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Abstract

Motivation: Time course gene expression experiments have proved valuable in a va-
riety of biological studies (e.g., Chuang et al., 2002; Edwards et al., 2003). A general
goal common to many of these time course experiments is to identify genes that ex-
hibit different temporal expression profiles across multiple biological conditions. Such
experiments are, however, often hampered by the lack of data analytical tools. It is our
goal of the current paper to develop a rigorous yet flexible statistical method applicable
in a wide range of time course experiments.

Results: Taking advantage of the great flexibility of Gaussian processes, we propose a
statistical framework for modelling time course gene expression data. It can be applied
to both long and short time series and also allows for multiple differential expression
patterns. The method can identify a gene’s temporal differential expression pattern
as well as estimate the expression trajectory. The utility of the method is illustrated
on both simulations and an experiment concerning the relationship between longevity
and the ability to resist oxidative stress.

Supplementary Information: The R-package for the proposed approach will be
released at http://www.isye.gatech.edu/ myuan/YuanBio.html

Contact: myuanQisye.gatech.edu

1 Introduction

Time course gene expression experiments monitor simultaneously individual markers in mul-

tiple samples over time, and hence allow for not only a snapshot of the activity in the cell,



but also the temporal relationships among different genes. Such experiments have proved
to be a valuable tool in a variety of biological studies (Edwards et al., 2003). A general
goal common to many of these time course experiments is to collect gene expression time
series in multiple biological conditions such as different cancer tumor types or different treat-
ments, and identify genes that exhibit different temporal expression profiles across multiple
biological conditions.

In contrast to the rich literature on how to analyze gene expression data under a single
time point (Parmigiani et al., 2003), few methods are available to identify temporally differ-
entially expressed genes. Early statistical approaches are largely based on linear regression
or two-way analysis of variance (ANOVA) (Guo et al., 2003; Xu, Olson and Zhao, 2003).
These methods often suffered from the problem of low sensitivity due to the limited number
of replicates in most time course experiments (Park et al., 2003).

Yuan and Kendziorski (2003) pointed out that more power could be gained if the temporal
dependence is appropriately taken into account. They proposed a hidden Markov modelling
(HMM) framework to efficiently identify differentially expressed genes at each time point and
classify genes based on their temporal expression patterns. HMM is applicable for comparing
two or more biological conditions and can be applied to both short and long time series. By
directly targeting the relationship among expression profiles under different conditions, the
method not only identifies genes that have different expression profiles across conditions, but
also pinpoints when such difference in expression occurs.

In many time course gene expression studies, the expression trajectory under each con-
dition is also of great interest. This is especially true when one wants to infer the expression
profile between sampling time points. In such cases, one may want to model the temporal
expression profile under individual conditions. Hong and Li (2004) proposed to model the
profile as a linear combination of several B-spline basis functions. Genes that have different
trajectories across different conditions are identified through the inference on the linear coef-
ficients. The model fitting and empirical Bayes inferences are carried out by a Monte Carlo
EM algorithm. Alternatively, Storey et al. (2004) modelled the gene specific expression
profile using splines and a random scalar is introduced to specify the condition dependent
variation. The inference on a gene’s differential expression pattern is based on hypothesis

testing of the variance component.



Clearly, HMM and methods based on modelling individual expression profiles each has
their own appeal depending on the experiment setup and goal. HMM provides flexible
inference tools for the gene expression level at the sampling points but does not provide
information on the expression profile between time points. The inferences that profile-
modelling based methods can make are more limited, but they yield better description of
the expression trajectory under each condition.

Similar to Hong and Li (2004) and Storey et al. (2004), the method proposed in this paper
is based on modelling the expression profiles and is useful when expression level between time
points is of interest. Both of the existing profile-modelling based approaches have their limits
when it comes to more than two conditions. Hong and Li’s approach can only be applied to
two conditions. Although Storey et al.’s approach can handle more than two conditions, it
can only classify genes into two patterns depending on whether it is equivalently expressed
across all conditions or not.

To elaborate on this, consider the aging experiment from Edwards et al. (2003). The
experiment was designed to better understand the genetic basis underlying the relationship
between longevity and the ability to resist oxidative stress as we shall discuss in detail
later. After stress induction, the investigators monitored the gene expression level for young,
middle-aged and old mice at 5 different time points. There are no natural ways of applying
Hong and Li’s approach to compare the three age groups. Storey et al.’s approach can tell
us which genes are not equivalently expressed across all three groups. But it can not provide
information on whether or not the differential expression occurs only for one group. For
example, one gene may be suppressed only for aged group; another gene may be more active
only for young group. Storey et al.’s approach will not be able to tell the difference between
the two. Furthermore, the validity of both existing profile-modelling methods is questionable
with such a small number of time points.

Taking advantage of the flexibility of Gaussian processes, the approach proposed here
overcomes these problems. It can be applied to both long and short time series and also allows
for multiple differential expression patterns. The main objective of time course experiment
is to make inference regarding functions that represent temporal expression profiles. In
contrast to the traditional approaches that model the functions in a parametric form, the

main idea of our modelling strategy is to view it as a sample from the space of functions.



Any inference regarding the profile then takes place directly in function space.

The rest of the paper is organized as follows. In Section 2, we described a Gaussian
process approach to model the gene expression profiles. Inferences based on the proposed
model are discussed in Section 3. The utility of the proposed method is illustrated by both
simulations and a real case study in Sections 4 and 5 respectively. We conclude with some

discussions in Section 6.

2 Gaussian Process Model

We assume that some preprocessing technique has been applied to adequately normalize
the data so that the measurements reflect the true underlying gene expression. The general
data structure of many time course microarray experiments is as follows. There are multiple
biological conditions; and for each condition, there are expression measurements taken over
a set of time points. Often times, replicate measurements are obtained under different
biological conditions at each time point.

Consider gene g under condition c. Suppose that ng., replicate expression intensities
for gene g are taken at possibly condition-dependent time point t.,,, where m = 1,..., M.
Denote Zgem = (Tgemi, - - - ,xgcmngcm) the log transformed intensity measurements. These
measurements are noisy observations of the true underlying temporal gene expression pro-
file, denoted by (), sampled at discrete time points ¢ = t.1,...,t.s. Specifically, the

observational model could be described as

Lgemr = ,ugc(tcm) + €gemr (1)

where €,.. ~ N(0,X) represents the measurement error. The actual experiment design
determines the modelling of variance-covariance matrix ¥. In many studies, replicate mea-
surements are taken for different subjects. In these applications, it is reasonable to model
the measurement errors as independent variables, i.e., ¥ = ¢2I. In some other studies,
however, expression measurements are taken from the same subjects repeatedly. To account
for the structure of repeated measurements, one needs to model the correlation among the
measurement errors. Detailed discussion on this aspect is beyond the scope of this paper and
the interested readers are referred to Heagerty, Liang, Zeger and Diggle (2004) for common

modelling strategies of 3.



The main challenge is how to model the true gene expression profile described by the
function p,.(-). Hong and Li (2004), among others, propose to model it as a linear combina-
tion of a finite set of B-spline basis functions. The rationale behind this modelling approach
is the assumption that the temporal process evolves possibly nonlinearly but smoothly and
this smoothness is governed by the number of basis functions used in modelling j4.. How
well the profile can be approximated heavily depends on the number of basis functions and
their respective locations. Unfortunately, the selection of basis functions, most of the time,
can only be done on a case-to-case basis. A flexible alternative to the B-spline approach is
to view f14.(+) as a realization of a Gaussian process.

Although Gaussian process is routinely used in time series and spatial statistics, it may
be less familiar to readers whose main interests are in gene expression analysis. For complete-
ness, we first review some necessary concepts of Gaussian processes and covariance functions
before proceed. Interested readers are referred to Cressie (1993) or Stein (1999) for more
details.

The idea of Gaussian process modelling is, without parametrizing a function, to view
it as a sample from the space of functions. A Gaussian process defines a distribution over
functions. It can be thought of as the generalization of a multivariate normal distribution
over a finite vector space to a function space of infinite dimension. Different from parametric
approaches such as the one used by Hong and Li (2004) where inferences about a function is
made via the inference on the linear coefficients, any inference regarding the function takes
place directly in function space with Gaussian process modelling.

A Gaussian process Z(t) is a stochastic process whose finite dimensional distribution
is multivariate normal for every n and every collection {Z(t1), Z(t2),..., Z(t,)}. Similar to
the multivariate normal distribution, Gaussian processes are specified by their mean function

E(Z(t)) and covariance function
cov(Z(t:), Z(t;)) = K(ti, 1;)- (2)

Just as a covariance matrix must be positive definite, a covariance function must also be

positive definite in the sense that for every n >0, t1,...,t, and z1,..., 2,
> Kt ty) 20, (3)
ij=1

where the equality holds if and only if 2; = ... = 2z, = 0. For a stationary Gaussian process,



K(t1,t) is a function of t; —ty. We write K (t1,t9) = K(t; —t3). One of the most commonly
used covariance functions is the Gaussian covariance function:

M)

2K2

K(t,ty) = T exp <— (4)

Gaussian processes with such covariance function are infinitely mean square differentiable
and therefore especially appropriate for modelling functions that are known a priori to be
smooth.

Now consider the true expression profile ji,.(-) for gene ¢ under condition c¢. We view
fge(+) as a realization of a Gaussian process with mean function p(-) and covariance function
K(-,-). We further model the mean function po(-) as a linear combination of a set of known

basis functions {¢,(+)}: )
MO(t> = Zlau¢u(t> (5>

Common choices of basis functions {¢,(-)} include prespecified B-spline basis functions or
low order polynomials.

The primary goal of the time course experiment with multiple conditions is to make
inferences concerning relationships among profiles from different conditions, denoted by
gl, - - - [gc, based on the observed expression measurements. Any two profiles pg., and
[tge, can either be equivalently expressed, i.e., g, = ftge, Or differentially expressed, i.e.,
g, 7 Mgeo- This type of comparison between profiles can be naturally extended to more
than two conditions. For example, in the aging experiment mentioned earlier, there are
three conditions: aged, middle-aged and young. Correspondingly, there are three expression

profiles ftg aged, tg,middie a0 [4g young, and the potential expression patterns include

Hy:  lgaged = Mgmiddle = Hg,young (6)
Hy '  pgaged 7 Hgmiddie = Fg,young (7)
Hs : Mg middle # Hg,aged = Hg,young (8)
Hy: Hg.young # Hg,aged = Mg middle (9)
Hs:  pigaged # g middie 7 Hgyoung- (10)

More generally, the number of all possible patterns as a function of the number of conditions

C' is equal to the Bell exponential number of possible set partitions. Such classification of



differential expression patterns is natural for comparing multiple conditions (Kendziorski et
al., 2003; Yuan and Kendziorski, 2003). For a gene equivalently expressed under conditions ¢;
and cg, ftge, = [ige, 1S One realization of a Gaussian process; and for a differentially expressed
gene where ftge, # figc,, We assume that both pi,., and fi,., are two independent realizations

of the same Gaussian process.

3 Inferences

There are two most important questions in time course experiments. First, one wants to
identify a gene’s differential expression pattern. Second, we are also interested in estimating
the temporal expression profile. The first goal can be achieved by gauging the posterior
probabilities for the possible patterns. The second task can be fulfilled by exploring the
posterior distribution in the function space. To fix ideas, in the following, we will assume
that po(-) = ap is a constant function and K (-, -) is a Gaussian covariance function known

2

up to parameters 72 and x2. The discussion should, however, be easily extended to more

general setup.

3.1 Expression Pattern

Denote K the number of distinct patterns of expression under investigation. For pattern Hy,
let (k) be the number of distinct temporal profiles among 41, . . ., fgc. Conditions 1,...,C
can be divided into r(k) exclusive subsets S;,i = 1,...,r(k), with conditions from S; sharing

the same profile. For example, in the aging experiment,

r(l)=1 S1 = {aged, middle — aged, young}

r(2) =2 S1 = {aged}, Sy = {middle — aged, young}

r(3) =2 S1 = {middle — aged}, Sy = {aged, young}

r(4) =2 Sy = {young}, Sy = {aged, middle — aged}

r(5) =3 S1 = {aged}, S = {middle — aged}, S3= {young}

For a gene g with pattern Hj, the marginal distribution of z,.. can be expressed as
fe(zg.) = i f(x4s,..) where z,.. is the vector of all measurements taken for gene g, x,g,..

is the vector of all measurements taken under conditions within S; for gene g, and f(zs,..)

7



is its marginal distribution. fi(z,..) can be derived in closed-form and therefore allows for
fast computation. Details are provided in the appendix. Let 7 be the prior probabilities for
the hypotheses Hy, k = 1,..., K. Applying the Bayes Theorem, the posterior probabilities
for the hypothesis are

T fr(Tg...)
mfi(zg.) + ...+ T fr(z4.)

Once the posterior probabilities defined in (11) are obtained, inferences can be made

(11)

based on these quantities. For example, under 0-1 loss, we shall assign gene g to an expres-
sion pattern with the highest posterior probability (Berger, 1985). Certainly, in practice,
other thresholds might also be used to give more conservative lists of potential differentially
expressed genes. A natural question is how to measure the effectiveness of a cutoff proba-
bility . The false discovery rate (FDR) introduced by Benjamini and Hochberg (1995) is a
common criterion in the multiple testing setup. In the current context, when claiming that
a gene has pattern Hy, it can be interpreted as P(a gene has pattern other than Hy | the
posterior probability that it has pattern Hy > (). Simple mathematical derivation leads to
the following estimate of the false discovery rate (Newton et al. 2004):

> g P(Hylzg. )¢ (1 — P(Hg|xg..))

FDRy =
k card{g : P(Hg|z,..) > (}

(12)

Using (12), we can estimate FDR for a specific cutoff (, i.e. { = 0.5. Alternatively, for a
given FDR level, i.e. FDR = 0.05, we can also identify a cutoff ( which leads to the most
powerful list of genes with FDR controlled at the given level.

3.2 Expression Profile

In order to recover the expression trajectory, we should be able to make inferences about
ge(to) for any time point ¢y. Clearly, the estimating procedure of ji4.(t9) depends on the ex-
pression pattern. To avoid propagating the pattern identification error in estimating 1i4.(¢o),
it is often of interest to estimate it using only the observations obtained under condition c,

Tge... Let fige. be a ng X 1 vector representing the true expression levels corresponding to

Tge... Clearly (j14c(to), 7,,..)" follows a multivariate normal distribution:

(T 2 s
/’LQ ( 0) NN a01n9c+1’ to

(13)
Tge.. s, V+E



where s, = cov(fge(to), fige..) and V' = var(fig...). Therefore,

ge(to)|ge. ~ N (ao + 8t (V 4+ ) Nge. — aply,, ), 7° — 84 (V + 2>_1820) (14)

From (14), a natural estimate of ju4.(fo) is its conditional mean:
ﬁgc(to) =qp+ stO(V + 2>_1(l’gc.. — Oé()].ngc>. (15)

Furthermore one could also construct the so-called Bayesian confidence interval (Wahba,
1990) for jigc(tp) using (14). In particular, the 1 — ¢ Bayesian confidence interval for pi,.(¢o)

1S

(ﬁgc(to) 2oy /7E = s (V + 2)—1540) (16)

where z/5 is the (/2 critical value of the standard normal distribution.

3.3 Model Fitting

In the discussion above, we assume that parameters such as o, 72, k2, m,...,mx and as
are all known a priori. This is certainly not the case in practice. Here, we introduce an EM
algorithm to estimate the parameters in an empirical Bayes fashion. The EM algorithm is
based on the concept of incomplete data. In the case of our Gaussian process model, the
expression patterns J can be treated as the missing data. The complete log-likelihood is

then
log f(x, J) = Y- log (£, (x,-)) - (17)

The EM algorithm proceeds by iterating between the so-called E-step and M-step. In the
E-step, we compute the expectation of the complete log-likelihood (17) conditional on the
observed expressions z,.. and the current estimate of unknown parameters. The resultant
quantity is the so-called Q-function. In the M-step, the estimates of the unknown parameters

are updated by maximizing the Q-function with respect to the unknown parameters.

4 Simulation

To illustrate the utility of the proposed method, we first apply the method on a simulated

dataset. The data were simulated from the Gaussian process model as follows:



(i) Each gene is randomly assigned to a pattern so that 72% of the genes have pattern Hi,

and 7% of the genes have each of the rest four patterns.

(ii) Depending on its expression pattern, condition-dependent profiles p . are generated
from a Gaussian process with mean function 5.27 and Gaussian covariance function

with 7 = 1.08 and k = 4 (Hours).

(iii) Three expression measurements under each combination of three conditions and five

time points, 0,1, 3,5, 7 hours, are generated with oy = 0.28.

The parameters used here are chosen so that the simulated data share similar charac-
teristics as the aging experiment. For each dataset, 5000 genes were generated and their
differential expression patterns are determined using Bayes rule after model fitting. The
following table summarizes the performance in identifying expression patterns averaged over

100 simulated datasets:

Identified Truth
Pattern H, Ho H; Hy Hy
H, 3599.39  0.21 0.24 0.16 0.00
H, 16.47 33296  0.03 0.08 0.46
H; 16.84 0.12 33238 0.10 0.56
H, 17.23 0.11 0.04 332.09 0.53
H; 1.33 14.13  14.40 13.93 306.21

Table 1: Simulation Result

Figure 1 demonstrates how to predict a gene’s temporal expression profile using our
Gaussian process model. The circles represent simulated expression measurements of a
typical gene under a single condition. The solid black line is the estimate obtained using
(15) and the broken lines are its 99% Bayesian confidence bands as described by (16). The

gray line is the true expression profile simulated.
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Figure 1: True and Estimated Temporal Expression Profile

5 Real Example

The experiment reported by Edwards et al. (2003) was done to investigate the transcriptional
response to oxidative stress in the heart and how it changes with age. The question is of
interest for a number of reasons, a main one being evidence relating longevity with the ability
to resist oxidative stress. Although it is well known that age confers varied susceptibility to
various forms of stress, little is known about the genetic basis for this change. Affymetrix
MG-UT4A arrays were used to measure the expression levels of 12,588 genes in the heart
tissue of young, middle-age, and old mice at baseline and at 4 times following stress induction
(1, 3, 5, and 7 hours). Three mice were considered for each time and age combination to give
a total of 45 arrays. Following data collection, Affymetrix disclosed that approximately 20 %
of the genes on the MG-UT74A arrays were defective. As a result, 2,545 probes were removed
from the analysis leaving 10,043 genes. Details of the data processing and normalization are
given in Edwards et al. (2003). In short, all Affymetrix image files were processed using
GeneChip Analysis Suite 5.0 software to give a Signal score for each gene. The data was
normalized across arrays using the Global Scaling method implemented in that software.
Bayes rule classifies 7396 genes to Hy; 369 genes to Ho; 731 to Hs; 1467 to Hy, and 80

to Hs. Figure 2 depicts the expression measurements and estimated expression profiles for a

11



sample of 15 genes. The black circles, red triangles and green pluses represent the expression
measurements taken for aged, middle-aged and young age group respectively. The solid
lines are the estimated expression profile and the broken lines stand for the 99% Bayesian
confidence bands. The three genes from the first column are identified as H;, and as indicated
by the plot, the three estimated expression profiles are very similar. The second to fourth
column each has three genes classified to pattern Hy, H3 and H, respectively, where one age
group shows different expression profile from the other two. The fifth column corresponds to
pattern Hs. These genes have three different expression profiles under different conditions.
Such plot not only helps us determine a gene’s expression pattern but also visualizes a gene
expression trajectory under different conditions

Table 2 lists 16 genes that are identified to be differentially expressed under at least one
condition. They are all known be responsive to oxidative stress or invovled in the oxidative
phosphorylation pathway. Further investigation on the aging effect of these genes and their

relationship with other genes is currently underway.

6 Conclusion

Two of the most important tasks in time course gene expression experiments under multiple
conditions are identifying temporal differential expression pattern and reconstructing the
expression trajectory. Although important, no existing method can satisfactorily address
both tasks. In this paper, we proposed a Gaussian process approach which can be used
to identify genes’ temporal differential expression patterns as well as recover the temporal
expression profile. The utility of the proposed method was demonstrated on both simulated
and case study data.

The main objective in the analysis of time course experiments is the expression profile as a
function of time. Gaussian process provides a more flexible modeling approach for functions
than traditional methods. In this paper, we introduce such a powerful tool to the modelling of
time course gene expression data. Gaussian process based time course experiment modelling
is certainly valuable in applications beyond comparing multiple conditions as we focused on
in this paper. For example, ongoing research on applying such idea in clustering time course

data is encouraging.
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Symbol

Description

Identified Pattern

Atpb5l
Atpbal
Atphcl
Atpbg2
Atpbvlal
Atp6vld
Cox6a2
Cox6e
Cox7c
Epx

Mpo
MGI:1914434
Ndufb3
Ndufb8
Tcirgl
Ucpl

ATP synthase, H4 transporting, mitochondrial FO complex, subunit g
ATP synthase, H+ transporting, mitochondrial F1 complex, alpha subunit, isoform 1
ATP synthase, H+ transporting, mitochondrial F1 complex, gamma polypeptide 1

ATP synthase, H+ transporting, mitochondrial FO complex, subunit ¢ (subunit 9), isoform 2

ATPase, H+ transporting, V1 subunit A, isoform 1
ATPase, H+ transporting, V1 subunit D

cytochrome c oxidase, subunit VI a, polypeptide 2
cytochrome ¢ oxidase, subunit VIc& cytochrome-c oxidase activity
cytochrome ¢ oxidase, subunit VIIc

eosinophil peroxidase

myeloperoxidase

genes associated with retinoid-IFN-induced mortality 19
NADH dehydrogenase (ubiquinone) 1 beta subcomplex 3
NADH dehydrogenase (ubiquinone) 1 beta subcomplex 8
T-cell, immune regulator 1

uncoupling protein 1 (mitochondrial, proton carrier)

Young DE (Hy)
Middle-aged DE (H3)
Middle-aged DE (H3)
Aged DE (H3)
Middle-aged DE (H3)
Young DE (Hy)
Young DE (Hy)
Middle-aged DE (H3)
All DE (Hj)

Young DE (Hy)
Middle-aged DE (H3)
Young DE (H,)
Young DE (H,)
Middle-aged DE (H3)
Middle-aged DE (H3)
Young DE (H,)

Table 2: A Sample of Genes Known to Be Related to Oxidative Stress
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Appendix — Marginal Likelihood Function

To compute the marginal likelihood of z,.. under pattern Hj, it suffices to compute the
marginal likelihood for z,g,... Without loss of generality, we assume that .S; contains only
one condition ¢ in the following. If S; contains more than one elements, similar calculation
can be carried out by pooling the measurements taken under conditions in S; as if they were
taken under a single “condition”.

For brevity, we will also assume that ¥ = ¢2I. Derivation for more general ¥ can
proceed similarly. Write 72 = K(0), 72V = (K(teistej)), trge = (pge(ter)s - -y pge(tenr))’s
Zge = Lge.. — 0 and Wye. = fge. — 0plyr. Under the proposed Gaussian process model, the

marginal distribution of z4... can be derived:

/f($90~~‘UgC(tcl)a e >N90(th))f(N96(tcl)> e a,UgC(th))dMQC(tcl) . -dﬂgC(th)

= / < 1__[1 f(xgcm~|1“90(tcm))> Fige(ter), - -y pge(tenr))dprge(ter) - - - dprge(tenr)
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