ISyE 4803

Advanced Supply Chain Logistics
Fall 2009

Homework 1 solution

Question 1 (25 points)

Let N = {1,2,3,4,5,6} denote the given set of nodes, and let £ = {{1,2},{1,3},{1,4},{1,5},{1,6},
{2,3},{2,4},{2,5},{2,6},{3,4},{3,5},{3,6},{4,5},{4,6},{5,6}} denote the given set of edges. Let G =
(N, E) denote the given undirected network. Let ¢;; be the cost associated with edge {7, j}.

1. Write down a formulation to efficiently compute a good lower bound for the optimal objective value
of the traveling salesman problem on the network.
Answer: Choose any node » € N as the special “root” node. Then the following is a relaxation,
that gives a lower bound for the optimal objective value of the traveling salesman problem on the

network. )
|1 ifedge {i,j} is used
Let x;; = { 0 ofw

min Z{i,j}eE CijTij
s.t.
Z{z‘eN AiryeE) Tir T Z{ieN:{r,i}eE} Tri = 2 .
Z{jEN\{r}:{j,i}EE} Tji + Z{jeN\{r} {ijreE} Tij > 1 Vie N\ {r}
D {{igYeE ieS,jgsuirt) Tij T 2o ({ijye B igsufr)jesy T = 1 VSCN\{r} : 2<[5] < LlNz_HJ
Tij € {0, 1} W {’L,j} eFE



ISyE 4803 - Fall 2009 2

For example, if you choose r = 1, then the formulation is

min {201‘172 -+ 27.73173 + 2293174 + 25.%175 + 21-%'1,6
+26l‘2’3 + 315[7274 + 2955275 + 23:E276 + 28.@374
+32x3 5 + 33236 + 30245 + 34xa6 + 2455'5,6}

s.t.
T12+x13+T1a+T15+216 = 2
To3+ Tosa+Tos+xo6 = 1
o3+ 34+ a35+w36 = 1
Tog+ w34+ Ta5+x46 > 1
Tos + 35+ 145 +a56 = 1
T+ 36+ Tae+T56 = 1
To4 + Tas + Toe + T34+ T35+ 736 > 1 S ={2,3}
T23+ X5 + T2+ T34+ Tas +Tas > 1 S ={2,4}
To3 +To4 +To6 + 235 +Ta5+a56 > 1 S =1{2,5}
23+ X24 + T25+ 236+ Tas +T56 = 1 S ={2,6}
T23+ Xo4 + T35+ 36+ Tas +Ta6 > 1 S ={3,4}
T23+ T2s + T34+ T36+ Tas+T56 = 1 S ={3,5}
23+ X266 + T34+ T35+ x46+ 256 = 1 S ={3,6}
To4+ X5+ T34+ T35+ Tas +x56 = 1 S ={4,5}
To 4+ To6+ T34 +X36 + Ty + 256 = 1 S ={4,6}
Tos + Ta6 + T35+ T36+ Tas+Tas > 1 S = {5,6}
T1,2,%1,3, £1,4,T1,5, 1,6, £2,3, £2,4, L2,5, £2,6, L3 4, L35, L3,6, Ld 5, Ld6, Ls6 € {0,1}

The relaxation above is known as the minimum-cost spanning r-tree problem, also known as the
1-tree problem.

2. Use an algorithm of your choice and compute a good lower bound for the optimal objective value

of the traveling salesman problem on the network. Report your lower bound and the solution with
which you obtained the lower bound.
Answer: Use the Prim algorithm or the Kruskal algorithm to find a minimum spanning tree
on the network with nodes N \ {r}. Then add the two cheapest edges attached to node r. For
example, if you choose r = 1, then the minimum spanning tree on N \ {r} = {2,3,4,5,6} has edges
{2,6},{5,6},{2,3},{3,4} and the two cheapest edges attached to node r =1 is {1,2},{1,6}, giving
a lower bound of 23 + 24 4+ 26 + 28 + 20 + 21 = 142.

3. Write down a complete integer linear programming formulation for the traveling salesman problem
on the network. With “complete” is meant that you should write the objective function and each
individual constraint with the given data substituted in the appropriate places.

Answer: Lot 7y — { 1 if edge {i,j} is used

0 o/w
min Z{i,j}eE CijTij
s.t.
do(jeN: {jiteE} Tii T 2jen  fijter} Tij = 2 VieN
2ofigyen ies gs) Vi t figyen igs s T 2 2 vSCN :3<s|< |1
Ty € {0,1} V{Z,]} eF
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With the given data, the formulation is

min

s.t.

{201‘172 + 27.73173 + 22(13174 + 25.%175 + 21-%'1,6
+26l‘2’3 + 315[7274 + 2955275 + 23:E276 + 28.@374
+32x3 5 + 33236 + 30245 + 34xa6 + 2455'5,6}

Ti2+T13+ 214+ 215+ X16

T12+ Ta3+ To4+ X25+ XTop

T1,3 + 223 + T34+ T35+ T36

T14+X24+ T34+ Tys5+ Tap

T1,5 + 25 + T35 + Tas + Ts6

T16+ T26 + T36 + Tap + X5
T14+2X15+T16+T24+ T2s5+ 226+ T34+ X35+ T36
13+ T15+ %16+ x23+T25+Toe+ T34+ Ta5+ Tap
13+ T4+ X166+ X223+ T2a+ Toe+ T35+ Tas5+ Tse
T13+X14+ 215+ 223+ Toa+ 225+ T36+ Tape+ Ts6
Ti2+T15+ %16+ X223+ T2a+ T35+ T36+ a5+ Tap
Ti2+T14+2T16+x23+ 225 +T34+T36+ Ta5+ X6
Ti2+T14+x15+X23+ 26+ T34+ T35+ Ty + X5
Ti12+T13+ %16+ X244+ T25+2T34+ T35+ Ta5+ X6
T12+ 213+ 215+ 224+ T26+ 234+ T36+Tas+ Ts6
T12+ 213+ 14+ T25+T26+ 235+ 36+ Tas+ Tae
Ti2+T13+ X114+ X205+ 226+ T35+ T3+ Ta5+ Tap
T12+x13+T15 +X24+ T26+ X34+ T36+ Tas+ Tse
Ti2+T13+ %16+ X224+ T25+ T34+ T35+ Ta6+ X5
Ti2+ T4+ x5+ X223+ T2e+ T34+ T35+ Ty + X5
Ti2+ T4+ %16+ X223+ 225 +2T34+T36+ Ta5+ X6
Ti2+T15+ %16+ X223+ T2a+ T35+ T36+ Tas5+ Tap
13+ 214+ 215+ X223+ 224+ T2s5+T36+ Lo+ X5
13+ T4+ %16+ X223+ T4+ Toe+ T35+ Ta5+ Tse
13+ 215+ %16+ X223+ T25+To2e+ T34+ Ta5+ Tap
T1a+T15+ 216+ 224+ T2s5+ 226+ T34+235+T36

x1,2,21,3,21,4,%1,5,L1,65,22,3,L24,L25,L26,X3,4,L35,L3,6,L4,5,L4,6,L5,6
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4. Find an optimal solution for the traveling salesman problem, using a solver of your choice. Report
your solution and optimal objective value.
See Figure 1:

Answer:
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Figure 1: Total Distance = 148

Question 2 (25 points)

Let N ={1,2,3,4,5,6} denote the given set of nodes, and let A = {(1,2),(1,3),(1,4),(1,5),(1,6),(2,1),(2,3),
(2,6),(3,1),(3,2),(3,4),(4,1),(4,3),(4,5),(5,1), (5,4), (5,6), (6,1), (6,2), (6,5)} denote the given set of arcs.
Let G = (N, A) denote the given directed network. Let ¢;; be the cost associated with arc (4, j).

1. Write down a formulation to efficiently compute a good lower bound for the optimal objective value
of the traveling salesman problem on the network.
Answer: To obtain a lower bound for the asymmetric traveling salesman problem just remove the
sub-tour elimination constraints. The resulting relaxation is an assignment problem, also called a
bipartite matching problem.
1 if arc (i,7) is used

Let .’BijZ{ 0 O/W

min (i) CiTij

s.t.
E{jeN:(j,z')eA} T o= 1 VieN
Z{jEN:(i,j)EA} ;g = 1 VieN

Tiyj € {0,1} W (Z,j) cA
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With the given data, the formulation is

min {211‘172 +33w1,3 + 4021 4 + 23215 + 2571 6
+2433271 + 391‘2,3 + 261‘276 + 3156371 + 341‘372
+29x3 4 + 22241 + 27243 + 30245 + 3225 1
+36x5 4 + 3556 + 38w6,1 + 28762 + 37$6,5}
s.t.

T21+ 31+ Ta1 + X501 + X6,1

T12 + 232+ T6,2

13+ T23+ X43

T14+ T34+ T54 =

T15+Tas+2Te5 =

T1,6 T T2,6 + T56

Ti2+T13+T14+ 215+ X16

To 1+ T23+ X2p

31+ x32+ T34

Ta1 +x43+Tas5 =

T51+ T54 + Ts6

Te,1 + T2 + T65

21,2, 1,3, 1,4, T1,5, 1,6, T2,1, £2,3, T2,6, 3,1, €32 € {0,1}
T34, %41, %43, Ta5, T51, L5.4, T5.6, L6,1, L6,2, L65 € 10,1}

Il
e S e S e e S Y

2. Use a solver of your choice and compute a good lower bound for the optimal objective value of the
traveling salesman problem on the network. Report your lower bound and the solution with which
you obtained the lower bound.

Answer: The solution of the relaxation is

z(1,5) =1,2(2,6) =1

z(3,4) =1,2(4,3) =1

z(5,1) =1,2(6,2) =1

with objective value 165, that is, the lower bound for the optimal objective value of the traveling
salesman problem on the network is 165.

3. Use the solution with which you obtained the lower bound and a patching heuristic to obtain a pretty
good feasible solution for the traveling salesman problem, and thus an upper bound for the optimal
objective value. Draw a sequence of networks to show the steps you took in the heuristic. Report
your solution and your upper bound.

Answer: Use the patching heuristic from the textbook to get a feasible solution and an upper
bound.

4. Write down a complete integer linear programming formulation for the traveling salesman problem
on the network. With “complete” is meant that you should write the objective function and each
individual constraint with the given data substituted in the appropriate places.

Answer: Let z;; = { (1) :)f/ifc (4,7) is used
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min D (5.j)eA CijTij
s.t.
d(jeN (iyea i = 1 VieN
2ijen:(ijeatii = 1 Vie N
N
do{j)eaiesjesy Tii < S —1 VSCN :2<|9< L%J
zi; € {0,1} V(i,j) e A

With the given data, the formulation is

min {211‘1,2 +33x13 + 4021 4 + 23215 + 2571 6
—1—243;2,1 + 39.%2,3 + 26226 + 311’371 + 341’372
+29x3 4 + 22241 + 27243 + 30245 + 3225 1
+36x54 + 35w56 + 38261 + 28762 + 373:675}
s.t.
To21+231+241+251+Te1 =
T12+T32+Teo =
13+ 223+ 243 =
14+ T34+ T54 =
1,5 + Ta5 + T65
1,6+ T26 + T56
Ti2+T13+ 214+ 215+ 216
21+ T23+ Tog
31+ 32+ 234
T41+T43+ Ty5
T51 + 54 + X6
Z6,1 + T2 + T65

I I I I R e e e e T T e T e T e T T e S e e O =

T2+ 221 < S ={1,2}
r13+ 31 < S ={1,3}
Tia+t 41 < S ={1,4}
15+ x50 < S ={1,5}
16+ Te1 = S ={1,6}
r23+x32 < S =1{2,3}
T2+ Te2 = S ={2,6}
T34+ Ts3 < S ={3,4}
P45 +T54 < S ={4,5}
T56 + Tes < S ={5,6}
T12 + 221 + 21,3+ 231+ 223+ 232 < S ={1,2,3}
T12+ T21 + 216+ Te1 + Top + T2 < S ={1,2,6}
13+ 231+ T14+T41 + 234 +2a3 < S ={1,3,4}
14+ 241 +215+ 251 +X45+ 254 < S ={1,4,5}
15+ 251+ 216+ 261+ 256 + Ty < S ={1,5,6}
x12,%1.3,T14, %15, T1,6,L2,1, %23, L26, 231,232 € {0,1}
T34,%4,1, %43, 4,5, T5,1, T5 4, 5,6, T6,1, 6,2, Te,5 € 10,1}

5. Find an optimal solution for the traveling salesman problem, using a solver of your choice. Report
your solution and optimal objective value.
Answer: See Figure 2:
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Figure 2: Total Distance = 176



