3) with one condition from conditions
(a), (b) and (c), we obtain a total of nine conditions which we refer to as (1a), (1b), (1¢c), (2a), (2b),
(2¢), (3a), (3b) and (3c). The following result gives the relationship between these nine conditions.

Theorem 4.1 Suppose that both Assumption (A) and Assumption (B) hold. Then, conditions
(1a), (1b), (1c), (2a), (2b), (2c) and (3c) are all equivalent. Moreover, any of these conditions
implies (3b), which in turn implies (3a). In addition, if all the constraints functions g;(-), j =
1,...,p, are affine then the nine conditions are equivalent.
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Proof. The equivalence of the conditions (1a), (1b) and (1c) follows from Proposition 4.1. Note that
any of the conditions (a), (b) or (c¢) implies that val(P) > —oo. Hence, it follows from Proposition
4.2 that (1) and (2) are equivalent under any of the conditions (a), (b) or (c¢). Moreover, it follows
from Proposition 4.3 that (3) is also equivalent to both (1) and (2) when condition (c) holds. We
have thus shown the equivalences (1a) < (2a), (1b) < (2b) and (1¢) < (2¢) < (3¢). By Proposition
4.1 and the fact that Dy C Dy, we know that (¢) = (b) = (a). These two implications obviously
yield the implications (3¢) = (3b) = (3a). We have thus shown the first part of the proposition.
The second part of the result follows trivially from the lemma stated below. n

Lemma 4.6 Assume that each constraint function g; : R — R (j=1,...,p) is an affine function.
If opt(Dw) is nonempty and bounded then P° # ().

Proof. The proof of this result uses arguments similar to the ones used in the proofs of Lemma
4.4 and Proposition 3.4(a). We leave the details to the reader. n

In general the implications (3a) = (3b) and (3b) = (3¢) do not hold. Indeed, the problem
stated in Example 3.2 satisfies (3b) but not (3c) since it has no feasible solution. This shows that
(3b) = (3¢) does not hold. The following simple example shows that (3a) = (3b) does not hold
either.

Example 4.2 Consider the functions f,g : R — R defined by f(z) = 0 and g(z) = e* for every
x € R. It is easy to verify that L(s) = inf, f(x) 4+ sg(x) = 0 for every s > 0 and that the infimum
is achieved only for s = 0. Hence, we have Dy, = [0,00) and Dy = {0}. Thus (3a) is satisfied but
not (3b). Note that P = () and m = 0 and so both Assumptions (A) and (B) are satisfied.

5 Limiting Behavior of the Weighted Central Path

In this section we analyze the limiting behavior of the path of solutions of the parametrized family
of logarithmic barrier problems (2). This path is referred in this paper to as the w-central path
(or the weighted central path when the reference to w is not relevant). When w = 1, the w-central
path is usually referred to as the central path. As opposed to McLinden [8], we do not assume
the existence of a pair of primal and dual optimal solutions satisfying strict complementarity.
However, we assume throughout this section that the functions f(-) and g;(-), 7 = 1,...,p, are
analytic. Two main results are proved. The first one (Theorem 5.1) states that the weighted
central path converges to a well characterized optimal solution of (P). The second result (Theorem
5.2) shows that a certain dual weighted central path also converges to a well characterized dual
optimal solution under the assumption that all constraint functions are affine.

We begin by explicitly stating the assumptions used throughout this section. In addition to
Assumptions (A) and (B) of Section 3, we impose throughout this section the following two as-
sumptions:

Assumption (C): PD° # ().
Assumption (D): The functions f(x) and g;(x), j =1,...,p, are analytic.

In view of the equivalence of statements (c) and (e) of Theorem 3.1, we know that problem (P")
has at least one optimal solution. This problem can however have more than one optimal solution.
The following result shows that under the assumptions above, this possibility can not occur.
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Lemma 5.1 For any fized w € Rfur, problem (PY) has exactly one optimal solution.

Proof. Existence of at least one optimal solution has already been established. To prove that there
is at most one optimal solution, assume for contradiction that & and Z are two distinct optimal
solutions of problem (P*). Hence, all points in the segment [Z,Z] = {A\z+ (1 — A\)& | A € [0, 1]} are
also optimal solutions of (P"). It then follows from Lemma 3.4 that the functions f(-) and g;(-),
j =1,...,p, are constant over [Z,Z]. Since these functions are analytic in view of Assumption
(D), we conclude that they are constant over the whole straight line L containing [z, ]. Since any
point = in the line L satisfies Az = b, the set {z | f(x) = f(Z), Ax = b, g(x) = ¢g(Z)} contains
L, and hence it is unbounded. However, one can easily see that this set must be bounded due to
Assumption (B). We have thus obtained a contradiction and the result follows. ]

It follows from Lemma 5.1 that problem (P(t)) has a unique optimal solution which we denote
by z(t). In what follows we are interested in analyzing the limiting behavior of the w-central path
t— x(t), as t > 0 tends to 0. We show in Theorem 5.1 below that this path converges to a specific
optimal solution of (P), namely the w-center of opt(P), which we define next.

If opt(P) consists of a single point x* then the w-center of opt(P) is defined to be x*. Consider
now the case in which opt(P) consists of more than one point and define

B ={j|gj(z) <0 for some z € opt(P)}.

It can be shown using arguments similar to the ones used in the proof of Lemma 5.1 that B # ()
when opt(P) has more than one point. The w-center of opt(P) is then defined to be the unique
optimal solution of the following convex program:

©) max ) wjlog|g;(x)|
jEB
st. xz€opt(P), gp(z) <O. (29)

It remains to verify that the above definition is meaningful, that is, that problem (C) has a unique
optimal solution. We start by showing that the set of feasible solutions of (C) is nonempty.

Lemma 5.2 The set Op = {z | z € opt(P), gp(zx) < 0} is nonempty.
Proof. It follows from the definition of B that, for every j € B, there exists 2/ € opt(P) such

that g;(z7) < 0. Define z = (1/|B|)Y_;cp /. Clearly, Z € opt(P) since opt(P) is a convex set.
Moreover, the convexity of g;(-) implies that

B 1 ; .
gj(x)SEZgj(xj)<0, Vj € B.
JjEB

Hence the set {x | € opt(P), gp(z) < 0} is nonempty. ]
Lemma 5.3 Problem (C) has a unique optimal solution.

Proof. Fix a point Z € Op. In view of Lemma 3.1, the existence of an optimal solution of (C)
follows once we show that the set I'p = {z € Op | ¢B(x) > ¢p(Z)} is compact, where ¢pp(z) =
> jepwjlog|gj(z)| for every x € Op. Indeed, first observe that Assumption (C) and Proposition
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4.1 imply that opt(P) is a compact set. This implies that the sets g;(opt(P)), j = 1,...,p, are
bounded. Using this observation, we can easily show the existence of a constant § > 0 such that
gp(x) < =01 for all x € T'g. Hence,

I'p = {z € opt(P) | gp(r) < =01, ¢p(z) > ¢p(2)},

from which it follows that the set I'g is both bounded and closed, and hence compact.

We now show that problem (C) has at most one optimal solution. Assume by contradiction
that o' and 22 are two distinct optimal solutions of problem (C). Then every point in the segment
[#1,2?%] is also an optimal solution. Now, it is easy to see that gg(z) is constant over the set of
optimal solutions of problem (C). Moreover, we also know that f(z) and g;(x) with j ¢ B are
constant over opt(P). Therefore, we conclude that f(z) and g(z) are constant over the segment
[, 2%], and hence, in view of Assumption (D), over the whole straight line containing [z!, 22]. But
one can easily verify that this conclusion contradicts Assumption (B). =

We now state and prove one of the main results of this section.

Theorem 5.1 Suppose that Assumptions (A), (B), (C) and (D) hold and let w € RE_ be given.
Then, the w-central path t — xz(t) converges to the w-center of opt(P) as t tends to 0.

Proof. Let z* denote the w-center of opt(P), that is the optimal solution of problem (C), and
let Z denote an arbitrary accumulation point of x(t) as t tends to 0, that is = limy_ . 2(t¥),
where {t*} is a sequence of positive scalars converging to 0. The theorem follows once we show
that z* = Z. Assume for contradiction that x* # Z and let Az = x* — Z. Consider the sequence
of points {2*} defined by z* = x(t*) + Az for every k. Clearly, we have limj_.,, z¥ = 2*. We
next show that z* € P for every k sufficiently large. Using the definition of z* and the fact that
AAz = 0, we obtain that Az* = b for every k. Since g(-) is a continuous function, gg(z*) < 0 and
limy,_ 2% = 2*, we conclude that gp(2¥) < 0 for every k sufficiently large. Now, it is easy to see
that € opt(P). Hence, due to the convexity of opt(P), we have [Z,z*] C opt(P). This implies
that gj(x) = 0 with j ¢ B for every = € [Z,2*]. Since g;(-) with j ¢ B is analytic, it follows that
gj(x) = 0 with j ¢ B over the whole straight line containing [z, z*], that is g;(Z + AAz) = 0 with
j € B for every A € R. By Corollary 8.6.1 of Rockafellar [14], it follows that A — g;(x(tF) + AAx)
with j ¢ B is a constant function for every k. In particular, it follows that g;(z*) = g;(z(t*)) < 0
with j & B for every k. We have thus shown that z* € PO for every k sufficiently large. Since x(t)
is by definition the optimal solution of problem (2), we conclude that for every k sufficiently large,

p p
F@®) =53 wjlog g (a)] = f(a(t*)) — 5> wjlog |g;(x(t*))]. (30)
j=1 j=1

The same arguments used to prove that g;(z¥) = g;(2(t¥)) with j ¢ B can also be used to show
that f(z*) = f(z(t")). Using these two equalities into relation (30), we obtain

> wjloglgi(a®)] <> wjlog |g;(x(t*))],

jEB jEB
for all k sufficiently large. Letting k go to co in the last relation, we obtain

> wjloglg;(z)] < Y wjlog|g; (@)l (31)

JjEB JjEB
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if gg(z) < 0, or that
3 w; logg; (¢°)] < —o (32)
jEB
if g;(Z) = 0 for some j € B. Relation (31) is not possible since z* is the only optimal solution of
(29). Obviously, (32) is not possible either. ]
Associated with problem P, we can also define a dual w-central path as the path of solutions
of the following parametrized family of dual logarithmic barrier problems

(D(t))  max{L(y.s)+t) wjlogs; | (y,5) € D} }, (33)
j=1

where again ¢t > 0 represents the parameter of the family. By Theorem 3.1, we know that Assump-
tions (A), (C) and (D) imply that, for each ¢ > 0, problem (D(¢)) has a unique optimal solution
which we denote by (y(t),s(t)). The path ¢ > 0 — (y(t),s(t)) is then called the dual w-central
path associated with (P). In what follows we characterize the limit of the path ¢ — (y(t), s(t)) as
t > 0 tends to 0 for the case in which the constraints functions g¢;(-), 7 = 1,...,p, are affine. The
corresponding characterization for the more general case in which the functions g;(-), 7 =1,...,p,
are allowed to be nonlinear remains open.

Before stating the above characterization, we first define the w-center of opt(Dr) = opt(Dy).
Let

N = {j|s; >0 for some (y,s) € opt(Dr)}.

The w-center of opt(Dy) is defined to be the unique optimal solution of the following convex
program:

(DC) max Z wj log s;
JeEN
st.  (y,s) € opt(Dr), sy > 0.

It can be easily verified that the above problem has a unique optimal solution, and hence that the
above definition is meaningful.

Theorem 5.2 Assume that the functions g;(-), j =1,...,p, are affine and let w € RY__ be given.
Then, the dual w-central path t — (y(t),s(t)) converges to the w-center of opt(Dr) ast tends to 0.

Proof. This proof closely follows the proof of Theorem 5.1. Assume that g(z) = Cx — h, Vx € R,
where C'is a p X n matrix and h € RP. Let (y*,s*) denote the w-center of opt(Dyr). Let (y,5) be
an arbitrary accumulation point of (y(t), s(t)) as t tends to 0, that is, (7, 5) = limp_.o (y(t*), s(t¥)),
where {t¥} is a sequence of positive scalars converging to 0. The result follows once we show
that (g,8) = (y*, s*). Assume for contradiction that (y,5) # (v*,s*) and define (Ay, As) =
(y* —4,s* —35). It is easy to verify that (¢,5) € opt(Dy). Consider the sequence of points {(y*, s¥)}
defined by (y*, s*) = (y(t*), s(t*)) + (Ay, As) for all k. We claim that there exists kg such that

(v*,s") € DY, Vk > ko, (34)
L(y"*,s") = L(y(t"),s(t")), Vk >0, (35)
st =s;(t"), Vi g N, Vk>0. (36)
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We now prove the theorem assuming for the moment that the above claim is true. Indeed, using
(34) and the fact that (y(t*), s(t*)) is the optimal solution of (D(t*)), we obtain

P P
L(y(t%), s(t*)) + t* ij log s;(tF) > L(y*, s*) + ¥ ij log 5?, Vk > ko.
j=1 j=1

Combining (35) and (36) with the above relation yield

> wjlog s;(t7) > > w; logs?, VEk > ko.
JEN JEN

Making k go to oo in the above relation and using the fact that (y*,s*) is the unique optimal
solution of (DC), we can easily obtain a contradiction.
It remains to show that the claim holds. By the definition of IV, we have s

j =
Jj & N. Hence, Asj = 0 for every j ¢ N, and this implies (36). Clearly, we have limy_ o0 (v%, %) =

(y*,s*), and since s} > 0, we conclude that there exists kg such that Slfv > 0 for all £ > kg. This
observation together with relation (36) imply that s* > 0 for every k > ko. It is now immediate
that (34) holds once we show the validity of (35). Observe that by the definition of the function
L(-,-), (35) follows immediately once we show that

5; = 0 for every

(Ay)T (b — Az) + (As)T(Cx — h) =0, Va€R™ (37)

To show this last relation, fix a point z € opt(P). Using the fact that (7,5) and (y*,s*) are in
opt(Dr) = KT and the observation preceding (25), we conclude that

Vi) — ATy  +CTs* =0, (s)T(Cz—h)=0,
Vfiz) - ATg+CTs=0, (5T (Cz—h)=0,

which in turn imply that
—ATAy+CTAs =0, (As)T(Cz—h)=0.
These two relations and the fact that AZ = b then imply

(Ay)T(b— Az) + (As)T(Cz—h) = b'Ay—hTAs
T ATAy — z7'CTAs = 0,

for every x € R"™. n
It is worth noting that in the proof of Theorem 5.2 we used only the fact that f(-) is differentiable,
and hence it is not necessary to assume that f(-) is analytic.
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