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� , QWU RGXFWLRQ

7KH LQYHQWRU\ URXWLQJ SUREOHP �,53� LV RQH RI WKH FRUH SUREOHPV WKDW KDV WR EH DGGUHVVHG ZKHQ LPSOHPHQWLQJ

WKH HPHUJLQJ EXVLQHVV SUDFWLFH FDOOHG YHQGRU PDQDJHG LQYHQWRU\ UHSOHQLVKPHQW �90,�� 90, LV DQ LQQRYDWLYH

DSSURDFK WR LQYHQWRU\ PDQDJHPHQW WKDW VKLIWV UHVSRQVLELOLW\ IRU UHSOHQLVKPHQW GHFLVLRQV IURP WKH EX\HU

WR WKH VXSSOLHU� ,Q D 90, SDUWQHUVKLS� WKH VXSSOLHU PDNHV WKH LQYHQWRU\ UHSOHQLVKPHQW GHFLVLRQV IRU WKH

FRQVXPLQJ RUJDQL]DWLRQ�

6XSSOLHUV DUH DWWUDFWHG WR 90, IRU VHYHUDO UHDVRQV� )LUVW� 90, PD\ UHGXFH SURGXFWLRQ DQG LQYHQWRU\

FRVWV� ,QIUHTXHQW ODUJH RUGHUV IURP FRQVXPHUV IRUFH PDQXIDFWXUHUV WR PDLQWDLQ VXUSOXV SURGXFWLRQ FDSDFLW\

RU H[FHVVLYH pQLVKHG JRRGV LQYHQWRU\ WR HQVXUH UHVSRQVLYH FXVWRPHU VHUYLFH� 90, KHOSV WR GDPSHQ SHDNV

DQG YDOOH\V FDXVHG E\ RUGHUV� DOORZLQJ VPDOOHU EXoHUV RI FDSDFLW\ DQG LQYHQWRU\� 6HFRQG� 90, PD\ UHGXFH

WUDQVSRUWDWLRQ FRVWV� %\ FRRUGLQDWLQJ WKH UHVXSSO\ SURFHVV IRU GLoHUHQW FXVWRPHUV� DV RSSRVHG WR UHVSRQGLQJ

WR RUGHUV ZKHQ WKH\ FRPH LQ� LW PD\ EH SRVVLEOH WR LQFUHDVH ORZ�FRVW IXOO WUXFNORDG VKLSPHQWV DQG GHFUHDVH

RU HOLPLQDWH KLJK�FRVW OHVV�WKDQ�WUXFNORDG VKLSPHQWV� )XUWKHUPRUH� LW PD\ EH SRVVLEOH WR FUHDWH PRUH Hr�

FLHQW URXWHV _ IRU H[DPSOH� D VLQJOH WUXFN PDNLQJ PXOWLSOH VWRSV WR UHSOHQLVK LQYHQWRULHV IRU VHYHUDO QHDUE\

FXVWRPHUV� )LQDOO\� 90, PD\ LQFUHDVH VHUYLFH OHYHOV� )URP D EX\HU
V SHUVSHFWLYH� VHUYLFH LV XVXDOO\ PHD�

VXUHG E\ SURGXFW DYDLODELOLW\� :LWK 90,� FRRUGLQDWLRQ RI LQYHQWRU\ OHYHOV DQG GHOLYHULHV DFURVV PXOWLSOH

FXVWRPHUV KHOSV LPSURYH VHUYLFH� $ QRQ�FULWLFDO GHOLYHU\ WR RQH FXVWRPHU FDQ EH SRVWSRQHG IRU D GD\ RU WZR

WR DFFRPPRGDWH D FULWLFDO GHOLYHU\ WR DQRWKHU FXVWRPHU� 6LPLODUO\� D VPDOOHU�WKDQ�XVXDO UHSOHQLVKPHQW WR

RQH FXVWRPHU PD\ HQDEOH D ODUJHU�WKDQ�XVXDO VKLSPHQW WR DQRWKHU FXVWRPHU LQ GLUH QHHG� &XVWRPHUV EHQHpW

WRR� LQ WKDW WKH\ DUH DVVXUHG WKDW WKHLU PRVW FULWLFDO QHHGV ZLOO JHW WKH FORVHVW DWWHQWLRQ� :LWKRXW 90,� WKH

VXSSOLHU KDV D GLrFXOW WDVN SULRULWL]LQJ FXVWRPHU VKLSPHQWV HoHFWLYHO\�

$QRWKHU LPSRUWDQW IDFWRU UHSRQVLEOH IRU WKH LQFUHDVLQJ SRSXODULW\ RI 90, LV WKH UDSLGO\ GHFUHDVLQJ FRVW

RI WHFKQRORJ\ WKDW DOORZV WKH PRQLWRULQJ RI FXVWRPHUV
 LQYHQWRULHV� 90, UHTXLUHV DFFXUDWH DQG WLPHO\ LQIRU�

PDWLRQ DERXW WKH LQYHQWRU\ VWDWXV RI FXVWRPHUV�

,I 90, LV D ZLQ�ZLQ VLWXDWLRQ IRU ERWK VXSSOLHUV DQG EX\HUV� DQG UHODWLYHO\ FKHDS PRQLWRULQJ WHFKQRORJ\

LV DYDLODEOH� WKHQ LW LV QDWXUDO WR DVN ZK\ 90, LV QRW DSSOLHG RQ D ODUJHU VFDOH� 7KH PDLQ UHDVRQ LV WKDW LW LV D

FRPSOH[ WDVN WR GHYHORS DQ HoHFWLYH UHSOHQLVKPHQW VWUDWHJ\ WKDW UHDOL]HV WKH SRWHQWLDO VDYLQJV LQ SURGXFWLRQ�

LQYHQWRU\ DQG WUDQVSRUWDWLRQ FRVWV WKURXJK WKH FRRUGLQDWLRQ RI WKHVH DFWLYLWLHV�

7KH LQYHQWRU\ URXWLQJ SUREOHP �,53� DGGUHVVHV WKH FRRUGLQDWLRQ RI LQYHQWRU\ UHSOHQLVKPHQW DQG WUDQV�

SRUWDWLRQ� DQG LV WKH WRSLF RI WKLV SDSHU� 6SHFLpFDOO\� ZH VWXG\ WKH SUREOHP RI GHWHUPLQLQJ RSWLPDO SROLFLHV

IRU WKH GLVWULEXWLRQ RI D VLQJOH SURGXFW IURP D VLQJOH VXSSOLHU WR PXOWLSOH FXVWRPHUV� )RU WKLV SXUSRVH� WKH

VXSSOLHU RSHUDWHV D qHHW RI KRPRJHQHRXV YHKLFOHV� 7KH GHPDQGV DW WKH FXVWRPHUV DUH DVVXPHG WR KDYH D

NQRZQ SUREDELOLW\ GLVWULEXWLRQ� 7KH REMHFWLYH LV WR PD[LPL]H WKH H[SHFWHG GLVFRXQWHG YDOXH� LQFRUSRUDWLQJ

VDOHV UHYHQXHV� SURGXFWLRQ FRVWV� WUDQVSRUWDWLRQ FRVWV� LQYHQWRU\ KROGLQJ FRVWV� DQG VKRUWDJH SHQDOWLHV� RYHU

DQ LQpQLWH KRUL]RQ�

,Q 6HFWLRQ � WKH ,53 LV GHpQHG� DQG WKH UHODWHG UHVHDUFK LV EULHq\ UHYLHZHG� 6HFWLRQ � SUHVHQWV D VSHFLDO
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FDVH RI WKH ,53� QDPHO\ WKH 'LUHFW 'HOLYHU\ ,53� DQG SURSRVHV DQ DSSUR[LPDWLRQ PHWKRG IRU KDUG LQVWDQFHV

RI WKLV SUREOHP� &RPSXWDWLRQDO UHVXOWV DUH SUHVHQWHG LQ 6HFWLRQ �� LQ ZKLFK WKH VROXWLRQ YDOXHV RI WKH

SURSRVHG PHWKRG DUH FRPSDUHG ZLWK WKH RSWLPDO YDOXHV IRU VPDOO SUREOHPV� DV ZHOO DV ZLWK WKH YDOXHV RI D

KHXULVWLF SURSRVHG LQ WKH OLWHUDWXUH IRU VPDOO DQG PHGLXP VL]HG SUREOHPV� )XWXUH UHVHDUFK LQ WKLV DUHD LV

EULHq\ GLVFXVVHG LQ 6HFWLRQ ��

� 3 U REOHP 'HpQLWLRQ

��� 3 U REOHP 'HVFU LSWLRQ

$ SURGXFW LV GLVWULEXWHG IURP D SODQW WR Q FXVWRPHUV� XVLQJ D qHHW RI P KRPRJHQHRXV YHKLFOHV� HDFK ZLWK

NQRZQ FDSDFLW\ &9 � (DFK FXVWRPHU L KDV D NQRZQ VWRUDJH FDSDFLW\ &L� DQG D NQRZQ GHPDQG SUREDELOLW\

GLVWULEXWLRQ )L� 7KH GHPDQGV RQ GLoHUHQW GD\V DUH LQGHSHQGHQW DQG LGHQWLFDOO\ GLVWULEXWHG� 7KH VXSSOLHU FDQ

PHDVXUH WKH LQYHQWRU\ ;LW RI HDFK FXVWRPHU L DW DQ\ WLPH W� ,Q SUDFWLFH WKHVH PHDVXUHPHQWV DUH PDGH ZLWK

VHQVRUV DQG WUDQVPLWWHG ZLWK WHOHFRPPXQLFDWLRQV HTXLSPHQW� DQG D FRVW LV LQFXUUHG HDFK WLPH D PHDVXUHPHQW

LV PDGH DQG WUDQVPLWWHG� %HFDXVH WKHVH PHDVXUHPHQW FRVWV DUH UDSLGO\ GHFUHDVLQJ� WKH\ DUH LJQRUHG LQ WKLV

SDSHU� ,Q SUDFWLFH� DQG LQ RXU PRGHO� LQYHQWRU\ OHYHOV DUH PHDVXUHG DQG GHFLVLRQV DUH PDGH DW UHJXODU WLPH

LQWHUYDOV� XVXDOO\ RQFH SHU GD\� 'HFLVLRQV DUH PDGH UHJDUGLQJ ZKLFK FXVWRPHUV
 LQYHQWRULHV WR UHSOHQLVK� KRZ

PXFK WR GHOLYHU DW HDFK FXVWRPHU� KRZ WR FRPELQH FXVWRPHUV LQWR YHKLFOH WRXUV� DQG ZKLFK YHKLFOH WRXUV WR

DVVLJQ WR HDFK RI WKH P YHKLFOHV� :H FDOO VXFK D GHFLVLRQ DQ LWLQHUDU\� $ YHKLFOH FDQ SHUIRUP PRUH WKDQ RQH

WRXU SHU GD\� DV ORQJ DV DOO WRXUV DVVLJQHG WR D YHKLFOH WRJHWKHU GR QRW WDNH PRUH WKDQ D GD\ WR FRPSOHWH�

7KXV DOO YHKLFOHV DUH DYDLODEOH DW WKH EHJLQQLQJ RI HDFK GD\� ZKHQ WKH WDVNV IRU WKDW GD\ DUH DVVLJQHG�

7UDYHO WLPHV WLM DQG WUDYHO FRVWV FLM RQ WKH DUFV �L� M� RI WKH GLVWULEXWLRQ QHWZRUN DUH NQRZQ� DQG LQFOXGH

WKH WLPH VSHQW DQG WKH FRVW LQFXUUHG DW FXVWRPHUV
 VLWHV� ,I TXDQWLW\ GL LV GHOLYHUHG DW FXVWRPHU L� D UHZDUG RI

UL�GL� LV HDUQHG� %HFDXVH GHPDQG LV XQFHUWDLQ� WKHUH LV RIWHQ D SRVLWLYH SUREDELOLW\ WKDW D FXVWRPHU UXQV RXW

RI VWRFN� DQG WKXV VKRUWDJHV FDQQRW DOZD\V EH SUHYHQWHG� 6KRUWDJHV DUH GLVFRXUDJHG ZLWK D SHQDOW\ SL�VL�

SHU GD\ WKDW WKH XQVDWLVpHG GHPDQG DW FXVWRPHU L LV VL� ,I WKH LQYHQWRU\ DW FXVWRPHU L LV [L DW WKH EHJLQQLQJ

RI WKH GD\� DQ LQYHQWRU\ KROGLQJ FRVW RI KL�[L� LV LQFXUUHG� 7KH REMHFWLYH LV WR FKRRVH D GLVWULEXWLRQ SROLF\

WKDW PD[LPL]HV WKH H[SHFWHG GLVFRXQWHG YDOXH �UHZDUGV PLQXV FRVWV� RYHU DQ LQpQLWH WLPH KRUL]RQ�

��� 5HYLHZ RI 5HODWHG 5HVHDU FK

7KH ORQJ�WHUP G\QDPLF DQG VWRFKDVWLF FRQWURO SUREOHP SUHVHQWHG DERYH LV H[WUHPHO\ GLrFXOW WR VROYH� 7KHUH�

IRUH� DOPRVW DOO DSSURDFKHV WKDW KDYH EHHQ SURSRVHG DQG LQYHVWLJDWHG XS WR QRZ VROYH RQO\ D VKRUW�WHUP

SUREOHP� ,Q PRVW RI WKH HDUO\ ZRUN� WKH VKRUW�WHUP SUREOHPV FRYHUHG MXVW D VLQJOH GD\ �)HGHUJUXHQ DQG =LS�

NLQ ������� *ROGHQ� $VVDG� DQG 'DKO ������� &KLHQ� %DODNULVKQDQ� DQG :RQJ �������� /DWHU� WKH VKRUW�WHUP

SUREOHPV ZHUH H[SDQGHG WR VHYHUDO GD\V �)LVKHU HW DO� ������� %HOO HW DO� ������� 'URU� %DOO DQG *ROGHQ �������

�



'URU DQG %DOO ������� 7UXGHDX DQG 'URU ������� %DUG HW DO� ������� -DLOOHW HW DO� �������� 7KH DSSURDFKHV

GLoHU PDLQO\ LQ KRZ WKH\ GHFLGH ZKLFK FXVWRPHUV WR LQFOXGH LQ WKH VKRUW�WHUP SUREOHPV DQG KRZ WKH\ WDNH

WKH ORQJ�WHUP HoHFWV RI VKRUW�WHUP GHFLVLRQV LQWR DFFRXQW� $QRWKHU VWUHDP RI UHVHDUFK DQDO\]HG WKH DV\PS�

WRWLF EHKDYLRU RI FHUWDLQ VLPSOH SROLFLHV �$QLO\ DQG )HGHUJUXHQ ������ ������ *DOOHJR DQG 6LPFKL�/HYL �������

%UDPHO DQG 6LPFKL�/HYL ������� &KDQ� )HGHUJUXHQ� DQG 6LPFKL�/HYL ��������

0LQNRY ������ IRUPXODWHG WKH ,53 DV D 0DUNRY GHFLVLRQ SURFHVV �0'3�� ZKLFK LV WKH PRGHOLQJ DSSURDFK

IROORZHG E\ XV DV ZHOO� 8QOLNH RXU PRGHO� KLV PRGHO IRFXVHG RQ WKH FDVH ZLWK DQ XQOLPLWHG QXPEHU RI

YHKLFOHV� 7R RYHUFRPH WKH FRPSXWDWLRQDO GLrFXOWLHV FDXVHG E\ ODUJH VWDWH VSDFHV� KH SURSRVHG D GHFRPSR�

VLWLRQ KHXULVWLF� 7KH KHXULVWLF VROYHV D OLQHDU SURJUDP WR DOORFDWH MRLQW WUDQVSRUWDWLRQ FRVWV WR LQGLYLGXDO

FXVWRPHUV� DQG WKHQ VROYHV LQGLYLGXDO FXVWRPHU VXESUREOHPV� 7KH YDOXH IXQFWLRQV RI WKH VXESUREOHPV DUH

DGGHG WR DSSUR[LPDWH WKH YDOXH IXQFWLRQ RI WKH FRPELQHG SUREOHP�

��� 3 U REOHP )RU PXODWLRQ

:H IRUPXODWH WKH ,53 DV D GLVFUHWH WLPH 0DUNRY GHFLVLRQ SURFHVV ZLWK WKH IROORZLQJ FRPSRQHQWV�

�� 7KH VWDWH [ LV WKH FXUUHQW LQYHQWRU\ DW HDFK FXVWRPHU� 7KXV WKH VWDWH VSDFH ; LV >�� &�@ d >�� &�@ d
c c c d >�� &Q@� /HW ;W � ; GHQRWH WKH VWDWH DW WLPH W�

�� 7KH DFWLRQ VSDFH $�[� IRU HDFK VWDWH [ LV WKH VHW RI DOO LWLQHUDULHV WKDW VDWLVI\ WKH WRXU GXUDWLRQ

FRQVWUDLQWV� VXFK WKDW WKH YHKLFOHV
 FDSDFLWLHV DUH QRW H[FHHGHG� DQG WKH FXVWRPHUV
 VWRUDJH FDSDFLWLHV

DUH QRW H[FHHGHG DIWHU GHOLYHULHV� /HW $W � $�;W� GHQRWH WKH LWLQHUDU\ FKRVHQ DW WLPH W�

�� 7KH NQRZQ GHPDQG GLVWULEXWLRQ JLYHV D NQRZQ 0DUNRY WUDQVLWLRQ IXQFWLRQ 4� DFFRUGLQJ WR ZKLFK

WUDQVLWLRQV RFFXU� L�H�� IRU DQ\ VWDWH [ � ; � DQG DQ\ LWLQHUDU\ D � $�[��
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�� $ UHZDUG RI UL�G� LV HDUQHG IRU GHOLYHU\ RI TXDQWLW\ G DW FXVWRPHU L� ,Q DGGLWLRQ� WUDQVSRUWDWLRQ FRVWV�

ZKLFK GHSHQG RQ WKH YHKLFOH WRXUV FKRVHQ� LQYHQWRU\ KROGLQJ FRVWV K�[�� DQG SHQDOWLHV SL�V� ZKHQ

FXVWRPHUV UXQ RXW RI LQYHQWRU\� DUH WDNHQ LQWR DFFRXQW� /HW J�[� D� GHQRWH WKH H[SHFWHG QHW UHZDUG LI

WKH SURFHVV LV LQ VWDWH [ DW WKH EHJLQQLQJ RI WKH GD\� DQG LWLQHUDU\ D � $�[� LV LPSOHPHQWHG�

�� 7KH REMHFWLYH LV WR PD[LPL]H WKH H[SHFWHG WRWDO GLVFRXQWHG YDOXH RYHU DQ LQpQLWH KRUL]RQ� /HW o � >�� ��
GHQRWH WKH GLVFRXQW IDFWRU� /HW 9 e�[� GHQRWH WKH RSWLPDO H[SHFWHG YDOXH JLYHQ WKDW WKH LQLWLDO VWDWH LV

[� L�H��

9 e�[� u VXS
I$WJ�

W �

(

�
�;
W �

oWJ �;W� $W�

ppppp;�  [

�
���

7KH DFWLRQV $W DUH UHVWULFWHG VXFK WKDW $W � $�;W� IRU HDFK W� DQG $W KDV WR GHSHQG RQO\ RQ WKH

KLVWRU\ �;�� $�� ;�� � � � �;W� RI WKH SURFHVV XS WR WLPH W� L�H�� ZKHQ ZH GHFLGH RQ DQ LWLQHUDU\ DW WLPH

W� ZH GR QRW NQRZ ZKDW LV JRLQJ WR KDSSHQ LQ WKH IXWXUH�
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8QGHU FHUWDLQ FRQGLWLRQV WKDW DUH QRW YHU\ UHVWULFWLYH� WKH RSWLPDO H[SHFWHG YDOXH LQ ��� LV DWWDLQHG E\ D

SROLF\ LQ WKH FODVV g RI VWDWLRQDU\ GHWHUPLQLVWLF SROLFLHV� ,W IROORZV WKDW IRU DQ\ [ � ; �
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7R GHWHUPLQH DQ RSWLPDO SROLF\� WKH RSWLPDOLW\ HTXDWLRQ ��� KDV WR EH VROYHG� 7KLV UHTXLUHV D QXPEHU RI

PDMRU FRPSXWDWLRQDO WDVNV WR EH SHUIRUPHG� LQFOXGLQJ HVWLPDWLQJ WKH RSWLPDO YDOXH IXQFWLRQ 9 e� HVWLPDWLQJ

WKH LQWHJUDO LQ ���� DQG VROYLQJ WKH PD[LPL]DWLRQ SUREOHP RQ WKH ULJKW KDQG VLGH RI ��� WR GHWHUPLQH WKH

RSWLPDO LWLQHUDU\ IRU HDFK VWDWH� 7KH FRQYHQWLRQDO DOJRULWKPV IRU VROYLQJ 0'3V DUH SUDFWLFDO RQO\ LI WKH

VWDWH VSDFH ; LV VPDOO� DQG WKH RSWLPL]DWLRQ SUREOHP RQ WKH ULJKW KDQG VLGH FDQ EH VROYHG HrFLHQWO\� 7KHVH

UHTXLUHPHQWV DUH QRW VDWLVpHG E\ SUDFWLFDO LQYHQWRU\ URXWLQJ SUREOHPV� DV WKH VWDWH VSDFH ; LV XVXDOO\

H[WUHPHO\ ODUJH� HYHQ LI FXVWRPHUV
 LQYHQWRULHV DUH GLVFUHWL]HG� DQG WKH YHKLFOH URXWLQJ SUREOHP� ZKLFK LV 13�

KDUG� LV D VSHFLDO FDVH RI WKH RSWLPL]DWLRQ SUREOHP RQ WKH ULJKW KDQG VLGH RI ���� 2XU DSSURDFK LV WKHUHIRUH

WR GHYHORS DSSUR[LPDWLRQ PHWKRGV EDVHG RQ WKH 0'3 IRUPXODWLRQ DERYH� 6XFK DQ DSSUR[LPDWLRQ PHWKRG

LV GLVFXVVHG LQ WKH QH[W VHFWLRQ� DV DSSOLHG WR WKH VSHFLpF FDVH RI WKH 'LUHFW 'HOLYHU\ ,53�

� 7 KH 'LU HFW 'HOLYHU \ , 53

,I WKH VWRUDJH FDSDFLWLHV DQG GHPDQGV RI WKH FXVWRPHUV DUH VXrFLHQWO\ ODUJH UHODWLYH WR WKH YHKLFOH FDSDFLW\�

WKHQ LW LV RIWHQ RSWLPDO WR GHOLYHU IXOO YHKLFOH ORDGV RU QHDUO\ IXOO YHKLFOH ORDGV WR FXVWRPHUV� *DOOHJR DQG

6LPFKL�/HYL ������ DQDO\]HG D VLQJOH�GHSRW�PXOWL�FXVWRPHU GLVWULEXWLRQ V\VWHP ZLWK FRQVWDQW GHPDQG UDWHV�

DQG ZLWKRXW VKRUWDJHV� 7UDQVSRUWDWLRQ FRVW SRUSRUWLRQDO WR WKH WRWDO GLVWDQFH WUDYHOOHG� D OLQHDU LQYHQWRU\

KROGLQJ FRVW� DQG RUGHULQJ FRVW DW WKH FXVWRPHUV DUH WDNHQ LQWR DFFRXQW� 7KH\ DVVXPHG DYDLODELOLW\ RI DQ

XQOLPLWHG QXPEHU RI YHKLFOHV� 7KH\ VWXGLHG FRQGLWLRQV XQGHU ZKLFK GLUHFW GHOLYHU\ LV DQ HrFLHQW SROLF\�

$ ORZHU ERXQG RQ WKH ORQJ�UXQ DYHUDJH FRVW RYHU DOO LQYHQWRU\�URXWLQJ SROLFLHV ZDV GHULYHG� E\ DGGLQJ WKH

DYHUDJH LQYHQWRU\ KROGLQJ DQG RUGHULQJ FRVWV� XVLQJ D WUDGLWLRQDO HFRQRPLF ORW VL]LQJ PRGHO� DQG WKH ORQJ UXQ

WUDQVSRUWDWLRQ FRVWV� REWDLQHG IURP WKH PRGHO RI +DLPRYLFK DQG 5LQQRR\ .DQ ������� $Q XSSHU ERXQG ZDV

GHULYHG RQ WKH DYHUDJH FRVW RI D SDUWLFXODU GLUHFW GHOLYHU\ SROLF\ DV D IXQFWLRQ RI HFRQRPLF ORW VL]HV �(/6�

RI FXVWRPHUV� ,W ZDV FRQFOXGHG WKDW WKH HoHFWLYHQHVV �WKH UDWLR RI WKH LQpPXP RI ORQJ�UXQ DYHUDJH FRVW RYHU

DOO SROLFLHV WR WKH ORQJ�UXQ DYHUDJH FRVW RI WKH GLUHFW GHOLYHU\ SROLF\� LV DW OHDVW ��� ZKHQ (/6 H[FHHGV ���

RI WUXFN FDSDFLW\�

%DUQHV�6FKXVWHU DQG %DVVRN ������ VWXGLHG D VLQJOH�GHSRW�PXOWL�FXVWRPHU GLVWULEXWLRQ V\VWHP ZLWK UDQ�

GRP GHPDQGV RYHU DQ LQpQLWH KRUL]RQ� /LQHDU LQYHQWRU\ KROGLQJ FRVWV DQG WUDQVSRUWDWLRQ FRVWV EHWZHHQ WKH

GHSRW DQG WKH UHWDLOHUV ZHUH LQFRUSRUDWHG� 7KH qHHW VL]H ZDV DVVXPHG WR EH XQOLPLWHG� 7KH REMHFWLYH ZDV

WR VWXG\ WKH FRVW HoHFWLYHQHVV IRU WKH GHSRW RI XVLQJ D SDUWLFXODU GLUHFW GHOLYHU\ SROLF\� 7KH SROLF\ GHOLYHUV

DV PDQ\ IXOO WUXFN ORDGV DW D FXVWRPHU DV WKH UHPDLQLQJ FDSDFLW\ DW WKH FXVWRPHU FDQ DFFRPPRGDWH� $
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ORZHU ERXQG ZDV GHYHORSHG IRU WKH H[SHFWHG ORQJ UXQ DYHUDJH FRVW SHU SHULRG DV D VXP RI WKH H[SHFWHG

LQYHQWRU\ KROGLQJ FRVW� XVLQJ DQ LQpQLWH KRUL]RQ QHZVYHQGRU SUREOHP� DQG WKH H[SHFWHG WUDQVSRUWDWLRQ FRVW�

H[WHQGLQJ WKH ERXQG GHYHORSHG E\ +DLPRYLFK DQG 5LQQRR\ .DQ ������ IRU RQH UHWDLOHU DQG D VLQJOH SHULRG�

7KH SROLF\ RI GLUHFW GHOLYHU\ ZLWK IXOO WUXFN ORDGV ZDV VLPXODWHG DQG FRPSDUHG ZLWK WKH ORZHU ERXQG� 7KH

UHVXOWV LQGLFDWH WKDW WKH SROLF\ SHUIRUPV ZHOO IRU VLWXDWLRQV ZKHUH WUXFN VL]HV DUH FORVH WR WKH PHDQV RI WKH

FXVWRPHU GHPDQG GLVWULEXWLRQV�

,Q WKLV VHFWLRQ ZH FRQVLGHU WKH SUREOHP ZKHUH RQO\ RQH FXVWRPHU LV YLVLWHG RQ HDFK YHKLFOH WRXU� 7KLV

LPSRUWDQW VSHFLDO FDVH RI WKH ,53 LV FDOOHG WKH GLUHFW GHOLYHU\ ,53 �'',53�� $OWKRXJK WKH KDUG URXWLQJ DQG

GHOLYHU\ TXDQWLW\ GHFLVLRQV RI WKH ,53 DUH PXFK HDVLHU LI RQO\ RQH FXVWRPHU LV YLVLWHG RQ HDFK YHKLFOH WRXU�

WKH '',53 LV VWLOO D KDUG SUREOHP WR VROYH LI WKHUH DUH PRUH WKDQ IRXU FXVWRPHUV DQG D OLPLWHG QXPEHU RI

YHKLFOHV� GXH WR WKH VL]H RI WKH VWDWH VSDFH� %HFDXVH GLUHFW GHOLYHULHV DUH LPSRUWDQW LQ SUDFWLFH� DQG WR VWXG\

DSSUR[LPDWLRQ PHWKRGV ZLWKRXW EHLQJ KDPSHUHG E\ KDUG URXWLQJ SUREOHPV� WKH '',53 ZDV LQYHVWLJDWHG

pUVW�

7R VROYH WKH '',53� D PHWKRG ZDV GHYHORSHG WR FRQVWUXFW D JRRG DSSUR[LPDWLRQ A9 RI WKH RSWLPDO YDOXH

IXQFWLRQ 9 e� %HFDXVH WUDQVSRUWDWLRQ FRVWV DUH VHSDUDEOH RYHU FXVWRPHUV� WKH H[SHFWHG QHW UHZDUG SHU VWDJH

J�[� D� LV VHSDUDEOH RYHU FXVWRPHUV�

J�[� D�  

Q;
L  �

JL�[L� DL�

7KH RQO\ FRQVLGHUDWLRQ WKDW SUHYHQWV WKH GHFRPSRVLWLRQ RI WKH '',53 LQWR LQGLYLGXDO FXVWRPHU VXESUREOHPV�

LV WKH OLPLWHG QXPEHU RI YHKLFOHV WKDW KDYH WR EH DVVLJQHG WR FXVWRPHUV HDFK GD\� 8QGHU DQ RSWLPDO SROLF\

}e� WKH DVVLJQPHQW RI YHKLFOHV GHSHQGV RQ WKH LQYHQWRU\ OHYHOV DW WKH FXVWRPHUV� )RU D FRXQWDEOH VWDWH VSDFH

; � OHW {e�[� GHQRWH WKH VWDWLRQDU\ SUREDELOLW\ RI VWDWH [ XQGHU RSWLPDO SROLF\ }e� DVVXPLQJ WKH H[LVWHQFH RI

VXFK VWDWLRQDU\ SUREDELOLWLHV� XQLTXH IRU SROLF\ }e� 7KHQ WKH FRQGLWLRQDO SUREDELOLW\ SL�NLM\L� WKDW NL YHKLFOHV
DUH DVVLJQHG WR FXVWRPHU L XQGHU RSWLPDO SROLF\ }e� JLYHQ WKDW WKH LQYHQWRU\ OHYHO DW FXVWRPHU L LV \L� LV

JLYHQ E\

SL�NLM\L�  
3

I[� ; �[L  \L�}
e

L
�[� NLJ

{e�[�3
I[� ; �[L  \LJ

{e�[�

/HW IL�XL� GHQRWH WKH SUREDELOLW\ WKDW WKH GHPDQG RI FXVWRPHU L LV XL� 7KHQ� JLYHQ WKH FXUUHQW LQYHQWRU\

OHYHO [L DQG GHOLYHU\ TXDQWLW\ GL DW FXVWRPHU L� WKH SUREDELOLW\ TL�\L� NLM[L� GL� WKDW XQGHU RSWLPDO SROLF\
}e� DW WKH EHJLQQLQJ RI WKH QH[W GD\ WKH LQYHQWRU\ OHYHO DW FXVWRPHU L LV \L� DQG NL YHKLFOHV DUH DVVLJQHG WR

FXVWRPHU L� LV JLYHQ E\

TL�\L� NLM[L� GL�  

��
� IL�[L � GL b \L�SL�NLM\L� LI \L ! �3 �

XL  [L � GL
IL�XL�SL�NLM\L� LI \L  �

LI QR EDFNORJ LV DOORZHG� 7KHVH SUREDELOLWLHV GHpQH D 0'3 IRU FXVWRPHU L� ZLWK VWDWH �[L� NL� GHQRWLQJ WKDW

WKH LQYHQWRU\ OHYHO DW FXVWRPHU L LV [L DQG NL YHKLFOHV FDQ EH GLVSDWFKHG WR FXVWRPHU L� 7KH DGPLVVLEOH

�



DFWLRQV DL ZKHQ WKH VWDWH LV �[L� NL�� LV WKH GLVSDWFKLQJ RI XS WR NL YHKLFOHV WR FXVWRPHU L� DQG WKH GHOLYHU\

RI DQ DPRXQW RI SURGXFW FRQVWUDLQHG E\ WKH YHKLFOH FDSDFLW\ &9 DQG WKH FXVWRPHU VWRUDJH FDSDFLW\ &L� 7KH

H[SHFWHG QHW UHZDUG SHU VWDJH� JLYHQ VWDWH �[L� NL� DQG DFWLRQ DL� LV JL�[L� DL��

7R FRQVWUXFW DQ DSSUR[LPDWH YDOXH IXQFWLRQ A9 � WKHVH LQGLYLGXDO FXVWRPHU 0'3V DUH IRUPXODWHG DQG

VROYHG� 7R IRUPXODWH WKHVH 0'3V� WKH XQNQRZQ SUREDELOLWLHV SL�NLM\L� KDYH WR EH HVWLPDWHG� 7KHVH FDQ EH
HVWLPDWHG E\ VLPXODWLQJ WKH '',53 XQGHU D FKRVHQ SROLF\� DQG E\ H[SORLWLQJ VRPH RI WKH NQRZQ VWUXFWXUH

RI WKHVH SUREDELOLWLHV� VXFK DV WKH IDFW WKDW SL��M\L� LV QRQGHFUHDVLQJ LQ \L� 7KHQ WKH RSWLPDO YDOXHV 9L�[L� NL�

RI WKH LQGLYLGXDO FXVWRPHU 0'3V DUH FRPSXWHG� 7KHVH FRPSXWDWLRQV GR QRW UHTXLUH PXFK FRPSXWDWLRQDO

HoRUW� DV WKH VWDWH VSDFHV RI WKH LQGLYLGXDO FXVWRPHU 0'3V DUH PXFK VPDOOHU WKDQ WKDW RI WKH '',53� 7KH

DSSUR[LPDWH YDOXH IXQFWLRQ A9 LV JLYHQ E\ WKH RSWLPDO YDOXH RI WKH IROORZLQJ QRQOLQHDU NQDSVDFN SUREOHP�

A9 �[� u PD[
NL

Q;
L �

9L�[L� NL�

V�W�

Q;
L �

NL x P ���

7KH LGHD LV WKDW WKH P YHKLFOHV DUH DVVLJQHG WR WKH Q FXVWRPHUV WR PD[LPL]H WKH YDOXHV JLYHQ E\ WKH UHVXOWLQJ

LQGLYLGXDO FXVWRPHU 0'3V� 7KH QRQOLQHDU NQDSVDFN SUREOHP LV HDVLO\ VROYHG XVLQJ G\QDPLF SURJUDPPLQJ�

$OWKRXJK WKH UHVXOWLQJ YHKLFOH DVVLJQPHQW PD\ FRQVWLWXWH D JRRG SROLF\� WKLV NQDSVDFN SUREOHP LV SULPDULO\

VROYHG WR REWDLQ WKH YDOXH IXQFWLRQ A9 � DQG WKH SROLF\ A} LV JLYHQ E\ D PD[LPL]HU LQ WKH RSWLPDOLW\ HTXDWLRQ�

XVLQJ A9 WR DSSUR[LPDWH WKH YDOXHV RI IXWXUH VWDWHV� DV IROORZV�

A}�[� � DUJ PD[
D� $�[�

��
�J�[� D� � o

;
\ � ;

3 >\ M [� D@ A9 �\�
� 
� ���

7KLV PHWKRG FDQ DOVR EH LQWHUSUHWHG DV D PXOWLVWDJH ORRNDKHDG PHWKRG� ZKHUHE\ WKH NQDSVDFN SUREOHP

LV VROYHG WR GHWHUPLQH WKH WHQWDWLYH GHFLVLRQ DW WKH VHFRQG VWDJH� DQG WKH RSWLPDO YDOXH IXQFWLRQV RI WKH

LQGLYLGXDO FXVWRPHU 0'3V JLYH WKH REMHFWLYH IXQFWLRQ IRU WKH NQDSVDFN SUREOHP WR WDNH LQWR DFFRXQW WKH

H[SHFWHG QHW UHZDUG IURP WKH VHFRQG VWDJH RQZDUGV�

7KH PHWKRG GHVFULEHG DERYH FDQ EH LPSURYHG XVLQJ VLPXODWLRQ HPEHGGHG LQ DQ LWHUDWLYH DOJRULWKP� ,Q

WKLV DSSURDFK� WKH DSSUR[LPDWH YDOXH IXQFWLRQ A9 LV SDUDPHWHUL]HG E\ D YHFWRU p RI SDUDPHWHUV� DQG LV JLYHQ

E\

A9 �[� p� u p� �

Q;
L  �

pL9L�[L� N
e
L �[�� ���

ZKHUH Ne��[�� � � � � N
e
Q�[� LV WKH RSWLPDO VROXWLRQ RI WKH QRQOLQHDU NQDSVDFN SUREOHP ���� 7KH SUREDELOLWLHV

SL�NLM\L� DQG WKH SDUDPHWHUV p DUH XSGDWHG E\ WKH VLPXODWLRQ WR LPSURYH WKH TXDOLW\ RI WKH DSSUR[LPDWLRQ�
2QH VXFK PHWKRG LV WKH IROORZLQJ DOJRULWKP� WKDW LV VLPLODU WR DQ DOJRULWKP FDOOHG DSSUR[LPDWH SROLF\

LWHUDWLRQ E\ %HUWVHNDV DQG 7VLWVLNOLV �������

$OJRULWKP

�� 6WDUW ZLWK DQ LQLWLDO SROLF\ }�� 6HW W  ��

�



�� 6LPXODWH WKH '',53 XQGHU SROLF\ }W WR HVWLPDWH WKH SUREDELOLWLHV SL�NLM\L��
�� )RUPXODWH DQG VROYH WKH LQGLYLGXDO FXVWRPHU 0'3V�

�� 3ROLF\ }� LV JLYHQ E\ ���� ZKHUH A9 LV JLYHQ E\ ����

�� )RU D QXPEHU RI LWHUDWLRQV� GR VWHSV � WKURXJK ��

�� 6HW W  W� ��

�� 6LPXODWH WKH '',53 XQGHU SROLF\ }W WR XSGDWH WKH HVWLPDWHV RI WKH SUREDELOLWLHV SL�NLM\L� DQG WKH
SDUDPHWHUV p� 6WRFKDVWLF DSSUR[LPDWLRQ DQG�RU .DOPDQ pOWHU PHWKRGV FDQ EH XVHG� DV H[SODLQHG LQ WKH

IROORZLQJ SDUDJUDSKV�

�� :LWK WKH XSGDWHG HVWLPDWHV RI WKH SUREDELOLWLHV SL�NLM\L�� IRUPXODWH DQG VROYH WKH XSGDWHG LQGLYLGXDO
FXVWRPHU 0'3V�

�� 3ROLF\ }W� � LV JLYHQ E\ ���� ZKHUH A9 LV JLYHQ E\ ����

9DQ 5R\ HW DO� ������ XVHG D VLPLODU DSSURDFK� FDOOHG QHXUR�G\QDPLF SURJUDPPLQJ� WR GHYHORS DQ DS�

SUR[LPDWLRQ PHWKRG IRU D UHWDLOHU LQYHQWRU\ PDQDJHPHQW SUREOHP� WKDW ZDV LQWURGXFHG E\ 1DKPLDV DQG

6PLWK ������� +RZHYHU� WKH W\SH RI YDOXH IXQFWLRQ DSSUR[LPDWLRQ SURSRVHG DERYH LV TXLWH GLoHUHQW IURP

WKDW RI 9DQ 5R\ HW DO�

7KH HVWLPDWHV SL�NLM\L�V RI WKH SUREDELOLWLHV SL�NLM\L� DW HDFK WUDQVLWLRQ V RI WKH VLPXODWLRQ� DUH XSGDWHG DV

IROORZV� /HW WKH VWDWH RI FXVWRPHU L DW WUDQVLWLRQ V RI WKH VLPXODWLRQ EH GHQRWHG E\ [LV� DQG OHW WKH QXPEHU RI

YHKLFOHV GLVSDWFKHG WR FXVWRPHU L EH GHQRWHG E\ NLV� /HW 1�V� \L� GHQRWH WKH QXPEHU RI WLPHV WKDW FXVWRPHU

L KDV EHHQ LQ VWDWH \L E\ WUDQVLWLRQ V RI WKH VLPXODWLRQ� 7KHQ

SL�NLM\L�V� �  

�!!!�
!!!�

�1� � 1�V�\L��SL�NLM\L�V � �
1� � 1�V�\L�� � LI [LV  \L DQG NLV  NL

�1� � 1�V�\L��SL�NLM\L�V
1� � 1�V�\L�� �

LI [LV  \L DQG NLV � NL

SL�NLM\L�V LI [LV � \L

ZKHUH 1� UHSUHVHQWV D ZHLJKW� HTXLYDOHQW WR 1� REVHUYDWLRQV� DVVLJQHG WR WKH LQLWLDO HVWLPDWH SL�NLM\L��� ,W
IROORZV WKDW SL�NLM\L�V � SL�NLM\L� DV V � � ZLWK SUREDELOLW\ � IRU DOO VWDWHV \L WKDW DUH YLVLWHG LQpQLWHO\

RIWHQ� L�H�� IRU DOO VWDWHV \L VXFK WKDW 1�V� \L� � � DV V � �� &RQYHUJHQFH ZLWK SUREDELOLW\ � FDQ DOVR EH
HVWDEOLVKHG IRU PRUH JHQHUDO XSGDWH PHWKRGV�

7KH SDUDPHWHU HVWLPDWHV pV FDQ EH XSGDWHG DV IROORZV XVLQJ VWRFKDVWLF DSSUR[LPDWLRQ PHWKRGV� $W HDFK

WUDQVLWLRQ V RI WKH VLPXODWLRQ� ZKHQ WKH VWDWH LV [V� �QRWH WKDW QRWDWLRQ LV DEXVHG VRPHZKDW� VLQFH [L GHQRWHV

WKH VWDWH RI FXVWRPHU L��

pV� �  pV � qVGV]V

ZKHUH qV LV WKH VWHS VL]H DW LWHUDWLRQ V�

GV  J�[V� }W�[V�� � o A9 �[V � �� pV�b A9 �[V� pV�

LV WKH WHPSRUDO GLoHUHQFH� RU

GV  J�[V� }W�[V�� � o
;
\ � ;

3 >\ M [V� }W�[V�@ A9 �\� pV�b A9 �[V� pV�

�



LV WKH H[SHFWHG WHPSRUDO GLoHUHQFH�

]V  oy]Vb� �Up
A9 �[V� pV�

LV WKH HOLJLELOLW\ YHFWRU� y � >�� �@ LV D PHPRU\ SDUDPHWHU� DQGUp
A9 �[V� pV� KDV FRPSRQHQWV # A9 �[V� pV� #pV�  

�� # A9 �[V� pV� #pVL  9L�[VL� N
e
L �[V�� IRU L  �� � � � � Q� DQG Ne��[V�� � � � � N

e
Q�[V� LV WKH RSWLPDO VROXWLRQ RI QRQ�

OLQHDU NQDSVDFN SUREOHP ���� %HUWVHNDV DQG 7VLWVLNOLV ������ KDYH VKRZQ WKDW� XQGHU PLOG FRQGLWLRQV� ZLWK

SUREDELOLW\ �� DV V � �� WKH SDUDPHWHUV pV FRQYHUJH WR WKH SDUDPHWHUV WKDW JLYH WKH EHVW DSSUR[LPDWLRQ RI
WKH YDOXH IXQFWLRQ 9 }W RI WKH FXUUHQW SROLF\ }W� XVLQJ WKH DSSUR[LPDWLRQ EDVHG RQ WKH FXUUHQW VHW RI EDVLV

IXQFWLRQV� ,Q WKLV FDVH WKH EDVLV IXQFWLRQV DUH WKH RSWLPDO YDOXH IXQFWLRQV 9L�[L� N
e
L �[�� RI WKH LQGLYLGXDO

FXVWRPHU 0'3V� 7KH SDUDPHWHUV JLYH WKH EHVW DSSUR[LPDWLRQ RI WKH YDOXH IXQFWLRQ 9 }W LQ WKH IROORZLQJ

VHQVH� /HW {}W�[� GHQRWH WKH VWDWLRQDU\ SUREDELOLW\ RI VWDWH [ XQGHU SROLF\ }W� DJDLQ DVVXPLQJ WKH H[LVWHQFH

RI VXFK XQLTXH VWDWLRQDU\ SUREDELOLWLHV IRU SROLF\ }W� 7KHQ� LI y  �� WKH SDUDPHWHUV pV FRQYHUJH WR WKH

RSWLPDO VROXWLRQ RI

PLQ
p

;
[� ;

{}W�[�
K
9 }W�[�b A9 �[� p�

L�
���

7KH SDUDPHWHUV p FDQ DOVR EH HVWLPDWHG DV IROORZV� 7KH YDOXH IXQFWLRQ 9 }W RI SROLF\ }W VDWLVpHV

9 }W�[�  J�[� }W�[�� � o
;
\ � ;

3 >\ M [� }W�[�@9 }W�\�

7KHQ LW VHHPV QDWXUDO WR FKRRVH WKH SDUDPHWHUV p WR EH WKH RSWLPDO VROXWLRQ RI

PLQ
p

;
[� ;

{}W�[�

�
� A9 �[� p�b

�
#J�[� }W�[�� � o

;
\ � ;

3 >\ M [� }W�[�@ A9 �\� p�
�
$
�
�
�

���

7KLV DSSURDFK LV FDOOHG D %HOOPDQ HUURU PHWKRG� 7KH RSWLPDO VROXWLRQV RI ��� DQG ��� DUH QRW WKH VDPH LQ JHQ�

HUDO� +RZHYHU� IURP RXU FRPSXWDWLRQDO H[SHULHQFH� WKH\ DUH XVXDOO\ TXLWH VLPLODU IRU WKH '',53� 7KH FRUUH�

VSRQGLQJ SDUDPHWHU HVWLPDWHV pV FDQ EH FRPSXWHG DV IROORZV� /HW WKH VWDWH DW WUDQVLWLRQ V RI WKH VLPXODWLRQ EH

GHQRWHG E\ [V� DQG OHW a9 �[V�  ��bo� 9��[�V� N
e
��[V��bo

3
\ � ; 3 >\ M [V� }W�[V�@9��\�� Ne��\��� � � � � 9Q�[QV� NeQ�[V��b

o
3

\ � ; 3 >\ M [V� }W�[V�@9Q�\Q� NeQ�\��� GHQRWH WKH FROXPQ YHFWRU RI EDVLV IXQFWLRQ YDOXHV FRUUHVSRQGLQJ WR ����
/HW 0�  � EH DQ �Q���d �Q��� PDWUL[� DQG OHW 0V� �  0V� a9 �[V� a9 �[V�

7 � /HW <�  � EH DQ �Q���d�
PDWUL[� DQG OHW <V� �  <V � a9 �[V�J�[V� }W�[V��� 7KHQ pV LV WKH VROXWLRQ RI WKH V\VWHP RI OLQHDU HTXDWLRQV

0VpV  <V� 7KH VROXWLRQ LV XQLTXH LI 0V LV QRQVLQJXODU� IRU ZKLFK LW LV QHFHVVDU\ WKDW V y Q� �� 2I FRXUVH�

LW LV QRW QHFHVVDU\ WR FRPSXWH pV DW HYHU\ WUDQVLWLRQ V� EXW RQO\ ZKHQ VWRSSLQJ FULWHULD DUH WR EH FKHFNHG�

,I WKH 0DUNRY FKDLQ XQGHU SROLF\ }W LV XQLFKDLQ� WKHQ WKH SDUDPHWHUV pV FRQYHUJH WR WKH RSWLPDO VROXWLRQ

RI ��� DV V � � ZLWK SUREDELOLW\ ��

� &RPSXWDWLRQDO 5HVXOWV

:H KDYH FRQGXFWHG YDULRXV FRPSXWDWLRQDO H[SHULPHQWV WR HVWDEOLVK WKH YLDELOLW\ RI WKH SURSRVHG PHWKRG�

2XU JRDOV ZHUH WR YHULI\ WKH FRUUHFWQHVV RI RXU LPSOHPHQWDWLRQ� WR HVWDEOLVK WKH TXDOLW\ RI WKH UHVXOWLQJ

�



SROLFLHV� DQG WR LGHQWLI\ WKH PRVW WLPH FRQVXPLQJ FRPSRQHQWV RI WKH DSSURDFK�

$W WKLV VWDJH� WKH IRFXV KDV EHHQ RQ HVWDEOLVKLQJ WKH TXDOLW\ RI WKH SROLFLHV SURGXFHG E\ RXU DOJRULWKP�

,Q D pUVW VHW RI H[SHULPHQWV� WKH YDOXH IXQFWLRQV RI WKH SROLFLHV SURGXFHG E\ RXU DOJRULWKP ZHUH FRPSDUHG

ZLWK WKH RSWLPDO YDOXH IXQFWLRQV DV ZHOO DV WKH YDOXH IXQFWLRQV RI WKH SROLFLHV SURGXFHG E\ WKH PHWKRG

SURSRVHG E\ &KLHQ� %DODNULVKQDQ� DQG :RQJ ������ �&%:�� 7KLV ZDV GRQH IRU VHYHUDO VPDOO LQVWDQFHV RI WKH

'',53 ZLWK YDU\LQJ FKDUDFWHULVWLFV� LQ WHUPV RI FRVWV� FXVWRPHU VWRUDJH FDSDFLWLHV DQG GHPDQG SUREDELOLW\

GLVWULEXWLRQV� 7KH LQVWDQFHV ZHUH VPDOO HQRXJK IRU WKH RSWLPDO YDOXH IXQFWLRQV WR EH FRPSXWHG� DQG IRU H[DFW

SROLF\ HYDOXDWLRQ WR EH SHUIRUPHG� ,Q D VHFRQG VHW RI H[SHULPHQWV� ZH WRRN VHYHUDO ODUJHU LQVWDQFHV� DJDLQ

ZLWK YDU\LQJ FKDUDFWHULVWLFV� DQG FRPSDUHG WKH YDOXHV RI WKH SROLFLHV SURGXFHG E\ RXU DOJRULWKP WR WKH YDOXHV

RI WKH SROLFLHV SURGXFHG E\ WKH &%: PHWKRG� 7KH\ GHYHORSHG DQ LQWHJHU SURJUDPPLQJ EDVHG VLQJOH�GD\

PRGHO� LQ ZKLFK ORQJ�WHUP HoHFWV DUH WDNHQ LQWR DFFRXQW E\ SDVVLQJ LQIRUPDWLRQ IURP RQH GD\ WR WKH QH[W�

:H DGDSWHG WKH &%: PHWKRG WR WDNH WKH UHZDUGV DQG FRVWV RI WKH '',53 LQWR DFFRXQW� $Q LQWHJHU SURJUDP

LV IRUPXODWHG WKDW PD[LPL]HV WKH GDLO\ SURpW� ZKLFK FRQVLVWV RI UHYHQXH SHU XQLW GHOLYHUHG� WUDQVSRUWDWLRQ

FRVWV� LQYHQWRU\ KROGLQJ FRVWV� DQG VKRUWDJH FRVWV� 7KH LQWHJHU SURJUDP GHWHUPLQHV DQ DVVLJQPHQW RI YHKLFOHV

WR FXVWRPHUV IRU HDFK GD\� 2QFH D VROXWLRQ LV IRXQG IRU RQH GD\� WKH UHVXOWV DUH XVHG WR PRGLI\ WKH UHZDUGV

DQG FRVWV IRU WKH QH[W GD\� 8QVDWLVpHG GHPDQG DW D FXVWRPHU LQ RQH GD\ FDXVHV DQ LQFUHDVHG UHYHQXH SHU

XQLW GHOLYHUHG IRU WKDW FXVWRPHU WKH QH[W GD\� :H XVHG VLPXODWLRQ WR HYDOXDWH WKH SHUIRUPDQFH RI WKH SROLFLHV

IRU WKH ODUJHU LQVWDQFHV� 6WDUWLQJ DW VHYHUDO LQLWLDO VWDWHV� ERWK WKH SROLF\ SURGXFHG E\ RXU DOJRULWKP DQG WKH

SROLF\ RI &%: ZHUH VLPXODWHG� 7KH LQWHJHU SURJUDP WKDW IRUPV WKH EDVLV RI WKH DSSURDFK RI &%: LV JLYHQ

LQ $SSHQGL[ $� DQG WKH SUREOHP LQVWDQFHV XVHG LQ ERWK VHWV RI H[SHULPHQWV DUH JLYHQ LQ $SSHQGL[ %�

7KH SUHOLPLQDU\ UHVXOWV DUH SURPLVLQJ� 7DEOH � VKRZV WKH PD[LPXP SHUFHQWDJH GLoHUHQFHV RYHU DOO VWDWHV

EHWZHHQ WKH YDOXH IXQFWLRQV 9 }� � 9 }� � 9 }� � DQG 9 &%: � DQG WKH RSWLPDO YDOXH IXQFWLRQ 9 e IRU SUREOHP

LQVWDQFHV JLYHQ LQ $SSHQGL[ %� 7KH LQLWLDO SROLF\ }� LV JLYHQ E\ WKH RSWLPDO VROXWLRQ WR WKH QRQOLQHDU

NQDSVDFN SUREOHP ���� WKH VHFRQG SROLF\ }� LV REWDLQHG DIWHU RQH LWHUDWLRQ RI RXU DOJRULWKP� DQG WKH WKLUG

SROLF\ }� LV REWDLQHG DIWHU WZR LWHUDWLRQV RI RXU DOJRULWKP� 9 &%: LV WKH YDOXH IXQFWLRQ RI WKH PHWKRG RI

&KLHQ� %DODNULVKQDQ� DQG:RQJ� 7KH YDOXH IXQFWLRQV ZHUH FRPSXWHG XVLQJ WKH *DXVV�6HLGHO SROLF\ HYDOXDWLRQ

DOJRULWKP� 7KH UHVXOWV VKRZ WKDW IRU WKHVH LQVWDQFHV� WKH SROLFLHV SURGXFHG E\ RXU PHWKRG DUH YHU\ FORVH WR

RSWLPDO DQG DUH FRQVLVWHQWO\ EHWWHU WKDQ WKH SROLF\ RI &%:� )LJXUH � VKRZV 9 e� 9 }� � 9 }� � 9 }� � DQG 9 &%:

IRU LQVWDQFH �� ,W LV QRW RQO\ WKH PD[LPXP GLoHUHQFHV EHWZHHQ 9 }L DQG 9 e ZKLFK DUH VPDOOHU WKDQ WKH

PD[LPXP GLoHUHQFHV EHWZHHQ 9 &%: DQG 9 e� EXW 9 }� � 9 }� � DQG 9 }� DUH FRQVLVWHQWO\ EHWWHU WKDQ 9 &%:

IRU DOO VWDWHV�

)RU ODUJHU LQVWDQFHV� WKH *DXVV�6HLGHO SROLF\ HYDOXDWLRQ DOJRULWKP FDQQRW EH XVHG WR FRPSXWH WKH YDOXH

IXQFWLRQV� 7KH PRVW LPSRUWDQW UHDVRQ IRU WKLV LV WKDW WKH QXPEHU RI VWDWHV EHFRPHV WRR ODUJH� DQG WKH

DYDLODEOH FRPSXWHU PHPRU\ LV QRW VXrFLHQW WR VWRUH WKH YDOXHV RI DOO WKH VWDWHV� )RU ODUJHU LQVWDQFHV� SROLFLHV

}� DQG }&%: ZHUH HYDOXDWHG E\ UDQGRPO\ FKRRVLQJ D QXPEHU RI LQLWLDO VWDWHV� DQG VLPXODWLQJ WKH V\VWHP

XQGHU WKH GLoHUHQW SROLFLHV VWDUWLQJ IURP WKH FKRVHQ LQLWLDO VWDWHV� (DFK UHSOLFDWLRQ SURGXFHG D VDPSOH

��



0D[ SHUFHQWDJH GLoHUHQFH

,QVWDQFH }� }� }� }&%:

� ����� ������ ������ �����

� ����� ����� ����� �����

� ����� ������ ������ ������

� ����� ����� ����� ������

7DEOH �� 0D[LPXP SHUFHQWDJH GLoHUHQFH� PD[[� ; I� b 9 }�[� 9 e�[�J� EHWZHHQ RSWLPDO YDOXH IXQFWLRQV 9 e

DQG YDOXH IXQFWLRQV 9 }� � 9 }� � 9 }� � DQG 9 &%: � IRU SUREOHP LQVWDQFHV JLYHQ LQ $SSHQGL[ %� REWDLQHG XVLQJ

*DXVV�6HLGHO SROLF\ HYDOXDWLRQ�

;
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,QYHQWRU\�DW�FXVWRPHU����; � �
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X
H�


��

�
�

2SWLPDO�YDOXH

3ROLF\��

3ROLF\��

3ROLF\��

&%:�SROLF\

)LJXUH �� 2SWLPDO YDOXH IXQFWLRQ 9 e� YDOXH IXQFWLRQV 9 }� � 9 }� � 9 }� � DQG 9 &%: � DV D IXQFWLRQ RI WKH

LQYHQWRU\ DW FXVWRPHU �� IRU LQVWDQFH � JLYHQ LQ $SSHQGL[ %�

SDWK RYHU D UHODWLYHO\ ORQJ EXW pQLWH WLPH KRUL]RQ RI ��� WLPH SHULRGV� 7KH OHQJWK RI WKH WLPH KRUL]RQ ZDV

FKRVHQ WR ERXQG WKH GLVFRXQWHG WUXQFDWLRQ HUURU WR OHVV WKDQ ����� 6L[ VDPSOH SDWKV ZHUH JHQHUDWHG IRU HDFK

FRPELQDWLRQ RI SROLF\ DQG LQLWLDO VWDWH� IRU HDFK LQVWDQFH� 7KH UHVXOWV DUH VKRZQ LQ 7DEOH �� $OVR VKRZQ

DUH WKH VDPSOH DYHUDJHV z DQG VDPSOH VWDQGDUG GHYLDWLRQV � RYHU WKH VL[ VDPSOH SDWKV� DV ZHOO DV LQWHUYDOV

�zb��� z����� $V FDQ EH VHHQ IURP WKH UHVXOWV� SROLF\ }� FRQVLVWHQWO\ SHUIRUPHG EHWWHU WKDQ SROLF\ }&%: �

7KH UHODWLYH DPRXQWV E\ ZKLFK SROLF\ }� SHUIRUPHG EHWWHU WKDQ SROLF\ }&%: YDULHG ZLGHO\ IURP LQVWDQFH

WR LQVWDQFH� :H DUH LQYHVWLJDWLQJ KRZ WKHVH SHUIRUPDQFH GLoHUHQFHV DUH UHODWHG WR WKH FKDUDFWHULVWLFV RI WKH

LQVWDQFHV�

��



,Q VWDQ FH �

,Q LWLDO 6 WDWH 3 ROLF\ 5HS OLFDWHV IRU 9 DOX HV �e��b�� z � zb �� z� ��

��������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

��������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

��������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

��������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

,Q VWDQ FH �

,Q LWLDO 6 WDWH 3 ROLF\ 5HS OLFDWHV IRU 9 DOX HV �e��b�� z � zb �� z� ��

��������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

���������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

���������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

,Q VWDQ FH �

,Q LWLDO 6 WDWH 3 ROLF\ 5HS OLFDWHV IRU 9 DOX HV �e��b�� z � zb �� z� ��

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

,Q VWDQ FH �

,Q LWLDO 6 WDWH 3 ROLF\ 5HS OLFDWHV IRU 9 DOX HV �e��b�� z � zb �� z� ��

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

����������� }� ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

}&%: ����� ����� ����� ����� ����� ����� ����� ���� ����� �����

7DEOH �� 9DOXHV 9 }� DQG 9 &%: IRU SUREOHP LQVWDQFHV JLYHQ LQ $SSHQGL[ %� REWDLQHG XVLQJ VLPXODWLRQ�

��



� )XWXU H :RU N

7KH PHWKRGV DQG UHVXOWV GHVFULEHG LQ WKLV SDSHU UHSUHVHQW RQO\ WKH LQLWLDO VWDJHV RI RXU UHVHDUFK RQ WKH ,53�

0XFK ZRUN UHPDLQV WR EH GRQH EHIRUH VRPH RI WKH ODUJH ,53V HQFRXQWHUHG LQ SUDFWLFH FDQ EH VROYHG� (YHQ

IRU WKH '',53 VHYHUDO FRPSXWDWLRQDO LVVXHV QHHG WR EH DGGUHVVHG EHIRUH ODUJHU LQVWDQFHV FDQ EH VROYHG�

$V WKH QXPEHU RI FXVWRPHUV LQFUHDVHV� WKH VL]H RI WKH DFWLRQ VSDFH $�[� LQFUHDVHV UDSLGO\� 7KXV PHWKRGV
VKRXOG EH GHYHORSHG WR GHWHUPLQH WKH EHVW DFWLRQ� RU DW OHDVW D JRRG DFWLRQ� LQ $�[�� ZLWKRXW HQXPHUDWLQJ
DOO DFWLRQV LQ $�[�� 7KH HoRUW UHTXLUHG WR FRPSXWH WKH H[SHFWHG YDOXH LQ ��� DOVR LQFUHDVHV DV WKH QXPEHU RI
FXVWRPHUV LQFUHDVHV� DQG WKXV WKHUH LV D QHHG IRU IDVW DSSUR[LPDWLRQ PHWKRGV WR HVWLPDWH WKH H[SHFWHG YDOXH�

7KH FRQYHUJHQFH RI WKH SDUDPHWHU HVWLPDWHV pV LV VORZ� HVSHFLDOO\ ZKHQ XVLQJ VWRFKDVWLF DSSUR[LPDWLRQ�

,PSURYHPHQWV LQ FRQYHUJHQFH UDWHV ZLOO DOVR LPSURYH WKH XVHIXOQHVV RI WKH SURSRVHG DSSURDFK�

$Q LPSRUWDQW H[WHQVLRQ RI RXU ZRUN LQYROYHV URXWLQJ YHKLFOHV WR PRUH WKDQ RQH FXVWRPHU RQ D GHOLYHU\

WRXU� 7KLV YHUVLRQ RI WKH ,53 LV OLNHO\ WR EH PXFK KDUGHU WKDQ WKH '',53� VLQFH WKH RSWLPL]DWLRQ SUREOHP

RQ WKH ULJKW KDQG VLGH RI ��� LV PXFK KDUGHU IRU WKH ,53 WKDQ IRU WKH '',53� ,Q WKH FDVH RI WKH ,53�

WKLV RSWLPL]DWLRQ SUREOHP LQYROYHV VROYLQJ ERWK D YHKLFOH URXWLQJ SUREOHP� ZKLFK LV 13�KDUG� DV ZHOO DV

GHWHUPLQLQJ WKH RSWLPDO TXDQWLWLHV WR EH GHOLYHUHG WR HDFK FXVWRPHU RQ D GHOLYHU\ WRXU� ZKLFK LQYROYHV

VROYLQJ D QRQOLQHDU RSWLPL]DWLRQ SUREOHP ZLWK D QRQXQLPRGDO REMHFWLYH IXQFWLRQ� DV VKRZQ LQ &DPSEHOO HW

DO� �������

2WKHU LVVXHV WKDW KDYH WR EH DGGUHVVHG EHIRUH ,53V FDQ EH VROYHG LQ SUDFWLFH� LQFOXGH WKH HVWLPDWLRQ RI WKH

SUREOHP SDUDPHWHUV� 7KHVH LQFOXGH WKH UHZDUGV DQG FRVWV� DV ZHOO DV WKH GHPDQG GLVWULEXWLRQV� (VWLPDWLQJ

WKHVH SDUDPHWHUV IURP QRLV\ GDWD OHDG WR KDUG VWDWLVWLFDO DQG RSWLPL]DWLRQ SUREOHPV� ,W LV VXUSULVLQJ KRZ

OLWWOH ZRUN KDV EHHQ GRQH LQ WKLV DUHD� VLQFH LW LV FOHDU WKDW WKH HVWLPDWLRQ RI SUREOHP SDUDPHWHUV IURP GDWD

LV DQ HVVHQWLDO DFWLYLW\ IRU WKH IRUPXODWLRQ DQG VROXWLRQ RI SUDFWLFDO RSWLPL]DWLRQ SUREOHPV�

5HIHU HQFHV

$QLO \� 6� DQG ) HGHU JU XHQ� $� ����� 2QH :DUHKRXVH 0XOWLSOH 5HWDLOHU 6\VWHPV ZLWK 9HKLFOH 5RXWLQJ

&RVWV� 0DQDJHPHQW 6FLHQFH� ��� ��^����

$QLO \� 6� DQG ) HGHU JU XHQ� $� ����� 5HMRLQGHU WR ?&RPPHQWV RQ 2QH :DUHKRXVH 0XOWLSOH 5HWDLOHU

6\VWHPV ZLWK 9HKLFOH 5RXWLQJ &RVWV�� 0DQDJHPHQW 6FLHQFH � ��� ����^�����

%DU G� -�� +XDQJ� /�� -DLO O HW � 3� DQG 'U RU � 0 � ����� $ 'HFRPSRVLWLRQ $SSURDFK WR WKH ,QYHQWRU\

5RXWLQJ 3UREOHP ZLWK 6DWHOOLWH )DFLOLWLHV� QRW SXEOLVKHG�

%DU QHV�6F KXVW HU � '� DQG %DVVRN � <� ����� 'LUHFW 6KLSSLQJ DQG WKH '\QDPLF 6LQJOH�GHSRW�0XOWL�

UHWDLOHU ,QYHQWRU\ 6\VWHP� (XURSHDQ -RXUQDO RI 2SHUDWLRQDO 5HVHDUFK � ���� ���^����

��



%HO O � : �� 'DO EHU W R� /�� ) LVKHU � 0 �� * U HHQI LHO G� $�� -DLN XP DU � 5�� . HGLD� 3�� 0 DF N � 5� DQG

3U XW ] P DQ� 3� ����� ,PSURYLQJ WKH 'LVWULEXWLRQ RI ,QGXVWULDO *DVHV ZLWK DQ 2Q�/LQH &RPSXWHUL]HG

5RXWLQJ DQG 6FKHGXOLQJ 2SWLPL]HU� ,QWHUIDFHV � ��� �^���

%HU W VHN DV� '� 3� DQG 7 VLW VLN O LV� -� 1� ����� 1HXUR�'\QDPLF 3URJUDPPLQJ� $WKHQD 6FLHQWLpF� 1HZ

<RUN� 1<�

%U DP HO � -� DQG 6LP F KL�/HYL� '� ����� $ /RFDWLRQ %DVHG +HXULVWLF IRU *HQHUDO 5RXWLQJ 3UREOHPV�

2SHUDWLRQV 5HVHDUFK � ��� ���^����

& DP SEHO O � $� 0 �� & O DU N H� /� : �� . O H\Z HJW � $� -� DQG 6DYHO VEHU JK� 0 � : � 3� ����� 7KH ,QYHQWRU\

5RXWLQJ 3UREOHP� 7HFKQLFDO 5HSRUW 7/,������� 6FKRRO RI ,QGXVWULDO DQG 6\VWHPV (QJLQHHULQJ� *HRUJLD

,QVWLWXWH RI 7HFKQRORJ\�

& KDQ� /� 0 � $�� ) HGHU JU XHQ� $� DQG 6LP F KL�/HYL� '� ����� 3UREDELOLVWLF $QDO\VLV DQG 3UDFWLFDO

$OJRULWKPV IRU ,QYHQWRU\�5RXWLQJ 0RGHOV� 2SHUDWLRQV 5HVHDUFK � ��� ��^����

& KLHQ� 7 �� %DO DN U LVKQDQ� $� DQG : RQJ� 5� ����� $Q ,QWHJUDWHG ,QYHQWRU\ $OORFDWLRQ DQG 9HKLFOH

5RXWLQJ 3UREOHP� 7UDQVSRUWDWLRQ 6FLHQFH� ��� ��^���

'U RU � 0 � DQG %DO O � 0 � ����� ,QYHQWRU\�5RXWLQJ� 5HGXFWLRQ IURP DQ $QQXDO WR D 6KRUW 3HULRG 3UREOHP�

1DYDO 5HVHDUFK /RJLVWLFV 4XDUWHUO\ � ��� ���^����

'U RU � 0 �� %DO O � 0 � DQG * RO GHQ� %� ����� $ &RPSXWDWLRQDO &RPSDULVRQ RI $OJRULWKPV IRU WKH ,QYHQWRU\

5RXWLQJ 3UREOHP� $QQDOV RI 2SHUDWLRQV 5HVHDUFK � �� �^���

) HGHU JU XHQ� $� DQG =LSN LQ� 3� ����� $ &RPELQHG 9HKLFOH 5RXWLQJ DQG ,QYHQWRU\ $OORFDWLRQ 3UREOHP�

2SHUDWLRQV 5HVHDUFK � ��� ����^�����

) LVKHU � 0 �� * U HHQI LHO G� $�� -DLN XP DU � 5� DQG . HGLD� 3� ����� 5HDO�7LPH 6FKHGXOLQJ RI D %XON

'HOLYHU\ )OHHW� 3UDFWLFDO $SSOLFDWLRQ RI /DJUDQJHDQ 5HOD[DWLRQ� 7HFKQLFDO UHSRUW� 7KH :KDUWRQ 6FKRRO�

8QLYHUVLW\ RI 3HQQV\OYDQLD� 'HSDUWPHQW RI 'HFLVLRQ 6FLHQFHV�

* DO O HJR� * � DQG 6LP F KL�/HYL� '� ����� 2Q WKH (oHFWLYHQHVV RI 'LUHFW 6KLSSLQJ 6WUDWHJ\ IRU WKH 2QH�

:DUHKRXVH 0XOWL�5HWDLOHU 5�6\VWHPV� 0DQDJHPHQW 6FLHQFH� ��� ���^����

* RO GHQ� %�� $VVDG� $� DQG 'DKO � 5� ����� $QDO\VLV RI D /DUJH 6FDOH 9HKLFOH 5RXWLQJ 3UREOHP ZLWK DQ

,QYHQWRU\ &RPSRQHQW� /DUJH 6FDOH 6\VWHPV� �� ���^����

+DLP RYLF K� 0 � DQG 5LQQRR\ . DQ� $� +� * � ����� %RXQGV DQG KHXULVWLFV IRU FDSDFLWDWHG URXWLQJ

SUREOHPV� 0DWKHPDWLFV RI 2SHUDWLRQV 5HVHDUFK � ��� ���^����

-DLO O HW � 3�� +XDQJ� /�� %DU G� -� DQG 'U RU � 0 � ����� $ 5ROOLQJ +RUL]RQ )UDPHZRUN IRU WKH ,QYHQWRU\

5RXWLQJ 3UREOHP� QRW SXEOLVKHG�

��



0 LQN RI I � $� 6� ����� $ 0DUNRY 'HFLVLRQ 0RGHO DQG 'HFRPSRVLWLRQ +HXULVWLF IRU '\QDPLF 9HKLFOH 'LV�

SDWFKLQJ� 2SHUDWLRQV 5HVHDUFK � ��� ��^���

1DKP LDV� 6� DQG 6P LW K� 6� $� ����� 2SWLPL]LQJ ,QYHQWRU\ /HYHOV LQ D 7ZR�HFKHORQ 5HWDLOHU 6\VWHP ZLWK

3DUWLDO /RVW 6DOHV� 0DQDJHPHQW 6FLHQFH� ��� ���^����

7 U XGHDX� 3� DQG 'U RU � 0 � ����� 6WRFKDVWLF ,QYHQWRU\ 5RXWLQJ� 5RXWH 'HVLJQ ZLWK 6WRFNRXWV DQG 5RXWH

)DLOXUHV� 7UDQVSRUWDWLRQ 6FLHQFH� ��� ���^����

9DQ 5R\� %�� %HU W VHN DV� '� 3�� /HH� <� DQG 7 VLW VLN O LV� -� 1� ����� $ 1HXUR�G\QDPLF 3URJUDPPLQJ

$SSURDFK WR 5HWDLOHU ,QYHQWRU\ 0DQDJHPHQW� 7HFKQLFDO UHSRUW� /DERUDWRU\ IRU ,QIRUPDWLRQ DQG 'HFLVLRQ

6\VWHPV� 0DVVDFKXVHWWV ,QVWLWXWH RI 7HFKQRORJ\� &DPEULGJH� 0$�

��



$SSHQGL[ $

,Q WKLV DSSHQGL[� ZH SUHVHQW D VOLJKWO\ PRGLpHG YHUVLRQ RI WKH PHWKRG SURSRVHG E\ &KLHQ� %DODNULVKQDQ�

DQG :RQJ ������ �&%:�� DGDSWHG IRU WKH '',53� $W WKH VWDUW RI HDFK GD\� DQ LQWHJHU SURJUDP LV VROYHG

WR GHWHUPLQH WKH YHKLFOH DVVLJQPHQWV IRU WKDW GD\� 7KH SDUDPHWHUV DQG YDULDEOHV RI WKH LQWHJHU SURJUDP DUH

JLYHQ LQ WKH IROORZLQJ WDEOH�

Q � 1XPEHU RI FXVWRPHUV

UL � 5HYHQXH HDUQHG SHU XQLW GHOLYHUHG WR FXVWRPHU L

FL � 5RXQG�WULS WUDYHO FRVW EHWZHHQ GHSRW DQG FXVWRPHU L

KL � +ROGLQJ FRVW SHU XQLW VWRUHG LQ LQYHQWRU\ DW FXVWRPHU L

SL � 3HQDOW\ SHU XQLW VKRUW DW FXVWRPHU L

&L � 6WRUDJH FDSDFLW\ RI FXVWRPHU L

;L � ,QLWLDO LQYHQWRU\ DW FXVWRPHU L

'L � (VWLPDWH RI WKH GHPDQG RI FXVWRPHU L

P � 1XPEHU RI YHKLFOHV

&9 � 9HKLFOH FDSDFLW\ �IRU DOO YHKLFOHV�

GLM � 4XDQWLW\ GHOLYHUHG DW FXVWRPHU L E\ YHKLFOH M

\LM � � LI YHKLFOH M LV DVVLJQHG WR FXVWRPHU L� � RWKHUZLVH

rL � /RZHU ERXQG RQ WKH pQDO LQYHQWRU\ DW FXVWRPHU L

uL � 8SSHU ERXQG RQ WKH VKRUWDJH DW FXVWRPHU L

7KH LQWHJHU SURJUDP LV JLYHQ EHORZ�
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&RQVWUDLQWV ��� HQVXUH WKDW WKH WRWDO DPRXQW RI SURGXFW GHOLYHUHG WR D FXVWRPHU GRHV QRW H[FHHG WKH

FXVWRPHU
V UHPDLQLQJ FDSDFLW\� &RQVWUDLQWV ���� HQVXUH WKDW WKH DPRXQW RI SURGXFW GHOLYHUHG WR D FXVWRPHU

��



E\ D VLQJOH YHKLFOH LV QR PRUH WKDQ WKH YHKLFOH FDSDFLW\� &RQVWUDLQWV ���� HQVXUH WKDW D YHKLFOH LV DVVLJQHG

WR DW PRVW RQH FXVWRPHU� &RQVWUDLQWV ���� DQG ���� GHWHUPLQH� IRU HDFK FXVWRPHU� WKH pQDO LQYHQWRU\ RU

VKRUWDJH DW WKH HQG RI WKH GD\� 7KH LQYHQWRU\ DW WKH HQG RI WKH GD\ LV FRPSXWHG DV PD[I�� ;L�
3

M GLMb'LJ�
ZKHUH 'L LV WDNHQ WR EH WKH PD[LPXP GHPDQG DV VXJJHVWHG E\ &%:� /LNHZLVH� VKRUWDJH LV FRPSXWHG DV

PD[I��b;L b
3

M GLM �'LJ� 1RWH WKDW E\ WKH FKRLFH RI 'L� WKH KROGLQJ FRVWV DUH XQGHUHVWLPDWHG DQG WKH

VKRUWDJH FRVWV DUH RYHUHVWLPDWHG� 7KLV PD\ UHVXOW LQ D FRQVHUYDWLYH ORZ�ULVN SROLF\�

7KH REMHFWLYH IXQFWLRQ FRQVLVWV RI IRXU SDUWV� WKH UHYHQXH HDUQHG� WKH WUDQVSRUWDWLRQ FRVW� WKH LQYHQWRU\

KROGLQJ FRVW DQG WKH VKRUWDJH FRVW� $V SURSRVHG E\ &%:� WKH UHYHQXH HDUQHG SHU XQLW LV JLYHQ E\ UL� SL RU

UL GHSHQGLQJ RQ ZKHWKHU RU QRW WKHUH ZDV D VKRUWDJH LQ WKH SUHYLRXV SHULRG� 7KHLU PRGHO KDV EHHQ PRGLpHG

VOLJKWO\ E\ LQFRUSRUDWLQJ D OLQHDU LQYHQWRU\ KROGLQJ FRVW JLYHQ E\ KDOI WKH VXP RI LQYHQWRU\ DIWHU GHOLYHU\

DQG LQYHQWRU\ DW WKH HQG RI WKH GD\� WLPHV WKH SHU XQLW KROGLQJ FRVW� :H KDYH DOVR DVVXPHG WKDW VKRUWDJHV

RFFXU DW WKH HQG RI WKH GD\ DQG DUH GLVFRXQWHG DW D UDWH o WR WKH EHJLQQLQJ RI WKH GD\� )LQDOO\� LW LV DVVXPHG

WKDW WKH GHSRW KDV DQ XQOLPLWHG VXSSO\ RI WKH SURGXFW�
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,QVWDQFHV HYDOXDWHG ZLWK VLPXODWLRQ�
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