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Abstract

Categorical data arises quite often in industrial experiments because of an expensive or inade-
quate measurement system for obtaining continuous data. When the failure probability/defect
rate is small, experiments with categorical data provide little information regarding the effect of
factors of interests and are generally not useful for product/process optimization. We propose
an engineering-statistical framework for categorical response optimization that overcomes the
inherent problems associated with categorical data. The basic idea is to select a factor that has
a known effect on the response and use it to amplify the failure probability so as to maximize
the information in the experiment. New modeling and optimization methods are developed. It

is illustrated with two real experiments.
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1. INTRODUCTION

It is a well known fact that continuous data contains more information than categorical data
for assessing the performance of a system. Yet in many situations, experimenters have to be con-
tent with categorical data due to an inadequate or expensive measurement system for obtaining
continuous data. Categorical data posses several advantages. First, they are easy to measure and
record. Second, it can be easily converted into monetary units and therefore is useful for man-
agerial decision making and for communications among non-statisticians. But they also introduce
new challenges and complications for data analysis that are not present in continuous data. The
accumulation analysis introduced by Taguchi for categorical data was quite popular in industries
for sometime until it was proved to be faulty by Nair (1986) and Hamada and Wu (1990). The
generalized linear modeling is the most accepted and well received approach for categorical data
analysis. See, for example, McCullagh and Nelder (1989) and Wu and Hamada (2000).

Categorical data posses serious problems in terms of effect estimation and system optimization
compared to using continuous data. To exemplify this point, consider a 2%;11 experiment on electro-
plating process with 3 control factors: temperature (z1), pH (z2), and current (z3). The plated
thickness inside 5 holes are measured and given in Table 1. Data analysis gives the fitted model
for the thickness § = 71.8 + 2.221 — 4.3z2 + 8.7x3, which can be used for optimization. Now
suppose the experimenter instead used a go-nogo measurement system designed for a specification
75 + 25 microns. We see that all the holes conforms to the specification, thus resulting in zero
defectives for the 4 runs. Based on this categorical data, we cannot estimate the effect of the
three factors and therefore the outcome of this experiment is inconclusive. Needless to say, no
sophisticated statistical analysis can rescue this experiment. This situation is a consequence of low
failure probability/defect rate which provides little information in the data. This is an inherent
problem associated with categorical data. We propose in this paper an engineering-statistical
approach to overcome it.

The basic idea is to select a factor with known effect on the failures based on physical knowledge
of the product/process. This factor can then be used to amplify (or excite) the failure probability
so as to maximize the information in the experiment. We call this factor an amplification factor
and this approach the Failure Amplification Method (FAMe).

For example, in the electro-plating process the plating time can be used as the amplification



Table 1: Data of the electro-plating example

run | 1 T2 I3 thickness under-plating good over-plating
1 |- — + 8679868478 0 5 0
2 | — + — |5351576455 0 5 0
3 |+ — —16670696776 0 5 0
4 |+ 4+ 4+ | 7987757477 0 5 0

factor. From Faraday’s law we know that the plating thickness is proportional to the plating
time. Thus decreasing time from its current value will produce defective holes due to under-plating
(thickness < 50 microns) and increasing time will produce defective holes due to over-plating
(thickness > 100 microns). With this amplification of the defective rate, the experiment will
produce defective holes and the experimenter can hope to draw some conclusions regarding the
effects of factors of interest. This method differs from the traditional approach because of the
introduction of the amplification factor. It is a factor of no interest to the experimenter as its
effect is already known. Therefore in traditional approach this factor will not be studied and the
experiment will be performed by keeping it at its current value. In FAMe such a factor is identified
and varied in the experiment so as to maximize the information.

Failure amplification can be achieved in several ways. Depending on the type of amplification
factor, we classify FAMe into three: (i) control factor method, (ii) complexity factor method, and
(iii) noise factor method (see Figure 1). As the name suggests, in a control factor method we use
a control factor as the amplification factor. The plating process described above is an example
because the plating time is a control factor as it can be set at any value the manufacturer wishes.
A complexity factor is a factor that determines how complex a product is to manufacture. Extreme
settings can lead to high rejections/reworks, making the product difficult to manufacture. For
example, hole diameter in a printed circuit board (PCB) is a complexity factor. PCBs with small
hole diameters lead to high rejections in drilling as well as in hot air leveling due to blocked holes.
The complexity factor differs from a control factor as it is specified by the customer and hence
not in the control of the manufacturer. Noise factors are factors that are not in the control of the

manufacturer/user but some of which can be systematically varied in the experiment. For example,



in drilling holes the life of the drill bit (new to worn out) is a noise factor and can be used to amplify
the failures. In the next two sections we explain the different modeling and optimization strategies
that can be adopted for control factor and complexity factor methods. We will not dwell on the
noise factor method as we have not encountered any real experiments, but we keep this as a feasible

option for failure amplification.

control factor method double latent variable
(constant o1,09: OW)

FAMe complexity factor method single latent variable

noise factor method

Figure 1: Classification of FAMe

The article is organized as follows. In Section 2 modeling and optimization methods are de-
veloped for control factor method. Connections of this approach with operating window method
(Clausing, 1994) are established. A paper feeder experiment from Fuji-Xerox is used to illustrate
the approach. In Section 3 an experiment from PCB manufacturing is used to explain the com-
plexity factor method. Experimental strategies for failure amplification are discussed in Section 4.
In Section 5 the efficiency of FAMe with traditional experiments is compared. Further discussions

and concluding remarks are given in Section 6.
2. CONTROL FACTOR METHOD

Consider the paper feeder in a copier machine. It has two failure modes, misfeed: the feeder
fails to feed a sheet, and multifeed: the feeder feeds more than one sheet of paper. Here the stack
force can be used as an amplification factor. Since the designer can set the stack force at any
desired value, it is a control factor. Its effect on the two failure modes are known. A low stack
force leads to misfeed, whereas a high stack force leads to multifeed.

Let M be the amplification factor, p; the probability of failure due to failure type 1 (say
misfeed), and ps the probability of failure due to failure type 2 (say multifeed). Assume p; to be a

strictly decreasing function in M and py a strictly increasing function in M. A typical behavior is



shown in Figure 2. Note that if M does not have a conflicting effect on p; and p2, then M could
be adjusted to a low value or a high value to eliminate both failures. In the control factor method
there has to be at least two failure modes. For example, in the paper feeder, if only multifeed were

present, the stack force could be reduced to zero to eliminate multifeed.

probability of failure
0.5

amplification factor

Figure 2: Probability of failure curves against amplification factor

We will now describe an experiment carried out at Fuji-Xerox by Y. Norio and O. Akira. This
data was also analyzed by Miyakawa (1993). There were 8 control factors and one noise factor.
Their levels are shown in Table 2. The control array (i.e., array for the control factors) is obtained
from modifying the OA(18,2! x 37) in Table 5, by coding level 3 as level 1 in column x4 (so that
the z4 can be used for the two-level factor “center roll”). The data on misfeed and multifeed are
given in Table 3. The data gives the number of misfeeds and multifeeds out of 5 sheets at different
stack force levels. For example, in run 1 at the first noise level, there are 5 misfeeds at M = 20, 5
misfeeds at M = 40, 1 misfeed at M = 42.5, and so on. The stack force is varied sequentially to
produce about 50% of failures, which is about 2 or 3 failures. The objective of this experiment is

to find control factor settings to minimize both misfeeds and multifeeds. We will come back to the



Table 2: Factors and levels for the paper feeder experiment

Control factors Notation Levels
1 2 3
Feed belt material 1 Type A Type B -
Speed z9 288 mm/s 240 mm/s 192 mm/s
Drop height T3 3 mm 2 mm 1 mm
Center roll T4 Absent Present -
Belt width s 10 mm 20 mm 30 mm
Tray guidance angle Tg 0 14 28
Tip angle 7 0 3.5 7
Turf g None 1 sheet 2 sheets
Noise factor
Stack quantity N High Low -

analysis of this experiment in Section 2.4 after developing the necessary modeling and optimization
methods.

We will use a latent variable approach to model the failure probabilities p; and p2. The failures
can be thought of as extremities of certain functional characteristics. We observe categorical data
on failures because of the inability to measure these functional characteristics. Sometimes it is also
difficult to identify the right functional characteristics corresponding to the failure modes under
study. This suggests that we could treat the functional characteristics as latent variables and infer
about their properties indirectly from the categorical data. Two situations are considered in the
following subsections: two latent variables or a single latent variable generating the two failures.

2.1 Double Latent Variable Modeling

Let Y7 and Y> be the two latent variables corresponding to the two failure modes. Suppose the

failures are generated by the following mechanism:
if Y1 < Ty then failure type 1; if Y5 > T then failure type 2. (1)

Assume Y7,Y3, and M to be nonnegative variables taking values in [0,00]. Let X be the set of



Table 3: Data from the paper feeder experiment

misfeed multifeed
Run N1 N2 N1 N2
1 |20 40 42.5 45 50 60(20 30 40 50 60 70|80 82.5 85 90 120 160| 60 62.5 65 70 80 90
55 1 000|500 O0O0O0O0U0 2 2 2 2 2|0 1 1 3 2 3
2 [0 10 15 20 30 40{0 10 15 20 40 60|30 35 40 50 60 30 40 60 70 75 80
53 0 0O0O0|5 3 00 O0O0O[0O 1 3 3 3 0 1 1 1 2 2
3 |0 10 15 20 25 0 10 15 20 30 4020 25 30 40 20 30 35 40 O
5 5 1 1 0 5 3 2 0 0 0|0 2 2 2 0 1 1 3 3
4 |20 25 30 40 60 0 20 25 30 40 50 60 65 70 80 40 50 55 60
5 3 1 00 5 5 1 0 0 o 1 2 2 2 O 0 2 2
5 (20 25 30 40 50 20 25 30 40 50 30 40 45 50 60 40 50 55 60
4 1 0 00 4 1 0 00 o 1 3 3 3 o 0 2 2
6 |10 15 20 30 40 10 15 20 30 40 30 40 45 50 30 40 50 55 60
4 2 1 00 3 0 0 0 O o 1 2 3 o 1 2 2 3
7 (10 20 30 35 40 10 20 25 30 40 20 30 35 40 50 20 30 40 60 70 80
5 4 2 1 0 5 3 0 0 0 o 1 2 2 3 0 1 1 1 2 2
8 |15 20 30 35 40 20 30 35 40 60 70|70 80 100 110 120 60 70 75 80 100
32 2 3 0 5 2 4 1 1 0/0 1 1 2 2 o 1 2 2 2
9 |10 15 20 30 40 10 15 20 25 30 40(40 60 65 70 80 40 50 55 60 70
5 4 1 0 0 5 5 5 4 0 0[]0 1 1 2 3 o o0 1 2 3
10 |0 5 10 15 20 0 5 10 15 20 5 10 15 20 30 0 5 15 20 30
5 1 0 00 5 0 0 0 0 0 1 1 3 3 o 1 0 2 2
11 |0 5 10 15 20 0 5 10 15 20 5 10 15 20 30 0 5 10 15 20 30
5 2 0 00 5 1 0 0 0 0 1 1 4 3 0 1 1 0 2 2
12 |0 10 15 20 0 10 15 20 30 40 50 55 60 40 45 50
5 4 0 0 5 4 0 0 0 1 1 2 5 0 0 1
13 |0 10 15 20 0 10 15 20 30 40 80 85 90 100| 55 60
5 5 1 0 5 4 2 0 0 1 1 4 3 2|0 2
14 |10 20 25 30 35 40|10 20 25 30 35 40(20 30 35 40 45 20 25 30 35 40 50
53 2 2 0 0|5 4 00O0O00 0 0 2 2 o o 1 1 4 3
150 5 10 15 0 5 10 15 20 20 30 35 40 50 10 15 20 30
10 0 O 4 0 0 0O o 1 3 2 4 0 1 4 4
16 |5 10 20 30 35 5 10 20 30 40 20 30 35 40 50 60|30 40 50 55 60
5 1 0 00 5 1 0 0 0 o 1 0 2 3 5|0 1 1 2 2
17 (10 20 30 40 45 50|10 20 25 30 40 80 90 95 100 100 105 110
5 4 5 2 0 0|5 3 0 0 O 0 1 1 1 0 1 1
18 |10 15 20 30 10 20 30 35 40 60 65 70 80 90 12060 70 75 80 90
5 5 1 0 5 5 5 0 0 o 1 2 2 2 3]0 1 2 2 3




control factors and Z the set of noise factors. Consider the following models
Y1 = f1(X,Z)M and Yz = B2(X,Z)M. (2)

We will see that the above models together with the failure generating mechanism in (1) produce
probability of failure curves as shown in Figure 2.

Partition the set of noise factors as Z = {IN, U}, where N is the set of observed (or known)
noise factors which can be systematically varied in the experiment, and U the set of unobserved (or
unknown) noise factors. Let u;(X,N) = Ey[log 8i(X, Z)|N] and ¢?(X, N) = Vary|log 8:(X, Z)|N].

Assuming normal distribution for log Y; for given N, we have

for ¢ = 1,2. We also assume Y7 and Y> are independent for given IN.

From (1) we see that Y; is a larger-the-better characteristic and Y, a smaller-the-better char-
acteristic. A loss function that can be used to evaluate the system based on the values of Y7 and
Y> is

(&1
L=_—~> Y. 4
Y1+C22 ()

See Joseph (2001) for a discussion and justification on this class of quality loss functions. The

expected loss is

1
E(LIN) = c1B(3|N) + e B(Y:|N)
= c1B(e”8M|N) + ¢ E(€°8?|N)

_ e (XN)—log Mo (XN)/2 | ) oha(X,N)+log M+03(X,N) /2.

The above result is exact under the normal distribution assumption and can be shown to be a

second order approximation with other distributions. Now by smoothing,

EL = En|E(L|N)]

= En(e ORNIACENIZ) 1y M Iy (era N TARN/2),

Because M is a control factor we can set it at any value we wish. Obviously we should choose a
value that minimizes the expected loss. Equating the first derivative of EL with respect to M to

zero, we get

1/2
M — {clEN(e—ul(X,N)+af(x,N)/2)} / 5

c2 B (et (N +o3(XN) /2)

8



Because EL is strictly convex in M > 0, M* minimizes the EL. At this optimal setting for M, the
expected loss is

1/2

(6)

EL* = 2 {CICQEN(e—ul(X,N)+0?(X,N)/2)EN(euz(X,N)+0§(X,N)/2)}

Our objective is to find an X € D to minimize the expected loss, where D is the feasible region for
X. The EL* can be viewed as a performance measure independent of adjustment (PerMIA) with
M being the adjustment parameter. See Leon, Shoemaker, and Kacker (1987) and Leon and Wu
(1992) for details on PerMIA.

We will do some re-parameterization as follows. This reparameterization gives a nice interpre-

tation of the performance measure which will be discussed in the next subsection. From (1) and

(3) we have
logTy — p1(X,N) — 10gM>
X,NM)=PM <T1|N)=®
PN M) = P(Y < TiN) = 8 (B =20 ")
and
w2(X,N) + log M — long)
X,N,M)=P(Y, >T3]N) =9
pZ( IR ) (2> 2| ) < 0'2(X,N) ) (8)

where ® is the normal distribution function. Note that p; is strictly decreasing in M and pj is
strictly increasing in M.

Let [ and u be the lower and upper threshold values of M that produces 50% failures for failure
type 1 and failure type 2 respectively (see Figure 2). These are known as median lethal dose (LD50)

in bioassays. Thus

p1(X,N,l) = 0.5 and pa(X,N,u) =0.5. 9)
The threshold could be defined with respect to other failure probabilities also, but in this case 50%
is the most convenient one. From (7) and (8) we get

w1 (X, N) =logTy —logl(X,N) and p2(X,N) = logTs —logu(X,N).

Then (7) and (8) become

log{l(X,N)/M}
o1(X,N)

(10)

pi(X,N, M) =<1><

) and pa(X,N, M) = & <log{M/u<x,N>}),

o2(X,N)

and (6) becomes

o2(X,N)/2\ )1/2
MEN(Z(X’N)ea%(X,N)/2)EN(€ 2( )/) }

EL*=2{ T W)



An equivalent performance measure to minimize is
(X N)/2

M(X) = En(I(X,N)e®iXN)/2) gy W)- (11)

Thus a two-step optimization procedure can be stated as follows.
1. Find X* € D to minimize PM (X) in (11).

2 * 1/2
CzT1T2EN(euz(x*’N)/z/“(x*aN))

(12)

Note that we do not need ci1,co,T1, and T5 to find X*. But for the adjustment step we need to
know the ratio (c1/71)/(c2T2). This ratio can be taken as 1 if we assume the loss due to failure
type 1 is equal to the loss due to failure type 2.

We now consider the issue of estimation. Because Y7 and Y» are unobserved, the parameters
cannot be estimated from (3). They are to be estimated indirectly from the failure data such as
that given in Table 3. Let y; and y2 be the number of failures observed in a sample of size r for
failure type 1 and 2 respectively. We have y; ~ binomial(r,p;),i = 1,2. Equations (7) and (8)

suggest that we can do two separate probit regressions

& (p1) = a1(X,N) + by (X,N) log M (13)
and

(}71(172) = a2(X’N) + b2(XaN) lOgMa (14)

and estimate a1, b1, az, and bs. Then
[ = exp(—dy1/b1),d1 = —1/b1, 4 = exp(—dy/by), and ¢ = 1/by. (15)

2.2 A Special Case: Operating Window Method

We can consider a more general loss function than (4), say

L= Y,Yl + 02Y72 (16)

Then similar derivations give the PerMIA

2,2(X N)/2
(X) = BY (1 (X, N)erdod (k) /2y gt (22050

FM u2(X,N) )

71,72

10



Now consider a special case with 01(X,N) = 02(X,N) = 0. In the limit, p; and pa become

step functions given by

p1(X, N, M) = &(I(X,N) — M) and py(X,N, M) = &(M — u(X,N)),

where
0 ,x <0
Po(z) =] 1/2 ,z=0 (18)
1 ,x >0

For I(X,N) < u(X,N), both p;(X,N,M) and p2(X,N, M) are 0 for M € (I,u). Thus (I,u)
represents a window with no failures, which is known as the operating window (Clausing, 1994).

The performance measure in this case becomes

1

— 1/ REYE ! 1/ 72
A small value of [ and a large value of u lead to a small value of PM,, ,,(X). Thus minimizing
PM,, ~,(X) is roughly equivalent to maximizing the size of the operating window. The operating

window signal-to-noise ratio (Taguchi, 1993 and Joseph and Wu, 2002) is given by

j= luJ

SN=—1og< 21212 1) (20)
where the summation is taken over different noise levels (j = 1,2,---,J). It can be recognized as
the sample analog of —2log PM>2. Thus the operating window signal-to-noise ratio is a special
case of the performance measure in (17). Therefore the operating window (OW) method can be
viewed as a special case of the failure amplification method (see Figure 1).

The signal-to-noise ratio can be used for optimization in more general cases, when o1 (X, N) and
02(X, N) are independent of X and N . This generalization will allow some failures in (/,u). The
interpretation of operating window can still be retained by modifying the definition of operating
window by defining it with respect to a threshold failure rate. See Joseph and Wu (2002) for details.
If the dependency of ¢’s with X is ignored, it can miss the best settings and result in a larger loss.
In the performance measure (11), in addition to minimizing ! and maximizing u as done by the SN
ratio, it also minimizes o; and o2. Because the Clausing-Taguchi approach to analysis only uses

the values of [; and u; as in (20), most of the case studies reported in the literature gives only the

11



values of [ and u and not the complete data as in Table 3. The complete data are usually discarded
after obtaining [ and v in some manner. This not a good practice as it throws away valuable
information in the original data and makes it impossible to estimate o1 and o3. Furthermore if the
investigator decides to use a different method of modeling and analysis , he/she will need to have
access to the complete data.

Alhough in theory o1 and o2 can be modeled as functions of X and N, in practice it is very
difficult to obtain good estimates unless there is huge amount of data. See Nair (1986) and Hamada
and Wu (1990) for discussions on the difficulties associated with estimating dispersion effects from
categorical data. With the paucity of data we may assume o1 and o2 to be constants and therefore
in practice the operating window method becomes an important special case of FAMe.

2.3 Single Latent Variable Modeling

The plating process described in the introduction is a good example for single latent variable
modeling. We may view the plating thickness as the underlying latent variable for the two failures:
under-plating and over-plating. A major distinguishing feature of single latent variable modeling
from double latent variable modeling is that the two failure modes cannot happen together. In the
latter set up, two failure modes at the same time are allowed. Let Y be the single latent variable

having a failure generating mechanism:
if Y < Ty then failure type 1; if Y > Ty then failure type 2. (21)

Suppose Y and M are related by
Y =pB(X,Z)M.
Using similar arguments made in Section 2.1, assume

logY|N ~ N(u(X,N) +log M, o*(X,N)). (22)

Reparameterize T and T» in terms of T" and A by using logT7 =logT — A and log T = log T + A,
where T' can be interpreted as the target for Y. Also let 8(X,N) = u(X,N) —logT. Then the
failure probabilities can be obtained as

_A+0(X,N) +logM

pi(X,N, M) = P(Y < Ty|N) = &( XN ) (23)
and
po(X,N, M) = P(Y > Th|N) = o(—>F ef(()’(Nl\)I)“L log M, (24)

12



The loss function can be taken as

L=c<£+§), (25)

which is a special case of (4) with Y7 = Y3 (see Joseph (2001) for details). Using derivations similar

to those in Section 2.1, the optimum setting for M is

—0(X,N)+02(X,N)/2) ) 1/2
= e e (26)
Ep (efXN)+0?(X,N)/2)
and the PerMIA is
PM(X.) _ EN(670(X,N)+02(X,N)/?)EN(GO(X,N)-HTZ(X,N)/?). (27)

We can also use a quadratic loss function in logY, i.e. L = c(logY — logT)?. Then we obtain

M* = ¢ En(0(X,N)) (28)

and the PerMIA as
PM(X) = Vary(6(X,N)) + Ex(c*(X,N)), (29)

which are much simpler to work with than (26) and (27).

Here log u(X, N) — log (X, N) = 2A is a constant, where ! and u are defined in (9). Therefore
in the single latent variable modeling we do not have the interpretation of operating window as
we have in the double latent variable approach. Under the single latent variable setting, the data
on failures follows a multinomial distribution and therefore the parameters can be estimated by

maximizing the multinomial log-likelihood:

A+60+logM —A+60+logM
> { yﬂo@(—%)ﬁtyﬂog@( . &)
A+60+logM —A+60+logM
by w)log(1 — a(- ST M) g TRXO el

where the summation is over the complete data in the experiment.

2.4 Probability of Failure Modeling

Though the latent variables are unobserved, some knowledge about them is essential to write
down a meaningful loss function that evaluates the performance of the system. An alternative
approach is to define the loss in terms of the probability of failures. This was the approach taken

by Joseph and Wu (2002). They defined the loss function as

_ D1 p2
L—cll_p1+021_p2. (30)

13



Underlying this choice is the double latent variable assumption. If a single latent variable is more
appropriate, then a loss function such as L = (cip1 + c2p2)/(1 — p1 — p2) may be considered. If
the experimenter is uncertain about the underlying latent variable structure, then the loss function
could be taken as L = c¢1p1 + capz. Joseph and Wu (2002) postulated models for p; and ps as

1

e .

—;and =
P1—1+(%)a1 p2 =

where a7 and ao are some positive constants. This can be obtained based on the latent variable
modeling described in Section 2.1, but with logistic distribution instead of normal distribution.

Assume

log V;|N ~ logist(u;i(X,N) +log M, o?) (32)

for # = 1,2. Here o1 and oy are assumed to be independent of X and N. Then under the failure

generating mechanism given in (1), we get the models in (31), where

3 3
a) = i, I(X,N) = Tie XN gy = i, and u(X,N) = Tye H2(XN),
To1 TOoY

Using the loss function in (30), we can derive the PerMIA as
PM = EJ* (1°(X, N)) By ** (1/u® (X, N)). (33)

Minimizing the PM in (11) is equivalent of minimizing PM = En({(X,N))ExN(1/u(X,N)), which
does not depend on o7 and o9. This difference is mainly due to the difference in the loss functions.
Fortunately the PM in (33) and the conclusions based on them are not very sensitive to o and
as.

2.5 The Paper Feeder Experiment

As the roller in the paper feeder rotates, it develops a friction force over the surface of the top
paper. At the same time a friction force is created between the top paper and the one below it,
opposing the movement of the top paper. Thus the driving force on the top paper is the difference
between these two friction forces. Clearly the driving force (Y1) can be taken as the latent variable
behind the misfeed. If the driving force is small, the feeder cannot feed the paper and therefore
results in misfeed. The friction force between the two papers (Y2) can be taken as the latent variable
underlying the multifeed. When this friction force is large, the feeder tend to feed the second paper

as well, thus causing multifeed. Thus a simple model for the paper feeder can be written as

if Y7 < T; then misfeed; if Y; > T7 and Y3 > T then multifeed. (34)

14



Note that if the driving force is not large enough to feed the top paper, then even if Ys is large,
multifeed cannot happen. Thus in this case, although a double latent variable approach seems
plausible, both failure modes cannot happen together.

With the above selection of latent variables, the models in (2) can be justified using Coloumb’s
law of friction, because the friction forces are proportional to the normal force. A quick look at the
data set in Table 3 will reveal that the probability of both misfeed and multifeed happening at the

same level of M is very small. Thus
p2(X,N, M) = P(Y1 > T1,Y> > T5|N) = P(Y2 > T5|N) — P(Y1 <T1,Y, > T3|N) = P(Y> > T3|N).

This implies that the failures in the paper feeder can be approximated by the models used in Section
2.1.

As recommended in Wu and Hamada (2000), the two degrees of freedom for 3-level factors
are split into linear and quadratic components with contrasts ; = (—1,0,1) and z4 = (1,-2,1)
respectively. The 2-level factors z1, z4 and the noise factor N are coded as z;, Ny = (—1,1). Fitting
two separate probit regressions in (13) and (14) and using forward selection based on AIC (Akaike

Information Criterion), we get

a1 (X, N) = 7.84+41.07z9 — 1.622¢ — .93z1; + .72.’137q — 1.17x5; — 5629161,

—.9021:11:1361 + 1.13:[741(1)61 - .18:132q.’1’:7q,

A

h(X,N) = -3.08,
dg(X, N) = —6.25— 1.73:122[ - 1.36:1)3[ + .72:1)6[ - .14:1}2132&1 - .19w2qa:31 - .48:1241.’136[,
ba(X,N) = 1.46+.33zq + .32x3.

In the model selection only those models that satisfy the effect heredity principles (Wu and Hamada,
2000) are considered. In the misfeed data, a few of the stack force levels are 0, which are increased
to 1/ 4th of the next lowest level of M , to avoid —oo values. Note that the noise factor does not
appear in the models, implying this particular noise factor was not a good choice for the experiment.

The PM in (11) simplifies to

2 2
logPM = —(loga —logi)+ 172

= ag/bp —a1/b1 + .5/b% + .5/b3.
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Table 4: Factors and levels for the PCB experiment

Control factors Notation Levels
1 2 3
Preheat T No Yes -
Surface preparation o Scrub Pumice Chemical
Lamination speed T3 1.2mpm 1.5 mpm 1.8 mpm
Lamination pressure T4 20 psi 40 psi 60 psi
Lamination temperature 5 95 0C 105 9C 115 9C
Exposure energy zg(m) 14 17 20
Developer speed T7 3 fpm 4 fpm 5 fpm
ORP zs 500 530 560

Noting that z1,z4, and zg are qualitative and the others are quantitative, we choose the experi-
mental region D = {X|z1,24 = 1,2;28 = 1,2,3;1 < z9, 23,5, %6, 27 < 3}. Minimizing log PM
with the control factors restricted in D, we get X* = (2,2.22,1,2,3,3,2,1). At this optimal setting
M should be adjusted to viuexp((o? — 03)/4) = 12.

3. COMPLEXITY FACTOR METHOD

We will describe the complexity factor method by using an experiment reported by Maruthi
and Joseph (1999) on the inner layer manufacturing process of PCBs. Two types of defects are
encountered in the circuits: shorts and opens. The defect rate is very small, less than 3%. But
the defect rate can shoot up due to some special causes in the process, particularly during the
production of fine line circuits. Therefore it is important to improve the process capability so that
even under the influence of special causes the defect rate will not go very high. Eight control factors
were selected from different subprocesses of the process and are given in Table 4.

Because the defect rate is small, a very large sample size will be needed to find some shorts
and opens unless some failure amplification is applied. To use the control factor method, the
exposure energy (zg) would probably the best choice for the amplification factor. A low energy
during the exposing means that the dry film photo-resist over the circuitry portion will be under-

polymerized, which will be washed off during the developing, leading to open circuits in the etching
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process. A high energy during exposing will polymerize the non-circuitry portions of the dry film
photoresist and will not be removed during developing, which will then act as etch-resistant, leading
to shorts in the circuits. But using exposure energy as an amplification factor is not very easy. The
measurements of shorts and opens take more than one hour per panel. This mean that a sequential
experiment like the one for the paper feeder problem is not feasible. Doing so will severely disrupt
the production.

The complexity factor method is an ideal choice for this experiment. A small line width for
the conductor will increase the chance of opens and a small spacing between the conductors will
increase the chance of shorts. The line width and spacing can be taken as the complexity factors
as they determine the complexity of PCB manufacturing. The company was engaged in producing
PCBs with line width/spacing greater than or equal to 5 mil. For the purpose of amplification,
it was decided to add 3 mil and 4 mil line width/spacing to the circuits. A special test pattern
was designed for the experiment with line width and spacing varying from 3 to 7 mils with an
increment of 1 mil. The test pattern has 80 pairs of conductors. See Maruthi and Joseph (1999)
for more details of this experiment. Note that the objective of this experiment was not to estimate
the defect rate as a function of line width and spacing. They are varied in the experiment only to
amplify (i.e., generate) failures so that the effects of the factors can be estimated more precisely.
Therefore the purpose of amplification is to increase the information in the experiment for studying
the factor effects. The data based on an O A(18,2! x 37) is given in Table 5. A quick glance at the
data conveys the importance of failure amplification for this experiment. Very few shorts and opens
were observed under 5-7 mils. If the experiment were run with only 5-7 mils, it would have been
impossible to get meaningful estimates of the effects of interest. Because of failure amplification
there is enough variation in the data, so that we can get good estimates of the effects and draw
conclusions about their optimal settings.

Let C; be the line width, Cs the spacing, and X the set of control factors. We will treat the expo-
sure energy (zg) as an adjustment factor and will denote it by m. So X = {z1, z2, z3, T4, x5, 27, T8}
Note that the exposure energy could have used as an amplification factor, but in this experiment
it was not because of the difficulties associated with conducting the experiment. Also note that
there are no observed noise factors in this experiment. As in the paper feeder problem, we may

use a latent variable approach to model shorts and opens. But because many subprocesses from
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Table 5: OA(18,2! x 37) and data from the PCB experiment

Shorts Opens

Run |21 290 23 x4 x5 ¢ 7 28| 3 4 5 6 73 4 5 6 7
1 1 1 1 1 1 1 1 1|1 O0OO0OO0O[3 7 4 01
2 11 2 2 2 2 2 2|4 10007 9 100
3 1 1 3 3 3 3 3 3|19 2 0 0 0|14 3 1 0 O
4 12 1 1 2 2 3 3|9 00002 0 200
5 1 2 2 2 3 3 1 11(2 11107 1 210
6 1 2 3 3 1 1 2 2|8 000078 30 7 11
7 1 3 1 2 1 3 2 3|191 0009 1 3 00
8 1 3 2 3 2 1 3 14 01007 0 1 01
9 1 3 3 1 3 2 1 2|7 0O0O0O0O|4 3 0O0°0O
/12 1 1 3 3 2 2 1|2 100 1{6 0 000
1 72 1 2 1 1 3 3 2|3 2 2 0013 2 00 0
1212 1 3 2 2 1 1 3|13 410 0({34 5 0 1 3
3,2 2 1 2 3 1 3 2,7 01008 3 00O
412 2 2 3 1 2 1 3|25 1 00 025 8 0 2 1
1512 2 3 1 2 3 2 1|41 1 0 0 1|7 0 0 O00O
6 2 3 1 3 2 3 1 2|45 9 5 0 1,10 6 0 0 O
712 3 2 1 3 1 2 3|3 0O0O0O0|8 0 0O0TUO
12 3 3 2 1 2 3 1|7 2 00012 2 00 1
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inner layer manufacturing are involved in this experiment, it is difficult to find a meaningful latent
variable. Therefore we opt to use the probability of failure modeling approach for this experi-
ment. The shorts/opens are measured by passing current between/through each pair of conduc-
tors. This give rise to 80 opportunities for shorts and 160 opportunities for opens under each line
width/spacing per run. (Recall there are in total 80 pairs of conductors.) Thus the data on opens
follow a binomial(160,p1(X,m,C1)) and the data on shorts follow a binomial(80, p2(X,m, C2)).
In one particular conductor there could be many opens. Because of the nature of measurement,
we do not get to observe the number of opens in a conductor. The data would have been more
informative had we counted the number of opens/shorts. We can assume the number of opens
in a conductor and the number of shorts between a pair of conductors to follow a Poisson dis-
tribution with means A1(X,m,C;) and A2(X,m,C3) respectively. Then we have the relations
p1(X,m,C1) =1 — exp(A1(X,m,C1)) and p2(X, m,C2) = 1 — exp(A2(X, m,C2)). We may assume

the following models,

M(X,m, C1) = 21;(:3 and Mo(X, m, Cs) = W
where a1, 2,71, and 2 are some positive constants. Then
log log 1 —1p1 = log A\1(X) — v1logm — a1 log Cy (35)
and
log log T = log A2(X) + y2logm — azlog Cs. (36)

This suggests that we can estimate the parameters by fitting two separate binomial GLMs (Gen-
eralized Linear Models) with a complementary log-log link function.

The loss is proportional to the number of defects. So we can take the loss function to be
L= Cl)\l(X, m, Cl) + 02)\2(X, m, Cz).

Because C1 and C> are not in the control of the manufacturer, we will try to find an X to minimize

the expected loss taken over the distribution of C; and C3. Thus the expected loss is

EL = clE)\l(X, m, Cl) + coE )\ (X, m, 02)

M(X) /1 (1
WE (Cill) —|—c2)\2(X)m 2FE (ng> .

19



We can set m to minimize EL. This gives

: {mE(l/Cfl)M(X)}1/“””) (37)
m* = = .

72¢2E(1/C3)A2(X)
The PerMIA can be obtained by evaluating the expected loss at M = M*. Minimizing this PerMIA

is equivalent to minimizing
1 1
PM(X) = —log A1(X) + — log A2(X). (38)
B! 72

By applying GLM with a complementary log-log link function and using forward variable se-
lection based on AIC, from (35) and (36), we get the following models

logA; = 10.72 —.73z5 — .33xy — 27215,

log XZ = —6.66 4+ .48x1; + .20x4 — .15:E11$5q,

N1 = 2.768,61 = 5.06,%2 = 4.70, and & = 7.664.

Substituting in (38) and minimizing we get 2] = 1,25 = 3,z; = 1, and zf = 2.34. The other
variables can be retained at the current levels. With ¢; = ¢z and a uniform distribution for line
width and spacing over 5, 6, and 7, we get m* = 15.7.

The major difference between complexity factor method and control factor method is that
we need to take expectations with respect to the complexity factor in the optimization. The
optimization in noise factor method will be similar to that of complexity factor method, because
we should average the loss over the noise factor. Yet the two approaches are different because the
variations in complexity factor are intended variations (due to customer) whereas the variations
in noise factor are unintended variations. There can be other methods of failure amplification.
For example, if the measurements are based on a go-nogo gauge, then the specifications can be
tightened to produce more failures. We may loosely call the tolerance a complexity factor and

classify this method also under complexity factor method.
4. STRATEGIES FOR AMPLIFICATION

In applying FAMe, a practitioner will be faced with two important questions. How much failure
amplification should be applied? And how to achieve the specified amplification? We address these

questions in this section. First we will present some results from optimal design theory that will
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give us some guidelines about the optimal amplification. Then we will discuss two design strategies
to achieve it.
4.1 Optimal Amplification

Consider the following model
log{M/u} >

G (39)

as in (10). Suppose o2 is known and we want to estimate u. At the current value of M in the
process, the failure probability is very small. Therefore we will move M to another point so as to

improve the estimation of u. The Fisher information of n = (log M — logu) /o2 is

_ $%(n)
)= geya—sm)

(40)
where ¢ is the standard normal density function. From the maximum likelihood theory we know
that Var(a) ~ 02u?/I(n). Thus maximizing I(n) will minimize the variance of the estimate @ of
u. The value of M that maximizes I(n) is M* = u. This means that we should adjust M to the
LD50 point to maximize the information in the experiment. Unfortunately we do not know u (if
we know u, there would be no need to collect data to estimate it!) and therefore this result is not
practicable. But it gives some idea to the experimenter that the failure rate should be amplified to
about 50%. The optimality of the LD50 point is true for the logit link also. For the complementary
log-log link, because of the skewness, the optimal amplification is about 80%.

If the scale parameter o9 is unknown in (39), then we need to use more than one point for M
to estimate both u and o2. We can use D or A or some other optimal design criterion to select
the points. Sitter and Wu (1993) shows that a 2-point design is optimal for both probit and logit
links. According to D-optimality the optimal amplifications are 13% and 87% for the probit link
and 18% and 82% for the logit link.

4.2 Fixed Design

Let D(a) denote the design for factors a. In a fixed design approach we first select a design for
the control and noise factors, D(X,N). See Wu and Hamada (2000) for the choice of D(X, N).
This design will be crossed with the design for the amplification factor. This can be denoted as
D(X,N) ® D(M), which means all the runs in D(M) will be repeated at every run of D(X,N).
The D(M) is a set of points {M1, Ma,-- -, M,}. The optimal design theory tells us that M should
be set at the LD50 point (for the probit/logit link with known scale parameter). But the LD50

point is a function of both X and N and is unknown.
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We will now describe a construction of fixed design that will increase the information in the
experiment compared to conducting all the experiments at the current value of M = M. Consider
the model po(X,N, M) = @(W) with o9 > 0 known. Suppose p2(X,N, Mp) < a < 0.5
for all the runs in D(X, N). Let M° = M exp(—202®~!(a)). Then choose n points from (M, M?)
as the D(M). If there is no prior knowledge about o2, then the experimenter should try to guess
an M satisfying ps(X, N, M%) < 1 — « for all the runs in D(X, N).

The PCB experiment is an example of fixed design. For the opens, D(C;) = {3,4,5,6,7}. Only
3 and 4 mil line width were used for amplification. From the data in Table 5 it is clear that using
6 and 7 mils did not produce many failures and therefore it was a complete waste. More samples
of 3 and 4 mils could have been used instead, which would have increased the information in the
experiment.

4.3 Sequential Design

In a sequential design D(M) is different for each run in D(X,N) and the points in D(M) are
chosen sequentially. At each run, the value of M}, is determined based on the data in the previous
k design points. We propose an optimal sequential procedure as follows. Let y; be the observed
number of failures from a sample of size » when M = M; . Consider the same model as in (39).
Assume some prior distribution (with a continuous density) for u. Then the posterior variance of
log u after k experiments is

Var(logu|M1, oy My, y1,- - 7yk:) = VGT(IOgu|M1, Tty Mk+1)
g
pyargi(h)

where 7; = (log M; — logu') /o2, I(n) is given in (40), and v is the true LD50 point. Minimizing

Q

the posterior variance of logu with respect to My 1, we get My | = u'. Though we do not know
u', after k experiments we have some information about u'. So we can set M at the best guess
of v/, say at the posterior mean or posterior mode of u. When a posterior mode is used with a flat
prior on wu, this approach reduces to Wu’s (1985) logit-MLE method for estimating LD50 except
that we used the probit link instead of a logit link.

This approach can be easily extended to the two failure mode situation. Suppose p; = ®((log!—

log M)/o1) with o1 > 0 known. Then at the (k + 1)th stage we can choose M} to minimize the
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sum of the (asymptotic) posterior variances of log! and log u

o2 N o2
rY M Ie) e ()

where 11; = (logl’ —log M;) /o1 and n2; = (log M; —logu')/oa. As before, I’ and u' can be replaced

by their posterior means/modes after k experiments. If we do not know o7 and o2, they can also
be estimated from the data and can be substituted in the above expression for finding My ;. If
some additional assumptions (e.g., o1 and o2 do not depend on X and N) are made, then at the
kYD run all the data for the previous k — 1 runs can be used to estimate o1 and o2.

The paper feeder experiment discussed in Section 2 is an example of sequential design. The
experimenter actually used a trial and error approach to find the LD50 point for each run. This

search could have been improved by using the optimal sequential procedures discussed in this

section.
5. COMPARISON WITH TRADITIONAL EXPERIMENTS

In this section we will compare the efficiency of FAMe with the traditional way of conducting
experiments with categorical data. Because the amplification factor is not of primary interest to
the experimenter, the amplification factor is kept at its current setting (say M) in the traditional
approach. In FAMe this factor is varied to amplify the failures. Fixed design and sequential design
can be adopted for amplification. Intuitively sequential designs are better than fixed designs. In
sequential designs the optimal amplification can be achieved for every run, whereas in fixed designs
the amount of amplification varies from run to run and can result in a loss of information. As we
have seen, about 50% amplification will maximize the information in the experiment. So if we test
r samples at the LD50 point, the variance of the estimate will be smaller than that of testing r
samples at My. But in practice we do not know the LD50 point. We need to spend some resources
to search and estimate the LD50 point. Is this still an efficient approach compared to spending all

the resources at My 7 The following result provides some insight on this question.

PRrROPOSITION 1 Let p(X,N, M) = <I>(w), where o is known. Suppose there exists an
a € (0,.5) and an a € (0,00) such that p(X,N,Mp) < o and u(X,N) < a for all the runs
in D(X,N). Then we can find a fized design that performs better than the traditional design.

Moreover there exists a sequential design that performs better than the fixed design.
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The proof of this proposition is given in the Appendix. Note that, for o > 0 the proof holds
only asymptotically. The result for ¢ = 0 is stronger. For the traditional design there is no use
in collecting data at M. For both fixed design and sequential design the posterior variance of u
goes to 0 as n — oo. Moreover the efficiency of sequential design compared to fixed design goes to
o0 as n — 00, implying the superior performance of sequential designs. Thus based on the above

proposition we can conclude that FAMe is more efficient than the traditional approach.
6. FURTHER DISCUSSIONS AND CONCLUDING REMARKS

Failure amplification method (FAMe) was originally motivated by our attempt to understand,
justify and extend the operating window (OW) method. The OW method was proposed by Don
Clausing at Xerox and developed by Taguchi and his Japanese colleagues at Fuji-Xerox. It has
been used in some industrial sectors and case studies can be found in the applied literature. Joseph
and Wu (2002) appear to be the first to study its properties analytically and develop a systematic
approach to the choice of performance measure, modeling, analysis, and system optimization. We
discovered that the core idea behind the OW method is failure amplification which led to this
work. Because failure amplification can be achieved in many different ways, the application areas
are considerably expanded and the OW method becomes a special case of FAMe. As noted near
the end of Section 2.2, the proposed approach to modeling and analysis utilizes the complete data.
It fully exploits the information in the data and thus is an improvement over the existing OW
approach.

FAMe was developed in this paper as a general approach to experimentation and information
extraction. In experiments with an imprecise measurement system (or due to the very nature
of the system) categorical data are often collected. They are cheaper or easier to measure but
contain less information than the continuous data. In extreme situations they provide little or no
information for the investigators to estimate the factor effects. To ameliorate this shortcoming,
an amplification factor can be used to extract more information by generating different number of
failures with experiments run at various settings of the amplification factor. A major assumption
in FAMe is that the optimum setting arrived in the amplified conditions will remain the same in
the current conditions. This is reasonable in most applications. This assumption is encapsulated
in the models employed in this paper. Two versions of the FAMe are studied in the paper: the

control factor method and the complexity factor method. Distinctions between the two versions
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are discussed and illustrated with real examples.

The approach of failure amplification is akin to the accelerated life testing (ALT) in reliability
studies (Meeker and Escobar, 1998) but there are some differences. An obivious one is that ALT is
used to study reliabilty and FAMe to improve quality. The response in ALT is life time, whereas in
FAMe it is categorical (type of failure or no failure). FAMe deals with only sudden failures and not
the degradation failures as in ALT. In ALT the acceleration is applied to reduce the testing time
by accelerating the degradation of the system, whereas in FAMe it is used to reduce the sample
size by amplifying the probability of sudden failure. The literature on ALT focuses on estimating
and demonstrating reliability at user conditions through extrapolation of the acceleration factor,
whereas the FAMe is developed for system optimization and therefore the details differ completely
from the ALT. Further research can benefit from drawing the connections with the ALT approach
and using its vast literature on modeling and extrapolation.

Some simplifying assumptions are made in the models in order to derive tractable results and
procedures. For example, the models in (2) and a similar one in Section 2.3 assume linearity through
the origin. More general models can be considered in future research, but the identifiability and
estimability of parameters are a major concern. The loss functions are chosen primarily to facilitate
the derivations of tractable results. Other loss functions can be considered. Comparisons between
traditional design, fixed design, and sequential design are made under a set of rather restrictive

conditions. Other more realistic conditions should be considered.
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APPENDIX: PROOF OF PROPOSITION 1

We consider two cases. The notation X, N is omitted in the proof for simplicity.

Case (i): o > 0.

In a fixed design (F.D.) D(M) = {Mi,---,M,} with r samples tested at each level of M. In
the traditional design (T.D.) all the nr samples are tested at the current value of the amplification

factor, My. Then, under T.D.,
nrl(no)(d, —u) = N(O, U2u2),
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where 79 = log{My/u}/o and I(n) is given in (40).
Let M% = Mgexp(—20®~1(a)), so that p(M°) < 1 — a. For a fixed design and My < M; < M°
for all ¢, we have under F.D.,

n

T ZI(ni)(ﬂn —u) = N(0, 02u2),

where 7, = log{M;/u}/o. Because p(M) is strictly increasing in M, we have p(My) < p(M;) <
1—p(Mp) foralli = 1,---,n. Because I(n) is a unimodal and symmetric function of n, I(n;) > I(no)
for all i = 1,---,n. Thus the asymptotic relative efficiency (ARE) of fixed design with respect to

traditional design is

7 L I(m;
ARE(F.D.,T.D.) = lim YO @)TD. _ 2z Im)
n—oo Var(in)pp. noe nl(ng)

Now consider a sequential design (S.D.). Let M; be the midpoint of (Mg, M°) and My 1 = i,
where 4y, is the MLE of u after k experiments. Then, based on the asymptotic results of Ying and

Wau (1997),

\/nr2/w(t, —u) = N(0,0%u?).

The maximum value of I(n) is 2/7. Thus

. Var(i,)r.p. )
ARE(S.D.,F.D.) = lim —mFD _ pyyy _ 27
( ) n—oo Var(dp)s.p. n—o Y i I(n;)

Case (ii) o = 0.

Here p(M) = ®¢(M — u), with ®; defined in (18). In this case a unique MLE does not
exist. Therefore we will use a Bayesian formulation of the problem. Assume u follows a uniform
distribution U (0, a). p(Mp) < a < 0.5 implies My < v and p(Mp) = 0. So we could as well take the
prior distribution of u to be U(My, a). Without loss of generality, assume r = 1. So the number of

failures y;|u ~ Bernoulli(p(M)). Then at M = My, y = (y1,**,Yn) = (0,-++,0). Thus

F(uly) oc f(ylu)f(u) = (o(u — Mo))" L(ny,0)(w) = L(atp,0)(w),

which is same as the prior distribution. In other words no information is gained by doing exper-
iments at My. The best estimate of u is E(uly) = (My + a)/2 and the posterior variance of u in

the traditional design is
(a — Mp)?

Var(uly)r.p. = 12
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For a fixed design, one sample is tested at n levels of M. Let M; = My + (a — Mp)i/(n+ 1) for
i=1,---,n. Let My ;1 = a. Then y can take n+1 possible values, y* = (y1," -, Yk, Yk s1,"**»Yn) =
(o,---,0,1,---,1),k=0,1,2,---,n. Then

Fluly =y") o fy*lu)f(u)
= ‘1>0('u, — Ml) .. @0(’11, — Mk)‘iO(Mk—l-l — u) .. éo(Mn — u)l(Mo,a) (u)

= <I>0(u — Mk)q)(j(Mk_H - u)l(Mo,a)(u),

which is 1 if u € (Mg, Myy1), 1/2 if w = M}, or My 1, and 0 otherwise. Thus the posterior distri-
bution of w differs from U(My, My 1) with measure 0. Denote this distribution by (j(Mk, My11).
Because My1 — My, = (a — Mp)/(n + 1) for all k, the posterior variance of u does not depend on
y and is given by

a— 2
Var(uly)rn. = {52 0.

Because equal spacing minimizes the maximum length of the intervals, the above fixed design
minimizes the maximum posterior variance over all possible fixed designs.
For a sequential design, let M; = (My + a)/2 and Mj.1 = Gy, where 4y, is the posterior mean

of u after k experiments. After observing 1,
FulMy,y1) oc f(yalu, M) f(u|My) = (Bo(My — u))* (Bo(u — M1))' ™" Lagy 0 ().

Thus the posterior distribution of u is Tj(Ml,a) if yy = 0 and f/'(MO,Ml) if yy = 1. So My =
(M; +a)/2 if yy =0 and My = (Mp + M1)/2 if y; = 1. Note that the interval (My, a) is halved
after observing y;. Now observe ya at M = Ms. Proceeding similarly, after n steps the posterior
distribution of w is U (M, M,,) for k = 0,1,---,n—1,n+1, depending on y. Each interval (M}, M,,)
or (M, My,) has a length of (a — M) /2", which does not depend on y. Thus the posterior variance

of u is
(a — My)?

Var(u|My,- -+, My,y)s.p. = 19 x 920

Thus we have

Var(u|Mi,---,My,y)s.p. < Var(uly)r.p. < Var(u|ly)r.p., for alln > 1.
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