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1 Introduction

Many real-world problems can be modeled as
online optimization problems. In these prob-
lems, information arrives over time, while deci-
sions must be made at time points based only
on the information then available. Surveys of on-
line algorithms are given in Sgall (1997) and Coff-
man Jr., Garey and Johnson (1996), while Albers
(1997) and Ascheuer et al. (1998) describe prac-
tical situations where online algorithms can be
used.

We investigate a new basic online problem in
which work with different deadlines arrives over
time, a level of resources must be chosen at each
decision point so as to meet all deadlines, and
the objective is to minimize the maximum re-
source usage. The problem is motivated by cases
in vehicle fleet planning, warehouse allocation,
workspace procurement, and electricity consump-
tion, where the controllable portion of total costs
varies with the maximum amount of resource pro-
cured. In Section 2, we define our online resource
minimization problem, and introduce the notation
that will be used throughout.

Online algorithms are typically evaluated by
means of their competitive ratio, which is the
worst-case ratio of the performance of the online
algorithm to the performance of an optimal algo-
rithm with perfect information. We end section 2
by deriving a closed-form expression for the opti-
mal value with perfect information.

In Section 3 we introduce the a-policy, a sim-
ple parameterized policy with parameter a and
worst-case ratio «, provided it is feasible. The
main result of this section is that, with appropri-
ate parameter choice, the a-policy has as good a
worst-case ratio as any other policy. This result
applies to any online minimax problem satisfy-

ing certain natural conditions. For our problem,
we also show that an optimal parameter value o*
exists. Hence o also equals the optimal compet-
itive ratio. We also show that to find o* it is
sufficient to study the more restricted version of
the problem in which all deadlines coincide with
the planning horizon.

We introduce two other classes of policies,
called the ¢-policies and the -policies, in Sec-
tion 4. Analysis of these policies provides an up-
per bound on the optimal competitive ratio of
a* < 3.45. The ¢-policy is shown to achieve com-
petitive ratio at best 4.

We tackle lower bounds on a* in section 5, by
finding a closed-form integral expression, and a
coupled differential equation system for continu-
ous approximations of the problem. Analytic and
numeric solutions of these continuous models lead
to a 10,000 period instance that proves o* > 2.51.

We also conduct a computational study of
the a-policy, the ¢-policy, and the ¥-policy, and
find that the ¢-policy usually performs best, and
the a-policy typically performs worst. Thus the
average-case performance rankings are the reverse
of the worst-case performance rankings. These re-
sults are described in Section 6.

2 Problem Definition

Let T € Z denote the known time horizon,
and let the decision points be {1,2,...,T}. Let
a;; denote the amount of work that arrives at time
¢ with deadline j € {i,i+1,... ,T}. Without loss
of generality, assume that the initial amount of
work waiting in the system is zero. Thus an in-
stance Ir with time horizon T of the online re-
source minimization problem is given by Ir =
(a11,a12,... ,ar7). Let r; denote the amount of
resource made available at decision point ¢z. Thus
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the maximum amount of work that can be per-
formed at time ¢ is r;. Let ¢;; denote the amount
of work with deadline j that is performed at time
i < j. Thus (r;, ¢, ... ,qr) denotes the decision
made at time i. To be feasible, (rs, gii,... ,qi7)
must satisfy the following for all <.

T
Z gi; < 1 (1)
=i

i i

Z ki = Z ki (2)
k=1 k=1

i i
Z Qej < Z Ak
k=1 k=1

Constraint (1) states that the total amount of
work performed at time 7 cannot exceed the
amount of work that can be accomplished with
r; amount of resource. Constraint (2) states that
all work must be performed by the respective
deadlines. Constraint (3) states that work can-
not be performed before it has arrived. Because
we have no information about future arrivals, de-
cision (74, gis, - - . ,q;7) can depend on past arrivals
only, and not on any arrivals after time 1.

Let w;; = a1; —qij+a2; —qoj+- - -+a;;. Thus,
w;; denotes the amount of work with deadline j
waiting at time i to be performed, after the ar-
rivals at time ¢ have taken place, but before any
work has been performed at time 7. Note that
Wit1,; = Wi; —¢i; +ait1,5. Constraint (3) implies
that w;; > 0 for all 7 and j. Constraint (2) implies
that ¢; = w;;, i.e, all remaining work with dead-
line ¢ must be completed at time 7. Thus w;; =0
for j < ¢, i.e., no work waits to be performed af-
ter its deadline. Let m; = max{0,71,... ,7;—1}
denote the maximum amount of resource made
available up to time ¢, which is the amount of
resource procured up to time i. Thus m;; 1 =
max{m;,r;}.

Let 7 denote any policy for the online resource
minimization problem, and let IT denote the set of
all online policies. Let 77 (Ir) denote the amount
of resource procured in period ¢ under policy 7 for
instance Ir. If policy 7 assigns resource amounts
r; = rT(Ir) under instance I, then the procure-
ment of policy 7 is

for all j (3)

0" (Ir) = max{ry,...,rr}

if constraints (1), (2), and (3) are satisfied un-
der policy 7 at all times ¢ € {1,...,T}, and

v™(IT) = oo otherwise. The objective is to min-
imize the procurement. Thus the optimal value
with perfect information is given by

v*(Iy) =

min max{ry,... ,rr}

Tlyeee s TT

subject to constraints (1), (2), and (3). For ease
we assume v*(I) > 0.

The worst-case ratio p7. of policy m over all
instances with time horizon T is given by

pT = sup —
4 Ip v (IT)
and the worst-case ratio p™ of policy 7 over all
instances is given by

U

p" = sup pr

T€Z+

The optimal worst-case ratio p7. over all online
policies for instances with time horizon T is given
by

* s T
0 = inf P
T well T

and the optimal worst-case ratio p* over all online
policies and instances is given by

p* = sup pp
T€Z+
Lemma 1
o=

An online policy 7* € II is called optimal if
pr =phforall T€Z,.

Lemma 2 The optimal value v*(Ir) with perfect
information is given by

1
v (Ir) {s,te{lr,r.l..a,)gf}:sgt} t—s+1 Z Z ij

i=s j=i
Proof: Let

t t
N 1
V(Ir) = maxe—og > D ay

i=s j=1

Clearly v*(Ir) > v*(Ir). Tt remains to show that
v*(Ir) < v*(Ir). Consider the solution (with per-
fect information) inductively defined as follows.



Let W; = w;; + -+ - + wyr. Thus W; denotes the
total amount of work waiting to be processed af-
ter the arrivals at time ¢ have taken place, but
before any processing at time . If W; < v*(Ir),
then let r; = W;, and process all W; work. Else,
if W; > ~*(Ir), then let r; = ~*(Ir), and pro-
cess v*(Ir) work in earliest due date (EDD) or-
der. Thus this solution never allocates more than
~v*(Ir) amount of resource at a time. The solu-
tion is feasible and has objective value v*(Ip) if
and only if all work is completed by the deadlines,
which is established next.

For any time t, let £(t) denote the last time
T € {1,...,t} that there is no work with dead-
line less than or equal to t waiting to be pro-
cessed after the processing at time 7 has taken
place. If there is no such time 7 € {1,...,t},
then let ¢(¢t) = 0 (which will turn out never to
be the case). Thus the objective is to show that
L(t) = t, which implies that all work with dead-
line less than or equal to ¢t has been processed at
the end of time ¢. Suppose £(t) < t. Then the
amount of work with deadline less than or equal
to t that has to be processed in {£(t) +1,...,t}
is Zz:«@(t)ﬂ Zé:z a;;, which is less than or equal
to v*(Ir)(t — £(t)) from the definition of v*(Ir).
However, from the definition of £(t) and the so-
lution, there is work with deadline less than or
equal to t remaining at the end of each of the
times in {{(t) + 1,... ,t}, and thus v*(¢t — £(t))
work with deadline less than or equal to t is pro-
cessed in {{(t) +1,...,t}. Thus the amount of
work with deadline less than or equal to ¢ that is
processed in {{(t) + 1,...,t} is at least as much
as the amount that needs to be processed to finish
all such work by time ¢. Thus all work is finished
by the deadlines, and v*(Ir) < v*(Ir). O

3 Optimal Online Algorithm

Let I = (aj1,a12,...,a;r,0,...,0) denote
the truncated instance with the same arrivals up
to time ¢ as instance I, and 0 arrivals thereafter.

Definition 1 The a-policy is an online policy
with parameter o > 1, and defined by the pro-
curement

r®(Ir) = av*(I%) Vi.

At period ¢ the a-policy assigns a times the op-
timal value with perfect information of the trun-

cated instance I.. This policy can miss deadlines
if a is too small.

Given T, if there is a value for the parameter
a that provides the best competitive ratio for the
a-policy, it is denoted a,. We show in this sec-
tion that these optimal parameters exist, and we
let a* = supy a.

The a-policy turns out to be optimal, though
we do not know the optimal value a7, of the pa-
rameter. This optimality property holds for a gen-
eral class of problems where the maximum quan-
tity of resource procured is to be minimized. An
instance I of a problem consists of work arriv-
ing each time period, in a form depending on
the problem; resources procured are denoted R =
{r1,...,rr}. A binary-valued function F(Ir, R)
defines feasibility of procurements for the prob-
lem. The function F(Ir, R) = true iff all the jobs
in Ir can be completed on time with resource al-
location R. The definitions of m;,v™ (Ir), p¥, etc.
remain the same.

We only require that F' be monotonic in re-
sources and work. That is,

resource monotonicity Suppose F(I,R) =
true. If R > R, then F(I, R) = true.

work monotonicity Suppose F'(I, R) = true. If
I <1, then F(I, R) = true.

Theorem 1 Suppose an online minimax resource
procurement problem satisfies resource and work
monotonicity. For any online policy , if pf <
oo, then the a-policy with parameter o = p.
achieves the same competitive ratio p.

Corollary 1 If there exists an optimal online pol-
icy, then for any T, p} is the least parameter o
for which the a-policy is always feasible.

Proof: = Choose parameter o = p7.. First we
claim that VIpVt : 1 <t < T, r¥(Ip) > rF(Ir).
Proof of claim: suppose not. Then dl;,1 <t <T
s.t.

T’?—(IT) > T?(IT).

Consider the behavior of 7 on the instance I%.
Since m does not look ahead,

ri (Ir) =i (I7).

Since the cost function is the maximum of r;,

ri (Ir) < v™(I7).



On the other
av'(IL) -

Therefore r¢(Ir) < v™(I%).
hand, by definition, r(Ir) =
piv*(I7). So

vTUL)  a
o)

We've exhibited an instance I%. for which 7
has performance ratio > p7., contradicting the as-
sumption about 7. This proves the claim.

Second, from the claim, the a-policy at ev-
ery period allocates at least as much resource as
m does. By assumption p}. < oo, so by resource
monotonicity of F', the a-policy always generates
feasible resource allocations. Then by definition,

vO‘(IT) = HI?XT’?(IT) VIT
By work monotonicity of F,
v*(I7) < v*(Ir)

because any allocation feasible for I is also fea-
sible for I%. Therefore, ry*(Iy) = av*(It) <
av*(Ir). This is true for all ¢, and thus v¥(Iy) <
av*(Ir). Hence

<

a(IT

’U*(IT)

~

<a=pp.

This proves that the a-policy achieves the same
worst-case performance as w. Thus if there is a
least o value which always gives feasible alloca-
tions, it provides an optimal online policy. O

The monotonicity properties are obviously sat-
isfied by our basic problem, defined in Section 2,
so Theorem 1 applies. We now turn to the ques-
tion of existence of optimal online policies, so that
we may apply Corollary 1.

Proposition 1 If pf. < oo and the feasibility
function F is upper semicontinuous in R, then
there exists an optimal a-policy. That is, the a-
policy with o = p¥. is feasible.

Proof: Consider any work stream Ip. For any
a, let R® = (av*(I}),... ,av*(I})). Choose any
e € (0,1). Because F' is upper semicontinuous
in R, there exists & > 0 such that F(Ip, RFT) >
F(Ir,R) — ¢ for all R with |R’T — R|| < 4. Let
o(Iy) = max{1,v*(Iy)}. Because p} < oo, there
exists a such that F(Ip, R*) =1 and p} < a <
Py +6/(To(Ir)). Then pio*(I3) < av*([})* <
prv*(In)+06/T forall i =1,...,T. Thus |R’T —

R®|| < 6, and hence F(Ir, R°T) > F(Ir,R®) —
e =1 — ¢, which implies that F(Ip, R°T) = 1. O

For our problem, we have the following result.
The proof is omitted.

Proposition 2 For the problem defined in Sec-
tion 2, assuming q is chosen according to EDD
assignment order, the feasibility function F' is up-
per semicontinuous in R. This implies that an
optimal parameter o exists, and o = p¥.. Also,
a* = p*. ' ' '

Theorem 2 If for some a and some instance
Ir, the a-policy gives an infeasible procurement
(v*(Ir) = o), then there exists an instance L1, in
which all work is due the last period T, for which
the a-policy with the same parameter o does not
give a feasible procurement. Therefore, p* is the
same for the multiple deadline problem and for the
single deadline problem in which all work is due
in the last time period.

Proof: Let It be an instance with minimum 7T’
satisfying the hypothesis. Let R® denote the pro-
curements generated by the a-policy on Iry. By
hypothesis they are not feasible. Let I, denote
the instance It with all work due after period ¢
removed. Let Rf_, denote the procurements of
the a-policy on Iy, ,. By the minimality of T,
and by a padding argument, R%_ is feasible for
the instance I;;jl =Ip._,.

For every t, any R feasible for I% is also feasi-
ble for If, by work monotonicity. Therefore
v*(If,,_) < v*(I}) for all t. By definition of
the a-policy, this implies RF_; < R*. So by re-
source monotonicity, R* is a feasible procurement
for Ip,_, .

Let fT denote the instance I, altered so all
work has deadline T, and let R denote the alpha
policy procurements for instance fT. If work is
scheduled by EDD, it follows from the hypothe-
sis that R% is not feasible for fT. Now a similar
argument to the above shows v*(IL) < v*(I%)
for all t. Hence R® < R%. But since R® is not
feasible for fT, neither is ]?a, by resource mono-
tonicity. Thus we have exhibited a single deadline
instance, namely fT, for which the a-policy fails.
Therefore, a* for the single deadline problem is
not less than o* for the multiple deadline prob-
lem. But the reverse is obvious because a single
deadline instance is a special case of the multiple



deadline problem. Thus p* = a* is the same for
the single and multiple deadline problems. O

4 Other Online Policies

From numerical experiments, it was found that
the a-policies do not have good average case per-
formance. In this section we study other classes of
policies, called the ¢-policies and the -policies.
It seems that these policies have much better av-
erage case performance than the a-policies. The
numerical experiments are discussed in Section 6.
These policies also provide upper bounds on p7.
and p*. From Theorem 2, p} is the same for the
single and multiple deadline versions of the online
resource minimization problem. Therefore most
of the analysis of these policies will be for the sin-
gle deadline version.

For the single deadline version, let a; denote
the amount of work that arrives at time i. An
instance Ir of the problem is then given by I+ =
(a1,a2,...,a7r). A decision is fully specified by
the amount of resource r; allocated at time ¢. Let
wy = ay —r1+ag—ro+---+a; denote the amount
of work waiting to be performed at time ¢, after
the arrival has taken place but before any work
has been performed at time ¢.

The optimal value with perfect information for
the single deadline version is given by

T e T —t 1

The following lemma, which is used later, es-
tablishes characteristics of an instance based on
its optimal value with perfect information.

Lemma 3 For any  instance  Ir =
(ar,a9,...,ar), let a = ZZ:1 ay/T. 1If the opti-
mal value with perfect information v*(Ir) = a+ A

(A >0), then
T
Zai <
zjt
Zai >
i=1

(T+1-t)(a+4), t=1,...,1)

ta— (T —t)A, t=1,....,T (6)

4.1 ¢-policies

In this section we study another parameterized
class of policies for the online resource minimiza-
tion problem, called the ¢-policies, which had the

best average case performance in numerical exper-
iments.
Policy ¢1 At each decision point divide the
amount of waiting work by the number of remain-
ing periods and allocate that amount of resource,
pe, 00 =w /(T —t+1).

It can be verified that

t

¢717§ ; —
7 = t=1,...,T. |
t Z.lT i .la 9 ) ()

1

Since the values of r;* are nondecreasing in t, it
o1

follows that vP!(I7) = max.eq1,... .1} o =9

Theorem 3 For policy ¢1, p?l = ZZ:1 1/t.

Proof: We give an intuitive sketch of the
proof. Consider the class of instances Iy with
ZiT:1 a;/T = a and v*(I7) = a + A. We want to
determine values a; for kK = 1,...,T, that maxi-
mize r over this class of instances. Since the coef-
ficients of a; in (7), i.e., 1/T,1/(T—1),...,1/2,1,
form an increasing sequence, we want to succes-
sively make a;,7 = 1,...,T, as small as pos-
sible to make a; and r as large as possible
From (6) we have a1 > a — (T — 1)A. We set
a; = a— (T —1)A. Consequently, as > a + A,
since a1 + as > 2a — (T — 2)A (by (6)). We
set as = a + A. Proceeding similarly, we find
a; = a-+ A,i =2,...,T. Hence, the worst-case
ratio over all instances in the class is

1 Ja—(T-1A —1
A _
a+ A T ot );t
- i
N t a+A

t=1

Since A > 0, it follows that p?}l = ZtT:] 1/t. O

Because the supremum over A > 0 is attained
at A = 0, and the resulting expression is inde-
pendent of a, it follows that any instance of the
form Iy = (a,... ,a) for any positive a is a worst-
case instance with time horizon T for policy ¢;.
Also, the policy does not have a bounded worst-
case ratio because lim7_, o ZiT:1 1/t = oo, and
thus p?* = co.

At every decision point, policy ¢; acts as
though there will be no work arriving in the fu-
ture. The next policy also determines the amount



of resource to allocate based on the amount of
waiting work and the number of remaining peri-
ods, but allocates more than ¢ to compensate for
work that may arrive in the remaining periods.
Policy ¢, At the first T —p decision points, di-
vide the amount of waiting work by the number of
remaining periods and allocate p (p € {2,...,T})
times that amount of resource. At the last p deci-
sion points, allocate as much resource as there is
waiting work. That is,

ré" = min{ =22t
b T—t+1'f"

Note that r,* = w, forallt e {T —p+1,...,T},
i.e., at each time t € {T —p+1,...,T}, all wait-

ing work is completed, and thus r;* = a; for all
te{T —p+2,...,T}. The number of resources
allocated at time ¢t can be written as

p(M7 T =i+ 1) x

(Tl (o))
t=1,... ., T—p+1
ag, t=T—p+2,...T

by _

(8)

Next we characterize worst-case instances un-
der policy ¢p.

Lemma 4 Let Iy = (ai,ag,...,ar) and I, =
(al,ag,... AT —p, @7 —pi1 + ... + ap,0,... ,0).
Then v9» (Ir) Jv*(I1) < v®r (I}) /v* (I}).

Proof: From (4) it can be verified that
v*(I%) < v*(Ir). Up to time T — p, Iy and I
are the same. Thus

v¢f’(IT) = max {Tf", ... ,r?"_p,
w(hr—p) =7 p +ar py1,07 py2,... a1}
v¢f’(1}) = max {rf",... ,r?{p,

T
w(hT,,,) —rrptar—py1+ Z as,0,...,0
t=T—p+2

Hence, v®» (I5) > v (Ir), and v (Ip) Jv*(I7) <
v (I7) fo*(I7). O

Let Cy denote the class of instances Iy with

ar—pi2 = ... = ap = 0. Lemma 4 shows that

to determine p?p, it is sufficient to consider only
instances in class Cr, i.e.,

bp I
bp v%r (Ir)
P = sup .
T ITeCr v*(IT)
Note that for any instance Iy € Cr, r?"_pw =

.= r?p =0.

To determine a bound on the worst-case ra-
tio p® of policy ¢,, we initially allow instances
with negative a;. It is shown later that instances
with positive a; achieve the same worst-case ratio
as instances which allow negative a;. Let Cr g,

denote the class of instances Iy € Cp such that
S a/T =a and v*(I7) = a + A.

Lemma 5 Let I;k) = (agk),... ,al(ck),O,... ,0) €
Cr,q,A be defined by agl) =aT and azgl) =0 for all
te{2,...,T} fork=1 (and A=0), and

a— (T —-1)A t=1
(k) a+ A t=2,...,k—1
a; =

(T—k+1D(a+A) t=k

0 t=k+1,...,T

(9)

forke{2,... ,T—p+1} for any A > 0. Consider
any instance I, € Crq . Let rt(k) (ry) denote the
amount of resources allocated by policy ¢, at time
t, under instance I;k) (Ir). Then

r, < r,ik)

Proof: We give an intuitive sketch of the proof.

To get the largest possible value for r]ik), we want
to have as much work as possible arriving before
or at decision point k. Therefore, we set aik) =0
fort = k+1,...,T. Since the coefficients of
a; in (8) form an increasing sequence, we want

to successively make a; for t = 1,... ,k — 1 as
small as possible to make a,(f) and r,(f) as large
as possible. From (6), a; > a — (T — 1)A.
Thus we set agk) =a— (T — 1)A. Consequently,
as > a+ A, since a1 + ag > 2a — (T — 2)A.

Thus we set aék)

= a + A. Proceeding similarly,
aik) =a+ A, fort =2,...,k— 1, and we set
al? = Ta—((k=2)(a+A)+a— (T —-1)A) =
(T —k+1)(a+ A). When k = 1, all work arrives

in the first period, i.e., agk) =Ta. O



Theorem 4 For policy ¢,

p—1
¢ .
? = ma , ma T—k—1+1)x
pr X{p ke{z..wTX_p“}{pif[l( i+1)

Z’“:I’” 1 L Tk
7% § § [ ey s | S oy Sy
i=1 =0
Proof:
¢
bp v (Ir)
py’ = sup
4 irecr v<(I)
= sup max r’i}p
ITeCr k€{17... 7T—p+1} U*(IT)
bp
= max sup sup  sup y:
ke{l,....T=p+1} @ A>0I7€Cr A U*(IT)
(k)
"k

= max sup sup
ke{l,...,T=p+1} o A>00+ A

from which the result follows by substituting
in (8) and (9). Note that the worst-case ratio

p:‘d;p is attained at A =0 and any a¢ > 0. O

Theorem 5 For p € {2,...,T}, p%» = p*/(p —
1).
Proof: Define f1, fo by

fi(k)

1M
=

k) = p———7=

It follows that

p

hk) = o1 [1

< _P_

S
for all T > 2. Since f4(k) = —p/(T —k+1)% <0,
fa(k) is strictly decreasing, and fao(k) < f2(2) =
p(T —2)/(T —1) <pforall ke [2,T —p+1].
Hence,

p¢p =

DT —k+1)I(T —p+2)
a F(Tkp+2)F(T+1)}

max{p, sup max
T>2k€{2,... . T—p+1}

< max{p,p/(p—1)+p} = p’/(p—1)

{f1(F) + fa(k)}}

By choosing k = [T — /T and letting T — oo,
it follows that p®» > p?/(p —1). O

For p € {2,...,T}, p?/(p—1) attains its mini-
mum value at p = 2, since it is an increasing func-
tion. Hence, policy ¢5 has the smallest worst-case
ratio among the ¢-policies.

In the policies considered so far, we have ig-
nored the fact that the resources procured in ear-
lier periods are available in later periods at no
extra cost. It is intuitively clear that these re-
sources should be used whenever possible. The
next policy is the extension of policy ¢, in which
we do precisely that.

Policy ¢, At the first T —p decision points, di-
vide the amount of waiting work by the number of
remaining periods and allocate p (p € {2,...,T})
times that many resources, unless the amount of
available resource is larger. If the amount of avail-
able resource is larger, allocate all available re-
source or as much resource as there is waiting
work, whichever is smaller. At the last p deci-
sion points, allocate as much resource as there is
waiting work. That is,

rf":min max mt,Lwt LWy P
T—t+1

Similar to policy ¢y, policy ¢, has r? = a; for
allte {T—p+2,...,T}

Theorem 6 For any instance Ir,

PP (IT) < v®r ([T)

Theorem 7 For p € {2,...,T}, p¥» = p*/(p —
1).

Proof: Let a worst-case instance under policy
¢p be It = (a,...,a,(T —k +1)a,0,...,0) for
some a > 0 and some k € {1,...,T —p+ 1}.
Then,

T(T—p+2)T(T—t+1)
T(T—t—pt3)T(T+1) P%

= = o,
TTtp3)r@ )P+ T 11P%
t=k
which is positive for ¢t € {2,...,k}. Thus
rf" < rgp < .0 < r,f‘ﬂ which implies that
rfr =P forallt=1,... .k O



4.2 -policies

The class of ¥-policies divide the time horizon
in powers of 2 and schedule work to be completed
based on arrival times only. Without loss of gen-
erality, let T =25 —1, K € Z . If not, we make
the instance longer by letting K = [log(T + 1)]
and setting arrivals in the initial 2% — 1 — T time
periods to zero.

Policy ¥, Allocate resources uniformly to com-
plete work arriving in periods {2K — 20 +
1,...,28 =271} in periods {25 —2=1 ... 2K —
212 1}, i=K,...,2. Hence,

0, kef{l,... 281 1),
) 9K _gn—1
on—2 Z @i,
— i=2K _gny1
ke {2K —on=1 . 9K _gn=2 1},
ne{K,...,2},
ag. ., k:2K71.

(10)

Theorem 8 For policy ¥, the competitive ratio
Y1 — 4
p .

Proof: Consider any instance Ip. A lower
bound on the optimal value with perfect infor-
mation is

1 2K —1
v*(Ir) > 1 Z a;
i=2K —2n 41
1 9K _gn-—1
22n_1 Z a;, Yne{l,...,K}.

i=2K —2n 11
(11)
Dividing (10) by (11), a bound on the competitive
. by - .
ratio p;' is obtained.

2" —1
a < 4.

P
o < max ——
Pr = {2, K} 272 —

Consider an instance I with a; = 4, a;, = 0,i =
2,...,2K 1.

. " A
vV (1) = oKz v (Ir) = K1
v (I 1
o (Ip) 2K

Thus v¥1(I})/v*(I}) — 4 as K — oo. Hence,
p¥1 =4. O

A drawback with policy 1, is that it waits for
almost half the time horizon before assigning re-
sources to complete work. So, by starting to pro-
cess the work earlier and matching the completion
times of policy 11, we should get a policy with
competitive ratio that is not worse than that of

policy ;.

Policy vy Allocate resources uniformly to com-
plete work arriving in periods {28 — 20 +
1,...,26 — 9171 _ 9i=2) gpg {9K _ 271 _
2072 1 1,...,2K — 2171} in periods {25 — 271 —
2172 2K 2172 1} and {2K —2¢71, ... 2K —
2i=2 — 1}, respectively, fori=K,...,2.

Theorem 9 For policy 1, the competitive ratio
p¥? = 3.5.

Proof: Consider any instance Iry. A lower
bound on the optimal value with perfect infor-
mation is

9K _gn—1_gn=2

1
erre e D DS

i=2K _gnti4]

v*(Ir) > max

9K _gn—1_gn—2

: >
- a;
on on—1 _ 1 v
+ ,L':2K_2n_2n—1+]

Vne{2,...,K—1}. (12)

There are two cases, depending on which term
in (12) is larger. Algebraic manipulation on the
cases results in PfQ < 3.5. An instance I}, with
a1 = A, asx-2,1 = 3A, and remaining a; = 0, has
v¥2 (I5) Jv*(IF) = 3.5(1 — 1/(3 - 2572)). Hence,
p¥? =3.5. O

Based on the improvement in competitive ra-
tio achieved with policy 12 over policy v, we can
carry the argument further and begin processing
work even earlier than in policy .

Policy 3 Allocate resources uniformly to com-
plete work arriving in periods {25 — 20 +
1,... 72[( — 9i=l _ 9i=2 _ 21’—3}, {2K — =1 _
2072 =3 11, 2K 271 9172} gnd {2K —
20-1 202 4 1., 2K — 2071 ip periods {25 —
22'71721'72721'737 L 72K72i7271}, {2K72i717
2072 ., 2K 2172 1} and {25 —2171 ... 2K —
2i=2 1}, respectively, fori = K, ... ,3. Addition-
ally, agic_3 is completed in periods {25 — 3,25 —
2}, agx_g in period 2% — 2, and agx_; in period
2K 1.



Theorem 10 For policy vz, the competitive ratio
p¥e = 3.45.

Proof: The proof is similar to the proof of Theo-
rem 9. We now have three cases which need to be
considered for v*(I7), which results in p?‘ﬁs < 3.45.
An instance I} with a1 = A, asx-3,1 = A and
asx-2,1 = 6A, and remaining a; = 0, gives the
required competitive ratio. O

The competitive ratio for policies which allow
resources to be allocated even earlier than policy
b3 may be better than p¥2. However, the analysis
for that is tedious.

5 Lower Bounds

In view of Theorem 1, to obtain a lower bound
L on p*, it suffices to find an instance for which
the a-policy with a = L is infeasible. To find such
instances, we develop a continuous time version of
the online resource minimization problem.

Let time t range from 0 to 1. Let work arrive
at rate a(t) > 0. So A(t) = fg a(7) dr is the total
amount of work that has arrived by time t. Let
r(t) be the rate of resources allocated at time ¢.
Under the a-policy

r(t) = a sup ! / a(x)dz. (13)

o<r<t 1 — 7

Under appropriate smoothness conditions the
supremum occurs when the derivative of its ar-
gument is zero.

Implicit differentiation of (14) gives
a(t)dt = (1 — 7)a’(1)dr (15)

When 7 satisfies (13),

«
1—7

r(t) = [A(t) — A(7)] = aa(r).  (16)

Assuming that the resources are not starved for
work, fol a(t)dt = fol r(t)dt. Combining with (16)

/01 a(t)dt = a/ol a(r)dt (17)

The variable of integration in the right side of (17)
can be changed from ¢ to 7 using (14) and (15)

1 _, [ —n)d(T)
/o“‘”dt‘ A e

where v is the solution to A(1) = A(y) + (1 —
~Y)a(v), and t = f(7) is a solution of (14). Hence,
the a-policy will fail if

/O (b

[, (%)
—————d7
0 a(f(7))

For example, for a linear arrival rate, a(t) =t
and A(t) = t?/2. Hence, d'(r) = 1, f(1) =
V21— 72 = a(f(7)), v = 1, and o must not be
less than 0.5/(1 — 7/4) ~ 2.3298. A discrete in-
stance with a linear arrival rate and 7500 peri-
ods requires a > 2.329. When the arrival rate
is quadratic, a > 2.392, while a discrete instance
with 10,000 periods requires a > 2.391.

Since it appears that growing arrival rates give
rise to worse instances, we tried various other
functional forms, such as a(t) = exp(5t). Unfortu-
nately, such arrival rates starve the resources and
(18) becomes incorrect. However, we were able to
construct a discrete instance with 10,000 periods
that shows that p* > 2.51.

a <

6 Computational Experiments

The competitive ratios for - and -policies
computed in Section 4 may have little or no bear-
ing on how they perform on average. Also, the
policies analyzed considered a single deadline. In
this section, we present multiple deadline versions
of the (- and ¢-policies and then conduct compu-
tational experiments to gain insight in the average
performance of these policies, as well as that of the
a-policy.

The p-policy for the multiple deadline version
of the problem allocates resources as

r;? =min { max {mt,

7 T
p
max ——— w w ,
tSJST]_t+1; tk}’; tk}

with work being processed in EDD order. The -
policy allocates resources for the multiple deadline
problem by applying policy 1, on a;; and consid-
ering a time horizon from ¢t to j, for t < j <T.



Pol A B C D

M @ [an o] [an ] ® [ [ am | m ] a [
@2.75 0 2.337 | 2.330 0 2.338 | 2.330 0 2.387 | 2.331 0 2.365 | 2.330
a3 0 2.452 | 2.444 0 2.453 | 2.444 0 2.490 | 2.438 0 2.472 | 2.443
3,25 0 2.541 | 2.532 0 2.542 | 2.532 0 2.581 | 2.527 0 2.562 | 2.531
as.5 0 2.601 | 2.590 0 2.600 | 2.590 0 2.675 | 2.592 0 2.649 | 2.590
P2 99.99 | 1.480 | 1.469 100 | 1.477 | 1.469 87.45 | 1.524 | 1.473 95.95 | 1.498 | 1.471
©2.5 0.01 1.491 | 1.481 0 1.490 | 1.481 12.05 | 1.533 | 1.485 4.03 1.509 | 1.483
3 0 1.514 | 1.501 0 1.510 | 1.501 0.49 1.559 | 1.506 0.02 1.536 | 1.503
3.5 0 1.537 | 1.522 0 1.532 | 1.522 0 1.577 | 1.527 0 1.557 | 1.524
©a 0 1.558 | 1.543 0 1.553 | 1.542 0.01 1.615 | 1.548 0 1.581 | 1.545
o 0 1.630 | 1.578 0 1.598 | 1.576 0 1.719 | 1.616 0 1.663 | 1.594
1 0 1.721 | 1.659 0 1.683 | 1.658 0 1.833 | 1.699 0 1.753 | 1.677

Table 1: Values of (I), (IT) and (III) over 10,000 instances with T" = 75 generated using characteristics

A, B, C and D of arrival distribution.

A truncated and discretized Normal distri-
bution was used to generate the arrivals with
different deadlines in each period. To assess
the impact of the mean and coefficient of vari-
ation, four classes of instances were generated
with combinations of low and high means and co-
efficients of variation. The values of (u,0?,cv)
are A (1.01,0.01,0.11), B (10.5,1.08,0.1), C
(9.58,26.20,0.53) and D (1.54,0.25,0.32). Ten
thousand instances were generated for each
class of instances, and planning horizon T €
{10,15,25,50,75,100}. The policies considered
were a-policy with o € {2.75,3,3.25,3.5}, «-
policy with p € {2,2.5,3,3.5,4}, and % policy
with ¢ € {1,2}. Values of the parameter for the
a-policy were chosen based on lower and upper
bounds on p* (2.51 < p* < 3.45) computed ear-
lier.

The measures for comparison were (T) the per-
centage of instances where a particular policy per-
formed better than all other policies, (II) the max-
imum performance ratio v™/v* of a policy, and
(TTT) the average performance ratio for a policy.
Table 1 shows values of (T), (IT) and (IIT) for
10,000 instances with T' = 75 generated in classes
A, B, C and D. The values obtained are represen-
tative of the results obtained for other values of
T.

The results indicate that policy @2 performs

10

better than the other policies for most of the in-
stances. Based on the values of a that were tried,
it does not seem as though the a-policy performs
well in practice. The essential difference between
the a-, -, and ¥-policies is that the a- and -
policies do not take the amount of remaining work
into account when making decisions, whereas the
p-policies do, and this seems to be important.
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