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1 Some Important Continuous Distributions

1.1 Uniform U(a, b) Distribution

Random variableX has uniformU(a, b) distribution if its density is given by

f(x|a, b) =
{

1
b−a , a ≤ x ≤ b

0, else
F (x|a, b) =





0, x < a
x−a
b−a , a ≤ x ≤ b

1, x > b

• Moments:EXk = 1
b−a

bk+1−ak+1

k+1 , k = 1, 2, . . .

• VarianceV arX = (b−a)2

12 .

• Characteristic Functionϕ(t) = 1
b−a

eitb−eita

it .

• If X ∼ U(a, b) thenY = X−a
b−a ∼ U(0, 1).

• Typical model: Rounding (to the nearest integer) Error is often modeled asU(−1/2, 1/2)
• If X ∼ F , whereF is a continuous cdf, thenY = F (X) ∼ U(0, 1).

1.2 Exponential E(λ) Distribution

Random variableX has exponentialE(λ) distribution if its density and cdf are given by

f(x|λ) =
{

λe−λx, x ≥ 0
0, else

, F (x|λ) =
{

1− e−λx, x ≥ 0
0, else

• Moments:EXk = k!
λk , k = 1, 2, . . .

• VarianceV arX = 1
λ2 .

• Characteristic Functionϕ(t) = λ
λ−it .

• Exponential random variableX possesses memoryless propertyP (X > t + s|X > s) = P (X > t).
• Typical model: Lifetime in reliability.
• Alternative parametrization,λ′ as scale.f(x|λ′) = 1

λ′ e
− x

λ′ , EXk = k!(λ′)k, k = 1, 2, . . . , V arX =
(λ′)2.

1.3 Double ExponentialDE(µ, σ) Distribution

Random variableX has double exponentialDE(µ, σ) distribution if its density and cdf are given by

f(x|µ, σ) =
1
2σ

e−|x−µ|/σ, F (x|µ, σ) =
1
2

(
1 + sgn(x− µ)(1− e−|x−µ|/σ

)
, x, µ ∈ R;σ > 0.

• Moments:EX = µ, EX2k = [ µ2k

(2k)! + µ2(k−1)σ2

(2(k−1))! + . . . σ2k

1 ](2k)! EX2k+1 = µ2k+1(2k + 1)!
• VarianceV arX = 2σ2.
• Characteristic Functionϕ(t) = eiµt

1+(σt)2
.
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1.4 Normal (Gaussian)N (µ, σ2) Distribution

Random variableX has normalN (µ, σ2) distribution with parametersµ ∈ R (mean, center) andσ2 > 0
(variance) if its density is given by

f(x|α, β) =
1√

2πσ2
e−

(x−µ)2

2σ2 , −∞ < x < ∞

• Moments: EX = µ,E(X − µ)2k−1 = 0;E(X − µ)2k = (2k − 1)(2k − 3) . . . 5 · 3 · 1 · σ2k =
(2k − 1)!!σ2k, k = 1, 2, . . .

• Characteristic functionϕ(t) = eiµt−t2σ2/2.

•Z = X−µ
σ hasstandardnormal distributionφ(x) = 1√

2π
e−

x2

2 . The cdf of standard normal distribution

is a special functionΦ(x) =
∫ x
−∞ φ(t)dt and its values are tabulated in many introductory statistical texts.

• Standard half-Normal distribution is given byf(x) = 2φ(x)1(x ≥ 0).

1.5 Chi-Squareχ2
n Distribution

Random variableX has chi-squareχ2
n distribution distribution withn degrees of freedom if its density is

given by

f(x) =

{
1

2n/2Γ(n/2)
xn/2−1e−x/2, x > 0
0, else

• Moments:EXk = n(n + 2) . . . (n + 2(k − 1)), k = 1, 2, . . . .
• ExpectationEX = n, VarianceV arX = 2n, and Modem = n− 2, n > 2.
• Characteristic functionϕ(t) = (1− 2it)−n/2.
• Noncentral chi-squarencχ2

n distribution is the distribution of sum of squares ofn normals:N (µi, 1).
The non-centrality parameter isδ =

∑
i µ

2
i . Density ofncχ2

n distribution involves Bessel function of the
first kind. The simplest representation for the cdf ofncχ2

n is an infinite Poisson mixture of centralχ2’s
where degrees of freedom are mixed:

F (x|n, δ) =
∞∑

i=0

(δ/2)i

i!
e−δ/2P (χ2

n+2i ≤ x).

• χ2
n is G(n/2, 2) or in alternative parametrizationGamma(n/2, 1/2).

• Inverseχ2
n, inv − χ2

n is defined asIG(n/2, 2) or IGamma(n/2, 1/2). Scaled inverseχ2
n, inv −

χ2(n, s2) is IG(n/2, 2/(ns2)) or IGamma(n/2, ns2/2).

1.6 Chi χn Distribution

Random variableX has chi-squareχn distribution distribution withn degrees of freedom if its density is
given by

f(x) =

{
1

2n/2−1Γ(n/2)
xn−1e−x2/2, x > 0

0, else
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• Moments:EXk = 2k/2Γ(n+k
2

)

Γ(n/2) , k = 1, 2, . . . .

• VarianceV arX = n− 2
[

Γ((n+1)/2)
Γ(n/2)

]2
.

• Characteristic functionϕ(t) = 1
Γ(n/2)

∑∞
k=0

(i
√

2t)k

k! Γ((n + k)/2).
• χn for n = 2 is Raleigh Distribution, forn = 3 Maxwell distribution.

1.7 GammaG(α, β) Distribution

Random variableX has gammaG(α, β) distribution with parametersα > 0 (shape) andβ > 0 (scale) if its
density is given by

f(x|α, β) =

{
1

Γ(α)βα xα−1e−x/β, x ≥ 0
0, else

F (x|α, β) =
{

0, x ≤ 0
incΓ(x|α, β), x ≥ 0

• Moments:EXk = α(α + 1) . . . (α + k − 1)βk, k = 1, 2, . . .
• MeanEX = αβ, VarianceV arX = αβ2.
• Modem = (α− 1)β.
• Characteristic functionϕ(t) = 1

(1−itβ)α .

•Alternative parametrization,Gamma(a, b): f(x|a, b) = ba

Γ(a)x
a−1e−bx, x ≥ 0, EXk = a(a+1)...(a+k−1)

bk , k =
1, 2, . . . V arX = a/b2.

• Special casesE(λ) ≡ G(1, 1/λ) ≡ Gamma(1, λ) andχ2
n ≡ G(n/2, 2) ≡ Gamma(n/2, 1/2).

• If α is an integer,Ga(α, β) d= − 1
β

∑α
i=1 log(U). If α < 1, then ifY ∼ Be(α, 1− α) andZ ∼ E(∞),

X = Y Z ∼ Ga(α, 1).

1.8 Inverse GammaIG(α, β) Distribution

Random variableX has gammaIG(α, β) distribution with parametersα > 0 andβ > 0 if its density is
given by

f(x|α, β) =

{
1

Γ(α)βαxα+1 e−1/(βx), x ≥ 0
0, else

• Moments:EXk = {(α− 1)(α− 2) . . . (α− k)βk}−1, k = 1, 2, . . . (α > k).
• MeanEX = 1

β(α−1) , α > 1, VarianceV arX = 1
(α−1)2(α−2)β2 , α > 2

• Modem = 1
(α+1)β .

• Characteristic functionϕ(t) = .
• If X ∼ G(α, β) thenX−1 ∼ IG(α, β).
•Alternative parametrization,IGamma(a, b). f(x|a, b) = ba

Γ(a)xa+1 e−b/x, x ≥ 0, EXk = bk

(a−1)...(a−k) , k =
1, 2, . . . V arX = b2/((a− 1)2(a− 2)).

1.9 BetaBe(α, β) Distribution

Random variableX has betaBe(α, β) distribution with parametersα > 0 andβ > 0 if its density is given
by
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f(x|α, β) =

{
Γ(α+β)
Γ(α)Γ(β)x

α−1(1− x)β−1, 0 ≤ x ≤ 1
0, else

F (x|α, β) =





0, x ≤ 0
incBeta(x|α, β), 0 ≤ x ≤ 1

1, x ≥ 1

• Moments:EXk = Γ(α+k)Γ(α+β)
Γ(α)Γ(α+β+k) = α(α+1)...(α+k−1)

(α+β)(α+β+1)...(α+β+k−1) .

• MeanEX = α
α+β ; VarianceV arX = αβ

(α+β)2(α+β+1)
.

• Modem = α−1
α+β−2 , if α > 1, β > 1

• Characteristic functionϕ(t) = Γ(α+β)
Γ(α)

∑∞
k=0

(it)k

k!
Γ(α+k)

Γ(α+β+k)

• If X1, X2, . . . , Xn is a sample from the uniformU(0, 1) distribution, andX(1), X(2), . . . , X(n) its
order statistics. ThenX(k) ∼ Be(k, n− k + 1).

• Be(1, 1) ≡ U(0, 1); Be(1/2, 1/2) ≡ Arcsine Law

1.10 Student tn Distribution

Random variableX has Studenttn distribution withn degrees of freedom if its density is given by

fn(x) =
Γ(n+1

2 )√
nπ Γ(n

2 )

(
1 +

x2

n

)−n+1
2

, −∞ < x < ∞.

• Moments:EX2k = nk√
π

Γ(n/2−k)Γ(k+1/2)
Γ(n/2) , 2k < n. EX2k−1 = 0, k = 1, 2, . . . .

• V arX = n
n−2 , n > 2

• Characteristic functionϕ(t) =
√

π Γ(m)
Γ(n/2)

e−
√

n|t|
22(m−1)(m−1)!

∑m−1
k=0 (2k)!

(
m−1+k

2k

)
(2
√

n|t|)m−1−k,

for m = n+1
2 integer.

• t2k−1, k = 1, 2, . . . is infinitely divisible.
• If Z ∼ N (0, 1) andY ∼ χ2

n, thenX = Z/
√

Y/n hastn distribution.
• t1 ≡ Ca(0, 1).

1.11 CauchyCa(a, b) Distribution

Random variableX has CauchyCa(a, b) distribution with centera ∈ R and scaleb ∈ R+ if its density is
given by

f(x) =
1
bπ

1
1 + (x−a

b )2
=

b

π(b2 + (x− a)2)
, −∞ < x < ∞.

If a = 0 andb = 1, the distribution is called standard Cauchy. The cdf is

F (x) = 1/2 +
1
π

arctan
x− a

b
, −∞ < x < ∞.

• Moments: No finite moments. Valuex = a is the mode and median of the distribution.
• Characteristic function.ϕ(t) = eiat−b|t|. Cauchy distribution is infinitely divisible. Sinceϕ(t) =

(ϕ(t/n))n, if X1, . . . , Xn are iid Cauchy,X̄ is also a Cauchy.
• If Y, Z are independent standard normalN (0, 1) thenX = Y/Z has CauchyCa(0, 1) distribution. If

a variableU is uniformly distributed between−π/2 andπ/2, thenX = tanU will follow standard Cauchy
distribution.

• The Cauchy distribution is sometimes called the Lorentz distribution (especially in engineering com-
munity).
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1.12 Fisher Fm,n Distribution

Random variableX has FisherFm,n distribution withm andn degrees of freedom if its density is given by

f(x|m,n) = mm/2nn/2xm/2−1

B(m/2,n/2) (n + mx)−(m+n)/2, x > 0.

The cdfF (x) is of no closed form.

• MomentsE(Xk) =
(

n
m

)k Γ(m/2+k)Γ(n/2−k)
Γ(m/2)Γ(n/2) , 2k < n.

• MeanEX = n
n−2 , n > 2, VarianceV arX = 2n2(m+n−2)

m(n−2)2(n−4)
, n > 4.

• Moden/m · (m− 2)/(n + 2)

1.13 Logistic Lo(µ, σ2) Distribution

Random variableX has logisticLo(µ, σ2) distribution with parametersµ ∈ R andσ2 > 0 if its density is
given by

f(x|µ, σ2) =
π exp

[
− π√

3

(x−µ
σ

)]

σ
√

3
{

1 + exp
[
− π√

3

(x−µ
σ

)]}2

• Expectation:EX = µ Variance:V arX = σ2.

• Characteristic functionϕ(t) = eitµΓ(1− iσ
√

3
π t)Γ(1 + iσ

√
3

π t).
• Used in modeling in biometry (drug response, toxicology, etc.)
• Alternative parametrization

1.14 Lognormal LN (µ, σ2) Distribution

Random variableX has lognormalLN (µ, σ2) distribution with parametersµ ∈ R andσ2 > 0 if its density
is given by

f(x|α, β) =

{
1

xσ
√

2π
e−

(ln(x)−µ)2

2σ2 , x > 0
0, else

• Moments:EXk = exp{1
2k2σ4 + kµ}.

• VarianceV arX = eσ4+µ[eσ4 − 1].
• Modeeµ−σ2

• If Z ∼ N (0, 1) thenX = exp{σ2Z + µ} ∼ LN (µ, σ2).

1.15 ParetoPa(x0, α) Distribution.

Random variableX has ParetoPa(x0, α) distribution with parameters0 < x0 < ∞ andα > 0 if its density
and cdf are given by

f(x|x0, α) = α
x0

(
x0
x

)α+1 1(x ≥ x0), α > 0, F (x) = (1− (
x0
x

)α) 1(x ≥ x0)

EXn = αxn
0

α−n , α > n

Random Pareto observations can be obtained asx0[1/(1− U)]1/α, whereU ∼ U(0, 1).
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2 Some Important Discrete Distributions

2.1 Point Massδa Distribution

Random variableX has point massδa distribution concentrated ata ∈ R if its probability mass function is
given by

f(x|a) = δa =
{

1, x = a
0, x 6= a

• Moments:EXk = ak Variance:V arX = 0.
• Characteristic functionϕ(t) = eita.

2.2 Bernoulli Ber(p) Distribution

Random variableX has BernoulliBer(p) distribution with parameter0 ≤ p ≤ 1 if its probability mass
function is given by

f(x|p) = px(1− p)1−x, x ∈ {0, 1}.

• Moments:EXk = p Variance:V arX = p(1− p).
• Characteristic functionϕ(t) = 1 + p(eit − 1).

2.3 Binomial Bin(n, p) Distribution

Random variableX has BinomialBin(n, p) distribution with parametersn ∈ N, and0 ≤ p ≤ 1 if its
probability mass function is given by

f(x|p) =
(

n

x

)
px(1− p)n−x, x ∈ {0, 1, . . . , n}.

• Moments:EX = np, EX2 = np + n(n − 1)p2, EX3 = np(1 − p)(1 − 2p), EX4 = 3n2p2(1 −
p2) + np(1− p)(1− 6p(1− p)) Variance:V arX = np(1− p).

• Skewness:γ = p√
np(1−p)

.

• Characteristic functionϕ(t) =
[
1 + p(eit − 1)

]n
.

2.4 GeometricGeom(p) Distribution

Random variableX has geometricGeom(p) distribution with parameter0 ≤ p ≤ 1 if its probability mass
function is given by

f(x|p) = p(1− p)x, x = 0, 1, 2, . . .

• Expectation:EX = 1−p
p Variance:V arX = 1−p

p2 .

• Characteristic functionϕ(t) = p
1−(1−p)eit .
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• Geometric distribution is the only discrete distribution withmemoryless property,

P (X ≥ m + n|X ≥ m) = P (X ≥ n).

• X ∼ Geom(p) models the number of failures until first success in the Binomial setup.
• Alternative definition of Geometric distribution isY ∼ Ge(p),

f(y|p) = p(1− p)y−1, y = 1, 2, . . .

representing total number of experiments until the first success. Of course,Y = X + 1, EY = 1−p
p − 1 =

1
p , varY = V arX.

2.5 Negative BinomialNB(r, p) Distribution

Random variableX has negative binomialNB(r, p) distribution with parametersr ∈ N and0 ≤ p ≤ 1 if
its probability mass function is given by

f(x|r, p) =
(

x + r − 1
r − 1

)
pr(1− p)x, x = 0, 1, 2, . . .

• Expectation:EX = r(1−p)
p Variance:V arX = r(1−p)

p2 .

• Characteristic functionϕ(t) =
[

p
1−(1−p)eit

]r
.

• If r is integer, random variableX having negative binomialNB(r, p) distribution represents the num-
ber of failures in the binomial setup untilr successes are obtained. Ifr = 1,NB(r, p) ≡ Geom(p).

• Negative binomial is a marginal distribution for Poisson likelihood and Gamma prior, i.e., ifX|θ ∼
Poi(θ) andθ ∼ G(r, 1−p

p ), then the marginal forX isNB(r, p).

2.6 PoissonPoi(λ) Distribution

Random variableX has PoissonPoi(λ) distribution with parameterλ > 0 if its probability mass function is
given by

f(x|λ) =
λx

x!
e−λ, x = 0, 1, 2, . . .

• Expectation:EX = λ, EX2 = λ2 + λ Variance:V arX = λ.
• Characteristic functionϕ(t) = eλ(eit−1).
• If np → λ, n →∞, then

(
n
x

)
px(1− p)n−x → λx

x! e
−λ.

• A random variableX having PoissonPoi(λ) distribution models the number of rare events (in a time
interval or in a part of space).

• If λ is large,
√

X
approx∼ N (

√
λ, 1

4).
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2.7 Hypergeometric Distribution

2.8 Logarithmic Distribution

2.9 Borel Distribution

3 Some Important Multivariate Distributions

3.1 Multivariate Normal (Gaussian) MVN (µ, Σ) Distribution

3.2 Multinomial Distribution

3.3 Wishart Distribution
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