ISyE 4803

Advanced Supply Chain Logistics
Fall 2009

Homework 2 solution

Question 1 (25 points)

Below is a network, with costs indicated on the arcs, and load sizes indicated next to the nodes. Node 0
is the depot. You have to find the optimal set of vehicle routes that start at the depot and return to the
depot, and that serve all the customers. Each vehicle has a capacity of 100 units. A customer may be
served by more than one vehicle (split deliveries are allowed). You have to use the minimum number of
vehicles.

1. Determine the minimum number of vehicles needed.
Answer:

65+45+25+354+70+50]  [290]
100 10|

Minimum number of vehicles needed = {

2. Write down a complete integer linear programming formulation for the vehicle routing problem on the
network. With “complete” is meant that you should write the objective function and each individual
constraint with the given data substituted in the appropriate places.

Answer: Let N ={0,1,2,3,4,5,6} denote the set of nodes. Let E = {{0,1},{0,2},{0,3},{0,4},
{0,5},{0,6},{1,2},{1,3},{1,5},{1,6},{2,3},{2,4},{2,6},{3,4},{3,5},{4,5},{4,6},{5,6}} denote
the set of edges. Let G = (IV, E) denote the given undirected network where node 0 is the depot.
Let ¢;; denote the cost associated with edge {1, j}.

Let d; denote the demand at i € N \ {0}.

Let K denote the number of vehicles needed.

Decision variables:
1 if vehicle k travels on edge {i,j} € E

Let xfj = 0 ofw
1 if vehicle k visits customer 7 € V' \ {0
=) o)

Let ¢¥ € [0, d;] denote the amount delivered by vehicle k at customer i € N \ {0}.
Then the formulation of the problem is as follows:

min i > i)k Cijxfj
s.t.
Z{jEN:{j,i}eE} xfz + Z{jeN:{i,j}eE} xfy = 2yzk VEke{l,...,K},Vie N\ {0}
Yiaf = di vie N\ {0}
¢ < min{100,d;}yf Vke{l,....K},Vie N\ {0}
x% e {0,1} v{i,jleE, Vke{l,...,K}
yy € {0,1} Vie N\{0}, Vke{l,...,K}
¢ >0 Vie N\{0}, Vke{l,...,K}



With the given data, the formulation is
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T4 + T1g + T13 + T15 + 16
xf) + 2Ty + 273 + 275 + 276
w1+ aty + 25 + a5+ adg
Thy + Ty + Thy + Tpy + Tg
T3y + Ty + Thy + T34 + T
Ty + T3y + w33 + T34 + 36
i3 + Tz + Thy + T34 + T35
T33 + T3 + Thy + T34 + T35
Ths + Thy + 33y + 23y + 735
Thy + Ty + T34 + Tis + Tig
Thy + T34 + T34 + T35 + 36
Thy + T3y + 234 + s +
T + T15 + T35 + Tis + T
T35 + o5 + 335 + T35 + T3
x5 + a5 + 235 + ahs + a3
Tie + Tig + The + Tdg + Tag
36 + Tig + The + Tie + T2
T3 + Thg + 356 + Tl + T4
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g3 < 253/31,
G < 253
g < 253
a < 35y
g < 35yj
@ < 35y}
g5 < 70y}
¢ < T0y3
¢ < T0y2
g < 50y
@ < 5093
@ < 50y
G+G+ata+ateg < 100
GH+G+a+a+ad+q <100
GH+e+a+d+d+g < 100

1y + T13 + T33
3y + 33 + 33
iy + i3 + 233
1y + T16 + T3
xTy + 276 + 36
iy + i + 36
T13 + 215 + T35
13 + T5 + 135
zls + o5 + 235
T15 + Tig + The
15 + Ti6 + 136
o5 + Tl + 136
T33 + Tpy + T3y
T35 + T34 + T3
T35 + T34 + 3y
T34 + T3 + Tig
x34 + 236 + 36
234 + T3 + 2he
T34 + T35 + Ths
T34 + T35 + 135
T3 + T35 + 235
Tis + Tig + The
Tis + 736 + 136

3 3 3
Ty5 + Tye + Thg

1 1 1 1 1
Ty + T13 + Xg3z + Toy + T3y

2 2 2 2 2
Tig + T3 + X33 + Ty + T3y
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S={1,23k=1
S ={1,2,3},k =2
S={1,2,3},k =3
S={1,2,6},k=1
S ={1,2,6}, k=2
S ={1,2,6}, k=3
S={1,3,5},k=1
S ={1,3,5}, k=2
S ={1,3,5},k =3
S={1,56},k=1
S ={1,5,6},k =2
S ={1,5,6},k =3
S={2,34 k=1
S ={2,3,4}, k=2
S =1{2,3,4} k=3
S={2,4,6},k=1
S ={2,4,6},k =2
S ={2,4,6},k =3
S={3,4,5}k=1
S ={3,4,5},k =2
S ={3,4,5},k=3
S=1{4,56},k=1
S ={4,56},k=2
S ={4,56},k =3
S={1,2,3,4 k=1
S={1,2,3,4} k=2



3 3 3 3 3
Tig + T13 + T3 + Ty + T3y
1 1 1 1 1
T1p + 13 + T15 + Tag + T35
2 2 2 2 2
T1p + 13 + T15 + T3 + T35
3 3 3 3 3
Ty + T13 + X715 + T3 + X35
1 1 1 1 1
Tig + T13 + X1 + Tz + Tog
2 2 2 2 2
Tig + T13 + X1 + T3 + Tg
3 3 3 3 3
Ty + T3 + X1 + T3 + Tag
1 1 1 1 1
Ti3 + X5+ T34 + T35 + Ty
2 2 2 2 2
Ti3 + T15 + X34 + T35 + X5
3 3 3 3 3
Ti3 + T15 + X34 + T35 + Tys
1 1 1 1
T3 + Tig + T34+ Ty
i3 + 2o + 234 + 2
23y + 2l + 28, + 2l
1 1 1 1 1
Ty3 + T15 + X1 + T35 + Tsg
2 2 2 2 2
Ti3 + x15 + X1 + X35 + Txg
3 3 3 3 3
Ti3 + X715 + X7 + X35 + Txg
1 1 1 1 1
Ty + X1 + Ty5 + Tyg + Trg
2 2 2 2 2
Ti5 + X1 + Xy5 + Thg + Thg
3 3 3 3 3
Ti5 + X + Ty5 + Tye + Thg
1 1 1 1 1
To3 + Ty + X34 + T35 + Ty5
2 2 2 2 2
T3 + Ty + X34 + T35 + Tys
3 3 3 3 3
T3 + Ty + X34 + T35 + Tys
1 1 1 1 1
To3 + Tog + Tog + T34 + Tyg
2 2 2 2 2
Tz + Ty + Tog + T34 + Tyg
3 3 3 3 3
Tog + Ty + Tog + T34 + Tye
1 1 1 1
Tg3 + Xgg + T35 + Trg
T33 + T + T35 + Tig
T3 + T + T35 + i
(T S NRTIPS S
Loy T Lo T Ly5 T Tyg T Lse
2 2 2 2 2
Ty + Tog + Xys + Tye + The
3 3 3 3 3
Toy + Tog + Xys + Tye + The
1 1 1 1 1
T34 + T35 + Ty5 + Tye + Tse
2 2 2 2 2
T34 + T35 + Tys + Tye + The
3 3 3 3 3
T34 + T35 + Tys + Tye + The
1 1 1 1 1 1 1 1
T1g + T13 + T15 + Tag + Toy + T34 + T35 + Tys
2 2 2 2 2 2 2 2
T1g + T3 + T15 + Tag + Ty + T34 + T35 + Ty
oy + 2l + a5 + ads + 35 + 23, + 235 + 2l
1 1 1 1 1 1 1 1
Ty + T13 + X1 + Tag + Tog + Tog + T34 + Tye
2 2 2 2 2 2 2 2
Tip + X713 + X1 + Tz + X9y + Tyg + T34 + T
3 3 3 3 3 3 3 3
Ty + X713 + Tig + Tag + Xy + Tog + T34 + Tyg

1 1 1 1 1 1 1 1
Tyg + T13 + Ty + T1g + Toz + Tog + T35 + T
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S={1,2,3,4} k=3
S={1,2,35} k=1
S =1{1,2,3,5},k =2
S=1{1,2,3,5},k =3
S={1,2,36}k=1
S ={1,2,3,6},k=2
S =1{1,2,3,6},k =3
S={1,3,4,5}k=1
S ={1,3,4,5} k=2
S={1,3,4,5},k=3
S={1,3,4,6}, k=1
S ={1,3,4,6},k=2
S={1,3,4,6},k=3
S={1,3,5,6},k=1
S ={1,3,5,6},k =2
S ={1,3,5,6},k =3
S={1,4,506}k=1
S ={1,4,56} k=2
S =1{1,4,5,6},k =3
S={2,3,4,5}k=1
S ={2,3,4,5} k=2
S={2,3,4,5} k=3
S={2,3,4,6}, k=1
S ={2,3,4,6},k=2
S =1{2,3,4,6},k =23
S=1{2,3,56}k=1
S =1{2,3,56} k=2
S =1{2,3,56},k=23
S ={2,4,56}k=1
S ={2,4,56}, k=2
S =1{2,4,56} k=3
S ={3,4,56} k=1
S ={3,4,56}, k=2
S ={3,4,56},k=3
S =1{1,2,3,4,5}, k=1
S ={1,2,3,4,5},k =2
S={1,2,3,4,5},k=3
S ={1,2,3,4,6},k=1
S ={1,2,3,4,6},k =2
S ={1,2,3,4,6},k=3
S ={1,2,3,5,6},k=1



T3y + 215 + 2t + alg + 135 + 236 + a5 +adg < 4 S =1{1,2,3,56},k =2
33‘%2+$:{’3+$?5+l‘?6+$§’3+x36+$§5+7}§6 < 4 32{1’2737576}?1{7:3
T1y + Ti5 + Tlg + Tay + Tag + Ths + Thg + Tag < 4 S={1,2,4,5,6},k=1
oty + o5 + Tig + T34 + Ta + 745 + The T3 < 4 S ={1,2,4,5,6},k =2
ol + o5 + 2+ ady + 3 + a5 +afe +ads < 4 S ={1,2,4,5,6},k =3
Ti3 + Ti5 + Tlg + a3y + Tis + Ths +Thg +TEg 0 < 4 S ={1,3,4,5,6},k =1
x%3+x%5+$f6+x§4+x§5+xi5+xiﬁ+x§6 < 4 S =1{1,3,4,5,6},k =2
w3y - ad - ade a4 ads + ol +ads + i < 4 S={1,3,4,5,6},k =3
Ty 4 wdy + ade +ad, + x4k + 2l + 2l < 4 S ={2,3,4,5,6},k=1
oy + @y +whe +ahy ks tals talgtag, < 4 S§={23,456},k=2
The + T3y + 36+ +ahs + 2 Falg taks < 4 S =1{2,3,4,56},k=3
ahy + xly 4 ol 4wt + by + 2l Fads + 2l +xl + 2k + alg + 2l < 5 S={1,2,3,4,56},k=1
x%2+x%3+x%5+x%6+$%3+$%4+$36+x§4+x§5+x4215+x4216+x§6 < 95 32{1’273747576}7k:2
oty + oYy + o5 + 2l + 355 + 13, + 236 + 33y + 235 + 2l + 2l + 236 < 5 S =1{1,2,3,4,5,6},k =3
x(l),lvm(Q),lamg,l’x(l),%x(%,%mg,Q’x(l),3v$(%,3’mg,?)’x(l),4a$(2),4’x?),4’x(1),5’$(2),5’x?),S € {07 1}
$(1)76,$376,x876,$%72,1‘%72,x?72,$%’3,1‘%73,xig,x%ﬁ,x%’g,,.%'%7571'%’6,33%’6,.%'%76 € {07 1}
x%’g,mgﬁ,:E%?),:E%A,:C%A,x%A,x%’G,x%’G,:E§76,$§’4,:C§’4,$§74,$?1)’5,$§75,$§75 € {07 1}
méll,va?l,Sﬂxif)vméll,ﬁvx?l,ébxi&m%ﬁv'xgﬁﬂxg,ﬁ € {07 1}
Y1 UL Y3 U3, U5, Y5, U3, 3,93 € {0,1}
YL, U3 Ui Y. Y5 U5, Vs Yo o € (0,1}
66470, 830 85,43, 03, 43 > O
.4, 4595, B 42, 46, 9 5. > O

3. Find an optimal solution for the vehicle routing problem, using a solver of your choice.

present your solution and optimal objective value.

Answer:

See Figure 1:

Figure 1: Total Cost = 282

Clearly



Question 2 (25 points)

Below is a network, with costs indicated on the arcs, and load sizes indicated next to the nodes. Node 0
is the depot. The nodes indicated with circles are origin nodes, where loads have to be picked up. The
nodes indicated with squares are destination nodes, where loads have to be delivered. A vehicle can do
both deliveries and pickups on a single route, but it has to do all deliveries on the route before any pickups
on the route. You have to find the optimal set of vehicle routes that start at the depot and return to the
depot, and that serve all the customers. Each vehicle has a capacity of 100 units. Each customer must be
served by exactly one vehicle (split deliveries are not allowed).

1. Write down a complete integer linear programming formulation for the vehicle routing problem on the
network. With “complete” is meant that you should write the objective function and each individual
constraint with the given data substituted in the appropriate places.

Answer: Let O ={2,4,6,8} denote the set of origin (pickup) nodes, and let D = {1, 3,5, 7} denote
the set of destination (delivery) nodes. Let N = {0}UOUD denote the set of all the nodes. Convert the
given undirected edges into directed arcs in the following way: For each undirected edge {0,i},i € OU
D, create two directed arcs, (0,7) and (7, 0), with the same cost as edge {0,i}. For each undirected edge
{i,7},i,7 € O, create two directed arcs, (i,7) and (j,4), with the same cost as edge {i,j}. For each
undirected edge {i,j},i,j € D, create two directed arcs, (7,7) and (j,7), with the same cost as edge
{i,7}. For each undirected edge {i,j} or {j,i}, i € O,j € D, create only one directed arc, (j,1), (be-
cause deliveries must precede pickups on a route) with the same cost as edge {7, j} or {j,7}. The result-
ing set of arcsis A = {(0, 1), (0, 2), (0, 3), (0,4), (0,5), (0,6), (0,7),(0,8),(1,0),(1,2),(1,3),(1,7),(1,8),
(2,0),(2,4),(2,8),(3,0),(3,1),(3,2),(3,4),(3,5),(4,0), (4,2), (4,6), (5,0), (5,2), (5,3), (5,4), (5,6), (5, 7),
(5,8),(6,0),(6,4),(6,8),(7,0),(7,1),(7,2),(7,4),(7,5), (7,6), (7,8), (8,0), (8,2),(8,6)}. Let G = (N, A)
denote the resulting directed network where node 0 is the depot.

Let ¢;; denote the cost associated with arc (i, 7).

Let d; denote the quantity to be delivered or picked up at : € O U D.

Note that a subtour cannot include both origin nodes and destination nodes, because there are no
arcs from origin nodes to destination nodes. For any subset S of origin nodes, S C O, let a(S)
denote the minimum number of vehicles needed to serve all customers in S. Similarly, for any subset
S of destination nodes, S C D, let «(S) denote the minimum number of vehicles needed to serve all
customers in S.

Assume that if a vehicle visits a node, then it serves that node.

Decision variables:
1 if a vehicle travels on arc (i,j) € A

0 o/w
Then the formulation of the problem is as follows:

Let Tij =

min 2 (i.j)eA Cij i
s.t.
Z{jeN:(j,i)eA} xzjp = 1 VieOUD
(jeN:(ij)eay Tij = 1 YieOUD
(()eAiesjesy Tij = o(S) VScO:2<|8|<[0], YScD:2<I|S <|D
zi; € {0,1} VY (i,5) € A

With the given data, the formulation is

min {45$071 + 38$0,2 + 44.%‘073 + 43&?0,4 + 46:E075 + 391‘0,6 + 411’077 -+ 37%‘078
+45:E170 + 23x172 + 30$1,3 + 32331,7 + 31551,8 + 38%270 + 351,‘274 + 361‘278 + 4435370
+30:L’371 + 271’372 + 24%3,4 + 20%375 + 433:4,0 + 35:64,2 + 42246 + 461‘570 + 201’573



+34ws5 4 + 2556 + 3325 7 4+ 4025 8 + 39760 + 42764 + 28w6 8 + 41270 + 32271
+29279 + 26274 + 33w7 5 + 22276 + 2127 8 + 37280 + 36782 + 28:68,6}
s.t. o1+ 231+ T71
To2 +T12 +X32 + X422+ X7 2+ Tg2

20,3+ T13+ 53

T4+ X24+ T34+ T54+ Tea+ T74

o5+ T35+ T75

Toe + Tae + T56 + X7+ 86

xo, 7+ 1,7+ Ts7

Tog +T18 + X288+ X58 + 6,8+ T7,8
T10+x12+ 21,3+ X117 +T18

To0 + 24+ X238

T30+ T31+ 232+ X34+ X35

Ta,0+ T2 + Tap

50+ T52 + 253+ 254+ T56 + T5,7 + T5.8

6,0 + T4 + Tp 8

Tro+Tr1+ T2+ X4+ X755+ X6+ Trg

rg,0 + Tg2 + Tg6

r10t+ T2+ 217 +x18+x30+ 32+ T34+ 235

r10t+ T2+ T3+ 218 +x70+Tr2+Tra+ Trs+ X6+ X7 8
T50+ T53+ X554+ X56 + 258 FT70+Tr1+Tro+ T4+ X+ X7
10+ T2+ 217+ x18+ T30+ X321+ T34

+x50+ 54+ T56 + T57 + T58

10+ Z12 +2T18 +X30+ 32+ 234+ T35

+x70+ X722+ Tra+ Trs+ X+ X8

1,0+ T12+ 21,3+ 218 +T50+ 253 +T54+ Ts56 + Ts

+x70+ 71+ Tr2+ T4+ X7+ X78

T30+ x31+T32+ 234+ Ts50+ Ts54+ Ts6+ Ts8

+x7o0+ 71+ X722+ T74+ 76+ T78

10+ T2+ T8+ x30+x32+ T34+ T50+ T54+ 56+ X8
+r7o+x72+ T4+ XT76+ T8

T2,0+ T28 + 40+ Tap

To0+ T24+ T80+ T 6

T4,0 + T42 + T6,0 + T68

Z6,0 + T6,4 + 8,0 + X82

2,0 + 2,8 + T4,0 + T6,0 + T6,8

2,0 T T4,0 + Ta6 + T 0 + T36

To0+ T24 + X0 + T4 + X80

T40+ Ta2 + X0 + X80 + X8,2

T2,0 + T40 + Te,0 + X80

Zo,1,20,2,%0,3, 20,4, 0,5, L0,65 L0,7, L0,8, L1,0, 1,2, L1,3

L 1 1 1 1 1 1 | | | | | R |
S T e e e S e S S St

Vv v IV

v v A%
ro Do DO

(Y
)

VvV IV IV IV IV IV IV IV IV IV
NN RN NN R RN

e {0,1}

S ={1,3}

S ={1,7}

S = {57}

S ={1,3,5}
S ={1,3,7}
S ={1,5,7}
S = {3,5,7}
S ={1,3,5,7}
S = {2,4}

S = {2,8}

S = {4,6}

S = {6,8}

S = {2,4,6}
S = {2,4,8}
S = {2,6,8}
S = {4,6,8}
S ={2,4,6,8}



T1,7, 18, 2,0, T2,4, T2,8, 3,0, L3,1,L3,2, L34, T4 0, Ts2 € {0,1}
T46,T5,0,L52, T54, 56, L57, L58, L6,0, L6,4, Leg € {0,1}

x7,0,%7,1, %72, T7,4, L7,5, £7,6, L7,8, L8,0, £8,2, L6 € {0,1}

2. Find an optimal solution for the vehicle routing problem, using a solver of your choice. Clearly
present your solution and optimal objective value.
Answer: See Figure 2:

Figure 2: Total Cost = 340



