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Abstract

We consider a manufacturer serving two customer classes where one wants the item imme-
diately and the second receives a discount to accept a delay. We show that a (S, R, B) base
stock policy is optimal under differentiation and non-differentiation where S, R, and B are the
order-up-to, reserve-up-to, and backlog-up-to amounts.

The body of the paper can be found in Duran et al. [3]. The lemmas are summarized below
with corresponding proofs.

1 Proof of Lemmas

Lemma 1. In any optimal policy under the Time Differentiation Strategy, we have:

Bt · (R1
t + R2

t ) = 0 t = 1, 2, . . . , T.

Proof. The simplification is similar in structure to the proof for simplification of CSS below but
longer so the full details are not listed. The main difference is that TDS includes reserving decisions
for each customer class so there are more cases to consider. It is also similar to a simplification
proof of Lemma 1 in Duran et al. [2] but with fewer cases since both classes do not accept delayed
service.

Lemma 2. In any optimal policy under the Common Service Strategy, we have Rt · Bt = 0, for
t = 1, 2, ..., T .

Proof. By contradiction, assume that there is an optimal policy with Rt · Bt > 0 for some period
t. Let Rt = Rt − 1 and Bt = Bt − 1 be the alternative policy, and let Vt and Vt be the expected
profit starting from period t under the two policies respectively. We compare the two policies in
the following three cases:

• Case 1: D1,2
t ≤ St −Rt, hence D1,2

t < St −Rt.

Vt = p2
t D

1,2
t − ht(St −D1,2

t ) + JCSS
t+1 (St −D1,2

t ) = Vt
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• Case 2: St −Rt + Bt/αt > D1,2
t > St −Rt, hence St −Rt + Bt/αt ≥ D1,2

t ≥ St −Rt.

Vt = p2
t (St −Rt + bαt(D

1,2
t − St + Rt)c)− htRt − β2

t bαt(D
1,2
t − St + Rt)c

−`1
t d(1− αt)(D

1,2
t − St + Rt)e+ JCSS

t+1 (Rt − bαt(D
1,2
t − St + Rt)c)

Vt = p2
t (St −Rt + 1 + bαt(D

1,2
t − St + Rt − 1)c)− ht(Rt − 1)− β2

t bαt(D
1,2
t − St + Rt − 1)c

−`1
t d(1− αt)(D

1,2
t − St + Rt − 1)e+ JCSS

t+1 (Rt − 1− bαt(D
1,2
t − St + Rt − 1)c)

If bαt(D
1,2
t − St + Rt − 1)c=bαt(D

1,2
t − St + Rt)c, then d(1 − αt)(D

1,2
t − St + Rt − 1)e =

d(1− αt)(D
1,2
t − St + Rt)e − 1. We have,

Vt = Vt +p2
t +ht + `1

t −JCSS
t+1 (Rt−bαt(D

1,2
t −St +Rt)c)+JCSS

t+1 (Rt−1−bαt(D
1,2
t −St +Rt)c)

Since D1,2
t < St − Rt + Bt/αt, a new demand from class 2 will be accepted, which means

p2
t + ht + `2

t + JCSS
t+1 (Rt− 1− bαt(D

1,2
t − St + Rt)c) ≥ JCSS

t+1 (Rt− bαt(D
1,2
t − St + Rt)c). Thus

Vt ≥ Vt.

Otherwise, bαt(D
1,2
t −St+Rt−1)c=bαt(D

1,2
t −St+Rt)c-1, then d(1−αt)(D

1,2
t −St+Rt−1)e =

d(1− αt)(D
1,2
t − St + Rt)e. We have, Vt = Vt + ht + β2

t ≥ Vt.

• Case 3: D1,2
t ≥ St −Rt + Bt/αt, hence D1,2

t > St −Rt + Bt/αt.

Vt = p2
t (St −Rt + Bt)− htRt − β2

t Bt − `1
t (1− αt)Bt/αt − `t(D

1,2
t − St + Rt −Bt/αt)

+JCSS
t+1 (Rt −Bt)

Vt = Vt + ht + β2
t + (1− αt)(`1

t − `2
t ) ≥ Vt

The expected profit under the alternative policy is always greater or equal to that under the current
policy, which incurs a contradiction.

Lemma 3. Given g(x, y) is jointly concave in x and y, G(x) = max
y

g(x, y) is a concave function

for x.

This lemma will be used in the proofs of the theorems below. Please see Duran et al. [2] for
the proof.

2 Proof of Concavity Results

Theorem 4. For all t = 1, ..., T ,

• gTDS
t (St, R

1
t , R

2
t , 0) is a jointly quasi-concave function of R1

t and R2
t , and gCSS

t (St, Rt, 0) is a
quasi-concave function of Rt,

• gTDS
t (St, 0, 0, Bt) and gCSS

t (St, 0, Bt) are quasi-concave functions of Bt,

• GTDS
t (St) and GCSS

t (St) are concave functions of St,

• JTDS
t (It) and JCSS

t (It) are concave functions of It,

• The unconstrained optimizers (R1∗
t , R2∗

t , and B∗
t ) for functions gTDS

t (St, R
1
t , R

2
t , 0), and

gTDS
t (St, 0, 0, Bt), are independent of inventory level St, where for i = 1, 2,

(R1∗
t (St), R2∗

t (St)) = argmax
(R1

t ,R2
t ):0≤R1

t ,0≤R2
t

{
gTDS
t (St, R

1
t , R

2
t , 0)

}
and B∗

t (St) = argmax
Bt:0≤Bt

{
gTDS
t (St, 0, 0, Bt)

}
.
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• The unconstrained optimizers (R∗
t and B∗

t ) for gCSS
t (St, Rt, 0) and gCSS

t (St, 0, Bt) are inde-
pendent of inventory level St, where

R∗
t (St) = argmax

Rt:0≤Rt

{
gCSS
t (St, Rt, 0)

}
, B∗

t (St) = argmax
Bt:0≤Bt

{
gCSS
t (St, 0, Bt)

}
.

The structural results imply the form of the optimal decisions. For example, the optimal decisions
for CSS are defined by the following:

S∗t = max{S : ct ≤ G
′ CSS
t (S)} if ct ≤ G

′ CSS
t (0)

R∗
t = max{I : p2

t + `t + ht ≤ J
′ CSS
t+1 (I)} if p2

t + `t + ht < J
′ CSS
t+1 (0) (1)

B∗
t = min{I : J

′ CSS
t+1 (−I) ≥ p2

t + `2
t − β2

t } if p2
t + `2

t − β2
t > J

′ CSS
t+1 (0),

and the optimal decisions for TDS that are different from CSS are given by:

R1∗
t = max{I : p1

t + `1
t + ht ≤ J

′ TDS
t+1 (I)} if p1

t + `1
t + ht < J

′ TDS
t+1 (0) (2)

R1∗
t + R2∗

t = max{I : p2
t + `2

t + ht ≤ J
′ TDS
t+1 (I)} if p2

t + `2
t + ht < J

′ TDS
t+1 (0).

2.1 For the Time Differentiation Strategy

Proof. Proof is very similar in structure to the case for Common Service Strategy (which is shorter
and thus shown in its entirety below). It follows the same seven steps using the profit-to-go
functions of the Time Differentiation Strategy, so the derivatives are somewhat different (see [1] for
details).

2.2 For the Common Service Strategy

In the proof below, the CSS superscript is omitted from the expected profit functions to increase
readability.

Proof. Let jt(It, St) = −ct(St − It) + Gt(St), so Jt(It) = max
St:It≤St≤It+qt

jt(It, St). We prove by

induction.

1. For period t = T , we have BT = 0 , RT = 0 and JT+1(IT ) = v · IT .
GT (ST ) is concave in ST , since G′

T (ST ) is non-increasing in ST :

G′′
T (ST ) = (v − hT − p2

T − `T )φ1,2
T (St) ≤ 0, since v < p2

T .

2. Given t + 1 ≤ T , assume that Gt+1(St+1) is concave in St+1, then it is easy to see that
jt+1(It+1, St+1) is jointly concave in It+1 and St+1. So by Lemma 3, Jt+1(It+1) is concave in
It+1, and as a result J ′t+1(It+1) is non-increasing in It+1.

3. Next let us prove that gCSS
t (St, Rt, 0) is quasi-concave in Rt. We have,

∂gCSS
t (St, Rt, 0)

∂Rt
= (−p2

t − `t − ht + J
′
t+1(Rt))(1− Φ1,2

t (St −Rt)) if St ≥ Rt(= 0 otherwise).

If R∗
t is defined as in (1), we have g

′CSS
t (St, Rt, 0) ≥ 0 when 0 ≤ Rt ≤ R∗

t , and g
′CSS
t (St, Rt, 0) ≤

0 when Rt > R∗
t ; thus, gCSS

t (St, Rt, 0) is quasi-concave with respect to Rt. R∗
t is the

unique unconstrained optimizer of gCSS
t (St, Rt, 0), and it is independent of inventory level

St. Rc
t = min(R∗

t , St) maximizes gCSS
t (St, Rt, 0), for 0 ≤ Rt ≤ (St)+.
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4. Next let us prove that gCSS
t (St, 0, Bt) is quasi-concave in Bt. Taking the derivative,

∂gCSS
t (St, 0, Bt)

∂Bt
=

∫ ∞

St+Bt/αt

[p2
t − β2

t + `2
t − J ′t+1(−Bt)]dΦ

1,2
t (D1,2

t ).

Let us define B∗
t as in (1), then we have g

′CSS
t (St, 0, Bt) ≥ 0 when 0 ≤ Bt ≤ B∗

t , and
g
′CSS
t (St, 0, Bt) ≤ 0 when Bt > B∗

t ; thus, gCSS
t (St, 0, Bt) is quasi-concave with respect to

Bt. B∗
t is the unique unconstrained optimizer of gCSS

t (St, 0, Bt), and it is independent of
inventory level St. Bc

t = min(B∗
t , qt+1) maximizes gCSS

t (St, 0, Bt), for 0 ≤ Bt ≤ qt+1.

5. Let us prove the concavity of GR
t (St) with respect to St.

We consider G
′′R
t (St) in three cases:

(a)Case 1: St < R∗
t :

G
′′R
t (St) = J ′′t+1(St) ≤ 0 due to the concavity of Jt+1.

(b)Case 2: St > R∗
t :

G
′′R
t (St) =

∫ St−R∗t
0 J ′′t+1(St − k)dΦ1,2

t (k) + (J ′t+1(R
∗
t )− p2

t − `t − ht)φ
1,2
t (St −R∗

t ) ≤ 0
due to the choice of R∗

t and the concavity of Jt+1.
(c)Case 3: St = R∗

t :
G
′R
t (R∗

t +)−G
′R
t (R∗

t−) = p2
t + `t + ht − J ′t+1(R

∗
t ) ≤ 0

due to the choice of R∗
t and the concavity of Jt+1.

Since G
′′R
t (St) ≤ 0 for all St, GR

t (St) is concave in St.

6. Let us prove the concavity of GB
t (St) with respect to St, where GB

t (St) = gCSS
t (St, 0, Bc

t ).
We have,

G
′′B
t (St) = −αt(p2

t + `2
t − β2

t − J ′t+1(−Bt))φ
1,2
t (St + Bt/αt)

+[αt(p2
t + `1

t − β2
t − J ′t+1(0))− (p2

t + `1
t + ht − J ′t+1(0))]φ1,2

t (St)
+

∫ St

0 J ′′t+1(St − k)dΦ1,2
t (k) +

∫ St+Bt/αt

St
α2

t J
′′
t+1(αt(St − k))dΦ1,2

t (k).

The first term in G
′′B
t (St) is negative due to the choice of B∗

t . The third and the fourth
terms in G

′′B
t (St) are negative due to the concavity of Jt+1(St). We have G

′′B
t (St) ≤ 0 and

therefore, GB
t (St, Bt) is concave in St.

7. Let us prove the concavity of Gt(St).
In each period, we must be in one of the following cases, which are independent of the St

values:

– If p2
t + `2

t − β2
t ≤ J ′t+1(0) ≤ p2

t + `t + ht, we have R∗
t = B∗

t = 0, therefore Rc
t = Bc

t = 0;
thus, we have Gt(St) = GR

t (St) = GB
t (St).

– If J ′t+1(0) > p2
t + `t + ht, we have R∗

t ≥ 0 and B∗
t = 0, therefore Rc

t ≥ 0 and Bc
t = 0;

thus, we have Gt(St) = GR
t (St) ≥ GB

t (St).

– If p2
t + `2

t − β2
t < J ′t+1(0), we have B∗

t ≥ 0 and R∗
t = 0, therefore Bc

t ≥ 0 and Rc
t = 0;

thus, we have Gt(St) = GB
t (St) ≥ GR

t (St).

We see that in each period, Gt(St) reduces to some function that is proved to be concave.
Therefore Gt(St) is concave.
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Corollary 5. Given a vector of prices, there exists an optimal policy for

• the Time Differentiation Strategy with an optimal order-up-to level (S∗t ), optimal reserve-up-
to-levels (R1∗

t and R2∗
t ), and an optimal backlog-up-to level (B∗

t ),

• the Common Service Strategy with an optimal order-up-to level (S∗t ), an optimal reserve-up-
to-level (R∗

t ) and an optimal backlog-up-to level (B∗
t ).
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