ISyE 4803

Advanced Supply Chain Logistics
Fall 2009

Homework 3 solution

This homework is worth 50 points.

Problem 1

The following network represents the network of canals in a famous city (Amsterdam? Venice? Fort
Lauderdale?). These canals have to be cleaned regularly. Canals are cleaned by a specially equipped boat
that cruises along the canals, dredging the bottoms of the canals and scooping up any floating debris in
the water. The boat can cruise along the canals in any direction. The cost of operating the cleaning
service (including the cost of the boat, fuel and crew) is represented by costs on the edges of the network.
Design a cleaning tour for the boat that will traverse each canal at least once, that will return the boat
to its origin (boathouse), and that will incur the minimum total cost. Write a complete LP formulation,
explicitly with all applicable data values, for the shortest path problem from all odd degree nodes to the
largest indexed node with odd degree. Also write a complete LP formulation, explicitly with all applicable
data values, of the matching problem. (Hint: Use an LP solver of your choice, such as LINDO, GAMS,
CPlex, XPRESS-MP, AIMMS, AMPL, to solve the optimization problems encountered along the way.)
(25)

Answer: Let N = {1,2,...,16} denote the set of nodes. Let E = {{1,2},{2,3},{3,4},{1,5},{2,6},
{3,7},{4,8},{5,6},{6,7},{7,8},{5,9},{6,10},{7,11},{8,12},{9,10},{10,11}, {11, 12}, {9, 13},
{10,14},{11,15},{12,16}, {13,14}, {14, 15}, {15,16} } denote the set of edges. Let G = (N, E) denote the
given undirected network.

Let ¢;; denote the cost associated with edge {i,j}.

The set of odd degree nodes is O = {2,3,5,8,9,12,14,15}. The first step is to compute the shortest path
and shortest path length between each pair of odd degree nodes. Since the network is undirected, the
shortest path and shortest path length from 7 to j are the same as the shortest path and shortest path
length from j to i. Thus it is only necessary to compute the shortest path and shortest path length from
i to j with ¢ < j and 4,5 € O. One way to do that is to formulate the following multicommodity network
flow problem. For each edge {i,j} € E, create two arcs (¢,7) and (j,%), each with cost equal to ¢;;. Let A
denote the set of arcs. For each odd degree node (except the one with smallest index), create a commodity
— the commodity index is the same as the index of the destination node of the shortest path. Thus the set
of commodities is K = {3,5,8,9,12,14,15}. Then the demand for commodity k at node j € O is dj;, = —1
(asupply of 1) if j <k, djp={i€O :i<j}if j=k,anddj, =0if j €O or j > k.

Decision variables:

Let z;;, denote the amount of flow of commodity k& on arc (,j). The optimal solution z;;, will give the
shortest path tree from all nodes to node k, and the shortest path lengths can easily be calculated based
on that.

Then the formulation of the problem is as follows:

min > (i.j)eA 2okeK CijTijh
s.t.
2 {ieN : (ij)eA} Tijk — 2fieN: (i)eAy Tik = d; VkEK, VjEN

With the given data, the formulation is

min {46.%1,273 + 46.77172,5 + 46:61,278 + 463717279 + 46%172712 + 4633172,14 + 46%172715
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+46x9 1,3 + 46w 1 5 + 46721 8 + 4622 1,9 + 4612 1,12 + 4672114 + 4622 1,15

+42x9 33 + 422935 + 4220238 + 420939 + 4202312 + 4202314 + 42223 15

+42x393 + 422305 + 4220328 + 420329 + 4203212 + 4203214 + 42232 15

+22w3 43 + 220345 + 222348 + 222349 + 223 412 + 2223 414 + 2223 4,15

+22x433 + 221435 +22x438 + 227439 + 2214312 + 2274314 + 2274 315

+24x1 53 + 24x1 55 + 2411 58 + 2471 59 + 2471 5,12 + 2471 5,14 + 2471515

+24w51 3 + 24x51 5 + 241518 + 24x51,9 + 2475112 + 24751,14 + 2475115

+17x963 + 1Tw265 + 170268 + 172269 + 1722612 + 1722614 + 1722615

+17x623 + 17Tx625 + 170628 + 172629 + 17T6,2,12 + 1726214 + 1726215

+18x373 + 182375 + 181378 + 182379 + 1873712 + 18x3 7,14 + 1873715

+18x733 + 182735 + 182738 + 182739 + 1827312 + 18x7 314 + 1827315

+322483 + 320485 + 322488 + 320489 + 3224812 + 3224814 + 3224815

+3228.4.3 + 322845 + 322848 + 322849 + 3228 4,12 + 3228 414 + 3278 4,15

+36x56.3 + 367565 + 36x568 + 367569 + 3675612 + 3675614 + 3675615

+36x6 5.3 + 367655 + 36T6 58 + 367659 + 3676512 + 3676514 + 36T6 5,15

+12x6 73 + 122675 + 12x6 78 + 127679 + 1276 7,12 + 1276 7,14 + 1276 7,15

+122763 + 122765 + 120768 + 122769 + 12076,12 + 1227614 + 12276 15

+13w783 + 132785 + 130788 + 132789 + 1377812 + 1327814 + 13278 15

+13x8 73 + 13x875 + 1328 78 + 1328 7,9 + 1328712 + 1378714 + 1328 7,15

+21w593 + 21x595 + 210598 + 212599 + 2125 9,12 + 21259 14 + 215 9,15

+21w9 53 + 21xg 55 + 21w9 58 + 2129 59 + 2129 512 + 2129 514 + 219 5 15

+1926,10,3 + 1926,10,5 + 1926108 + 1926,10,9 + 197610,12 + 1926,10,14 + 19261015
+19210,6,3 + 1921065 + 19210,6,8 + 1921069 + 19710,6,12 + 19210,6,14 + 19210,6,15
+28x711,3 + 2827115 + 2827118 + 2827 11,9 + 2827 11,12 + 28271114 + 28271115
+28x11,7,3 + 28x11,75 + 2871178 + 28711,7,9 + 28x11,7,12 + 28711,7,14 + 28%11,7.15
+40z58 12,3 + 4028125 + 4028 12,8 + 4028 12,9 + 4075 12,12 + 4078 1214 + 4078 12,15
+40x128,3 + 40x128 5 + 4071288 + 402128 9 + 407128 12 + 40712,8 14 + 40712815
+3879,10,3 + 38%9,10,5 + 3879,10,8 + 3879,10,9 + 38x9.10,12 + 3879,10,14 + 38%9,10,15
+38210,9,3 + 38x10,9,5 + 38710,9,8 + 38%10,9,9 + 38x10,9,12 + 38710,9,14 + 38%10,9,15
+25x10,11,3 + 25710,11,5 + 25210,11,8 + 25710,11,9 + 25710,11,12 + 25%10,11,14 + 25710,11,15
+25x11,10,3 + 25711,10,5 + 25211,10,8 + 25711,10,9 + 25711,10,12 + 25%11,10,14 + 25711,10,15
+20211,12,3 + 20211125 + 20211,12,8 + 20211,12,9 + 20211,12,12 + 20211,12,14 + 20211,12,15
+20x12,11,3 + 20212115 + 20212,11,8 + 20212,11,9 + 20212,11,12 + 202121114 + 20712,11,15
+34x913,3 + 3419 135 + 3419138 + 3479139 + 34719 13,12 + 34791314 + 3479 13,15
+34x139,3 + 34w13,95 + 34w1398 + 3471399 + 34w13,9,12 + 34T13.9,14 + 34713915
+14210,14,3 + 14210145 + 14w10,14,8 + 14710,14,9 + 14210,14,12 + 14w10,14,14 + 14710,14,15
+14x14,10,3 + 14w14,10,5 + 14714108 + 14714,10,9 + 14714,10,12 + 14714,10,14 + 14714,10,15
+15x11,15,3 + 15711,15,5 + 15711,158 + 15711,15,9 + 15211,15,12 + 15211,15,14 + 15711,15,15
+15715,11,3 + 15215115 + 15x15,11,8 + 15715,11,9 + 15215,11,12 + 15215,11,14 + 15715,11,15
+30x12,16,3 + 30712,16,5 + 30212168 + 30212,16,9 + 30712,16,12 + 30212,16,14 + 30212,16,15
+30x16,12,3 + 30216,12,5 + 30216,12,8 + 30x16,12,9 + 30716,12,12 + 30x16,12,14 + 30716,12,15
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+26213,14,3 + 26213145 + 26213,14,8 + 26713,14,9 + 26213,14,12 + 26213,14,14 + 262131415

+26x14,13,3 + 26214135 + 26714,13,8 + 26214,13,9 + 26214,13,12 + 262141314 + 262141315

+37x14,15,3 + 37w14,15,5 + 37214,15,8 + 37214159 + 37T14,15,12 + 37T14,15,14 + 37T14,15,15

+37w15,14,3 + 37715145 + 37x15,14.8 + 37T15,14,9 + 37T15,14,12 + 370151414 + 377151415

+23215,16,3 + 23%15,16,5 + 23715,16,8 + 23715,16,9 + 23%15,16,12 + 23715,16,14 + 23715,16,15
+23x16,15,3 + 2316,15,5 + 23T 16,158 + 23%16,15,9 + 23216,15,12 + 23T 16,15,14 + 23%16,15,15 |

s.t.

21,3+ T51,3

215+ 515

T218 + 518

21,9+ T51,9

T21,12 + 51,12 —

21,14 + T5,1,14 —

21,15 + 251,15 —

T123+ 2323+ 623 — X213
1,25 T 2325+ T625 — 21,5
T128 1+ T328 1+ Te28 — T2,1,8
129+ 329+ Te29 — T2,1,9
r12,12 +X32,12 + T6,2,12 — X2,1,12 —
T12,14 + %3214 + T6,2,14 — X2,1,14 —
12,15 T 232,15 + T6,2,15 — £2,1,15 —
233+ L4331+ T733 —T323
2,35 T 2435+ 735 — 325
2,38 T T438 + 738 — L3238
2,39 T 2439 + 2739 — 329
T2312 + %4312 + 27312 — 232,12 —
23,14 T 4,314 + T7,3,14 — £32,14 —
2,315 + 4,315 + T7,3,15 — 32,15 —
T343 1+ T84,3

T345 1+ T8 45

r348 + 848

349+ 849

34,12 + 284,12 —

34,14 T 284,14 —

34,15 + X8.4,15 —

1,53 T %653 + 29,53 — 51,3
1,55 T Z6,55 + 9,55 — T51,5
Z1,58 + T6,5,8 + 9,58 — T5,1,8
159+ Te59 1+ L9559 — T51,9
T155,12 + T6,5,12 + L9512 — 51,12 —
T1514 + T6,5,14 + 9,514 — T5,1,14 —

15,15 T X6,5,15 + L9515 — 51,15 —

— 1,23 — 1,53
— X125 —T1,55
—21,2,8 —T1,58
— 21,29 — T1,5,9
r1,2,12 — 21,5,12
T1,2,14 — 21,5,14
T1,2,15 — X1,5,15
— 1233 — 26,3
— 2235 — 1265
— 238 — 26,8
— 23,9 — 26,9
2,312 — 26,12
2,314 — 22,6,14
x2.315 — 26,15
— 2343 — T373
— X345 — T3,75
— 348 — T3,78
— 3,49 — T3,7,9
T3,4,12 — 23,7,12
T3,4,14 — X3,7,14
r3,4,15 — X3,7,15
— 14,33 — T48,3
— X435 — T485
— T438 — T488
— T4,39 — T489
4,312 — 24,8,12
T4,314 — 4,8,14
T4,315 — T4,8,15
— 56,3 — 59,3
— T56,5 — 59,5
— T5,6,8 — 59,8
— 56,9 — 59,9
T5,6,12 — 259,12
T5,6,14 — 259,14

T5,6,15 — £5,9,15
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26,3 + T5,6,3 + 27,6,3 + £10,6,3 — £6,2,3 — L6,5,3 — £6,7,3 — L6,10,3

26,5 + T5,6,5 - 27,6,5 + £10,6,5 — £6,2,5 — L6,5,5 — £6,7,5 — L6,10,5

26,8 + T5,6,8 + 76,8 + T10,6,8 — £6,2,8 — £6,5,8 — 6,7,8 — L6,10,8

22,6,9 + 5,69 + 7,69 + 10,69 — T6,2,9 — 6,59 — £6,7,9 — £6,10,9

26,12 + 256,12 + 27,6,12 + £10,6,12 — £6,2,12 — £6,5,12 — £6,7,12 — L6,10,12

T26,14 + X5,6,14 T T7,6,14 + £10,6,14 — ©6,2,14 — 6,5,14 — L6,7,14 — 26,1014

26,15 + T5,6,15 + T7,6,15 + £10,6,15 — £6,2,15 — £6,5,15 — L6,7,15 — 26,10,15

r3,73+ Te,7,3 + 87,3+ T11,73 — X733 — X763 — 783 — L7,11,3

3,75+ Te,7,5 + 875 + T11,75 — X735 — X765 — L7185 — L7115

r378 + Te,7,8 + 87,8+ T11,7.8 — X738 — X768 — 7,88 — L7,11,8

379+ Te,79 + 2879+ T11,7,9 — 7,39 — L7,6,9 — 7,89 — T7,11,9

T3712 + Te,712 + X8 7,12 + T11,7,12 — T7,3,12 — 7,612 — £7,8,12 — T7,11,12

3,714 + X6,7,14 T T8 7,14 + T11,7,14 — T7,3,14 — T7,6,14 — T7,8,14 — T7,11,14

3,715 + Z6,7,15 + 287,15 + T11,7,15 — £7,3,15 — £7,6,15 — £7,8,15 — L7,11,15

4,83 T T7,83 1+ 12,83 — £84,3 — L8,7,3 — T8,12,3

T485 T Tr 85+ T1285 — T8 4,5 — T875 — T8,12,5

T488 + T788+ L1288 — X848 — X878 — £8,12,8

489 1+ T789 + L1289 — 84,9 — X8,7,9 — £8,12,9

T4812 + X7812 + T12,812 — T8 4,12 — T8,7,12 — £8,12,12

T4,814 27814 T T12,814 — T84,14 — T87,14 — X8,12,14

24,815 + 78,15 + 12,8,15 — 84,15 — £8,7,15 — £8,12,15

59,3 + 710,9,3 + £13,9,3 — £9,5,3 — 79,10,3 — £9,13,3

59,5 + £10,9,5 + 13,95 — £9,5,5 — £9,10,5 — £9,13,5

59,8 + 210,9,8 + T13,9,8 — 9,58 — £9,10,8 — £9,13,8

5,99 + 210,9,9 + £13,9,9 — 9,59 — £9,10,9 — £9,13,9

59,12 + %10,9,12 + T13,9,12 — T9,5,12 — 9,10,12 — 9,13,12

59,14 + 210,9,14 + T13,9,14 — T9,5,14 — £9,10,14 — £9,13,14

59,15 T £10,9,15 T 13,9,15 — £9,5,15 — £9,10,15 — £9,13,15

Z6,10,3 + 29,10,3 + 11,10,3 T 14,10,3 — 210,6,3 — £10,9,3 — £10,11,3 — £10,14,3

Z6,10,5 T £9,10,5 + 11,105 + T14,10,5 — £10,6,5 — £10,9,5 — £10,11,5 — £10,14,5

Z6,10,8 T £9,10,8 + Z11,10,8 + T14,10,8 — £10,6,8 — £10,9,8 — £10,11,8 — £10,14,8

26,10,9 + 29,10,9 + £11,10,9 + 14,10,9 — £10,6,9 — £10,9,9 — £10,11,9 — £10,14,9
%6,10,12 T 29,10,12 + 211,10,12 + £14,10,12 — £10,6,12 — £10,9,12 — £10,11,12 — £10,14,12
26,10,14 T 29,10,14 + 211,10,14 + £14,10,14 — £10,6,14 — £10,9,14 — £10,11,14 — £10,14,14
Z6,10,15 T 29,10,15 + 211,10,15 + £14,10,15 — £10,6,15 — £10,9,15 — £10,11,15 — £10,14,15
T7,11,3 + Z10,11,3 + Z12,11,3 + Z1511,3 — Z11,7,3 — £11,10,3 — £11,12,3 — £11,15,3
7,115 + %10,11,5 + ®12,11,5 T T15,11,5 — £11,7,5 — T11,10,56 — T11,12,5 — T11,15,5
r711,8 +®10,11,8 + T12,11,8 + T15,11,8 — L11,7,8 — £11,10,8 — T11,12,8 — T11,15,8
T711,9 + 210,119 + T12,11,9 + T15,11,9 — L11,7,9 — £11,10,9 — T11,12,9 — T11,15,9
711,12 + Z10,11,12 + T12,11,12 + T15,11,12 — T11,7,12 — T11,10,12 — T11,12,12 — £11,15,12

711,14 + Z10,11,14 + T12,11,14 + Z15,11,14 — T11,7,14 — T11,10,14 — T11,12,14 — £11,15,14
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T711,15 + Z10,11,15 + T12,11,15 + Z15,11,15 — L11,7,15 — L11,10,15 — L11,12,15 — L11,15,15

8,123 + *11,12,3 + T16,12,3 — T12,8,3 — £12,11,3 — £12,16,3

8,125 + T11,12,5 + T16,12,5 — T12,8,5 — £12,11,5 — £12,16,5

xg8,12,8 + *11,12,8 + T16,12,8 — T12,8,8 — £12,11,8 — £12,16,8

8,12,9 + *11,12,9 + T16,12,9 — T12,8,9 — £12,11,9 — £12,16,9

28,1212 + £11,12,12 + T16,12,12 — T12,8,12 — T12,11,12 — £12,16,12

28,12,14 + 11,12,14 + 16,12,14 — T12,8,14 — T12,11,14 — T12,16,14

812,15 + 11,12,15 + Z16,12,15 — T12,8,15 — T12,11,15 — L12,16,15

29,133 + 214,133 —
29,135 + 14,135 —
29,138 + 14,138 —

T9.13,9 + 14,13,9

213,9,3 — 113,14,3
213,9,5 — £13,14,5
713,9,8 — 13,14,8

— 213,9,9 — L13,14,9

913,12 T 14,13,12 — T13,9,12 — T13,14,12

913,14 T 14,13,14 — T13,9,14 — T13,14,14

29,13,15 + £14,13,15 — T13,9,15 — T13,14,15

r10,14,3 + T13,14,3 + T15,14,3
T10,14,5 T T13,14,5 + T15,14,5
r10,14,8 T T13,14,8 + T15,14,8
210,14,9 + 13,14,9 + T15,14,9

214,10,3 — £14,13,3 — £14,15,3
214,105 — £14,13,5 — £14,15,5
214,10,8 — £14,13,8 — £14,15,3
214,10,9 — £14,13,9 — £14,15,9

210,14,12 + Z13,14,12 + T15,14,12 — £14,10,12 — £14,13,12 — £14,15,12

210,14,14 + Z13,14,14 + T15,14,14 — £14,10,14 — £14,13,14 — L14,15,14

210,14,15 + L13,14,15 + T15,14,15 — 14,10,15 — L14,13,15 — T14,15,15

11,15,3 + T14,15,3 + Z16,15,3
11,15,5 + Z14,15,5 + 16,15,5
11,15,8 + Z14,15,8 + Z16,15,8

T11,15,9 + T14,15,9 + 16,15,9

Z15,11,3 — T15,14,3 — 215,16,3
Z15,11,5 — T15,14,5 — L15,16,5
Z15,11,8 — L15,14,8 — X15,16,8

215,11,9 — L15,14,9 — Z15,16,9

11,1512 + T14,15,12 + £16,15,12 — £15,11,12 — £15,14,12 — T15,16,12

T11,15,14 + %14,15,14 + %16,15,14 — T15,11,14 — T15,14,14 — T15,16,14

11,1515 + %14,15,15 + 216,15,15 — T15,11,15 — L15,14,15 — £15,16,15

Z12,16,3 + 15,16,3 — £16,12,3 — £16,15,3

Z12,16,5 T+ 15,165 — £16,12,5 — £16,15,5

Z12,16,8 T 15,16,8 — £16,12,8 — £16,15,3

12,16,9 + 15,16,9 — £16,12,9 — £16,15,9

£12,16,12 + T15,16,12 — 216,12,12 — T16,15,12

212,16,14 + T15,16,14 — ©16,12,14 — £16,15,14

£12,16,15 + Z15,16,15 — 216,12,15 — T16,15,15

21,2,3,21,2,5,L1,2,8,L1,2,9, £1,2,12, L1,2,14, L1,2,15

21,3, 72,1,5,%2,1,8,22,1,9,L2,1,12, £2,1,14, 2,1,15

23,3, 2,35, 12,38, £2,3,9, L2312, 23,14, T2,3,15

32,3, 13,2,5, £3,2,8, £3,2,9, £3,2,125 T3,2,14, T3,2,15

r34.3,T345,T348,T349,T34,12,T3,4,14,L3,4,15

S O O O O O O o o o o o o
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L4,3,3,24,3,5,L4,3,8,7L4,39,L4312,L43,14, L4315
x1,5,3,21,5,5,L1,5,8,L1,5,9, L1,512, L1,5,145 L1,5,15

51,3, 51,5, L5,1,85 L5,1,9, 51,12, L5,1,14, L5,1,15
x2,6,3,12,6,5,12,6,85L2,6,9,L2,6,12, L2,6,145 L2,6,15
6,2,3,26,2,5,L6,2,8,£6,2,9, 6,2,12, 6,2,14; £6,2,15
r3,7,3,%3,7,5,13,7,8, 37,9, L3,7,12, L3,7,14, £3,7,15
r7,3,3,%7,3,5,27,3,8,2739, 73,12, 27,314, L7,3,15
24,8,3,14,85,24,8,8,14,89,7L4,8,12,L4,814,L4,8,15
28,4,3,L8,4,5,28,4,8,18,4,9, 184,12, 84,14, L8 4,15

T5,6,3,25,6,55 L5,6,8) L5,6,9, L5,6,125 5,6,14, L5,6,15

6,5,3,26,5,55 L6,5,8, 6,59, L6,5,12, L6,5,14; L6,5,15

T6,7,3,26,7,55 L6,7,8, L6,7,9, L6,7,12, T6,7,14, T6,7,15

76,3, 27,6,55L7,6,8,L7,6,9, L7,6,125 L7,6,14, L7,6,15
T7.8,3,%7,85,17,88,%7,89, L7812, 17,814, L7815
T8,7,3,%8,7,5,18,7,8,L8,7,9, L8712, L8,7,14, L8,7,15
5,9,3,25,9,5,15,9,8, 59,9, 159,12, £5,9,14, £5,9,15
19,5,3,29,55,29,58, 2959, 19512, L9514, L9515

T6,10,35 L6,10,55 £6,10,85 £6,10,95 £6,10,125 £6,10,14, L6,10,15
Z10,6,35 £10,6,55 £10,6,85 £10,6,95 £10,6,125 £10,6,14, 10,6,15
r7,11,3, L7,11,5, £7,11,8, £7,11,9, £7,11,12, £7,11,14, L7,11,15
r11,7,3, £11,7,5, £11,7,8, £11,7,9, £11,7,12, £11,7,14, L11,7,15
8,12,3, L8,12,5, L8,12,8, L8,12,9, L8,12,12, £8,12,14, L8,12,15
T12,8,3, L12,8,5, L12,8,8, £12,8,9, £12,8,12, £12,8,14, L12,8,15
79,10,3, T9,10,55 9,10,85 £9,10,9, £9,10,12, £9,10,14, L9,10,15
710,9,3, 710,9,55 £10,9,85 £10,9,9, £10,9,12, £10,9,14, 10,9,15
10,11,3, 210,11,55 £10,11,8, £10,11,9, £10,11,12, £10,11,145 £10,11,15
11,10,3, 11,10,5, £11,10,85 £11,10,9, L11,10,125 £11,10,14, £11,10,15
T11,12,3, 11,12,5, £11,12,8, £11,12,9, T11,12,12, £11,12,14, L11,12,15
T12,11,3, T12,11,5, £12,11,8, £12,11,9, £12,11,12, £12,11,14, 12,11,15
T9,13,3, L9,13,5, £9,13,8, £9,13,9, £9,13,12, £9,13,14, L9,13,15
13,9,3,T13,9,5, £13,9,8, £13,9,9, £13,9,12, £13,9,14, 13,9,15
10,14,3, £10,14,55 £10,14,8, £10,14,9, £10,14,12, £10,14,145 £10,14,15
114,10,35 114,10,55 £14,10,8, £14,10,95 £14,10,125 L14,10,145 £14,10,15
r11,15,3, 11,15,55 £11,15,8, £11,15,9, £11,15,12, L11,15,14, T11,15,15
r15,11,3, 15,11,55 £15,11,8, £15,11,9, £15,11,12, L15,11,14, £15,11,15
T12,16,3, 12,16,55 £12,16,8, £12,16,9, £12,16,12, L£12,16,14, £12,16,15
r16,12,3, L16,12,55 £16,12,8, £16,12,9, £16,12,12, L16,12,14> £16,12,15
T13,14,3, 13,14,5, £13,14,8, £13,14,9, T13,14,12, £13,14,14, L13,14,15
T14,13,3, 14,13,5, £14,13,85 £14,13,9, T14,13,12, £14,13,14, L14,13,15
T14,15,3, T14,15,5, £14,15,85 £14,15,9, T14,15,12, L14,15,14, L14,15,15

T15,14,3, T15,14,5, £15,14,8, £15,14,9, L15,14,12, £15,14,14, L15,14,15

VIV IV IV IVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIV

O O O O O O O O O O O O O O OO O 0O 0O 000 o0 o0 o0 oo o0 oo oo oo o oo o oo oo
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215,16,3, L15,16,55 L15,16,8, £15,16,9, L15,16,12, L15,16,145 L15,16,15 >
>

x16,15,3, L16,15,5, £16,15,8, £16,15,95 £16,15,12, L16,15,14, L16,15,15

See Figures 1-8 for the shortest path trees for all odd degree nodes obtained by solving the problem above:
Thus we obtain the shortest path distances between each pair of odd degree nodes, given in Table 1.

©

@

O,

()

O, Q)
(©) ()

Figure 1: Shortest path tree between node 2 and all odd degree nodes.

For odd degree nodes 7, j € O, let ¢;; denote the shortest path distance between 7 and j, as given in Table 1.

Node| 2| 3| 5| 8| 9|12 |14 |15
2|1 04253 |42 | 73|77 |50 |72
3142 0|66 |31 |87|66 63|61
51953 166| 0|61 ]21]96 69|91
8142|3161 | 08240 58] 56
9173|8721 |82 | 0|8 |52]78

12 | 77166 | 96 | 40 [ 83| 0|59 | 35
14 1 50|63 |69 |58 52|59 | 0|37
1572|6191 |56 78|35 |37| O

Table 1: Shortest path distances between each pair of odd degree nodes.

Next we formulate a matching problem to find the least cost matching of odd degree nodes.

Decision variables:

Let Zij = 0 O/W

1 if we match ¢ and j (duplicate the edges on the shortest path between ¢ and j)
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Figure 2: Shortest path tree between node 3 and all odd degree nodes.
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Figure 3: Shortest path tree between node 5 and all odd degree nodes.
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Figure 4: Shortest path tree between node 8 and all odd degree nodes.
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Figure 5: Shortest path tree between node 9 and all odd degree nodes.
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Figure 6: Shortest path tree between node 12 and all odd degree nodes.
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Figure 7: Shortest path tree between node 14 and all odd degree nodes.
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® GG

Figure 8: Shortest path tree between node 15 and all odd degree nodes.

Then the formulation of the problem is as follows:
min > ico 2ojeo,j>i lijZij
s.t.
Y {je0:j<i} Zji T 2fjeo:j>iy fiy = 1 VieO
zij € {0,1} Vi, j€O0,i<]j
With the given data, the formulation is

min {42,22,3 + 953295 + 422908 + 73299 + 772912 + 502214 + 722215
+66235 + 31238 + 87239 + 662312 + 632314 + 612315 + 61258
+21259 + 962512 + 6925 14 + 9125 15 + 8228 9 + 4028 12 + 582814
+5628 15 + 832912 + 5229 14 + 7829 15 + 5921214 + 3521215 + 3721415}
s.t. Z23+ 225+ 228 + 229 + 22,12 + 22,14 + 22,15
223+ 235 + 238 + 239 + 23,12 + 23,14 + 2315

225 + 235 + 258 + 259 1+ 2512 + 25,14 + 25,15

%28 + 238 + 258 + 289 1+ 28,12 + 28,14 + 28,15

Z29+ 239+ 259 + 289 + 2912 + 29,14 + 29,15

2212 + 2312 + 25,12 + 28,12 + 29,12 + 212,14 + 212,15

22,14 + 2314 + 25,14 + 28,14 + 29,14 + 212,14 + 214,15

22,15 + 23,15 + 25,15 + 28,15 + 29,15 + 212,15 + 214,15

22,3, 22,5, 22,8, 22,95 22,12, 22,14, 22,15

235, 23,8, #3,9, 23,12, #3,14, #3,15, 258

28,15, 29,12, 29,14, 29,15, 212,14, Z12,15, Z14,15

—_ = = = = e

m M Mm

11

{0,1}
{0,1}
{0,1}
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The optimal solution is 2514 = 1, 255 = 1, 259 = 1, 2{5 15 = 1, all other 27, = 0, that is, it is optimal to
duplicate the edges on the shortest paths between 2, 14, between 3,8, between 5,9, and between 12, 15.
Thus we duplicate the edges on 2-6-10-14, 3-7-8, 5-9, 12-11-15

An Euler tour on the new augmented network can be obtained with the depth first procedure covered in
class.

An Optimal Euler tour = 1-2-3-4-8-12-16-15-14-13-9-5-6-—2-6-7-3-7-8-7-11-12-11-15-11-10-14-10-
6-10-9-5-1

Optimal Cost = 769
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Problem 2

The following network represents the network of one way streets in some city. These streets have to be
cleared each time it snows. Streets are cleared by a specially equipped snowplow that cruises along the
streets, scraping the snow to the sides. The snowplow can cruise along the streets only in the designated
directions. The cost of operating the snowplowing service (including the cost of the plow, fuel and crew)
is represented by costs on the edges of the network. Design a snowplowing tour for the plow that will tra-
verse each street at least once, that will return the plow to its origin (plowhouse), and that will incur the
minimum total cost. As a first step to designing plow routes, consider the case with a single snowplow, and
ignore other constraints such as turn constraints at intersections, and route duration constraints. Write a
complete LP formulation, explicitly with all applicable data values, of all problems you solve. (Hint: Use
an LP solver of your choice, such as LINDO, GAMS, CPlex, XPRESS-MP, AIMMS, AMPL, to solve the
optimization problems encountered along the way.) (25)
Answer: Let N ={1,2,...,16} denote the set of nodes. Let A = {(1,2),(2,1), (2,
(5,1),(2,6),(7,3),(4,8),(8,4),(5,6),(6,7),(7,8),(5,9), (9,5), (6,10), (11, 7), (8,12),
(12,11),(9,13),(13,9),(10,14), (15,11), (12,16), (16, 12), (13, 14), (14, 13), (14, 15), (
denote the set of arcs. Let G = (N, A) denote the given directed network.

Let ¢;; denote the cost associated with arc (3, j).

For each node 7 € N, let d; denote the degree of ¢ = outdegree - indegree of node 3.

The first problem is to determine how many additional times (in addition to the requirement of at least
one traversal) to traverse each arc to obtain a balanced network with minimum cost. Decision variables:
Let z;; denote the number of additional times to traverse arc (i, ).

Then the formulation of the problem is as follows:

3),
(12,8),(10,9), (11,10),
15,

min Z(i,j)eA cijxij
S.t.

2{jEN : (ji)eA} Tji — L{jeN: (ij)eA} Tij =
i = 0 v (i,j) € A
With the given data, the formulation is

min {16z + 16221 + 62223 + 62232 + 19234 + 1924 3
+14x1 5 + 1451 + T4wo 6 + 63273 + 15248 + 15784
+47x56 + 60267 + 36278 + 11259 + 1129 5 + 567610
+52x11,7 + 102812 + 102128 + 267109 + 25711,10 + 4T12,11
+13x9,13 + 137139 + 65210,14 + 6121511 + 812,16 + 8T16,12
+12x13,14 4+ 12214,13 + 67014,15 + 6721514 + 915,16 + IT16,15 }
s.t. o1+ w51 —x12—715 = 0

T12+x32 —T21 —X23—T26 =

T23 +x43+T73 — 32— T34 = —1
T34+ x84 —Tg3—Tg8 = 0
15+ T95 —X51 —Ts6 — Ts9 = 1
2,6 + T56 — T6,7 — L6,10 =
Te,7 + T11,7 — T73 —T78 =
T4+ X78 + X128 — Tga —Tg12 = —1
T59 + T10,9 + 13,9 — To5 — Tg913 = —1

6,10 + 11,10 — 10,9 — T10,14

12,11 + T1511 — £11,7 — 11,10

812 + 16,12 — T12,8 — T12,11 — T12,16 =

(3,2),(3,4), (4,3), (1,

14), (15,16), (16, 15)}

5);



ISyE 4803 - Fall 2009 14

\
o

9,13 + X14,13 — X139 — T13,14

I
|
—_

210,14 + 13,14 + 15,14 — T14,13 — 14,15

T14,15 + Z16,15 — T15,11 — 215,14 — L15,16

o O O O o =

Z12,16 + 15,16 — T16,12 — T16,15
L1,2,L2,1, 123, L3,2, L34, L43,L1,5,L51,L26
X7,3, 24,8, X84, L5,6,L6,7,L7,8,L5,9,L9,5,L6,10

T11,7, 28,12, T12,85 10,9, £11,10, £12,11, 9,135 13,9, £10,14

(AVAR AVAR AVAR V]

L1511, 212,16, L16,125 13,14, L14,13, L14,15, L15,14, L15,16, L16,15

The optimal solution is 27, = 1, 25, =1, a5, = 1, 2 g = 1, 155 = 2, 2519 = 2, ¥i39 = 1, 27516 = 1,
27413 = 1, 27615 = 1, all other z7; = 0. This gives the number of additional times (in addition to the
requirement of at least one traversal) to traverse each arc to obtain a balanced network with minimum
cost. An Euler tour on the new augmented network can be obtained with the depth first procedure covered
in class.

An Optimal Euler tour = 1-2-3-4-8-12-16-15-14-13-9-5-1-2-6-10-14-15-16-12-8-4-3-2-1-5-9-13-14~
13-9-5-6-7-8-12-16-15-11-7-3-4-8-12-11-10-9-5-1

Optimal Cost = 1229



