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1 Some Important Continuous Distributions

1.1 Uniform U(a,b) Distribution

Random variableX has uniformi/(a, b) distribution if its density is given by
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e Characteristic Functiop(t) = 71—

o If X ~U(a,b)thenY = %=2 ~1/(0,1).

e Typical model: Rounding (to the nearest integer) Error is often modelét-a$/2,1/2)
o If X ~ F, whereF is a continuous cdf, the = F'(X) ~ (0, 1).

1.2 Exponential £()\) Distribution

Random variableX has exponentiaf () distribution if its density and cdf are given by

)\e_)‘x, x>0 1—6_)‘96, x>0
UC { 0, else + LN = { 0, else

o Moments:EXF = & k=12,

e VarianceVarX = ;.

e Characteristic Functiop(t) = 2.

e Exponential random variabl¥ possesses memoryless propdfyX >t + s|X > s) = P(X > t).

e Typical model: Lifetime in reliability.

e Alternative parametrization\’ as scalef(z|\) = %e*%
(\)2.

JEXF =E(M)F E=1,2,...,VarX =
1.3 Double Exponential DE(u, o) Distribution
Random variableX has double exponenti@& (., o) distribution if its density and cdf are given by
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f(ﬂj‘“L,O') = %e—\m—/d/a’ F(ZIS"M,O’) =5 (1 + Sgr(:E - :u)(l - e—|$—ﬂ|/0) y I € R;O- > 0.
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e Moments:EX = pu, EX?F = [(‘;Z;! + G - I (2K)! EX2k+1 = 2k (2k 4- 1)1
e VarianceVarX = 202,
e Characteristic Function(t) =




1.4 Normal (Gaussian) N (y, o%) Distribution

Random variableX has normalV (u, o?) distribution with parameters € R (mean, center) and?> > 0
(variance) if its density is given by

1 _(e-p)?

f(ﬂ‘%ﬁ):iz 5 € 202 —o0o <<
o

e Moments: EX = p, E(X — u)?* ! = 0; B(X —p)** = 2k —1)(2k —3)...5-3-1- 0%k =
2k — Do k=1,2,...
e Characteristic functior(t) = eirt—t*0*/2,

22
o/ = @ hasstandardnormal distributions(z) = \/% e~ 2 . The cdf of standard normal distribution

is a special functlo@ f ¢(t)dt and its values are tabulated in many introductory statistical texts.
¢ Standard half- Normal distribution is given yz) = 2¢(z)1(x > 0).

1.5 Chi-Square x? Distribution

Random variableX has chi-squarg? distribution distribution withn degrees of freedom if its density is
given by

xn/2—le—:(:/2’ x>0

1
f(z) = { 277 (n/2)

0, else

e Moments:EX* =n(n+2)...(n+2(k—1)),k=1,2,....

e Expectation X = n, VarianceVarX = 2n, and Moden =n — 2, n > 2.

e Characteristic functiop(t ) (1 — 2it)~"/2.

 Noncentral chi-squarecy? distribution is the distribution of sum of squaresofiormals: N (u;, 1).
The non-centrality parameter ds= ", 2. Density ofncx? distribution involves Bessel function of the
first kind. The simplest representation for the cdfrafy? is an infinite Poisson mixture of centrgP's
where degrees of freedom are mixed:

8

(x(n, 0) _(WP +21 <)
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e 2 isG(n/2,2) or in alternative parametrizaticdqamma(n/2,1/2).
. Inversexn, inv — x2 is defined a<G(n/2,2) or ZGamma(n/2,1/2). Scaled inverse?, inv —
x%(n,s?)isIG(n/2,2/(ns?)) or IGamma(n/2,ns?/2).

1.6 Chi y,, Distribution

Random variableX has chi-square,, distribution distribution withn degrees of freedom if its density is
given by

1 —1,-x2/2
flz) = st e w >0
0, else



/

e Moments:EX* = % k=1,2,....
, o [r(mt1/2)

e VarianceVarX =n —2 [7@ 72) ] .

k!

e Characteristic functiomp(t) = M n/2 Zk 0 (iv2)' p I'((n+k)/2).
e x,, for n = 2 is Raleigh Distribution, forn, = 3 Maxwell distribution.

1.7 Gammag(«, ) Distribution

Random variableX has gamm& («, (3) distribution with parameters > 0 (shape) ang > 0 (scale) if its
density is given by

zolem2/B x>0 0, <0

f(z|a, B) = { a)ﬁ“ 0 ’ e F(z]a, B) _{ incl(z|a, B), = >0

e Moments:EX* = a(a+1)...(a+k—1)p", k=1,2,...
e MeanEX = a3, VarianceVarX = a3
e Modem = (a —1)0.

e Characteristic function(t) = 7=z

o Alternative parametrizatioamma(a,b): f(z|a,b) = FZE(;) o le b x>0 EXF = W, k=
1,2,... VarX = a/b?.

e Special case§(\) = G(1,1/)) = Gamma(1, ) andx2 = G(n/2,2) = Gamma(n/2,1/2).

o If ais an integerga(a, ) g_ 3 LS log(U). If a < 1, thenifY ~ Be(a,1 —a) andZ ~ &(o0),
X =YZ~Ga(a,1).

1.8 Inverse GammaZg(«, 3) Distribution

Random variableX has gamm&g(«, 3) distribution with parameters > 0 andg > 0 if its density is
given by

“(B5) | 2> 0

N
f(ﬂf‘o(,ﬁ) — I‘(a)ﬁaxa+l

0, else

e Moments:EX* = {(a —1)(a—2)...(a —k)B*}7 1, k=1,2,... (a>k).
e MeanEX = a > 1, VarianceVarX = m, a>2

e Modem = m.

e Characteristic functiomp(t) =

oIf X ~G(a,B) thenX—! ~ ZG(a, B).

o Alternative parametrizatiod;Gamma(a, b). f(x|a,b) = =—Lmre /% x>0, EXF = # k=

T'(a)x 1)...(a—k)"’
1,2,... VarX =b?/((a —1)*(a - 2)).

1
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1.9 BetaBe(«a, ) Distribution

Random variableX has betd3e(a, 3) distribution with parameters > 0 and > 0 if its density is given
by



LlatB) a-1(1 _ \6-1 < p< 0, z<0
Fala, g) =4 Mm@ (=@ 0szsl o por 5~ ) incBetdala, §), 0<z<1
0, else 1 > 1
. k_ T(a+k)T(a+B) a(a+1)...(a+k—1)
o Moments:EX" = riratarh = EF Bt B D) (oA k=T
oModem:#El_w ifa>1,3>1

e Characteristic functiop(t) = % Py (i?k %

o If X1,Xo,..., X, is a sample from the unifori (0, 1) distribution, andX ), X(3), ..., X(,) its
order statistics. TheX ;) ~ Be(k,n —k +1).
e Be(1,1) =U(0,1); Be(1/2,1/2) = Arcsine Law

1.10 Studentt,, Distribution

Random variableX has Student,, distribution withn degrees of freedom if its density is given by

n+1

fn(z) = (%) <1+$2>_2 —o00 < x < 00.
vnr I'(3) n ’
o Moments: EX 2+ — ”T L(n/2- §g§g§+l/2>, 9%k <n. EX%1=0, k=1,2,....
o VarX = 25, n>2
e Characteristic functiog(t) = \F(E/(Q))QQ(Tf nf(;‘ P o RNy 24/l

for m = 2! integer.

etor 1, k=1,2,... isinfinitely divisible.

olf Z~N(0,1)andY ~ x2,thenX = Z//Y/n hast, distribution.
ety =Cal(0,1).

1.11 CauchyCa(a,b) Distribution
Random variableX has Cauch¥a(a, b) distribution with center € R and scalé € R if its density is

given by

1 1 b
f(:c)=%1+(%a)2 Rl e e S

If « = 0 andb = 1, the distribution is called standard Cauchy. The cdf is

1 _
F(m):1/2+;arctanxba, —o00 <z < 00.

e Moments: No finite moments. Value= a is the mode and median of the distribution.

e Characteristic function(t) = e*~tl‘l. Cauchy distribution is infinitely divisible. Since(t) =
(o(t/n))", if X1,..., X, areiid CauchyX is also a Cauchy.

e If Y, Z are independent standard norm&(0, 1) thenX = Y/Z has Cauchya(0, 1) distribution. If
a variableU is uniformly distributed between /2 andr /2, thenX = tan U will follow standard Cauchy
distribution.

e The Cauchy distribution is sometimes called the Lorentz distribution (especially in engineering com-
munity).



1.12 Fisher £, ,, Distribution

Random variableX has Fishel,, ,, distribution withm andn degrees of freedom if its density is given by

f(z|m,n) = % (n +ma)~m+m)/2 2 > 0.

The cdfF'(z) is of no closed form.

« MomentsE(X*) = ()" K 20linaet) o < .
2n2(m+n—2)

e MeanEX = -5 n > 2 VarianceVarX = =22 1)

n > 4.

n—27
e Moden/m - (m —2)/(n+2)
1.13 Logistic Lo(u,0?) Distribution

Random variableX has logisticCo(y, o?) distribution with parameters € R ando? > 0 if its density is
given by

mexp | % (554
a{1re[-5 ()]}

e Expectation:EX = ;  Variance:VarX = o?.

e Characteristic functiop(t) = e“+T'(1 — i"T\/gt)F(l + i"T‘/gt).

e Used in modeling in biometry (drug response, toxicology, etc.)
e Alternative parametrization

flalp,0?) =

1.14 Lognormal LN (u, %) Distribution

Random variableX has lognormal N (i1, o?) distribution with parameterg € R ando? > 0 if its density
is given by

e Moments:EX* = exp{3k*c* + ku}.

e VarianceVarX = e t#[e”" — 1].

e ModeeH—7°

olf Z ~N(0,1) thenX = exp{c?Z + u} ~ LN (11, ?).

1.15 ParetoPa(zy, ) Distribution.

Random variabl& has Paret®a(xo, ) distribution with paramete® < zy < oo anda > 0 if its density
and cdf are given by

f(zlrg,a) = & (@)Q—H 1(x > zp), a >0, F(z)=(1- (%)a) 1(x > zg)

o T

EX"=%% o sp

a—mn’

Random Pareto observations can be obtaineg s (1 — U)]*/*, whereU ~ 1(0, 1).




2 Some Important Discrete Distributions

2.1 Point MassJ, Distribution

Random variableX has point mas§, distribution concentrated ate R if its probability mass function is
given by

1, x=a

fat o= { o

e Moments:EX* = a*  Variance:VarX = 0.
e Characteristic functiop(t) = e%@.
2.2 Bernoulli Ber(p) Distribution

Random variableX has BernoulliBer(p) distribution with parameted < p < 1 if its probability mass
function is given by

f(alp) =p"(1 = p)' ™2, z € {0,1}.
e Moments:EX* = p  Variance:VarX = p(1 — p).
e Characteristic functiop(t) = 1 + p(e® — 1).
2.3 Binomial Bin(n, p) Distribution

Random variableX has BinomialBin(n,p) distribution with parametera € N, and0 < p < 1ifits
probability mass function is given by

f(zlp) = (Z)pm(l —p)" % ze{0,1,...,n}.

e Moments:EX = np, EX? = np +n(n — 1)p?, EX3 = np(1 —p)(1 — 2p), EX* = 3n?p?(1 —
p?) +np(1 —p)(1 —6p(1 —p)) Variance:VarX = np(1 — p).

e Skewnessy = \/ﬁ. |
e Characteristic functiop(t) = [1 + p(e't — 1)]"

2.4 Geometric Geom(p) Distribution

Random variableX has geometri¢eom(p) distribution with parameted < p < 1 if its probability mass
function is given by

f(zlp) =p(1 —p)*, =0,1,2,...

e Expectation:lEX = 1],%” Variance:VarX = 1});2”.

e Characteristic functiorp(t) = W.



e Geometric distribution is the only discrete distribution witlemoryless property
P(X >m+n|X >m)=P(X >n).

e X ~ Geom(p) models the number of failures until first success in the Binomial setup.
e Alternative definition of Geometric distribution ¥ ~ Ge(p),

flylp) =p(1 —p)¥ 1 y=1,2,...
1—

representing total number of experiments until the first success. Of cdleseX + 1, EY = Tp —1=
%, varY = VarX.

2.5 Negative Binomial N'5(r, p) Distribution

Random variableX has negative binomial/B(r, p) distribution with parameters € N and0 < p < 1 if
its probability mass function is given by

r+r—1

) = ("7

>pr(1—p)m, x=0,1,2,...

e Expectation:EX = r(l;p) Variance:VarX = ”(;p).

e Characteristic functiopp(t) = [WT

e If r is integer, random variabl& having negative binomial/B(r, p) distribution represents the num-
ber of failures in the binomial setup untilsuccesses are obtainedr &= 1,NB(r,p) = Geom(p).

¢ Negative binomial is a marginal distribution for Poisson likelihood and Gamma prior, i.E|fif~
Poi(0) andd ~ G(r, =2, then the marginal foX is N'B(r, p).

2.6 PoissonPoi(\) Distribution

Random variableX has Poissofoi(A) distribution with parameter > 0 if its probability mass function is
given by

T

A
f(z|\) = —'e*/\, x=0,1,2,...
x!

e ExpectationEX = \, EX?2= )2+ )\ Variance:VarX = \.

e Characteristic functiop(t) = eM" ™).

e lf np — A, n — oo, then(?)p*(1 — p)*~* — %e*)‘.

¢ A random variableX having PoissorPoi(\) distribution models the number of rare events (in a time
interval or in a part of space).

o If Nis large,vX TN (VA 1).
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2.8
2.9

3.1
3.2
3.3

Hypergeometric Distribution
Logarithmic Distribution

Borel Distribution
Some Important Multivariate Distributions

Multivariate Normal (Gaussian) MVN (i, X) Distribution
Multinomial Distribution

Wishart Distribution



