ISyE 4111

Advanced Supply Chain Logistics
Fall 2010

Homework 3 solution

This homework is worth 50 points.

Problem 1

The following network represents the network of canals in a famous city (Amsterdam? Venice? Fort Laud-
erdale?). These canals have to be cleaned regularly. Canals are cleaned by a specially equipped boat that
cruises along the canals, dredging the bottoms of the canals and scooping up any floating debris in the
water. The boat can cruise along the canals in any direction. The cost of operating the cleaning service
(including the cost of the boat, fuel and crew) is represented by costs on the edges of the network. Design a
cleaning tour for the boat that will traverse each canal at least once, that will return the boat to its origin
(boathouse), and that will incur the minimum total cost. Write a complete LP formulation, explicitly
with all applicable data values, for the shortest path problem from all odd degree nodes to the largest
indexed node with odd degree. Also write a complete LP formulation, explicitly with all applicable data
values, of the matching problem. (Hint: Use an LP solver of your choice, such as LINDO, GAMS, CPlex,
XPRESS-MP, AIMMS, AMPL, to solve the optimization problems encountered along the way.) (25)
Answer: Let N = {1,2,...,23} denote the set of nodes. Let E = {{1,2},{1,3},{1,5},{1,7},{2,8},
{2,9},{3,4},{3,11},{4,5},{4,6},{4,16},{5,15},{6,8},{6,17},{7,11},{7,13}, {8, 10}, {9, 10}, {9, 12},
{10, 18}, {11, 12}, {11,23},{12,19},{13, 14}, {13,22}, {14, 15}, {15, 16}, {16, 17}, {18,19}, {19, 20}, {20, 21},
{20,23},{21,22},{22,23}} denote the set of edges. Let G = (N, E) denote the given undirected network.
Let ¢;; denote the cost associated with edge {i,}.

The set of odd degree nodes is O = {2,3,5,6,7,8,9,10,12,13, 15,16, 19, 20, 22,23}. The first step is to
compute the shortest path and shortest path length between each pair of odd degree nodes. One way
to do it is to formulate the following multicommodity network flow problem. For each edge {i,j} € F,
create two arcs (i,j) and (j,i), each with cost equal to ¢;;. Let A denote the set of arcs. For each
odd degree node (except the one with smallest index), create a commodity — the commodity index is
the same as the index of the destination node of the shortest path. Thus the set of commodities is
K = {3,5,6,7,8,9,10,12,13,15,16,19, 20,22,23}. Then the supply for commodity k& at node i € O is
sk =|0|-1ifi=k, sf =—1 (i.e., demand) if i # k, and the supply at node i ¢ O is s¥ = 0.

Decision variables:

Let xf] denote the amount of flow of commodity k£ on arc (7,5). The optimal solution :L‘fj* will give the
shortest path tree from node k to all other odd-degree nodes (which is the same as the shortest path tree
into node k because the network is undirected), and the shortest path lengths can easily be calculated
based on that.

Then the formulation of the problem is as follows:

min Z(i,j)eA > okek Cijxfj
s.t.
Z{]EN(’L,])EA}'Z"]::]_Z{]EN(]72)6A}$"7€'L = 3,]: VkGK, Vie N
arfj > 0 V(i.j)eA VEkeK

With the given data, the formulation is

min {4527 5 + 4537 5 + 4527 5 + 4521 5 + 4521 o + 4527 5 + 45215 + 4571
+453§'g,1 + 451'3’1 + 45Ig’1 + 45@;1 + 45I§’1 + 45%2’1 + 451‘%?1 + 451‘%721
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+4535°) + 453" + 4523% + 45x5% + 45230 + 45337 + 45x3)y
+2927 5 + 2927 5 4 2928 5 + 2927 5 4 2928 5 + 2927 5 4 2921% + 29715
+2921% 4+ 2921% + 2921% + 2921% + 2927 + 29275 + 29775
+2923 1 + 2923 1 + 2925 1 + 2925 1 + 2925 1 + 2928 1 + 2925% + 29257
+29235% + 29237 + 2923 + 2923 + 2923 + 29237 + 29233
+2023 5 + 2027 5 + 2027 5 + 2027 5 + 2028 5 + 2023 5 + 2021% + 2021%
+2021% 4 2021% + 20215 + 202775 + 20270 + 20275 + 2027
+20z3 1 + 2023 1 + 2028 | + 2027 | + 2025 | + 2023 | + 2023 + 20253
+20z3% + 20237 + 2025 + 2025%) + 2022 + 20227 + 20237
+3027 7 + 3023 7 + 3028 7 + 3021 7 4 302 7 + 3027 7 + 3021% + 30217
+3021% + 30217 + 3021% + 30217 + 3027% + 3027 + 3023
+3023 1 + 3027 1 + 3025 1 + 3027y + 3023, + 3027 1 + 3021% + 30247
+3023% + 30237 + 3023% + 3027 + 3027 + 30237 + 3027%
+3323 ¢ + 3325 5 + 3325 5 + 3323 5 + 3325 5 + 3323 5 + 33w3% + 33235
+3323% + 3323% + 33x3% + 33x3% + 3323% + 3323% + 3375%
+3323 5 + 3323 5 + 3328 5 + 332L » + 3328 5 + 3323 5 + 3378% + 33755
+3328% + 3328 + 33285 + 3315 + 3375 + 33785 + 3378 %
+3723 o + 3723 9 + 3725 ¢ + 3725 9 + 3725 ¢ + 3725 o + 3725 + 3723%
+37x3% + 3735 + 37x3% + 37x3% + 37235 + 37x5% + 37255
—&—372:3,2 + 37:108,2 + 37:10812 + 373@5,2 + 37308’2 + 37:0872 + 37:05?2 + 37:63;?2
—&—371{1;,32 + 37acé,52 + 37@51)?2 + 37wé?2 + 373&3?2 + 371‘3?2 + 37x§?2
+44x5 4 + 44x3 4 + 44a§ 4 + 44zl 4 + 4dal 4 + 4dad 4 + 44ay + 442t
+44m§?4 + 44m§?4 + 4495%?4 + 4495%?4 + 449c§?4 + 44x§?4 + 44:E§:°’4
+44a5 5 + 44a5 5 + 44a5 5 + 44l 5 + Adal g + 4da) 5 + 442’ 4 44a)
+44ay% 4 44ay% + 44y + A4l + 4423’ + A4l + 4oy

+191‘§,11 + 19172’11 + 191‘3’11 + 19(13';11 + 1913:8;711 + 191’2’11 =+ 19:13;,?11 =+ 191‘;;211

+19$11:,?11 + 1937;,:511 =+ 1933;,?11 + 19.’K§?11 + 191’:%,?11 + 1933%?11 =+ 19$§?11

+19.’E§1’3 + 191’?173 + 193’)?1’3 + 19%{1’3 + 19$£1;173 + 191'51)1’3 + 19%%?3 + 19.’E}i3

+19215 5 + 19213 3 + 19215 5 + 19217 3 + 19277 5 + 19237 3 + 19275 5
+31a] 5 + 31a] 5 + 318 5 + 31zl 5 + 312§ 5 + 31a] 5 + 3124% + 31a%
+3125% + 31255 + 31y + 31y’ + 3123 + 31a3% + 3lass

+31a3 4 + 3123 4 + 312 4 + 31l 4 + 3125 4 + 312l 4 + 312t + 31287
+3128% + 3123% + 31as%y + 3128, + 3122 + 31222 + 3122

+34a5 6 + 34a5 6 + 345 ¢ + 34w 6 + 34} ¢ + 34x] ¢ + 342 + 342
+3414% + 34x,3% + 342% + 34wy 4 3425 + 34x7 % + 3423

+34x8 4 + 34x 4 + 3429 4 + 34wl 4 4 3438 4 + 34x 4 + 34xs)y + 3w
+342¢% + 3465 + 34x6%, + 34w’y + 34xgy + 3dagy + 3dagy

+3225 16 + 3225 16 + 3225 16 + 322% 16 + 3225 16 + 3223 16 + 32246 + 327416

+32$411?16 + 3233411,516 + 321’411?16 + 32%11?16 + 321’2?16 + 321'3,216 + 321&?16

+32236.4 + 32256 4 + 320564 + 322764 + 322764 + 32276 4 + 322104 + 327184

+3221¢ 4 + 32210 4 + 32710 4 + 327104 + 322704 + 322704 + 32270 4

+21-Tg,15 + 211}2715 =+ 21$g’15 =+ 21.’17;15 —+ 21$§715 =+ 21:172,15 —+ 21.’17%?15 —+ 21%%?15

+2113é:;15 + 211’%:515 =+ 21:13;?15 =+ 211,'%7915 + 21$§?15 =+ 21%%?15 =+ 211‘;315

+21a35 5 + 21205 5 + 21255 5 + 21215 5 + 21al5 5 + 21205 5 + 21218 5 + 21213 5

+21a13 5 + 2115 5 + 21205 5 + 21a5 5 + 2175 5 + 212i; 5 + 212 5
+3523 5 + 3528 5 + 35205 + 3576 5 + 3578 5 + 3570 5 + 3526 % + 3526
+352¢% + 3526 + 35x4% + 35x4% + 357ak + 35765 + 3576

+3528 ¢ + 3523 6 + 3528 ¢ + 3528 6 + 3528 ¢ + 3523 6 + 35T8 % + 3514
+3525% + 35287 + 35Tss + 35Ts6 + 35Tas + 35756 + 35756
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3
+14z5 17 + 14;32 1+ 14 6 7
i o Tg,17 + 14x6 17 + 14352 14 9 )
Te 17 + 14285, + 14x8® 1o Tg,17 + 14z3%, + 14z?
+14x§7 ¢+ 14 5 67 L6.17 + 14zg17 + 141’20 2,2 617
) Ti7.6 + 1428, ¢ + 14 7 87 6,17 + 142677 + 14223
+14212 15 Ti7,6 + 14277 6 + 1429 16 6,17
3 T17,6 + 141‘1? 6+ 14 16 19’ 17,6 + 14$17 6+ 14I12
+4323 1, + 4327 6 17,6 + 14217 6 + 14217 20 17,6
’ T7,11 + 431‘7 11+ 43 7 s ’ 17,6 + 141‘17 6 + 14I23
+43718 o 711 + 4327 11 + 4322 10 17,6
a3y + 43277 + 437" o 711 +4327%, + 43277
+43:c?1 443 5 ’ T7,11 +43x7 11 + 43:1320 2’2 7,11
)7 11,7 + 431’?1 7+ 43 7 8’ 7,11 + 43377 1+ 43‘%,23
443 13 1 ’ Z11,7 + 43x71. 7 + 43{1?9 16 7,11
T11,7 + 431’1? , 443 16 19’ 11,7 + 43217 7 + 43m12
+231‘? 13+ 23 5 o 11,7 +43x11,7 + 43220 9o 11,7
s XT7.13 + 233:‘7 13 + 2333? L n 923 8 ’ 11,7 + 43:{;11 - + 431‘%\13 ;
1 ) ,13 €T 9 ’ s
+23LE7?13 + 2333%513 + 23 16 17913 + 231’7’13 + 233:%013 + 23l‘12
+23x§3 7+ 23 5 67 713 + 23x7 13 + 93420 ” 7,13
) 13,7 + 23213,7 + 23275 - + 23 g 713 + 232753 + 2322,
13 ’ )7 X 9 ! ,
+23213 7 + 23215 7 + 23215 13’7 + 23235 7 + 23213 7 + 23213
+362 10 + 3628 7+ 230157 + 237137 + 23273 2 13,7
+10 8,10 + 361‘2 10+ 36 7 s ’ L13,7 + 231‘13 7+ 23$23
+36 13 1’ Zg,10 + 36x5 10 + 3622 10* 13,7
4 x50 + 3628710 + 3625 i 8,10 + 362870 + 3625
+3625 5 + 3627 6 g0 + 3625710 + 3675 22 8,10
’ 10,8 1 36270 8 + 36 7 87 8,10 + 36xg710 + 361‘23
+36215 10,8 + 362106 + 362710,6 + 362 10 8,10
10,8 T 36:2318 s + 36 16 19’ 10,8 + 36x710.8 + 36:812
4385 10 + 385 ' 10,8 + 36210, + 36222 22 10,8
‘ 25,10 + 382,10 + 382 s 10,5 + 362105 + 36270
+3824° i 6,10 + 385,10 + 3820 10 108
9,10 T 38x9510 + 38216 1 9,10 +38xg 10 + 38512
+38m§0 + 3827 ’ 9,10 +381;9910 + 38220 o8 9,10
9 2300 + 382500 + 38210 ¢ + 38 o x50 + 387510 + 3825710
13 ’ ,9 X 9 ! )
1t +38z1p,0 + 38215 5 + 38216 4 + 38 13,9 + 38x10,0 + 38210 ¢ + 38212 4
’ ,9 T 20 ’ s
9,12 + 155”3,12 + 153:8 1o + 1527 51;0’9 + 382100 + 3837%3 o+ 38222
+15233 s Tg,12 + 15xg 12 + 1522 10 10,9
28%5 + 152875 + 15 16 i 9,12 + 1529712 + 15212
+15m?2 9+ 15 5 6’ T9,12 + 1529 12 + 15$20 2’2 9,12
, Ti2,9 + 15212,9 + 151.{2 15 8’ 9,12 + 1525712 + 15$3312
+15213 5 o + 152850 + 1527 1 ;
162° . T12,9 + 153:}‘2”9 1521 . 4 15219 T12,9 + 153713’9 T 15212
3015 + 16250 15 + 162515 + 1627 1 o+ 15219 o + 15220  + 15222 4 + 15 e
, T 8 ’ 12,
+16:1:}g‘18 + 161,‘15 12'18 + 16'1:10,18 + 16:1}?0 18 + 161}10 ’ :f;Z’Q
+16$3 5 10,18 + 16:1,’10,18 + 161119 20' 10,18 + 16:1}10 18
18,10 + 163:18,10 + 1645(138 10 + 16 7 10,18 + 16;1;10 18 + 161}%3 n 16 23*
, T 8 ’ 18
+1671% 10 + 16213 1810+ 10215,10 + 16215 10 + 16212 e
+41x§1 12+ 4128 <158le + 1621510 + 1655%3 10 + 16 20 18,10 + 16215,10
? 11,12 + 411‘11 12 + 41‘%’{1 L n a1 3 10 T18,10 + 16;6%5 10 + 161’,‘?3
3 ’ ,12 x 9 ’ 8,10
5 +411‘11’12 + 411‘%? o+ 41 16 11,12 + 41%11’12 + 411‘%(1) + 41 12
+4123, 1, + 4128 12 219 19 + 4121Y 15 + 41237 12 T11,12
’ Tiz1 t 41m?2,11 + 4127 N 12 11,12 + 4122 |, + 4128
412 41000 12,11 +41x72 11 +412° 0 11,12
19823 12,11 121541 + 41215 14 + 41275 Toa1 + 4121911 + 41213
11,23 + 2827 6 15,11 + 41213 11 + 41213 22 12,11
11,23 + 28271 23 + 98271 o - 8 12,11 +41x15 11 + 41223
+28:C13 19 15 11,23 28:811,23 + 281'9 10’ 12,11
3 1,23 81,‘11 93 + 28 16 11,23 + 28:811 428 12
+28LL‘23 11+ 28 5 ’ T11,23 + 28$%? + 28 20 23 T11,23
’ 3311 + 282595 11 + 2827 . :23 Ti1,23 + 28122 5 + 287223
12823 | + 28518 23,11 + 28223,11 + 2823 10 11,23
3 3,11 8;E23 11+ 28 16 23,11 + 281,‘23 + 28 12
+39z 5 ’ 235 11 + 28253 20 11 T23,11
12,19 + 39z 6 23,11 + 28% 22 ’
Y210 + 39255 19 + 3927 3 3311 + 28233 11 + 28755
439213 19 + 15 12,19 + 39772 19 + 3922 o 23,11
3 12,19 39x715 19+ 39 16 12,19 + 395E12 + 39 12
+39:L‘19 12+ 39 5 ’ T12,19 + 391‘%3 +39 20 19 T12,19
7 19,12 + 392,15 + 3927 8 e @13,19 + 392713 10 + 39273
130213 .+ 1s 19,12 + 3919,12 + 3929 0 12,19
3 19,12 39:E19 12 + 39 16 19,12 + 391‘19 + 39 12
+222%5 14 + 22 5 ’ T19,12 + 39x%8 + 39220 12 Ti9,12
: €3304 + 22255 14 + 2227 e 39,12 + 39215 12 + 39275
+22m13 15 13,14 + 2275 14 + 2949 10’ 19,12
3 13,14 + 22273 14 + 22 16 13,14 + 2227314 + 2 12
+22[L’14 13 + 29 5 14 T13,14 + 22:3%3 122 20 3,14 21.13,14
) 14,13 + 221:?4!13 + 2947 8 14 13,14 t 2213%3 14 + 22423
"1‘2232}3 + 929418 14,13 + 2227415 + 2229 10 13,14
3 4,13 2;314 13 + 29 16 14,13 + 221:14 4922 12
+18x 5 ' 14,13 + 22219 20 13 214,13
3122 + 18305 0 + 18205 5y + 1827 1,13 + 2227115 + 22213 13 + 22 23
; T 8 ’ 13
18212 5y + 18213 4y + 18 13,22 + 18253 00 + 18255 95 + 18219 55 + 18321;1,13
3 ’ 3,22 T 1 ’ 13,2
18235 15 + 18235 15 + 18255 15 + 18 ;3,22 18219 05 + 18229 5 + 1822 2 . 18x;§,22
’ 2,13 T 8 ’ 13,22
+18x%g 13 + 18 15 22,13 + 181‘22713 + 181’32 + 18 10 13,22
s 1‘22,13 + 183316 19 ,13 1‘22713 + 181’12
22,13 + 18235 13 + 18220 29 22,13
22,13 + 18233 13 + 18223 s

14,1 14,15 5 5
5 s 14,15 5

1 ]3 ]3 12
13m 13$ 4 13:5 4 13$ 13:8 4 3$ 4,15 14,15 X 4,15
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13 15 16 19 20 22 23
+13214,15 + 13214,15 + 132 14,15 + 13214,15 + 1327415 + 1327515 + 1327415
3 5 6 7 8 9 10 12
+13275,14 + 13275,14 + 13275,14 + 1321514 + 13275 14 + 13215 14 + 1321514 + 13015 14
13 15 16 19 20 22 23
+13x15,14 + 1321514 + 1321514 + 1321514 + 1327514 + 13215,14 + 1327514
3 5 6 7 8 9 10 12
+24x75 16 + 247715,16 + 247715,16 + 2471516 + 2427516 + 24715 16 + 24715 16 + 24715,16
13 15 16 19 20 22 23
+24x15 16 + 24x15 16 + 2421516 + 24215,16 + 24275,16 + 24215,16 + 242715,16
3 5 6 7 8 9 10 12
+24x76,15 + 24776,15 + 24T716,15 + 24T 16,15 + 24%76,15 + 24716,15 + 24716,15 + 24716,15
13 15 16 19 20 22 23
+24x16,15 + 24w16,15 + 2421615 + 24T16,15 + 24776,15 + 2427615 + 24276 15
3 5 6 7 8 9 10 12
+26x76,17 + 26276,17 + 26276,17 + 26216,17 + 26276,17 + 262716,17 + 26216,17 + 26216,17
13 15 16 19 20 22 23
+26x16,17 + 26716,17 + 26716,17 + 26776,17 + 26776,17 + 26276,17 + 26276,17
3 5 6 7 8 9 10 12
+26x77,16 + 26x77,16 + 2627716 + 2621716 + 26277 16 + 26717 16 + 26717 16 + 2671716
13 15 16 19 20 22 23
+26x17 16 + 26217 16 + 26217 16 + 26217 16 + 26277, 16 + 26217 16 + 26777 16
3 5 6 7 8 9 10 12
+17218 19 + 17278,19 + 17278,19 + 1721819 + 17275 19 + 172715 19 + 17215 19 + 17215 19
13 15 16 19 20 22 23
+17215 19 + 17218 19 + 1721819 + 17218,19 + 17275,19 + 17275,19 + 1727519
3 5 6 7 8 9 10 12
+17x79 18 + 17279,18 + 1727918 + 1721918 + 1727918 + 17279 18 + 17219 15 + 17215 15
13 15 16 19 20 22 23
+17x319,18 + 17219,18 + 17279,18 + 17279,18 + 17279,18 + 17275 18 + 172715 18
3 5 6 7 8 9 10 12
+25179 20 + 25279 ,20 + 25719 20 + 25T19,20 + 2519 20 + 25T19,20 + 25T19,20 + 25T719,20
13 15 16 19 20 22 23
+257719,20 + 25T719,20 + 25T79,20 + 25T79,20 + 25T79,20 + 25%715,20 + 25%719,20
3 5 6 7 8 9 10 12
+25x50,19 + 25%50,19 + 25%20,19 + 250,10 + 25720,19 + 25T20,19 + 25T20,19 + 25720,19
13 15 16 19 20 22 23
+25290,19 + 25220,19 + 25220,19 + 25Z20,19 + 25220,19 + 25220,19 + 25220,19
3 5 6 7 8 9 10 12
+27x50,21 + 27250,21 + 27230,21 + 27220,21 + 2722021 + 27220,21 + 27220,21 + 2722021
13 15 16 19 20 22 23
+27$20,21 + 275520,21 + 279320,21 + 275520,21 + 279520,21 + 275520,21 + 279520,21
3 5 6 7 8 9 10 12
+27w51 90 + 2721 20 + 27221 20 + 2722120 + 27%31 20 + 27T21 20 + 27721 20 + 27227 20
13 15 16 19 20 22 23
+2731 20 + 27221 20 + 27221 20 + 27%31,20 + 27231 20 + 27237 20 + 27237 20
3 5 6 7 8 9 10 12
+4030,23 + 40230 23 + 40230 23 + 40220 23 + 40250 23 + 40730 23 + 40230 23 + 40230 23
13 15 16 19 20 22 23
+40xz20 23 + 40220 23 + 40220,23 + 40220,23 + 40220 23 + 40220 23 + 40220 23
3 5 6 7 8 9 10 12
+40x53 20 + 40253 20 + 40723 20 + 40723 20 + 40723 20 + 40723 20 + 40723 20 + 40723 20
13 15 16 19 20 22 23
+40x33 20 + 40233 20 + 40233 29 + 40233 20 + 40223 90 + 40733 20 + 40733 20
3 5 6 7 8 9 10 12
+12251 99 + 12251 20 + 12291 20 + 1297 20 + 12137 20 + 1251 90 + 12227 29 + 12237 22
13 15 16 19 20 22 23
+12257 20 + 12237 22 + 12257 22 + 12237 20 + 12257 92 + 12237 22 + 12737 22
3 5 6 7 8 9 10 12
+12x59 21 + 12359 01 + 127329 21 + 12729 21 + 12729 21 + 12239 21 + 12232 21 + 12233 21
13 15 16 19 20 22 23
+12x35 21 + 12235 21 + 1233 21 + 12223 21 + 12233 21 + 12233 21 + 12235 21
3 5 6 7 8 9 10 12
+4259 93 + 42733 23 + 42239 23 + 42299 23 + 42X99 23 + 4230 o3 + 4233 23 + 42733 o3
13 15 16 19 20 22 23
+42155 o3 + 42135 o3 + 42253 03 + 42253 o3 + 42252 o3 + 42255 93 + 42755 23
3 5 6 7 8 9 10 12
+42153 00 + 42753 90 + 42753 00 + 4293 00 + 42753 20 + 42753 20 + 42753 20 + 42753 20
13 15 16 19 20 22 23
+42x33 29 + 42133 20 + 42133 20 + 42133 20 + 42153 99 + 42733 99 + 423723,22}
3 3 3 3 3 3 3 3
i t+x13+x15+x17 —T21 — 31— Ts1 — L7
3 3 3 3 3 3
To1 + X2+ X299 — X1 2 —Tg2 — Tg2
3 3 3 3 3 3
T31 + 23,4 T X311 — T1,3 — Ty3 — L11,3
3 3 3 3 3 3 3 3
T3+ Xys5 + Tie+ Ty16 — T34 — T54 — Te,a — L16,4
3 3 3 3 3 3
T51+ X54 + T515 —T1,5 — Tas — T15.5
3 3 3 3 3 3
Te,4 + Tgg + Te,17 — Ta,6 — Tg,6 — L17,6
3 3 3 3 3 3
T71+ X711 + X713 — 1,7 — T11,7 — T13,7
3 3 3 3 3 3
g2 + Tg e + T8 10 — T2,8 — L6,8 — L10,8
3 3 3 3 3 3
g2 + Tg,10 + T9,12 — T2,9 — T10,9 — T12,9
3 3 3 3 3 3
Z10,8 + T10,9 + Z10,18 — T8,10 — L9,10 — Z18,10
3 3 3 3 3 3 3 3
11,3 + 11,7 + 11,12 + T11,23 — 3,11 — 711 — 12,11 — L2311
3 3 3 3 3 3
T12,9 + 12,11 + T12,19 — 9,12 — 11,12 — T19,12
3 3 3 3 3 3
13,7 + 13,14 + T13,22 — £7,13 — T14,13 — 222,13

3 3 3 3
14,13 + T14,15 — 13,14 — 15,14
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3 3 3 3 3 3
Tis,5 + T15,14 + Ti5,16 — 5,15 — T14,15 — 16,15
3 3 3 3
T16,15 + Ti6,17 — T15,16 — 17,16
3 3 3 3
Ti7,6 + T17,16 — 6,17 — T16,17
3 3 3 3
18,10 T T18,19 — 10,18 — 19,18
3 3 3 3 3 3
T19,12 + X19,18 + T19,20 — T12,19 — £18,19 — £20,19
3 3 3 3 3 3
T20,19 + Z20,21 + 20,23 — T19,20 — L21,20 — £23,20
3 3 3 3
T321,20 + T21,22 — 20,21 — T22,21
T2,21 + T22,23 — T21,22 — T23,22
3 3 3 3 3 3
T23,11 T T23,20 T T23,22 — T11,23 — T20,23 — 22,23
5 5 5 5 5 5 5 5
Ti2+x13+Tis+X1,7 — T —T31 — Ts,1 — T71
5 5 5 5 5 5
Tz, +Tos T T29 — T12 — Tg2 — To2
5 5 5 5 5 5
T3,1 + 3,4 +T311 — T1,3 — Ta3 — T11,3
5 5 5 5 5 5 5 5
Ty,3+Xa5 + a6+ a6 — 3,4 — T54 — L4 — L16,4
5 5 5 5 5 5
T51+ X5,4 + T515 —T1,5 — Ta5 — T15,5
5 5 5 5 5 5
Tg 4 + Xg,8 + T6,17 — Ta,6 — Tg,6 — L17.,6
5 5 5 5 5 5
Tz + X711+ X713 — T17 — X117 — T13,7
5 5 5 5 5 5
Tg 2 + Tg 6 + Tg,10 — L2,8 — T8 — £10,8
5 5 5 5 5 5
Tg2 + X910 + 9,12 — T2,9 — T10,9 — T12,9
5 5 5 5 5 5
10,8 + T10,9 + T10,18 — T8,10 — T9,10 — T18,10
5 5 5 5 5 5 5 5
Ti1,3 + 11,7 + T2 T T11,23 — T3,11 — 711 — Ti2,11 — L2311
5 5 5 5 5 5
12,9 + T12,11 + T12,19 — L9 12 — 11,12 — L19,12
5 5 5 5 5 5
13,7 + 13,14 + T13,22 — 7,13 — T14,13 — 22,13
5 5 5 5
14,13 T T14,15 — 13,14 — T15,14
5 5 5 5 5 5
T15,5 + T15,14 + 15,16 — T5,15 — 14,15 — T16,15
5 5 5 5
T16,15 + T16,17 — 15,16 — T17,16
5 5 5 5
Ti7,6 + T17,16 — T6,17 — T16,17
5 5 5 5
T18,10 + Tig,19 — T10,18 — L19,18
5 5 5 5 5 5
19,12 + %19,18 + 19,20 — T12,19 — L18,19 — 20,19
5 5 5 5 5 5
220,19 + T20,21 + 20,23 — T19,20 — T21,20 — £23,20
5 5 5 5
T21,20 T T21,22 — 20,21 — T22,21
5 5 5 5
T22,21 T L2223 — 21,22 — L2322
5 5 5 5 5 5
23,11 T ®23,20 T T23,22 — T11,23 — T20,23 — 22,23
6 6 6 6 6 6 6 6
Tio+ T3+ X155 +T17— X211 —T31 — X1 — 7,1
6 6 6 6 6 6
To1 +Xag+ Tag — Ti2— Tgo — Tg2

6 6 6 6 6 6
T31+ T34+ X311 —X1,3 — T43 — T11,3

6 6 6 6 6 6 6 6
Ta3+ Xa5 + Tae + Ta16 — T34 — T54 — Tea — 16,4
6 6 6 6 6 6
T51 T T54+T515 — %15 — Tas — Tis55
6 6 6 6 6 6
T4+ Tes + T6,17 — a6 — L6 — T17,6
6 6 6 6 6 6
T71 + X711 + X713 — T17 — Ti1,7 — Ti37
6 6 6 6 6 6
Tg 2 + Xg6 + 8,10 — L2,8 — Te,s — £10,8
6 6 6 6 6 6
Zg,2 + Tg,10 T Tg,12 — T2,9 — T10,9 — T12,9
6 6 6 6 6 6
T10,8 + T10,9 T T10,18 — T8,10 — T9,10 — T18,10
6 6 6 6 6 6 6 6
T11,3 + T11,7 + T11,12 + T11,23 — 3,11 — 7,11 — Ti2,11 — T23,11
6 6 6 6 6 6
Ti2,9 + T12,11 + T12,19 — Tg9,12 — T11,12 — L19,12
6 6 6 6 6 6
T13,7 + 13,14 + T13,22 — £7,13 — T14,13 — T22,13
6 6 6 6
214,13 T T14,15 — 13,14 — 15,14
6 6 6 6 6 6
Z15,5 + T15,14 + T15,16 — 5,15 — L14,15 — L16,15
6 6 6 6
Z16,15 T T16,17 — 15,16 — L17,16

6 6 6 6
Ti7,6 + T17,16 — T6,17 — T16,17
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6 6 6 6
T18,10 + T1i8,19 — T10,18 — 19,18
6 6 6 6 6 6
19,12 T %19,18 + 19,20 — T12,19 — Z18,19 — 20,19
6 6 6 6 6 6
T20,19 T T20,21 + 20,23 — T19,20 — T21,20 — £23,20
6 6 6 6
T21,20 T T21,22 — 20,21 — T22,21
6 6 6 6
T9221 + X22,23 — T21,22 — L2322
6 6 6 6 6 6
23,11 T ®23,20 T T23,22 — T11,23 — T20,23 — 22,23
7 7 7 7 7 7 7 7
Ti2+T13+T15+T1 7 —Xa1 —T31 — Ts,1 — 7,1
7 7 7 7 7 7
To1 +Xog+ Tag — Ti2— Tgo — Tg2
7 7 7 7 7 7
T3 + T34+ T311 — T1,3 — Taz — T11,3
7 7 7 7 7 7 7 7
Ty3+ Xy5+ Tae+ Tai6 — T34 — T54 — Tea — 16,4
7 7 7 7 7 7
T5,1 + ZTs,4 + T5,15 — T1,5 — Ta5 — 15,5
7 7 7 7 7 7
26,4 T T8 + T6,17 — a6 — L6 — Ti7,6
7 7 7 7 7 7
T71 + X711 + X713 — 17 — T11,7 — T137
7 7 7 7 7 7
Tg 2 + Xg6 + Tg,10 — T2,8 — Lg,8 — £10,8
7 7 7 7 7 7
To,2 + X910 + 9,12 — T2,0 — T10,0 — T12,9
7 7 7 7 7 7
T10,8 + T10,9 + T10,18 — T8,10 — T9,10 — T18,10
7 7 7 7 7 7 7 7
T11,3 + T11,7 + T11,12 + T11,23 — 3,11 — T7,11 — Ti2,11 — T23,11
7 7 7 7 7 7
Ti2,9 + T12,11 + T12,19 — Tg,12 — T11,12 — L19,12
7 7 7 7 7 7
13,7 + 13,14 + T13,22 — £7,13 — T14,13 — T22,13
7 7 7 7
214,13 T T14,15 — 13,14 — 15,14
7 7 7 7 7 7
Z15,5 + T15,14 + T15,16 — 5,15 — L14,15 — L16,15
7 7 7 7
Z16,15 T T16,17 — 15,16 — L17,16
7 7 7 7
Ti7,6 + T17,16 — T6,17 — T16,17
7 7 7 7
Z18,10 + *18,19 — 10,18 — 19,18
7 7 7 7 7 7
T1g9,12 + Z19,18 + T19,20 — T12,19 — L18,19 — £20,19
7 7 7 7 7 7
T20,19 + 20,21 + 20,23 — T19,20 — 21,20 — £23,20
7 7 7 7
T21,20 + Ta1,22 — T20,21 — T22,21
7 7 7 7
T22 21 + L2223 — T21,22 — T23,22
7 7 7 7 7 7
23,11 T %2320 + 23,22 — T11,23 — L20,23 — L22,23

8 8 8 8 8 8 8 8
Tipt+ X113+ X1 5+x17 —T21 —T31 — Ts1 — 71

8 8 8 8 8 8
To1 +x28+T29 —T12 — T2 — To2

8 8 8 8 8 8
3,1 + %34+ 311 —T1,3 — 4,3 — T11,3

8 8 8 8 8 8 8 8
Tq3+ Xg5+ Tae+ Ta16 — T34 — T54 — Te,a — L16,4

8 8 8 8 8 8
Ts1 +T54 + X515 — 1,5 — Ta5 — L15,5
8 8 8 8 8 8
T6,4 T+ To,8 T Te,17 — Ta,6 — T,6 — T17,6
8 8 8 8 8 8
T7 1+ X711 + X713 — T17 — T11,7 — T13,7
8 8 8 8 8 8
Zg2 T Tge + Tg,10 — T2,8 — T8 — L10,8
8 8 8 8 8 8
Zg,2 + X910 + Tg,12 — T2,9 — T10,9 — T12,9
8 8 8 8 8 8
10,8 + T10,9 + T10,18 — T8,10 — T9,10 — L18,10
8 8 8 8 8 8 8 8
T11,3 + 11,7 + T11,12 + T11,23 — 3,11 — X711 — 12,11 — L2311
8 8 8 8 8 8
T12,9 + 12,11 + T12,19 — 9,12 — 11,12 — 19,12
8 8 8 8 8 8
T13,7 + 13,14 + T13,22 — £7,13 — T14,13 — £22,13
8 8 8 8
T14,13 + T14,15 — £13,14 — 15,14
8 8 8 8 8 8
Tis,5 + T15,14 + T15,16 — 5,15 — LT14,15 — 16,15
8 8 8 8
T16,15 + Ti6,17 — T15,16 — 17,16
8 8 8 8
T17,6 T T17,16 — 6,17 — T16,17
8 8 8 8
Z18,10 T T18,19 — 10,18 — 19,18
8 8 8 8 8 8
T19,12 + %19,18 + T19,20 — T12,19 — £18,19 — £20,19

8 8 8 8 8 8
T20,19 + %20,21 + 20,23 — T19,20 — L21,20 — £23,20
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8 8 8 8
T21,20 + Ta1,22 — T20,21 — T22,21
8 8 8 8
T22 21 + L2223 — T21,22 — T23,22
8 8 8 8 8 8
23,11 T %2320 + 23,22 — T11,23 — £20,23 — L22,23
9 9 9 9 9 9 9 9
T2+ X113+ X1 5 +x17 —T21 —T31 — Ts1 — L7
9 9 9 9 9 9
To1 +x2g +T29 —T12 — T2 — To,2
9 9 9 9 9 9
T31 + 23,4 T X311 —T1,3 — Ty3 — L11,3
9 9 9 9 9 9 9 9
T43+ Xys5+ Tae+ Ta16 — T34 — T54 — Te,a — L16,4
9 9 9 9 9 9
Ts1 +T54 + X515 — 1,5 — Tas — L15,5
9 9 9 9 9 9
Te4 + Teg + Te,17 — Ta,6 — Tg,6 — L17,6
9 9 9 9 9 9
T7 1+ X711 + X713 — T1,7 — T11,7 — T13,7
9 9 9 9 9 9
Zg2 T Tg e + Tg,10 — T2,8 — T,s8 — L10,8
9 9 9 9 9 9
Zg,2 + X910 + Tg,12 — T2,0 — T10,9 — T12,9
9 9 9 9 9 9
10,8 + T10,9 + T10,18 — T8,10 — T9,10 — L18,10
9 9 9 9 9 9 9 9
T11,3 + 11,7 + T11,12 + T11,23 — 3,11 — 711 — 12,11 — L2311
9 9 9 9 9 9
T12,9 + 12,11 + T12,19 — 9,12 — 11,12 — T19,12
9 9 9 9 9 9
T13,7 + 13,14 + T13,22 — £7,13 — T14,13 — 22,13
9 9 9 9
T14,13 + T14,15 — 13,14 — 15,14
9 9 9 9 9 9
Tis,5 + T15,14 + T15,16 — 5,15 — L14,15 — £16,15
9 9 9 9
T16,15 + Ti6,17 — T15,16 — L17,16
9 9 9 9
T17,6 T T17,16 — T6,17 — T16,17
9 9 9 9
Z18,10 T T18,19 — 10,18 — 19,18
9 9 9 9 9 9
T19,12 + %19,18 + T19,20 — T12,19 — £18,19 — £20,19
9 9 9 9 9 9
T20,19 + %20,21 + 20,23 — T19,20 — L21,20 — £23,20
9 9 9 9
T21,20 + T21,22 — 20,21 — T22,21
9 9 9 9
T92,21 + T22,23 — T21,22 — T23,22

9 9 9 9 9 9
T23,11 + %23,20 + L2322 — T11,23 — L20,23 — 22,23

10 10 10 10 10 10 10 10
Ti2+x13+Trs+ 217 — T —T31 — X1 — T7,1
10 10 10 10 10 10
Ta1 + X288+ X9 — X1 2 —Xg2 — Tg2
10 10 10 10 10 10
31+ 234+ %311 — %13 — Ty3 — L1133
10 10 10 10 10 10 10 10
Tq3 + %45 +2a6 + Xy16 — 3,4 — T4 — T4 — L16,4
10 10 10 10 10 10
Ts1 + %54+ X515 — 21,5 — Tas — T15,5
10 10 10 10 10 10
Te,4 + T8 + 6,17 — Ta,6 — Tg,6 — L17,6
10 10 10 10 10 10
Tz + X711 + X713 — T17 — X117 — X137
10 10 10 10 10 10
Tg o + Tg 6 + Tg,10 — L2,8 — Te,8 — £10,8
10 10 10 10 10 10
Tg o + Xg10 + Tg 12 — T2,9 — T10,0 — 12,9
10 10 10 10 10 10
10,8 + T10,9 + T10,18 — T8,10 — T9,10 — T18,10
10 10 10 10 10 10 10 10
T11,3 + 11,7 + T11,12 + 11,23 — 3,11 — 7,11 — 12,11 — L23,11
10 10 10 10 10 10
12,9 + T12,11 + Z12,19 — 9,12 — 11,12 — L19,12

10 10 10 10 10 10
13,7 + 13,14 + T13,22 — £7,13 — T14,13 — 22,13

10 10 10 10
14,13 + T14,15 — 13,14 — T15,14

10 10 10 10 10 10
15,5 + 15,14 + T15,16 — 5,15 — £14,15 — 16,15
10 10 10 10
T16,15 + T16,17 — 15,16 — T17,16
10 10 10 10
Ti7,6 + T17,16 — T6,17 — T16,17
10 10 10 10
18,10 + T18,19 — £10,18 — T19,18
10 10 10 10 10 10
T19,12 T T19,18 T £19,20 — T12,19 — T18,19 — £20,19
10 10 10 10 10 10
20,19 T %20,21 + 20,23 — 19,20 — %21,20 — 23,20

10 10 10 10
T21,20 T T21,22 — 20,21 — T22,21

10 10 10 10
T22,21 + T22,23 — 21,22 — L2322

1 10 10 10 10 10
23,11 T %23,20 T 23,22 — T11,23 — T20,23 — 22,23
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12 12 12 12 12 12 12 12
Ti2+x13+Tr5 + 21,7 — X1 —T31 — X510 — T7,1
12 12 12 12 12 12
Ta1 + X8 + X9 — X12 — Xg2 — T2

12 12 12 12 12 12
31 + X34 + 23711 — %13 — T3 — 113

12 12 12 12 12 12 12 12
Tq3+ X5 + a6+ X6 — X34 — 5,4 — o4 — L16,4

12 12 12 12 12 12
T51 + Xs54 + Ts,15 — T1,5 — Ta5 — T15.5

12 12 12 12 12 12
Te4 + X,8 + T6,17 — Ta,6 — Tg,6 — L17.,6

12 12 12 12 12 12
Tz + X711 + X713 — T17 — 11,7 — X137

12 12 12 12 12 12
Tg2 + Tg6 + Tg10 — L2.8 — Te,8 — £10,8

12 12 12 12 12 12
Tgo + Xg 10 + Tg 12 — T29 — T10,0 — 12,9

12 12 12 12 12 12
T10,8 + T10,9 + 10,18 — T8,10 — T9,10 — T18,10

12 12 12 12 12 12 12 12
T11,3 + 11,7 + 11,12 + 11,23 — X311 — T7,11 — 12,11 — T23,11

12 12 12 12 12 12
12,9 + 12,11 + %1219 — 9,12 — 11,12 — L19,12

12 12 12 12 12 12
13,7 + 13,14 + T13,22 — 7,13 — T14,13 — 22,13

12 12 12 12
14,13 + T11,15 — 13,14 — T15,14

12 12 12 12 12 12
15,5 + 15,14 + T15,16 — 5,15 — £14,15 — 16,15
12 12 12 12
Z16,15 + T16,17 — 15,16 — T17,16
12 12 12 12
Ti7,6 + T17,16 — T6,17 — T16,17
12 12 12 12
18,10 + T18,19 — £10,18 — T19,18
12 12 12 12 12 12
T19,12 T T19,18 T+ 19,20 — T12,19 — T18,19 — £20,19
12 12 12 12 12 12
20,19 T %20,21 + 20,23 — 19,20 — %21,20 — 23,20

12 12 12 12
T21,20 + T21,22 — 20,21 — T22,21

12 12 12 12
T22,21 + T22,23 — 21,22 — T23,22
12 12 12 12 12 12

23,11 T ®23,20 T 23,22 — T11,23 — T20,23 — 22,23
13 13 13 13 13 13 13 13
Tio+ X3+ x5 +T17 — X1 —T31 — X1 — T7,1
13 13 13 13 13 13
To1 + X8 + XTag — T1,2 — Xg2 — T2

13 13 13 13 13 13
T31 + T34 + X311 — X1,3 — T43 — T11,3

13 13 13

13 13 13 13 13
T4z + X5 + Tae + Ta16 — T34 — T5.4 — Tea — L16,4

13 13 13 13 13 13
51+ X5.4 + X515 — 15 — L5 — L1555

13 13 13 13 13 13
Ze,4 T Te,8 T T6,17 — a6 — L6 — T17,6

13 13 13 13 13 13
T71 + X711 + X713 — X1 — Ti1,7 — L1z

13 13 13 13 13 13
Tg2 + X3¢ + 8,10 — T2,8 — Te,8 — £10,8

13 13 13 13 13 13
Tg,2 + X910 + 9,12 — T2,0 — T10,0 — T12,9

13 13 13 13 13 13

T10,8 + 10,9 + T10,18 — T8,10 — T9,10 — T18,10

13 13 13 13 13 13 13 13
T11,3 + 11,7 + 11,12 + T11,23 — X311 — T7,11 — T12,11 — T23,11
13 13 13 13 13 13
Ti2,9 + T12,11 + T12,19 — Tg,12 — T11,12 — 19,12
13 13 13 13 13 13
T13,7 + T13,14 + T13,22 — T7,13 — T14,13 — 22,13
13 13 13 13
211,13 T 14,15 — 13,14 — 15,14
13 13 13 13 13 13
Z15,5 + 15,14 + Z15,16 — 5,15 — £11,15 — £16,15
13 13 13 13
Z16,15 T T16,17 — 15,16 — L17,16

13 13 13 13
Ti7,6 + T17,16 — T6,17 — T16,17
13 13 13 13
18,10 T T18,19 — 10,18 — 19,18
13 13 13 13 13 13
T1g9,12 + %19,18 + T19,20 — T12,19 — L18,19 — £20,19
13 13 13 13 13 13
T20,19 + Z20,21 + 20,23 — T19,20 — L21,20 — £23,20
13 13 13 13
T21,20 + T21,22 — T20,21 — T22,21

13 13 13 13
T22 21 + L2223 — T21,22 — L2322

13 13 13 13 13 13
23,11 T %2320 + 23,22 — T11,23 — £20,23 — £22,23

15 15 15 15 15 15 15 15
12t x13+x15 X157 —T21 —T31 — Ts1 — 7
15 15 15 15 15 15

To1 + X8+ T29 —T12 — Tg 2 — To,2

15 15 15 15 15 15
31+ %34+ 2311 —T1,3 — g3 — T11,3
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15 15 15 15 15 15 15 15
Ty3+ Xy5 + Tae + Ta16 — T34 — T5,4 — Tea — L16,4

15 15 15 15 15 15
51+ X5.4 + X515 — 1,5 — L5 — L1555

15 15 15 15 15 15
Ze,4 T Te,8 T T6,17 — a6 — L6 — L17,6

15 15 15 15 15 15
T71 + X711 X713 — X1 — Ti1,r — L1z
15 15 15 15 15 15
T3 2 + X3¢ + Tg10 — T2,8 — Tg,8 — £10,8
15 15 15 15 15 15
Tg,2 + X910 + 9,12 — T2,0 — T10,0 — T12,9

15 15 15 15 15 15
T10,8 + T10,9 + T10,18 — T8,10 — T9,10 — T18,10
15 15 15 15 15 15 15 15
T11,3 + T11,7 + 11,12 + T11,23 — X311 — T7,11 — T12,11 — T23,11
15 15 15 15 15 15
Ti2,9 + T12,11 + T12,19 — Tg,12 — T11,12 — 19,12
15 15 15 15 15 15
T13,7 + T13,14 + T13,220 — T7,13 — T14,13 — 22,13
15 15 15 15
214,13 T T14,15 — 13,14 — 15,14
15 15 15 15 15 15
Z15,5 + 15,14 + Z15,16 — 5,15 — L14,15 — £16,15
15 15 15 15
16,15 + T16,17 — 15,16 — £17,16
15 15 15 15
Ti7,6 + T17,16 — T6,17 — T16,17

15 15 15 15
18,10 T T18,19 — 10,18 — 19,18

15 15 15 15 15 15
T1g9,12 + X19,18 + T19,20 — T12,19 — £18,19 — £20,19
15 15 15 15 15 15
T20,19 T %20,21 + 20,23 — T19,20 — 21,20 — £23,20

15 15 15 15
T21,20 + T21,22 — T20,21 — T22,21

15 15 15 15
T22 21 + L2223 — T21,22 — T23,22

15 15 15 15 15 15
23,11 T ®23,20 + 23,22 — T11,23 — £20,23 — £22,23
16 16 16 16 16 16 16 16
12t x13+x15+x17 —T21 —T31 — Ts1 — 71
16 16 16 16 16 16
To1 +Tas +Ta9 — X122 — T2 — Tg2

26 4 16 16 L1616 16
3,1 3,4 3,11 — 1,3 — £1,3 — 11,3

16 16 16 16 16 16 16 16
T43+ Xy5+ Tae+ a6 — T34 — T5,4 — Te,a — L16,4

16 16 16 16 16 16
Ts1 +T54 + X515 — 1,5 — Tas — 15,5

16 16 16 16 16 16
Te,4 + Tog + Te,17 — Ta,6 — Te,6 — L17,6

16 16 16 16 16 16
T7 1+ X711 + X713 — 1,7 — T11,7 — T13,7

16 16 16 16 16 16
Zg2 T Tge + Tg10 — T2,8 — To,8 — L10,8

16 16 16 16 16 16
Zg,2 + X910 + Tg,12 — T2,9 — T10,9 — L12,9

16 16 16 16 16 16

10,8 + T10,9 + T10,18 — T8,10 — T9,10 — L18,10

16 16 16 16 16 16 16 16
T11,3 + 11,7 + 11,12 + T11,23 — X311 — 711 — 12,11 — L2311
16 16 16 16 16 16
T12,9 + 12,11 + T12,190 — 9,12 — 11,12 — T19,12
16 16 16 16 16 16
T13,7 + 13,14 + T13,22 — £7,13 — T14,13 — 22,13
16 16 16 16
T14,13 + T1a,15 — £13,14 — 15,14
16 16 16 16 16 16
Ti5,5 + T15,14 + T15,16 — 5,15 — 14,15 — £16,15
16 16 16 16
T16,15 + Ti6,17 — Ti5,16 — T17,16
16 16 16 16
17,6 T T17,16 — 6,17 — T16,17
16 16 16 16
Z18,10 T T18,19 — 10,18 — 19,18
16 16 16 16 16 16
T19,12 + %19,18 + T19,20 — T12,19 — £18,19 — £20,19

16 16 16 16 16 16
T20,19 + %20,21 + 20,23 — T19,20 — L21,20 — £23,20
16 16 16 16
T21,20 + T21,22 — 20,21 — T22,21
16 16 16 16
To2,21 + L2223 — 21,22 — T23,22
16 16 16 16 16 16
T23,11 + X23,20 + L2322 — T11,23 — £20,23 — £22,23
19 19 19 19 19 19 19 19
Tio+x13+Trs+X17 — X1 —T31 — X1 — L7,1

19 19 19 19 19 19
To1 +Xa8+ Tag —T12 — T2 — Tg2

19 19 19 19 19 19
31+ X34+ %311 — %13 — Ta3 — L1133
19 19 19 19 19 19 19 19
Tq3+ X455+ Xa6+ Xy16 — 3,4 — 5,4 — L4 — L16,4
19 19 19 19 19 19
Ts1 + %54+ X515 —X15 — Ta5 — T15,5

19 19 19 19 19 19
Te,4 + T8 + Te6,17 — Ta,6 — Tg,6 — L17,6

=0
=1
=1
=1
=1
=1
=1
=0
=1
=1
=0
=15
=1
=0
=0
=1
=1
=0
=1
=1
=0
=1
=1
=0
=1
-1
=1
-1
=1
=1
=0
=1
=1
=0
=1
=15
=0
=0
=1
=1
=0
=1
=1
=0
=1
=1
=0
=1
=1
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19 19 19 19 19 19
T71 + X711 + X713 — 17 — T11,7 — T13,7

19 19 19 19 19 19
Zg2 T Tg e + Tg10 — T2,8 — T8 — L10,8

19 19 19 19 19 19
g2 + X910 + Tg,12 — T2,0 — T10,9 — T12,9
19 19 19 19 19 19
10,8 + T10,9 + T10,18 — T8,10 — T9,10 — L18,10
19 19 19 19 19 19 19 19
T11,3 + 11,7 + 11,12 + T11,23 — X311 — X711 — 12,11 — L2311
19 19 19 19 19 19
T12,9 + 12,11 + T12,190 — 9,12 — 11,12 — T19,12

19 19 19 19 19 19
T13,7 + 13,14 + T13,22 — £7,13 — T14,13 — 22,13

19 19 19 19
T14,13 + T1a,15 — £13,14 — 15,14
19 19 19 19 19 19
Tis,5 + T15,14 + Ti5,16 — 5,15 — 14,15 — £16,15
19 19 19 19
T16,15 + Ti6,17 — Ti5,16 — T17,16
19 19 19 19
17,6 + T17,16 — 6,17 — T16,17
19 19 19 19
Z18,10 T T18,19 — 10,18 — 19,18
19 19 19 19 19 19
T19,12 + %19,18 + T19,20 — T12,19 — £18,19 — £20,19
1 19 19 19 19 19
T20,19 + %20,21 + 20,23 — T19,20 — L21,20 — £23,20
19 19 19 19
Z21,20 + T21,22 — 20,21 — T22,21
19 19 19 19
T92,21 + L2223 — 21,22 — T23,22
19 19 19 19 19 19
T23,11 + X23,20 + 23,22 — T11,23 — £20,23 — £22,23

20 20 20 20 20 20 20 20
Ti2+x13+T1 5+ X177 — X3 — 31 — Ts,1 — T71

20 20 20 20 20 20
T3] + X328+ To9 — XT12 — Ty — To2
20 20 20 20 20 20
31+ X34+ X311 —X13 — Ty3— L1133
20 20 20 20 20 20 20 20
33+ X35 + 216+ X6 — X34 — X534 — L4 — L16,4
20 20 20 20 20 20
T51 + X5,4 + T5,15 — T1,5 — Ty5 — T15,5
20 20 20 20 20 20
Tg4 + Xg,8 + T6,17 — Ta,6 — Tg,6 — L17,6
20 20 20 20 20 20
T71 + X711 + X713 — T1 7 — X117 — 13,7
20 20 20 20 20 20
Tg 2 + Tz 6 + 8,10 — £2,8 — T6,8 — £10,8

20 20 20 20 20 20
Tg o+ Xg10 + Tg 12 — T29 — T10,0 — 12,9
20 20 20 20 20 20
10,8 + T10,9 + T10,18 — T8,10 — T9,10 — T18,10
20 20 20 20 20 20 20 20
T11,3 + 11,7 + 11,12 + 11,23 — 311 — T7,11 — 12,11 — L23,11
20 20 20 20 20 20
12,9 + 12,11 + Z12,10 — T9,12 — 11,12 — T19,12
20 20 20 20 20 20
13,7 + 13,14 + T13,22 — £7,13 — T14,13 — 22,13
20 20 20 20
T14,13 T T14,15 — T13,14 — T15,14
20 20 20 20 20 20
15,5 + 15,14 + T15,16 — 5,15 — £14,15 — 16,15
20 20 20 20
Z16,15 + T16,17 — 15,16 — T17,16
20 20 20 20
Ti7.6 + T17,16 — T6,17 — T16,17
20 20 20 20
18,10 + T18,19 — £10,18 — T19,18
20 20 20 20 20 20
T19,12 + T19,18 + T19,20 — 12,19 — T18,19 — L20,19
20 20 20 20 20 20
320,19 T 20,21 + 20,23 — 19,20 — %21,20 — £23,20
20 20 20 20
21,20 + T21,22 — 20,21 — T22,21
20 20 20 20
22,21 + T22,23 — 21,22 — L2322

20 20 20 20 20 20
23,11 T X23,20 T 23,22 — T11,23 — T20,23 — 22,23

22 22 22 22 22 22 22 22
T2+ 213+ 215 + 21,7 — @31 — 231 — X5,1 — T71
22 22 22 22 22 22
T2,1 + T8 + To9 — T12 — T2 — To2
22 22 22 22 22 22
T31 + T34 + X311 — X1,3 — Ty3 — T11,3
22 22 22 22 22 22 22 22
Ty3+ Xy5 + Tie + Ti16 — T34 — T5,4 — Te,a — L16,4
22 22 22 22 22 22
T51 + X554+ T515 — T1,5 — Ta5 — T15.5
22 22 22 22 22 22
Z6,4 T Te,8 T T6,17 — Ti6 — Te6 — Ti7,6
22 22 22 22 22 22
x71 + a7+ 2713 — T — X117 — T137
22 22 22 22 22 22
g2 + X3¢ + 8,10 — T2,8 — T6,8 — £10,8

22 22 22 22 22 22
Tg,2 + X910 + 9,12 — 2,0 — T10,0 — T12,9

10
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22 22 22 22 22 22
10,8 + T10,9 + 10,18 — T8,10 — T9,10 — T18,10
22 22 22 22 22 22 22 22
11,3 + 11,7 + 271,12 + 11,23 — X311 — T7,11 — 12,11 — 23,11
22 22 22 22 22 22
12,0 + 212,11 + %1219 — 9,12 — 11,12 — T19,12

22 22 22 22 22 22
13,7 + 13,14 + T13,22 — 7,13 — T14,13 — 22,13

22 22 22 22
T11,13 T X11,15 — 13,14 — T15,14

22 22 22 22 22 22
15,5 + 15,14 + T15,16 — £5,15 — L14,15 — £16,15

22 22 22 22
Z16,15 + T16,17 — 15,16 — T17,16
22 22 22 22
Ti7.6 + T17,16 — T6,17 — T16,17
22 22 22 22
18,10 + T18,190 — £10,18 — 19,18
22 22 22 22 22 22
T19,12 + T19,18 + T19,20 — 12,19 — T18,19 — £20,19
22 22 22 22 22 22
320,19 T 20,21 + 20,23 — 19,20 — %21,20 — 23,20
22 22 22 22
21,20 + T21,22 — 20,21 — T22,21

22 22 22 22
22,21 + T22,23 — 21,22 — L2322

2 22 22 22 22 22
T23,11 T %23,20 T 723,22 — T11,23 — T20,23 — 22,23

23 23 23 23 23 23 23 23
Tl +x13+ 215 +21,7 — @31 — 231 — X5,1 — L7,1
23 23 23 23 23 23
T3] + X8 + 29 — T12 — Xg2 — To2

23 23 23 23 23 23
T31 + T34 + X311 — X1,3 — Ty3 — T11,3

23 23 23 23 23 23 23 23
Ty3+ Xy5 + Tie + Ti16 — T34 — T5.4 — Tea — L16,4

23 23 23 23 23 23
T51 + T4+ Th15 — T1,5 — Ta5 — T155

23 23 23 23 23 23
Te,4 T Te,8 T T6,17 — Ti6 — Tz6 — T1i7,6

23 23 23 23 23 23
x71 +a711 + 2718 — T — X117 — L1377

23 23 23 23 23 23
g2 + X3¢ + 8,10 — £2,8 — T6,8 — £10,8

23 23 23 23 23 23
Ty,2 + Ty10 T To,12 — T29 — T1o,9 — T12,9

23 23 23 23 23 23
T1p,8 + T10,9 + T10,18 — T8,10 — T9,10 — 18,10
23 23 23 23 23 23 23 23

T11,3 + 11,7 + 11,12 + T11,23 — X311 — T7,11 — Ti2,11 — T23,11

23 23 23 23 23 23
Ti2,9 + T12,11 + T12,19 — Tg,12 — T11,12 — 19,12

23 23 23 23 23 23

Ti3,7 + 13,14 + T13,220 — T7,13 — T14,13 — 22,13
23 23 23 23

211,13 T 14,15 — 13,14 — 15,14

23 23 23 23 23 23
15,5 + 15,14 + T15,16 — 5,15 — £14,15 — £16,15

23 23 23 23
16,15 T T16,17 — 15,16 — L17,16
23 23 23 23
Ti7,6 + 17,16 — T6,17 — T16,17
23 23 23 23
218,10 T T18,19 — 10,18 — 19,18
23 23 23 23 23 23
T1g,12 + X19,18 + T19,20 — T12,19 — L18,19 — £20,19

23 23 23 23 23 23

30,19 + %20,21 + 20,23 — T19,20 — 21,20 — £23,20

23 23 23 23

31,20 + T21,22 — £20,21 — T22,21

23 23 23 23

T22 21 + T332 23 — X371 ,22 — 23,22

23 23 23 23 23 23

323,11 T %2320 + 23,22 — T11,23 — 20,23 — 22,23

3 5 6 7 8 9 10 12 13 15 16 _19 20 22 23

T1,25%1,2,21,2,L1,2,%1,2,%1,2,%1,2,L1,2,L1,2,T1,2,L1,2,L1,2,L1,2,T1,2,T1,2
5 6 7 8 9 10 12 13 15 _16 _19 0 2 23

T2,15,%2,1,L2,1,L2,1,L2,1,%2,1,L2,1,L2,1,L2,1,T2,1,L2,1,L2,1,T2,1,L2,1,T2,1

3 5 6 7 8 9 10 12 13 15 16 _19 20 22 23

x1,3,%1,3,%1,3,%1,3,%1,3,%1,3,21,3,2L1,3,2L1,3,2L1,3,2L1,3,21,3,L1,3,L1,3,L1,3
5 6 7 8 9 10 12 13 15 16 _19 20 22 23

x3,1,%3,1,%3,1,%3,1,L3,1,L3,1,L3,1,L3,1,L3,1,L3,1,L3,1,L3,1,L3,1,L3,1,L3,1

3 5 6 7 8 9 10 12 13 15 16 19 20 _22 23

215,%1,5,21,5,%1,5,%1,5,%1,5,L1,5,L1,5,L1,5,L1,5,L1,5,2L1,5,L1,5,L1,5,L1,5
5 6 7 8 9 10 12 13 15 16 19 20 22 23

T5,1,L5,1,L5,15L5,1yL5,1,L5,1,L5,1yL5,1,L5,1,L5,1,L5,1,L5,1,L5,1,L5,1,L5,1

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T1,7,%L1,7, 21,7, 21,7, 21,7, L1,7, 21,7, L1,7, 1,7, L1,7, 1,7, L1,7, L1,7, L1,7, L1,7
5 6 7 8 9 10 12 13 15 16 19 20 22 23

T71,L71,L71,L71,L71,L71,L71,L71,L71,L71,L715L715,L7,1,L7,1,L7,1

3 5 6 7 8 9 10 12 13 _15 16 _19 20 22 23
T2.8,22,8;%2,8,L2,8;L2,8,L2,8;L2,8,L2,8;L2,8,T28;L28,T28;L28,L28,L238
5 6 7 8 9 10 12 13 _15 16 19 0 2 23

X8 2,xg,2,Lg,2,L8,2,L8,2,L82,L82,L8 2, L8 2, L8 2,Lg 2, L8 2, L8 2, L8 2, T2
3 5 6 7 8 9 10 12 13 15 16 _19 20 22 23
X29,%29,%2,9,L2,9,L29,L29,L29,L29,L29,L29,L29,L29,L29,L29,T29

5 6 7 8 9 10 12 13 15 16 _19 20 22 23
X9 2,%92,%92,L9 2,L92,L9 2,L92,L92,L92,L9 2,L9 2,9 2,L9 2,L9 2,Tg2

Il
I
_

Il
\
_

O O O O O O O o o o o o
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3 5 6 7 8 9 10 12 13 15 16 19 20 22 23
L3,4,L3,4,L3,4yL3,4yL3,4,L3,4,L3,4,L3,4,L34,L3.4,L34,L34,L34,L34,L34
5 6 7 8 9 10 12 13 15 16 19 20 22 23

L4,3,%4,3,L4,3)T4,3,%4,3,%4,3,T4,3,T4,3,L4,3,%4,3,L4,3,T4,3,T4,3,%43,T4,3

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T3,115 3,115 3,115 3,11, L3,11, 3,11, 3,11, L3,11, L3,115 £3,115 L3,115 L3,11, L3,11, 3,11, L3,11
5 6 7 8 9 10 12 13 15 16 19 20 22 23

Z11,3,%11,3, 211,35, %11,3,L11,3, 11,3, £11,3, £11,3, 11,35 11,35 11,35, 11,3, 11,3, L11,3, L11,3

3 5 6 7 8 9 100 12 13 15 16 _19 20 22 23
L45,L4,5,L4,5)L4,5,L4,5,L45,L4,5,L45,La5,La5,La5,Ta5,La5,L45,L45
5 6 7 8 9 10 12 13 15 16 _19 20 22 23
T5.4, 25,45 L5,4,L5,45L54, 5,45 L54,T5,4,L54,T5,4,L5,.4,T5,4,L5,4,T54,Ls5,4
3 5 6 7 8 9 10 12 13 15 16 _19 20 22 23
L4,6,24,65%4,6)L4,65L4,6,L4,65L4, 67 Ty, 67174 6> L4, 67564 6,24,65 334 67174 6>L4,6
6 7 8 9 10 13 16 19 20 23
556,47 X6,4,%6,4y%6,4,L6,45L6,4, 956,47 x6,47$6,47x6,47x6,47 X6,4, 1’6,47$6,4,$6,4
3 5 6 7 8 9 10 12 13 15 16 19 20 22 23
4,16y L4,165%4,165L4,165L4,165L4,165 24,165 L4,165L4,165L4,165 L4,165 L4,165 4,165 L4,165 L4,16
5 6 7 8 9 10 12 13 15 16 19 20 22 23
T16,4y 16,4, 16,4, 16,4, L16,45 L16,45 L16,45 L16,45 L16,45 16,45 L16,4> L16,4, L16,4, L16,45 L16,4

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T5,155 5,155 L5,155 L5,15, L5,15) 5,15, £5,15, L5,155 L5,155 L5,155 L5,155 L5,15, 5,15, L5,15, L5,15
5 6 7 8 9 10 12 13 15 16 19 20 22 23

T15,5,%15,5, 15,5, L15,5, L15,5, 15,5, L15,5, L15,5, L£15,5, L15,5, L15,5, L15,5, L15,5, L15,5, L15,5

3 5 6 7 8 9 10 12 13 _15 _16 _19 20 22 23
T6,8,L6,8yL6,8)L6,8)2L6,8,2L6,8,2L6,8)L6,8)L6,8)L6,8L6,8L6,8L6,8yL6,8yL6,8
5 6 7 8 9 1 12 13 15 16 _19 20 22 23

X8,6,L8,6,L8,6)L8,6)L8,6,L8,6,L8,6,L8,6,L8,6,L8,6L8,65L8,65L8,65L8,65L8,6

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T6,17,L6,17, L6,17, L6,175 L6,175 L6,175 L6,175 L6,175 L6,175 L6,175 L6,175 L6,175 L6,175 L6,175 L6,17
5 6 7 8 9 10 12 13 15 16 19 20 22 23

X176, 217,65 217,65 L17,6,L17,65L17,6,L17,65L17,6>L17,6>L17,65L17,6>L17,65L17,6>L17,65L17,6
3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T7115L7115%7,115 L7115 L7115 L7115 7,11, L7115 L7115 L7115 L7115 L7115 L7115 L7115 L7,11
5 6 7 8 9 10 12 13 15 16 19 20 22 23

T11,7,%11,7,%11,7, 11,7, 11,7, 11,7, 11,75 L11,75 L11,75 L11,75 L11,75 L11,75 L11,7, L11,7, 11,7

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

337 135 337 135 337 135 337 135 ﬂ?? 13, 27,13, 27,13, L7135 L7,135 L7,135 L7,13, L7,13, L7, 13,$7 137$7 13
10 12 13 15 16 19 20 22

1713 7 2713 7 2713 75 2713 7 3713 7»1"13 7»3013 7»3013 7,3013 7>$13 7>$13 7>$13 7>$13 773013 773013 7

3 5

8,105 8,10, xS,lOa 958,10, 908,10» 908,10» ms,lo» ‘TS,107 ‘TS,107 Is,lo» Is,m» Is,m» 908,10» 908,10» 908,10
5 6 7 8 9 10 12 13 15 16 19 20 22 23

Z10,8,210,8, 10,8, £10,8, £10,8, £10,8, £10,8, £10,8, £10,8, £10,85 £10,85 £10,85 £10,85 £10,85 £10,8

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T9,10, 9,10, £9,10, £9,10, £9,10, L9,10, £9,10, £9,10, L9,105 £9,105 £9,105 L9,105 L9,105 L9,105 L9,10
5 6 7 8 9 10 12 13 15 16 19 20 22 23

210,95, 210,95 £10,9, £10,9, £10,9, £10,9, £10,95 £10,9, £10,95 £10,95 £10,95 £10,95 £10,95 £10,95 £10,9
3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T9,12,%9,12, %912, L9,12, L9,12, L9,12, L9,12, L9,12, L9,12, L9,12, L9,12, L9,12, L9,12, L9,12, L9,12
5 6 7 8 9 10 12 13 15 16 19 20 22 23

T12,9,%12,9,%12,9,212,9,L12,9,L12,9,212,9,L12,9,L12,95L12,9,L12,9, L12,9, L12,9, L12,9, L12,9

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

210,185 210,185 L10,185 £10,185 L10,18, £10,185 £10,185 10,185 £10,185 £10,185 £10,185> £10,185 £10,185 £10,185 L10,18
5 6 7 8 9 10 12 13 15 16 19 20 22 23

218,105 £18,105 L18,105 £18,10, 18,105 18,105 18,10, £18,10, £18,10, £18,10, L18,105 L18,105 L18,105 L18,105 L18,10

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23
Z11,125 211,125 L11,125 L11,125 L11,125 L11,125 L11,12, L11,12, L11,12> T11,125 T11,125 T11,125 L11,125 11,125 L11,12
5 6 7 8 9 10 12 13 15 16 19 20 22 23
T12,115 12,115 12,115 12,11, L12,115, L12,11, L12,11, L12,11, L12,11, L12,11, L12,11, L12,11, T12,11, 12,115 12,11

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23
Z11,235 211,235 L11,235 11,23, L11,235 £11,235 £11,23, £11,23, £11,23, L11,23, L11,23, L11,23, L11,23, 11,235 11,23

5 6 7 8 9 10 12 13 15 16 19 20 22 23

X23,115 T23,115 L23,115 23,11, 23,11, L23,11, L23,11, £23,11, £23,11, £23,11, L23,11, L23,11, L23,11, L23,11, L23,11
3 5 6 7 8 9 10 12 13 15 16 19 20 22 2

212,195 212,195 212,195 L12,195 12,19, L12,19, £12,19, £12,19, £12,19, £12,19, 12,195 £12,19, 12,195 12,19, L12,19

5 6 7 8 9 10 12 13 15 16 19 20 22 23
219,125219,125 219,125 L19,125 L19,12, L19,125, L19,12, £19,12, £19,12, £19,12, £19,125 £19,125 L19,125 L19,125 L19,12

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23
L13,14>L13,14> L13,14> L13,14, 13,14, 13,145 13,14 L13,14> L13,14> L13,14, L13,14> L13,14> L13,14> L13,14, L13,14
5 6 7 8 9 10 12 13 15 16 19 20 22 23
5514 13, $14 13»9614 137$14 1375514 13, 3314 13»3314 137$14 1373514 13, 3714 13»3314 137$14 1373514 13, 3714 135 3314 13

9?13,227 $13,22> 9513,227 3013,22’ 5513,227 $13,22» $13,227 3013,227 5513,227 $13,22» 3713,227 3013,227 I13,227 $13,22, 3713,22

5 6 7 8 9 10 12 13 15 16 19 20 22 23

T22,135 L22,135 L22,13, 22,13, 22,13, £22,13, L22,13, £22,13, £22,13, £22,13, £22,13, £22,13, L22,13, L22,13, 22,13
3 5 6 7 8 9 10 12 13 15 16 19 20 22 23

T14,155 L14,155 14,155 14,15, L14,15, L14,15, L14,15, L14,15, L14,15, L14,15, L14,15, 14,15, L14,15, 14,15, L14,15

5 6 7 8 9 10 12 13 15 16 19 20 22 23

T15,14>T15,145 L15,14, L15,14, 15,14, L15,145 L15,14» L15,14, L15,14, L15,14, L15,14, L15,14, L15,14, L15,14, 15,14
3 5 6 7 8 9 10 12 13 15 16 19 20 22 2

Z15,165 215,165 L15,165 L15,16) L15,16, L15,165 L15,165 £15,165 L15,16, 15,165 15,16 15,165 L15,16, L15,165 L15,16

5 6 7 8 9 10 12 13 15 16 19 20 22 23
Z16,155 16,15, L16,15, L16,15, 16,15, L16,155 L16, 1575516 155 216,155 £16,155 £16,155 £16,15, £16,155 3316 155 216,15

3 5 6 7 8 9 10 13 15 16 19 20 23
216,175 16,175 L16,17, L16,17) L16,17) 16,175 L16, 1771"16 17, 216,17, £16,17) 16,17, £16,17) L16,17)» 1’16 17, L16,17

5 6 7 8 9 10 12 13 15 16 19 20 22 23
Z17,165L17,165L17,165 L17,165 L17,165 17,165 L17, 167~T17 165,217,165 L17,165 17,165 L17,16) L17,16» 3317 165 L17,16

3 5 6 7 8 9 10 13 15 16 19 20 23
218,195 218,195 118,195 118,19, 18,19, £18,195 L18,19> $18,197 218,195 118,195 L18,195L18,19, 18,19, 3718,197 T18,19

5 6 7 8 9 10 12 13 15 16 19 20 22 23
T19,185 J319 1s>$19 1875019 185 19,18 3319 185,219,185 L19,18, £19,18, £19,18, £19,18, £19,18, £19,185 £19,185 L19,18
3 8 10 12 13 15 16 19 20 22 23
Z19,205 9919 205 9519 205 9019 205 £19,205 3319 205 £19,205 19,205 £19,205 £19,205 £19,205 £19,205 £19,205 £19,20, 19,20

5 6 7 8 9 10 12 13 15 16 19 20 22 23

220,195 £20,195 20,195 20,195 £20,195 £20,195 £20,195 £20,195 £20,19, £20,19, £20,195 20,195 20,195 20,195 20,19
3 5 6 7 8 9 10 12 13 15 16 19 20 22 2

Z20,215 £20,215 £20,215 20,215 20,215 20,215 £20,21, £20,21, £20,21, £20,21, £20,215 £20,215 £20,21 £20,215 £20,21

IV IV IV IV IVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIVIV

O O O O O O O O O O O O O O O O O © O O O O O O O O O O O oo O o oo oo o oo oo oo ooooo oo oo

12



ISyE 4803 - Fall 2009

5 6 7 8 9 10 12 13 15 16 19 20 22 23
T21,205, T21,205 £21,205 £21,205 21,205 21,205 21,205 21,20, 21,205 £21,205 £21,205, £21,205, £21,20, 21,20, £21,20

3 5 6 7 8 9 10 12 13 15 16 19 20 22 23
T20,235 £20,235 £20,235 £20,23, 20,23, 20,23, 20,235 20,235 £20,23, £20,235 £20,235 £20,235 £20,235 £20,235 £20,23

5 6 7 8 9 10 12 13 15 16 19 20 22 23
T23,205 L23,205 23,205 23,205 23,205 £23,205, £23,20, £23,20, £23,20, £23,20, £23,20, 23,205 23,205 23,205 23,20
3 5 6 7 8 9 10 12 13 15 16 19 20 22 23
T21,22; £21,225 21,22, 21,22, L21,22, L21,22, L21,22, L21,22, £21,22, L21,22, L21,22, T21,22, L21,22, 21,22, 21,22

5 6 7 8 9 10 12 13 15 16 19 20 22 23
T22,215 L22,215 22,21, 22,21, 22,21, L22,21, L22,21, L22,21, L22,21, L22,21, L2221, L22,21, L22,21, 22,21, 22,21
3 5 6 7 8 9 10 12 13 15 16 19 20 22 2
T22,23, L22,23; 22,23, 22,23, L22,23, L22,23, L22,23, £22,23, £22,23, L22,23, L2223, L22,23, L22,23, 22,23, 22,23

5 6 7 8 9 10 12 13 15 16 19 20 22 23
X23,22, L23,22, L2322, L2322, £23,22, £23,22, L23,22, L2322, L23,22, T23,22, L23,22, 23,22, L23,22, 23,22, L2322

IV IV IV IV IV IV IV

o O O O o o o

13

The solution to this formulation yields the shortest path trees into (out of) all odd degree nodes, which
enable us to compute the shortest path distances between each pair of odd degree nodes.
For odd degree nodes i,j € O, let {;; denote the shortest path distance between i and j, as given in

Node 2 3 ) 6 7 8 9| 10| 12| 13| 15| 16| 19| 20| 22| 23
2 0| 74 65| 68| 75| 33| 37| 69| 52| 98| 86 | 108 | 91 | 116 | 116 | 121
3| 74 0| 49| 78| 589|107 | 75113 | 60| 82| 70| 76| 99| 87| 89| 47
5| 65| 49 0| 65| 50| 98| 102|134 109 | 56 | 21| 45| 138|113 | 74| 96
6| 68| 78| 65 0115 ] 35105 | 71| 120 | 99| 64| 40| 104 | 129 | 117 | 125
7T 75| 59| 50| 115 0108 99137 | 84| 23| 58| 82 | 105 | 80| 41| 71
8| 331107 | 98| 35| 108 0| 70 36| 8 | 131 | 99| 75| 69| 94| 133 | 134
9| 37| 75102 |105| 99| 70 0| 38| 15122 | 123 | 145 | 54| 79| 118 | &4

10| 69| 113 | 134 | 71| 137 | 36| 38 0| 53 | 115|135 | 111 | 33| 58| 97| 98
12 52| 60109 | 120 | 84| 8 | 15| 53 0| 107|130 | 136 | 39| 64| 103 | 69
13 98| 82| 56| 99| 23| 131|122 | 115 | 107 0| 35| 59| 82| 57| 18| 60
15 8 | 70| 21| 64| 58| 99| 123 | 135|130 | 35 0| 24117 | 92| 53| 95
16 | 108 | 76| 45| 40| 82| 75| 145|111 | 136 | 59 | 24 0] 141 | 116 | 77| 119
19 91| 99| 138|104 | 105 | 69| 54| 33| 39| 82| 117 | 141 0| 25| 64| 65
20| 116 | 87 | 113|129 | 80| 94| 79| 58| 64| 57| 92| 116 | 25 0] 39| 40
22| 116 | 8| 74| 117 | 41 | 133 | 118 | 97 | 103 | 18| 53 | 77| 64| 39 0| 42
23121 | 47| 96 | 125 | 71| 134 | 84| 98| 69| 60| 95| 119 | 65| 40| 42 0

Table 1: Shortest path distances between each pair of odd degree nodes.

Table 1. Next we formulate a matching problem to find the least cost matching of odd degree nodes.

Decision variables:
1 if we match ¢ and j (duplicate the edges on the shortest path between i and 7)

Let Zij =

0 o/w
Then the formulation of the problem is as follows:
min 2oico 2je0,j>i lijzij
s.t.
Z{jEO:j<z’} Zji + Z{jeO:j>i} zij = 1 VieO

With the

zi; € {0,1} Vi, j€O, i<y
given data, the formulation is

min {74223 + 65225 + 68226 + 7522,7 + 3322,8 + 3722,9 + 6922,10 + 5222,12
4982213 + 862215 + 10822,16 + 9122,19 + 11622 20 + 11622 22 + 12122 23 + 4923 5
+78%23,6 + 5923,7 + 107238 + 7523,9 + 11323,10 + 6023,12 + 8223,13 + 7023,15
+7623,16 + 9923,19 + 8723,20 + 8923,220 + 4723 23 + 6525,6 + 5025,7 + 98258
+10225,9 + 13425,10 + 10925,12 4+ 5625,13 + 2125,15 + 4525,16 + 13825,19 + 11325 20
+7425,22 + 962523 + 11526,7 + 3526,8 + 10526,9 + T126,10 + 12026,12 + 9926,13
+6426,15 + 4026,16 + 10426,190 + 12926,20 + 11726,22 + 12526,23 + 108278 + 99279



ISyE 4803 - Fall 2009

41372710 + 8427,12 + 2327,13 + 5827,15 + 8227,16 + 1052719 + 802720 + 4127 22
4712723 + 70289 + 36258,10 + 8528,12 + 13128,13 + 9925,15 + 7528,16 + 6928,19
49428 20 + 13328,22 + 13428 23 + 3829,10 + 1529,12 + 1222913 + 1232915 + 14529,16
+5429,19 + 7929, 20 + 11829 22 + 842923 + 53210,12 + 115210,13 + 135210,15 + 111210,16
+33210,19 + 58210,20 + 97210,22 + 98210,23 + 10721213 + 130212,15 + 136212,16 + 39212,19
46421220 + 103212,22 + 6921223 + 35213,15 + 99213,16 + 82213,19 + 57213,20 + 1821322
460213,23 + 2421516 + 117215,19 + 92215,20 + 53215,22 + 9521523 + 141216,19 + 116216,20
+77z16,22 + 119216,23 + 25219,20 + 64219,22 + 65219,23 + 39220,22 + 4022023 + 4222223}
s.t. 22,3+ 22,5 + 22,6 + 22,7 + 22,8 + 22,9 + 22,10 + 22,12
422,13 + 22,15 + 22,16 + 22,19 + 22,20 + 22,22 + 2223 = 1
22,3 + 23,5 + 23,6 + 23,7 + 23,8 + 23,9 + 23,10 + 23,12
423,13 + 23,15 + 23,16 + 23,19 + 23,20 + 23,22 + 2323 = 1
225+ 235 + 256 + 25,7 + 25,8 + 25,9 + 25,10 + 25,12
425,13 + 25,15 + 25,16 + 25,19 + 25,20 + 25,22 + 2523 = 1
z2,6 + 236 + 25,6 + 26,7 + 26,8 + 26,9 + 26,10 + 26,12
426,13 + 26,15 + 26,16 + 26,19 + 26,20 + 26,22 + 26,23 = 1
zo7 + 237+ 25,7+ 26,7 + 27,8 + 27,9 + 27,10 + 27,12
427,13 + 27,15 + 27,16 + 27,19 + 27,20 + 2722 + 2723 = 1
22,8 + 23,8 + 258 + 26,8 + 27,8 + 28,9 + 28,10 + 28,12
428,13 + 28,15 + 28,16 + 28,19 + 28,20 + 28,22 + 2823 = 1
22,0 + 23,9 + 25,9 + 26,9 + 27,9 + 28,9 + 29,10 + 29,12
+29,13 + 29,15 + 29,16 + 29,19 + 29,20 + 29,22 + 2923 = 1
22,10 + 23,10 + 25,10 + 26,10 + 27,10 + 28,10 + 29,10 + 210,12
+210,13 + 210,15 + 210,16 + 210,19 + 210,20 + 210,22 + 210,23 = 1
Zz2,12 + 23,12 + 25,12 + Z6,12 + 27,12 + 28,12 + 29,12 + Z10,12
+212,13 + 212,15 + 212,16 + 212,19 + 212,20 + 212,22 + 21223 = 1
22,13 + 23,13 + 25,13 + Z6,13 + 27,13 + 28,13 + 29,13 + 210,13
+212,13 + 213,15 + 213,16 + 213,19 + 213,20 + 213,22 + 213,23 = 1
22,15 + 23,15 + 25,15 + Z6,15 + 27,15 + 28,15 + 29,15 + 210,15
+212,15 + 213,15 + 215,16 + 215,19 + 215,20 + 215,22 + 21523 = 1
22,16 + 23,16 + 25,16 + 26,16 + 27,16 + 28,16 + 29,16 + 210,16
+2z12,16 + 213,16 + 215,16 + 216,19 + 216,20 + 216,22 + 216,23 = 1
22,19 + 23,19 + 25,19 + 26,19 + 27,19 + 28,19 + 29,19 + 210,19
+2z12,19 + 213,19 + 215,19 + 216,19 + 219,20 + 219,22 + 219,23 = 1
22,20 + 23,20 + 25,20 + Z6,20 + 27,20 + 28,20 + 29,20 + 210,20
+212,20 + 213,20 + 215,20 + 216,20 + 219,20 + 220,22 + 220,23 = 1
22,22 + 23,22 + 25,22 + Z6,22 + 27,22 + 28,22 + 29,22 + 210,22
+212,22 + 213,22 + 215,22 + 216,22 + 219,22 + 220,22 + 22223 = 1
22,23 + 23,23 + 25,23 + 26,23 + 27,23 + 28,23 + 29,23 + 210,23
+212,23 + 213,23 + 215,23 + 216,23 + 219,23 + 220,23 + 22223 = 1
{o,1}
{o,1}
{0,1}
{o,1}
{o,1}
{0,1}
{0,1}
{0,1}

22,3,%2,5,%2,6, 22,7, 22,8, 22,9, 22,10, 22,12, 22,13, 22,15, 22,16, 22,19, 22,20, 22,22, 22,23, 3,5

23,6, 23,7, 23,8, 23,9, 23,10, 23,12, 23,13, 23,15, 23,16, £3,19, 23,20, £3,22, 23,23, 25,6, 25,7, 25,8

25,9, 25,10, 25,12, 25,13, 25,15, 25,16, 25,19, 25,20, 25,22, 25,23, 26,7, 26,8, 26,9, 26,10, 26,12, 26,13

26,15, 26,16, 26,19, 26,20, 26,22, 26,23, 27,8, 27,9, 27,10, 27,12, 27,13, 27,15, 27,16, 27,19, 27,20, 27,22

27,23, 28,9, 28,10, 28,12, 28,13, 28,15, 28,16, 8,19, 28,20, 28,22, 28,23, 29,10, 29,12, 29,13, 29,15, 29,16

29,19, 29,20, 29,22, 29,23, 210,12, 210,13, 210,15, 210,16, 210,19, 210,20, 210,22, 210,23, £12,13, 12,15, 12,16, 212,19

212,20, 212,22, 212,23, 213,15, 213,16, 213,19, 213,20, 213,22, 213,23, 215,165 215,19, 215,20, 215,22, £15,23, 216,19, 216,20

M M M M M M M M

216,22, 216,23, 219,20, 219,22, 219,23, 220,22, 220,23, 222,23
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The optimal solution is 23 = 1, 2393 = 1, 2515 = 1, 2§16 = 1, 2713 = 1, 2510 = 1, 29919 = 1, 23990 = 1,
all other z7; = 0, that is, it is optimal to duplicate the edges on the shortest paths between 2 and 8, 3 and
23, 5 and 15, 6 and 16, 7 and 13, 9 and 12, 10 and 19, and 20 and 22.

Thus we duplicate the edges on 2-8, 3—-11-23, 5-15, 6-17-16, 7-13, 9-12, 10-18-19, and 20-21-22.

An Euler tour on the new augmented network can be obtained with the depth first procedure covered in
class.

An Optimal Euler tour=1-2-8-6-4-3-1-7-13-14-15-5-4-16-17-6-17-16 - 15
-5-1-3-11-23-22-21-20-19-12-9-10-18-19-18-10-8-2-9-12—-11-23-20—
21-22-13-7-1

Optimal Cost = 1220
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Problem 2

The following network represents the network of one way streets in some city. These streets have to be
cleared each time it snows. Streets are cleared by a specially equipped snowplow that cruises along the
streets, scraping the snow to the sides. The snowplow can cruise along the streets only in the designated
directions. The cost of operating the snowplowing service (including the cost of the plow, fuel and crew)
is represented by costs on the edges of the network. Design a snowplowing tour for the plow that will tra-
verse each street at least once, that will return the plow to its origin (plowhouse), and that will incur the
minimum total cost. As a first step to designing plow routes, consider the case with a single snowplow, and
ignore other constraints such as turn constraints at intersections, and route duration constraints. Write a
complete LP formulation, explicitly with all applicable data values, of all problems you solve. (Hint: Use
an LP solver of your choice, such as LINDO, GAMS, CPlex, XPRESS-MP, AIMMS, AMPL, to solve the
optimization problems encountered along the way.) (25)
Answer: Let N ={1,2,...,23} denote the set of nodes. Let A = {(1,2), (1,3), (5,1), (1,7),(2,8),(2,9), (3,4),
(3,11),(4,5),(6,4), (4, 16), (5, 15),(6,8),(17,6),(7,11),(7,13), (8,10), (9, 10), (9, 12), (10, 18), (11,12), (11, 23), (12, 19),
(13,14),(22,13), (14, 15), (15, 16), (16,17), (18, 19), (19, 20), (20, 21), (20, 23), (21,22), (23,22)} denote the set
of arcs. Let G = (N, A) denote the given directed network.

Let ¢;; denote the cost associated with arc (3, j).

For each node 7 € N, let d; denote the degree of ¢ = outdegree - indegree of node 3.

The first problem is to determine how many additional times (in addition to the requirement of at least
one traversal) to traverse each arc to obtain a balanced network with minimum cost. Decision variables:
Let z;; denote the number of additional times to traverse arc (i, ).

Then the formulation of the problem is as follows:

min Z(i,j)eA cijxij
S.t.

2{jEN : (ji)eA} Tji — L{jeN: (ij)eA} Tij =
;g = 0 v (i,j) € A
With the given data, the formulation is

min {45z 2 + 29213 + 20251 + 3021 7 + 33228 + 3729
+44x3 4 + 192311 + 31wy 5 + 3476 4 + 327416 + 212515
+35x6,8 + 14w17,6 + 432711 + 2327,13 + 3628,10 + 3879 10
+1529 12 + 16210,18 + 4121112 + 28711,23 + 39712,19 + 22713 14
+18xa2.13 + 13w14,15 + 2421516 + 26216,17 + 1721819 + 2521920
+27290,21 + 4022023 + 12221 22 + 42293 22}

s.t. 51— T12 —T13—T17 = 2
Ti2 —Tag8 —T29 = 1
r13—x34— 2311 = 1
T34+ Tea — Tas — T416 = O
Tas5 — X511 — 515 = 1
176 — Te4 — Teg = 1
T17 — 2711 — 273 = 1
28+ Tes —xg10 = —1
Tog9 — T9,10 — Tg912 = 1
78,10 + T9,10 — T10,18 = —1
r311 + 2711 — T11,12 — T11,23 = O

912 + 11,02 — T12,19 = —1
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T7,13 + %2213 —T1304 = —1
1304 — T1415 = 0
515 + T14,15 — 1516 = —1
4,16 + 21516 — T16,17 = —1
T16,17 — T17,6 =
T10,18 — T18,19 =
T12,19 + T18,19 — T1920 = —1
219,20 — T20,21 — L2023 = 1
T20,21 —T2122 = O
T21,22 + XT2322 — 2213 = —1
T11,23 +T20,23 — T2322 = —1
12,213,251, T1,7, 12,8, L29, T34, 23,11, L45 = 0
T6,45 T4,16, T5,155 £6,8, L17,6, L7,11, £7,13, £8,10, L9,10 = 0
29,12, 10,18, 11,12, 11,23, 12,19, £13,14, £22,23, 14,15, 15,16 > 0
%16,17, £18,19, 19,20, 20,21, 20,23, £21,22, L2322 > 0

The optimal solution is 275 = 2, 273 = 1, 25, =6, 277, = 1, 259 = 1, 25 =7, 254 = 7, Ti745 = 8,
rg10 = L Tlo1s = 2, #1219 = 1, #1314 = 6, T913 = 9, ¥1y15 = 6, 27516 = 7, 7617 = 8, 1g19 = 2,
Tig 00 = 4, T3091 = 3, L3120 = 3, T390 = 1, all other 27 ; = 0. This gives the number of additional times
(in addition to the requirement of at least one traversal) to traverse each arc to obtain a balanced network
with minimum cost. An Euler tour on the new augmented network can be obtained with the depth first
procedure covered in class.

An Optimal Euler tour=1-2-8-10-18-19-20-21-22-13-14-15-16-17-6 -8 - 10 - 18
-19-20-23-22-13-14-15-16-17-6-4-16-17-6-4-5-15-16-17-6-4-5-1-2
-9-12-19-20-21-22-13-14-15-16-17-6-4-5-1-2-9-10-18-19-20 - 21 — 22 —
13-14-15-16-17-6-4-1-3-11-12-19-20-21-22-13-14-15-16-17T-6-4-5-1
-3-4-5-1-7-11-23-22-13-14-15-16-17-6-4-5-1-7-13-14-15-16 - 17 -6 —
4-5-1

Optimal Cost = 2918



