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Abstract

We study a 2-machine flowshop in which all processing times are inde-
pendently and identically distributed, with values known to the scheduler.
We are able to describe in detail the expected behavior of the flowshop
under optimal and under heuristic schedules. Our results suggest that
minimizing makespan might be a superfluous objective: Scheduling the
jobs randomly requires less information and yet is asymptotically optimal.
Moreover, random schedules require significantly less intermediate storage

between the machines.
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1 Introduction

Let J ={1,...,n} represent a set of jobs to be processed through a 2-machine
flowshop with unlimited intermediate storage. Each job requires processing on
each of the two machines M; and Ms, in that order, and the processing times
of job j are a; on machine M; and b; on M. We assume that all processing
times are drawn independently from the same uniform distribution U[l, u], so
that the flowshop is balanced; as we point out later, the unbalanced case seems
easier.

We also restrict attention to permutation schedules, in which the jobs are
processed according to the same sequence on each machine. Again, this is
not a significant restriction since it is well-known that some minimal makespan
schedule is also a permutation schedule (Johnson, 1954).

When the processing times of all jobs are known in advance, a minimum
makespan schedule is produced by Johnson’s algorithm (Johnson, 1954): Job ¢
precedes job j if and only if min {a;, b;} < min {a;, b;}. We will find it convenient
to consider the algorithm in its equivalent, imperative form: Partition the jobs
J into two groups; set Jy consists of those jobs j for which a; < b; (smaller
processing times on M;) and set Jo consists of the remaining jobs; sequence
the jobs in J; in non-decreasing order of a; and those in Jy in non-increasing
order of b; to give subsequences ST and S5 respectively; append S5 to the end
of ST to get an optimal sequence S*. The idea behind Johnson’s algorithm is to
fill the buffer between the two machines quickly so that the second machine is
never starved. If idle time on M5 is minimized, then the machines are working
in parallel to the greatest extent possible and the makespan will be minimized.

We show that for large n, the expected minimum makespan is nu+o+/n/m+
o(y/n), where p is the expected processing time and o is the standard deviation
of the processing time of one job on one machine. The expected total work
content (processing time) of the jobs is 2nu, so an optimally scheduled flowshop
gives sufficient parallelism to reduce one of these factors of n to /n. How-

ever, the cost for this speedup is that intermediate storage (the buffer between



machines) must have capacity to hold O(n) jobs.

In contrast, schedules with some randomness require less information and
computation, but are asymptotically optimal with respect to makespan. More-
over, random schedules require significantly less intermediate storage capacity
than Johnson’s schedule. These properties are evident in simulations with as
few as 20-30 jobs.

The random schedules we study are all approximations of Johnson’s schedule.

They include the following, listed in order of increasing randomness.

Partial Johnson’s As in Johnson’s algorithm, divide the jobs into .J;, those
jobs that have shorter processing time on the first machine, and J,, the
remaining jobs. Now within J; schedule only the logn jobs with shortest
processing times a; as in Johnson’s rule; the remaining jobs of J; follow
in random order. Similarly, within Jo schedule only the logn jobs with
shortest processing times b; last as in Johnson’s rule; the remaining jobs

of Jy precede in random order.

Johnson’s Partition Process all jobs of J; in random order and then process

all jobs of Jy in random order.
Random Process all jobs in random order.

Figure 1 illustrates the structures of the sequences constructed by each of
these algorithms.

We show that as the sequence of jobs becomes increasingly random, the
expected makespan increases negligibly, but the required intermediate storage
decreases. Even scheduling jobs completely at random is asymptotically optimal
and yet requires significantly less intermediate storage than Johnson’s sequence
(©(v/n) versus O(n)).

This suggests that the randomized schedules might be practical alternatives
to Johnson’s schedule, especially when processing times are not known exactly.

As a byproduct our work suggests an explanation for the puzzling com-

putational results of Dannenbring (1977), wherein the performance of random
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(a) Johnson’s sequence

(b) Partial Johnson’s

(c) Johnson’s Partition

(d) Random

Figure 1: Structures of the job sequences constructed by the four algorithms.
Shaded areas show where a sequence is random.



schedules improved as the number of jobs increased until, for the largest sets
of jobs, scheduling at random was better than all but one of eleven competing
heuristics. We believe that this is an artifact of the asymptotic optimality of
random schedules, which we conjecture to hold even for permutation flowshops

with arbitrarily many machines.

2 Related work

For deterministic flowshops a fast heuristic is known that produces asymptot-
ically optimal permutation schedules: Barany (1981) gave a polynomial-time
algorithm that produces a schedule whose makespan cannot exceed the mini-
mum by more than a constant that depends on the largest processing time and
the number of machines, but does not depend on the number of jobs. This is
asymptotically optimal for large numbers of jobs, fixed number of machines,
and bounded processing times.

Our work has somewhat the same flavor in that scheduling at random is
asymptotically optimal when the tail of the probability density function from
which processing times are drawn decreases sufficiently rapidly. We prove this
here only for the special case of a 2-machine flowshop, and we have worked out
the details only for the uniform distribution; but we indicate how this might be
done for more general distributions.

Papadimitriou and Kanellakis (1980) gave a crisp explication of deterministic
flowshop scheduling and observed that for 2-machine flowshops there are efficient
algorithms to minimize the makespan when the intermediate storage capacity
is either zero or unbounded; all intermediate cases (finite storage capacity) are
NP-complete. They also suggested a heuristic to minimize makespan while
observing limited intermediate storage. Our approach is in a sense dual to
theirs in that we do not limit storage a priori, but instead determine how much
will be required.

Our assumptions about the availability of information differ from those of

Ku and Niu (1986). They studied a 2-machine flowshop in which all processing



times on each machine are independent random variables that are not known
in advance. They gave conditions under which job ¢ should precede job j if
and only if E[min {a;,b;}] < E[min {a;,b;}]. To implement this scheduling rule
apparently requires knowledge of the distibution means, so that presumably a
historical record is necessary. To implement our scheduling rules does not require
a historical record; depending on the rule, the information required is either the
actual realizations a;, b;, or only which operation is more time-consuming, or
even no information at all.

Pinedo (1982) derived some of the few results known on the expected make-
span of m-machine flowshops, but unfortunately required highly restrictive as-

sumptions on the processing times.

3 Johnson’s schedule

In our model we may view Johnson’s schedule as being generated in the following
way. The processing times a; and b; of each successive job are independently
drawn from U[l,u]. If a; < b;, then the job is inserted into the sequence ST in
accordance with the value of a;. Otherwise, the job is inserted into the sequence
S5 in accordance with the value of b;. Then we assume that the sequence is
converted into a schedule in the natural way: by requiring any idle machine
to begin processing the next job as soon as it is available. We refer to such
a schedule as a busy schedule. We assume this default implementation and so
do not distinguish between sequences and schedules when it is clear from the
context. When it is necessary to emphasize how the schedule is formed from
a sequence, we write, for example, that the schedule busy(S) is realized from
sequence S.

Most of our effort is devoted to analyzing the first part of the schedule—
that interval of time during which M; is working on jobs from S}. Because the
schedules we study are symmetric in a stochastic sense (or can be made so, as
will be shown in Section 3.2), it will then be simple to determine corresponding

results for the second half of the schedule and so for the entire schedule.



3.1 The first part of Johnson’s schedule

Index the jobs according to their order of appearance in Johnson’s sequence S*
so that ST ={1,..., N1} and S5 = {N; +1,...,n}, and let Ny = |Ss|.

Note that Nj is a random variable with binomial distribution with parame-
ters n and 1/2. In this section we abuse notation slightly to reduce clutter: We
fix the value of N7 to be ny and all results of this section are conditioned on this.
Thus, for example, we write the expected processing times of the ith job in S
as (Ela;], E[b;]) when in fact we mean (E[a;|n1], E[b;| n1]). Note that we also
take the libertyof reindexing jobs according to the order of their appearance in

the schedule under discussion.

Lemma 1. For each jobie S} ={i:1<i<my},

nl(nlfl)...(n17i+1)
(m+3) (m—3) . (m—i+3

Ela;] = u =0 (1)

_ nl(nlfl)...(n17i+1)
St D - Do 173

E[b;] = ) (u—10) (2)

Proof. Since the jobs in ST are sequenced in non-decreasing order of processing
time on M, the distribution of the processing time on M; for the ith job in S
is given by the ith order statistic of a set of n; random variables, each of which
is of the form min {z, y}, where x and y are independently sampled from U[l, u].
Thus, the conditional pdf of a; is

nq!
(i —1D)(ng —i)!

where f(6) is the pdf and F() is the cdf of min{x,y}. Since z and y are

fa; (0) = [L—F@O)]" " F(6) " f(6),
independently sampled from U[l, ],

u—0
(u—1)?

u —

16) =2

2
andF(Q)zl—( ?) for 1 <0 <u,

u —
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Now we use fg, (#) in the following.

Bss] - [

:lu—l

(LT () e

By substituting —z = (u — 6)/(u — 1), where 0 < —z < 1, we have

B[] = z<”21) /0 ) ) 2 3)

Letting ¢t = 22 in (3) and appealing to the definition of the Beta Function we

have

u—a; _ (M1 F(n1—2+3/2)F(z)
E[ } B Z<Z) T'(ny +3/2)
L(ny +1)T(ny — i+ 3/2)

The expected processing time a; follows by invoking linearity of expectation.
The second claim holds since, given a;, b; is uniformly distributed between

a; and u. Thus E[b;] = (u + E[a;]) /2. O

3.1.1 Idle time and makespan

Under a busy schedule, M; is never idle until it has completed processing all
the jobs, and so the makespan in a 2-machine flowshop is entirely determined
by the amount of idle time on M;. Some relatively small amount of idle time
on M, is unavoidable, however, since M> must wait for M7 to complete the first
job and so Ms must be idle at least for the duration a; > [. More significantly,
it is also possible that Ms has idle time internal to its schedule; that is, M,
might occasionally be idle in between the processing of successive jobs. Such
idle time, which we call internal idle time, is a potentially significant delay to
the completion of the set of jobs. Under Johnson’s sequence, since each job in
ST has longer processing time on the second machine, one might expect little or
no internal idle time on M5 in this part of the schedule. In fact, we shall show

that the probability of internal idle time on My during processing of S} tends



to zero as n; — oo. First, we need to show that the processing times of the
first log ny jobs on M; are very predictable. (Note: For notational convenience
we will write logn instead of the more accurate |logn;| where the meaning is

clear from the context.)
Lemma 2. For 1 < <logny, lim,, . Var[a;] = 0.

Proof. We compute the variance of a; as Varla;] = E[a?] — E[a;]*. From
Lemma 1 we have an expression for E[a;] and so derive an expression for E[af].

First observe that

o () ] =

and therefore,
2
Ela?] = —u® + 2uE[a;] + E[(H) ] (u—1)°

The variance is now obtained from the following equation

Var[a;] = —u® + 2uE[a;] + E [(ua )2} (u—1)2 — E[a;)? (4)

u—I

2
where E {(“u_“l> } is given by

wea\2] _ T(ni +1)T(ng —i+ 3)
ER“l”_r(n1+i+1)r(nlig)’

by algebra similar to the derivation in Lemma 1; and for 1 < ¢ < logn,the latter
term approaches 1 as n; — oo. Also, for 1 < i < logny, lim,, e Ela;] =1, so

the claim holds. O

Let W; be the workload, measured in work content, waiting for My when

job i completes processing on M;. Then

k % %
szl’iléii( Zaj+ij —Zaj, (5)
- j=1 j=k j=1

where the first term represents the time at which job i finishes at Ms and the

second term represents the time at which it finishes at Mj.



Also, W; includes the workload in the buffer and the remaining processing
time of the job currently being processed on Msy. Workload can be expressed

recursively as
W; =max{W,;_1,a;} + b; — a;, for i <ny. (6)

Since b; > a;, W; is an increasing function of 4.
Let I; be the internal idle time on M5 prior to the completion of the ith job
on Ms; then

W;=b +Z(bj —aj)+Ii~ (7)
j=2

Now we show that the probability that there is internal idle time on M,
during the first half of Johnson’s schedule approaches zero as n; — oco. We
establish this by first showing that the probability of internal idle time during
the execution of the first logn, jobs goes to zero as n; — oco. Then we observe
that enough work is expected to have accumulated in the buffer by the time M;
completes the logni-th job that My will never be idle during the remainder of
S7. Note that this latter result does not depend on how the remaining jobs are
sequenced. Thus, for large ni, the first half of any schedule that sequences the

first logmny jobs as Johnson’s sequence is unlikely to have idle time on Ms.

Theorem 1. The probability that the internal idle time, I, on Ms in ST is

greater than zero approaches zero as ny — 0o.

Proof. Let IT ; be the internal idle time during the processing of the first log n;
jobs and let I7 5 be the idle time during the processing of the remainder of ST,
so that IT = I7; + I7 5.

If b1 > aiogn, then there is no internal idle time on M during the execution
of the first logn; jobs, so that Pr([il =0) > Pr(by > aiogn,). Moreover, as
we now argue, limy, oo Pr(b1 > aiogn,) = 1: By Lemma 2, Var[aiogpn,] — 0 as
ni — 00, while E[aiog n, ] — I. Hence, using Chebyshev’s Inequality, aiog n, RNy
as np — oo (that is, it converges in probability).

We can now write Pr(by > aiogn,) > Pr(by > 1+ 0) — Pr(aiogn, > 1+ 9) for

10



all §, and the right hand side can be made arbitrarily close to 1 by choosing
appropriately and letting ny — co. Thus as n; — oo, Pr([il = O) — 1.

Wiogn, is the non-negative random variable representing the workload, as
computed by (5), awaiting M, immediately after the logni-th job completes
processing on Mi. If Wisgn, > @max then My cannot be idle during the rest
of S} since M; will complete successive jobs before My can empty the buffer.
Thus

Pr(I{"Q = 0) > Pr(Wiogn, > max) > Pr(Wiegn, > u),

and the latter term approaches 1 as n; — oo, as we now argue.

Pr(Wiogm, >u) = Pr(bl + Y1 (b — ;) + Doy > u)
> Pr(b+ 05" (0 — a5) > u)
logn
> PS5 (b —a) 2 ).

For any k,
k

k
> (b —aj) = (u—a,),
j=1 j=1
where the Y; are independent random variables, uniformly distributed between

0 and 1. The values of
(u—ayr), (u—az), ..., (u—ag)

are an ordered sample from the uniform distribution on (v — ag41,u — ). Each
of these is stochastically larger than Z; ~ U(0,u — ). Hence Z?Zl(u —a;)Y; is
stochastically larger than Z Z;Y;, with Z; ~ U(0,u—1), Y; ~U(0,1), all
independent. Letting X; = Zij, we then have

Pr( Wlognl = ) 2 Pr(zlognl X 2 u) —1

as n — 00. Consequently lim,, Pr([i‘k,2 = 0) =1

Now
Pr(Iy=0)>1 —Pr(I{"1 > 0) —Pr(If2 > 0) = Pr(Ii1 = O) —kPlr(If2 = 0) -1

and the proof is completed by taking the limit as n; — oo. O
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The behavior predicted by this theorem seems robust. Simulation suggests
that for ny as small as 20 there is negligible probability of idle time on M,
during S7.

Since Theorem 1 is the basis of all our subsequent results, it is worth re-
marking that it can be generalized to other processing time distributions. For
example, let f be any processing time distribution and k(n;) any function that

together satisfy the following weak conditions.

L. apn,) — a1 N 0;

2. Elan,]/k(ny) — 0.
Then Theorem 1 holds by a similar argument applied to f with ay(,,) replacing
Qlog ny -

Theorem 2. The conditional expected makespan of ST satisfies

(I +2u)

E[Makespan of S7|N; = n1] = my 3

+0(1)

as ny — oo.

Proof. The conditional expected makespan is » 71, E[b;] + Efa1] + E[I7], but
E[If] — 0 by the following argument. First note that in ST the earliest My can
begin processing job ¢ is when M; begins processing job ¢ + 1, and so M, is
idle between processing jobs ¢ and i + 1 for at most max{a;+1 — b;,0}. Thus,
Iy < Z?;l_lmax{aiﬂ —b;,0} < Z?:ll_lmax{aiﬂ —a;,0} < apn,. It follows
that I7 < amax < u, so that E[If] < uPr(I; > 0|ny). Now by Theorem 1 the

latter term goes to zero as niy — oo. O

3.1.2 Workload, waiting times, and buffer level

We now derive bounds on the workload in the buffer and an expression for the

expected waiting time of jobs in the buffer.

Theorem 3. The conditional expected value of the mazimum workload at My

during ST occurs upon completion of the ni-th job on My and satisfies
) ni(u—10)  wu+2nql
1 E[W pax] — =0
mlinoo { [ ) ( 3 + 2n1 + 1
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Proof. As ny — oo, E[I;] — 0 and, by 7
E[Wi] — E[b1] = Y (Elby] — Elay]) — 0.

Jj=2

Thus, as n; — oo

ny(u — 1) ny(u—1)
E[Wmax]—( 3 +u — nlJr% )—>0,
n1 1 Ela. ’ 7n1(ufl) uinl(uil)
;Zl(E[bz] Elai]) + Elay] = ———+ il

The last equation follows since, as may be proved by induction,

ni(ni—1)...(np —1+1) :gn
<+ ) (m—2%)...(m—i+3) 3

1=

Let w;i = W; — b; be the waiting time of job ¢ in the buffer.

Theorem 4. The expected average waiting time per job for jobs in ST satisfies

i {32 B o (255 o

i=1

Proof. Recall that W, = b + E;ZQ(bj — aj) + I; where I; is the internal idle
time on Ms prior to the completion of the ith job on Ms.

The waiting time of job ¢ in the buffer, w;, is W; —b; and so for 1 < i < nq,
w; = ay + Z(bj - (Ij) + I, — b;.
i=1

The average waiting time for jobs in S} is >.'; w;/n1 and so its mean is

given by
ZE[wi]/nl = nil n1Efai] + ' Z(E[bi] — Elas]) —ZEW +ZE[L‘]
— Blaa) - 50420+ > (- 5+ 1) (BB - Elar)
1 &
+— > B[]
L=t
—  Ela] - %(l + 2u) + i%%;ml(u -1,
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where the last step holds since

ni(ng—1)...(np —1+1)

E[b;] — Ela;] = (u—1)

and, as may be proved by induction,

i nl(nl—l)...(nl—j+1)2 _6n%+4n1

=1 (TLl"‘%)(nl—%)...(nl—j_F%) 15

Finally, since Ela;] = u — (u —1)(2n1)/(2n1 + 1),

ni
2’)’),1 1 3”1 + 2
; =u— - —=-(+2 —1
;wl/nl U o +1(u ) 3( + 2u) + 15 (u—1)
and the result follows by simple algebra. O

In any case, the expected waiting time for jobs in S} is no more than (n; +
1)(uw —1)/5 for large ny and is greatest when u > [. When u = [ the waiting is
zero, as one would expect.

Finally we derive the expected value of the number of the jobs in intermediate
storage (the buffer level) for any time ¢ during the partial schedule S}. Let T
be the completion time of the ni-th job on My, and let wr be the total waiting
time of all jobs in S}. Let B(t) be the number of jobs in the buffer at time ¢.

Lemma 3. The conditional average buffer level for ST satisfies

. I (Bni —8)(u—1)|
n}@w{T/t_oB(t) dt M} 0. (8)

Proof. Since wy = 3711 w; = ftio B(t)dt, the average buffer level for ST is
wr/T = (wr/n1)(n1/T). By the law of large numbers, as ny — oo, wr/n; —

1, w;/nq, the average waiting time for jobs in S}, and T'/nq — (I+2u)/3. O

3.2 The complete schedule

Much of the preceding analysis described the first part of the schedule S} as
N; — oo. We invoke these results to analyze complete schedules in which
n — 00, which implies that Ny, No — oo almost surely. Therefore most results

for this section are doubly qualified: They hold for large n and almost surely.
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M1 ST < L1 e Ml S;

M2 S]T M2 — L2 —— S;

Figure 2: If S7 and S5 are processed separately, with the start times of the first
jobs in each delayed without extending their makespans, then I is incurred at
the beginning of S} (on Ms), while I3 is incurred at the end of S5 (on My).

The remaining difficulty of analysis is that S} and S5, the first and second
parts of Johnson’s schedule, are not perfectly symmetric because idle time is
more likely to occur in S5. We circumvent this complication by analyzing an
alternative implementation of Johnson’s sequence that preserves properties like
makespan and buffer size, but is more symmetrical (in a stochastic sense) and
so easier to analyze.

Imagine the sequences ST and S5 processed separately as in Figure 2, and
let Ly be the time from the completion of the last job of S} on M; until its
completion on M. Similarly, let Lo be the time from the start of the first job
of S5 on M; until its start on My. Consider the alternative implementation of
Johnson’s schedule suggested by Figure 3, in which the separate schedules S7
and S5 are joined without changing the positions of any jobs within a subsched-
ule. This can be accomplished by modifying the busy rule to delay the starting
time of the first job in ST on My until the first time that all jobs in S7 can be
processed without internal idle time but also without extending the makespan
beyond that of ST under the busy implementation. Similarly, the first job of S5
on M is delayed until the first time that all jobs in S5 can be processed without
internal idle time but also without extending the makespan beyond that of S7
under the busy implementation. Therefore we refer to this alternative imple-
mentation as delay(S*) and to the busy implementation as busy(S*). Notice
that the lengths of L; and Ly are not affected by this new implementation.

Under delay(S*), the makespan of S} is a1 + I7 + >, b; and that of S5 is
by + I3 + >, a; We have already shown that the probability of internal idle

K2
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*
aq I2

M, ST I S3

My ST S5

Case 1: L1 > Lo

M || s S3

Case 2: L1 < Lo

Figure 3: An alternative implementation of Johnson’s schedule formed by join-
ing the separate schedules for ST and S5 with all jobs maintaining their relative
positions within each subschedule. This implementation has the same makespan
as the busy implementation, but tends to concentrate idle time interior to the
schedule on a single machine.

time on My within the first part of the schedule goes to zero as n — oo. By
the same arguments with the order of machining reversed, the probability of
internal idle time within the second part of the schedule goes to zero. Thus,
for large n, the only internal idle time in Johnson’s schedule is that due to the
joining of ST and S5, which we call intervening idle time. As shown in Figure 3,
if L1 > Lo the intervening idle time I = L; — Lo occurs entirely on M;; and if
L1 < Lo, then the intervening idle time I = Lo — Ly occurs entirely on Ms.
Note that we can imagine the busy implementation busy(S*) to be derived
from delay(S*) by moving all the jobs in S5 to their earliest possible start times,
while continuing to respect the sequence. As shown in Figure 4, if Ly > Lo,
then the intervening idle time disappears. On the other hand, if L; < Lo, then

the intervening idle time becomes distributed throughout S5 on Ms.
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M,y ST S3

M, 3 Sy

Case 1: Ly > Lo

M, ST S5

M, St S u J

Case 2: Ly < Lo

Figure 4: The busy implementation of Johnson’s schedule will have idle time
only when Ly < Lo.

3.2.1 Expected makespan

Since both the delayed and the busy implementations of Johnson’s sequence
result in schedules with the same makespan, the following results hold for both

schedules.
Lemma 4. In Johnson’s schedule, Pr(internal idle time on My > 0) = 1/2.

Proof. This follows because the joint distribution of L; and Ls is symmetric

and because there is internal idle time on M5 if and only if Ly > L;. O

Thus about half of the time, there will be some idle time on M5 in Johnson’s
schedule and by Theorem 1, this idle time is more likely to occur in the second
part of the schedule, when jobs from S5 are processed. Moreover, since the
workload in the buffer is at its maximum after the last job of ST is completed
on M, this idle time will occur towards the end of the busy implementation.

Let M be the makespan of Johnson’s schedule;

Theorem 5. The expected makespan of Johnson’s Schedule satisfies

E[M]] =W+;\/§(u—l)+o(\/ﬁ). (9)

17



Proof. It 3~ a; < 31", by, L1 > Lo and the schedule will be as in Figure 4,
case 1. The makespan then equals a; +Y .-, b;+1I;. As we have seen, I7 — 0 as
n — oco. Similarly, if Y7 a; > Y7 b;, the asymptotic makespan is >\, a; +
by,. Hence the asymptotic makespan is max {b,, + > ., a;,a1 + >, b;}. There-

fore
MEn(5) b Shwn () e Shon ()
[ n(u—1)2 [ n(u—1)2 ’ n(u—1)?
12 12 12
= maX{Zl,ZQ} (10)

by the central limit theorem and continuous mapping principle, where Z;, Z5
are iid normal random variables with mean 0 and variance 1. Also, straight
forward calculation shows that E[max {Z;, Z>}] = 1/y/7 and consequently,
EMJ] —n(l+u)/2 1
o
Vn/12(u—1) VT

which means that

E[M]] = w + ;\/g(ul) +o(v/n).

O
Let MP7 be the makespan of the Partial Johnson’s schedule.
Theorem 6. The expected makespan of Partial Johnson’s Schedule satisfies
E[MP7] ZMJFE 2 (u—1)+ o(v/n). (11)

2 2V 3rm

Proof. First consider S} separately. From Theorem 1, we know that

lim Pr(Wiogn, > u) =1,

n—oo

so that jobs processed after the logni-th one can be scheduled in any order
without incurring any internal idle time in S7. By reversibility, the same is true
for S5 when considered separately. The proof now follows by implementing both
halves of the partial Johnson’s schedule as described in delay(S*) and invoking

the arguments of Theorem 5 O
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It is interesting to note that while the Partial Johnson’s schedule requires
less effort to implement, it achieves the same asymptotic makespan as Johnson’s
schedule. Also, as we show in the next section, the workloads and buffer levels

are of the same order in both schedules.

3.2.2 Buffer level

Theorem 7. The probability that the mazimum buffer level for delay(S*) ex-

ceeds n(u — 1) /6u converges to one as n — oo.

Proof. Write L} to emphasize the dependence of L; on the number of jobs n.

First note that
n
LY =) (bi—ai)™.
i=1

The random variables (b; — a;)* are iid with mean (u — [)/6 and variance (u —

1)2/6. By Chebyschev’s inequality

u—1 n(u—1) 6
P |LY — >——= | < ——0.
(o= (57)|=5) =3
Therefore,

P(max{L?,Lg}>n<“6_l)> 2P<L{’ >n(u;l>) -1

as n — o0. Since the maximum job duration is u, it follows that the probability

that the maximum number of jobs exceeds n(u — [)/6u converges to 1 as n —

0. O

Now consider busy(S*). The expected maximum buffer level in busy(S*) is
asymptotically equal to that in S7. This is because if Ly > Lo the expected
maximum buffer level is increased by ©(y/n) whereas if Ly > Lo it is decreased
by ©(y/n). In either case, as n — oo, both the ratio of the maximum buffer
level for delay(S*) to that of ST, and the ratio of the maximum buffer level of
busy(S*) to that of S} approach 1.

For large n, we saw that the expected waiting times of jobs in busy(S™*)

approach those in delay(S*) but the expected value of the maximum number
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of jobs in the buffer for the latter is ©(y/n) larger than that of busy(S*). This
is because when Lj < Lo, delay(S*) does not take advantage of the idle time
that occurs on My and jobs from S35 that could have been processed earlier are
left waiting in the buffer. From these observations, the best way to implement
Johnson’s schedule is to use delay(S*) when Ly > Lo and busy(S*) when L; <
Lo. In this way waiting times are reduced without increasing the number of

jobs in the buffer.

3.2.3 Expected behavior of Johnson’s schedule

The preceding analysis enables us to describe in considerable detail the expected
behavior of a balanced flowshop under Johnson’s schedule. The behavior we
describe here is immediately recognizable in simulations with 20-30 jobs.
Since we are describing expected behavior, we ascribe to the ¢th job in John-
son’s sequence its expected processing times, E[a;] and E[b;]. Now we set about
deriving approximations to these processing times that are valid when the num-
ber of jobs is large. These approximations are not necessary for us to describe
the expected behavior of the system; however, they have the advantages of being
considerably simpler and easier to compute than the exact, discrete expressions.
Furthermore, they are quite accurate even for 20-30 jobs. In addition, since they
are continuous approximations, they allow us to draw continuous graphs, which
illustrate the essentials of system behavior more clearly than do discrete graphs.
First observe that for Ny = ny and ¢ < n; the expected processing time of

the ¢th job on M; can be written as follows.

T(ni+1)T(ny —i+3/2)
I'(ny—i+1)T(ny +3/2)°

Since the number of jobs n is large, the number of jobs n; in the first part of

Ela;] =u— (u—1)

the schedule is likely to be large so we appeal to Stirling’s formula to get the

following approximation.
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I'(ng +1)T(ny —i+3/2)
L(ny —i+1)T(ng +3/2)
(nl + 1)n1+1/2(n1 i+ 3/2)n17i+1
(nl — i+ 1)n1 1+1/2(n1 + 3/2)n1+1

1\ g =i+ 32\ T =it
ni+1 n—i+1 T
1
1— 1+ — 1— !
2n1+3 2(ny —i+1) ny +1

() (i) v
~ oM iy
V1—i/ni.

Q

Thus, for large n,, we can write

Ela;] mu— (u—1)/1—i/n;

and similarly,
E[b)] = u—(1/2)(u — )\/1 —i/nq.

Also, from equation 4, we can write

Var[a;] =~ (u —1)? (m - (1- Z/nl))

and it can verified that for large n; the variances of the processing times of the
first and last jobs of S; on M; go to zero.

For large numbers of jobs, J; and J, will be expected to contain approxi-
mately the same number of jobs, so that N3 & N; &~ n/2. Thus we can write
Ela;] =~ u— (u—1)\/1—2i/n for i = 1,...,n/2. Since n is constant, we scale
the indices of the jobs by n and relabel them with their percentiles p = i/n,
which give their relative positions in Johnson’s sequence. This allows us to write
Ela,) ~ u— (u—1)y/T—=2p for 0 < p <1/2.

The symmetries of the expected processing times in Johnson’s sequence al-

low us to write the expected processing times for an arbitrary job appearing p

21



percent of the way through Johnson’s sequence.

u—(u—0y/1T—=2p for0<p<1/2;

Ela,] ~
g Elbi_,] for 1/2 < p<1

and
Bjb,] u—(1/2)(u—1)\/T=2p for 0<p<1/2;
’ Ela;_,] for 1/2 < p <1.
We write the total work on M; and on My of the first p jobs as

P p
Ap) = / Elag] df; and B(p) = / E[bg] dO respectively.
0 0

Since by our previous analysis there is little chance of idle time on My, we
make the approximation that the makespan of the schedule is A(1) 4+ I. An-
other way of interpreting this approximation is that after the first job we allow
M> to begin work on job p immediately after Ms has completed processing the
preceding job, so that machines M; and My might work on the same job simul-
taneously. This underestimates the duration of the schedule, but nevertheless
enables us to describe general system behavior with considerable accuracy.

Figure 5 (a) shows, for any instant during the makespan, the expected length
of the processing time of the current job on M; or My. The two curves inherit
the symmetry of Johnson’s sequence since all processing times are drawn from
the same distribution. Observe that, before the first crossover point, M is
working on shorter jobs than is Ms and so we expect jobs to accumulate in
intermediate storage. Similarly, between the first and second crossover points
M is working on longer jobs than is Ms and so we expect the number of jobs in
intermediate storage to decrease. Therefore the number of jobs in intermediate
storage should increase up until the first crossover point, where it will be at a
maximum, dip in the middle, and then increase again to another maximum at

the third crossover point. This is confirmed in Figure 5 (b).
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Figure 5: (a) The processing time of the current job on each of M; and Moy,
shown as a fraction of the largest possible processing time u. (b) The number
of jobs in intermediate storage, shown as a fraction of n, the number of jobs in

the batch. (Both illustrations were computed for processing times drawn from
Ul0,20])
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4 Random Schedules

It is surprising that when the number of jobs is large, then the makespan of even
a random schedule is nearly that of Johnson’s schedule. In fact, we conjecture
that this is true for more general m-machine permutation flowshops. This might
have practical implications (“do not bother to schedule”). It also suggests a trap
for the unwary algorithm designer: any algorithm will produce nearly optimum
schedules when processing times are independent on the machines, unless the
algorithm is downright perverse.

We also show that random schedules have the advantage of requiring inter-
mediate storage of size only ©(y/n) rather than the ©(n) storage required in
Johnson’s schedule.

Under any sequence of jobs, M is never idle as long as there are jobs to
be processed. Consequently, the completion times of the jobs on M; form a
renewal process (Ross, 1983). Since these completion times correspond to the
arrival times of jobs on My, the latter can be modeled as a GI/G/1 queue and
an analysis of the latter can be carried out to determine the expected buffer
level and sojourn times of the jobs on Ma.

Since we are analyzing a balanced system, this GI/G/1 system has interar-
rival times distributed as the service times, so the system has traffic intensity
p = 1, and will not reach stationary behavior. We are interested in the behavior
of queue size (buffer level) and waiting times as functions of n, for large n. As
is well known, the GI/G/1 system in heavy traffic, and in particular with p = 1,
can be approximated by diffusion models. In what follows we are interested in
the rate at which the queue grows and the expected time before it empties out.

Assume that the jobs are indexed in the order they are processed under a
random schedule. Figure 6 shows how the workload on M, varies over time
for the random schedule. The workload starts out at zero and jumps to by at
time a1, which corresponds to the completion time of the first job on M;. The
second job arrives at time (a; + a2) and the workload at that point is given by

HlaX{O, by — (12} + bs.

24



work

0\
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time

Figure 6: Workload in the buffer

4.1 Random Schedules

In this section we will examine the workload at M5 under a random schedule.
Such a schedule can be analyzed using the same methods as the GI/G/1 queue
with traffic intensity equal to 1.

Let I; represent the internal idle time on M, during the processing of all
jobs on M; with a random schedule. Let ay,...,a, and by,...,b, be the work
times on M; and Ms, respectively, under a random schedule. Set xz; = b; —a;11
fori=1,2,...,.n—1,and Sy =21 + 2o+ -+ x for 1 <k <n—1. The x;’s
are iid with E[z;] = 0 and Var[z;] = 02 = Var[a; — b;]. Let W% be the work

awaiting My just before M; completes job i 4+ 1. Then we can express W2 as

W =81 -min{S,:0<k<i—1}; (12)

7

furthermore W2 has the same distribution as max{S; : 0 < k < i — 1} (Karlin

and Taylor, 1981). The makespan is given by

M =" ai+ Wi+ b, (13)
i=1
It is well known that
Wi
= 12|, (14)
o\/n

where Z is a standard normal random variable, 02 = Var[a; — b1] = (u —[)?/6,
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and = signifies convergence in distribution. Therefore, we can conclude that

RISV <
o~ (M” 2 ’)i'z' "

as n — oQ.

The expected maximum buffer level for the random algorithm is O(y/n).

4.2 Johnson’s Partition Schedule

In this section we will show that the difference in the makespan for Johnson’s
schedule and Johnson’s Partition schedule converges to a finite random variable.
Therefore as the makespans increase with n, the difference becomes negligible.

Number the jobs in the order processed by Johnson’s Partition schedule;
a; < b; forv=1,2,..., Ny, and a; > b; for ¢ > N;. Using the same notation as
in the previous section, we have E[z;] = p, > 0 and Var[z;] = 02 € (0, 00) for
1 <4 < Ny . In this case, since E[z1] > 0, the internal idle time on machine 2
during the processing of the first N; jobs converges in distribution to a random

variable Z as N7 — oo, where

E[Z] =
k=1

(problem #18, chapter 17, in Karlin and Taylor, 1981). (Assume that E[Iz} <

2
7z (16)

: > <
E[Sk: Sk >0] < 21

| =

00.) Now the makespan is

M;{P:max{zai,z@}+maX{I?,I2n}, (17)
1=1 i=1

where I7", I3 both converge in distribution to Z. From (16) and using the fact
that the I} are increasing, E[max {I},I5}] < E[(IT 4+ I3)] < 2B[Z] < 02/t

In our case,

u—1 u—1)>?

e (19)
and so

-1

lim B[M] - M7 < 2=

n—oo 3

; (19)

that is, in the limit there is not much difference between Johnson’s schedule and

Johnson’s Partition schedule.
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We can conclude that
WJP
ovn
where Z is a standard normal random variable, 02 = Var[a; — b1] = (u —[)?/6,

and Z* = max {0, Z}.

=7t (20)

It is important to note that the internal idle time is most likely to occur
during the early phase of S, so that for small n Johnson’s partition schedule
may have almost as much internal idle time as for large n.

The maximum buffer size for Johnson’s Partition schedule is of the same

order as for Johnson’s schedule.

4.3 Comparison of Johnson’s Partition and Random Sched-

ules

How much better is Johnson’s Partition schedule than a random schedule? For
a fixed sequence of jobs, the difference in expected makespans is the difference
in expected internal idle time on the second machine. For Johnson’s Partition
schedule this is

Elmax {11, Ib}] <E[(I1 + I2)] < 07 /u (21)

while for a random schedule,

n

Bz =Y %E[S,j] S (22)
k=1

as n — oQ.

Comparing the makespans, we have

M < MET < MIP < ME, (23)
and
M — MJ"
“ovn = 14|, (24)
M- MET =1, (25)
and
MET — M = 0. (26)
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Sequence Required information | Worst-case effort
Johnson’s values of aj, b; O(nlogn)
Partial Johnson’s a;, b; of smallest jobs | O(nloglogn)
Johnson’s Partition | relative sizes of a;, b; | O(n)

Random none 0(1)

Table 1: Comparison of schedules for 2-machine flowshops: As randomness
increases, computational requirements decrease.

Sequence Asymptotic makespan | Intermediate storage
Johnson’s np+oy/n/m+o(y/n) | ©(n)

Partial Johnson’s nu+oy/n/m+o(v/n) | O(
Johnson’s Partition | nu + ov/n/m+ o(y/n) | O(n)
Random nu+ 20+/n/m + o(y/n) | ©(/n)

Table 2: Comparison of schedules for 2-machine flowshops: As randomness in-
creases, makespan increases slightly but the requirement for intermediate stor-
age decreases significantly. (u is the mean of the distribution of processing times
and o is its standard deviation.)

In summary, the difference between the makespans under Johnson’s algo-
rithm and the partial Johnson’s algorithm converges in distribution to zero.
The difference between partial Johnson’s and Johnson’s partition algorithm con-
verges to a finite random variable. Only when going to the random algorithm
does the difference in makespan increase without bound; the makespan with the

random algorithm will be of order y/n larger than the others.

5 Conclusions

Tables 1 and 2 show the trade-offs between makespan on the one hand, and
simplicity, reduced data requirements, and reduced intermediate storage on the
other hand. It is worth noting that intermediate storage is not significantly
reduced until the sequence becomes completely random. Any heuristic that
processes all the jobs of J; before those of J; requires ©(n) intermediate storage.
This is because all jobs in J; have shorter processing time on Mj, so that

processing these jobs first leaves ©(n) jobs waiting in the buffer when the last
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job of Ji is completed.

Our research suggests that, although Johnson’s schedule guarantees minimal
makespan, it might not be appropriate in practice when processing times are
independent. If the flowshop is balanced, it might not be worthwhile to schedule
because the expected makespan of a random schedule exceeds that of Johnson’s
schedule by O(y/n). In fact, one might prefer not to schedule, since sequencing
the jobs at random requires no estimates of the processing times, and, moreover,
requires a factor of O(y/n) less buffer capacity than does Johnson’s schedule.

If the flowshop is unbalanced then it might not be worthwhile to schedule
because the busier machine will likely remain busy throughout the schedule,
independent of the sequence in which the jobs are processed. In fact it is fairly
straightforward to extend our work to the case of unbalanced machines. Suppose
that the expected processing time of each job is greater on the first (second) ma-
chine so that this machine is busier. Then as the number of jobs gets large, the
expected makespan of Johnson’s schedule approaches the value of the expected
total processing time of the first (second) machine, plus the expected processing
time of the smallest job on the second (first) machine. The expected makespan
for a Partial Johnson’s schedule in this case is the sum of the expected total
processing time for the busier machine plus the expected processing time for a
single job on the other machine. In the case of random schedules the system
can be viewed as a queuing system with the busier machine defining the arrival
rate and the other machine defining the service rate. The makespan can be
approximated by the expected total processing time of the busier machine plus
the expected sojourn time of a customer in the queuing system defined above.

It would be interesting to learn whether random schedules remain asymp-
totically optimal for general m-machine flowshops with unlimited intermediate
storage. There are empirical reasons to believe so. For example, Dannenbring
(1977) performed computational tests on heuristics to minimize makespan in

m-machine flowshops. He remarked that

The processing times for the problems were randomly generated in-
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tegers uniformly distributed over the interval (0,99). Evidence exists
that the uniform distribution provides the more difficult problems

to solve.

In tests with “small” problems (3-6 jobs), a heuristic that produced random
schedules ranked fifth out of eleven heuristics, while in tests with “large” prob-
lems (7, 10, 25, and 50 jobs), random schedules ranked second. We believe that
the surprisingly good performance of random schedules might be an artifact of
their (conjectured) asymptotic optimality.

If random schedules are indeed asymptotically optimal for general m-machine
flowshops, then some performance studies of flowshop heuristics might be flawed.
It is natural to generate processing times by sampling independently from well-
behaved distributions, as in Dannenbring (1977); then, if only a single heuristic
is tested and compared to lower bounds on the optimal makespan, that heuristic
might look deceptively good (as long as it is not perversely biased).

Dudek, Panwalkar, and Smith (1992) suggested seven reasons for the lack
of verifiable applications of flowshop scheduling. Our paper suggests some ad-
ditional reasons, including that, even if the problem did exist as described, it
might not present any difficulty; that is, if the load is imbalanced, then there
tends to be a capacity problem and not a scheduling problem; and if the load is
balanced, then one might not be able to do substantially better than schedule
randomly.

Finally, it would be interesting to see how far these results can be extended

when the processing times of an individual job are allowed to be correlated.
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