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Problem 1
Consider a Markov chain with state space S. For any subset &’ C S, define the closure cl(S”)
to be the smallest closed set that contains S'.

1. Prove that for any j € S, cl({j}) ={keS : j — k}.
Answer:  First we show that cl({j}) C {k € S : j — k} and then we show that
cd({j}) D {k € S : j — k}. First, show that {k € S : j — k} is a closed set.
Consider any : €e {k € § : j —» k}tandl ¢ {k € S : j — k}. Ifi — [, then
j — i and ¢ — [ imply that j — [, which contradicts [ ¢ {k € S : j — k}. Thus
i /1. Thatis, {k € S : j — k} is a closed set. Next, note that j — j, and thus
{j} c{k eS8 : j— k}. Since cl({j}) is by definition the smallest closed set that
contains {j}, and {k € S : j — k} is a closed set that contains {j}, it follows that
cd({j}) c{k €S : j — k}. Next, consider any i € {k € S : j — k} and any set
S"” C S that contains {j}. If i ¢ S”, then 8" is not closed. That is, ¢ is in every
closed set that contains {j}. Therefore i is in the smallest closed set that contains {j},
that is, ¢ € cl({j}). Hence cl({j}) D {k € S : j — k}. Thus we have shown that

A({j}) ={keS&:j—k}

2. For the deterministically monotone Markov chain, what is cl({j})?
Answer: {j,j+1,j+2,...}

3. If j is recurrent, show that cl({;j}) is the communicating class that contains j.
Answer: Let C(j) denote the communicating class that contains j. We want to
show that cl({j}) = C(j). We have already shown that cl({j}) = {k € S : j — k}.
Thus it is sufficient to show that C(j) = {k € S : j — k}. First we show that
C(j) D {k €S : j— k} and then we show that C(j) C {k €S : j — k}.

It was shown in Proposition 2.10.1 that if j is recurrent and 7 — k, then j < k, that
is, j and k are in the same (recurrent) communicating class, thus, & € C(j). Hence
C(j) D{k €S : j— k}. Next, consider any i € C(j), that is, j <> i. Then j — 1,
thusi e {k €S : j — k}. Hence C(j) C {k € S : j — k}. Therefore we have shown
that C(j) ={k €S : j — k}.
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Problem 2
Consider a Markov chain with state space S that is not necessarily finite, and transition
matrix P. Suppose that P? = P.

1. Prove that the Markov chain is aperiodic.
Answer: Consider any state i. We want to show that the period d(i) of state
i equals 1. It follows from P? = P that P" = P for all n > 1. If p;; = 0, then

pgz) = (P");i = P,y =pi; =0 for alln > 1, and thus {n > 1 : pgz) >0} = @, and
hence by definition d(i) = 1. Otherwise, if p;; > 0, then d(i) = 1.

2. Prove that p; ; = p;; for all 4, j € S such that i < j.
Answer:  First we show that p; ; < p;; for all 4,7 € §. This result does not require
that 7 «<» j. For any n > 1,

pij = Py = (P = p

_ (k) (n—k)
- me‘ Dj;
k=1

n—1

k n
Z fz‘(,j)pj,j + fz‘(,j)l
k=1

= Bn(1) <n—1]p;; + Blr(1) = n]

P+ Bl (1) = n]

Note that Y 7 Pi[r;(1) = n] = P[r;(1) < o] < 1, and thus P[r;(1) = n] — 0 as
n — oo, that is, for any € > 0, there is N such that P[7;(1) = n| < ¢ for all n > N.
Thus, for all n > N,

IN

pij < DPjjte
The inequality above holds for all € > 0, and thus p; ; < p;; forall ¢,j € S.
Next we show by contradiction that if ¢ < j, then p; ; £ p; ;. Because i <> j, there is
n such that pﬁz) > 0. But pgz) = (P");; = Pj; = p;s, and thus p;; > 0. Suppose that
Di; < pj;- Then

2
P = Py = (P = p)

VY
= ij,kpk,j
keS
= DjiPij + Z PjkDk,j
keS\{i}
< PjibPjj T Z P kDij
keS\{i}

= Z Dj.kPj.j

keS
= Pjj
which is a contradiction. Thus p; ; £ p; ;, and therefore p; ; = p; ; for all 7,j € S such
that ¢ < j.
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3. Write a stationary distribution 7 in terms of P.
Answer: First we show that for any state 7 and any transient state j, p;; = 0.

It follows from Proposition 2.6.3 that Zf;lpz(-;) < oo. Thus ) p;j < oo. This
implies that p;; = 0. Next, it follows from Zkes pir = 1 that p;r > 0 for some
k € S, and thus there are some recurrent states k € §. Consider any recurrent state
k € S. Let C(k) denote the (recurrent) communicating class that contains k. Note
that 3 e Pri = 1 (C(k) is closed), and it follows from the previous part that for all
i,l € C(k), piy = piy = pry- Consider the vector 7 given by the row of P corresponding
to state k. Clearly Y . ¢m = > . gDk = 1. Also,

(WP)Z = Zmpi,z
i€S

= Z Pk,ili

1€S

= Z PkiDil

ieC(k)

= Z Pk,iPk,
)

ieC(k
= Pkg = T

Therefore 7 is a stationary distribution of the Markov chain.

Problem 3
Show that a simple random walk with state space S = {0,1,2,...} and transition probabil-
ities

P071 = 1a Pn,n—i—l = b Pmn—l = q = 1_p VnZ 1
is positive recurrent if 0 < p < q.
Answer:  We show that the Markov chain is irreducible and has a (unique) stationary
distribution. Then it follows from Theorem 2.13.2 that the Markov chain is positive recurrent.
First note that 0 < p < ¢ implies that the Markov chain is irreducible. Next, we write down
the balance equations:

o = (4m
T = T+ qme
Ty = pPT+qT3
Tp = Pln-1+qTpe1 VYN >2
1
= T = — Ty
q
_ P
Ty = q2 o
2
T3 = E 0
n—1
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