Recap

o Before break
e Dynamic games with incomplete
information
o Signaling
o Pooling and Separating equilibria
e Principal-Agent problems intro
o Principal has desired outcome but cannot
necessarily control the agent’s actions
directly
o Today
e PA: P does not know effort level

Moral Hazard PA Problem

o In the final stage of the game, the agent
decides his action (effort)
e max, {&;.,™ PU(w;) — e(a)}

o In the next to last stage, the agent decides
whether to accept the contract, and will if
e &;,"PUw) —e(ad) . U

o In the first stage, the principal designs the
contract, anticipating the agent’s behavior:

max g [ R (x; - W)
std, RUW)- &) U

o

é.;ilp-jU(W,-)' e(a)? aLPKjU(Wj)- ea) " kti




Two actions and two outcomes

o Suppose the agent has two possible actions, a and b,
and there are two possible outcomes, x; and X,.

o Suppose that action b is preferred by the principal

For actionb:

maxé‘jzle{Jj (xj - Wj)

Pb1U (Wl) + szU (Wz) - e(b) 3 Q ................. m

R.U (W) +RBU(w,)- eb)?3
P.U(w)+PU(W,)- e&a) ...

Two actions and two outcomes

Incentive compatibility constraint :

RU (W) +RU (W,) - &(b) * PU (w) + PU(w,) - &)
When is the agent indifferent between a and b?
RU (W) +RU(W,) - e(b) = BU (w) + PU(W,)- &a)

U w,) =222y () + S ) S0 )

b2~ Ta2

since Pa1+Pa2 = Pbl+PbZ =1




Two actions and two outcomes

b) - e(a
o) U (W) =U (v + 00 @)
b2 ~ Pa2
Actionbis
preferredto — U(w,)= U(w,)
action a
U(w,) s

Two actions and two outcomes

Participation constraints:
Action b: Pblu (Wl) + PbZU (Wz) - e(b) 3 Q

®® U(w,)? - 12U )+ S

b2 b2




Two actions and two outcomes

Uy U (w,) =U (w;) + X2~ &@)

b2 ~ PaZ

U(wy)= U(w,)

Participation
cons&ﬁnt&
Incentive
compatibility |
constraint P e(b) +U
— bl Y
U(Wz) - P_U (W1)+ P
b2 b2

U(wy)

Two actions and two outcomes

o Principal’s objective function

For actionb:
max Pbl(xl B Wl) + sz(xz B Wz)

Let f betheinverseof U : f(U(w,))=w,

max Pbl(xl - fU (Wl))) + sz(xz - fU (Wz)))




Two actions and two outcomes

U(w,)

Incentive

compatibility _

constraint Ulwy)= U(w,)
Participation
constraint

R\
| Principal’ sisoprofit curves
] R(- UMW)+ R, (- f(UW,))=C

U(w,)

Two actions and two outcomes

max Pbl(Xl - f (U (Wl))) + sz(xz - f (U (Wz)))
Slopeof theobjectivefunction:

_ R f'U(w))
R2T'(U(W,))

MRS =
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Two actions and two outcomes

If U(w,)=U(w,) (45°line)

Raf'UW)) _ PRy
R.T'Uw)) R,
Sameastheslopeof the participation constraint!

MRS = -

The principal'sisoprofit curveis tangent to the
agent's participation constraint along the 45° line.
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Two actions and two outcomes

U(w,)
U(w,)= U(w,)
Participation | i
constraint ncentive
T compatibility
AN constraint

Pringtpal’ s isoprofit curves

U(w,)
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Two actions and two outcomes

& P .0 Po o :
. =m+| ¢1- 2+ —2 :likelihood ratio
U'(w,) i & Ry

If theincentiveconstraint isnot binding :

| =0, U'(w;) =1/mandw; =w.
Substituting into theincentive constraint
(the agent prefersaction b over action a) :

& RUMW)- e(b)* & P,UMW)- e(2) @ &(a)* e(b)
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Two actions and two outcomes

1 2 P,0 P ... . .
' =m+l él- A+ —2 :likelihood ratio
U (Wj) ij g ij

If theincentiveconstraintishbinding:

| >0, andU'(w,;) dependson thelikelihood ratio (LR).

The optimal incentiveschemeisalinear function of LR.
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Sensitivity analysis:
Changes in the agent’s costs

o What is the impact of the agent’s costs
on the outcome?

max L(w,| , ) = Pbl(xl B Wl) + sz(xz B Wz) +

M(RU (W) + RU (W) - e(b) - U) +
I (RU (W) +RU (W) - &(b) - PU (W) - PU (W) +e(a))

L(w,!l ,m - (m+]) ww,!l ,m —
Tie(b) Te(a)
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Sensitivity analysis:
Changes in the agent’s costs

o What is the impact of the agent’s costs
on the outcome?

(w1 ,m) = (m+1) (w1 ,m) _
Tie(b) Te(a)

o “Carrot”: Decrease the cost of the
desired action, b

o “Stick”: Increase the cost of the
undesired action, a

o Carrot vs. stick, which one is better?
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Sensitivity analysis:
Changes in probability distribution

o What is the impact on the
principal’s utility of a change in
probability distribution dP,;?

Lw!,m_ ¢
P =-1 aU(WJ.)dPaj

aj =1

o When the IC constraint is binding
the interests of the principal and
agent are opposed
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