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0DQ\ UHDO�ZRUOG SUREOHPV FDQ EH PRGHOHG DV
RQOLQH RSWLPL]DWLRQ SUREOHPV� ,Q WKHVH SURE�
OHPV� LQIRUPDWLRQ DUULYHV RYHU WLPH� ZKLOH GHFL�
VLRQV PXVW EH PDGH DW WLPH SRLQWV EDVHG RQO\
RQ WKH LQIRUPDWLRQ WKHQ DYDLODEOH� 6XUYH\V RI RQ�
OLQH DOJRULWKPV DUH JLYHQ LQ 6JDOO ������ DQG &Ro�
PDQ -U�� *DUH\ DQG -RKQVRQ ������� ZKLOH $OEHUV
������ DQG $VFKHXHU HW DO� ������ GHVFULEH SUDF�
WLFDO VLWXDWLRQV ZKHUH RQOLQH DOJRULWKPV FDQ EH
XVHG�

:H LQYHVWLJDWH D QHZ EDVLF RQOLQH SUREOHP LQ
ZKLFK ZRUN ZLWK GLoHUHQW GHDGOLQHV DUULYHV RYHU
WLPH� D OHYHO RI UHVRXUFHV PXVW EH FKRVHQ DW HDFK
GHFLVLRQ SRLQW VR DV WR PHHW DOO GHDGOLQHV� DQG
WKH REMHFWLYH LV WR PLQLPL]H WKH PD[LPXP UH�
VRXUFH XVDJH� 7KH SUREOHP LV PRWLYDWHG E\ FDVHV
LQ YHKLFOH qHHW SODQQLQJ� ZDUHKRXVH DOORFDWLRQ�
ZRUNVSDFH SURFXUHPHQW� DQG HOHFWULFLW\ FRQVXPS�
WLRQ� ZKHUH WKH FRQWUROODEOH SRUWLRQ RI WRWDO FRVWV
YDULHV ZLWK WKH PD[LPXP DPRXQW RI UHVRXUFH SUR�
FXUHG� ,Q 6HFWLRQ �� ZH GHpQH RXU RQOLQH UHVRXUFH
PLQLPL]DWLRQ SUREOHP� DQG LQWURGXFH WKH QRWDWLRQ
WKDW ZLOO EH XVHG WKURXJKRXW�

2QOLQH DOJRULWKPV DUH W\SLFDOO\ HYDOXDWHG E\
PHDQV RI WKHLU FRPSHWLWLYH UDWLR� ZKLFK LV WKH
ZRUVW�FDVH UDWLR RI WKH SHUIRUPDQFH RI WKH RQOLQH
DOJRULWKP WR WKH SHUIRUPDQFH RI DQ RSWLPDO DOJR�
ULWKP ZLWK SHUIHFW LQIRUPDWLRQ� :H HQG VHFWLRQ �
E\ GHULYLQJ D FORVHG�IRUP H[SUHVVLRQ IRU WKH RSWL�
PDO YDOXH ZLWK SHUIHFW LQIRUPDWLRQ�

,Q 6HFWLRQ � ZH LQWURGXFH WKH o�SROLF\� D VLP�
SOH SDUDPHWHUL]HG SROLF\ ZLWK SDUDPHWHU o DQG
ZRUVW�FDVH UDWLR o� SURYLGHG LW LV IHDVLEOH� 7KH
PDLQ UHVXOW RI WKLV VHFWLRQ LV WKDW� ZLWK DSSURSUL�
DWH SDUDPHWHU FKRLFH� WKH o�SROLF\ KDV DV JRRG D
ZRUVW�FDVH UDWLR DV DQ\ RWKHU SROLF\� 7KLV UHVXOW
DSSOLHV WR DQ\ RQOLQH PLQLPD[ SUREOHP VDWLVI\�

LQJ FHUWDLQ QDWXUDO FRQGLWLRQV� )RU RXU SUREOHP�
ZH DOVR VKRZ WKDW DQ RSWLPDO SDUDPHWHU YDOXH oe

H[LVWV� +HQFH oe DOVR HTXDOV WKH RSWLPDO FRPSHW�
LWLYH UDWLR� :H DOVR VKRZ WKDW WR pQG oe LW LV
VXrFLHQW WR VWXG\ WKH PRUH UHVWULFWHG YHUVLRQ RI
WKH SUREOHP LQ ZKLFK DOO GHDGOLQHV FRLQFLGH ZLWK
WKH SODQQLQJ KRUL]RQ�

:H LQWURGXFH WZR RWKHU FODVVHV RI SROLFLHV�
FDOOHG WKH ��SROLFLHV DQG WKH ��SROLFLHV� LQ 6HF�
WLRQ �� $QDO\VLV RI WKHVH SROLFLHV SURYLGHV DQ XS�
SHU ERXQG RQ WKH RSWLPDO FRPSHWLWLYH UDWLR RI
oe x ����� 7KH ��SROLF\ LV VKRZQ WR DFKLHYH FRP�
SHWLWLYH UDWLR DW EHVW ��

:H WDFNOH ORZHU ERXQGV RQ oe LQ VHFWLRQ �� E\
pQGLQJ D FORVHG�IRUP LQWHJUDO H[SUHVVLRQ� DQG D
FRXSOHG GLoHUHQWLDO HTXDWLRQ V\VWHP IRU FRQWLQX�
RXV DSSUR[LPDWLRQV RI WKH SUREOHP� $QDO\WLF DQG
QXPHULF VROXWLRQV RI WKHVH FRQWLQXRXV PRGHOV OHDG
WR D ������ SHULRG LQVWDQFH WKDW SURYHV oe ! �����

:H DOVR FRQGXFW D FRPSXWDWLRQDO VWXG\ RI
WKH o�SROLF\� WKH ��SROLF\� DQG WKH ��SROLF\� DQG
pQG WKDW WKH ��SROLF\ XVXDOO\ SHUIRUPV EHVW� DQG
WKH o�SROLF\ W\SLFDOO\ SHUIRUPV ZRUVW� 7KXV WKH
DYHUDJH�FDVH SHUIRUPDQFH UDQNLQJV DUH WKH UHYHUVH
RI WKH ZRUVW�FDVH SHUIRUPDQFH UDQNLQJV� 7KHVH UH�
VXOWV DUH GHVFULEHG LQ 6HFWLRQ ��

� 3 U REOHP 'HpQLWLRQ

/HW 7 � == � GHQRWH WKH NQRZQ WLPH KRUL]RQ�
DQG OHW WKH GHFLVLRQ SRLQWV EH I�� �� � � � � 7J� /HW
DLM GHQRWH WKH DPRXQW RI ZRUN WKDW DUULYHV DW WLPH
L ZLWK GHDGOLQH M � IL� L��� � � � � 7J� :LWKRXW ORVV
RI JHQHUDOLW\� DVVXPH WKDW WKH LQLWLDO DPRXQW RI
ZRUN ZDLWLQJ LQ WKH V\VWHP LV ]HUR� 7KXV DQ LQ�
VWDQFH ,7 ZLWK WLPH KRUL]RQ 7 RI WKH RQOLQH UH�
VRXUFH PLQLPL]DWLRQ SUREOHP LV JLYHQ E\ ,7  
�D��� D��� � � � � D77 �� /HW UL GHQRWH WKH DPRXQW RI
UHVRXUFH PDGH DYDLODEOH DW GHFLVLRQ SRLQW L� 7KXV
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WKH PD[LPXP DPRXQW RI ZRUN WKDW FDQ EH SHU�
IRUPHG DW WLPH L LV UL� /HW TLM GHQRWH WKH DPRXQW
RI ZRUN ZLWK GHDGOLQH M WKDW LV SHUIRUPHG DW WLPH
L x M� 7KXV �UL� TLL� � � � � TL7 � GHQRWHV WKH GHFLVLRQ
PDGH DW WLPH L� 7R EH IHDVLEOH� �UL� TLL� � � � � TL7 �
PXVW VDWLVI\ WKH IROORZLQJ IRU DOO L�
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DNM IRU DOO M ���

&RQVWUDLQW ��� VWDWHV WKDW WKH WRWDO DPRXQW RI
ZRUN SHUIRUPHG DW WLPH L FDQQRW H[FHHG WKH
DPRXQW RI ZRUN WKDW FDQ EH DFFRPSOLVKHG ZLWK
UL DPRXQW RI UHVRXUFH� &RQVWUDLQW ��� VWDWHV WKDW
DOO ZRUN PXVW EH SHUIRUPHG E\ WKH UHVSHFWLYH
GHDGOLQHV� &RQVWUDLQW ��� VWDWHV WKDW ZRUN FDQ�
QRW EH SHUIRUPHG EHIRUH LW KDV DUULYHG� %HFDXVH
ZH KDYH QR LQIRUPDWLRQ DERXW IXWXUH DUULYDOV� GH�
FLVLRQ �UL� TLL� � � � � TL7 � FDQ GHSHQG RQ SDVW DUULYDOV
RQO\� DQG QRW RQ DQ\ DUULYDOV DIWHU WLPH L�
/HW ZLM u D�MbT�M�D�MbT�M� c c c�DLM � 7KXV�

ZLM GHQRWHV WKH DPRXQW RI ZRUN ZLWK GHDGOLQH M
ZDLWLQJ DW WLPH L WR EH SHUIRUPHG� DIWHU WKH DU�
ULYDOV DW WLPH L KDYH WDNHQ SODFH� EXW EHIRUH DQ\
ZRUN KDV EHHQ SHUIRUPHG DW WLPH L� 1RWH WKDW
ZL � ��M  ZLM b TLM �DL � ��M � &RQVWUDLQW ��� LPSOLHV
WKDW ZLM y � IRU DOO L DQG M� &RQVWUDLQW ��� LPSOLHV
WKDW TLL  ZLL� L�H� DOO UHPDLQLQJ ZRUN ZLWK GHDG�
OLQH L PXVW EH FRPSOHWHG DW WLPH L� 7KXV ZLM  �
IRU M � L� L�H�� QR ZRUN ZDLWV WR EH SHUIRUPHG DI�
WHU LWV GHDGOLQH� /HW PL u PD[I�� U�� � � � � ULb�J
GHQRWH WKH PD[LPXP DPRXQW RI UHVRXUFH PDGH
DYDLODEOH XS WR WLPH L� ZKLFK LV WKH DPRXQW RI
UHVRXUFH SURFXUHG XS WR WLPH L� 7KXV PL � �  
PD[IPL� ULJ�
/HW } GHQRWH DQ\ SROLF\ IRU WKH RQOLQH UHVRXUFH

PLQLPL]DWLRQ SUREOHP� DQG OHW g GHQRWH WKH VHW RI
DOO RQOLQH SROLFLHV� /HW U}L �,7 � GHQRWH WKH DPRXQW
RI UHVRXUFH SURFXUHG LQ SHULRG L XQGHU SROLF\ } IRU
LQVWDQFH ,7 � ,I SROLF\ } DVVLJQV UHVRXUFH DPRXQWV
UL  U}L �,7 � XQGHU LQVWDQFH ,7 � WKHQ WKH SURFXUH�
PHQW RI SROLF\ } LV

Y}�,7 � u PD[IU�� � � � � U7 J
LI FRQVWUDLQWV ���� ���� DQG ��� DUH VDWLVpHG XQ�
GHU SROLF\ } DW DOO WLPHV L � I�� � � � � 7J� DQG

Y}�,7 � u � RWKHUZLVH� 7KH REMHFWLYH LV WR PLQ�
LPL]H WKH SURFXUHPHQW� 7KXV WKH RSWLPDO YDOXH
ZLWK SHUIHFW LQIRUPDWLRQ LV JLYHQ E\

Ye�,7 � u PLQ
U����� �U7

PD[IU�� � � � � U7 J

VXEMHFW WR FRQVWUDLQWV ���� ���� DQG ���� )RU HDVH
ZH DVVXPH Ye�,7 � ! ��
7KH ZRUVW�FDVH UDWLR ~}7 RI SROLF\ } RYHU DOO

LQVWDQFHV ZLWK WLPH KRUL]RQ 7 LV JLYHQ E\

~}7 u VXS
,7

Y}�,7 �

Ye�,7 �

DQG WKH ZRUVW�FDVH UDWLR ~} RI SROLF\ } RYHU DOO
LQVWDQFHV LV JLYHQ E\

~} u VXS
7 � ==�

~}7

7KH RSWLPDO ZRUVW�FDVH UDWLR ~e7 RYHU DOO RQOLQH
SROLFLHV IRU LQVWDQFHV ZLWK WLPH KRUL]RQ 7 LV JLYHQ
E\

~e7 u LQI
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DQG WKH RSWLPDO ZRUVW�FDVH UDWLR ~e RYHU DOO RQOLQH
SROLFLHV DQG LQVWDQFHV LV JLYHQ E\
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$Q RQOLQH SROLF\ }e � g LV FDOOHG RSWLPDO LI
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e

7  ~e7 IRU DOO 7 � == � �

/HPPD � 7KH RSWLPDO YDOXH Ye�,7 � ZLWK SHUIHFW
LQIRUPDWLRQ LV JLYHQ E\

Ye�,7 �  PD[
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&OHDUO\ Ye�,7 � y qe�,7 �� ,W UHPDLQV WR VKRZ WKDW
Ye�,7 � x qe�,7 �� &RQVLGHU WKH VROXWLRQ �ZLWK SHU�
IHFW LQIRUPDWLRQ� LQGXFWLYHO\ GHpQHG DV IROORZV�
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/HW :L u ZLL � c c c � ZL7 � 7KXV :L GHQRWHV WKH
WRWDO DPRXQW RI ZRUN ZDLWLQJ WR EH SURFHVVHG DI�
WHU WKH DUULYDOV DW WLPH L KDYH WDNHQ SODFH� EXW
EHIRUH DQ\ SURFHVVLQJ DW WLPH L� ,I :L x qe�,7 ��
WKHQ OHW UL  :L� DQG SURFHVV DOO :L ZRUN� (OVH�
LI :L ! qe�,7 �� WKHQ OHW UL  qe�,7 �� DQG SUR�
FHVV qe�,7 � ZRUN LQ HDUOLHVW GXH GDWH �(''� RU�
GHU� 7KXV WKLV VROXWLRQ QHYHU DOORFDWHV PRUH WKDQ
qe�,7 � DPRXQW RI UHVRXUFH DW D WLPH� 7KH VROX�
WLRQ LV IHDVLEOH DQG KDV REMHFWLYH YDOXH qe�,7 � LI
DQG RQO\ LI DOO ZRUN LV FRPSOHWHG E\ WKH GHDGOLQHV�
ZKLFK LV HVWDEOLVKHG QH[W�
)RU DQ\ WLPH W� OHW C�W� GHQRWH WKH ODVW WLPH

� � I�� � � � � WJ WKDW WKHUH LV QR ZRUN ZLWK GHDG�
OLQH OHVV WKDQ RU HTXDO WR W ZDLWLQJ WR EH SUR�
FHVVHG DIWHU WKH SURFHVVLQJ DW WLPH � KDV WDNHQ
SODFH� ,I WKHUH LV QR VXFK WLPH � � I�� � � � � WJ�
WKHQ OHW C�W�  � �ZKLFK ZLOO WXUQ RXW QHYHU WR
EH WKH FDVH�� 7KXV WKH REMHFWLYH LV WR VKRZ WKDW
C�W�  W� ZKLFK LPSOLHV WKDW DOO ZRUN ZLWK GHDG�
OLQH OHVV WKDQ RU HTXDO WR W KDV EHHQ SURFHVVHG DW
WKH HQG RI WLPH W� 6XSSRVH C�W� � W� 7KHQ WKH
DPRXQW RI ZRUN ZLWK GHDGOLQH OHVV WKDQ RU HTXDO
WR W WKDW KDV WR EH SURFHVVHG LQ IC�W� � �� � � � � WJ
LV
3W

L  C�W�� �

3W
M  L DLM � ZKLFK LV OHVV WKDQ RU HTXDO

WR qe�,7 ��W b C�W�� IURP WKH GHpQLWLRQ RI qe�,7 ��
+RZHYHU� IURP WKH GHpQLWLRQ RI C�W� DQG WKH VR�
OXWLRQ� WKHUH LV ZRUN ZLWK GHDGOLQH OHVV WKDQ RU
HTXDO WR W UHPDLQLQJ DW WKH HQG RI HDFK RI WKH
WLPHV LQ IC�W� � �� � � � � WJ� DQG WKXV qe�W b C�W��
ZRUN ZLWK GHDGOLQH OHVV WKDQ RU HTXDO WR W LV SUR�
FHVVHG LQ IC�W� � �� � � � � WJ� 7KXV WKH DPRXQW RI
ZRUN ZLWK GHDGOLQH OHVV WKDQ RU HTXDO WR W WKDW LV
SURFHVVHG LQ IC�W� � �� � � � � WJ LV DW OHDVW DV PXFK
DV WKH DPRXQW WKDW QHHGV WR EH SURFHVVHG WR pQLVK
DOO VXFK ZRUN E\ WLPH W� 7KXV DOO ZRUN LV pQLVKHG
E\ WKH GHDGOLQHV� DQG Ye�,7 � x qe�,7 �� (

� 2SWLPDO 2QOLQH $OJRU LWKP

/HW ,L7  �D��� D��� � � � � DL7 � �� � � � � �� GHQRWH
WKH WUXQFDWHG LQVWDQFH ZLWK WKH VDPH DUULYDOV XS
WR WLPH L DV LQVWDQFH ,7 � DQG � DUULYDOV WKHUHDIWHU�

'HpQLWLRQ � 7KH o�SROLF\ LV DQ RQOLQH SROLF\
ZLWK SDUDPHWHU o y �� DQG GHpQHG E\ WKH SUR�
FXUHPHQW

UoL �,7 �  oYe�,L7 � �L�

$W SHULRG L WKH o�SROLF\ DVVLJQV o WLPHV WKH RS�
WLPDO YDOXH ZLWK SHUIHFW LQIRUPDWLRQ RI WKH WUXQ�

FDWHG LQVWDQFH ,L7 � 7KLV SROLF\ FDQ PLVV GHDGOLQHV
LI o LV WRR VPDOO�
*LYHQ 7 � LI WKHUH LV D YDOXH IRU WKH SDUDPHWHU

o WKDW SURYLGHV WKH EHVW FRPSHWLWLYH UDWLR IRU WKH
o�SROLF\� LW LV GHQRWHG oe7 � :H VKRZ LQ WKLV VHF�
WLRQ WKDW WKHVH RSWLPDO SDUDPHWHUV H[LVW� DQG ZH
OHW oe u VXS7 oe7 �
7KH o�SROLF\ WXUQV RXW WR EH RSWLPDO� WKRXJK

ZH GR QRW NQRZ WKH RSWLPDO YDOXH oe7 RI WKH SD�
UDPHWHU� 7KLV RSWLPDOLW\ SURSHUW\ KROGV IRU D JHQ�
HUDO FODVV RI SUREOHPV ZKHUH WKH PD[LPXP TXDQ�
WLW\ RI UHVRXUFH SURFXUHG LV WR EH PLQLPL]HG� $Q
LQVWDQFH ,7 RI D SUREOHP FRQVLVWV RI ZRUN DUULY�
LQJ HDFK WLPH SHULRG� LQ D IRUP GHSHQGLQJ RQ
WKH SUREOHP� UHVRXUFHV SURFXUHG DUH GHQRWHG 5  
IU�� � � � � U7 J� $ ELQDU\�YDOXHG IXQFWLRQ ) �,7 � 5�
GHpQHV IHDVLELOLW\ RI SURFXUHPHQWV IRU WKH SURE�
OHP� 7KH IXQFWLRQ ) �,7 � 5�  WUXH Lo DOO WKH MREV
LQ ,7 FDQ EH FRPSOHWHG RQ WLPH ZLWK UHVRXUFH DO�
ORFDWLRQ 5� 7KH GHpQLWLRQV RI PL� Y

}�,7 �� ~
e
7 � HWF�

UHPDLQ WKH VDPH�
:H RQO\ UHTXLUH WKDW ) EH PRQRWRQLF LQ UH�

VRXUFHV DQG ZRUN� 7KDW LV�

UHVRXUFH PRQRWRQLFLW\ 6XSSRVH ) �,� 5�  
WUXH� ,I A5 y 5� WKHQ ) �,� A5�  WUXH�

ZRUN PRQRWRQLFLW\ 6XSSRVH ) �,�5�  WUXH� ,I
A, z ,� WKHQ ) �A,� 5�  WUXH�

7KHRUHP � 6XSSRVH DQ RQOLQH PLQLPD[ UHVRXUFH
SURFXUHPHQW SUREOHP VDWLVpHV UHVRXUFH DQG ZRUN
PRQRWRQLFLW\� )RU DQ\ RQOLQH SROLF\ }� LI ~}7 �
�� WKHQ WKH o�SROLF\ ZLWK SDUDPHWHU o  ~}7
DFKLHYHV WKH VDPH FRPSHWLWLYH UDWLR ~}7 �

&RUROODU\ � ,I WKHUH H[LVWV DQ RSWLPDO RQOLQH SRO�
LF\� WKHQ IRU DQ\ 7 � ~e7 LV WKH OHDVW SDUDPHWHU o
IRU ZKLFK WKH o�SROLF\ LV DOZD\V IHDVLEOH�

3URRI� &KRRVH SDUDPHWHU o  ~}7 � )LUVW ZH
FODLP WKDW �,7�W � � x W x 7� UoW �,7 � y U}W �,7 ��
3URRI RI FODLP� VXSSRVH QRW� 7KHQ �,7 � � x W x 7
V�W�

U}W �,7 � ! UoW �,7 ��

&RQVLGHU WKH EHKDYLRU RI } RQ WKH LQVWDQFH ,W7 �
6LQFH } GRHV QRW ORRN DKHDG�

U}W �,7 �  U}W �,
W
7 ��

6LQFH WKH FRVW IXQFWLRQ LV WKH PD[LPXP RI UL�

U}W �,
W
7 � x Y}�,W7 ��
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7KHUHIRUH UoW �,7 � � Y}�,W7 �� 2Q WKH RWKHU
KDQG� E\ GHpQLWLRQ� UoW �,7 �  oYe�,W7 �  
~}7 Y

e�,W7 �� 6R
Y}�,W7 �

Ye�,W7 �
! ~}7 �

:H
YH H[KLELWHG DQ LQVWDQFH ,W7 IRU ZKLFK }
KDV SHUIRUPDQFH UDWLR ! ~}7 � FRQWUDGLFWLQJ WKH DV�
VXPSWLRQ DERXW }� 7KLV SURYHV WKH FODLP�
6HFRQG� IURP WKH FODLP� WKH o�SROLF\ DW HY�

HU\ SHULRG DOORFDWHV DW OHDVW DV PXFK UHVRXUFH DV
} GRHV� %\ DVVXPSWLRQ ~}7 � �� VR E\ UHVRXUFH
PRQRWRQLFLW\ RI ) � WKH o�SROLF\ DOZD\V JHQHUDWHV
IHDVLEOH UHVRXUFH DOORFDWLRQV� 7KHQ E\ GHpQLWLRQ�

Yo�,7 �  PD[
W

UoW �,7 � �,7

%\ ZRUN PRQRWRQLFLW\ RI ) �

Ye�,W7 � x Ye�,7 �

EHFDXVH DQ\ DOORFDWLRQ IHDVLEOH IRU ,7 LV DOVR IHD�
VLEOH IRU ,W7 � 7KHUHIRUH� UoW �,7 �  oYe�,W7 � x
oYe�,7 �� 7KLV LV WUXH IRU DOO W� DQG WKXV Y

o�,7 � x
oYe�,7 �� +HQFH

Yo�,7 �

Ye�,7 �
x o  ~}7 �

7KLV SURYHV WKDW WKH o�SROLF\ DFKLHYHV WKH VDPH
ZRUVW�FDVH SHUIRUPDQFH DV }� 7KXV LI WKHUH LV D
OHDVW o YDOXH ZKLFK DOZD\V JLYHV IHDVLEOH DOORFD�
WLRQV� LW SURYLGHV DQ RSWLPDO RQOLQH SROLF\� (

7KH PRQRWRQLFLW\ SURSHUWLHV DUH REYLRXVO\ VDW�
LVpHG E\ RXU EDVLF SUREOHP� GHpQHG LQ 6HFWLRQ ��
VR 7KHRUHP � DSSOLHV� :H QRZ WXUQ WR WKH TXHV�
WLRQ RI H[LVWHQFH RI RSWLPDO RQOLQH SROLFLHV� VR WKDW
ZH PD\ DSSO\ &RUROODU\ ��

3URSRVLWLRQ � ,I ~e7 � � DQG WKH IHDVLELOLW\
IXQFWLRQ ) LV XSSHU VHPLFRQWLQXRXV LQ 5� WKHQ
WKHUH H[LVWV DQ RSWLPDO o�SROLF\� 7KDW LV� WKH o�
SROLF\ ZLWK o  ~e7 LV IHDVLEOH�

3URRI� &RQVLGHU DQ\ ZRUN VWUHDP ,7 � )RU DQ\
o� OHW 5o u �oYe�,�7 �� � � � � oYe�,77 ��� &KRRVH DQ\
� � ��� ��� %HFDXVH ) LV XSSHU VHPLFRQWLQXRXV
LQ 5� WKHUH H[LVWV r ! � VXFK WKDW ) �,7 � 5

~e7 � !
) �,7 � 5� b � IRU DOO 5 ZLWK N5~e7 b 5N � r� /HW
Y�,7 � u PD[I�� Ye�,7 �J� %HFDXVH ~e7 � �� WKHUH
H[LVWV o VXFK WKDW ) �,7 � 5

o�  � DQG ~e7 x o �
~e7 � r �7Y�,7 ��� 7KHQ ~e7 Y

e�,L7 � x oYe�,L7 � �
~e7 Y

e�,L7 ��r 7 IRU DOO L  �� � � � � 7 � 7KXV N5~e7 b

5oN � r� DQG KHQFH ) �,7 � 5
~e7 � ! ) �,7 � 5

o� b
�  �b �� ZKLFK LPSOLHV WKDW ) �,7 � 5

~e7 �  �� (

)RU RXU SUREOHP� ZH KDYH WKH IROORZLQJ UHVXOW�
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7KH FODVV RI ��SROLFLHV GLYLGH WKH WLPH KRUL]RQ
LQ SRZHUV RI � DQG VFKHGXOH ZRUN WR EH FRPSOHWHG
EDVHG RQ DUULYDO WLPHV RQO\� :LWKRXW ORVV RI JHQ�
HUDOLW\� OHW 7  �. b �� . � == � � ,I QRW� ZH PDNH
WKH LQVWDQFH ORQJHU E\ OHWWLQJ .  GORJ�7 � ��H
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$ GUDZEDFN ZLWK SROLF\ �� LV WKDW LW ZDLWV IRU
DOPRVW KDOI WKH WLPH KRUL]RQ EHIRUH DVVLJQLQJ UH�
VRXUFHV WR FRPSOHWH ZRUN� 6R� E\ VWDUWLQJ WR SUR�
FHVV WKH ZRUN HDUOLHU DQG PDWFKLQJ WKH FRPSOHWLRQ
WLPHV RI SROLF\ ��� ZH VKRXOG JHW D SROLF\ ZLWK
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SROLF\ ���

3ROLF\ �� $OORFDWH UHVRXUFHV XQLIRUPO\ WR FRP�
SOHWH ZRUN DUULYLQJ LQ SHULRGV I�. b �L �
�� � � � � �. b �Lb� b �Lb�J DQG I�. b �Lb� b
�Lb� � �� � � � � �. b �Lb�J LQ SHULRGV I�. b �Lb� b
�Lb�� � � � � �.b�Lb�b�J DQG I�.b�Lb�� � � � � �.b
�Lb� b �J� UHVSHFWLYHO\� IRU L  .� � � � � ��

7KHRUHP � )RU SROLF\ ��� WKH FRPSHWLWLYH UDWLR
~��  ����

3URRI� &RQVLGHU DQ\ LQVWDQFH ,7 � $ ORZHU
ERXQG RQ WKH RSWLPDO YDOXH ZLWK SHUIHFW LQIRU�
PDWLRQ LV

Ye�,7 � y PD[
��
� �

�Q� � b �
�.b�Q b �b�Q b �;
L  �.b�Q�� � �

DL�

�

�Q � �Qb� b �
�.b�Q b �b�Q b �;

L �.b�Qb�Q b � � �

DL

� 
� �

� Q � I�� � � � � . b �J� ����

7KHUH DUH WZR FDVHV� GHSHQGLQJ RQ ZKLFK WHUP
LQ ���� LV ODUJHU� $OJHEUDLF PDQLSXODWLRQ RQ WKH

FDVHV UHVXOWV LQ ~��7 x ���� $Q LQVWDQFH , �7 ZLWK
D�  $� D�. b � � �  �$� DQG UHPDLQLQJ DL  �� KDV
Y���, �7 � Y

e�, �7 �  ����� b � �� c �.b���� +HQFH�
~��  ���� (

%DVHG RQ WKH LPSURYHPHQW LQ FRPSHWLWLYH UD�
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3URRI� 7KH SURRI LV VLPLODU WR WKH SURRI RI 7KHR�
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WKH o�SROLF\ ZLWK o  / LV LQIHDVLEOH� 7R pQG VXFK
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OHVV WKDQ ��� �� b } �� } ������� $ GLVFUHWH LQ�
VWDQFH ZLWK D OLQHDU DUULYDO UDWH DQG ���� SHUL�
RGV UHTXLUHV o ! ������ :KHQ WKH DUULYDO UDWH
LV TXDGUDWLF� o y ������ ZKLOH D GLVFUHWH LQVWDQFH
ZLWK ������ SHULRGV UHTXLUHV o ! ������
6LQFH LW DSSHDUV WKDW JURZLQJ DUULYDO UDWHV JLYH

ULVH WR ZRUVH LQVWDQFHV� ZH WULHG YDULRXV RWKHU
IXQFWLRQDO IRUPV� VXFK DV D�W�  H[S��W�� 8QIRUWX�
QDWHO\� VXFK DUULYDO UDWHV VWDUYH WKH UHVRXUFHV DQG
���� EHFRPHV LQFRUUHFW� +RZHYHU� ZH ZHUH DEOH WR
FRQVWUXFW D GLVFUHWH LQVWDQFH ZLWK ������ SHULRGV
WKDW VKRZV WKDW ~e ! �����
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7DEOH �� 9DOXHV RI �,�� �,,� DQG �,,,� RYHU ������ LQVWDQFHV ZLWK 7  �� JHQHUDWHG XVLQJ FKDUDFWHULVWLFV
$� %� & DQG ' RI DUULYDO GLVWULEXWLRQ�

$ WUXQFDWHG DQG GLVFUHWL]HG 1RUPDO GLVWUL�
EXWLRQ ZDV XVHG WR JHQHUDWH WKH DUULYDOV ZLWK
GLoHUHQW GHDGOLQHV LQ HDFK SHULRG� 7R DVVHVV
WKH LPSDFW RI WKH PHDQ DQG FRHrFLHQW RI YDUL�
DWLRQ� IRXU FODVVHV RI LQVWDQFHV ZHUH JHQHUDWHG
ZLWK FRPELQDWLRQV RI ORZ DQG KLJK PHDQV DQG FR�
HrFLHQWV RI YDULDWLRQ� 7KH YDOXHV RI �z� ��� FY�
DUH $ ������ ����� ������ % ������ ����� ����� &
������ ������ ����� DQG ' ������ ����� ������ 7HQ
WKRXVDQG LQVWDQFHV ZHUH JHQHUDWHG IRU HDFK
FODVV RI LQVWDQFHV� DQG SODQQLQJ KRUL]RQ 7 �
I��� ��� ��� ��� ��� ���J� 7KH SROLFLHV FRQVLGHUHG
ZHUH o�SROLF\ ZLWK o � I����� �� ����� ���J� 
�
SROLF\ ZLWK S � I�� ���� �� ���� �J� DQG � SROLF\
ZLWK T � I�� �J� 9DOXHV RI WKH SDUDPHWHU IRU WKH
o�SROLF\ ZHUH FKRVHQ EDVHG RQ ORZHU DQG XSSHU
ERXQGV RQ ~e ����� � ~e x ����� FRPSXWHG HDU�
OLHU�
7KH PHDVXUHV IRU FRPSDULVRQ ZHUH �,� WKH SHU�

FHQWDJH RI LQVWDQFHV ZKHUH D SDUWLFXODU SROLF\ SHU�
IRUPHG EHWWHU WKDQ DOO RWKHU SROLFLHV� �,,� WKH PD[�
LPXP SHUIRUPDQFH UDWLR Y} Ye RI D SROLF\� DQG
�,,,� WKH DYHUDJH SHUIRUPDQFH UDWLR IRU D SROLF\�
7DEOH � VKRZV YDOXHV RI �,�� �,,� DQG �,,,� IRU
������ LQVWDQFHV ZLWK 7  �� JHQHUDWHG LQ FODVVHV
$� %� & DQG '� 7KH YDOXHV REWDLQHG DUH UHSUHVHQ�
WDWLYH RI WKH UHVXOWV REWDLQHG IRU RWKHU YDOXHV RI
7 �
7KH UHVXOWV LQGLFDWH WKDW SROLF\ 
� SHUIRUPV

EHWWHU WKDQ WKH RWKHU SROLFLHV IRU PRVW RI WKH LQ�
VWDQFHV� %DVHG RQ WKH YDOXHV RI o WKDW ZHUH WULHG�
LW GRHV QRW VHHP DV WKRXJK WKH o�SROLF\ SHUIRUPV
ZHOO LQ SUDFWLFH� 7KH HVVHQWLDO GLoHUHQFH EHWZHHQ
WKH o�� 
�� DQG ��SROLFLHV LV WKDW WKH o� DQG ��
SROLFLHV GR QRW WDNH WKH DPRXQW RI UHPDLQLQJ ZRUN
LQWR DFFRXQW ZKHQ PDNLQJ GHFLVLRQV� ZKHUHDV WKH

�SROLFLHV GR� DQG WKLV VHHPV WR EH LPSRUWDQW�
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