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Abstract: To search for an optimum in a large search space, Wu, Mao, Ma (1990) suggested
the SEL-method to find an optimal setting. Genetic algorithms (GAs) can be used to improve
upon this method. To make the search procedure more efficient, new ideas of forbidden ar-
ray and weighted mutation are introduced. Relaxing the condition of orthogonality, GAs are
able to accommodate a variety of design points which allows more flexibility and enhances
the chance of getting the best setting in fewer runs, particularly in the presence of interac-
tions. The search procedure is enriched by a Bayesian method for identifying the important
main effects and two-factor interactions. lllustration is given with the optimization of three
functions, one of which is from Shekel’s family.
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1. INTRODUCTION

In many scientific problems, the goal is to select an optimal candidate from a large
pool of potential candidates. Genetic Algorithms (GAs) are a popular optimization tech-
niqgue when searching for global optimums. A modification of GAs, called SELC, is
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proposed in this paper, which outperforms classical GAs in several practical situations.
Here we present two scenarios where the SELC method can be useful. The first example
is in the context of computer experiments, the second example arises in pharmaceutical
industries.

In the last fifteen years many phenomena that could only be studied using physical
experiments can now be studied by computer experiments. In a computer experiment, a
deterministic outputy(x), is computed for each set of input variabbessing numerical
methods that are implemented by (complex) computer codes (Santner et al., 2003). In
such cases, the complex function can be thought of as a “black box” and the proposed
SELC method can be used to obtain the optimal settings efficiently. In Section 5, we
illustrate how the SELC method can be efficiently used for a “black box” type problem.

The SELC method also has potential applications in the pharmaceutical industry.
Within the past thirty years, technologies have been developed to explore and synthe-
size vast numbers of chemical entities. This technology, known as combinatorial chem-
istry, has been widely applied in the pharmaceutical industry, and is gaining interest
in other areas of chemical manufacturing (Leach and Gillet, 2003, Gasteiger and En-
gel, 2003). In general, combinatorial chemistry identifies molecules that can be easily
joined together, and employs robotics to physically make each molecular combination.
Depending on the initial number of molecules, the number of combinations can be ex-
tremely large. For example, consider a core molecule onto which various reagents can
be theoretically added to three locations. If one hundred reagents can be added at each
location on the core, then one million potential products can be synthesized. In the
pharmaceutical industry, combinatorial chemistry has been used to enhance the diver-
sity of compound libraries, to explore specific regions of chemical space (i.e. focused
library design), and to optimize one or more pharmaceutical endpoints such as activ-
ity, or ADMET (absorption, distribution, metabolism, excretion, toxicology) properties
(Rouhi, 2003). While it is theoretically possible to make a large number of chemical
combinations, it is generally not possible to follow-up on each newly synthesized entity.
Instead of synthesizing all possible molecular combinations, combinatorial libraries are
computationally created and evaluated using structure-based models. (For this purpose,
specialized software uses “black box” type functions.) Then, a subset of promising
compounds is selected for synthesis. For the purpose of optimization of pharmaceutical
endpoints, the SELC method can be employed to efficiently find optimal molecules.
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These real-life scenarios can be thought of as large dimensional design of experi-
ment problems where the challenge is to identify the optimal design settings. Statistical
design and analysis of experiments is an effective and commonly used tool in scien-
tific and engineering investigation to understand and/or improve a system. Identifying
important factors and choosing factor levels are among the first and most fundamental
issues facing an experimenter. But, when confronted with a large number of important
factors, designing an experiment can be difficult. Classical experimental design relies
heavily on algebraic properties such as orthogonality. However, orthogonality does not
allow the flexibility to accommodate all kinds of promising follow-up runs, which, in
turn, makes finding suitable designs for large-scale problems difficult, particularly when
the factors have more than two levels.

The use of high-fidelity computer simulations of physical phenomena (Bates et
al., 1996) has stimulated new research into ways in which experimental design can be
applied to such problems. One technique, motivated by design of experiments, was
introduced by Wu, Mao, and Ma (1990) (hereafter abbreviated as WMM) known as Se-
guential Elimination of Levels (SEL). The idea of SEL is opposite to that of the “greedy
algorithm” : instead of focusing on factor levels that improve the response, SEL fo-
cuses on those levels that worsen the response. Based on this idea, SEL eliminates one
level of each factor in each sequence of the experiment. However, this kind of marginal
analysis does not perform well in the presence of interactions, which is generally the
case for high dimensional response surfaces. In this paper, the idea of SEL is extended
to accommodate situations where important interactions are present. But, to make this
accommodation, we must abandon follow-up designs that are orthogonal. Instead, a
modified version of Genetic Algorithms (GAs) will be used to determine subsequent
design points.

GAs have most often been viewed from a biological perspective. The metaphors of
natural selection, cross breeding, and mutation have been helpful in providing a frame-
work to explain how and why GAs work. Thus, it makes sense that most practical ap-
plications of GAs are rooted in the context of optimization. In an attempt to understand
how GAs function as optimizers, Reeves and Wright (1999) considered GAs as a form
of sequential experimental design. Recently, GAs have been used quite successfully in
solving statistical problems, particularly for finding near optimal designs (Hamada et al.
2001, Heredia-Langner et al. 2003, 2004).
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Our paper is organized as follows. In Section 2, we review the idea of SEL and clas-
sical GAs. A new version of SEL, called SELC is proposed in Section 3. The Bayesian
model selection, which can be used in this process, is discussed in the Appendix. Be-
havior of the SELC algorithm is discussed in Section 4. In Section 5, our algorithm is
applied to three functions, including one from Shekel’'s family, and the performance of
this search methodology is investigated via simulations. Some concluding remarks are
given in Section 6.

2. REVIEW : SEQUENTIAL ELIMINATION OF LEVELS AND GENETIC
ALGORITHMS

SEL : WMM proposed their search method, based on orthogonal arrays, as follows :

1. For each factoreliminatethose level(s) with the worst mean value(s) of the per-
formance measure computed from the current array.

2. Choose an orthogonal array (typically of a smaller size) forémeaininglevels,
and replace the array in step 1 with the new array.

3. Conduct another experiment on thewarray.
4. Repeat stepts— 3 if necessary.

In step 1, if the mean is replaced by another descriptive statigfir example, mini-
mum), the method is called SBt)(

The main drawback of SEL is that its method of search is too restrictive for many
optimization problems. First, for experiments that contain important interactions, the
SEL method is not optimal because it eliminates individual levels of each factor. Hence,
SEL can blindly eliminate a factor level that is required for the optimal run of the exper-
iment. Second, SEL requires that subsequent experiments follow an orthogonal array.
As mentioned previously, our modification of the SEL will prevent it from using an or-
thogonal array. In addition, orthogonal arrays are not flexible enough to handle complex
response surfaces. To overcome this problem, we have developed a modified GA to
determine subsequent design points.

GAs : Before describing the novel approach to improve SEL, we shall briefly review
GAs (Holland, 1975). GAs are stochastic optimization tools that work on “Darwinian”
models of population biology and are capable of obtaining near-optimal solutions for
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multivariate functions without the usual mathematical requirements of strict continuity,
differentiability, convexity or other properties. The algorithm attempts to mimic the

natural evolution of a population by allowing solutions to reproduce, creating new so-
lutions, and to compete for survival in the next iteration. The idea of GAs are to get
“better solutions” using “good solutions”, and the main steps are given below :

1. Solution representationFor problems that require real number solutions, a simple
binary representation is used where unique binary integers are mapped onto some
range of the real line. Each bit is calledyaneand this binary representation is
calledchromosome

Once a representation is chosen, the GA proceeds as follows. A large initial pop-
ulation of random candidate solutions is generated in this representation; these are
then continually transformed following steps 2 and 3.

2. Selectthe best and eliminate the worst solution on the basis of a fitness criterion
(e.g., higher the better for a maximization problem) to generate the next population
of candidate solutions.

3. Reproducedo transform the population into another set of solutions by applying
the genetic operations “crossover” and “mutation”.

(a) Crossover : A pair of binary integers (chromosomes) are split at a random
position and the head of one is combined with the tail of other and vice-versa.

(b) Mutation : The state (0 or 1) of a randomly chosen bit is changed. This helps
the search not to get trapped into local optima.

4. Repeatsteps (2) and (3) until some convergence criterion is met or some fixed
number of generations has passed.

This algorithm has been shown to converge by Holland (1992), who first proposed
this procedure in its most abstract form and discussed it in relation to adaptive and
nonlinear systems.

3. SEQUENTIAL ELIMINATION OF LEVEL COMBINATIONS (SELC)

The main drawback of SEL is that its search is too restrictive. This method elim-
inates a level on the basis of marginal means which can be affected by the presence of
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interactions. In order to overcome this drawback, we propose eliminating level combi-
nations instead of just a single level. This modification is capable of capturing important
interactions and provides more flexibility in the choice of follow-up design points. Our
modification of SEL, Sequential Elimination of Level Combinations (SELC), incorpo-
rates the fundamentally new ideas of the forbidden array and weighted mutation. In
Section 4, we shall see how these two novel concepts, motivated by the ideas of Design
of Experiments, make the search algorithm much more efficient than classical GAs.
Recall that by theeffect hierarchyprinciple (Wu and Hamada, 2000), two-factor
interactions are more important than higher order interactions. In SELC, we employ this
principle by allowing the algorithm to identify important interactions with respect to the
optimization problem. Here we propose to eliminate those factor settings which have the
same level combinations as that of therstone for two factors. For larger dimensions,
third or higher order tuples may need to be considered. The worst observed runs are
stored in theforbidden arrayas the search procedure continues. New experiments are
conducted with runs suggested by the SELC algorithm, which uses the idea of GAs, and
promising level settings for a new run are achieved by using better runs from the previous
experiments. Before formally defining the SELC algorithm, we define the concepts of
theforbidden arrayandweighted mutatiorboth required by the algorithm. We end this
section with a constructed example to illustrate the SELC algorithm.
Forbidden array: To avoid eliminating important interactions, we define fibxdidden
array. In the SELC method, instead of eliminating specific factor levels based on the
results of an orthogonal array, we eliminate from future runs factor Ewelbinations
that are the same as those of the worst run(s) among current design points. At each
stage of the experiment, the worst run(s) are chosen with probability governed by a
“fitness” measure (i.e., value gf and are stored in thiorbidden array Furthermore,
we specify thestrengthand order of the forbidden array. The number of runs placed
into the forbidden array at each sequence of the experiment defines the sinerygh
More specifically, a forbidden array of strengtltontains the level combinations of
the s worst runs of the experiment at each stage of the iterations. In addition, the runs
stored in the forbidden array define a set of level combinations that will be prohibited
from subsequent runs of the experiment. The number of level combinations that are
prohibited from subsequent experiments definesotfaker of the forbidden array. A
forbidden array of ordek implies that any combinations &for more levels from any



GA-ENHANCED SELC 7

array in the forbidden array will be prohibited from being used in subsequent runs of
the experiment. Thus, as the order decreases, the number of forbidden design points
increases. Consequently, the forbidden array is the generating set of all runs which are
forbidden by SELC.

For example, consider an experiment in which the goal is to maximize a response.
Suppose the experiment has four factors, each at three levels (0, 1, and 2) and we choose
a forbidden array with strength 1 and order 2. Further, suppose that the minimum value
of E(y) occurs when all factors are set to 0, and this design point is run during the
experiment. When this run is placed into the forbidden array, it will prevent any design
points withtwo or more factors set to level O (order=2). Note that only one member will
be added to the forbidden array at each step (strength = 1).

Here the special case b 1 corresponds to the SEL method of WMM. Alss; 1
corresponds to SEL(mini) of WMM. However, unlike the SEL-approach, the choice of
worst run is probabilistic in SELC. In Section 6, we will illustrate how the choice of
strength affects the performance of the search procedure.

After constructing the forbidden array, SELC starts searching for better level set-
tings. The search procedure is motivated by GAs. The first step, as discussed in the
review of GAs, issolution representatianHere the runs are looked upon as chromo-
somes. For amtlevel factor, the levels are denoted Byl,...,m— 1. For example,
for a 3* experiment, the design points(chromosomes) would take the {080, 0),
(0,0,0,1),..., (2,2,2,2). Unlike classical GAs, the chromosomes are not required to be
binary arrays. Next we identify, with probability proportional to the “fitness”, i.e. the
value ofy, the best runs to produce offspring of the next generation. After the good can-
didates are identified, thegproduceto generate potentially better candidates. In SELC,
crossover is performed in the usual way, as explained in Section 2, but a modification is
proposed for mutation.

Weighted mutation: In a generic GAs, genes mutate with an equivalent specified prob-
ability. Hence, the mutation rate does not incorporate other information gathered from
prior knowledge about the system. For the SELC, we propose the use of prior infor-
mation for generating mutation probabilities. For instance, suppose we know that the
factor,F, has a significant main effect amd significant two-factor interactions. Then,

we will change the level of this factor to a new levielywith probability p;, where

pOy(F =1). (3.1)
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Next, suppose that factoFs andF, have a significant interaction. Then, the mutation
should have a joint probability df, andF,. That is, the mutation will occur if eithd

or F is randomly selected. FactBy will be set to level, and factor to levell, with
probabilityq, 1,, where

ay, OY(FL=11,F=13). (3.2)

If the selected factor does not have significant main effects or interactions, then its value
is changed to any admissible levels with equal probability. Note that if the aim is to
minimize E(y), then the probabilities in (3.1) and (3.2) should be inversely proportional
toy.

A linear regression model can be used to identify the significant effects. But, a bet-
ter, more time consuming approach is to consider a Bayesian variable selection strategy
which is discussed in the Appendix. This method is used in the analysis illustrated at
the end of this section.
Starting Design : The starting design is an orthogonal array, which allows us to ef-
ficiently estimate factor effects used in the process of weighted mutation. However, as
the search proceeds, unlike SEL, the orthogonal structure of the design matrix will not
be retained. Nonorthogonality is justified because the follow-up designs should be more
flexible than the starting one, utilizing the information already at hand.
The SELC algorithm:

Initialize the design. Find an appropriate orthogonal array.

1. Conduct the experiment. Stop when the stopping criterion is achieved. (See be-
low).
2. Construct thdorbidden arrayand choose its strength and order.
3. Generate newffspring
— Selectoffspring for reproduction with probability proportional to their “fit-
ness.”
— Crossovetthe offspring.

— Mutatethe positions usingveighted mutation

4. Check thenew offspring’s eligibility An offspring iseligibleif it is not prohibited
by any of the members of the forbidden array. If the offspring is eligible, go to
step 1. If the offspring is ineligible, then repeat step 3.
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Stopping Rules : The stopping rule is subjective. As the runs are added, the experi-
menter can decide, in a sequential manner, whether significant progress has been made
towards optimization. Sometimes a target value or near optimum is predetermined for
the experiment. Once the target is attained, the search can be stopped. But, typically, the
number of experiments is limited by the resources at hand. This is often the case for the
combinatorial chemistry example discussed in the Introduction. Examples of Section 5
illustrates a situation in which an experiment is limited by number of runs.

To illustrate the SELC method, consider a hypothetical experiment with 9 factors
(denoted by A-I) each at 3 levels. In this example (and throughout this paper), we use the
linear-quadratic systerfor coding linear and quadratic effects (Wu and Hamada, 2000)
in order to eliminate correlation among a factor’s linear and quadratic components. The
linear-quadratic coding is expressed as follows :

level linear quadratic

0 -1 1
—

1 0 -2

2 1 1

The response is generated from the following model :

y=2+ (A+2B—3C+D+2E — 2A° + 2B® + 1.5C*
—3AC+2.5AE — BF — 2CG+DGI)? +¢,

wheree is the standard normal error. In this analysis, we only consider the linear and
guadratic effects and linear-by-linear interactions. Our aim is to find a setting for which
the expected value gfis maximized.

The starting design for the SELC is an orthogonal array, 9 columns@f&243, 320, 3).
In this example we use a forbidden array with s=1 and k=6, and use a weighted muta-
tion with the Bayesian variable selection strategy. After choosing the first member of
the forbidden array, the search for better level settings is continued via crossover and
weighted mutation. Upon computing the posterior probabilitie€ aihd BC, we find
that these are much larger than the posterior probabilities of the other effects. According
to the weighted mutation scheme, if facBor C is randomly selected for mutation, we
must evaluatey,;,’s in (3.2). Theg,,’s are given below :
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Factorsf C=1 C=2 C=3
B=1 | 0.0526 0.0556 0.1212
B=2 | 0.0973 0.0524 0.0865
B=3 | 0.2933 0.1368 0.1043

After getting the new offspring, we check for eligibility and the the search continues.
In this example, the search was stopped after 400 runs. The maximum valweasf
679.68, which corresponds to the level setting of the third best design point. Note that
we have only evaluated 2.03% of all possible combinations.

4. A JUSTIFICATION OF CROSSOVER AND WEIGHTED MUTATION

Steps of crossover and weighted mutation may be better understood through the
following analysis. Consider the problem of maximizikgx), x = (x1,...,Xp), over
a < x < by. Instead of solving th@-dimensional maximization problem

max{K(x):aigxigbi,izl,...,p}, (4.2)
the following p one-dimensional maximization problems are considered,
max{Ki(xi):aigxigbi,izl,...,p}, 4.2)
whereK;(x;) is theith marginal function oK(x),
Ki(%) = /K(x) J|;||o|x,- 4.3)

and the integral is taken over the intervadg b;], j #i. If the x; in (4.1) and (4.2) can
take only a finite number of values (discregk the integral in (4.3) is replaced by a finite
sum. Letx’ be a solution to théth problem in (4.2). The combinatiotf = (x3, ..., Xp)
may be proposed as an approximate solution to (4.1). A sufficient conditiori forbe

a solution of (4.1) is thaK(x) can be represented as

K(x) = w<K1(x1),...,Kp(xp)> (4.4)

and

Y is nondecreasing in ea¢g.
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A special case of (4.4), which is of particular interest to statisticians, is
P p P

K(x) = ZlaiKi(Xi)+‘lel)\ini(Xi)Kj(Xj)' (4.5)
I=1]=

If Aj; is nonzero, then SEL will have difficulty finding the optimal solution. However,
SELC is more flexible and is better suited to find the optimal solution.

While the SEL method emphasizes on orthogonal arrays, SELC does not. The basic
nature of GAs does not allow us to retain the orthogonal structure of the design. Though
orthogonal arrays are good for estimating the factorial effects, they are not available
for every combination of factor levels and for every run size. GAs do not require or-
thogonality and hence are more flexible in exploring new design points. This flexibility
enhances the chance of getting the best setting in relatively fewer runs. If the response
surface is very smooth, then any standard design and analysis should find the optimal
settings. However, for many problems the response surface is not smooth. For instance,
if the surface is undulated with local maxima and minima, the SELC method can per-
form well. The random nature of GA-type search explores the whole surface rapidly,
while the weighted mutation uses prior knowledge about the surface to wisely direct the
search.

The convergence of classical GAs was provided by Holland (1975) using the con-
cept of schema. The SELC method makes a significant amount of modification to classi-
cal GAs and it is not obvious that the modifications proposed meet the requirements for
convergence in Holland’s paper. However, the simulation studies provided in the next
section are quite convincing about the convergence.

5. EXAMPLES

We investigate the performance of SELC via several diverse simulations. Three
different “ill-behaved” functions are considered and the effects of the fine tunings are
illustrated through a variety of examples. For all these examples, we have the following
settings. For crossover, after choosing one position randomly, parent chromosomes are
split at that position and the left fragment of the first parent chromosome is combined
with the right fragment of the other one to produce the first offspring and similarly for
the other offspring. After that, a mutation-location is chosen randomly and weighted
mutation is performed as described in Section 3. For comparison, some simulations
have been done with usual mutation. This is referred to as “Unweighted Mutation”. In
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those cases, the level of the factor selected is changed randomly to any other admissible
levels. For all simulations, the population size is taken to be 20.
Example 1 : Shekel 4 function (SQRIN)
The function
al 1

y(Xl, ... ,X4) i; Z?:l(xj _ aij)2+ci
is known as Shekel’s function (Dixon and Szego, 1978), where the quartijgsand
{ci} are given in Table 1. The region of interesdis x; < 10and only integer values are
considered. This function is one of the “black box” functions of computer experiments,
discussed in the Introduction.

Table 1 : Coefficients for Shekel’s functiom& 7)

aj,j=1,...,4 C

40 40 40 40 0.1
10 10 10 1002
80 80 8.0 8.00.2
6.0 6.0 6.0 6.0 04
30 70 3.0 7.004
20 9.0 20 9.0 0.6
50 50 3.0 3.003

NoOoOhWNR|—

This set-up corresponds to an experiment with four factors each at 11 levels (i.e. the
11 integers). The starting design is an orthogonal array of 242 runs which is obtained
by choosing 4 columns from the O242 11%%) (Hedayat et al., 1999). In this example,
unlike Section 3, Bayesian variable selection strategy was not used. In each step, Gibbs
sampling consumes significant amount of time which would make it extremely difficult
to run thousands of simulations. Instead, regression analysis is used to identify the im-
portant factors (at 5% level of significance). Forbidden arrays of order 3 are considered
because order 1 or 2 becomes too restrictive for this problem by forbidding too many
runs (and also, the results are not satisfactory). The results are compared with those of
a random search and with simple GA.

Table 2 summarizes the results. “Random Search” corresponds to a design where all
runs are selected randomly. “Random Followup” stands for a design, where the search
begins with the same starting design and follow-up runs are selected randomly. “Ge-
netic Algo” stands for a classical GA where the runs are looked upon as chromosomes
and crossovers and mutations are done in the usual way. Recall that GA corresponds
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to a special case of SELC with strength 0 and unweighted mutation. “SELC (No For-
biddance)” refers to weighted mutation only, because in this case, forbidden array is set
to be empty (i.e., strengtl 0). On the other hand, “SELC (Unweighted Mutation)”
refers to forbiddance only. Here unweighted mutation is performed instead of weighted
mutation. Finally, “SELC (Weighted Mutation)” refers to the SELC method proposed
in Section 3.

The performance of the search algorithm is measured by its ability to find the global
maximum. We also include its performance on finding second through fifth best values,
because these five values stand apart from the others on the response surface.

In the first simulation, the search is stopped after 1000 runs, which is 6.83% of all
possible11* runs (Figure 1). As seen from Figure 1, GA performs better than random
searches and SELC performs better than GA. The values for “SELC (No Forbiddance)”
show the beneficial effect of weighted mutation (here strength of the forbidden array
is 0) and the values for “SELC (Unweigthed Mutation)” show the beneficial effect of
forbidden array. “SELC (No Forbiddance)” finds the maximum in 53% of the cases, as
opposed to 48% of GA. On the other hand, “SELC (Unweigthed Mutation)” has success
rate 55.5%. Finally, when the power of both forbidden array and weighted mutation are
explored, SELC performs satisfactorily in 57.8% of the times. The most benefits are
achieved by considering the weighted mutation. This effect is even more pronounced in
the next example.

As the strength of the forbidden array increases, the power of the search algorithm
also increases. However, the strength cannot be increased arbitrarily, because it will
then prohibit too many design points from being considered. It should also be noted
that the improvement of the performance of SELC with the increment of the strength
is not so prominent for the same function when smaller run sizes are considered. In
the second case, the search is stopped after 700 runs, and the improvements are not as
significant. For Shekel 4 function, evolutionary algorithms would take larger runs to
reap the benefits.



14 ABHYUDAY MANDAL, C.F. JEFF WU and KJELL JOHNSON

60
|

5th Best
4th Best
3rd Best
2nd Best
Max

mSO0zm

50
1

40

30
1

N\l |
MNXX_~7

py]
%]

RF

SELC(UNWTED)

Figure 1 : Shekel Function : % of success in identifying global maximum for different
methods (run size = 1000) [RS = Random Search, RF = Random Followup, GA = Ge-
netic Algo, SELC(NF) = SELC(No Forbiddance), SELC(UNWTED) = SELC(Unweighted
Mutation), SELC = SELC(Weighted Mutation), S = Strength]
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Table 2 : % of success in identifying global maximum for different methods based on
1000 simulations (run size = 1000 and 700).

Max 2nd 3rd 4th  5th| Total

Strength best best best best

1000 RUNS
Random Search 6.3 115 5.7 101 4.2 37.8
Random Followup 4.7 9.3 3.7 94 2.5 29.6
Genetic Algo 11.8 70 104 151 48 484
SELC (No Forbiddance) 140 7.2 124 141 54 531

1 130 93 93 134 53 503
SELC 2 133 65 117 16.1 58 534
(Unweighted 131 79 124 156 53 54.3

13.9 83 114 149 59 544
12.1 84 139 16.0 5.1 555
131 83 115 173 59 56.1

3
Mutation) 4
5
1

SELC 2 132 86 132 149 3.6 535
3
4
5

(Weighted 146 7.7 124 166 4.8 56.1
Mutation) 119 101 136 16.5 4.3 56.4
135 84 135 185 39 57.8

700 RUNS
Random Search 4.2 9.0 4.0 9.2 4.1 305
Random Followup 3.0 6.8 3.0 51 24 203
Genetic Algo 5.8 5.6 6.0 9.2 3.3 29.9
SELC (No Forbiddance) 54 4.7 7.2 113 4.8 334
1 58 6.1 6.0 99 49 327
SELC 2 6.4 4.3 46 10.1 57 31.1
(Unweighted 7.1 4.3 5.9 8.7 52 31.2

7.6 4.1 6.0 115 4.7 33.9
5.2 4.6 6.6 102 49 315
6.3 55 6.9 115 4.0 34.2

3
Mutation) 4
5
1

SELC 2 66 49 72 106 3.1 324
3
4
5

(Weighted 7.2 46 96 106 4.1 36.1
Mutation) 5.9 5.9 70 107 3.3 328
59 47 85 103 4.1 335
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Example 2
Consider the function

y(X1,..., %) = 14+{B'x+ (YX)?+n'xx T'x}?,

where the parameters are given in Table 3. The region of inter@stig; < 10 and
only integer values are considered. This choice is motivated by discussions in Section 4,
especially (4.5).

Table 3 : Coefficients for the function in Example 2

By n
1 3 2 5
2 -4 -10 0
2 5 2 5
1 6 4 0

As in Example 1, this set-up also corresponds to an experiment with four factors
each at 11 levels. The simulations are done with two starting designs: orthogonal array
of size 121 and 242, which are obtained by choosing four columns from ZIA(1'?)
and OAQ42 1123) respectively (Hedayat et al., 1999). The results are summarized in
Table 4 and also in Figure 2. The simulations are done for a total of 300, 500 and 1000
runs.

GA performs much better than random search. This example shows that forbid-
dance need not always enhance the performance. In fact, without weighted mutation,
forbiddance alone (i.e., “SELC (Unweighted Mutation)”) can perform worse than GA.
This means that good runs are located in the “neighborhood” of bad runs and the re-
sponse surfacgxs, ..., Xs) is very undulated. However, weighted mutation significantly
improves the performance of SELC. The main advantage of using SELC is that it uses
prior information to direct the GA, thus finding a near optimum more quickly. This ef-
fect is clearly demonstrated for smaller runs, namely, with total run size 300 and 500.
If the search is continued long enough, this gap will be narrowed and SELC may not
perform much better than GA. Consider the first case where the starting design is an
orthogonal array of size 121. For 300 runs, GA finds the maximum in 15% of the cases
whereas SELC (Weighted Mutation) finds it in more than 40% of the cases. For 500
runs, the values are 40% and 75%, respectively. Finally for 1000 runs, the success rates
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are 80% and 97%, respectively. The ratio of the success rate decreases as the run size
increases, which is not surprising because these kind of evolutionary algorithms even-
tually find the near optimal solution, if they are run long enough. However, SELC finds
the optimal quickly.

For the second case, the starting design is an orthogonal array of size 242. Here, for
a total run size 300, the evolutionary-type algorithms are not expected to perform well
because only 58 follow-up runs are available. Even with these few follow-up runs, SELC
(Weighted Mutation) finds the maximum in more than 15% of the cases. With larger
run sizes, the performance of both GA and SELC improves, with SELC performing
significantly better than GA.

The overall pattern of the performance of SELC for both starting designs are similar.
Also for 1000 runs, the effect of starting design diminishes and the success rates are very
close for both cases. Note that, for this example, starting with a 121-run design, with
only 300 evaluations (2.05% of all possildl&* runs), SELC finds the global maximum
in more than 40% of the cases.
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Table 4 : % of success in identifying global maximum for different methods based on
1000 simulations

Strength| 121-Run Design | 242-Run Design

Total Run Size 300 500 1000 300 500 1000
Random Search 1.7 36 70 17 36 70
Random Followup 1.1 25 57 04 24 46
Genetic Algo 151 395 79.7 34 289 795

SELC (No Forbiddance) | 43.7 76.7 97.8 16.7 68.3 97.5
1 139 399 809 32 309 772
SELC 2 13.2 389 834 36 301 796

(Unweighted 3 |17.0 414 823 43 314 784
Mutation) 4 | 154 402 811 3.7 283 769
5 150 441 815 36 295 785
1 413 769 97.3 17.1 67.4 984
SELC 2 | 422 765 97.3 155 654 96.8
(Weighted 3 |405 751 982 157 67.6 97.8
Mutation) 4 | 405 759 98.0 157 69.6 98.0
5 39.9 739 97.9 182 66.1 96.9
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Figure 2 : % of success in identifying global maximum for different methods
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Example 3
Levy and Montalvo (1985) provide the following function:

Y(X1,..., %) = sinz{n<xi:2>}+lzl (Xi42>2{1+ 10sir? <n<x'j2> +1>}
+ (Xn;2)2{1+sin2(2n(xn—1)) }

Heren = 4 and only integer values of’s (0 < x; < 10) are considered. This again

corresponds to an experiment with four factors each at 11 levels. Results are summarized
in Table 5. Here the performance of SELC is quite similar to that of Example 2. Note
that the analytic nature of the test function is quite different from that of the previous two
examples. Itis a standard test function in global optimization literature and is presented
here to demonstrate the satisfactory performance of the SELC method over a variety of
test functions.

Table 5 : % of success in identifying global maximum for different methods based on
1000 simulations

Strength| 121-Run Design | 242-Run Design

Total Run Size 300 500 1000 300 500 1000
Random Search 58 93 184| 5.0 9.3 184
Random Followup 29 7.7 155 29 7.7 155
Genetic Algo 16.8 43.1 80.7 29 33.3 81.8

SELC (No Forbiddance) | 30.3 62.2 945 59 50.6 93.8

1 176 431 845 29 316 822
SELC 2 16.7 429 84.3 3.3 324 820
(Unweighted 3 185 445 835 47 336 834
Mutation) 4 212 441 839 34 334 819
5 16.6 475 839 3.8 340 845
1 28.4 66.2 944 6.6 459 935
SELC 2 26.0 66.2 928 7.5 505 918
(Weighted 3 311 635 922 7.2 496 937
Mutation) 4 294 63.8 90.1 76 46.8 091.2
5 319 653 86.1 7.1 469 0913
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Examples 1 and 3 are from standard test functions in the global optimization litera-
ture. By closely examining those functions, one may have some idea about the location
of the global maximum and may be able to save some computations. However, in many
real life examples, (e.g., computer experiments) the analytic form of the function is ei-
ther unknown or very complicated. In these situations, the function can be thought of as
a “black box” and SELC method should perform well.

6. SUMMARY AND CONCLUSIONS

The problem of searching for an optimal design setting in a relatively large space
is not easy. The SELC method does this job efficiently. Relaxing the condition of
orthogonality, GA is flexible enough to explore more design points, which enhances the
chance of finding the best setting in relatively fewer runs, particularly in the presence of
interaction effects.

The by-product of SELC algorithm, discussed in the Appendix is also of interest. If
there are many factors, the experimenter can get an insight by employing the Bayesian
approach. The posterior probabilities identify the important factors and interactions
clearly. This approach will result in a more comprehensive search of the model space.
A system can have a large number of factors, of which only a handful are important. A
major use of experimental design is screening, in which experimenters seek to identify
significant effects (both main effects and potentially interactions) from a large set of
candidate effects. The Bayesian variable selection helps in identifying the important
factors and understanding the impact of a large number of factors in relatively fewer
runs.

The novel idea of forbidden array and weighted mutation enables SELC to find the
optimal solution more efficiently than GA. The improvement on performance, however,
depends on the nature of the response surface. If the response surface is very smooth, any
reasonable search algorithm should work satisfactorily. For an extremely complicated
surface, almost complete enumeration might be needed irrespective of the efficiency of
the search methods. For response surfaces whose ruggedness lies in between the two,
SELC is expected to perform well.
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APPENDIX

Identification of Significant factors : A Bayesian Approach
The model selection problem amounts to identifying a subset of predictors as active,
and in this setting there are typically more parameters to estimate than unique treatments.
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Here we propose stochastic variable selection, based on the Gibbs sampler. We start with
the given design and the corresponding responses. For the linear regression with normal
errors,

y = XB+0t, £~N(0,1), (A1)

where[3 contains linear and quadratic main effects and linear-by-linear interaction ef-
fects. The Bayesian framework of Chipman, Hamada and Wu (1997) approaches model
selection as follows. Importance of effects is captured via an unobserved deator
zeros and ones whede=1{6; # 0}. A normal mixture prior is used for the coefficients

B:

f(Bild) = (A.2)

N(O,Tiz) if & =0,
N(O, (Ci'[i)z) if o = 1.

Whend; = 0, B has a high mass around zero and thereby, is not likely to have a large
effect. On the other hand, whéh= 1 a large value of; ensures that the variable is
likely to have a large influence.

Not all models are are equally likely. Based on the principleffeict sparsity, effect
hierarchyandeffect inheritanc€Wu and Hamada, 2000), we can distinguish between
the “likely” and “unlikely” models. Note that the commonly used independence prior,
which implies that the importance of one factor is independent of that of another, is not
very attractive as there are quadratic main and linear-by-liner interaction effects. Instead,
we have used hierarchical priors, motivated by Chipman (1996). Consider a simple
example with three main effects, A, B and C, each having three levels. It is logical to
think that the importance of the interaction efféd will depend on the importance
of main factors A and B only. Also, the quadratic effect of level A will less likely be
important if the linear effect of A is not important. This belief can be expressed in the
prior for & = (8a, 38, dc, Oa2, Or2, Oc2, OaB, Oac, Osc) as follows :
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P(®d) = P(da,08,0c,dp2,0g2,0c2,0aB, OaC, OBC)
= P(3a,%8,8c)P(3p2, Bg2, Oc2|Op, OB, Oc ) P(daB, Oac; BBC| O, OB, OC)
= P(3a)P(3s)P(8c)P(342|0a, 88, 8c)P(dg2|3a; 88, &) P(3¢2|8a, 08, Oc)
P(3a8|0a, 08, &c)P(3ac|da, 88, &c) P(dsc|da, O8, Oc)
= P(3a)P(08)P(3c)P(3p2|0a)P(3p2|08) P(dc2|dc)
P(32B|0a, 08) P(dac|9a; c)P(3sc| 98, &¢)-

The first equality comes from theonditional independence principlghich as-
sumes that the higher order terms are independent when conditioned on the first order
terms. Also it is assumed that first order terms are independeninfigtance princi-
ple assumes that the importance of a higher order term depends only on its lower order
parents. The nature of the exact dependence, which is followed in all our analysis, is

given next:
P(Oa=1)=p, (A.3)
0.1p if 6a=0
P =1on =1 = o A (A.4)
p if oa=1,

0.1p if da+0s=0,
P(dag =1/0a,08) = { 0.5p if O+ =1, (A.5)
p if da+0g=2
In our analysis, we chooge= 0.25. A prior must also be specified for Following
George and McCulloch (1993), we take

02 ~1G(v/2,VA/2)
where IG denotes the inverted gamma distribution. It can be showrviyat? ~ x2.
In addition, following George and McCulloch (1993), we take

Ay

T =
17 3nx;’
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whereAy represents a “small” change ynandAX; represents a large change)(p In
our examplesAX; = max(X;) —min(X;) andAy = /Var(y) /5. For priors ofg, v =
andA = Var(y)/25is used.

The posterior probabilities s are computed using a Gibbs sampler.



