ISyE8843A, Brani Vidakovic Handout 6

1 Priors Continued

1.1 Nuisance Parameters

Assume that unknown parameter is (1, 62) but we are interested only in 6;. The parameter 05 is called
nuisance parameter. How do we handle nuisance parameters?
Suppose 7 (61, 02) is the joint prior for (61, 62). The posterior is

7T((91, 92‘.%') X f(.%"@l, 92) . 71'(01, 02)

The marginal posterior of interest is obtained by averaging over the nuisance parameter,
7 (01]e) = /w(el,ezmdeg,

or

w(01]z) = /7r(91|92,:n)7r(92|x)d92.

Example 1: Let X = (X7,..., X,,) be a sample from normal A (u, o) distribution.

Assume 7 (p, 0%) = 2.

The posterior distribution is (by slight abuse of notation)

1 _ 1 5w .
Tr(luﬂ U2|X) X —n—2€ 2i2 2= (Xi ,u)2
o~ ’

where s? = 1.3 (X; — X)2

e Show that 7(0?|X) is ZGamma(“52, W) This distribution is sometimes referred as scaled
inverse x2, inv — x%(n — 1, s?), see Handout 0.

The joint posterior can be represented as 7(u, 02| X) = m(ulo?, X) - n(0?|X),
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Exercise 1: Derive prior and posterior predictive distributions for the model in the Example 1 above.

Exercise 2: Consider the Normal Inverse Gamma prior. This prior is conjugate. Find the parameters of the
posterior.

Exercise 3: What if the prior is

7(0,0%) = 12 (1)

o
This prior is noninformative independence prior since it is a product of non-informative, translation invariant
priors for @ and o2. This prior, although not Jeffreys’ for the problem, was ultimately recommended by
Jeffreys in his book from (1961). For the mathematically thirsty, the prior in (1) is the right invariant Haar

measure for the problem, see Berger (1985), Chapter 6.

Recall that the posterior for the parameter of interest was obtained by averaging over the nuisance
parameter,

(01]z) = /ﬂ(@l\ﬁg,x)ﬂ(ﬁg\x)dﬁg,

Alternatively, one can first find the marginal likelihood, if this is convenient, and then use the prior on the
parameter of interest to arrive to the same marginal posterior. Suppose 7(01,62) = 7(61)7(62]61). The
marginal likelihood is

f(x|0r) = . f(x]01,602) - w(61]02)dbs.
Now,

m(01]x) o< f(2]01)m(01).

Example 2: The following example is a simplification of a model from Vidakovic and Ruggeri (2001).
The observations denoted by d are observed wavelet coefficients. The model for d is normal, with the mean
6 being the parameter of interest and variance o being a nuisance parameter. If [d|d, o%] ~ N (6, 0?) and
the prior on o2 is independent on 6, [02] ~ £(p), p > 0, with density f(o2|p) = pe "7, the resulting
marginal likelihood is

[d|0] ~ DE (9, \/127) . with density f(d|0) = %\/ﬂe*\/ﬂ‘d*"‘.

Now, if the prior on 6 is

[0] ~ DE(0,T), T known,
then the (prior) predictive distribution of d is
—|d 1 —/2uld
Te~| ‘/T—ﬁe V2pld|

]~ mld) = ——5

Find the posterior distribution for [0|d].



1.2 MaxEnt Priors

For a discrete probability distribution p1,...,p,, »_,p; = 1, the Shannon entropy is defined as
E(p) = - pilog(pi).
i
Assume that the following restriction (better said Information) on the prior 7 is available:

E™[g1(0)] = ng(ei)p(ei) = k=1,2,...,m,

where gj, are known functions. The maxent prior is given by

o (6;) = exp{>_x \kgr(6:)}
Y iexp{ 2 Akgr(0:)}

The multipliers )\; are obtained by solving the optimization problem.

Example 3: Assume O = {0,1,2,... }. Suppose that E™6 = 5. Here ¢; () = # and p; = 5. Thus,

6)\10

B > eg eMf N

This is Geom(e*) density and solving 1;6;1 = 5 gives eM = 1/6. Hence, the maxent prior is Geom(1/6)

If the problem requires a continuous prior, the maxent approach becomes complicated. First, what
should be the definition of entropy for a continuous distribution 7? Jaynes (1968) argues that the entropy
should be defined via Kullback-Leibler divergence between 7 and some invariant noninformative prior for
the problem, m,

™ (6) (1—eM)(eM)’.

E(n) = —E™ [log ”(9)] = —/log O0) o (0)do.

70 (9) 0 (9 )
The maxent prior, under constraints as in the discrete case, is given by
71_*(9) _ eXp{Zk )‘kgk(ez)}ﬂo(e)

— Jexp{>2) Argr(0:) o (0)do”
The reference 7y is thus instrumental in defining the maxent prior.
Exercise 4: If £™0 = p and 7 is a flat prior (Lebesgue measure), show that the maxent solution is

7*(0) o< e*?, which cannot be normalized to a proper density. If in addition Var(6) = o2, then the maxent
solution is normal N (j, 02) distribution.

1.3 Multivariate Priors

As a fundamental multivariate model we consider Multivariate Normal (MVN) likelihood and overview
the MVN/MVN Bayes model. This model is not only important as an educational example that mimics
normal/normal case, but also as a useful modeling tool.



Assume that X7, ..., X, and their location 6 are p-dimensional, and distributed as MVN (6, ). The

covariance matrix X is assumed known. The likelihood of 8 based on X1, ..., X}, is
1 n
F(al0) = |27 exp <—2 > (i = )5 (i = 9>>
i=1

which after some matrix algebra becomes
1
Falt) = 21 2 exp (~5(s71)) @

and S =>"  (x; — 0)(z; — 0)' is the sum-of-squares matrix.
If the prior on @ is also multivariate normal MVN (u, IT), with vector  and covariance matrix IT known,
the posterior is

7(0]) o exp (-; [Z(:m — )5 @y~ 0) + (6 — p) T (0 m] ) ,

=1

which, after standard matrix algebra becomes

7(0|z) o exp ( (0 — )T (0 — Ml)) )

1
2
i.e., MVN (u1,111). The posterior parameters are matrix reformulations of the univariate case,
pr = (I 4ax ™ H= [y + X ta),
m = I '+axhH™h
As an illustration, we discuss the estimation of the multivariate mean for the student test scores. The

subjects are: mechanics, vectors, algebra, analysis, and statistics, and records for n = 88 students are

available (Data set and description in Mardia, Kent and Bibby, 1979).
The likelihood is MVN (0, X), with ¥ = 2561 + 256.J, where I is the identity matrix and J is the
matrix of ones. Part of the matlab code that calculates the Bayes estimator for 6 is

Sigma = 256*eye (p)+256+xones (p,pP);

mu = 50xones (p,1);
Pi = 4x eye(p)+ 4x ones(p,p);
mu_1l = inv (inv(Pi) + n % inv(Sigma)) x*

( inv(Pi) * mu + n % inv(Sigma) =* (mean(scores))’ );
Pil = inv (inv(Pi) + n * inv(Sigma));

and the complete m-file producing the figure and containing the data set is bayes6_1 .m.
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Figure 1: Multivariate Bayes estimator for the student scores from Mardia, Kent and Bibby, 1979. The
subjects are: mechanics, vectors, algebra, analysis, and statistics.



