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If the length of the data set is not a power of 2, but of theform M - 2 % for M odd
and K apositive integer, then only K steps in the decomposition algorithm can be
performed. For precise descriptions of conceptual and calculationa hurdles caused
by boundaries and data sets whose lengths are not a power of 2, we direct the reader
to Bruce and Gao [42], Taswell and McGill [399], and monograph by Wickerhauser

[457].

4.3.1 Discrete Wavelet Transformations as Linear Transformations

The change of basisin V; from By = {¢1x(z),k € Z} to By = {¢ok, k € Z} U
{tor, k € Z} can be performed by matrix multiplication. Therefore, it is possible
to define discrete wavelet transformation by matrices. We have already seen a
transformation matrix corresponding to Haar's inverse transformation in Example
4.1.2.

Let the length of theinput signal be 2”7, let = {hs, s € Z} bethe wavelet filter,
and let N be an appropriately chosen constant.

Denote by Hj, amatrix of size (277F x 2/=k+1) k= 1,... with entries

hs, 5= (N —1)+ (i — 1) — 2(j — 1) modulo2”’**1, (4.8)

at the position (3, 7).

Note that H, isacirculant matrix, itsith row is 1st row circularly shifted to the
right by 2(i — 1) units. Thiscircularity isaconsequenceof using the modulooperator
in (4.8).

By analogy, defineamatrix G, by using thefilter g. A versionof G, corresponding
to the already defined H ;. can be obtained by changing h; by (—1)‘hxy1 ;. The
constant IV is a shift parameter and affects the position of the wavelet on the time
scale. For filters from the Daubechies family, a standard choicefor NV isthe number
of vanishing moments. See also Remark 3.3.4.

The matrix [ g’“ is a basis-changing matrix in 27 —*+1 dimensional space;
k
consequently, it is unitary.
Therefore,

Ly = [H}, G}] { gk ] = Hj, - H + G}, - Gy.
k
and

I:{Hk Hy-H, Hy -G

1o
Gk}'[Hka]—{Gkﬂ,; Gi G,
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Thisimplies,

Hk-H]Q:I, Gy, - ;CZI, Gk-H]Ic:Hk'G;CZO, andH,’g-HkJrG;c-Gk:I.

Now, for asequence y the J-step wavelet transformationisd = W - y, where

_ H2
H o

W = Gi]’Wz: {G2] e

L feh

.

e |

Wi . N

L Gl

Example4.3.2 Suppose that y = {1,0,-3,2,1,0,1,2} and the filter is ) = (ho,
h17 h27 h3) = (1+\/§ 3+\/§ 37\/5 17\/5

RV RO 4\/5).Then,J:3and'themattricesl&fk and
G}, areof dimension 23—F x 23-k+1,

[ hi he hy O 0 0 0 h
0 ho hi hs hy 0 0 0
0 0 O hy hi hy hy O
hs 0 0 0 O ho hi he
—hs hi —hg O 0 0 0 hs
o 0 hy —hs hi —hy O 0 0O
! 0 0 0 hy —hy hi —hy O
| ~hg 0 0 0 0 hy —hy M

H,

Since,

Hi- {2.19067, —2.19067,1.67303,1.15539}
Gy - {0.96593,1.86250, —0.96593, 0.96593}.

ISR S
I

Wiy = {2.19067, —2.19067, 1.67303, 1.15539 | 0.96593, 1.86250, —0.96593, 0.96593}.

I, — hi he hs ho G — —hy hi1 —ho hs
27 hy ho hi ho 27| —hg hs —hy hy |’

In this example, due to the lengths of the filter and the data, we can perform the
transformation for two steps only, Wy and 5.
Thetwo-step DAUB2 discrete wavelet transformation of y is

Wo-y = {1.68301, 0.31699 | —3.28109, —0.18301]0.96593, 1.86~250, —0.96593,0.96593},



EXERCISES 117

because
Hy-Hy-y = Hy- {2.19067, —2.19067,1.67303,1.15539}
= {1.68301,0.31699}
Gy -Hy-y = Gp-{2.19067,-2.19067,1.67303,1.15539}

= {-3.28109,—0.18301}.

The S+WAVELETS command

>dwt(c(1, 0, -3, 2, 1, 0, 1, 2), wavel et="d4"

, n.level s=2)

produces the same output.

4.4

4.1.
4.2.
4.3.
4.4.
4.5.

EXERCISES

Leth ={1,2,1}andy = {1,0,-3,2,1,0,1,2}. Find Hy and H?y.

What are the columnsin the 8 x8 matrix in Example 4.1.2?

Using the cascade algorithm, find ¢($),¥(1), and ¢(§) in Example4.2.1.
Show that for the Haar transformationand data {y 1, . . . , ya» }, coo = (v/2)"y.

By mimicking the proceduresin Fig. 4.6 and 4.7, perform Haar’s direct trans-
formation on the sequence {1, 2, ...,16}. Perform the inverse Haar transfor-
mation on {34, -16, —41/2 , —4v/2,—2,-2,-2,—-2, —/2/2, —v/2/2,—v/2/2,
—V2/2,—v2/2, —\/2/2,—/2/2,—/2/2}.



