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Abstract

The Dynamic and Stochastic Knapsack Problem (DSKP) is defined as follows: Items arrive according
to a Poisson process in time. Each item has a demand (size) for a limited resource (the knapsack) and
an associated reward. The resource requirements and rewards are jointly distributed according to a
known probability distribution and become known at the time of the item’s arrival. Items can be either
accepted or rejected. If an item is accepted, the item’s reward is received, and if an item is rejected, a
penalty 1s paid. The problem can be stopped at any time, at which time a terminal value is received,
which may depend on the amount of resource remaining. Given the waiting cost and the time horizon
of the problem, the objective is to determine the optimal policy that maximizes the expected value
(rewards minus costs) accumulated. Assuming that all items have equal sizes but random rewards,
optimal solutions are derived for a variety of cost structures and time horizons, and recursive algorithms
for computing them are developed. Optimal closed-form solutions are obtained for special cases. The
DSKP has applications in freight transportation, in scheduling of batch processors, in selling of assets,

and in selection of investment projects.
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1 Introduction

The knapsack problem has been extensively studied in operations research (see, for example, Martello and
Toth, 1990). Ttems to be loaded into a knapsack with fixed capacity are selected from a given set of items
with known sizes and rewards. The objective is to maximize the total reward, subject to capacity constraints.
This problem is static and deterministic, because all the items are considered at a point in time, and their
sizes and rewards are known a priori. However, in many practical applications, the knapsack problem 1is
encountered in an uncertain and dynamically changing environment. Furthermore, there are often costs
associated with delays that are not captured in the static knapsack problem. Applications of the dynamic

and stochastic counterpart of the knapsack problem include:

1. In the transportation industry, ships, trains, aircraft or trucks often carry loads for different clients.
Transportation requests arrive stochastically over time, and prices are offered or negotiated for transporting
loads. If a load is accepted, costs are incurred for picking up and handling the load, and for the administrative
activities involved. These costs are specific to the load, and can be subtracted from the price to give the
“reward” of the load. If a load is rejected, some customer goodwill (possible future sales) is lost, which can
be taken into account with a penalty for rejecting loads. Loads may have different sizes, such as parcels,
or the same size, such as containers. Often there is a fixed schedule for moving vehicles and a deadline
after which loads cannot be accepted for a specific shipment. Even when there is not a fixed schedule, an
incentive exists to consolidate and dispatch shipments with high frequency, to maintain short delivery times,
and to maximize the rate at which revenue is earned with the given investment in capital and labor costs.
This incentive can be modeled with a discount rate, and a waiting cost or holding cost per unit time that is
incurred until the shipment is dispatched. The waiting cost may be constant or may depend on the number
of loads accepted, but not yet dispatched. The dispatcher can decide to dispatch a vehicle at any time before
the deadline. There is also a dispatching and transportation cost that is incurred for the shipment as a

whole, that may depend on the number of loads in the shipment.

2. A scheduler of a batch processor has to schedule jobs with random capacity requirements and rewards as

they arrive over time. Fixed schedules or customer commitments lead to deadlines. The pressure to increase



the utilization of equipment and labor, and to maintain a high level of customer service, lead to a waiting

cost per unit time. The cost of running the batch processor may depend on the number of jobs in the batch.

3. A real estate agent selling new condominiums receives offers stochastically over time and may want to
sell the assets before winter or before the new tax year. Hence, the agent faces a deadline, possibly with a
salvage value for the unsold assets. There is also an opportunity cost associated with the capital tied into

the unsold assets, and property taxes, which cause a waiting cost per unit time to exist.

4. An investor who wishes to invest a certain amount of funds faces a similar problem. The investor is
presented with investment projects with random arrival times, funding requirements, and returns. The
opportunity cost of unutilized capital is represented by a waiting cost per unit time, and the objective is to

maximize the expected value earned from investing the funds.

These problems are characterized by the allocation of limited resources to competing items that arrive
randomly over time. Items are associated with resource requirements as well as rewards, which may include
any item specific costs incurred. Usually the arrival times, resource requirements, and rewards are unknown
before arrival, and become known upon arrival. Arriving items can be either accepted or rejected. Incentives
such as a deadline after which arriving items cannot be accepted, discounting, and a waiting cost per unit
time, serve to encourage the timely acceptance of items. The problem can be stopped at any time before
or at the deadline. There may also be a cost associated with the group of accepted items as a whole, or a
salvage value for unused resources, which may depend on the amount of resources allocated to the accepted
items. A typical objective is to maximize the expected total value (rewards minus costs). We call problems
of this general nature the Dynamic and Stochastic Knapsack Problem (DSKP).

In this paper different versions of this problem are formulated and analyzed for the case where all items
have equal size, for both the infinite and finite horizon cases. The case where items have random sizes is
analyzed in Kleywegt (1996). We show that an optimal acceptance rule is given by a simple threshold rule.
It is also shown how to find an optimal stopping time. We derive structural characteristics of the optimal
value function and the optimal acceptance threshold, and propose recursive algorithms to compute optimal

solutions. Closed-form solutions are obtained for some cases.



In Section 2, previous research on similar problems is reviewed. In Section 3, the DSKP is defined
and notation is introduced, and general results are derived in Section 4. The DSKP without a deadline is
considered in Section 5, and the DSKP with a deadline is considered in Section 6. Our concluding remarks

follow 1n Section 7.

2 Related Research

Stochastic versions of the knapsack problem can be classified as either static or dynamic. In static stochastic
knapsack problems the set of items is given, but the rewards and/or sizes are unknown. Steinberg and
Parks (1979) proposed a preference order dynamic programming algorithm for the knapsack problem with
random rewards. Sniedovich (1980,1981) further investigated preference order dynamic programming, and
pointed out that the preference relations used by Steinberg and Parks may lead to suboptimal solutions.
Other preference relations may lead to the failure of an optimal solution to exist, or to a trivial optimal
solution. Henig (1990) combined dynamic programming and a search procedure to solve stochastic knapsack
problems where the items have known sizes and independent normally distributed rewards. Carraway,
Schmidt and Weatherford (1993) proposed a hybrid dynamic programming/branch-and-bound algorithm for
a stochastic knapsack problem similar to that of Henig, with an objective that maximizes the probability of
target achievement.

In dynamic stochastic knapsack problems the items arrive over time, and the rewards and/or sizes are
unknown before arrival. Decisions are made sequentially as items arrive.

Some stopping time problems and best choice (optimal selection) problems are similar to the DSKP.
A well-known example is the secretary problem, where candidates arrive over time. The objective 1s to
maximize the probability of choosing the best candidate or k& best candidates from a given, or random,
number of candidates, or to maximize the expected value of the chosen candidates. These problems have
been studied by Presman and Sonin (1972), Stewart (1981), Freeman (1983), Yasuda (1984), Bruss (1984),
Nakai (1986a), Sakaguchi (1986), and Tamaki (1986a,1986b).

The problem of selling a single asset, where offers arrive periodically (Rosenfield, Shapiro and But-

ler 1983), or according to a renewal process (Mamer 1986), with a fixed waiting cost, with or without a



deadline, has also been studied. Albright (1977) studied a house selling problem where a given number, n,
of offers are received, and & < n houses are to be sold. Asymptotic properties of an optimal policy for the
house selling problem with discrete time periods, as the deadline and number of houses become large, were
derived by Saario (1985).

A more general problem is the Sequential Stochastic Assignment Problem (SSAP). Derman, Lieber-
man and Ross (1972) defined the problem as follows: a given number, n, of persons, with known values
pi,t = 1,..., n, are to be assigned sequentially to n jobs, which arrive one at a time. The jobs have val-
ues z;,j = 1,...,n, which are unknown before arrival, but become known upon arrival, and which are
independent and identically distributed with a known probability distribution. If a person with value p;
is assigned to a job with value z;, the reward is p;z;. The objective is to maximize the expected total
reward. Different extensions of the SSAP were studied by Albright and Derman (1972), Albright (1974),
Sakaguchi (1984a,1984b), Nakai (1986b,1986¢), and Kennedy (1986).

Some resource allocation problems are similar to the DSKP. Mendelson, Pliskin and Yechiali (1980)
investigated the problem of allocating a given amount of resource to a set of activity classes, with demands
following a known probability distribution, and arriving according to a renewal process. The objective is to
maximize the expected time until the resource allocated to an activity is depleted. Righter (1989) studied a
resource allocation problem that is an extension of the SSAP.

Many investment problems can be regarded as DSKPs. For example, Prastacos (1983) studied the
problem of allocating a given amount of resource before a deadline to irreversible investment opportunities
that arrive according to a geometric process in discrete time. We incorporate a waiting cost, in addition
to the issues taken into account by Prastacos, and arrivals either occur according to a geometric process
in discrete time, or according to a Poisson process in continuous time. Also, Prastacos assumed that each
investment opportunity was large enough to absorb all the available capital, but in our problem the sizes of
the investment opportunities are given, and cannot be chosen.

Other versions of the DSKP have been studied for communications applications by Kaufman (1981), Ross
and Tsang (1989), and Ross and Yao (1990). Papastavrou, Rajagopalan, and Kleywegt (1995) studied a

version of DSKP similar to that in this paper, with different sized items, with arrivals occurring periodically



in discrete time, and without waiting costs.

A class of problems similar to the DSKP have been termed Perishable Asset Revenue Management
(PARM) problems by Weatherford and Bodily (1992,1993). These problems are often called yield manage-
ment problems, and have been studied extensively, with specific application to airline seat inventory control
and hotel yield management by Rothstein (1971,1974,1985), Shlifer and Vardi (1975), Alstrup et al. (1986),
Belobaba (1987,1989), Dror, Trudeau and Ladany (1988), Curry (1990), Brumelle et al. (1990), Brumelle
and McGill (1993), Wollmer (1992), Lee and Hersh (1993), and Robinson (1995). In most of these problems
there are a number of different fare classes, which are usually assumed to be given due to competition. The
objective is to dynamically assign the available capacity to the different fare classes to maximize expected
revenues. In the DSKP, the available capacity is dynamically assigned to arriving demands with random
rewards and random resource requirements. Another type of PARM problem, in which an inventory has to
be sold before a deadline, has been studied by Kincaid and Darling (1963), Stadje (1990), and Gallego and
Van Ryzin (1994). In their problems customers arrive according to a Poisson process, with price-dependent
probability of purchasing. The major differences with our model is that in our model offers arrive, and the
offers can be accepted or rejected, as is typical with large contracts such as the selling of real estate, whereas
in the models of Stadje and Gallego and Van Ryzin prices are set and all demands are accepted as long as
supplies last, which is typical in retail; also, we incorporate a waiting cost and an option to stop before the

deadline.

3 Problem Definition

Items arrive according to a Poisson process in time. Each item has an associated reward. The reward of an
item 1s unknown prior to arrival, and becomes known upon arrival. The distribution of the rewards is known,
and is independent of the arrival time and of the rewards of other arrivals. In this paper it is assumed that
items have equal capacity requirements (sizes). Without loss of generality, let the size of each item be 1, and
the known initial capacity be integer. The items are to be included in a knapsack of known capacity. Each
arriving item can be either accepted or rejected. If an item is accepted, the reward associated with the item

is received, and if the item is rejected, a penalty is incurred. Once an item is rejected, it cannot be recalled.



There is a known deadline (possibly infinite) after which items can no longer be accepted. Tt is allowed
to stop waiting for arrivals before the capacity is exhausted or the deadline is reached (for example, when
a vehicle is dispatched without filling it to capacity and before the deadline is reached). There is a waiting
cost per unit time that depends on the number of items already accepted, or equivalently, on the remaining
capacity. A terminal value is earned that depends on the remaining capacity at the stopping time. Rewards
and costs may be discounted. The objective is to determine a policy for accepting items and for stopping
that maximizes the expected total (discounted) value (rewards minus costs) accumulated.

Let {A;}%2, denote the arrival times of a Poisson process on (0, 00) with rate A € (0,00). Let R; denote
the reward of arrival ¢, and assume that {R;}2, is an i.i.d. sequence, independent of {4;}72,. Let Fr denote
the probability distribution of R, and assume that EF[R] < co. Let (€2, F, P) be a probability space satisfying
these assumptions. Let Ny denote the initial capacity, and let A" = {0,1,..., Ng}. Let T" € (0, 0] denote
the deadline for accepting items, and let 7 € [0, 7] denote the stopping time. Let D; denote the decision

whether to accept or reject arrival 7, defined as follows:

1 if arrival ¢ is accepted
Di =

0 if arrival ¢ is rejected

Let Z, denote the set of all unit step functions f; : (0,7] — {0, 1} of the form

1 if te(0,7]
() =
0 if te(r,T]
for some 7 € [0, T].

The class Hg?KP of history-dependent deterministic policies for the DSKP is defined as follows. For
any t € [0,00), let Hy be the history of the process {A4;, R;} up to time ¢ (i.e., the o-algebra generated by
{(4;, Ry) + A; < t}), denoted Hy = o ({(Ai, Ri) = A; <t}). Let Hy- = o ({(As, Ry) 1 Ay < t}), let Hoo =
o ({(Ai, R)}21), Hoo C F,and let Hy, = {B € Heo : BN{A; <t} EH V1 €]0,00]} Let A= {{A;}2,:

0< Al <Ay<...<oo), let R={{R;}2, : R; € R}, and let D = {{D;}2, : D; € {0,1}}. Define NH¥2,

as the set of all Borel-measurable functions 7 : A x R +— D x I, which satisfy the conditions

DT is H 4, measurable, i.e., {DIf = 1} € Ha, forallie {1,2,...}

I7™(t) is H- measurable, i.e., {I™(t) = 1} € Hy- for all t € (0,7



Ygiacry DT < No
where ({D7},1I™) = ({4}, {R:}), and the stopping time 77 is given by

1 if te(0,77]
I"(t) =
0 if te(T™,T)
Let N7(t) denote the remaining capacity under policy 7 at time ¢, where N7 is defined to be left-

continuous, 1.e.,

NT(t)=No& > DII™(A) (1)
{i:A;<t}
and let
Nty =Noe > DiI™(A) (2)
{i:A;<t}

Let ¢(n) denote the waiting cost per unit time while the remaining capacity is n. Let p denote the penalty
that is incurred if an item is rejected. Let v(n) denote the terminal value that is earned at time 77 if the
remaining capacity N™(7"") = n. Let « be the discount rate; if 7' = oo, we require that o > 0.
Let Vi s p denote the expected total discounted value under policy 7 € MEZ, . ie.,
Visgp = E| Y. e M [DIR;<(1eD])p|
{i:4,<T~}
T .
@/ e Te(NT(r))dr + e=T o(NT(T™T))| N (0F) = Ny
0
= E| Y e *M[DIRi<(1eD])plI"(A)
{i:4,<T}

T
—1—/ e” T [e(NT(T)I™ (1) + av(N™ (7)) (1 &I"(7))] dT
0
+ e‘“Tv(N”(T"'))‘ NT(0F) = NO]
The objective is to find the optimal expected value V¢ p, 1.€.,

* — ™
Voskp = sup Voskp
”EHE?KP

and to find an optimal policy 7* € Hg?KP that achieves this optimal value, if such a policy exists.

A summary of the most important notation is given in Table 1.



A item arrival rate, A € (0, 00)

A; arrival time of item 7

Ri,r item reward

Fr probability distribution of item rewards R, Fg(0) < 1
T deadline

T stopping time

n remaining capacity

t time

N(t) remaining capacity at time ¢

e(n) waiting cost per unit time while N(¢) = n
p penalty for rejecting an item

v(n) terminal value with N(71) =n

e discount rate

T policy

D7 (n,t,r) acceptance decision rule of policy =
I™(n,t) stopping decision rule of policy 7
V7™(n,t) expected value of policy =

™ (n,t) acceptance threshold used by policy =

Table 1: Summary of notation

4 General Results

The relation between the Dynamic and Stochastic Knapsack Problem (DSKP) and a closely related contin-
uous time Markov Decision Process (MDP) is investigated. The option of choosing a stopping time for the
DSKP introduces a complexity into the DSKP that is not modeled in a straightforward way by an MDP,
unless we introduce a stopped state, with an infinite rate transition to this state as soon as the decision is
made to stop. However, most results for MDPs require that transition rates be bounded. We therefore study

an MDP which 1s a relaxation of the DSKP, in that the MDP can switch off and on multiple times, instead



of stopping only once, which can be modeled with bounded transition rates. We show that there exists an
optimal policy for the MDP which stops only once, and hence which is admissible and optimal for the DSKP.

The MDP has state space A'. The policy spaces Hﬁ%P, H%BP, and HJSWDDP, are defined hereafter, where
superscript H D denotes history-dependent deterministic policies, M D denotes memoryless deterministic
policies, and SD denotes stationary deterministic policies. Let Z; denote the set of all Borel-measurable
functions fr : (0,7] — {0,1}. The class M2, is defined as the set of all Borel-measurable functions

7 : A x R — D x Iy which satisfy the conditions

D7 is H 4, measurable for all i € {1,2,.. .}
I™(t) is H;- measurable for all ¢ € (0,77
giai<ry PP (Ai) < No
where ({D7'},I™) = w({A4; }, { R;}). Note that the MDP is allowed to switch on (I™(¢) = 1) and off (I"(¢) = 0)
multiple times, in contrast with the DSKP, which has to remain off once it stops. Hence, with Vy; , p properly

defined, the MDP is a relaxation of the DSKP. The optimal expected value of the MDP is therefore at least

as good as that of the DSKP. This is the result of Lemma 1, which follows after the definitions of Vi, and

*
VMDP'

Vyrpp denotes the expected total discounted value under policy 7 € Hﬁ%P, given by

Vitpp = E| Y. e M [DIRie(1eD])plI™(A)
{i:A,<T}
+/0 e” T [ee(NT(T)I" (1) + av(N" (7)) (L <17 (7))] dr
+ e‘“Tv(N”(T"'))‘ NT(0%) = NO]

The optimal expected value Vi, p is given by

* — ™
Vipp = sup  Vypp

HD
mellypp

LEMMA 1 Viipp > Viekp

. T[HD HD HD ™ _ yr * —
Proof: II}skp C Hy/np because I, C Zr. For any m € Upcskps Virpp = Vihsrxp. Hence, Viipp =

10



supreman  Virpp 2 SUbrense  Virpp = sWrenzp,  Viskp = Voskp- 0
Let Zg denote the set of all Borel-measurable functions fg : R +— {0, 1}. The class H%BP of memoryless

deterministic policies for the MDP is defined as the set of all Borel-measurable functions = : A x (0, 7]

Ir x{0,1}, where # = (D™, I™), and D™ and I™ are as follows. D™ (n,t,r) denotes the decision under policy

7 whether to accept or reject an arrival ¢ at time A; = ¢ with reward R; = r if the remaining capacity

NT(t) = n, defined as follows:

1 if n > 0 and arrival ¢ is accepted
D7 (n,t,r) =
0 if n =0 or arrival 7 1s rejected
Let the acceptance set for policy 7 be denoted by RT(n,t) = {r € R: D™(n,t,r) = 1}, and the rejection set
be denoted by RY(n,t) = {r € R: D™ (n,t,r) = 0}. I"(n,t) denotes the decision under policy = whether to

be switched on or off at time ¢ if the remaining capacity N7 () = n, defined as follows:

1 1if switched on at time ¢
I"(n,t) =

0 if switched off at time ¢
It is easy to show that H%BP C Hﬁ%P.
The remaining capacity corresponding to policy 7 is given by
N™(t)=No& > DT(NT(A), A, R)TT(N™(A), Ay)
{i:A; <t}

The MDP can be modeled with transition rates
Alr(n,t)) = Al"(n,t)
and transition probabilities
Pln|n,w(n,t)] = / dFr(r)
RE(n,t)
Plnel|n,w(n,t)] = / dFr(r)
RT(n,t)

Let V{5 pp(n,t) be the expected total discounted value under policy 7= € I35, from time ¢ until time 7', if

the remaining capacity N™(tT) = n, i.e.,

Viipp(n,t) = E > e AT DT(NT(Ay), A, Ri)Ri (1 D7 (N™(A;), A, Ri)) pl TT(N™(Ay), Ay)
{i:A;€(t, T}

11



+/t e T [Ge(NT(r) I (N™(7), 7) + av(N™(1)) (1 SI" (N7 (7),7))] dr
+ e—a<T—f>v(N”(T+))‘ NT(tt) = n]

T
/ ema(r=1) {A l/ rdFr(r) @p/ dFgr(r)
t RI(N™(r),7) RE(N™(r),7)

Se(NT(rDNIT(N™(7), 7) + av(NT (1)) (L < I (N7 (1), 7)) } dr

= FE I"(N™(7), 1)

+ e—a<T—f>v(N”(T+))‘ N™(tF) = n] (3)

The equality follows from an integration theorem for point processes; see for example Brémaud (1981)

Theorem IL.T8. Let Vi pp(n,t) be the corresponding optimal expected value, i.e.,

Virpp(nt) = sup  Vyrpp(n,t)
ﬂ.eHMD

MDP
Note that Vi;pp(n,t) > v(n) for all n and ¢, because the policy 7 € L5, with I™ = 0 has Vi p(n,t) =
v(n) for all n and ¢.

Intuitively we would expect Vi, p to decrease as the deadline comes closer. This is the result of Propo-
sition 1. In Proposition 2 it is shown that V3;pp 1s nondecreasing in n if ¢ is nonincreasing and v is
nondecreasing. These are the conditions that usually hold in applications. It is typical for the waiting
cost to increase as the number of accepted customers increases, and for the terminal value to decrease (for

example, for the dispatching and transportation cost to increase) as the final number of customers increases.

Proofs can be found in Kleywegt (1996).

PROPOSITION 1 For any n € N, Vi;pp(n,t) is nonincreasing in t on [0,7].

PROPOSITION 2 If ¢ is nonincreasing and v is nondecreasing, then for any t € [0,T], Vipp(n,t) is

nondecreasing in n on N.

As for policies & € Hﬁ%P, policies w € H%BP are allowed to switch on and off multiple times. However,

consider policies 7 € ML, with stopping rules I™(n, ) € Z, for each n € N, i.e., I"(n,-) is a unit step

12



function of ¢t of the form

1 if t € (0,77 (n)]
0 if te(r™(n),T]
for some 77(n) € [0,T] for each n € A'. Such policies 7 are admissible for the DSKP (7 € AL ) because
once the process switches off; it remains stopped. For each such policy m, the sample path N™(w) is the same
for the DSKP and the MDP for each w € 2, and Vi¢rxp = Vipp. Intuitively we expect that there is an
optimal policy 7* € H%BP with such a unit step function stopping rule I*, for the following reason. For any
t; € [0,7] such that Vi;pp(n,t1) > v(n), it holds that Vi;pp(n,t) > v(n) for all ¢ € [0,¢1], because Viipp
is nonincreasing in ¢ from Proposition 1. Hence, if the remaining capacity is n, it is optimal to continue
waiting (i.e., I*(n,t) = 1) for all ¢ € (0,¢;]. Similarly, for any ¢1 € [0,7T] such that Vi;pp(n,t1) = v(n),
it holds that V3 pp(n,t) = v(n) and it is optimal to stop (i.e., I*(n,t) = 0) for all ¢ € [t1,7]. Tt is shown
that there is a policy #* € H%BP that has such a unit step function stopping rule I*, and that is optimal
among all policies m € Hﬁ%P. From this it follows that #* is also an optimal policy for the DSKP among
all policies 7 € ML, ..
A policy & € H%BP is said to be a threshold policy if it has a threshold acceptance rule D™ with a
reward threshold ™ : N\{0} x (0, 7] — R. If the reward r of an item arriving at time ¢ when the remaining
capacity N7 (t) = n > 0, is greater than £™(n,t), then the item is accepted; otherwise the item is rejected.

That is,

1 if n>0andr>az"(n,t)

D7 (n,t,r) =

0 if n=0orr<a™(nt)
The following argument suggests that threshold z*(n,t) = V*(n,t) ©V*(n <1,t) <p gives an optimal
acceptance rule. Suppose an item with reward r arrives at time ¢ when the remaining capacity N*(t) = n > 0,
and I*(n,t) = 1. If the item is accepted, the optimal expected value from then on is » + V*(n <1,). If
the item is rejected, the optimal expected value from then on is V*(n,t) <p. Hence, the item is accepted if
r+V*(nelt) > Vin,t)op, ie, if r > V*¥(n,t) ©V*(n <1,1) ©p; otherwise the item is rejected. Tt is
shown that there is a threshold policy #* with threshold z*(n,t) = V*(n,t) ©V*(n<1,t) <p that is optimal

among all policies 7 € {2, ..

The class HJSWDDP of stationary deterministic policies for the MDP is the subset of H%BP of policies 7

13



which do not depend on ¢. Stationary policies have unit step function stopping rules with 77(n) = T if
I"(n) = 1, and 7™(n) = 0 if I"(n) = 0. Therefore, for any 7 € 3 p, Visip = Virpp-

In order to derive some characteristics of 7* and V*, consider the function f : R +— R defined by

fly)y = /00 (rey) dFp(r) = /00 (1< Fr(r)) dr

K)

The function f can be interpreted as f(y) = P[R > y|F[R<y | R > y].

LEMMA 2

1. [ satisfies the following Lipschitz condition:
|f(y2) ©f(y)l < |y2om|  forall yi,y2 €R

2. [ is absolutely continuous on R.
3. [ is nonincreasing on R, and strictly decreasing on {y € R : Fr(y) < 1}.
4. For any ¢ > 0, there exists a y; such that f(y1) > e.

5. For any € > 0, there exists a ys such that f(y2) < ¢.
6.

fly) = sup /B(rﬁy) dFR(r)

BeB

where B is the Borel sets on R.

Proofs can be found in Kleywegt (1996).

5 The Infinite Horizon DSKP

It was shown by Yushkevic and Feinberg (1979) (Theorem 2) for an MDP with an infinite horizon that if
a > 0, then for any £ > 0 there is a stationary deterministic policy = € 15/}, that is e-optimal among all
history-dependent deterministic policies 7 € Hﬁ%P. Therefore, we restrict attention to the class of policies
55, 5. Because Vispp = Viipp for any @ € I35, 5, we will drop the subscripts of V in this section. For

7 € 37, p, D™ is a function of n and r only, and I™ and V™ are functions of n only. This also means that

14



stopping times are restricted to the starting time and the times when the remaining capacity changes, i.e.,
those arrival times when items are accepted, and that a stopping capacity m™ can be derived for a policy

T E HJSWDDP from its stopping rule I™ as follows:
m"™ = max{ne N :I"(n) =0}
If I7(0) = 0, then V™(0) = v(0). If I"(0) = 1, then
aV™(0) = <[ip+¢(0)] (4)

For n > 0,if I™(n) = 0, then V7™(n) = v(n). If I"(n) = 1, then by conditioning on the arrival time A; and
the reward Ry of the first arrival b after time ¢, it follows that

. 1 A
V(TL) - OZ+AC(n)+O[+A

C}p/ dFR(Tk) —I—/ Tk dFR(Tk)
Ri(n) Ri(n)

+/ / e~ (et Ma—t) Y. e tATWIDTNT(A), Ri)Ri (1 DT (N (A1), Ri) p)
Ri(n)Jt {i:A;€(ar,T™]}

o
@/ e_a(T_ak)c(N”(T)) dr 4+ e~ 2Ty (]\77T (’T”"’))

Ak = Qg, Rk = Tk] dak dFR(Tk)

+/ / Je—(a N (a—1) 7 Z e—a(Ai—ay) [D"(NT(A;), Ri)R; (1 <D™ (N (A:), Rs)) pl
RT(n)Jt {i:A;€(ar,T7]}

o
@/ e_a(T_ak)c(N”(T)) dr 4+ e~ 2Ty (]\77T (’T”"’))

Ak = Qg, Rk = Tk] dak dFR(Tk)
From Equation (3), independence of {4;} and {R;}, and the memoryless arrival process, it follows that for
T e Uifpp

/ / e~ (et lan—1) @ Z e~ Aimax) [DW(NW(AZ)’ RZ)RZ Q(l QDW(NW(AZ)’ RZ)) p]
Ri(n)Jt {i:A;€(ar, T7]}

_—
@/ e_a(T_ak)c(N”(T)) dr + e~ (T =ax)y, (]\77T (’T”"’)) Ay = ag, Ry = r| dap dFr(ry)
ax

A
= T dF
SV [

and

/ / Ne— (@M ax—0) 7 Y. e N TIDT(NT(A), R)R; (1< DT(N™(A:), Ry)) pl
RT(n)Jt {i:A;€(ar,T7]}
Ay =ap, Ry =13

I
@/ e_a(T_ak)c(N”(T)) dr + e~ (T7=ax)y, (]\77T (’T”"’)) day, dFr(ry)
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= a_/i\_/\V”(n C}l)/ dFR(Tk)

Ri(n)
Therefore,
Vi) = e e(n) + — / dF()—l—/ dFp(r)
n) = c(n — r r r
ot Y e T R e
A
+ V”n/ dr r—i—V”n@l/ dFg(r
x| [ s vieen [ are)
= aV™(n) = /\/ {reVi(n) VT (nel) oplt dFr(r) < [Ap+ c(n)] (5)
Ri(n)

It also follows that

Mrz P+ VT (n o) +p] dFR(r) & Pp+c(n)]

v = O+ A frr(ny dUR(Y)

Consider the following equation

oy = A /Oo [ (y Sus)] dFa(r) & u

= Myoy) ©wn (6)

LEMMA 3 For any given y3 and y4, if o« > 0 or if « = 0 and y4 > 0, then Fquation (6) has a unique

solution y.

Proof: Case 1: a > 0:

Then ay is strictly increasing in y, and takes on all values in . Also, from Lemma 2, Af (y <ys) <ys is
nonincreasing and continuous in y. Therefore, from the intermediate value theorem, there is a unique value
y such that ay = Af (y ©ys) Sua.

Case 2: = 0:

From Lemma 2, for any y4 > 0, there exists a y; such that Af (y1 <ys) > ya, and a ys such that Af (y2 ©us) <
ya. Hence, from the continuity of f and the intermediate value theorem, there is at least one value y such
that Af (y <ys) = ya > 0. For any such y, Fr (y <ys) < 1. Thus, from Lemma 2, f is strictly decreasing at
y, and nonincreasing everywhere. Therefore, there is a unique value y such that Af (y ©ys) ©ya = 0 = ay.

O

Inductively define the sequence of threshold policies {1/)(71)}220 as follows. D¥(®)(0) = 0, I¥("(0) = 1.

V¥()(0) is given by Equation (4). Let ¢(n <1) and V¥(*=1(n 1) be defined, and let f/(n) be the unique
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solution to

aV(n) = A /00 {r & [V(n) emax{v(n <1), V¥ Y(n o1)} @p] } dFr(7)

V(n)—max{v(n—1),V¥(-1)(n-1)}-p

< [Ap+ c(n)]

= M (Vi) smax{u(n 1), VO D(n e1)} ep) o Do+ e(n) (7)

which exists by Lemma 3. Let ¥ (n) = 1, and ¥ (n) = V(n) @max{v(n <1), V¥ ~D(n 1)} op. Let

DY/ )y = DY=D(p/ ) and T¥)(n') = 1Y =D (n/) for all ' € {0,1,...,n <1}, except that

1 if V¥O=Dnel) > u(n 1)
rmWmel) =
0 if V¥"U(nel) <v(nol)

Hence, V¥ (n 1) = max{v(n <1), V¥ ~D(n <1)}. Tt follows from Equation (5) that V¥()(n) satisfies

oQ

V(n)—max{v(n—1),V¥(r=1(n-1)}—p

aV¥™(n) = ,\/ {r & [V¢(")(n) emax{v(n 1), V¥ D(n 1)) @p] } dFgr(r)

& [Ap+ c(n)] (8)

From Equation (7), Equation (8) has a solution V¥()(n) = V(n), and it can easily be shown that this is

the unique solution of Equation (8). Therefore,

av¢<">(n) - /\/vw( )(n) {v(n=1),V¥=1(n-1)} {TQ[Vw(n)(n) Smax{v(n @1)’(/1#(”—1)(71 < C}p]} dFr(r)
) (n)—max{v(n—1), n=1)(n— —-p
& [Ap+c(n)]

= M) Dot )] (9)

By definition, V*(n) > max{v(n), V¥()(n)} for all n. Theorem 1 shows that V*(n) = max{v(n), V¥(*)(n)}
for all n. Therefore an optimal policy is as follows. For each n, if V¥(®)(n) > v(n), then continue (i.e., I*(n) =
1), using threshold *(n) = 2¥(")(n) = V¥ (n) emax{v(nal), VY- D(nsl)}ap = Vi (n)SV* (nel)ep,
else stop (i.e., I*(n) = 0), and collect v(n). This result is useful, not only because it gives a clear, intu-
itive characterization of an optimal policy and the optimal expected value, but also because it provides a

straightforward method for computing the optimal expected value V* and optimal threshold z*.

THEOREM 1 The optimal expected value V* satisfies V*(n) = max{v(n), V¥ (n)} for alln € {0,1,..., No}.
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Proof: By induction on n. For n = 0 it is clear that V*(0) = max{v(0), V¥(®)(0)}. Suppose V*(n <1) =
max{v(n <1), V¥ ~U(n & 1)}. Hence, V¥ (n 1) = max{v(n 1), V¥=D(n 1)} = V¥ (n <1).

Case 1: V™(n) > v(n) for some policy = € I35 p:

Consider any such policy 7. Then I™(n) = 1, and V™ (n <1) < V¥(n <1) = V¥0)(n <1). Tt is shown by

contradiction that V7 (n) < V¥(")(n). Suppose V™(n) > V¥()(n). From Equation (5) and Lemma 2

aV™(n) < /\/Oo {re[VT(n) VT (n<l) <plt dFr(r) < [Ap+ c(n)]
Vr(n)-V~(n-1)—p
< /\/ {re[vimm evi®m ety ep| | dFar) < Do+ cn)
V’#’(")(n)_vw(")(n—l)—p

a V¥ ()

which contradicts the assumption.
Case 2: V™(n) < v(n) for every policy = € I35, p:

Then V*(n) = v(n) = max{v(n), V¥ (n)}. O

THEOREM 2 The following stationary deterministic threshold policy ©* is an optimal policy among all

history-dependent deterministic policies for the MDP and DSKP. An optimal stopping rule is

1 if V¥O)(n) > v(n)
I"(n) =
0 if V¥™(n) <w(n)

An optimal acceptance rule for n > 0 is

1 if r>V*(n)eV* (nel)sp

0 if r<V*(n)eV*(nel)op
Proof: From Theorem 1, 7* is optimal among all # € TI35,,. From Yushkevic and Feinberg (1979)
Theorem 2, for any ¢ > 0, there is a 7 € 137, that is e-optimal among all 7 € {2 .. Hence, 7* is
optimal for MDP among all = € Hﬁ%P. From Lemma 1, Vi pp > Vg p. But 7 is admissible for DSKP
(7* € MHED. ), and Vg;KP = VJ\Z*DP = Vipp = Viskp. Therefore, 7* is optimal for DSKP among all

HD
mellpskp- =

An optimal policy 7* is not a unique optimal policy, because D™ (n, ) can be modified on any set with

Fr-measure 0, without changing the expected value V™. Hence, there exist optimal policies which are
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not threshold policies. The threshold z*(n) = V*(n) ©V*(n <1) <p is the unique optimal threshold if
and only if for all n > 0 and for every a < x*(n) and for every b > z*(n), Pla < R < #*(n)] > 0 and

Plz*(n) < R < b] > 0.

5.1 Choice of Initial Capacity

Suppose the initial capacity M can be chosen from a set M of available capacities, M C {0, ..., Ng}. This
is typical when an initial size is chosen for a ship, a truck, or a batch processor, from a number of sizes
available in the market. Once in operation, the option exists to stop waiting and transport or process the
items, even if the capacity of the vehicle or processor i1s not exhausted. An optimal initial capacity M™ is
given by

M* € argmaxy e {V (M)}

and an optimal stopping capacity m* is then given by
m* = max{me{0,1,...,M*}: V¥ (m) < v(m)}.

The following algorithm computes the optimal expected value V* an optimal threshold z*, an optimal initial
capacity M*, and an optimal stopping capacity m* in ©(Ng) time, if solving Equation (9) is counted as an
operation for each value of n.

Algorithm Infinite-Horizon-Knapsack

compute Vd’(o)(O) from Equation (4);
if V¥(9(0) > v(0) then
V¥(0) = V¥O(0); m=el; m* =l

else

endif;
M* =0;
forn=1 to Ny
solve Equation (9) for V¥()(n);
if V¥()(n) > v(n) then
Vi(n) = V¥(n); 2*(n) = V*(n) &V*(n 1) <p;

else
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Vi(n) = w(n); m=mn;

endif;
if V*(n) > V*(M*) and n € M then
M*=mn; m* =m;
endif;
endfor;

5.2 Example

From Lemma 3, V¥ is well defined if « = 0 and Ap+c(n) > 0 for all n. An exponential reward distribution
may be appealing in light of the rule of thumb known as the 80-20 rule (Coyle, Bardi and Langley 1992). Tf

the rewards are exponentially distributed with mean 1/u, @ = 0, ¢ and v are constant, and Ap+ ¢ > 0, then

1 A
M m) = VYO (D) evep = -JH[—————ﬁ
) M g Lp(Ap+e)
for all n > 0, and
VYO (n)y = av?M () emely = E111[7]—1—71 + v
(n) Wemene = S|4
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6 The Finite Horizon DSKP

In this section V™ denotes Vy;pp, unless noted otherwise. It will be shown that Vieprp = Virpp. A
differential equation satisfied by the expected value V™ (n,t) under a policy = € H%BP can be derived
intuitively as follows. If I™(n,t) = 1, then by conditioning on whether an arrival takes place in the next At

time units, and on the reward r of the item if there is an arrival, we obtain

Vin,t) = (1 @aAt){/\At

/ [+ V7 (nal,t + At)] dFr(r)
RT(n,t)

+ / ( )[V”(n,t + A ©pl dFr(r)| + (1 SAADV (n,t+ Al) & c(n)At} + o(A?)
RI(n,t

V™ (n,t) V™ (n,t+ Al)

= At

= (leaA)) /7U( ) [r+ VT (nel,t+ AD)] dFr(r) + [VT(n,t+ At) @p]/ dFr(r)

RE(n,t)

o( At)
At

+ (Ca A+ adAH) VT (n,t+ At) & (1 ©aAt)c(n) +

where o(At)/At — 0 as At — 0, from the corresponding property for the Poisson process, and F[R] < co.

Letting At — 0,

Wt _ oy / [r+ V7 (n &1, 8)] dFr(r) + [V7(n,1) QP]/ dFr(r)
ot RT(n,t) RE(n,t)

S (o) VTi(nt) + ¢(n)

¢>/\/ ( ){r@[V”(n,t) SVT(nel,t)yoplt dFr(r) + aV™(n,t) + Ap + ¢(n)(10)
RT(n,t

If I (n,t) = 0, then

VTin,t) = (leoaA)VT(n,t+ At) + aAtv(n)
N 14 (n,t) @Zt(n,t-FAt) _ @aV”(n,t—l—At) + ow(n)
V7™ (n,t)

" = oVT(n,t) < av(n)

The boundary condition is V7™ (n,T) = v(n).
These differential equations can also be derived from the results in Pliska (1975), where the existence of

a unique absolutely continuous solution for each policy = € T35 is shown, or in Brémaud (1981), where
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these equations are called the Hamilton-Jacobi equations. Note that if I™(n,t) = 0 for all ¢t € (¢1,T'), then
V7™ (n,t) = v(n) for all t € [t1,T], as for the DSKP.
From the results in Pliska (1975), Yushkevic and Feinberg (1979), or Brémaud (1981), it follows that the

optimal expected value V™ is the unique absolutely continuous solution of

* t
@M = sup /\/ {reViint) oV (nel,t) epl} dFr(r) < oV (n,t)
ot (D(n,8,),1(n 1) Ra(n,t)

S Ap @c(n)] I(n,t) + [€aV*(n,t) + av(n)](1 @I(n,t))} (11)

with boundary condition V*(n,T) = v(n).

Consider the threshold policy 7* € 4D , with threshold z* for n > 0 given by
" (n,t) = V'(n,t)eViinelt)ep
The stopping rule is given by

0 if ©Apsc(0) < av(0)
I°(0,t) =

1 if ©Apece0) > av(0)

and for n > 0

0 if Af(z*(n,t)) SApeeln) < av(n)
I"(n,t) =

1 if Af(z"(n,t)) ©Ap<c(n) > av(n)

THEOREM 3 The memoryless deterministic threshold policy #* s an optimal policy among all history-

dependent deterministic policies for the MDP.

Proof: From Equation (11) and Lemma 2

* i
@—6‘/ (77,, ) = max sup A / {7“ C>[V*(na t) C>V*(n C}l’ t) C:}p]} dFR(?“)
ot Ri(n,)EB  JRi(n,t)

SaV*(n,t) & Ap & c(n), caV*(n,t) + av(n)}
= max{/\/oo {reVi(n,t) eV (nel,t) <plt dFr(r)

V*(n,t)=V*(n—1,t)—p

SaV*(n,t) & Ap & c(n), caV*(n,t) + av(n)}
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or

OV*(n, 1)
ot

= min{eAf(z*(n, 1)) + oV (n,t) + Ap + c(n),aV*(n,t) < av(n)} (12)
Hence, the sup in the expression for dV*(n,t)/0t is attained by policy 7*. Thus, V™ and V* satisfy the
same differential equation with the same boundary condition. Therefore, V™ = V*, and policy 7* is optimal
among all memoryless deterministic policies for the MDP. From Yushkevic and Feinberg (1979) Theorem 1,
for any ¢ > 0, there exists a memoryless deterministic policy that is e-optimal among all history-dependent

deterministic policies. Hence, policy #* is also optimal among all history-dependent deterministic policies

for the MDP. O

PROPOSITION 3 For each n, I*(n,-) is a unit step function of the form

1 if te(0,7%(n)]
I"(n,t) =
0 if te(r*(n),T]

where 7 (n) € [0,T).

Proof: For n = 0, I"(0,t) is independent of ¢t. If I*(0,¢) = 1 for all t € (0,7, then 7°(0) = T. Else, if
I*(0,%) = 0 for all ¢ € (0,77, then 7*(0) = 0.

For n > 0, consider the following two cases.

Case 1: o > 0:

Let t; = sup{t € [0, 7] : V*(n,t) > v(n)}. From Proposition 1, V* is nonincreasing in ¢, hence V*(n,t) >
v(n) for all t € [0,¢1), and V*(n,t) = v(n) for all t € [t1,T]. Thus, for all ¢ € [0,¢1), aV*(n,t) ©av(n) > 0.
But from Proposition 1, dV*(n,t)/0t < 0, hence OV*(n,1)/0t = SAf(2*(n, 1)) + aV*(n,t) + Ap + ¢(n) <
aV*(n,t) ©av(n). Thus Af(z*(n,t)) ©Ap <e(n) > av(n), and I*(n,t) = 1 for all ¢ € [0,¢1). If t; =T,
then Af(2"(n,T)) <Ap<c(n) > av(n), from continuity of f and V* in ¢, hence I*(n,T) =1 and 7*(n) = T.
If t1 < T, then for t € (t1,T), 0V*(n,t)/0t = 0 = aV*(n,1) av(n) < SAf(z*(n,1)) + aV*(n,t) +
Ap + e(n), and Af(z*(n,t1)) ©Ap <c(n) = av(n) from continuity of f and V* in t. For t € [t1,T],
flz*(n,1) = fF(V*(n, ) SV (nel,t)op) = flv(n) oV *(nel,t)<p), and is nonincreasing in ¢, since V* is

nonincreasing in ¢ and f is nonincreasing. Let t2 = sup{t € [t1,T] : Af(2*(n,t)) @Ap<c(n) = av(n)}. Then
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Af(z*(n, 1)) Apsce(n) > av(n) and I*(n,t) = 1 for all ¢ € [0,¢5], and Af(z*(n,1)) SAp<ce(n) < av(n) and
I*(n,t) = 0 for all t € (t2,T]. Therefore, 7*(n) = t2, and the result holds.

Case 2: o = 0:

By contradiction. Suppose there exists an n > 0 and 0 < ¢, < ¢, < T such that I*(n,t;) = 0 and
I*(n,t.) = 1, ie., Af(2"(n,t5)) ©Apoc(n) < 0 and Af(x*(n,t.)) <Ap<ce(n) > 0. From the continuity of f
and V* in t, it follows that there exists ¢, € (¢5,%] such that Af(2*(n,t)) ©Ap <e(n) <0 for all t € [t;, 1),
and Af(x*(n,tp)) ©Ap<c(n) = 0. Then 9V*(n,t)/dt = 0 for all t € [t5,13], and V™ is absolutely continuous
in t, hence V*(n,t;) = V*(n,tp). Because V* is nonincreasing in ¢, V*(n <1,t;) > V*(n < 1,¢). Thus,
M(x*(n,t5)) ©Ap <c(n) = A (VH(n,ts) Vi (n o1, t,) ©p) ©Ap cc(n) > A(Vi(n, ty) ©V*(n 1, t,) <
p) ©Ap &c(n) = 0. But this contradicts the assumption that Af(z*(n,ts)) ©Ap <c(n) < 0. Therefore,
Af(z*(n, 1)) ©Ap <c(n) > 0 and I*(n,t) = 1 for all ¢t € (0,7%(n)], and Af(z*(n,t)) < Ap <c(n) < 0 and

I*(n,t) = 0 for all t € (r*(n), T] for some 7*(n) € [0, T]. O

THEOREM 4 The memoryless deterministic threshold policy #* 1s an optimal policy among all history-

dependent determainistic policies for the DSKP.

Proof: From Theorem 3, 7#* is optimal for the MDP among all = € Hﬁ%P. From Proposition 3, 7* satisfies
I*(n,-) € I, for all n; hence 7* is admissible for the DSKP (7* € 22, ), and VE;KP = VJ\Z*DP' From
Lemma 1, Viipp > Viskxp. Therefore, VE;KP = VJ\}*DP = Viipp = Vpskp, and 7 is optimal for the

DSKP among all 7 € AL . a

6.1 Structural Characteristics

A number of interesting structural characteristics of the optimal expected value V* and optimal threshold
z* are derived in this section. First a characterization is given of an optimal policy and the optimal expected
value that holds under typical conditions. This characterization is useful because i1t gives a simple, intuitive
recipe for following an optimal policy, and it simplifies computation of VV* and z*. Thereafter some mono-
tonicity and concavity properties are shown. Also interesting are the counter-intuitive cases where certain

properties do not hold, which can be found in Kleywegt and Papastavrou (1995).
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The properties of V* depend to a large extent on the relative magnitudes of A f(<p) and Ap+c(n)+av(n).
The importance of these quantities makes intuitive sense, by noting that A[f(<p)<p] = /\[fix;(r—i—p) dFg(r)e
p] = /\[fix; rdFr(r) <p [Z1 dFr(r)] = A(P[R> <p]E[R| R > <p] &pP [R < <p]), and by interpreting
AP[R > <p] F[R | R > <p] as the effective reward rate while we continue to wait, and comparing it with

ApP [R < <pl + ¢(n) + av(n), the rate at which (opportunity) cost is incurred while we continue to wait.

PROPOSITION 4 If ¢ is nonincreasing, v is nondecreasing, and Af(<p) < Ap + ¢(n) + av(n) for an

n >0, then V*(n,t) = v(n) for allt €[0,T].

Proof: From Proposition 2, if ¢ is nonincreasing and v is nondecreasing, then V* is nondecreasing in n.

Hence, V*(n,t) ©V*(n<1,t) > 0 for all t € [0, T]. Thus

Af(V¥(n,t) Vi (nelt) ep) & aVi(n,t) < Ap < c(n)
< Af(ep) © aV*(n,t) & Ap < c(n)

< waV*(n,t) + av(n)

Therefore, OV*(n,t)/0t = aV*(n,t) <av(n), and V*(n,t) = v(n) for all t € [0,T]. a

No

Similar to the infinite horizon case, inductively define the sequence of threshold policies {¥(n)},;20-

D¥)(0,¢) = 0, 1%9)(0,¢) = 1 for all t € (0,7T]. Then

VEO0,4) = e T=Dy(0) optc0) (1@6—“@—0)

«

if @ > 0, and V¥((0,1) = <[ Ap+ c(0)](T <t) +v(0) if @ = 0. Let ¢h(n<<1) and V¥*=D(n 1, ) be defined,

and let V(n, -) satisfy

it - A
vin,t) = ¢>/\/ {r@[V(n,t) emax{v(n <1), V¥~ H(n <:>1,t)}¢>p]} dFr(7)
ot V(n,t)—max{v(n—1),V¥n-1)(n-1t)}—p

+ aV(n,t) + Ap + ¢(n)

Ry’ (f/(n,t) emax{u(n C>1)"/111(71—1)(71 @1’15)}@])) + af/(n,t) + Ap + e(n) (13)

for t € (0, T) with boundary condition V(n, T) = v(n). Tt is shown in Kleywegt (1996) that Equation (13) has

a unique absolutely continuous solution V(n, 3. Let I¥0(n,t) = 1, and «¥)(n,t) = V(n,t) Smax{v(n <

25



D, V¥0e=D(n o 1,0)} ©p. Let DY/ t,) = DYC=D(n’ ¢, .) and IY)(n/ 1) = IYO=D(n’ 1) for all

n’€{0,1,...,n<1} and all t € (0, T, except that

L if V¥ D(nel,t) > o(n 1)
M elt) =

0 if V¥r"D(nel,t) <v(n 1)

LEMMA 4 For alln >0 and allt € [0,T],
VY (nel,t) = max{v(n o1), Ve Dmn o1, t)}

The proof can be found in Kleywegt (1996).

It follows from Equation (10) that V¥(")(n,t) satisfies

6V¢<”>(n 1) e
Zr MY YP(n)
ot - @A/ {T@[V (n,t)

V(n,t)—max{v(n—1),V¥ (=1 (n-11)}-p

omax{v(n <1), VYD (n Ql,t)}ﬁp]} dFp(r) + aV¥(n 1) + Ap + ¢(n) (14)

fort € (0, T) with boundary condition Vw(")(n, T) = v(n). From Equation (13), Equation (14) has a solution

Ve(n,.) = V(n, -), and it can easily be shown that this is the unique solution of Equation (14). Therefore,

AV (n, 1)

= SE (1) + oV () + Ap + e(n) (15)

with (M) (n, 1) = V¥ (n 1) @max{v(n 1), V¥ =D(n <1, 1)} <p.

PROPOSITION 5 Ifv is nonincreasing and Af(<p) > Ap+c(n)+av(n) for ann > 0, then V¥ (n,t) >

v(n) for allt €[0,T).

Proof: By contradiction. Suppose there exists ¢; € [0, T) such that V¥()(n,1,) < v(n). Then 2¥)(n,t;) =
VY0 (n, 1)) emax{v(nel), V¥O—D(nel t))}ep < <p. From Lemma2, &\ f(z¥ ) (n, 1)) +a V¥ (n 1)+
Ap + c(n) < @A f(ep) + av(n) + Ap + ¢(n) < 0. Then, from the continuity of f and V¥() in ¢, there exists
a neighborhood (tg,%5) C (0,7) of ¢; such that <Af(z¥)(n,t)) + aV¥(n,t) + Ap + ¢(n) < 0 for all

t € (to,t2). Then from Equation (15)

V¥ () (n, 1)

T (&M (n, 1) + oV (nt) + Ap + ¢(n) < 0
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for all t € (to,t5). Thus V¥(")(n,t) is strictly decreasing on [t;,T]. This implies that V¥()(n, T) <
V¥ (n,t1) < w(n), which violates the boundary condition V¥(")(n,T) = v(n). Therefore, V¥)(n 1) >

v(n) for all ¢ € [0, 7). O

COROLLARY 1 Ifv is nonincreasing and Af(<p) > Ap+c(n)+av(n) for an n > 0, then V*(n,t) > v(n),

and it is optimal to continue (I"(n,t) = 1) for allt € [0,T).

By definition, V*(n,t) > max{v(n), V¥)(n 1)} for all n and . As noted before, it is typical in appli-
cations for ¢ to be nonincreasing. It is also not unusual for v to not vary much with n, for example the
dispatching cost of a vehicle or batch processor does not depend very much on the number of loads. It is

shown that if ¢ is nonincreasing and v is constant, then V*(n,t) = max{v, V¥()(n, )} for all n and .

THEOREM 5 If ¢ is nonincreasing and v is constant, then V*(n,t) = max{v, V¥ (n 1)} for alln and t.

Proof: By induction on n. For n = 0, if ©Ap <¢(0) > aw, then I*(0,%) = 1 and 9V*(0,t)/9t = aV*(0,¢) +
Ap + ¢(0) for all ¢ € (0,T). Then V*(0,t) = e=*T =Dy (1 e *T=D)(Ap 4 ¢(0))/a = V¥()(0,1) > v for
all t €[0,7). Else, if ©Ap<¢(0) < awv, then I*(0,¢) = 0 and 9V*(0,t)/0t = aV*(0,t) <av for all t € (0,T).
Then V*(0,t) = v > V¥(©)(0,¢) for all t € [0, 7).

Suppose V*(n <1,1) = max{v, V¥ ~U(n <1,)} for all t € [0, T]. For n > 0, consider the following two
cases.
Case 1: Af(<p) < Ap+e(n) + av:
Then, from Proposition 4, V*(n,t) = v for all ¢t € [0,7], and because Vw(”)(n,t) < Vi(n,t), Vi(n,t) =
max{v, V¥()(n, 1)} for all t € [0, T].
Case 2: Af(<p) > Ap+c(n) + av:

Then, from Corollary 1, V*(n,t) > v and I*(n,?) = 1 for all ¢ € [0, 7). Then V*(n, ) satisfies
oV*(n,t o0
Wmt) c»\/ {reVi(nt) eV (nel,t) <pl} dFg(r)
ot V*(n,t)=V*(n—1,t)=p

+ aV*(n,t) + Ap + c(n)

for t € (0,T) with boundary condition V*(n,T) = v(n). V¥)(n, ) satisfies

aV¥()(n, 1)

T = A /00 {r & [Vd’(”)(n, t) emax{v, V¥ V(n o1,1)} <:>p] } dFr(r)

V¥(n)(nt)—max{v,V¥(==1(n-11)}-p
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+ aV¥®(nt) + Ap 4+ ¢(n)
= c»\/ {r@[vd’(”)(n,t) SV (nelt) @p]} dFg(r)
Ve (nt)-V*(n—1,t)—p
+ onw(")(n,t) + Ap + ¢(n)
for t € (0,T) with boundary condition V¥(")(n, T) = w(n). Hence, V*(n,-) and V¥)(n,.) satisfy the
same differential equation with the same boundary condition. Therefore, V*(n,t) = V¥(")(n 1) > v, and

V*(n,t) = max{v, V¥()(n, 1)} for all t € [0, T]. O

If the conditions of Theorem 5 hold, then an optimal policy 7* has the following convenient form. If
<Ap ©¢(0) > av, then Af(<p) > Ap + ¢(n) + av for all n € A, because Af(<p) > 0 and ¢ is nonincreasing.
Then V*(n,t) = V¥®)(n,t) and I*(n,t) = 1 for all n and t. Else, if ©\p <¢(0) < av, then let m* =
max{0, max{n € N\{0} : Af(<p) < Ap+ ¢(n) + av}}. Then Af(<p) < Ap+ ¢(n) + av for all n < m*,
because ¢ is nonincreasing. Then V*(n,t) = v and I*(n,t) = 0 for all t. Also, Af(<p) > Ap+ ¢(n) + av for
all n > m*, and V*(n,t) = V¥™)(n t) and I*(n,t) = 1 for all t. Hence, as long as t < T and N*(t) > m*, it
is optimal to continue, using threshold z*(n,t) = ¥ (n,t) = V¥ (n,t) @max{v, V- D(n o1, 1)} op =
V*(n,t) ©V*(n <1,t) <p. Tt is optimal to stop and collect v as soon as N*(t) reaches m*. This result
characterizes an optimal policy and the optimal expected value in a simple, intuitive way, and also leads to
an easy method for computing the optimal expected value V* and optimal threshold z*.

A number of monotonicity and concavity results for V* and z* are derived next.

THEOREM 6 Ifa =0, ¢ and v are constant, and Af(<p) > Ap+ ¢, then the following conditions hold.
(i) OV*(n, 1)/t < OV*(n<l,t)/0t for alln € {1,..., No} and allt € (0,T) (the marginal optimal expected
value of remaining time <9V ™*(n,t)/0t is nondecreasing in remaining capacity).

(ii) Ox*(n,t)/0t < 0 for all n € {1,...,Ng} and allt € (0,T) (the optimal threshold is nonincreasing in
time).

(iil) IV*(n,ta)/0t < OV*(n,t1)/0t for all n € {0,...,No}t and all 0 < t; < &2 < T (0V*(n,1)/0t is
nonincreasing in time, or the optimal expected value is concave in time).

(iv) *(n+1,t) < 2*(n,t) foralln € {1,..., Ny<l} and allt € [0, T] (the optimal threshold is nonincreasing

in remaining capacity).
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(V) V*(n+ 1, ) V*(n,t) < V*(n,t) SV*(nelt) foralln e {1,..., Ny<l} and allt € [0,T] (the optimal

expected value is concave in remaining capacity).

Proof: Similar to Corollary 1, because v is constant and Af(<p) > Ap + ¢, it follows that 7*(n,?) = 1 and
IV*(n,t)/0t = A f(x*(n,t))+ Ap+ecfor all n > 0 and all £ € (0, 7). First it is shown that all the conditions

are equivalent, and then it is shown that (i) and (iii) hold.

(1) < (ii):
IV*(n,t) < aV*(nel,t)
ot - ot
o dx*(n,t) O [V*(n,t) &V*(n <1,t) Sp] 0
ot B ot -

(ii) < (iii): For n > 0, 0V* /3t is nonincreasing in ¢ if and only if 2™ is nonincreasing in ¢. Also, V* is

concave in t if and only if V* is continuous in ¢ and 9V* /8t is nonincreasing in ¢.

(i) & (iv):
OV*(n +1,t) < IV*(n,t)
ot - ot
S Af(e*n+ L) + Ap + ¢ < Af(e"(n,t) + Ap + ¢
& '(n+1,t) < x*(n,t)
(iv) < (v)

Z(n+1,¢) < z(n,t)

& Vit LV mtep < Vit oV (helt)op

For n > 0, 0V*(n,1)/0t = Af(V*(n,t)V*(nel, t)op)+ Ap+ceforallt € (0, 7). From the continuity
of V* int, V*(n,t) — v as t — T. Hence, from the continuity of f, dV*(n, 1)/t — <Af(<p) + Ap+ ¢ as
t — T for all n > 0.

It is shown by induction on n that (i) and (iii) hold. For n = 0, if Ap+e¢ < 0, then dV*(0,¢)/8t = Ap+c for
allt € (0, T). Else, if Ap+e > 0, then 9V*(0,¢)/0t = 0 for allt € (0,7). Hence, V*(0,)/9t = min{0, Ap+c}
for all t € (0,7). For n = 1, it is shown by contradiction that (i) holds. Suppose there exists ¢; € (0,7

such that 0V*(1,¢,)/0t > 0V*(0,t1)/0t. From the continuity of dV*/0t in ¢, there exists a neighborhood
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(to,t2) C (0,7) of t; such that dV*(1,¢)/0t > dV*(0,t)/0t for all t € (tg,¢2). Then for all ¢ € (¢1,%4]

3 * 3 *
/ v (L), / oV (0,7)
‘ or ‘ or

1 1

= V', H)eVi(lt) > V*0,t)<V*(0,1)
= V(1 )V (0,t) > V*(1,t)eV(0,4)

= &Af(V(1,t) eV (0,t)ep)+Ap+c

v

ALV (L) V0, 4) ©p) +Ap + e

VLY V(L)
T

Thus 9V*(1,¢)/8t is nondecreasing on [t1, 7). But 9V*(1,t)/0t — <A f(ep)+Ap+cast —T,and f > 0=
SAf(ep) +Ap+ce < Ap+e, and ©Af(sp) + Ap+ ¢ < 0 from the assumptions. Hence lim;_.p 0V*(1,¢)/0t <
min{0, Ap+ ¢} = dV~(0,¢)/0t, which contradicts dV*(1,1)/dt > 0V*(0,11)/0t, OV*(1,1)/It nondecreasing
on [t1,T), and 0V*(0,t¢)/0t constant on (0,7"). Therefore, IV*(1,t)/0t < aV*(0,t)/0t, dx*(1,t)/0t < 0
and OV*(1,t)/0t is nonincreasing on (0, 7).

For n > 1, suppose that OV*(n <1,t)/0t is nonincreasing on (0,7'). Similar to the case for n = 1
it is shown by contradiction that (i) holds. Suppose there exists t; € (0,7) such that dV*(n,t1)/dt >
IV*(n <1,t1)/0t. In the same way as for n = 1, it follows that 9V*(n,t)/Jt is nondecreasing on [t1,T).
But limy—p 8V*(n,t)/0t = A f(ep)+ Ap+ ¢ = limyp IV*(n<1,1)/0t, which contradicts 9V *(n,t1)/0t >
IV*(n <1,t1)/0t, 8V *(n,t)/It nondecreasing on [t1,T), and OV*(n < 1,t)/It nonincreasing on (0,T).
Therefore, dV*(n,t)/0t < IV*(n <1,1)/0t, dx*(n,t)/I0t < 0, and JV*(n,t)/5t is nonincreasing on (0,7).

O

6.2 Examples

Closed-form solutions for the optimal expected value V*(n,t) and the optimal threshold z*(n,?) can be
obtained for some reward distributions Fr. Let a = 0, and let the rewards be exponentially distributed
with mean 1/u. (Kincaid and Darling (1963), Stadje (1990) and Gallego and Van Ryzin (1994) considered
examples of a pricing problem where the maximum price a customer is willing to pay, or the arrival rate of
buying customers, is exponentially distributed.) If Ap + ¢(0) > 0, then V*(0,¢) = v(0) for all ¢; otherwise

V*(0,t) = v(0) ©(Ap + ¢(0)) (T <t). Suppose p = 0, ¢(0) > 0, v is constant, and A/y > ¢(1) > 0. Then
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Af(<p) = M p > ¢(1). Hence, from Corollary 1, it is optimal to continue if n = 1 for all ¢ < T". Then it

follows from Equation (12) that

v (1,1) Ao _
7 A =& e u[V*(1,t)—v] + ¢ 1
ot m (1)
The solution 1s
V*(l,t) — lln euve—uc(l)(T_t) i AeH? 1C>e_uc(1)(T—t)]:|
7

Solutions for n > 1 were obtained numerically. Computation times were less than a second on a Sun
Sparc 2 workstation. Figure 1(a) shows the optimal expected value V*(n,t) as a function of time ¢ for
different values of the remaining capacity n, for arrival rate A = 1, deadline T' = 100, mean reward 1/u = 10,
penalty p = 0, waiting cost per unit time ¢(n) = 10 <n/10, terminal value v = 0, and discount rate o = 0.
Figure 1(b) shows the optimal threshold z*(n,t) versus t for different n.

Figure 2(a) shows the optimal expected value V*(n,t) as a function of time ¢ for different values of the
remaining capacity n, for arrival rate A = 1, deadline 7' = 100, exponentially distributed rewards with
mean 1/pu = 10, penalty p = 0, constant waiting cost per unit time ¢ = 5, terminal value v = 0, and
discount rate & = 0. Figure 2(b) shows the optimal threshold z*(n,t) versus ¢ for different n. Note that the
optimal expected value is decreasing and concave in time, and the optimal threshold is decreasing in time,
as stated in Theorem 6. The shape of the optimal expected value curve is similar to that in Figure 1(a) for
a decreasing waiting cost. However, the optimal threshold curves are very different for the different waiting
cost structures. This suggests that an optimal policy is quite sensitive with respect to the cost structure.

Figure 3(a) shows the optimal expected value V*(n,t) as a function of time ¢ for different values of the
remaining capacity n, for arrival rate A = 1, deadline 7" = 100, uniform reward distribution «(0, 20), penalty
p = 0, constant waiting cost per unit time ¢ = 5, terminal value v = 0, and discount rate & = 0. Figure 3(b)
shows the optimal threshold #*(n,t) versus time for different n. The curves are similar to those of Figure 2
for the case of exponential rewards. This and other experimentation suggest that an optimal policy is not
very sensitive with respect to the reward distribution.

Let « =0, p=0 and ¢ = 0. If the rewards are exponentially distributed with mean 1/4, then

oV (n,t) _ C>/le—u[v*(n,t)—v*(n—1,t)]
ot i
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Figure 1: Poisson Arrivals with Rate A = 1, Deadline T' = 100, Exponential Rewards with Mean 1/p = 10,
Penalty p = 0, Variable Waiting Cost Per Unit Time ¢(n) = 10<n/10, Terminal Value v = 0, Discount Rate

a=10
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Figure 2: Poisson Arrivals with Rate A = 1, Deadline T' = 100, Exponential Rewards with Mean 1/p = 10,

Penalty p = 0, Constant Waiting Cost Per Unit Time ¢ = 5, Terminal Value v = 0, Discount Rate o = 0
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Figure 3: Poisson Arrivals with Rate A = 1, Deadline 7' = 100, Uniform u(0, 20) Rewards, Penalty p = 0,

Constant Waiting Cost Per Unit Time ¢ = 5, Terminal Value v = 0, Discount Rate a = 0
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It can be shown by induction on n that

V*(n,t) = ln[ YT ot (Tﬁt) e‘“’("_i)]

1
1 — i

If v 1s constant, then

V*(n,t) = lln [Zn: M]

|
K i=0 v

It is interesting to note that, due to the continuity of the In function,

. 1 =X (T et)
lim V*(n,t) = —In|1l GRS
Jim, V7 (1) N[J&Z 7 ]*“
A
= —(T'&t) +v
i
lim #*(n,t) = 0

n-soo
This result is intuitive, because if the remaining capacity is very large, it is optimal to accept all arrivals,
and the optimal threshold #*(n,¢) = 0 for all ¢. From Wald’s equation the expected value is the expected
number of arrivals in the remaining time, A(T <), times the expected reward per arrival, 1/p, plus the

terminal value v.

7 Concluding Remarks

The Dynamic and Stochastic Knapsack Problem (DSKP) was defined and analyzed. For the infinite horizon
case it was shown that a stationary deterministic threshold policy i1s optimal among all history-dependent
deterministic policies. For the finite horizon case it was shown that a memoryless deterministic threshold
policy is optimal among all history-dependent deterministic policies. General characteristics of the optimal
policies and optimal expected values were derived for different cases. Optimal solutions can be computed
recursively with very little computational effort. Closed-form solutions were obtained for special cases.

An interesting extension to the DSKP with equal sized items is the case where items have random sizes.
This problem is the topic of a separate study (Kleywegt 1996), in which some counter-intuitive properties
of optimal policies are pointed out. Another useful extension to the DSKP considers the case where items
as well as knapsacks arrive according to some stochastic process, and the objective is to find an optimal

acceptance policy for items; and an optimal dispatching policy for knapsacks.
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