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Outline

Motivating examples:
— cellular heat exchangers for electronic cooling.

— data centers.

A general strategy to integrate data from high-accuracyl@mehccuracy
experiments .

Bayesian hierarchical Gaussian process modeling andagstim
lllustrations.

Conclusions.



Example 1: Designing Cellular Heat Exchangers
for an Electronic Cooling Application

e —>
Fluid # | _ _ _ _|w Fluid
In B Multi-functional Skin 1 \out
L (Actively Cooled, Impact-Resistant, -
— Structurally Tailored) -
Applied
Cooli Structural ( /\ (
ooling Loads Heat
Fluid Impact

e

I:> Applied Mechanical Stress

Important Factors:
* Flow-rate of Air
e Inlet Temp of Air
e Conductivity of Solid
e Temp of Upper Wall
Response: Total Heat Transfer Rate
from Solid to Air

Courtesy of Systems Realization
Lab at Georgia Tech

Linear Cellular
Alloys
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Heat Transfer Analysis
HE: Detailed Computer Simulation — Finite Element
Analysis (FEA) Method

FLUENT

 Using the computational fluid
dynamic solver FLUENT

 Problem domain is divided into
thousands or millions of
elements.

» Each run requires hours to days
to complete.



Heat Transfer Analysis
LE: Approximate Computer Simulation —Finite
Difference Method

The finite difference technique
IS a numerical technique for
solving 2- or 3-D steady state
heat transfer problems.

Temperature distribution
approximated via numerical
solution of 3D heat transfer
equations using forward or central
difference methods.

Each run takes minutes to
complete.

Less accurate than FEA.




Example 2: Modeling Thermal Distribution of a
Data Center
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Courtesy of IBM T. J. Waston
Research Center



HE and LE for Modeling Data Center Thermal
Distribution

HE: Physical experiment

 Building a large data center costs a few million dollars and takes several
months to complete.

diffuser ducts

LE: Computer simulation
based on computational
fluid dynamics, Flotherm
* Price for Flotherm: less
than $2000.

e Each run takes hours to
complete.

 Resultis not as accurate : ,_
as the physical experiment. B> cold aisles

(chilled air supply)

computer
equipment racks

return vents
for hot exhaust air



HE and LE

e A generic pair: high-accuracy experiment (HE) and low-aacy experiment
(LE).
e Pair one: detailed computer experiment vs. approximatgoden experiment
— Hydrocarbon reservoir example in Kennedy and O’Hagan (2000
— Cellular heat exchangers example in Qian, Seepersad,hloSiégn and
Wu (2006).
e Pair two: physical experiment vs. computer experiment

— Fluidized bed processes example in Reese et al. (2004).



Integration of HE and LE Data

e HE vs. LE:
— HE runs (much¥ower than LE.

— HE is moreaccurate than LE.

e A general strategy:
1. Fit a flexible model for LE datas>- Base Surrogate Model.
2. Adjust the fitted model in step 1 with HE data Final Surrogate Model.

e What methods for fitting and adjustment?



Schematic of Integrated Analysis of HE
and LE Data

Explore Design
Space

— T

Low-Accuracy Experimentation High-Accuracy Experimentation

l i

Build a Base Surrogate Model [— Fit an Adjustment Model

—

Form a Final Surrogate Model
for High-Accuracy Experiment
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Gaussian Process Modeling
Popular tool in computer experiment, global optimizatiod anachine
learning. Suitable for modelingon-linear phenomena.

Data:k: the number of variables; the number of pointsg; = (X1, -, Xik):
sampled point, y; = y(X;): response valug. = (y1,...,yn)'.

Model:
y(Xi) =Y Bmfm(xi) +€(xi), i=1,....n,

— fm(X)’s: functions ofx, Bm’s: unknown coefficients,

— £~ GP(0,0%,¢): Gaussian process with mean zero, variancand
correlation parameterg

Gaussian correlation function:
K 2
R(xi,xj) = corrfe(xi),&(xj)] = expl— > @nl|Xinh — Xjn|].
h=1
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Best Linear Unbiased Predictor (BLUP)

o At X,
J(x) = fB+1R L(y—FP).
— 1= (R(X,X1),...,R(X,xn))t.
— f=1(x).
— B=(FRIF)-IFR 1y,
— Ris the(n x n) matrix with entrieR(x;,x;) fori,j=1,...,n.
— F=(f(x0)',...,f(xn)H)t.
o Atobservedxi, y(Xi) = Vi.

e It has the property that it canterpolate observed data poinig,1=1,....n.

e This is desirable for computer experiments as there is n@uarement error in
yi (i.e., samey; for fixed X;).
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BLUP as an Interpolator

true curve

-- predicted curve

1.0

0.5

True and predicted values
0.0
l

-0.5
I

0.0 0.2 0.4 0.6 0.8 1.0

The true curve/(x) = exp(—1.4x) cog 3.51x) (solid blue line), a six point input
design (dots), and the BLUP farc (0, 1] (dashed red line).
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Notation

D,: set of design point() for LE.
Dp: set of design point() for HE.
AssumeDy C Dy.

y;: output from LE.

Yh: output from HE.

yi: LE data.

yh. HE data.
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Frequentist approach by Qian, Seepersad, Joseph,
Allen and Wu (2006)

e Base Surrogate Model:

Yo = Bio+) Bijxi+e(xi), xi €D,
]

— & ~ GP(0,02,@).
e Adjustment Model:
Y(Xi) = P(Xi)yi(Xi)+8(Xi), Xi € Dp,
— scale adjustmenp(Xi) = po+ 3 j PjXij,
— location adjustmentd ~ GP(3g, 0%, @5).

e Fitting:

Base surrogate mod o
J e N } — Final surrogate modej;, = py; + 0

Adjustment modelsp andd
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Bayesian approach by Qian and Wu (2006)

Use flexible Bayesian hierarchical Gaussian process models
Can accommodate uncertainty in model parameters.
Provide more flexible adjustment.

Perform prediction using Bayesian predictive density fiomc
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Bayesian Hierarchical Gaussian Process (BHGP)

Models
e Base Surrogate Model:
Yi = Bio+) Bijxi+e(xi), xi €D,
]
— & ~ GP(0,0%,@).
e Flexible Adjustment Model:
Ya(Xi) = PXi)Yi(Xi)+0(Xi)+£(Xi), Xi € Dp,

— scale adjustmerg ~ GP(po, 05, @),
— location adjustmens ~ GP(8, 02, ¢s),

— g(X) ~ N(0,0%). No measurement errog:= 0.

e Model parameters:
el — (B|7p0760>a 62 — (0|270p7057 ) ande3 — ((H (ppacpé)

17



Priors for the BHGP Models
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Bayesian Prediction

Main goal: make prediction of, at an untried poinkg. WLOG, assume
Xo € Dy /Dp.
Motivations:

— The posterior density d3 is messy. Difficult to draw samples from the
posterior density of01,0,,03).

— Empirical evidence: prediction of GP models not very séresib the
specification of correlation parameters.
Two-step procedure:

— 1. Fit correlation parametefs at their posterior modesJse Stochastic
Programming methods

— 2. Make prediction conditionally ofs. Use MCMC methods

Bayesian predictive density functiop(yn(Xo)|Yn, Y1 )-
— Predicted valueE (yn(Xo)|Yh, VI )-
— Uncertainty of predictionVar (yh(Xo)|Yh, Yi)-
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Fitting Correlation Parameters 63 (1)

e Posterior mod@; = argmax, p(63|yn,yi)-

o pP(B3lyn, Y1) U p(63) fo, 0, P(61,02)p(Vi,Yn|61,62,03)d61d6;

_ 3
|—1 ] p(eg)/ Tl (G5+?)T2—(O(s+1) ‘alRI M ’—:—ZL (aza?,)_%

11,12
-1
4cq — btlal b1
8

AasCs — b2 n
(Yo + Z_i i Z_Z " 3836’:13 3)~ (@ teatoct 3 .

)—(Gl+§)

(Y +

4C1—bt:LaI1b1 )_(al +%)

(P1) : maxy p(@)|Ria] 2 (yi + 2224

(P2) :maxy, o Lo

(P): max L1 < {
0.9 %5
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Fitting Correlation Parameters 03 (2)

e (P1) can solved by some quasi-Newton algorithms.

—(a5+3)

o= [ p(@)p@)y

dazC3 — b3
(yp_|_y6_|_y€+ 33 3
8a3

0, "M 2 (aga0) 2

(P2) maxL, < (P5) maxlLy, = Er, 1, f(T1,72),
(pp @ (pp @5

p(@,) P(@s) XP(5) exp(s;)

M| (@a0)d (B + 8 + B + o ettt

f(11,T2) =

Y

p(t1) ~ 1G(a5+ 3,2), p(T2) ~ 1G(ae, 2), andp(t1) L p(T2).
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Solving (P;) : maXg o;L2 = Eq 1, f(T1,T2)

Stochastic programming: optimization under uncertainty.

Sample Average Approximation (SAA) algorithm:
— 1. Generate random samplg§, t5) from p(t11,12),s=1,---
— 2. Solve the approximate problem:

~ ~ A S
(@, @) = argmaxl, = Z (13,15)]
(pp7(p6 S—

Validations of SAA solutions:
— Statistical verification of KKT conditions.

— Construction of statistical bounds on optimal values.

Faster computation than the fully Bayesian approach fgeliar
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More on SAA

Reference: Qian and Shapiro (2006).

Convergence analysis.
e Consistency of SAA solutions.

e EXponential convergence:

Theorem 1.For anye > 0, there exist positive constar@@ge) and3(¢),
Independent o§, such that

Prob{ sup|Lz — Lp| > s} < C(e)exp{—P(e)}.
Op-P5
Validation of SAA solutions.

e Calculation of optimality gaps.

e Statistical verification of the Karush-Kuhn-Tucker (KKTQraditions.
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MCMC Sampling from p(01, 02|y, Yh, 03)

e Full conditional distributions fo(f3;, do, po, O ,cg,T)
P(B, |1, Yn,83,B) ~ Normal,

— p(Polyi, Yh, B3, po) ~ Normal,

— P(Bolyi,Yn, 83,80) ~ Normal,

— p(allyi,Yh,83,02) ~ IG,

(0

(

- P p’y|7yhae37?)NlGa

— 1 Yo (Bo-Us)®y Ve 1
pTlaTZ‘Yth,TlaTZ)Drzﬁg gs+1 exp{— T1(0%+ e ) o ‘M’%}
— — 301 )M Ly, — — 30l
.exp{_(yh poyll 0 nl) 20% (yh p0y|1 0 nl)}

e Use the Metropolis-within-Gibbs algorithm.

e Can now compute Bayesian predictive density function.
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Case Study 1: Detailed and Approximate Computer
Experiments for Cellular Heat Exchangers

e ResponseQ = total heat transfer rate from solid to air.

e 4 input variables

m (flow-rate of air) 0.00055, 0.001]
Tin (inlet temp of air) 270.00, 303.15]
k (thermal conductivity of solid) [202.4, 360.0]
Twall (temp of upper wall) 330, 400]

e 32 HE runs (using Finite Difference software).
e 32 LE runs (using FLUENT software).
e Training set: 24 randomly selected HE runs + 32 LE runs.

e Objective: Predicy, at the remaining 8 runs.
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Data of Cellular Heat Exchangers Example

Run# | m(kg/s) | Tin(K) | kW/mk) | Twani(K) | Yn | Status
1 0.0005 | 293.15| 362.73 393.15 | 25.601 | 23.54 | Test
2 0.00055 315 310 365 21.23 | 20.15| Train
3 0.000552| 293.53| 318.63 388.29 11.44 | 10.17 | Train
4 0.000557| 290.18| 298.27 377.49 | 15.03 | 15.29 | Test
) 0.00056 | 277.01| 354.98 374 18.55 | 18.39 | Train
31 0.000751| 287.99| 326.02 354.08 | 36.56 | 47.05| Train
32 0.000757| 300.64| 235.03 391.68 | 27.24 | 25.82 | Train

e Input values are standardized.
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Hyperparameters of Priors

Par Value Par Value
aj 2 us 0
Y| 1 Vs 1
ap 2 q 2
Yp 1 by 0.1
ags 2 ap 2
Y5 1 bp 0.1
uj (0,0,0,0,0)t ag 2
vi 1 bs 0.1
Up 1

Vp 1
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Implementation of the BHGP model

e Step 1: Use SAA to compute posterior mode$®of

Parameter Posterior Mode
0 (2.83, 2.13,22.65,12.87)
@ (3.22,7.23,1.26,1.38)
05 (2.26,0.74,6.92,7.24)

Table 1. Posterior modes of 63

e Step 2: Draw MCMC samples & and6,. First 5000 runs as burn-in.
Another 5000 runs for calculation.

Posterior mean | Lower Bound Upper Bound
PO 1.05 0.94 1.13
a5 0.29 0.16 0.49
(%) -0.14 —-1.24 1.93
0% 0.78 0.18 2.70

Table 2. Posterior means and 95% confidence intervals of adjustment terms

28



Intricate Location and Scale Change
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Qg IS symmetric with center at -0.14.
Po has multiple modego may come from anixture model.
Scale adjustment has bathrinkage andenlargementeffects.

Scale adjustment is governed myltiple laws.
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Prediction Results

e Four methods for predicting, for the eight testing runs: 1. BHGP model,
2. Separate analysis, 3. Kennedy-O’Hagan (2000) and 4. €iah (2005).

e Compute RMSE (root-mean-square-eer/Z?zl(yh(xj) —¥n(Xj))?/8.

HG
Separate Analysis
Kenneday and O’Hagan
Qian et al.

9.48 9.29
8.77
.783 I I

e Three combined methods beat the separate analysis. BH@erfmurtns the
other two by 16% and 11% respectively.

30
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Case Study 2: Physical and Computer Experiments
for Fluidized Bed Processes

e Source: Reese et al. (2004).
e Response: steady-state thermodynamic operation point.

e SiX input variables

Hr humidity

Tr temperature

Ta temperature of the air from the pumpg
R¢ flow rate of the coating solution
Pa pressure of atomized air

Vi fluid velocity of the fluidization air

e 28 LE runs (from computer experiment).
e 28 HE runs (from physical experiment).
e Training set: 20 randomly selected HE runs + 28 LE runs.

e Detailed analysis in Qian and Wu (2006).
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Densty

Scale and Location Change

Densty

Figure 1. Posterior density of pg and p.

Symmetric location chang@g with center at 0.
Po has multiple modegpg may come from anixture model.
Scale adjustment has bathrinkage andenlargementeffects.

Scale adjustment is governed fltiple laws.
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Planning of HE and LE

Key to efficiently allocate resources and acquire infororatrom HE and LE.

X = (X1,...,%): design variables if0, 1]¥.

D,: set of design pointsx() for LE. Dy: set of design pointsx() for HE.
Three principles for constructing, andDy:

Principle of economy: The size oDy, is less than the size & .
Principle of nested relationship: Dy Is a subset oD .

Principle of uniformity: Points inDy, andD, are uniformly distributed.

How to constructultiple experiments with respect tanultiple
requirements?

33



Summary and Conclusions

Discussmodeling andplanning perspetives for HE and LE.
Model LE-HE data by usin@ierarchical Gaussian process models

UseStochastic programmingandMarkov chain Monte Carlo methods in
modeling building.

Broadly applicable to problems and phenomena from engmgand
sciences.
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Kennedy and O’Hagan (2000)

e Models:

Vi Bio+e&(xi), Xi €Dy,
Y(Xi) = PYI(Xi)+0(xi), Xi € Dp,
— g ~ GP ando ~ GP.
e Non-informative priors.
e Empirical Bayes estimates.

e Prediction modelgi, = By + 0.
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Calculating Bayesian Predictive Density Function

e Definition:

P(Yh(X0)|Yn, V1) =/ P(Yn(Xo)|YI,Yh,01,02,03)p(01,02]yi, yn, 03)d6:d0s.

01,02

i ComPUtep(yh (XO) ’y| » Yhs 617 927 63):

61.67.6
— P(Yh(X0)|¥1, Y, 81, 02, 83) = PO ALT25)

— P(Yn(Xo0),Yn|VI,01,082,03) ~ Normal.
— p(ynlyr,01,62,03) ~ Normal.

e Sample fromp(81,02]y1,Yh,03):
o

2
0)
— Introduce new parameters; = 0—5 andty = 5
P

P
— p(05,T1,T2).
— Use MCMC.
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