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Abstract

Vendor managed inventory replenishment is a business practice in which vendors monitor their cus-
tomers’ inventories, and decide when and how much inventory should be replenished. The inventory
routing problem addresses the coordination of inventory management and transportation. It needs to
be solved to design a strategy that realizes the potential savings in inventory and transportation costs
brought about by vendor managed inventory replenishment. The inventory routing problem is hard,
especially if a large number of customers is involved. We formulate the inventory routing problem as
a Markov decision process, and we propose approximation methods to find good solutions with reason-
able computational effort. Computational results are presented for the direct delivery inventory routing

problem.



1 Introduction

The inventory routing problem (IRP) is one of the core problems that has to be addressed when implementing
the emerging business practice called vendor managed inventory replenishment (VMI). VMI is an innovative
approach to inventory management that shifts responsibility for replenishment decisions from the buyer
to the supplier. In a VMI partnership, the supplier makes the inventory replenishment decisions for the
consuming organization.

Suppliers are attracted to VMI for several reasons. First, VMI may reduce production and inventory
costs. Infrequent large orders from consumers force manufacturers to maintain surplus production capacity
or excessive finished goods inventory to ensure responsive customer service. VMI helps to dampen peaks
and valleys caused by orders, allowing smaller buffers of capacity and inventory. Second, VMI may reduce
transportation costs. By coordinating the resupply process for different customers, as opposed to responding
to orders when they come in, it may be possible to increase low-cost full truckload shipments and decrease
or eliminate high-cost less-than-truckload shipments. Furthermore, it may be possible to create more effi-
cient routes — for example, a single truck making multiple stops to replenish inventories for several nearby
customers. Finally, VMI may increase service levels. From a buyer’s perspective, service is usually mea-
sured by product availability. With VMI, coordination of inventory levels and deliveries across multiple
customers helps improve service. A non-critical delivery to one customer can be postponed for a day or two
to accommodate a critical delivery to another customer. Similarly, a smaller-than-usual replenishment to
one customer may enable a larger-than-usual shipment to another customer in dire need. Customers benefit
too, in that they are assured that their most critical needs will get the closest attention. Without VMI, the
supplier has a difficult task prioritizing customer shipments effectively.

Another important factor reponsible for the increasing popularity of VMI is the rapidly decreasing cost
of technology that allows the monitoring of customers’ inventories. VMI requires accurate and timely infor-
mation about the inventory status of customers.

If VMI is a win-win situation for both suppliers and buyers, and relatively cheap monitoring technology
is available, then it is natural to ask why VMI is not applied on a larger scale. The main reason is that it is a
complex task to develop an effective replenishment strategy that realizes the potential savings in production,
inventory and transportation costs through the coordination of these activities.

The inventory routing problem (IRP) addresses the coordination of inventory replenishment and trans-
portation, and is the topic of this paper. Specifically, we study the problem of determining optimal policies
for the distribution of a single product from a single supplier to multiple customers. For this purpose, the
supplier operates a fleet of homogeneous vehicles. The demands at the customers are assumed to have a
known probability distribution. The objective is to maximize the expected discounted value, incorporating
sales revenues, production costs, transportation costs, inventory holding costs, and shortage penalties, over
an infinite horizon.

In Section 2 the IRP is defined, and the related research is briefly reviewed. Section 3 presents a special



case of the IRP, namely the Direct Delivery IRP, and proposes an approximation method for hard instances
of this problem. Computational results are presented in Section 4, in which the solution values of the
proposed method are compared with the optimal values for small problems, as well as with the values of a
heuristic proposed in the literature for small and medium sized problems. Future research in this area is

briefly discussed in Section 5.

2 Problem Definition

2.1 Problem Description

A product is distributed from a plant to n customers, using a fleet of m homogeneous vehicles, each with
known capacity Cy . Each customer i has a known storage capacity C;, and a known demand probability
distribution F;. The demands on different days are independent and identically distributed. The supplier can
measure the inventory X,; of each customer ¢ at any time t. In practice these measurements are made with
sensors and transmitted with telecommunications equipment, and a cost is incurred each time a measurement
is made and transmitted. Because these measurement costs are rapidly decreasing, they are ignored in this
paper. In practice, and in our model, inventory levels are measured and decisions are made at regular time
intervals, usually once per day. Decisions are made regarding which customers’ inventories to replenish, how
much to deliver at each customer, how to combine customers into vehicle tours, and which vehicle tours to
assign to each of the m vehicles. We call such a decision an itinerary. A vehicle can perform more than one
tour per day, as long as all tours assigned to a vehicle together do not take more than a day to complete.
Thus all vehicles are available at the beginning of each day, when the tasks for that day are assigned.
Travel times t;; and travel costs ¢;; on the arcs (4, j) of the distribution network are known, and include
the time spent and the cost incurred at customers’ sites. If quantity d; is delivered at customer 4, a reward of
r;(d;) is earned. Because demand is uncertain, there is often a positive probability that a customer runs out
of stock, and thus shortages cannot always be prevented. Shortages are discouraged with a penalty p;(s;)
per day that the unsatisfied demand at customer ¢ is s;. If the inventory at customer i is x; at the beginning
of the day, an inventory holding cost of h;(x;) is incurred. The objective is to choose a distribution policy

that maximizes the expected discounted value (rewards minus costs) over an infinite time horizon.

2.2 Review of Related Research

The long-term dynamic and stochastic control problem presented above is extremely difficult to solve. There-
fore, almost all approaches that have been proposed and investigated up to now solve only a short-term
problem. In most of the early work, the short-term problems covered just a single day (Federgruen and Zip-
kin (1984), Golden, Assad, and Dahl (1984), Chien, Balakrishnan, and Wong (1989)). Later, the short-term
problems were expanded to several days (Fisher et al. (1982), Bell et al. (1983), Dror, Ball and Golden (1985),



Dror and Ball (1987), Trudeau and Dror (1992), Bard et al. (1996), Jaillet et al. (1997)). The approaches
differ mainly in how they decide which customers to include in the short-term problems and how they take
the long-term effects of short-term decisions into account. Another stream of research analyzed the asymp-
totic behavior of certain simple policies (Anily and Federgruen (1990, 1991), Gallego and Simchi-Levi (1990),
Bramel and Simchi-Levi (1995), Chan, Federgruen, and Simchi-Levi (1998)).

Minkov (1993) formulated the IRP as a Markov decision process (MDP), which is the modeling approach
followed by us as well. Unlike our model, his model focused on the case with an unlimited number of
vehicles. To overcome the computational difficulties caused by large state spaces, he proposed a decompo-
sition heuristic. The heuristic solves a linear program to allocate joint transportation costs to individual
customers, and then solves individual customer subproblems. The value functions of the subproblems are

added to approximate the value function of the combined problem.

2.3 Problem Formulation
We formulate the IRP as a discrete time Markov decision process with the following components:

1. The state z is the current inventory at each customer. Thus the state space X is [0,C] x [0,Cs] x

- x [0,C,). Let Xy € X denote the state at time ¢.

2. The action space A(x) for each state x is the set of all itineraries that satisfy the tour duration
constraints, such that the vehicles’ capacities are not exceeded, and the customers’ storage capacities

are not exceeded after deliveries. Let A; € A(X}:) denote the itinerary chosen at time ¢.

3. The known demand distribution gives a known Markov transition function @, according to which

transitions occur, i.e., for any state x € X, and any itinerary a € A(x),
PXiy1 € B| Xi =, A —a :/ Qldy | ,4]
B

4. A reward of r;(d) is earned for delivery of quantity d at customer . In addition, transportation costs,
which depend on the vehicle tours chosen, inventory holding costs h(z), and penalties p;(s) when
customers run out of inventory, are taken into account. Let g(z,a) denote the expected net reward if

the process is in state x at the beginning of the day, and itinerary a € A(x) is implemented.

5. The objective is to maximize the expected total discounted value over an infinite horizon. Let « € [0,1)
denote the discount factor. Let V*(x) denote the optimal expected value given that the initial state is
z, i.e.,
V*(z)= sup E
{Ad}Zo

The actions A; are restricted such that A; € A(X;) for each ¢, and A; has to depend only on the

D alg(Xy, A)| Xo == (1)

t=0

history (Xo, Ag, X1,...,X;) of the process up to time t, i.e., when we decide on an itinerary at time

t, we do not know what is going to happen in the future.



Under certain conditions that are not very restrictive, the optimal expected value in (1) is attained by a

policy in the class II of stationary deterministic policies. It follows that for any = € X,

V*(z) = supE" [Z atg (Xi, m(Xy))

7well t—0

Xo = x]
= {oway o [ Vo n.0) ®)
To determine an optimal policy, the optimality equation (2) has to be solved. This requires a number of
major computational tasks to be performed, including estimating the optimal value function V*, estimating
the integral in (2), and solving the maximization problem on the right hand side of (2) to determine the
optimal itinerary for each state. The conventional algorithms for solving MDPs are practical only if the
state space X’ is small, and the optimization problem on the right hand side can be solved efficiently. These
requirements are not satisfied by practical inventory routing problems, as the state space X is usually
extremely large, even if customers’ inventories are discretized, and the vehicle routing problem, which is NP-
hard, is a special case of the optimization problem on the right hand side of (2). Our approach is therefore
to develop approximation methods based on the MDP formulation above. Such an approximation method

is discussed in the next section, as applied to the specific case of the Direct Delivery IRP.

3 The Direct Delivery IRP

If the storage capacities and demands of the customers are sufficiently large relative to the vehicle capacity,
then it is often optimal to deliver full vehicle loads or nearly full vehicle loads to customers. Gallego and
Simchi-Levi (1990) analyzed a single-depot/multi-customer distribution system with constant demand rates,
and without shortages. Transportation cost porportional to the total distance travelled, a linear inventory
holding cost, and ordering cost at the customers are taken into account. They assumed availability of an
unlimited number of vehicles. They studied conditions under which direct delivery is an efficient policy.
A lower bound on the long-run average cost over all inventory-routing policies was derived, by adding the
average inventory holding and ordering costs, using a traditional economic lot sizing model, and the long run
transportation costs, obtained from the model of Haimovich and Rinnooy Kan (1985). An upper bound was
derived on the average cost of a particular direct delivery policy as a function of economic lot sizes (ELS)
of customers. It was concluded that the effectiveness (the ratio of the infimum of long-run average cost over
all policies to the long-run average cost of the direct delivery policy) is at least 94% when ELS exceeds 71%
of truck capacity.

Barnes-Schuster and Bassok (1997) studied a single-depot /multi-customer distribution system with ran-
dom demands over an infinite horizon. Linear inventory holding costs and transportation costs between the
depot and the retailers were incorporated. The fleet size was assumed to be unlimited. The objective was
to study the cost effectiveness for the depot of using a particular direct delivery policy. The policy delivers

as many full truck loads at a customer as the remaining capacity at the customer can accommodate. A



lower bound was developed for the expected long run average cost per period as a sum of the expected
inventory holding cost, using an infinite horizon newsvendor problem, and the expected transportation cost,
extending the bound developed by Haimovich and Rinnooy Kan (1985) for one retailer and a single period.
The policy of direct delivery with full truck loads was simulated and compared with the lower bound. The
results indicate that the policy performs well for situations where truck sizes are close to the means of the
customer demand distributions.

In this section we consider the problem where only one customer is visited on each vehicle tour. This
important special case of the IRP is called the direct delivery IRP (DDIRP). Although the hard routing and
delivery quantity decisions of the IRP are much easier if only one customer is visited on each vehicle tour,
the DDIRP is still a hard problem to solve if there are more than four customers and a limited number of
vehicles, due to the size of the state space. Because direct deliveries are important in practice, and to study
approximation methods without being hampered by hard routing problems, the DDIRP was investigated
first.

To solve the DDIRP, a method was developed to construct a good approximation V of the optimal value
function V*. Because transportation costs are separable over customers, the expected net reward per stage

g(z,a) is separable over customers,
n
g(z,a) = Zgi(iri,ai)
i=1

The only consideration that prevents the decomposition of the DDIRP into individual customer subproblems,
is the limited number of vehicles that have to be assigned to customers each day. Under an optimal policy
7*, the assignment of vehicles depends on the inventory levels at the customers. For a countable state space
X, let v*(z) denote the stationary probability of state  under optimal policy 7*, assuming the existence of
such stationary probabilities, unique for policy 7*. Then the conditional probability p;(k;|y;) that k; vehicles
are assigned to customer ¢ under optimal policy 7*, given that the inventory level at customer i is y;, is
given by

D {weXimi—yiynt (2)—ki} V()

Do (eexami—yy V(T

pz(kz|yz) =

Let f;(u;) denote the probability that the demand of customer ¢ is u;. Then, given the current inventory
level z; and delivery quantity d; at customer ¢, the probability g;(v;, ki|z;,d;) that under optimal policy
7", at the beginning of the next day the inventory level at customer i is y;, and k; vehicles are assigned to

customer 1, is given by

filxs +di — y3)ps (ks |ys;) ify; >0

¢i(Yi, kilzi, di) = - _
Y vi—zira, fi(u)pi(kilys)  ify; =0

if no backlog is allowed. These probabilities define a MDP for customer i, with state (x;, k;) denoting that

the inventory level at customer 7 is x; and k; vehicles can be dispatched to customer i. The admissible



actions a; when the state is (z;, k;), is the dispatching of up to k; vehicles to customer 4, and the delivery
of an amount of product constrained by the vehicle capacity Cy and the customer storage capacity C;. The
expected net reward per stage, given state (z;, k;) and action a;, is g;(x;, a;).

To construct an approximate value function V, these individual customer MDPs are formulated and
solved. To formulate these MDPs, the unknown probabilities p;(k;|y;) have to be estimated. These can be
estimated by simulating the DDIRP under a chosen policy, and by exploiting some of the known structure
of these probabilities, such as the fact that p;(0|y;) is nondecreasing in y;. Then the optimal values V;(z;, k;)
of the individual customer MDPs are computed. These computations do not require much computational
effort, as the state spaces of the individual customer MDPs are much smaller than that of the DDIRP. The
approximate value function Vis given by the optimal value of the following nonlinear knapsack problem.

Viz) = %%X;Vi(xm k;)

st. Y ki < m (3)
i=1

The idea is that the m vehicles are assigned to the n customers to maximize the values given by the resulting
individual customer MDPs. The nonlinear knapsack problem is easily solved using dynamic programming.
Although the resulting vehicle assignment may constitute a good policy, this knapsack problem is primarily
solved to obtain the value function ‘7, and the policy 7 is given by a maximizer in the optimality equation,
using V to approximate the values of future states, as follows.

T(x) € arg max g(z,a)+a Y Ply|zalV(y) (4)
yeX

This method can also be interpreted as a multistage lookahead method, whereby the knapsack problem
is solved to determine the tentative decision at the second stage, and the optimal value functions of the
individual customer MDPs give the objective function for the knapsack problem to take into account the
expected net reward from the second stage onwards.

The method described above can be improved using simulation embedded in an iterative algorithm. In
this approach, the approximate value function V is parameterized by a vector 8 of parameters, and is given

by

V(z,B) = Bo+ Y BiVilw, ki (x)) (®)
i=1
where kf(x),...,k%(z) is the optimal solution of the nonlinear knapsack problem (3). The probabilities

pi(ki|y;) and the parameters § are updated by the simulation to improve the quality of the approximation.
One such method is the following algorithm, that is similar to an algorithm called approximate policy

iteration by Bertsekas and Tsitsiklis (1996).

Algorithm
1. Start with an initial policy mg. Set ¢t = 0.



. Simulate the DDIRP under policy 7; to estimate the probabilities p;(k;|y;).

. Formulate and solve the individual customer MDPs.

2

3

4. Policy m is given by (4), where V is given by (3).

5. For a number of iterations, do steps 6 through 9.

6. Set t =t+1.

7. Simulate the DDIRP under policy m; to update the estimates of the probabilities p;(k;|y;) and the
parameters 3. Stochastic approximation and/or Kalman filter methods can be used, as explained in the
following paragraphs.

8. With the updated estimates of the probabilities p;(k;|y;), formulate and solve the updated individual
customer MDPs.

9. Policy 741 is given by (4), where V is given by (5).

Van Roy et al. (1997) used a similar approach, called neuro-dynamic programming, to develop an ap-
proximation method for a retailer inventory management problem, that was introduced by Nahmias and
Smith (1994). However, the type of value function approximation proposed above is quite different from
that of Van Roy et al.

The estimates p; (k;|y;)s of the probabilities p;(k;|y;) at each transition s of the simulation, are updated as
follows. Let the state of customer ¢ at transition s of the simulation be denoted by z;,, and let the number of
vehicles dispatched to customer ¢ be denoted by k;s. Let N(s,y;) denote the number of times that customer

1 has been in state y; by transition s of the simulation. Then

(No+N(s,y:i))pi(kilyi)s+1
No+N(s,yi)+1

if Tis = Y and kis = kl

pi(kilyi)st1 = (NOJ;v](\)ffl’\?(i?;i)(ﬁlyi)ﬁ if ;5 = y; and ks # k;
pi(kilyi)s if @5 # ys

where Ny represents a weight, equivalent to Ny observations, assigned to the initial estimate p;(k;|y;)o. Tt
follows that p;(k;|y;)s — pi(kily;) as s — oo with probability 1 for all states y; that are visited infinitely
often, i.e., for all states y; such that N(s,y;) — oo as s — oo. Convergence with probability 1 can also be
established for more general update methods.

The parameter estimates 3, can be updated as follows using stochastic approximation methods. At each
transition s of the simulation, when the state is z;, (note that notation is abused somewhat, since x; denotes

the state of customer ),
Bst1 = Bs +7Vsdszs
where ~; is the step size at iteration s,
dy = g(wam(2:) +aV(2ar1,8:) = V(wa, 5:)
is the temporal difference, or

dy = g(we,m(xs)) +a Y Ply|ze,m(z)V(y, Bs) = V(xs, 5s)
yeX



is the expected temporal difference,
Zs = QAzg_1 + v,ﬁv(xsaﬂs)

is the eligibility vector, A € [0, 1] is a memory parameter, and V@V(xs, 0s) has components 8‘7(905, 08s)/08s0 =
1, 8‘7(335,&)/0,6’51- = Vi(zg, kf(zs)) for i =1,... ,n, and kj(zs),... ,k}(z,) is the optimal solution of non-
linear knapsack problem (3). Bertsekas and Tsitsiklis (1996) have shown that, under mild conditions, with
probability 1, as s — oo, the parameters 3; converge to the parameters that give the best approximation of
the value function V™ of the current policy 7, using the approximation based on the current set of basis
functions. In this case the basis functions are the optimal value functions V;(z;, kX (z)) of the individual
customer MDPs. The parameters give the best approximation of the value function V™ in the following
sense. Let v™(z) denote the stationary probability of state z under policy 7;, again assuming the existence
of such unique stationary probabilities for policy m;. Then, if A = 1, the parameters (s converge to the
optimal solution of

manu [vw ) — V(z, 5)]2 (6)

zeX

The parameters 3 can also be estimated as follows. The value function V™ of policy 7; satisfies

VTi(z) = g(x,m(z —i—aZP | z, 7 (2) ]V (y)
yeX

Then it seems natural to choose the parameters § to be the optimal solution of
2

min Y vm(@) |V(z,8) — | gz, m(2) +a Y Ply|z,m(@)]V(y,5) (7)

©€X yex

This approach is called a Bellman error method. The optimal solutions of (6) and (7) are not the same in gen-
eral. However, from our computational experience, they are usually quite similar for the DDIRP. The corre-
sponding parameter estimates 3 can be computed as follows. Let the state at transition s of the simulation be
denoted by z,, and let V(x5) = (1—a, Vi (w15, kf (25)) = 3y c o Py | 2 7o (@) Vi (W1, K (1)), -+ s Vi@, b () —
adex Ply | s, m(25)Va(yn, k7, (y))) denote the column vector of basis function values corresponding to (7).
Let My = 0 be an (n+1) x (n+ 1) matrix, and let M, = M, +V (25)V (2,)7. Let Yo = 0 be an (n+1) x 1
matrix, and let Y11 = Y, + ‘N/(xs)g(xs,wt(:rs)). Then 3, is the solution of the system of linear equations
M3s =Y. The solution is unique if M is nonsingular, for which it is necessary that s > n 4+ 1. Of course,
it is not necessary to compute 35 at every transition s, but only when stopping criteria are to be checked.
If the Markov chain under policy 7; is unichain, then the parameters (3, converge to the optimal solution

of (7) as s — oo with probability 1.

4 Computational Results

We have conducted various computational experiments to establish the viability of the proposed method.

Our goals were to verify the correctness of our implementation, to establish the quality of the resulting



policies, and to identify the most time consuming components of the approach.

At this stage, the focus has been on establishing the quality of the policies produced by our algorithm.
In a first set of experiments, the value functions of the policies produced by our algorithm were compared
with the optimal value functions as well as the value functions of the policies produced by the method
proposed by Chien, Balakrishnan, and Wong (1989) (CBW). This was done for several small instances of the
DDIRP with varying characteristics, in terms of costs, customer storage capacities and demand probability
distributions. The instances were small enough for the optimal value functions to be computed, and for exact
policy evaluation to be performed. In a second set of experiments, we took several larger instances, again
with varying characteristics, and compared the values of the policies produced by our algorithm to the values
of the policies produced by the CBW method. They developed an integer programming based single-day
model, in which long-term effects are taken into account by passing information from one day to the next.
We adapted the CBW method to take the rewards and costs of the DDIRP into account. An integer program
is formulated that maximizes the daily profit, which consists of revenue per unit delivered, transportation
costs, inventory holding costs, and shortage costs. The integer program determines an assignment of vehicles
to customers for each day. Once a solution is found for one day, the results are used to modify the rewards
and costs for the next day. Unsatisfied demand at a customer in one day causes an increased revenue per
unit delivered for that customer the next day. We used simulation to evaluate the performance of the policies
for the larger instances. Starting at several initial states, both the policy produced by our algorithm and the
policy of CBW were simulated. The integer program that forms the basis of the approach of CBW is given
in Appendix A, and the problem instances used in both sets of experiments are given in Appendix B.

The preliminary results are promising. Table 1 shows the maximum percentage differences over all states
between the value functions V™, V72, V7 and VEBW  and the optimal value function V* for problem
instances given in Appendix B. The initial policy m is given by the optimal solution to the nonlinear
knapsack problem (3), the second policy 7o is obtained after one iteration of our algorithm, and the third
policy 73 is obtained after two iterations of our algorithm. VEBW is the value function of the method of
Chien, Balakrishnan, and Wong. The value functions were computed using the Gauss-Seidel policy evaluation
algorithm. The results show that for these instances, the policies produced by our method are very close to
optimal and are consistently better than the policy of CBW. Figure 1 shows V*, V™1, V™2 V73 and V¢BW
for instance 3. It is not only the maximum differences between V™ and V* which are smaller than the
maximum differences between VEEW and V*, but V™, V™ and V™ are consistently better than V¢EW
for all states.

For larger instances, the Gauss-Seidel policy evaluation algorithm cannot be used to compute the value
functions. The most important reason for this is that the number of states becomes too large, and the
available computer memory is not sufficient to store the values of all the states. For larger instances, policies
w3 and wopw were evaluated by randomly choosing a number of initial states, and simulating the system

under the different policies starting from the chosen initial states. Each replication produced a sample
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Max percentage difference
Instance ™ o T3 TOBW
1 0.18% | 0.002% | 0.002% [ 0.54%
2 1.93% | 0.22% [ 0.15% 5.22%
3 1.76% | 0.009% | 0.009% || 10.02%
4 0.84% | 0.15% | 0.10% | 16.36%

Table 1: Maximum percentage difference, max cx {1 — V™(x)/V*(z)}, between optimal value functions V*
and value functions V™, V™2, V7™ and VEBW | for problem instances given in Appendix B, obtained using

Gauss-Seidel policy evaluation.

X .

[3r)
,9 10.2 —— Optimal value
*® —8— Policy 1
'cE@ Policy 2
> —%— Policy 3
—*— CBW policy
9.8
9.4 T T T T T T T T T
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Inventory at customer 3 (X ;)

VCBVV

Figure 1: Optimal value function V*, value functions V™, V™ V7™  and , as a function of the

inventory at customer 3, for instance 3 given in Appendix B.

path over a relatively long but finite time horizon of 800 time periods. The length of the time horizon was
chosen to bound the discounted truncation error to less than 0.01. Six sample paths were generated for each
combination of policy and initial state, for each instance. The results are shown in Table 2. Also shown
are the sample averages p and sample standard deviations o over the six sample paths, as well as intervals
(1 —20, 4+ 20). As can be seen from the results, policy 73 consistently performed better than policy mopw .
The relative amounts by which policy w3 performed better than policy m¢gw varied widely from instance
to instance. We are investigating how these performance differences are related to the characteristics of the

instances.
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Instance 5

Initial State | Policy Replicates for Values (x1073) m o w—20 | p+20
1,4,3,2,0 T3 81.47 | 81.37 | 81.31 [ 82.33 | 81.72 | 80.63 81.47 | 0.55 80.37 82.58
wepw | 78.80 | 79.13 | 79.82 | 77.80 | 79.40 | 78.42 78.89 | 0.72 77.45 80.34

3,6,0,5,7 T3 81.09 | 80.39 | 79.97 [ 80.48 [ 80.67 | 81.15 80.63 | 0.45 79.73 81.52
wecpw | 78.61 | 7854 | 7895 | 77.09 | 78.65 | 77.88 78.29 | 0.68 76.92 79.66

5,1,1,4,4 T3 81.77 | 81.51 | 81.42 [ 80.43 | 81.30 | 81.25 81.28 | 0.46 80.37 82.19

wcpw | 78.84 | 78.48 | 79.36 | 77.18 | 79.11 | 78.35 || 78.55 | 0.77 77.01 80.10

7,7,2,1,5 T3 79.82 | 81.07 | 80.39 | 80.86 | 80.43 | 80.91 || 80.58 | 0.46 79.66 81.50
wcpw | 78.55 | 78.12 [ 78.60 | 76.66 | 78.39 | 77.89 || 78.03 | 0.72 76.58 79.48

Instance 6
Initial State | Policy Replicates for Values (x1073) m o w—20 | p+20
6,2,3,7,3 T3 74.15 | 75.67 | 74.87 | 76.14 | 77.10 | 74.84 75.46 | 1.06 73.34 77.59
wepw | 69.56 | 69.20 | 68.82 | 70.02 | 69.92 | 68.55 69.34 | 0.59 68.16 70.53
0,10,0,10,4 T3 75.27 | 75.70 | 75.15 | 76.43 | 77.28 | 75.19 75.84 | 0.86 74.12 77.55
wepw | 7073 | 69.79 | 69.52 | 70.53 | 71.36 | 68.58 70.09 | 0.99 68.10 72.07
2,5,0,10,9 T3 74.86 | 74.17 | 74.16 | 75.33 | 76.97 | 74.62 75.02 | 1.05 72.91 77.13

wcpw | 70.18 | 69.09 [ 69.30 | 70.25 [ 70.05 | 68.03 || 69.48 | 0.86 67.76 71.21

10,6,8,6,0 T3 74.42 | 73.62 | 73.54 | 74.86 | 75.94 | 74.16 || 74.42 | 0.89 72.64 76.21
wcpw | 69.74 | 69.68 [ 68.82 [ 69.79 [ 69.45 | 67.57 || 69.18 | 0.86 67.45 70.90

Instance 7
Initial State | Policy Replicates for Values (x1073) m o w—20 | p+20
2,3,0,5,6,4 T3 52.18 | 52.64 | 53.16 | 52.81 | 54.81 | 54.04 53.27 | 0.98 51.32 55.23
mcpw | 41.51 | 38.56 | 40.80 | 39.20 | 41.60 | 41.17 || 40.48 | 1.28 37.91 43.04
1,6,6,6,6,3 T3 51.70 | 52.06 | 52.58 | 52.12 | 54.75 | 53.28 52.75 | 1.12 50.51 54.99
wepw | 41.32 | 37.99 | 39.65 | 38.48 | 40.19 | 39.79 39.57 | 1.20 37.17 41.97
3,0,1,5,5,3 T3 52.03 | 52.90 | 53.32 | 52.93 | 55.44 | 56.01 53.77 | 1.58 50.61 56.94

wcpw | 41.94 | 39.24 [ 40.67 | 39.72 [ 43.15 | 43.84 || 41.43 | 1.86 37.71 45.15

6,4,2,4,0,2 T3 52.07 | 53.06 | 53.14 | 52.78 | 55.39 | 52.83 || 53.21 | 1.13 50.95 55.48
wcpw | 40.52 | 37.74 | 37.72 [ 39.09 | 42.97 | 40.49 || 39.76 | 2.01 35.74 43.77

Instance 8
Initial State | Policy Replicates for Values (x1073) m o w—20 | p+20
3,4,0,7,8,6 3 65.27 | 64.83 | 65.65 | 64.97 | 64.61 64.02 64.89 | 0.56 63.77 66.01

wcBw | 36.52 | 35.77 | 34.33 | 40.11 | 37.24 | 35.34 || 36.55 [ 2.01 32.54 40.57

1,8,8,8,8,4 T3 65.07 | 64.33 | 65.44 | 64.76 | 64.49 | 65.14 || 64.87 | 0.42 64.03 65.71
mcpw | 36.14 | 35.59 | 32.41 [ 39.72 [ 35.90 | 37.98 || 36.29 | 2.46 31.36 41.22
4,0,1,6,6,4 T3 65.72 | 65.256 | 65.81 | 65.43 [ 65.17 | 65.36 || 65.46 | 0.26 64.94 65.97

wcpw | 37.35 | 36.05 | 33.10 | 40.94 [ 39.24 | 35.21 || 36.98 | 2.83 31.33 42.64

7,5,2,5,0,3 T3 65.67 | 64.93 | 66.04 | 65.36 | 64.87 | 64.76 || 65.27 | 0.51 64.26 66.28
wcpw | 38.25 | 36.12 | 34.48 | 40.41 | 38.02 | 40.22 || 37.92 | 2.31 33.30 42.54

Table 2: Values V7™ and VCEW for problem instances given in Appendix B, obtained using simulation.
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5 Future Work

The methods and results described in this paper represent only the initial stages of our research on the IRP.
Much work remains to be done before some of the large IRPs encountered in practice can be solved. Even
for the DDIRP several computational issues need to be addressed before larger instances can be solved.
As the number of customers increases, the size of the action space A(x) increases rapidly. Thus methods
should be developed to determine the best action, or at least a good action, in A(z), without enumerating
all actions in A(x). The effort required to compute the expected value in (4) also increases as the number of
customers increases, and thus there is a need for fast approximation methods to estimate the expected value.
The convergence of the parameter estimates (s is slow, especially when using stochastic approximation.
Improvements in convergence rates will also improve the usefulness of the proposed approach.

An important extension of our work involves routing vehicles to more than one customer on a delivery
tour. This version of the IRP is likely to be much harder than the DDIRP, since the optimization problem
on the right hand side of (2) is much harder for the IRP than for the DDIRP. In the case of the IRP,
this optimization problem involves solving both a vehicle routing problem, which is NP-hard, as well as
determining the optimal quantities to be delivered to each customer on a delivery tour, which involves
solving a nonlinear optimization problem with a nonunimodal objective function, as shown in Campbell et
al. (1997).

Other issues that have to be addressed before IRPs can be solved in practice, include the estimation of the
problem parameters. These include the rewards and costs, as well as the demand distributions. Estimating
these parameters from noisy data lead to hard statistical and optimization problems. It is surprising how
little work has been done in this area, since it is clear that the estimation of problem parameters from data

is an essential activity for the formulation and solution of practical optimization problems.
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Appendix A

In this appendix, we present a slightly modified version of the method proposed by Chien, Balakrishnan,
and Wong (1989) (CBW), adapted for the DDIRP. At the start of each day, an integer program is solved

to determine the vehicle assignments for that day. The parameters and variables of the integer program are

given in the following table.

n:

Tt

U

Number of customers

Revenue earned per unit delivered to customer i
Round-trip travel cost between depot and customer 4
Holding cost per unit stored in inventory at customer ¢
Penalty per unit short at customer

Storage capacity of customer ¢

Initial inventory at customer ¢

Estimate of the demand of customer ¢

Number of vehicles

Vehicle capacity (for all vehicles)

Quantity delivered at customer ¢ by vehicle j

1 if vehicle j is assigned to customer ¢, 0 otherwise
Lower bound on the final inventory at customer ¢

Upper bound on the shortage at customer

The integer program is given below.

Maximize Zridij — ZCiyij — % Z hz Xz + de + 5z — sznz

subject to

¥ ¥ J

> dij < Ci—X;, Vi
J

di; — Cyyi; <0, Vi, j
Xi+ > dij—D; <6 Vi
J
Xi+zdij*Di < 7 Vi
J

Yij binary Vi,

Constraints (9) ensure that the total amount of product delivered to a customer does not exceed the

customer’s remaining capacity. Constraints (10) ensure that the amount of product delivered to a customer
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by a single vehicle is no more than the vehicle capacity. Constraints (11) ensure that a vehicle is assigned
to at most one customer. Constraints (12) and (13) determine, for each customer, the final inventory or
shortage at the end of the day. The inventory at the end of the day is computed as max{0, X; + > y d;;—D;},
where D; is taken to be the maximum demand as suggested by CBW. Likewise, shortage is computed as
max{0,—X; — > ; d;; + D;}. Note that by the choice of D;, the holding costs are underestimated and the
shortage costs are overestimated. This may result in a conservative low-risk policy.

The objective function consists of four parts: the revenue earned, the transportation cost, the inventory
holding cost and the shortage cost. As proposed by CBW, the revenue earned per unit is given by r; + p; or
r; depending on whether or not there was a shortage in the previous period. Their model has been modified
slightly by incorporating a linear inventory holding cost given by half the sum of inventory after delivery
and inventory at the end of the day, times the per unit holding cost. We have also assumed that shortages
occur at the end of the day and are discounted at a rate « to the beginning of the day. Finally, it is assumed

that the depot has an unlimited supply of the product.
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Appendix B

Instances for which the optimal value functions were computed.

n=4,m=3,Cy =3, a=0.98
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Instance 1
¢ || Cs i G | o | pi| b
1 2 3 4 5
1 5 0202]|02]02]02]|50( 8 |50 |15
2 5 0 | 05 0 |04 ] 01|20 100 | 50 | 15
3 5 04101]02]01]02]|20]( 8 |50 | 15
n=3, m=2 Cy =5, a=0.98
Instance 2
i || Cs fi ¢ i | pi | hi
0|1 3 4 5 6 |7|8|9]| 10
1] 10]0]0 0.5 0 0 |0o|jJO|]O|O]|O5]|120| 8 | 40 | 10
2)l10]0]0 0 |05 0 l0ojJo]jJO|O|O05]| 8 80 | 50 | 5
3l10fo|o0 0 0 |[05]0|0f0|0]05]120]| 100 | 50 | 5
n=3 m=2,Cy =17 a=0.98
Instance 3
il G i ¢ | 7| pi | hi
0 1 2 3 4 5 6 7 8 9 10
1 mwjoforjo1jo01jo01r|{o1|01]01]01f01|01]120]|8 |50 5
2|f1wo0f(0)01}j01}01|01|01]01f01f01]01]01]120]| 80 |50]| 5
3ff1wo0}jofor}|o01{01}01}01|01]01]01f01[01]120]|8 |50 5
n=3, m=2 Cy =5, a=0.98
Instance 4
¢ || Cs i ci | T | pi| h
0 1 2 3 4
1 4 10 0 0.5 0 0.5 | 100 | 80 | 50 | 5
2 4 0] 025] 05 0 0.25 | 120 | 80 | 50 | 10
3 4 10 0 0.5 | 025|025 | 120 | 80 | 50 | 5
4 4 0] 0.5 0 0 0.5 | 100 | 80 | 60 | 4




Instances evaluated with simulation.
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Instance 5
i Ci fi G | o | pi | b
1 2 3 4 5 6 7
1 8 0.4 0 0.1 0.1 0 0 0.2 0.2 40 | 100 [ 50 2
2 8 0.1 0 0 0.4 0.4 0 0 0.1 30 | 120 [ 50 3
3 8 0.125 | 0.125 | 0.125 | 0.125 | 0.125 | 0.125 | 0.125 | 0.125 | 45 80 70 5
4 8 0 0 0.3 0.3 0.3 0.1 0 50 80 40 | 4
5 8 0 0.1 0.2 0 0.2 0 0.2 0.3 40 80 30 3
n=5 m=3,Cy =8, a=0.98
Instance 6
il Cs fi ¢ ri | pi | hi
1 2 3 4 5 6 7 8 9 10
1 10 0 021]103] 04 0 0 0 0 0 0.1 100 | 180 | 40 | 15
2 10 0 0 0 04 | 04 0 0 0 0 0.2 | 100 80 50 5
3 10 0.4 0 0 0 0 0 0 0.5 0 0.1 120 40 30 | 15
4 10 0 0 0.3 0 0 0.3 0 0.3 0 0.1 140 80 25 5
5 10 0 0.1 1] 0.2 0 0.2 0 0.2 0 0.2 | 0.1 120 | 120 | 50 | 15
n=5 m=3,Cy =8, a=0.98
Instance 7
i || Ci fi G | ri | pi| ha
0 1 2 3 4 5 6
1 6 0 0 0.5 0 0.5 0 0 60 | 80 | 40 5
2 6 0010103 |03]01]01]50] 80| 50 8
3 6 0 0 0.5 0 0 0 0.5 ] 40 | 8 | 30 5
4 6 0010103 |03]01]01]40] 80| 20 5
5 6 0|05 0 0 0 0.5 0 50 | 80 [ 50 | 15
6 6 00101 03|03]01]01]60] 80| 70 5
n=6,m=4,Cy =5, a =0.98
Instance 8
Ci fi ci | mi | pi| B
0 1 2 3 4 5 6 7 8
8 0 0 0 0 0.5 0 0 0| 05| 100 [ 80 [ 40 5
8 0 0 0 0.5 0 0 0 0| 05| 100 [ 80 [ 50 5
8 0 0 0 0 0 0.5 0 0| 05| 120 | 80 [ 30 | 15
8 0 0 0.5 0 0 0 0 0| 05| 120 [ 80 [ 20 5
8 0 0 0 0 0 0 051005 120 | 80 [ 50 | 15
8 0| 0.5 0 0 0 0 0 0|05 ] 120 [ 80 | 70 5
n=6,m=5 Cy =6, a=0.98




